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CHAPTER 1
OVERVIEW

Re-entrant corners in systems governed by elliptic partial differ-
ential equations strongly affect finite difference methods for
determining solutions. A re-entrant corner is a boundary feature formed
by intersecting Tine segments having an internal aﬁg]e larger than w
radians. The accuracy and, in some instances, the convergence
characteristics of numerical solution methods are degraded. In this
thesis, several finite difference techniques are examined. A technique
for restoring their accuracy is the subject of analysis and experiment,
here.

In Chapter II, necessary aspects of the theory of partial differ-
Qntia] equations are presented: classification and boundary conditions.
The focus there is on elliptic partial differential equations. Laplace's
equation, which is elliptic, is introduced; it serves in the development
and testing of the finite difference methods used here.

Chapter III deals with the discrete problem: the formation of
discrete analogues of the solution domain and elliptic differential
operator. The discrete problem consists of a network of points and a
system of differencé equations. The effects of curved boundaries and
boundary conditions on the process are discussed. In addition, the
basic iterative methods for solving the system of difference equations,

the Jacobi and Gauss-Seidel methods, are introduced.



Techniques for accelerating the basic iterative methods are
discussed in Chapter IV. Analysis of the accuracy and convergence
characteristics of the basic and accelerated methods is given. The
accelerated methods studied include the successive overrelaxation
method (SOR), the symmetric successive overrelaxation method (SSOR),
and the multigrid method. Vector extrapolation is also examined as an
acceleration technique.

In Chapter V, re-entrant corners in problems governed by Laplace's
equation are studied. Analysis shows that finite difference formula-
‘tions are 1nvafid in the vicinity of reQentrant corners. Errors
propagated fromvthe region of the re-entrant corner by the finite
difference method affect the entire solution. Motz's method for
singular points in partial differential equations is developed for use
in combination with finite difference methods when re-entrant corners
are present.

The results of several numerical experiments are given in Chapter
VI. The various iterative techniques are used to solve a test problem
in order that comparisons of their accuracy and convergence character-
istics. can be made. Efficient methods are chosen and used to solve a
problem haVing a single re-entrant corner: the L-shaped region problem.
Numerical solutions are formed with and without the use of Motz's
method. Analysis of the solutions shows to what extent the re-entrant
corner affects solutions by finite difference methods and how effective
Motz's method is in restoring accuracy. Conclusions from the findings
of the experiments and suggestions for further investigations are also

presented.



CHAPTER 1I
* ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

Partial Differential Equations in

Physical Systems

Second order partial differential equations (PDEs) describe the
behavior of many important physical systems. Among the systems are
fluids, mechanical stress in solid structures, gravitational and electro-
static potentials, and wave phenomena. A solution for the PDE of a
particular system depends on the configuration of the system. Thus, for
a particular system a wide variety of solutions is possible. Much effort
is expended in determining solutions of PDEs, both analytical and
numerical solutions. With a solution, the under]ying.mechanisms of a
system can be examined; its future behavior or the effects of a change
of configuration can be predicted. In the forecasting of weather, a
fluid flow problem, solutions are projected into the future. The design
of airfoils requires an understanding of the effects of small changes in
shape on the behavior of the airfoils. Much computational effort goes

into the solution of these two problems.

Classification of Second Order Partial

Differential Equations

A technique for the c]assificatioh of PDEs is useful. An appro-

priate solution method can be selected and general features of the



behavior of the system can be determined. Consider the general second

order equation in two dimensions.

U, * buXy + cuyy = f (2.1)

with solution u(x,y) (4, 11, 19). The subscripts x and y in (2.1)
indicate partial deriyatives with respect to x or y. Thus, Uy o indicates
the second partial derivative with respect to x. The coefficients a, b,
c, and f in (2.1) are all functions of x, y, u, Uy and uy. An equation
cast in the form of (2.1) can be classified on the basis of the behavior
of the coefficients a, b, and c¢. As the coefficients may vary spatially,
an equation may change type over the domain on which it is defined.
Iﬁ a regioﬁ where b® - dac > 0, equation (2.1) is hyperbolic (19).

Wave phenomena and supersonic flow problems are governed by hyperbolic

equations. The wave equation,

Uy = Upy =0 (2.2)

is hyperbolic. In the case of an ideal string vibrating without

frictional losses, the terms u_,_ and Uy, are pfoportiona] to the

t
tension and acceleration in string elements, respectively.

XX

Where'b2 - 4ac = 0, equation (2.1) is parabolic (19). Heat
conduction and diffusion in isotropic media are described by parabolic

equations. The diffusion equation,
u., -u, =0 _ (2.3)

is parabolic. In (2.3), Uy is a velocity term. It may represent a
frictional, retarding force. Characteristic of parabolic systems is

the propagation of a solution in time or space.



In a region where b2 - 4ac < 0, an equation of the form (2.1) is
elliptic (19). Systems in equilibrium aré described by elliptic equa-
tions: electrostatic and gravitational potentials, thermal equilibrium,

and mechanical stress. Laplace's equation for potentials is elliptic,
uo+u._ =0 . ' (2.4)

The Laplacian differential operator occurs frequently,
5 2 2

v =§__2_+3__2__ (2.5)
ox~ oy

For the remaining discussion, equations will be considered to be of

one type only on the domain of the problem.
Boundary Conditions

A problem to be solved is specified by the differential equation,
the domain of the solution, and the conditions imposed on the solution
on the boundary of the solution domain. The boundary conditions may
specify the value of the solution there, the normal derivative of the
solution, %%-, or combinations of the solution value and normal
derivative.. On a segment of the boundary where the solution only is
specified, Dirichlet conditions exist; Neumann.conditions occur where
the normal derivative alone is specified. If both the value and normal
derivative are specified on a segment, then Cauchy conditions are in
effect there (19).

E1liptic problems require a closed, stationary baundary with static
bbundary conditions. In contrast, hyperbolic and parabolic probiems may
have open boundaries or moving boundaries, and boundary conditions that
change with time. Figure 1 depicts an elliptic problem; Figure 2

depicts a parabolic problem.



Figure 1. An Elliptic Problem With Mixed Neumann
and Dirichlet Boundary Conditions

| [
R
t.= 1
u(0,t) = g(t) Ku = b u(l,t) = h(t)
t=20
A u(x,0) = f(x)
X=20 X =1

Figure 2. A Parabolic Problem--Solution Propagating in Time



The elliptic problem has Dirichlet conditions on the boundary
segment AB and Neumann conditions on the segment AC. On AB, the solution
is given by the function g(x,y). On AC, the normal derivative is givenb

by h(x,y),

du _ du AN s - " |
= By Cos o t 5y Sin e hi(x,y) . (2.6)

The angle o is formed by the x-axis of the problem and the normal
vector n on AC. It is convenient to summarize the conditions of the

boundary of R, as

M(x,y) = ¢(x,y) . . (2.7)

The system of Figure 1 attains some equilibrium configuration on the
ddmain R according to the elliptic equation Lu = f.

The initial value of the solution of the parabolic problem of
Figure 2 (t = 0) is given by f(x). The solution propagates in time
according to the equation Ku = b and the boundary conditions given by
g(t) on the line x = 0 and h(t) on x = 1.

The solution of an elliptic problem is uniquely determined by
Dirichlet or Neumann conditions, alone, or by a combination of Dirichlet
and Neumann conditions as in Figure 1. Cauchy conditions are overly
restrictive for elliptic problems and may rule out solutions altogether

(19).
Laplace's Equation

Electrostatic and gravitational potentials and temperature
distributions in bodies in thermal equilibrium are governed by Laplace's

equation,



V'u = 0 . (2.8)

Sources of the potentials or temperature distributions are kept outside

the solution domain. The related Poisson equation,

Pu=f . ' o ©(2.9)

takes into consideration sources within the solution domain.
Solutions for Laplace's and Poisson's equations contain information
about vector fields that is often the object of a solution attempt. If

u(x,y) is an electrostatic potential, the electric field is given by

E=-Wu . (2.10)

2

=_ 503 .7
V=1 o + ] 3y

A

The vectors ? and j are unit vectors in the x- and y- directions,
respectively (15).

Solutions for Laplace's equation have two 1mpdrtant properties to
consider here. The maximum and minimum values of the solution occur
on the boundary of the solution domain. Also, the solution is harmonic.
That is, complex transformations of the solution and solution domain
produce functions that are, in turn, solutions of Laplace's equation (19).
Transformations can be used to simplify problems having complicated

geometries.



CHAPTER III

FINITE DIFFERENCE METHODS FOR SOLVING ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS

Introduction

Finite difference methods are important tools for the solution of
PDEs. Problems that will not yield to analytical techniques can be
solved with finite difference methods. The tools of analysis are
supplanted by the ability of a computervto perform elementary operations
rapidly. The finite difference approach seeks an economical solution for
a system of difference equations that approximates the behavior of a
PDE on some solution domain. Solution of the system is easily adapted
to the use of high speed digital computers.

Finite difference methods can be classified according to the type
of problem to be solved. There are methods specific to elliptic,
’parabo1ic, and hyperbolic problems.

Among the first to discuss the use of finite difference methods and
to identify techniques specific to the different types of problems was
Richardson (4) in 1910. He identified methods for elliptic and parabolic
problems and presented a solution for a problem of stress in an earthen
dam based on those methods. In a 1925 paper, Richardson (25)
characterized propagation and equilibrium problems as "marching" and

"jury" problems, respectively. The solution is "marched" out from the
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boundary in a propagation problem; the boundary parts of an equilibrium

problem sit in "judgment" of solution values within the solution domain.
Another important paper in the development of finite difference

methods was released in 1928 by Courrant, Friedrichs, and Lewy (9).

Their work covered techniques for elliptic and hyperbolic problems.

The 1938 paper by Shortley and Weller (27) dealt with solution methods

for Laplace's equation. In it, extrapolation methods were proposed to

speed the solution of the system of difference equations.
The Discrete Solution Domain

The finite‘difference solution consists of discrete points that are
representative of the continuous solution. These are usually arranged
on the solution domain in some regular grid; uniform triangles, rectan-
gles, or hexagons are the cells of the network. For convenience, a grid
is usually formed of rectangular or square cells. Consider the domain
R of Figure 3 with a grid of rectangular cells superimposed. A grid
point P in R with coordinates (x,y) can be located in a number of ways;
if numbered, the row and column of the grid pofnt can serve. Thus, a

value in the discrete solution at point (x,y) can be represented as

u(x,y). = u(ih,jk) = U5 (3.1)

where h and k are the dimensions of the grid cells. Grids with square
cells are used most commonly (h = k). Here, they are called uniform
grids.

A set of points Us making up the discrete so]utibn will be called

J
the solution vector and will be designated U. As will be seen in

coming discussions, a method for storing the solution vector in
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computer memory is needed that will allow ready access to a point uij
and its immediate neighbors. The two-dimensional array of FORTRAN,

whether simulated or used as it exists, is a storage scheme which will
allow such access. For a solution domain that has an irregular shape,

such as the one of Figure 3, a system of pointers will be necessary to

establish the proper shape in the two-dimensional array.

% 3R

‘31 ‘ 1 \\ u(x,y) = U5
2‘<’Q‘*Mh I—k{ = }

1 ¢

0 \—'\,/1( -—

0 1 2 3 4 5 6 i

Figure 3. A Rectangular Grid Superimposed on
the Solution Domain R

The mesh of Figure 3 has few grid points that coincide with the
boundary of R, dR. Then, R is being misrepresented and information
supplied by the boundary is lost. The boundary should be represented
as closely as is possible to insure that the final solution has the

most accuracy attainable (4) (11).
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Figure 4 shows a boundary segment, AB, that is represented more
closely by the solution grid. Auxiliary points are added to the solu-
tion grid where grid lines intersect the boundary. The penalty for
adding the auxiliary points is a more complicated storage scheme in
the computer 1mp1ementation; the distance from each auxiliary point to

the adjacent grid point must be stored.

"a\ﬂ\‘*‘\\

N,

Figure 4. An Improved Boundary
Treatment--Grid Points
Added at Intersections
With 9R

The Difference Equation

Now that the solution domain, R, has been made discrete, the
partial differential equation whose solution is sought there must be

made discrete. Assume that the PDE with differential operator L,

L u(x,y) = f(x,y) (3.2)
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is to be solved on R with the conditions

L u(x,y) = ¢(x,y) , (3.3)

on the boundary, oR. Some discrete analogue of the differential operator,
L, is needed which, when applied to the points of the discrete solution,
closely approximates the behavior of L applied to the continuous
solution.

For the remainder of this discussion L will be the Laplacian

operator

2 2

v2=a—§+3—2—. - (3.4)
oy

The discrete operator will approximate the behavior of the Laplacian.
Consider the grid of Figure 5. It is a portion of the grid of Figure 3,
having spacing h and k. Taylor series expansions of the solution u(x,y)
at the grid points adjacent to the point (x,y) can be used to develop
approximations for the derivatives of the Lap1ac1an operator, (3.4) (11).

The expansion for u(x+h,y) is

h h u 4
u(x+h,y)=u+h——+—2— 2+§—,— 3+0(h) , (3.5)

X ©o9X

with all terms of the expansion evaluated at (x,y). The expansion for

u(x-h,y) is similar

h” 37u 4
u(x-h,y) = u - h taT 5 -ar 3t 0(h ).. (3.6)

Adding the two together gives a difference equation for the second

derivative in x that is centered about the point (X,y).
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jt+1 ¢ 4
k
i (x,y) i
ij
h
14 3
i-1 i i+1

Figure 5. Cells From a
Rectangular Grid

2
=4 51 = —12- (u(x-h,y) - 2u(x.y) + u(x+h,y)) + 0(h) . (3.7)
90X~ X,y h

Terms with odd powers of h cancel.

Written in the notation of grid points, the expression becomes

fﬂl =i.(u - 2u.. +u )+0(h2) (3.8)

axz i3 h2 i-1j iJ i+1] : )
The second derivative in y follows the same development

ifii | =L - 2u;. * U ) + 0(k2) (3.9)

8y2 i k2 ij-1 ij ij+l ’ )

Dropping the terms O(hz) and O(kz), equations (3.8) and (3.9) become the
finite difference approximations for the second derivatives of Laplace's
equation. The deleted terms are the truncation error of the two

approximations.
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The most common choice for the cells of a grid is a square (h=k).
Then, equations (3.8) and (3.9) combine conveniently to form the finite
difference representation of the Laplacian
2

)

Vzul = ;L-(u

i hz 4u,.) + 0(h

i-13 T Y13 T Yi5-1 T Yige T MYy - (3.10)
This is the important fiveroint Laplacian difference operator. Near a
curved boundary, as in Figure 4, equations (3.8) through (3.10) will

not suffice. The centered difference equations must be replaced with
less accurate fofmulas that take into consideration the unequal

spacing of the auxiliary points (4) (11). No problem will be considered
here with curved boundaries.

Higher order approximation formulas (larger powers of h in the
truncation term) can be obtained by including more grid points in the
difference equations (11); A rotation of (3.10) to make use of the
points of w/4, 3n/4, ..., 77/4 in Figure (3.3) gives

2

1
VUl P (Wipg 501+ U5o1 541 % Y5 -1 F Yol -1

5 (3.11)
- 4uij) + 0(h%) .

No apparent improvement in the order of the truncation is made.
A judicious combination of (3.10) and (3.11), however, can produce

a difference equation with truncation O(h6) for Laplace's equation,

Vu(x,y) = F{x,y) (3.12)

when the solution is harmonic, and O(hz)'in other circumstances.

Weighting (3.10) and (3.11) properly causes truncation terms through
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.5
0(h™) to vanish (11). The result is the nine-point difference operator

given by
1 2.2 2
v(g) =3 Y t3 V (3.13)
or
v =1 (u + u + u + u +
(9) 2 ‘it j+l i-1 j+1 i+l j-1 i1 -1

6h (3.14)

4(u1—1j + Ujs1 + uij—l + u1j+1) - 20u1j) .

Schematic representations of (3.10) and (3.14), computational molecules,

are given in Figure 6.

Figure 6. Computational Molecules
for the Five- and Nine-
Point Laplacians
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The finite difference representations of other differential
operators can be built up using the methods demonstrated here. Sources
for other finite difference operators are (1) and (11).

Dirichlet and Neumann conditions must be considered in the
formatioh of difference equations on or near the boundary of the |
solution domain. Figure 7 shows a boundary segment, AC, with Dirichlet
conditions on BC and Neumann conditions on AB. Dirichlet conditions
are easily dealt with; a grid point falling on BC is assigned a per-
manent value based on the function that specifies the Dirich]et.

conditions. The value may enter into other difference equations, but

no different equation applies at its location.

=14

ou _
\Sﬁ'g

L ©

Figure 7. Neumann and Dirichlet
Conditions
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Treating Neumann conditions can be quite involved (4) (11). A
difference equatidn is required where Neumann conditions hold, but points
may be missing that are required for the centered differences of

equations (3.10) and (3.14). In Figure 7 the normal derivative is

given by
ou _ du ou . -
o = By Cos Ot 3y sin 6 = g | (3.15)

where 6 is the angle between the normal vector and the x-axis. For a
particular point the terms in 6 and g can be computed and saved; Taylor
series expansions involving adjacent points can be used to give the
derivatives in x and y.  Enough information can be derived from equation
(3.15) to make up for missing points.

The problems considered here have two elements that simplify the
treatment of Neumann points: g is everywhere zero and 6 is either 0,

/2, m, or 3m/2. Then, for Neumann points the requirements become

ou _ _
—a—g—o, e—o,ﬂ
or _ (3.16)
MU g, g =q/2, 31/2
ay 9 b

The Taylor series of equations (3.5) and (3.6) can be combined to form

a centered difference approximation for the x-derivative of (3.16),

w1

ax lig = 2n (Mgepg - Ujog) * O

2) . (3.17)

When (3.17) is used at a Neumann point on the boundary one of the values

on the right will correspond to a point that is not in the solution
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domain. That does not prevent the determination of a value that will

satisfy (3.17). Since the derivative is zero (3.17) becomes

Ui <.+ 0(n3) . : | (3.18)

Y1415 T Yi-1g

For the y-derivative, a similar procedure gives

3) ]

+ 0(h (3.19)

Yijer T Yig-1
The boundary, then, serves to mirror the solution; the missing value is
the same as the value on the opposite side of the boundary. With this
information, difference equations can be constructed at Neumann points.

Suppose that 6 = 0 for some Neumann point at Tocation (i,j). The
point (i+1,3) will not be in the solution domain. Equation (3.10) will

take the form

Vzu

;%-(ZU

43 - - 4uy;) + 0(h) . (3.20)

i-15 * Yigel T Yig-1
The modification of the truncation term is discussed -in (11).
Figure 8 gives the computational molecules of the difference

equations that would be used for a problem with the Neumann conditions

of equation (3.16) on all of the boundary.
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Figure 8. Computational Molecules for
: Neumann Conditions

The System of Difference Equations

The difference equations of the previous section provide a frame-
work in which a discrete sclution can be determined. To determine an

approximate solution for Laplace's equation on domain R,
2 ' A
v u(xa.Y) - 03 . : (3-21)
we can require that the five-point (or nine-point) Laplacian difference

equation, (3.10), satisfy

2. -

for each point of a uniform grid on R. The truncation term is dropped

and the discretevso1ut10n satisfies
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-4u..) =0 (3.22)

1
=7 (U5 * Uigg ¥ Uigen * Y5500 i]

h
for each grid point that is not a boundary point expressing Dirichlet
conditions.

Conéider the squére domain of Figure (3.7), S, where Lap1ace;s
equation is to be solved. There are Dirichlet conditions on the

boundary, and a uniform grid with spacing h = 1/3 is placed on S.

! 3 B B & 2
S
| ¢ L
1 ! ¢ ]
h
0 & . 2 .
0 1 2 3

Figure 9. A Uniform Grid on Domain S

The solution isunknown for the four central points only; these
will form the solution vector, U. Writing equation (3.22) for each of
the four points gives a system of four equations in four unknowns of

the form

AT = b. (3.23)



The system, with

the components of U ordered by rows, is

22

-4 1 1 0} [ u11~ r-u01 - ulOW
1 -4 0 1 Usq ~Upg - Ugp (3.24)
1 0 -4 1 Ujp ~Ugy = Uy

| 0 Iy 1 74 i UZZJ [ ~Upg = Ug, ]

The right-hand side of (3.24), E, reflects the Dirichlet conditions
of the problem. The coefficient matrix, A, reflects in its rows the
relationship between a component of the solution vector and its
immediate neighbors in the solution grid. Note that A is symmetric as
a result of the.ordering of the components of the solution vector. Other
orderiﬁgs also exist which will cause A to be symmetric.

Writing the system of difference equations for other problems is
little different. Neumann conditions add components to the solution
vector that require modified difference equations. The size of the
coefficient matrix is very sensitive to the number or components in the
solution vector.

If h is reduced to 1/32, the grid of Figufe 9 would have 961
interior points. There would be 923,521 entr%es in A. Of these, 4,681
would be noh-zero; 841 equations would have non-zero elements, 116
would have four non-zero elements, and four would have three non-zero
elements.

Coefficient matrices tend to be highly sparse, that is, zeros
predominate as coefficients. In computer 1mp1ementations, the
coefficient matrix is not stored at all, or the non-zero coefficients

only are stored.
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Solution Methods for the System

of Difference Equations

The determination of the approximate solution of the PDE now depends
on the solution of a linear system. A number of methods can be used and
many computer implementations exist. There are two catégories of methods:
direct and iterative.

A direct method involves the algebraic manipufation of a linear
system to determine its solution. Gaussian elimination is commonly
used. Solving sparse systems directly requires complicated routines
for storage management in computer implementations. Symmetry in the
linear system or bandinj, the clustering of elements along diagonals,
can be exploited to simplify the solution process. Systems resulting
from the finite difference process with regular grids are often
symmetric and are generally banded (11). The program package ITPACK2B
contains routines written in FORTRAN for the direct solution of systems
resulting from the discretization of elliptic problems (18).

An iterative method produces a vector sequencé that converges to
the solution of a problem as the number of iterations approaches infinity.
An iterate is generally produced by multiplying the previous iterate by
a matrix that is some function of the coefficient matrix of the linear
system. An iterate deemed a sufficiently accurate solution estimate
is selected after some number of iterations. Iterative methods for
solving the sparse systems generated here require only enough storage
for the solution vector and boundary values. The matrix mulitplications
require numbers of additions and multiplications proportional to N
rather than N2 for a solution vector with N components. Sophisticated

acceleration schemes can be applied to the iterative processes to
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enhance their performance. Iterative methods will be considered

exclusively, here.

Basic Iterative Solution Methods:
The Jacobi and Gauss-

Seidel Methods

In solving the linear system of order N,

>

Au

b (3.23)

an iterative method produces the sequence

T T (3.25)

The vector EO is some initial solution estimate. The 1imit of the
.o> . sn . . ~

sequence is u. An iterate u is produced by a function of n, A, b,

and some number of the previous iterates; a method of order k involves

the previous k iterates (4) (32):
W= FA, B, o0, AL, Ll AR » (3.26)

The most common methods have no dependence on n (they are stationary),

n-1

they are of order k=1, and they are linear in U For these methods,

equation (3.26) becomes
3 = Fea, B, 300Dy, (3.27)
A general linear, stationary iterative method can be written as
LIS LR (3.28)

where G is a matrix that depends on A and E. The vector " also depends
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> . LS -1 >
on A and b. Using the relation u = A ~ b, equation (3.28) can be

rewritten to give the error at each iteration,

=T = (3.29)
or
-0, (3.30)

For the iterative scheme of (3.28) to converge to the solution, ﬁ} we

must have

=n

e > 0 asn >, (3.31)
This implies
"> 0 as n - . (3.32)

The condition (3.32) is crucja], and it must be predictable from
the structure of G. It will be examined more c1ose1y.1n the following
sections. .

To describe the basic iterative methods it is convenient to
partition A. The three matrices L, D, and U formed from the elements
of A bé1OW'the diagonal, on the diagonal, and above the diagonal,
respectively, with zeros elsewhere give the partitioned representation
L+D+ U. It is also convenient to adopt a single subscript in
referring to the components of the solution vector, numbering them
from 1 to N. v |

For the Jacobi (J) method, each component of 3”’1 is allowed a
displacement in order to satisfy one of-the equations of the linear

system. The displaced components make up i they are given by
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n_ . -1 n-1 '
U, = a;, (2 35 Uy + bj) (3.33)

37030 Mgy

where aij is an element of A. The desired effect of the displacements
is an iterate that better approximates the solution, op Equation (3.33)

can be rewritten in matrix form as (32):

1>

RN R € J-§ it SOl i (3.34)

The requirement that D'1 exjst is satisfied since the diagonal elements
of A are all non-zero (from equation (3.22)). Although the J method
is not used as a solution method, its behavior is the basis for the
selection of parameters for more sophisticated methods.

The Gauss-Seidel (GS) method uses a strategy similar to that of the
J method. As soon as a component of " s determined, though, it is

used to help determine the remaining components of . Component j is

given by
j-1 N
n -1 n n-1
. = A, . z . + z . + b. .
Uy = ay; (k=1 a5 Uy . a5 Uy bJ) (3.35)

In matrix form this becomes

-1 1

W= ko™t o+ k07D (3.36)

where
K=(1-1)"}

The matrix I is the identity matrix. The matrix (I - L) is non-singular
since all the diagonal entries are non-zero and the matrix is Tower

triaﬁgu]ar (32).
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There is one important difference between the J and GS methods
to note here. The order of the difference equations in the system
AU = E is immaterial for the J method; the sequence of values for a
particular grid location will be the same whether AU = E'or é shuffled
version of the system is used. This same statement can not be made
for the GS methéd; the sequence of values at a particular Tocation will
change as the order of the difference equations changes.

The successive overrelaxation (SOR) method involves a slight
modification of the GS method. Each displacement of a component of
ﬁn-l is weighted before it is used to produce:ﬁn. The weighting factor

or overrelaxation parameter, w, is in the range
l<w<2. (3.37)

Defining u? to be the result of (3.35), the basic operation of the

GS method, the components of'ﬁn are given by
AT P L ug'l) , ‘ (3.38)

For w = 1, the SOR method reduces to the GS method. The matrix

representation of SOR is

1 >

=M - wU- 1)+t D (3.39)
where

M= (I-w) L.

SOR shares the sensitivity of the GS method to the order of the
components of the solution vector (32). For an optimal choice of w,

SOR is far superior to the J ana GS methods for solving the system of
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(3.23). The choice of the overrelaxation parameter is discussed in

Chapter 1IV.

Implementation of the Basic

Iterative Methods

Figure 10 shows a uniform grid on domain S; there are Dirichlet
conditions on the boundary. The solution methods of the previous
section can be easily implemented for such a problem. As noted earlier,
the two-dimensional array of FORTRAN can be used tb store the values of
solution components and boundary values and maintain the organization

imposed by the grid.

IIS § # ¥ ]
@+ 4
— e
—% (x)z S
B L i g a

old component

x
!

new component
boundary value

Figure 10. - A Gauss-Seidel or
SOR Iteration
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Let the array contain the components of 3"’1. For component j,
designate the values at the four nearest grid points Ups Ugs Ups and
Ups as many as two of the values can be boundary values.

The equations that govern the J and GS method, (3.33) and (3.35),
can be written explicitly from the difference equation (3.21). For

the J method a component of " s given by

n_1
uy =7 (uA tug tu t uD). (3.40)

There is no place to put the new component in the single array so a
duplicate array is needed. An iteration of the J method involves
performing (3.40) for all values of j. The uses of the two arrays
interchange for the next iteration.

For the GS method, components of " replace components of ﬁn'l as
they become available; old values of Ups -+-5 Uy are rep1éced with new
ones. It is natural, then, to use a single array and put the new
values of components in place of the old values. During the course of
a GS iteration parts of the old and new iterate will be contained in
storage. The GS method requires the choice of.some order for the
components. The results of an iteration are not independent. Figure
10 shows aiGS iteration where the order is by rows. Modifying a GS
iteration according to (3.38) gives an SOR iteration.

A varient of SOR is the symmetric successive overrelaxation
method (SSOR). An diteration consists of an SOR sweep of the solution
components in order followed by an SOR sweep of the cgmponents in

reverse order. The primary advantage of SSOR is that its iteration

matrix is symmetric (32).
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Convergence of the Basic Iterative Methods

As noted earlier, the behavior of G" for increasing n determines
the convergence of the error sequence,'%n. Some idea of the convergence
characteristics of the J, GS, and SOR methods is needed before proceeding.
The three iteration mafrices, Gj’ Gg} and GS for the J, GS, and SOR
methods, respectively, each have performances determined by their eigen-

value spectra (32). The eigenvalue spectrum of a square matrix B of

order N consists of the set of all Ai such that
BV. = A.V. ' (3.41)

is satisfied; the V} are'eigenvectors of B. There are N eigenvalues
of B; some may be complex and a single value may be repeated.
The spectral radius of B, S(B), is defined by
S(B) = max |A1| . (3.42)
i
The eigenvalue corresponding to S(B) is the dominant eigenvalue of B.
For large N, it is difficult to determine the eigenvalue spectrum of
B; S(B) can be determined indirectly, though.

n

A necessary and sufficient condition for " > 0 (a1so‘3 -~ 0) as

n->ois S(G) <1 (32). Thus, the spectral radii of Gj, G,» and G

g
must be less than one for the J, GS, and SOR methods to converge for a
particular problem.

A norm is a useful measure of the convergence of a vector sequence.

sn oL .
For some norm a, || - ”a , a vector sequence U 1is convergent if and only

if

AT, > 0as n e (3.43)
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A norm that is easily computed is

Ino~=Z
[y

Il = (2 Ju DN, (3.44)
1

Then, || &" Ha > 0 as n increases (32). The improvement in the solution

estimate made by a sihg1e iteration can be gauged by the ratio
an >n-1
e [I71e™ "1l - (3.45)

This ratio approaches the spectral radius of the iteration matrix, S(G)
as n increases. It often serves as an estimate of S(G) (4) (32).

Young (32) uses a measure he calls the assymptotic rate of convergence,
R(G) = - 1og S(G), (3.46)

which can be estimated using (3.45).
Only in artificial situations is T" available during the computa-
tion of ﬁ} hence, the ratio (3.45) must be determined indirectly.

The displacement vector, ?n, given by
an =30 -t : (3.47)

should approaéh zero as U" approaches U. An operation common to the J,
GS, and SOR methods is that of equation (3.40). A residual vector, T,

whose components are given by

n _ _ n-1 '
ry = Uy +ug tus toup 4uj (3.48)

is another displacement measure. It, also, should approach zero as "
converges. It can be shown (4) that the displacement and residual
vectors have behavior similar to that of the error vector. The

sequence of residual vectors is given by
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oo (aeathn -t ' (3.49)

Either of the two ratios, HE"II/IIEn-ll! or H?nH/lan'lll, can be
used in place of (3.45) to determine S(G).

The requirement for the convergence of a general iterative method
has been described, S(G) < 1; No general criteria have been offered to
determine which systems of difference equations will produce iteration
matrices that fulfill this requirement. The coefficient matrix, A, that
results when the five-point Laplacian difference equation is written for
a uniform grid has properties that guarantee that S(G) will be less than
one for the J, GS, and SOR methods. First, A has weak diagonal

dominance, that is,

|ai1| Z'jil Iaij! ,i=1,2, ..., N, (3.50)

and
laﬁl > L laijl

for at least one i. This is assured by the form of the Laplacian
equation (3.22). The diagonal entry of each row is -4, and the sum of
the remaining elements is never more than 4. Second, A is irreducible.
This follows from the grid structure; the components of the solution
vector are all interrelated. No subsystem of AU = E'can be solved
independently. With these two properties for A it follows that S(G)
is less than one for the three methods (4) (11) (32).

Young (32) has described an important property found among many of
the coefficient matrices that resultswhen the discrete problem is formed.
It has been mentioned that the GS and SOR methods produce sequences of

iterates that are different for the different orderings of the difference
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équations that make up the linear system. Young's observations limit
the consideration that must be given to the order of the difference
equations.

The Property (A) that Young describes assures that for each
"consistent" ordering of the coefficient matrix the eigen values of
the iteration matrix, Gg or Gsor’ will be the same. This means that
every consistently ordered system for a particular problem will have
the same convergence characteristics when the GS method is used. The
same will be true when SOR is used.

The matrix A has Property (A) if and only if there exists a permuta-

tion matrix P such that.P'lAP has the form

D. H
p~lap = |1 (3.51)
K D,

where D1 and D2 are square diagona] matrices and H and K are rectangular
matrices. Consistent orderings can be formed for any matrix having
Property (A) (32). If A is symmetric and has Property (A) then the
eigenvalues of Gj are real and occur in pairs (positive and negative
values) (4). 'A]sb, the eigenvalues of the SSOR iteration matrix are
real.

With the assurance that the spectra of Gg and GS are invariant,

relations can be formed between the eijgenvalues of Gj, G_, and GS.

9
For an eigenvalue 1y of Gj there is a corresponding eigenvalue A of

Gs' The two are related by

(A + w - 1)2 = wuz A (3.52)

where w is the overrelaxation parameter (4) (11) (32). For w = 1, the

GS method, the eigenvalues are related by
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A=l (3.53)

Equations (3.52) and (3.53) can serve to relate spectral radii. The
implication of (3.53) is that the GS method converges at twice the rate
of the J method (from (3.46)).

Assuming that S(G) is known for the J or GS method for a particular
problem, then the optimum value of w, wys can be determined. It is

chosen to minimize S(GS). In terms of S(Gj), Wy is given by (4) (11)
e y/_—__—"___Tf -1
wy = 2(1 +/1 - S(Gj) ) . (3.54)

If the value of S(Gj) is given for a problem, the relative effectiveness
of the J, GS, and SOR methods can be demonstrated. If S(Gj) is .980,
S(Gg) will be .960, and S(GS) is .668. Comparing the assymptotic
convergence rates of convergence, the GS method is 2.02 times as fast
as the J method, and SOR is 20.0 times as fast.

Discussion of the determination of wb‘for SOR will be given in the

next chapter.



CHAPTER IV
ACCELERATED ITERATIVE SOLUTION METHODS

Techniques for accelerating the convergence of the basic iterative
solutions have been developed over the last 30 years. These techniques
include methods to reduce the value of S(G), and the use of extra-
polation in order to skip unnecessary iterations. The methods discussed
here 1pc1ude SOR, symmetric SOR, vector Aitken acceleration, and the

multigrid method.

Behavior of the Eigenvalues of the

SOR Iteration Matrix

Because SOR with the optimum value of w is the basic iteration for
a number of accelerated methods, much study has gone into the deter-
mination of that value. Although there are relations between the
eigenvalues of the SOR, GS, and J iteration matrices and Wy s those
eigenvalues are, in practice, difficult to obtain. Any error in
determining the dominant eigenvalue for the J or GS matrices, and
consequently 1in w,s can seriously degrade the performance of SOR.

Solving the equation relating eigenvalues,

(A +o-1)2 = 22, (3.52)

for A, the dominant eigenvalue of GS, in terms of w, the dominant

eigenvalue of Gj’ gives

35
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A=%(m1+(w%@-ﬁw— U%ﬁ (4.1)

for 1 <w<w (4). Forw <w<2, Ais given by
A=w - 1. (4.2)

The eigenvalues of Gs lie a]bng the positive real axis for w = 1 (the
GS method). As w increases, eigenvalues migrate onto a circle with
radius w - 1 centered about the origin in the complex domain. When

w = W, all eigenvalues 1ie on the circle. Equation (4.1) is no longer
appropriate since the circle continues to expand. For w > 0y all the
eigenvalues are complex and 1lie on the circle (11) (14).

A graph of S(GZ) versus w using (4.1) and (4.2) i{1ustrates the
sensitivity of SOR to the choice of w. Figure 11 shows the relation for
S(Gj) =y = .981. The line AB, a reflection of BC, is useful for
evaluating the effects of errors in an estimate of Wy 3 Wy and W, will
correspond to the points A and C. Clearly, an estimate that falls in

the interval [wa, wb] will cause a larger value of S(GS) than an estimate

falling 1in [wb, wc]. Gross errors should result in underestimates

due to the steeper slope of BC as opposed to the curve on [1, wa].
Graphs of S(GS) in (8) indicate that the interval [wa, wc] becomes shorter

as S(Gj) approaches 1 making the choice of w, more critical.

Numerical Determination of the Optimum

Overrelaxation Parameter

Determining the dominant eigenvalue of either Gj or Gg accurately
is of the first importance in determining Wy, - There are two environ-

ments in which Wy must be determined: a problem is solved repeatedly
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S(G,)
(2,1)

1.68, .68)

1.8 l 2.0

B
$
1.6

(
wa wb.= 1.68 wc

1.0 1.2 -1 |

Figure 11. The Dependence of the Spectral Radius for SOR on w
(S(Gj) = .981)
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with no change in the iteration matrix; a range of unrelated problems
is encountered.

In the first case an exhaustive effort to determine Wy, might be
justified. In the second, a solution produced with a poor choice of Wy,
might be less costly than a modest effort to determine Wy -

A11 methods employ one of the vector sequences produced by the
iteration scheme. Here, the residual vector defined in Chapter III is

used. The most important characteristic of the sequence is

Po= IFMI/IIF > 5(6), as n > | (4.3)

for iteration matrix G. -

Mést of the techniques discussed here are variations on the powér
method (17). Assume that matrix B (order N) has eigenvalues Ai and
eigenvectors§;; the eigénva]ues are ordered so that A1 is dominant and

AN is smallest.

Multiplying an arbitrary vector:vo by B k times gives

VK= gK0 - Ak X s Ak R o+ L e

k
17171 27272 N

>
X

XN (4.4)

where the Ci ére constants.
If |A1] is greater than IAZI and k is sufficiently large, then (4.4)

can be reduced to

k _ k0 _ k. >
v =Bv = Alclxl‘ (4.5)
Some vector norm can be used to extract Al,

I 17 135 = Ay (4.6)

Therefore, the use of (4.3) to determine S(G) is equivalent to the power

method with the iteration matrix replacing B.
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A hindrance in the use of (4.3) is the fact the two eigenvalues with
the largest magnitude for Gj and Gg (A1 and A2 in (4.4)) have magnitudes
that differ only slightly (8). Then, many iterations are required before
(4.4) applies. The sequence P in (4.2) is slowly convergent, but a
process like Aitken extrapolation can be used to skip many iterations
and resolve the dominant eigenvalue (8). Using the ratios of (4.2),

an Aitken extrapolation is given by (2)

82
(Pn - Pn-l)

- (4.6)
n (Pn - 2Pn_1 + Pn—2)

P=P

The extrapolated value, P, can be used as an estimate of S(G).
Acceleration through the use of Chebyshev polynomials is also possible
for the power method (13).

A simple method for determining Wy requires 15 to 20 SOR iterations
with'wb set to one (a GS iteration); equation (4.6) is used with ratios
from the last three iterations to determine S(Gg). Then, with results

from the previous chapter, Wy is given by
w, = 2/(1 + /1 - SZGgi ) . (4.7)

Carré (8) presents an iterative method for determining w that
operates while SOR iterations are conducted. A value Wy is used as an
initial estimate of W+ Ten to 15 jterations are allowed, and (4.6) is
used to determine A, the dominant eigenvalue of GS corresponding to Wy -

Then, a combination of (3.52) and (3.53) is used,

wg = 2/(1+ /1 - (0rw - Dl ). (4.8)

The new estimate of Wys W is used for several iterations, and (4.6)

and (4.8) are used again. As the method proceeds w; will approach w,
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and may exceed it. Carré includes a mechanism that assures that W, will
not be exceeded.

The method involving equations (4.6) and (4.7) was used here to
determine W+ This was done once for each of the iteration matrices

used. One hundred iterations were usually sufficient to determine Wy

to four digits.
Acceleration of Convergent Vector Sequences

A number of methods exist for speeding the convergence of the
vector sequences produced by iterative methods such as SOR. These use
combinations of several iterates to produce an improved solution,
skippiﬁg many iterations in the process. Some of the most recent
methods include Chebyshev semi-iterative techniques (12) (14) (32) and
conjugate gradient techniques (14) (17) (22). These are typically used
with SOR or SSOR iterations (33).

The method used here is vector Aitken acceleration adapted to
vector sequences. In a 1937 paper, Aitken presents his 62-process for
accelerating the determination eigenvalues andleigenvectors (2). The
extrapolation of equation (4.6) is applied to the eigenvalue sequence
and to corrésponding components of the eigenvector sequence. An
assumption is made that each component of the eigenvector sequence is
convergent. This may not be true for the initial iterations and
following extrapolations. Then, applying (4.6) may prodﬁce absurd
values for some components of the new iterate. A modified vector Aitken
method is due to Jennings (16) (17). An extrapolation factor, s, is
produced that is a composite of the tendencies of the individual compo-

b
nents. For a vector sequence P", the improved iterate is given by



41
P =P+ s(P" - P - (4.9)

where

(Fn-z + Bn-l)T (5n—1 - B
n

= — — = — - (4.10)
(Pn-Z + Pn"].)T (Pn—Z - 2P -1 + Pn)

Two additional constraints can 1limit the effects that fluctuations in a
few component produce: upper and lower limits can be placed on s to

prevent absurd extrapolations, and extrapolation can be postponed until
the last two iteratesare closely aligned. The angle 6 between the last

two iterates can be determined from

BT Pl =g q , cos o (4.11)

3n 3n-1
where qn and 9,7 are the lengths of P and P

, respectively.
If cos 6 is close to one, then an extrapolation can be allowed. The
routine VAITK written by Dr. J. P. Chandler of the Computing and
Information Sciences Department of Oklahoma Sfate University uses
Jenning's method and employs the constraints mentioned above. It is
included in Appendix A as part of the program CORNER.

The modified Aitken acceleration can be used for sequences

generated by matrices with real eigenvalues. Then, the J, GS, and SSOR

methods are candidates for Aitken acceleration.
The Multigrid Method

The multigrid method is a recent development in finite difference
methods due to Brandt (5) (6) (7). The performance of multigrid
methods exceeds that of the most recent accelerated iterative methods.
The method used here is the Cycle-C algorithm that appears in (6). It

is intended for elliptic problems.
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A practice that speeds the convergence of jterative methods is the

n-lp . a

use of a collection of n grids with spacing h, 2h, 4h, ..., 2
solution is obtained on each grid to prescribed accuracy, and interpola-
tion is used to fill in values missing in the next grid. The solution

is eventually governed by the rate of convergence on the fine grid, but
most of the initial work required to build up a solution is bypassed.

An iteration on a coarse grid requires roughly one fourth the effort
required on the next finest grid.

This process is inverted in the Cycle-C algorithm: iterations begin
on the solution grid and then proceed to coarser grids. The multigrid
phi]osophy encompasses the range of errors that occurs in a problem:
there ére error components that have short wavelengths (on the order of
h) and there are components that span the solution domain. The short
wavelength components represent local roughness of the solution; the
longer components result from the slow propagation of boundary values
into the solution domain.

On the finest grid, error components with wavelength 2h or less
can be damped effectively by GS iterations. The magnitudes of the
components can be reduced by an order of magnitude with just a few
iterations. Due to the Timited range of the five-point Laplacian
difference equation, longer components are essentially unaffected. If
coarser grids are used, though, GS iterations can damp the longer
components.

Rather than computing the solution on coarse grids, corrections

are calculated. If the system to be solved is

AT = D, (4.10)
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the GS method will produce the sequence . Defining the residual

Aan
vector r,

AR LT | (4.11)

the vector U" satisfies

AN =b - | (4.12)
Combining equations (4.10) gives

A(u -T") =" ; (4.13)

- . A
Defining the correction v,

S S
n u

Vi =Uu-1u A (4.14)
(4.13) becomes
a" = ¥, (4.15)

Assume that there is a system of grids numbered 1 though k with
épacing h, 2h, ..., 2k'1h. If the short wavelength components are
smoothed on grid 1, the residual will be free of that error and the
system (4.15) can be solved economically on grid 2. The same steps can
be taken in So]ving (4.15) on grid 2: short wavelength components are
damped and an equation similar to (4.15) is formed and solved on grid 3.
The process can be extended through grid k. Whenever a solution on a
coarse grid meets some convergence criterion it is ‘interpolated and
added to the next finest grid as a correction.

It becomes necessary to define solution vectors and residual vectors
for each grid. For grid k the residual and solution vectors are ?E and

>
.
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Figure 12 shows the behavior of the residual vector for several GS
iterations on grid k. The initial steep slope reflects the reduction
of short wavelength error components. The initial rapid progress
towards a solution abates as long wavelength error componenfs begin to
dominate. A parameter n can be used to govern the jump to a coarser

grid. If two successive residuals obey
IR 17 < (4.16)

then the system of (4.15) should be formed and solved on grid k+1.
If the residual norm on grid k becomes less than some fraction § of
the last residual norm on grid k-1, the correction of grid k can be
interpé]ated and added to the solution of grid k-1. Typical values
for n and § are .7 and .2, respectively.

Figure 13 shows the interactions of a three level grid system.
The right-hand side of the system (4.15) must be stored; it accounts
for the duplicate grids at each level. The difference equation (3.22)
becomes

i§ (ui _1j + Ujt1;3 + Ui 541 + Uijo1 - 4uij) =Ty (4.17)
The extra grid on level-1 can be employed for solutions of Poisson's
equation, (2.9). The term '3 in (4.17) is replaced by hzfij.

A Cycle-C multigrid routine, VBOUND, is included in Appendix B.
It can be used to solve Laplace's equation or Poisson's equation on a

region with irregular boundaries; a uniform square mesh approximates

the region.
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iteration

Figure 12.

Behavior of the Residual Vector for
Gauss-Seidel Iterations
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A - Interpolation and Addition of Corrections
B - Calculation of residuals

Figure 13. The Interactions of a Three Grid System in a
Multigrid Solution



CHAPTER V

RE-ENTRANT CORNERS IN ELLIPTIC PARTIAL
DIFFERENTIAL EQUATIONS

Determining the Form of the Solution
For the general elliptic equation, (2.1), posed on some domain S,

a?xx + buXy + cuy, = f (2.1)

the solution has a singularity wherever the coefficients a, b, ¢, and

f are singular or discontinuous, and where boundary features cause
derivatives of the solution to be undefined (4). A common singularity
arises in elliptic problems when the boundary makes a discontinuous
change of direction that forms an internal angle of greater than w
radians. This feature is called a re-entrant cornér. In Figure 14,

the boundary of domain S changes direction at 0, the origin of a
rectangular coordinate system. The internal angle formed by the segments
A0 and 0B, a, is greater than . ’

Re-entrant corners cause finite difference methods to produce
results that contain error greater than that which can be attributed to
discretization. It is useful in studying re-entrant corners to determine
the functional dependences of a solution in its vicinity given some
idealized problem. Laplace's equation affords a representative study
of re-entrant corners in elliptic problems and their effect on finite

difference methods.

47
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Figure 14. A Re-entrant Corner

Writing Laplace's equation in polar coordinates simplifies the

analysis of the solution near the re-entrant corner of Figure 14 (15).

1t becomes
2 2
1 93 P 1 9
(= + 25+ 2% ) u(r,8) =0 . (5.1)
r ar 8r2 r2 862 1 _

Assuming that u is made up of separate functions in r and 6,
u(r,8) = R(r) T(e), | | (5.2)

equation (5.1) reduces to two related second order ordinary differential

equations (15):

2
R{;) L d5£r) tr gaééﬁl‘] = ¢ (5.3)
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2

1 d°T(e 2 |
T(e.y_;e.é_.lhc | (5.4)

General solutions are

R(r) = ar® + br ¢ | (5.5)

and

T(6) = A cos (c8) + B sin (co) . . (5.6)

Since u(r,0) must be defined at the corner (r = 0), we can choose to

have ¢ > 0 and b = 0. Then (5.5) becomes
R(r) = ar® . (5.7)

Particular solutions can be determined from the conditions on
u(r,8) on the boundary of S, 3S. If u is zero on 3S (Dirichlet
conditions), then requiring that T(6) vanish there satisfies that

condition. Setting A to zero and letting c have the values
c =0, w/a, 2n/a, 31/a, ... (5.8)
causes T to vanish on 3S. The solution becomes

u(r,0) = = bnrn“/u sin (nm6/a) . (5.9)
n=1
A constant can be added to (5.9) if u is to have some constant value
on 9S.
For Neumann conditions, the normal derivative on 3S is du/36. If

the normal derivative is to vanish on 3S, then setting B to zero and
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allowing ¢ to have the values in (5.8) will satisfy that requirement.

The solution becomes

u(rs9) = = anrnﬂ/u cos (nmd/a) . (5.10)

n=1

For each of the so1ut10hs, the exponent of the first term in r is
m/o.. Taking the first derivative with respect to r as in (5.1) the
exponent becomes m/o - 1. If a is greater than m then both derivatives
in r in (5.10) are undefined at the corner 0 (r = 0).

Implicit in the development of the finite difference methods of
Chapter III is the requirement that derivatives of the solution through
a specified order exist and that they be continuous over all of the
solution domain. For the development of the five-point approximation
of the Laplacian operator, equation (3.10), the solution must be three
times continuously differentiable (11). Since the solutions given by
(5.9) and (5.10) are not differentiable at the re-entrant corner, the
five-point approximation is invalid there. Its use ét the corner intro-

duces error in excess of the expected'O(hz) discretization error (4) (29).
The L-Shaped Region Problem

The effects of a re-entrant corner on the solution of Laplace's
equation by finite difference methods can be studied conveniently for the
region S of Figure 15. The coordinates of the vertices, A through F; are
(-1,1), (1,1), (0,1), (0,0), (0,-1), and (-1,-1), respectively. A1l of
the internal angles are either /2 or 3w/2. The pfob?em requires a
solution of Laplace's equation on S subject to mixed boundary conditions.
The solution has the va1ué -1 on EF and +1 on BC. On AB, AF, CD, and

DE, the normal derivative must be zero.
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Figure 15. The L-Shaped Region

This is commonly called the L-shaped region problem; a related
problem is the L-shaped membrane problem (11) (23). A physical system
that corresponds to the problem described above is that of a conducting
plate of the same shape with bar contacts attached at BC and EF. The
bar contacts are maintained at +1 volt and -1 volt. The solution of
the problem describes the electrostatic potential (voltage) on the
surface of the plate. The electric field at the surface of the plate
can be determined from the potential. Written in polar coordinates,

the electric field has a dependence on the first derivative of the
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solution with respect to r. Thus, at the re-entrant corner, the
electric field becomes undefined (from (5.9) and (5.10)).

At the re-entrant corner, point D, o is 3n/2. The expansion of
equation (5.10) applies in the vicinity of the corner due to the

Neumann conditions on CD and DE. It can be rewritten as

aann/3

“u(r,6) = ; cos (2np/3) (5.11)

n=0

The solution in this form can be used to determine the truncation error

in the five-point approximation of the Laplacian near the singularity.
Figure 16 shows a uniform grid with spacing hvin the vicinity of

the re-entrant corner. The expected truncation error in the approxi-

mation at point P is O(hz),

2 _ 1 i 2
Viu, = = (uD tug touy toug 4up) + O(h}) , (5.12)

P

(from (3.10)). Substituting the series expansion of the solution (5.11),
for each value appearing on the right of (5.12) demonstrates that the

truncation error is not 0(h2) (29)

vou_ = h'z(u

p p " U

by tug - ) ¢ o(h™*3y + o(n™2/3) + ...

G H J

(5.13)
The same truncation error occurs at point N in Figure 16. The symmetry
in the placement of the values making up the five-point approximation

at point D substantially reduces the truncation error,

vzuD = h'z(uM tuy Foup g —4uD) + O(h"2/3) + »
(5.14)

o(h?/3y + ...
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Thus, the Laplacian is poorly represented by finite difference
approximations near the re-entrant corner. From (5.13) and (5.14)
an unusual finding is that the truncation error increases as the

solution grid is refined (h grows small).

Figure 16. A Uniform Grid Near a
Re-Entrant Corner

The error in the solution near the singularity is not as serious
as that in the approximation of the Laplacian. For Laplace's equation,

(5.13) can be rewritten for u_ in terms of the surrounding points,

p
2/3
Up = %—(UD tug tuy t uJ) + 0(h / ) + 0(h4/3) + ... (5.15)
The truncation error in up has the leading term O(h4/3). The truncation

error in the solution is Targe compared to that at points some distance

from the re-entrant corner. Solution iterations spread this error over
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the entire solution domain; the re-entrant corner pollutes the whole
solution.

There are methods for restoring the accuracy of the solution. These
use some sort of special treatment in the region about the re-entrant
corner, or they seek to restate the problem in a way that eliminates the
re-entrant corner altogether. Near the corner, the analytical form of
the solution can be used (when it is known), or a finer grid can be

employed.
Motz's Method for Re-Entrant Corners

When the analytical form of the solution is known near a re-entrant
corner or any other type of singularity, it can be incorporated into a
finite difference solution method. Such modified methods are due to
Motz (20) and Woods (31); the methods are applied by Reid and Walsh (23)
and Whiteman (30). The method considered here is the one due to Motz.

The form of the solution of Laplace's equation near a re-entrant
corner is given by one of (5.9) and (5.10). Thus, the solution of
Laplace's equation can serve to test and develop Motz's method.
Returning to the L-shaped region problem, the solution near the re-
entrant corner is given by equation (5.10). The coefficients, a , are
not given, though they can be determined from the continuous solution.
Making the assumption that values of the discrete solution some distance
away from the corner are exact, approximation for the first few coeffi-
cients can be determined. Equation (5.10) must be truncated after k
terms and k remote values of the discrete solution must be selected in
order to determine a set of coefficients. Equation (5.10) becomes

k-1

u. = I a.C. (5.16)
J n=0 n-Jn
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for each remote value, uj. The coefficients Cjn depend on the

coordinates of u., (r.,8.),
J ( J J)

- p 2n/3

Cin h cos (2n6j/3). | ' (5.17)

Defining the vector ﬁr made up of remote values and the vector b made

up of the coefficients, bn’ the system

T) _ >
Cb = ur . (5.18)

results from writing (5.16) for each uj.- The system of (5.18) can be
solved directly or iteratively for the vector of coefficients,:z.

Figure 17 shows the grid points near the re-entrant corner of
Figure 15. The truncated series used to give the solution value at each

grid point within a distance d of the corner (23),

u = Z b.d (5.19)
m- o nomn

The coefficients dmn depend.on the coordinates of Uns

_ .. 2n/3 .
dmn =T cos (2n6m/3). (5.20)
Defining the vector ug of series replacement values, the system
> —> ‘ N
Db = u, (5.21)

results when (5.19) is written for each Uy D is not necessarily a
square matrix. Values at grid points farther than d from the re-entrant
corner, outside the arc in Figure 17, are candidates for components of
ﬁ .

.

Motz's method has been presented as if an accurate solution exists.

In practice, the steps outlined here must be used at each iteration.
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fhe vector of series values approaches the correct solution with each
iteration causing'the vector of finite difference values, Er’ to approach
the correct solution, in turn. Information flows in two directions
across the boundary between the series process and the finite difference
proceés. ‘The vector ﬁ; is built up from information propagated from
distant boundaries by the finite difference process. Values of Er

that are linked to values of ﬁs by the five-point approximation, (5.12),
are prevented from seeking the erroneous values of the uncorrected
solution. They influence the remaining points of ir through the

iteration process.

- components of 1

S

- choices for components of‘ﬁr

Figure 17. Remote Points and Series
Replacement Points
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'It is important to note that the matrices C and D of (5.18) and
(5.21) do not chahge from iteration to iteration. The matrix C can be
put in a form that requires only O(kz) operations to determine b from
a new ir as opposed to O(k3) operations if C changes. The routines
DECOMP ahd SOLVE from (10) provide this economy. An iteration of the
hybrid method involves a sweep with SOR or some other method followed

by the determination of b and is'

Conformal Mapping for Re-entrant Corners

As mentioned in Chapter II, complex transformations, conformal
mappings, can be used to simplify the geometry of problems with
comp]iéated features. Also, a solution of Laplace's equation for the
transformed problem is a solution of the original problem when it is
transformed to the original setting. Thus, conformal mappings can be
used tb eliminate re-entrant corners and dispense with the need for a
special treatment near a corner (23) (28) (29) (30).

For the L-shaped region of Figure 15, a useful mapping is
w= 223 (5.22)

Domains w and z are given by z = (x + iy) and w = (t + iv). The corner

formed by segments CD and DE is eliminated. Figure 18 shows the

transformed region; the vertices are labeled so that they correspond

to the vertices of the L-shaped region. Only the segments CD and DE

are lines in the transformed problem; all other segments become curves.
The potential problem described earlier for the L-shaped region

can be solved on the domain of Figure 18. The boundary conditions of

the original problem apply to the transformed problem segment by
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segment: Dirichlet conditions on BC and EF, Neumann conditions elsewhere.

Finite difference methods can be used to produce a solution.

W ‘

Figure 18. Tranformed L-Shaped Region

Several complications are introduced by the conformal mapping of
(5.22). The curved boundaries of transformed solution domain require
the use of irregular grids near the boundary in the finite difference
process. The accuracy of the solution can be reduced (4) (11) (23).
The Neumann conditions are particularly troublesome. Complicated
interpolation schemes are required to implement them (4) (11). If the

solution is to be used in the z domain the inverse mapping

L 32 (5.23)
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can be used or points in the z domain can be transformed using (5.22).
In either case, an interpolation scheme with accuracy equivalent to that
of the solution must be used.

For a general re-entrant corner with internal angle a = m/m the

form of (5.22) becomes
w=z"= rmeime (5.24)
for z in polar coordinatesf
Grid Refinement

The largest truncation term for the L-shaped region problem is
2/3

0(h®’~); it occurs at points adjacent to the re-entrant corner. The
truncation error there can be made to approach the 0(h4) error that
exists at points far removed from the re—entrant corner. If a fine
grid is used near the re-entrant corner, its spacing, hd’ must approach
h6 to give the desired truncation error.

The use of such a grid must be restricted to the immediate neigh-
Eorhood of the fe-entranf corner in order to keep storage to a minimum.
It must be used in concert with coarser solution grid. By using a
collection of grids with spacing h/2, h/4, ..., hd’ the solution grid
can be connected to‘the fine grid. Figure 19 shows such a grid system.

The multigrid method can be adapted to use refined grids near a
re-entrant corner. The grids can be fixed in place (5) or they can be
generated as needed (6) (7). The adaptive multigrid process requires
sophisticated routines for sensing error and managing the collection of

grids. Near a feature such as a re-entrant corner as many as 20 grids

might be used (7).
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Figure 19. Refined Grids Near a
Re-Entrant Corner

Here, grid refinement is used in conjunction with extrapolation
to produce an accurate solution for the L-shaped region problem. As
h goes to zero, solutions produced with finite difference methods
approach the actual solution. By using a sequence of spacings, a
convergent sequence of solutions can be produced. Aitken extrapolation

can be used to give an estimate of the 1imit. Here, the sequence
h, h/2, h/4, ... (5.25)

is used.



CHAPTER VI
RESULTS OF NUMERICAL EXPERIMENTS AND CONCLUSIONS

Performance Comparisons for Several

Iterative Methods

Young's test problem (32) is an excellent means for comparing the
iterative methods developed here. The dominant eigenvalues of the
iteration matrices of the J and GS methods are known, hence, the
optimum value of w can be determined for the SOR and SSOR methods.

The test problem requires the solution of Laplace's equation on a
square with sides of Tength m. There are Dirichlet conditions on the
boundary of the square. The solution is set to zero on the boundary;
the initial solution estimate is everywhere ohe. After each iteration
of a particular method, the solution estimate serves as the error for
the iteration since the solution must be everywhere zero.

The dominant eigenvalue of Gj is given by
u = cos (h) (6.1)

where h is the spacing of a uniform grid on the square (4) (11). Then,

the dominant eigenvalue for Gg is
A = cos?(h) | (6.2)
from (3.53). Equation (4.7) for the optimum w becomes
W = 2/(1 + sin (h)) (6.3)
61
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Figure 20 shows the behavior of the residual vectors produced by
the J, GS, SOR, and SSOR methods over 50 iterations for the test problem.
The grid spacing is h = 7/32. The norm of equation (3.44) is used as
a measure of the residual vectors. The logarithm of the norm is plotted
versus the iteration number in order to make its behavior visible over
several orders of magnitude. Iterations of the SSOR method are counted
as two iterations of the SOR method.

- In Figure 20, the GS and J methods rapidly become asymptotic and
exhibit the slow convergence predicted earlier. The lines representing
the GS and J methods eventually cross. The SOR and SSOR methods make
large initial reductions of their solution vectors towards zero. Once
they become asymptotic they demonstrate superior performance in reducing
the residuals to zero. The value of W, used for SOR and SSOR iterations
is 1.821465 (from equation (6.3)).

Figure 21 shows the behavior of the error (solution) vectors over
50 iterations for the problem described above. Again, SOR and SSOR
demonstrate superior convergence characteristics. From Figures 20 and
21, it is evident that SOR is a better solution method than SSOR. The
symmetric iteration matrix of the SSOR method requires a performance
sacrifice (32).

Table I gives comparisons between the knwon values of the dominant
eigenvalues of the J and GS iteration matrices and experimentally
determined values for the test problem. The experimental values are
determined from the residual norm by using equations (4.3) and (4.6),
Aitken extrapolation. The experimental values are given after 20
iterations and 100 iterations; the values of Wy they would give are
included in the table. It is apparent that the GS method affords better

estimates of Wy than the J method.
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Figure 20. Behavior of the Residual Nofms of the J, GS, SCR, and
SSOR Methods for Young's Test Problem (h = m/32)
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Figure 21. Behavior of the Error Norms of the J, GS, SOR, and SSOR
Methods for the Test Problem (h = m/32)
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TABLE 1

KNOWN AND EXPERIMENTAL VALUES OF THE
DOMINANT EIGENVALUES FOR THE J AND
GS METHODS FOR THE TEST PROBLEM

J GS
Known S(G) .9951847 .9903926
(wb) (1.821465) (1.821465)
S(G) from 20 jterations .9820577 .9808125
(mb) (1.682679) (1.756668)
S(G) from 100 iterations .9924346 .9894568
(mb) (1.781302) (1.813763)

Figure 22 shows the general characteristics of the iterates produced
by the J, GS, and SSOR methods in a solution of the test problem. The
sharp edges of the initial solution estimate are smoothed and the
iterates take on a "pillow" shape. The solution tapers from a central
maximum to zero on the boundary. For SOR, the maximum is skewed away
from the center. The J and GS méthods are particularly good at smoothing
iterates. If their iterates are normalized to one following each

iteration, they approach the function
f(x,y) = sin (x) sin (y), ' (6.3)

an eigenfunction of the Laplacian differential operator.

The value of the central maximum of an iterate after a specified
number of iterations is an additional indication of its effectiveness.
The values range from .907 for the J method to .545x10'6 for SOR after

100 iterations. The exact value is zero.
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Figure 22. The Solution Vector of the J Method After 100

Iterations (h = m/32)
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Figufe 23 shows the residual norms of SOR, SSOR with vector Aitken
acceleration (SSOR/VA), and the Cycle-C multigrid method. Dashed lines
indicate extrapolations for SSOR/VA and coarse grid excursions for the
multigrid method. The effort expended in coarse grid operations is
measured according to iterations on the solution grid (identical to the
SOR and SSOR grids). Figure 24 shows the error norms for the three
methods.

Clearly, the Cycle-C mu]tigrid method is superior to the SOR and
SSOR/VA methods for the test problem. It meets its stopping criterion
after the equivalent of 29 iterations. The SOR and SSOR/VA method
show essentially the same performance over 100 iterations.

Table II gives a summary of the results for the test problem.
Asymptotic rates of convergence, R(G), determined experimentally, are
given for each method; :actual rates are given when the dominant eigen-
value is known. Equation (3.46) is used to determine the rates. The
value of the central maximum of the solution vector produced by each
method is given, also. Each result is based on 100 iterations of the
corresponding solution method (29 for the multigrid method). The
exponential notation of FORTRAN is used in the table.

The experiments with the test problem indicate that the Cycle-C
multigrid method should be the first choice for a solution method.

The SSOR/VA method should be the second choice.
Analysis of the L-Shaped Region Problem

When no re-entrant corner or other type of singularity is present,
the error in individual components of a solution of Laplace's equation

using the five-point approximation, (3.10), is O(hz) (11). If the



, iteration
10 20 30 40 50
_= v 1

-t
L

_4 1 N v \\\
SSOR/VA

ST N Cycle-C

Tog |7

Figure 23. Behavior of the Residual Norms of the SOR, SSOR/VA, and Cycle-C Methods for the Test
Problem (h = m/32)
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actual solution at a grid point with coordinates (x,y) is u_(x,y), the
value given by a finite difference solution can be written

2, . 4

bh, " + ... (6.4)

u (x,y) = u (x,y) + ah, K

where hk.is the spacing of a uniform grid (11). By producing solutions

for several values of hk’ the coefficients in (6.4) can be determined.

TABLE II
SUMMARY OF RESULTS FOR THE TEST PROBLEM

Method (kﬁégg) (expe&gggnta1) max Ieil

J .2096309E-2 .3298102E-2 .9069986E0
GS .4192613E-2 .4603162E-2 .6105773E0
SOR .8541094E-1 .1306649E0 .5452358E-6
SSOR -- .5590545E-1 .2024361E-2
SSOR/VA -- .1520199E0 .3419504E-7
Cycle-C -- .2589699E0 .2329918E-6

The effect of a re-entrant corner on the accuracy of finite

difference solutions can be gauged by seeking a relation of the form

(6.4).

little influence.

If it has the same powers in h, then the re-entrant corner has

Here, the L-shaped region problem of Chapter V is used to model the

effects of a re-entrant corner.

Figure 25 shows a solution that results
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Fiqure 25. A Solution of the L-Shaped Region Problem
Using SSOR/VA (20 Graduations)
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from roughly 150 iterations of the SSOR/VA method; the segment AB has
length 1.0 and h is 1/32. The solution is indicated by contours that
range from -1.0 on EF to +1.0 on BC in 20 graduations. The solution is
zero on the line of symmetry AD. From the Neumann conditions on BAF
and CDE, each contour is tangent to the boundary at points of inter-
section. |

The model used for the error in components of the solution is
u, (x,y) = u (x,y) + ah, % + bh 8 (6.5)
k'©? P02 k k :

The terms in o and B are the dominant error terms. By producing

k

so]utipns for the spacings ho, hl’ h2, and h3 where hk = 2 "h

03
approximate values for o and B can be determined. Assuming that the
term in o is dominant, the term in B8 can be dropped from (6.5). Then,

writing the resulting equation for hl’ h2, and h3 gives
a = ]09 [(U3 - uz)/(uz = ul)]/]()g (k) (6~6)

at point (x,y) (k = h3/h2).

Solutions for h0 = 1/16 through h3 = 1/128 were produced in order
to determine o and B. The residual norm for each solution was reduced
to 10-14 by using double precision in a FORTRAN program.

Using (6.6) at points (x,y) where Ups Ugs and us exist gives the
distribution of Figure 26. The segment AD is a line of symmetry for -
the distribution. Values of o range from 1.166 to 1.476. The greatest
variance of values occurs about the re-entrant corner. The Targe
number of values in the range 1.290 fo 1.383 and the previous analysis

of the L-shaped region problem (Chapter V) suggests that o is 4/3.
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—1
C D

1--1.243 to 1.290 (77 points)
2--1.290 to 1.282 (189 points)
3--1.383 to 1.461 (115 points)
4--1.166 to 1.476 (10 points)

Figure 26. Distribution of Values of a

Using o = 4/3 and both of the terms of (6.5) in h, an expression

for B can be derived,

K%y - u,) - (uy - uy)
8 = log |— T L S /10g (k) (6.7)
k (u2 - ul) - (u1 - uo)

Applying (6.7) where ug through us exist gives the distribution of

Figure 27. The values range from 1.214 to 3.684. The largest number of

values lie in the range 1.708 to 2.202 suggesting that B is 2 or 6/3.
Thus, it seems Tikely that the error components of the solution

are given by

43 4 b 2 8/3

K + oo, . (6.8)

u (6y) = u(x.y) + ah + ch

or O(h4/3).

This is serious degradation of the accuracy normally
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afforded by finite difference methods. One of the techniques developed
in Chapter V should be used to reduce the influence of the re-entrant

corner.

C

14 to 1.708 g7 points)

1--1.2

2--1.708 to 2.202 (61 points)
3--2.202 to 2.860 (19 points)
4--2.820 to 3.684 (5 points)

Figure 27. Distribution of Values qf B

The Multigrid Method for Re-Entrant Corners

It was hoped that the multigrid method could be used to develop
solutions for the L-shaped region problem due to its speed and economy .
It was found, though, that a single re-entrant corner could completely
disrupt the Cycle-C process. As a result, the multigrid method had to
be abandoned. |

Figure 28 shows the behavior of the residual norm produced by
iterations on the finest gkid (h = 1/32); dashed lines indicate coarse

grid excursions. After rapid initial progress toward a solution, the
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go]ution process enters a cyclic phase during which Tittle progress is
made. The operations on coarse grids to calculate corrections degrades
to the point that Targe amounts of error are introduced into the
solution on the fine grid. That error is quickly eliminated, but

another coarse grid excursion reintroduces it.

The Behavior of Motz's Method for the

L-Shaped Region Problem

Motz's method was used in conjunction with the SSOR/VA method in
an attempt to restore the O(hz) discretization error when a re-entrant
corner was present. The method was tested for accuracy and stability
by using the L-shaped region problem with varying grid sizes. The use
of extrapolation provided an additional test of stability.

Two sets of patterns of remote points and series replacement points
were used. The simpler set of patterns involved 6 remote points and
8 series points. The more complex set had 13 remote points and 41
series points. The two sets are referred to as the 8-point and 41-point
patterns, respectively. Figure 29 gives their organization. At the
beginning of fhe forward and backward sweeps on an SSOR iteration, Motz's
method was used to assign values to the series points. During an
iteration, the series points were skipped.

The results of experiments with single precision arithmetjc
demonstrate limitations of Motz's method. The combined method converges
(SSOR/VA and Motz), but progress slows when Motz's method becomes the
dominant source of error. This occurs when the displacements in the
series values and the quantities that make up the series values vary

over the range of the single precision mantissa (seven digits). The
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+ - series point

X - remote point

Figure 29. The 8- and 41-Point
(Series) Patterns for
Use with Motz's Method
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? - . - 3 -
vector dS made up of displacements in the series point vector, ﬁs, is

useful for observing the behavior of Motz's method,
an=gh-ognt . (6.9)

Figure 30 shows.the norm of gs for the 8-point pattern and the residual
norm following the final vector Aitken extrapolation.

The displacement vector exhibits similar behavior when double
precision arithmetic (16 digit mantissa) is used. Figure 31 shows the
displacement norm for the 41-point pattern and the residual norm
following the final extrapolation. Figure 32 indicates that the norm of
E; exhibits the characteristics observed earlier in the error and
residuél norms produced by the SSOR/VA method. A minimum of 10 iterations

occurs between extrapolations.

An Accurate Solution for the L-Shaped

Region Problem

An accurate solution is needed to gauge the effectiveness of Motz's
method. It must be free of the error induced by the re-entrant corner.
By using vector extrapolation, the uncorrected solutions used earlier
to determiﬁe the exponents of (6.5) can yield an accurate solution.

As mentioned in Chapter V, grid refinement produces solutions that
converge to the actual solution. An extrapolation scheme based on
equation (6.5) can be used to determine the components df the actual
solution.

Solutions from grids with spacing hl = 1/2 through h7 = 1/128

(h, = hk_1/2) were used to test the effects of extrapolation. Aitken

k
extrapolation, equation (4.6), was used with corresponding components
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Figure 30. The Behavior'of SSOR/VA and Motz's Method (8-Point Pattern) in Single
Precision (Seven Digit Mantissa)
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6f the solutions for grids with spacing h, _,, h _;, and h . The resulting
vector of extrapoTated components had spacing hk—2' It was observed that
an extrapolated solution for grid spacing hk~2 through hk gave accuracy
exceeding that of a solution for grid spacing hk+2‘ Thus, the extrapo-
lated soTution for hé through h7 had accuracy exceeding that of a
solution produced with a grid of spacing 1/512. This extrapolated
solution was chosen for comparison with the results from Motz's method.

Approximate values of w, were determined in producing the uncor-
rected solutions for the L-shaped region problem. They were used again
for the solutions produced with Motz's method. The values of w, are

given in Table III.

TABLE III

VALUES OF wp FOR THE L-SHAPED
REGION PROBLEM

h "y
1/16 1.659
1/32 1.811
1/64 1.893
1/128 1.930

Evaluation of Motz's Method

The 8-point and 41-point patterns of Figure 29 were used in
testing Motz's method. L-Shaped region solutions were produced for the

grid spacings h1 = 1/16, h2 = 1/32, and h3 = 1/64. The convergence
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criterion for each solution required that the residual error be reduced
to 10x107 14,

Figurel33 shows the residual norms for solutions produced by the
combination of SSOR/VA and Motz's method with the 8-point pattern. The
decrease in the rate of convergence with decreasing h is apparent. The
solutions for hl’ h2, and h3 required 168, 296, and 684 iterations to
meet the convergence criterion. Figure 34 shows the residual behavior
for solutions produced with the 41 point pattern. The solutions for
h1, h2, and h3 required 156, 316, and 688 iterations, respectively. Thus,
there is little difference in the effort required fo produce a solution
with one method or the other. These two trials and previous trials with
varyiné h suggest that the number of iterations required to produce a
solution is O(h_l).

In order to compare the results of Motz's method and the exact

solution, an error vector is needed,
> > >
= - .10
€=10, -0, (6.10)

Where ﬁé is the exact solution and Eh results from Motz's method. The
norm given by equation (3.44) can be used to measure the error vectors
that result from comparison. It is scaled according to the number of
components.

Tables IV, V, and VI give comparisons between the exact solution
and the uncorrected solutions, the 8-point Motz solutions, and the 41-
point Motz solutions.

Figure 35 gives the relationship between grid spacing and the
error norm for the 8-point Motz solutions, the 41 point Motz solutions,
and the uncorrected solutions. The important feature is that the

8-point and 41-point Motz solutions for h = 1/16 have accuracy equivalent
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Figure 33. Behavior of Residual Norms for Solutions. with 8-Point
Motz and SSOR/VA
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TABLE IV

COMPARISONS BETWEEN THE EXACT SOLUTION AND THE
UNCORRECTED SSOR/VA SOLUTIONS

>

h Il ~ max |ej|
1/8 ' .6510000E-2 : .3082128E-1
1/16 .2646606E-2 .2058514E-1
1/32 .1049086E-2 .1373039E-1
1/64 .4161518E-3 .5684991E-2
1/128 .1653452E-3 .2343839E-2

TABLE V

COMPARISONS BETWEEN THE EXACT SOLUTION AND THE 8-POINT MOTZ
SSOR/VA SOLUTIONS

>

h EHR max |ejl

1/16 .1993717E-3 ' .1220212E-2

1/32 .6905748E-4 : .7440496E-2

1/64 .2859288E-4 .9446983E-3
TABLE VI

COMPARISONS BETWEEN THE EXACT SOLUTION AND THE 41-POINT
MOTZ SSOR/VA SOLUTIONS

>

h llell | max e |
1/16 .9698017E-4 .2139818E-3
1/32 .3952888E-4 .4088687E-3

1/64 - .1151425E-4 \ .4162266E-3
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Figure 35. The Variation in the Error Norm with
h for the 8-Point, 41-Point, and
Uncorrected Solutions
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to uncorrected solutions for h = 1/128 and h = 1/256, respectively. The
solutions for h = 1/16 require approximately 160 iterations to converge
while the solutions for h = 1/128 and h = 1/256 require 1,280 and 2,560
iterations, respectively. |

Figures 36 and 37 demonstrate the effects that grid refinement
and Motz's method have on the solution near the re-entrant corner. Both
show the solution along the segment CD, with point D on the right of
the diagram; distance is measured from D.

In Figure 36, the uncorrected solutions approach the extrapolated
solution. The two Tower Tines are projected from points outisde the
range of the diagram. Note that the slopes of the lines at D increase
as h décreases, but they remain finite. As noted earlier, first
derivatives of the solution become undefined at D. Also, the solutions
for h = 1/16 and 1/64 are noticeably different than the extrapolated
solution.

Figure 37 shows Motz 41-point solutions for h =.1/16 and h = 1/64.
The two solutions coincide with the exact solution at corresponding grid
points. Thus, Motz's method immediately e]imihates much of the error
due to the re-entrant corner. |

The line segments ;onnecting the solution values in.Figure 36
indicate the need for a smooth interpolant near the re-entrant corner.
An extremely useful feature of Motz's method is the built-in inter-
polating function. The solution near the re-entrant corher is of
primary importance in a solution, and Motz's method provides an
analytical approximation of it.

An attempt was made to determine if solutions from Motz's method

had error that could be modeled by equation (6.5), and, if so, what
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Figure 37. Motz 41-Point Solutions Along the Edge CD (Figure 28) for h = 1/16
and h = 1/64 (Vertical Arrows Indicate the Exact Solution)

06



91

£he dominant power of h was. The process employed with the uncorrected
solution was used with the 8-point and 41-point Motz solutions. Values
for o were so widely scattered that no attempt was made to determine B.
A method suggested by Reid and Walsh (23) was also used: Motz's method
was used within a constant radius of the re-entrant corner for each
grid spacing. This method was also unsuccessful.

The inability to determine the error behavior of Motz's method
empirically is in keeping with its criticisms (30). No theory of its
stability or error behavior exists. An examination of the Motz solutions
shows that the h = 1/16 solutions agree with the exact solution to four
digits; the h = 1/64 solutions agree to five digits. An optimum grid
size seems to be h = 1/32. The density of solution values is adequate
for interpolation, and only 110 iterations are required to reduce the
residual norm to 1.Ox10_5. Single precision'can be used throughout the

solution process.
Conclusions and Suggestions for Further Study

As demonstrated, re-entrant corners seriously degrade the accuracy
afforded by finite difference methods. Two of the methods used here,
grid refinement and Motz's method, have been shown to reduce the effects
of re-entrant corners. Each has limitations: grid refinement over the
entire solution domain is not practical, and Motz's method is not well
understood.

A more practical grid refinement scheme appears in Figure 19. It
should be considered for study since it does not require large amounts
of storage, and because it can be incorporated into multigrid formula-

tions (5) (6) (7). Dr. D. D. Fisher of the Computing and Information
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Sciences Department at Oklahoma State University has the program
GRIDPACK, an adapfive multigrid routine capable of grid refinement near
re-entrant corners and other types of singularities. GRIDPACK should be
examined in future studies of numerical solution of PDES and re-entrant
cornefs. It is an oufgrowth of the work of Brandt and his associétes
(6) (7).

Motz's method appears to be well-suited to problems requiring a
grid with moderate refinement. It is stable in the formu]ations used
to date, including some that involve extrapolation; Motz's method should
be examined as a means of correcting the multigrid Cycle-C process.
The solution process on-each grid is affected by a re-entrant corner.
The routines for performing Motz's method in the program CORNER
(Appendix A) could be adapted and used in the Cycle-C routines VBOUND
(Appendix B).
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APPENDIX A

THE PROGRAM CORNER
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The program CORNER is included here. It will solve Laplace's equa-
tion on any domain that can be represented by a uniform grid. The
boundary conditions can be Dirichlet, Neumann, or mixed. At present,
the Neumann conditions are restricted to vanishing normal derivatives
and boundaries that are parallel to 1ines of the grid. The solution
method can be SOR or SSOR with Aitken acceleration. The-GS method is
available for the determination of the relaxation parameter for SOR and
SSOR; Aitken extrabo]ation_is used to speed its determination. Also,
Motz's method is included for use with re-entrant corners with internal
angles of 3 /2. |

The solution grid is represented in Figure 3. The rows and columns
must be numbered from one, though, in the description for CORNER. The
pkogram requires a row by row description of the grid; the location and
type (Neumann or Dirichlet) must be given for each boundary point on a
row of the grid.

Figure 8 shows four computational molecules for use with Neumann
qonditions. For CORNER, an integer code must be used to identify which
molecule must be used on a particular boundary segment. Clockwise from
the top the codes for the molecules of Figure 8 are 4, 2, 3, and 1.

The corners require special molecules; clockwise from the upper right
they are 8, 6, 5, 7. Dirichlet points have the code 0. The data
required for the L-shaped region follow the program listing.

Motz's method can be used at several re-entrant corners in a
solution domain. The patterns of remote and series points must be
given. In the data following the listing, patterns used with the
L-shaped region problem are given. They are defined for a corner in

the orientation of Figure 17. The location and orientation of each



re-entrant corner must be given. The four corners of a cross-shaped
region give the four possible orientations. Clockwise from the upper

right they are coded 2, 4, 3, 1 for CORNER.
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ne

soan

aaco

CORNLRIX,DMOIZ, LORT
DRIVER

IMPEICHT REAL*G (A-H,0-7)
GOMMON /1RACE/ IN,LP,NINT, NDBUG
COMMON /CONIRL/ OMEGA, RTSILME, KSWEEP, MAXL ), KOMI GA
INJEGER LEF 1, RIGHT
COMMON /DOUND/ XHIN, XHAX, YMIN, YMAX, N,
MAP(6%,65), LET 1{101),RIGHT{ 101.) , NROW, NCOL, NP )
COMMON /AT TKEN/COSIN, SHAX, SMIN, KOUR T, KPER, M THD,
NEREP, NPTR

IN-12
tr a6
ROBUG- 0
NINT=20

COSTH=,9Y9D0
SMAX-50, D
SHIN-0. DO
K- o
NPER=D

MmN -3

CALL HIRAI

stor
IND

FUNCIION T(X,Y,HI0L)
1HMPLICHT REAL*A (A-N,0-7)

o0,
XL HIOL ) E=1.,0D0
HEEY. L, 1101 ) ==, aDo

RETURN
LHD

SOBROUTINE 11RAY

IMPLICHE REAL*8 (A-H,0-2)

CUMMON /IRACGE/ IN,LP, NINE, NORUG

COMMON /CONIRL/ OMLGA, Rt SUMY, KSWFFP, MAXI T, KOME GA

COMMON /STORE/ U(65.65),V(65,65)

INITGER LEET, RIGH

COMMON /BOUND/ XMIN, XMAX, YMIHL, YMAX, H,
MAP(65,69),LEFT(101), RIGHT{101), NROW, NCOL , NI’}

INTLGER SPI, SROW, SCOL, EPT, FROW, ECOL

COMMON /SNG/ SMAT(50,15),EHAT( 15, 15), EXPVAL(10,15),SCALT(15),

00000100
0000200
0e0uN300
00000400
00000500
000NN6HND
00000700
0V00V0DB00
00000Y00
VOBO 1000
DU T IO
0BG 1200
0000300
QO LoD
QUDO 1500
00D 1600
ouei7on
00001800
Q00U 1900
00002000
00002100
0VO0VNR2200
a0002300
00002400
00Ua2500
002600
oy2 100
00002800
HOVHZ GO
00063000
Gu003100
0UVO3200
0003300
GON034H00
00003500
00003600
00003700
00003800
0oN039v0
0OOOHDOO
GoO0H 100
Qo L2060
000048300
Onaehahog
000500
VHOVKG00
00n0K 700
QOOONIBO0
QUHVLYNL
[TV STRITI
00005 100
00005200
00005 300
QUHUSUNO
00005500
0H00GH600
QONV5700
00005800
00005900
00VO6H00
00106100

SO0 o0 o

OO0 o0 o0 o

3]

o 00

o oo

a0

o o o

380

EPT(10), IPVI{15),NSING
COMMON /AT TKEN/COSTH, SMAX, SMIN, KOUNT, KPTIR, MF THD,
NPREP, NPUR

ROUNT=0

NCREAS-0
READ( TN, 5 )MAXI I
RESLMI=1, 0D 1)
READ( IN,5)KSWEEP
READ( IN, 5)KOMEGA
READ( IN, 8)OMEGA
READ( 1N, S )NIRE P

WRITE(LP, HBO)MAXT T, KSWET P, KOMEGA, NPREP, RE SLMT, OMFGA

CALL BNDRY
CAIL SETPIR
CALL SNGLOGC N
CAlL PLOIB

CALL INH

CALL PLOI(V)

“1E(KOMECA , NE.O)OMEGA=1.0

RESPRV= 100, H0
SPECTO=. 100
SPECTI=.4D0

DO HOO J=1,MAXIT

CALL SWEEP{KSWLEP,OMEGA, RF SAVE, RT S10G)

TF{KOMEGA.£Q.0)GO 10 380

SPEC12=RESAVE/RFSPRY

SPECIN:SPLCI2-(SPECI2-SPECTY)*%2/
(SPFCTO=-2.DO*SPYCT1#SPECT?)

SPECTIY=SPICIY
SPECII=SPICI2

XOMIL GA=2.00/(1.DO4DSQRI( 1. DO-STICIN))

WRITE(LP, 10)J, RESAVE, RESLOG
VF(KOMIGA.NE . O}WRITF {1 P, 12)SPFCIN, XOMI GA

VH{RESAVE .1 I .RESIMI) GO 10 H00
TF(NCRIAS.GT. 10)G0O 10O %00

B(15), SROW( 100), SCOL{ 100), FROW{ 100), ECOL( 10D ), SPI(10),

VOGN0
DO0N6300
0HBO6HON
00006500
OLOB6LENH
00006 /00
BoouG
0OO06B00
QUDOHYUY
waon7onn
DuBH 710D
VOO 200
G0N 7300
QOO 70
Onauison
0N0OR 7600
onov /7 ing
000D 7800
VUOY 7900
(TR GRIT
0boas 10y
Onouaon
oHaoyIng
000OBLHOU
0nnuahuo
HOHa36O0
00BBB 160
onoungson
OnOEDIT]
UHOHYOON
00gLY 1ow
00009200
00009 300
00GOYHON
000U9560
00BOIGHO
uOnnY o0
00069800
0ovnYY0n
QUH1B00Y
00010100
00 10200
GoO10300
(BRTTIN
0an 10500
[INLRTATT
0N o0
[N BET)
QOGTa900
00011000
oot oo
Qoo oo
onoi 1300
00O IS0
0001600
ouot/og
G001 1800
ooarrgon
VOO 12000
Qo2 100
00012200
0012 500
0oor2310
Q0012320
00012330

001
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NCREAS:-NCREASH)
FE{RESAVE (LT RESPRVINCRIAS -0

RE SPRV Ri SAVL

FNDBUG.

) ‘l 50)CALL PLOI(U
F{NOBOG,

)
T50)CAIL RESULILIG, 18)

CAVE VALEK(METID, NPREP, NPER, KOUNT, KPER, COSII, SMAX, SMIN,

COSIN, SRAW, S)
WRITE(IP, 15)COSIN, SRAW, S
CONTINUL
WRETE(LP,20)

CONT INUL
CALL PLOT(U)

CALL RESUL T T, NROW)
sior

FORMAL( 10X, 1215)

FORMAT{ 10X, 2D25.16)

lmm/\l(/bx"nrs ~NO,AVE,LOG' 15, 3E20.16)
FORMAT{6X, ' SPICIRAL RAD OMI(A' ?x 2E2h. 16)
{ORMAL{GX, *COSIN, SRAW, S', 8X, 3624, 16)
FORMAT{GX, "LIMIE WAS fo1 RIA(HIO )

HIRMAI(//()X ~= LIRAL =="//711X, "MAXIT KSWEEP, KOMEGA, NPREP',

N0/ /0IX, P RES-LIMLE, (muA' 2F2u.16/7)
£ND

SUBROVT INE BNDRY

IMPLICIT REAL*B (A u 0-7)
INTEGLR. BLOC, BIVP,
O1HINSLON nlu«(tul) HIVP(IOI)
INFIGER L1001, RIGHT
COMMOR /BOUND7  XMEN, XMAX, YMIN, YMAX W,
MAB(65,65), LE1T(101), RIGHT( 101 ), NROW, NCOL, NPT
COMMON /IRAGEL/ INLLP, NINT , NDBUG
DAIA NIPAG/-3/

NPE O

RUAD( TR, 2% JRROW, NCOL

READ(IN, 30)XMIN, XMAX

READ{ EN, 30 ) YMIN, YHAX

1 { XMAX=XMIN) /DL OAL(NCOU-1)

VRETE (1P, B0 )NROW, NCOI , XMIN, XMAX, YMIN, YMAX, i

DO 200 J-1, NROW

00012300
00012350
00012360
000124800
0001210
00012420
00012500
00012600
O012700
00012800
00012900
0LV 13000
00013100
00013200
wou 13300
00N 13H00
00013500
Q0013600
Qov137on
00013800
00013900
000 1000
0no1h 100
0N 200
000 14h300
GO0 oo
00014500
DODIH600
000 11700
0O INBOY
00U 11900
00015008
GO0 15100
00015200
00N 15300
000 15800
V0015500
QuOI5600
00019700
0V0 15800
00015900
0016000
00016100
U 16200
00016300
YA
00016500
00016600
00016700
00016800
Cao 6900
ona 17000
000171060
0vn 17200
00017300
00017800
VOV T7500
Q0017600
0ont 7700
0D 7800
QU0 17900
0LV 18LO0
00018100
00018200
(018306

k2]

a0 onoc

o oo

READ( IN,25)t R, NBPI

DO 1200 k=L, R
MAP(J,K)NELLAG
CONTINUT

NPI=NPI#(R-1 )+1
LEFI(J)-L
rRIGHI(S) R '

READ( IN,25)(BLOC{K), k=1, NBPT)
READ( IN,25)(BIVYP(K), K- 1, NBPY)

1E(HDBUG.GE L TOO)WRIETE(E P, 50)J, LELE(J) RIGHT(J), NBPT,

(BLOC(K),BIYP(K), K 1,K3P})

DO 14O k=1, NOP‘
1.=BLOC(K
MAP(J,L)= IHY!‘(K)

CONTINUE

CONTINUE

RLIURN

FORMAL( 10X, |e|))
FORMAT{ 10X, 4L15.7)
TORMAL(117,5X, ' == BNDRY -='/11X, 'NROW, NLOI' 215/
10X, *XMIN, XMAX, YMIN YMAX, 11! 5115, 7)
IORMAl(llx 'ﬂow L, R‘NUPI uos/
18X, 'HLOG, BIYPY /(16X.215))

£ND

SUBROUT INF SEIPIR

IMPLICIT REAL*8 (A-M,0-7)

COMMGN /IRACE/ IN,LP NINT NDBUG

INTEGFR LEFT, RIGH]

COMMON /B()UN()/ XMIN, XMAX, YMIN, YMAX, H,
MAP(65,65),LEY l( HH) ﬂl(lll( 101), NROW, NCOL NPT

INTFGER CPIMIN, CPIMAX

COMMON /SIMAP/ KIOP(69), KBOE(65),CPIMIN(6Y), CPIMAX(6Y)

DATA MAXROW/65/,MAXCOL 765/
SE1 UP COLUMN POINIERS 1OR VALIK
LECHDBUG. G 100)WREIT (L P, 10)
KOVER MAXROW® |
KUNDIR O
DO 280 K:1,NCOI

KIOP(K) KOVER
KBOT{K)- KURDIR

0o tshon
DO 18H00
VOB IBLLY
oo zug
Do IEsON
VOGIB900
00D L9000
won 19 luo
Don 190
0o 19300
[N B ETHE
000 19500
RO OLU0
0009 00
0nn 19800
00019900
OOB20000
0unCo 00
HOUZH200
00020 300
QODZOUOY
0ONZD50N
Gua2a6n0
Qo0 oY
BUOZUBHO
0NO2H200
QU2 1060
0ouZ1io0
0BH02 1200
[T RITT)
QOO 100
0002 1500
Qo2 LaDo
U2 1 on
ounz2 1aon
QUL 1900
QOO 000
0022 100

0RO o0
Ouu22son
0uu2 Y00
0023000
0uu2 3 100
00O23200
Hou23300
0002 3hon
0002 3%00
00023600

Nnuae 3900
VVUPHHOO
[OEAT]
QLU HZO0
QOGN I00
neou2hioo
0nuuZuLuy
O0noZhGou
QOH2H 100
avn2hiang

101
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CON1 INUE

DO 10O -1, NROW

KL-LETT(J)
KR-RIGHT(J)

00 300 K-Kl, KR

FKIOP(K).GT.J)KIOP(K)=J
1H{KBOT(K). L1, J)KBOT{K)=J

CONFINUE

CONDINUE

DO 600 K-1,NCOI
KOLEST MAXROW® (K- 1)

CPIMIN(K)-KOITSI+KIOP{K)
CPIMAX{K): KOl FSTAKBOI(K)

11 (NDBUG. GE. 100 )WRIVE(LP, 20)KIOP(K),KBOT(K),CPTMIN(K),
GPIMAX(K)

CONY INUE

RE Tuny

TORMAY(//6X, ' ~~ SLIPIR -="'/)
FORMAL( 11X, 'KIOP, KBOL,CPIMIN, CPIMAX' (415)

END

SUBROUT INT SHGILOG

IMPLIGH] REAL®8 (A-11,0-2)

INTEGILR SPAIR, SPAIC, FPAIR, | PATC

COMMON /PATIRN/ NS, SPATR{50), SPATG(50),NE,LPAIR( 15), FPATC(15)

INTLGIR LETE, RIGHT

COMMON /BOUND/ XMIN, XMAX, YMIN, YMAX, I,
MAP{GS,65), 0HET{10L), RIGHI(101), NROW, NCOL , NPT

INTEGER SPT, SROW, SCOL, LPL, 1 IROW, ECOL

COMMON /SNG/ SMAL(S0,15),EMAT(19,15), EXPVAL( 10,15),SCALE(15),
B(19), SROW(100), SCOL( 100), EROW( 100), 1COL(100),SPT(10),
LPL(10), IPVI(19),NSING

COMMON /TRACE/ IN, 1P, NIND, NDBUG

INTEGER SR, SG, SNGIYP, SPUS, F POS

DIMINSION STHEIA{50), SRAD(50), E1HETA(15), LRAD{ 15)

INFEGER SPHAG, £1EAG, FMAXR, LMAXC, SMAXR, SMAXC

DATA SHLAG, ETLAG, FMAXR, | HAXC, SMAXR, SMAXC/-1,-2,15, 15,50, 15/,
NELAG/-3/

PLDATAN(C L. 0DO ) %0 b0

READ( IN, TOINSING
WRITE(1 P, 50)NSING

00024900
00025000
00025100
00025200
00025300
00025400
00025500
00025600
00025700
00025800
00025900
00026000
00026100
onn26200
06HH26300
Q0026400
00926500
NVO26600
00026100
00026800
00026900
00027000
00U27100
NON27200
00027300
00027000
VOU27500
Qou27600
00021700
00027800
00027900
00028000
00028100
00028200
00028300
00028400
00e28500
00028600
uun28700
00028800
00028900
00029000
00029100
00029200
00029300
00029400
0u0294%00
00029600
00029700
Q029800
00029900
00030000
00030100
00030200
00030300
00030400
00U30500
00030600
00030700
00030800
00030900
00031000
0un3ioo
Uou3 1200
00031300

oooo o

o

O ooc

(3]

200

o006 00,

oo

500

[<X2X<]o]

cOo0

TE(NSING. LY. 1)RETURN

DETERMINE WHICH POINIS ARE 1O BL RLPLACID WIIH SERIES
ESTIMAIES AND WHICH WILL SIRVE AS FXTRUME POINIS,

CAlLL SHAPE

SPOS=1
£Pos=1

DO 200 J-1,NSING

READ( IN, 10)SR, SG, SNGIYP
IF(NDBUG. G, TO0)WRIVE (1 P,60)., SR, SC, SNGIVF

SPI(J)=SPOS
£P1(J)=Fros

WRITE(LP,70)
CALL ROIRAN{SPAIC, SPAIR, SCOL(SPUS), SROW(SPUS),
NS, SC, SR, SNG1YP)

WRITE(LP, 75)
CALt ROIRAN(EPAIGC, EPATR, ECOL (EPOS), EROW(EFOS),
NE, SC, SR, SNGTYP)

SPOS=SPOSNS
i EPOS-TPOSHNF
i

CONTINUE
UPDAILLC MAP TO REFLECE CXIREME AND SPFCIAL POINIS

LMAX=SPOS-1
DO hOO L=1,1MAX
J=SROW( L )
K:SCOL (L)
MAP(J, K)=SIIAG
CONTINUE

LMAX=EPOS -1
DO 500 L=1,LMAX

J:EROV(1.)

K=t COL(L) E

1 {MAP(J,K). EQ.NFLAG)MAP(J, K) =EI LAG
CON' INUE

FORM THE POLAR COORDINAILS OF THE SPECIAL AND
EXTREME POINT LOCATIONS .

CAL L POLAR(SPATC, SPATR, SIHETA, SRAD, NS, It)
CALL POLAR{EPAIC, EPAIR,FINELA, FRAD, NE,I1)

FILL FMAL AND SMAT

WRITE(LP,80})
CALL MATCAL { SMAT, SMAXR, SMAXC, NS, RL, SRAD, STHETA)

WRIIE(LP,B5)
CALL MATCAL {TMAT, EMAXR, EMAXC, NL, NI , £ RAD, ETHETA)

0nn3 thoe
00031500
0003600
0Ouu3tion
Hu03I1aon
Q00 1900
00032000
BUO 32 10
0auu32200
Q32300
(VR PLUTE
VOB 3PH00
00032600
G037 /00
0003800
V0H32900
00033000
00033100
00033200
00033300
0003 3400
000331500
0nu3 3600
oun33ran
00033800
0003 1900
0uu3nnon
Q0034 oo
0063400
003 ion
oon3Lhun
0003500
0003h600
oon3iinn
o3ty
oun3nvon
noe 3Hhon
wonis oy
00035200
0on3H300
000 §Hh00
000 3%5%00
Ona3hoono
0on3h oo
QOO 35800
00035900
QaO 36000
00036100
oun3olon
RTINS
Houletiva
DeN36500
VOO 36600
QN3G 100
VOO 36800
v 36Ny
G003 7000
too3 7oy
Vou3iron
0oun3iion
6003 zhon
uou 37500
00037600
Q037700
00037800

201
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10
0

hn
50
60
10
19
80
8%

20
50

G0

CALE DECOMP{CMAXR, NE, EMAT, GOND, §PVT, SCALL, I})

WREITE(EP, 30)COND, (SCALELY ), =1, NE)
CONDPI1-COND#Y,

11 (CONDPT.NE.COND)GO 10 900
WRITE(LP, N0}
stop

RIVURN
TORMAT{ 10X, 1215)

FORMAT{/ 11X, "CONDIVION® [ E2h. 16/ 11X, "SCALF"' hi2h 16/
(r6x, ne2n, 16))

00037900
00038000
00038100
0n038200
00038300
GuO38u00
00038500
00038600
QUNIB 700
0eu3as00
00038900
QUN3ISN0
0039100
00039200
00039300
0n039h00
00039500

FORMAY( /11X, %" HMAIRIX IS SINGULAR 10 WORKING PRECISION ***')00039600

lnnNAll//GX"-— SNGLOG ==' 771X, "NSING', 15)
FORMAT{1IX, ' SING. NO. , ROW,CO1 ,SING TYPE® 0i95)
LORMAT( 18X, ' SROW, SCOL ' /)
FGRMAL( 18X, ' FROW, ECOL ' /)

PORMAL(//WEX, *SHALY)

TORMAL( /701X, "TMALY)

SUBROUTIRE SHAPE

IMPLICEE REALYS (A-11,0-7)

INVIGIR SPAIR, SPATC, [ PATR, LPAIC

CUMHON /PATIRR/ NS, SPAIR(50),SPAIC{50),NE,EPAIR(15),EPAIC(15)
COMMON / TRAGE /1N, LD, HINT, NDBUG

READ{ IN, 20)NS

READ( LN, 20) (SPALC(J ), J=1,NS)

READ( 188, 203 (SPAIR(JS), J=1,NS)

WRELE (TP, 50 )RS, (SPATC(JD), SPAIR(J),J=1,NS)

READ( IN, 20 )N
READ(IN,20) (L PAIC

C(Jd),J=1,NT)
READ(IN. 203 (£ PAIR(J
A

)=
1, NE)

RI FURN

TORHAT( 10X, 121

TORMAY(//6X, SHAPE --'//11X, "REPLACEMINT PATIERN (', 15,
! POINGS) JL16X,21%))

TORMAL(//11X, TEXTREME POINT PATIERN (°,15,' POINTS)'/
(16X,21%))

5)

fND

SURROUT INE ROTRAN{ IX, 'Y, NEWX, NEWY NP} LLOCX, 1LOCY, STYP)

IMPLICT T REAL*8 (A-1,0-7)
GOMMON / 1RACE / EN,LP, NINT, NDBUG
DIMENSTON IX(NPE), V(NPT NEWX(NPT), NEWY(NPT)

0vH39700
00U 39800
00039900
0000000
00Bhe 100
QUON0200
000l 300
00OL0HBO
000H0500
VU600
0000700
[IGOETHAT]
0UoH0900
000h 100G
000 11U0
000N 1200
0004 1300
000N 100
00Bh 1500
QOO 1600
onol 700
00U 1800
OLuLL 1900
000H2000
onut2 100
02200
anoHZ 300
0uON2400
0O0H2500
00042600
QUOl2 700
00VH2800
00uNh2900
0ouh3000
00043100
00V 3200
00043300
0ool3nn0
0aoh35H00
00OH 3600
ooonlion
00043800
000h 3900
QOOLlinnH
000t THY
0O0KIK20D
000Nl 300

It}
(=]

hoo

O oo o oo _G

(33

c
200

acoa ©

INTEGER STYP,ROIALF

OIMENSION ROVAIE(H,2,2)
DAIA ROTALE/=1,0,0,1, 0,1,-1,0, 0,-1,1,0, -1,0,0,1/
MX-ROIATE(STYP, 1,1)
MY-ROTATE(SIYP,1,2)
NX=ROVATE(SIVP, 2,1}
NY-ROTATE(S1YP,?,2)

00 HOB J= 1, NPT

NEWX(J )
NEWY(J)

X )HHX+ 1Y (D) *MY )+ OCX
X(

% JYRHXHIY(J)PNY) LT OCY

WRITE(LP,20)N
X

L INEWY(J ), NEWX(D)
FORMAT(16X,215) )

t
5
CONT INUF

RETURN
END

SUBROUY INE POLAR(IX, 1Y, IMETA,RADIUS, NPT, 1f)
IMPLICIT REAL*8 (A-M,0-2)

COMMON /1RACE/ IN,LP,NINJ, NDBUG

DIMENSION IX{NPT), IV{NPT), THETA(NPT), RADIUS{NPT
IWOP1=8.DO*DATAN( 1.000)

DO 200 J=1,NPI

NX=1X(J)
NY=1Y(J)

THLIA(J)=0.0D0
RADIUS(J)=0.0D0

IF(NX.£Q.0 .AND, NY.EQ.0)GO 10 200
THEIA(D) "DATANZ (DE L OAT(NY ), DT 1OAL(NX))
RADIUS(J)=DSQRT(DFLOAT ( NX*A2 1 NY ¥ %2
TECTIEFA(J ). LT.0.000) THE TA(J )= IWOPF+THEIA(J)
CONT I HUE ’ '

TE(NDBUG. GT.S50)WRITE(LP,50) (), I1X(J), 1Y(J), RADIUS(D), ERFIA(Y),
J=1,NP1)

RETURN

FORMAT(//6X, " == POLAR =='/21X, '3, 1, 1Y, RADIUS, INETA'/
{11, 315,26 24.16))

E£ND

SUBROUT INE MATGAL { XMAT , MAXI, MAXC, NR, NC, XRAD, XTHE TA}

QuohGhoo
0ol N0
QOORKGOG
QoohN 100
QODINB
onuhiven
0OHBISHO0
QOOIS100
GOONH200
a00uS 300
HOORSLEOD
QUONS500
QNI
VUANS 100
0OONSBOY
BOBISY00
QHORGEHOO
Ouua6 100
Q0BHE200
0Onk6 300
VOBIGHOY
HUONGHOD
VOORG6DO
QOOLG6 100
[T
0onlicynn
OUHLTODO
ooulEz toe
nonn 72on
00l 300
ool 7hon
aaan 7500
oL 6D
ouok o0
QOO TBOD
QOO 900
anuniiguno
ouong 100
QOOHE200
QVNNB 300
Qootsuoy
0o0h8%00
0OORBOHY
ouung /oo
OuULBRON
aoohsonn
DOTUPIIN
QU9 1N
000NY200
Hoo92300
0OonhYhinn

QO0KIH0N *

0OLII6ON
HUOKY IO
VHOIIBHO
0OVHKYYNL
00050000
00050100
06050200
00050300
QUO50H00
GHOHOHO0
DO0SHODY
0LO50 700
0050801

€0t



H00

G

600
[

180

200

IMPL ICIT REAL®S (A-N,0-2)
COMMON /TRACE/IN, | P, NINT, NDBUG
DIMENSION XMAT(MAXR, MAXG) , XRAD(NR ), XTHE TA(NR)
INIEGER LEF 1, RIGH)
COMMON /BOUND/ XMIN,XMAX, YMIN, YMAX

MAP(65,65) L EFT(I01), Rlbul(lnl) NROW, NCOL , NPT

G=2.00/3.00
Do 600 J-1,NR

THETA=XTHELA(J)
RAD-XRAD(.1)

KMIN-1
IT(RAD.GI.,5D0)GO 10 180

KMIN=
)(HAI(J 1):1.0D0

RAD-RAD**(C
DO 500 K KMIN,NC

NoK-1

XMAT (., K)=(RADY*N)*DCOS(C*DELOAT (N)*THETA)
CONTINUL

WRITF(LP,20)0, (XMAT(J,K), K=1,NC)
CONY INUF

RETURN
FORMAT( /X, "ROW' , 1, HEZN . 16/( VIX, 4E20.16))

END

SUBROUTINE K1)

IMPILICH]D REAL®*8 (A-NH,0-7)
COMMON  /STORI /U(65,65),V(65,6%)
INTEGER LEEE,RIGINT
COMMON /l‘()llNl)/ XMIN, XMAX, YMIN, YMAX H,
MAP(65,65), |T|'l( l(\ll Rl(;lH( l()l) NROW, NCOL NPT

HIOL- 1%, Sho-
DO 200 J -1, NROV

Y -YMIN#DELOAD(J=1)%R

KMIN-LTFU(J)

KMAX- RIGHT(.))

DO 180 k- KMIN, KMAX
X-XMINAOFLOAL(K-1)"H
U(J.K)-T(X,Y, 11101 )

CONVINOT

CONTINUE

0VB50900

- 00051000

00051100
00051200
00051300
0oV5 1400
00051500
00051600
0V051700
o0n51800
00051900
oons52000
00052100
00052200
00052300
00052400
00052500
00n52600
00052700
052800
00052900
an053000
00053100
00053200
00053300
00053800
00053500
00053600
00053700
00053800
00053900
0005h0Q0
00051100
00054200
00054300
00054400
00054500
Qu0ShEu0
00o5h 700
00054800
00054900
00055000
00055100
00055200
00055300
00055400
00055500
00055600
00055700
00055800
(0055900
00056000
QOU56100
0056200
00056300
DOVS6HO0
00LH6500
QUO56600
00056700
00056800
00056900
0nua57000
0anus 7100
00057200
0005 7300

00OV ODNOCOCONOCONaDOOCONCOONNNODOCCOCOOON

O 000 o

DOOOO

o

RCTURN
TN

SUBROUTINE DFCOMP (NDIM,N,A, COND, IPVI, SCAt L, WORK)

IMPLICIT REAL%8 (A-H,0-Z)
DIMENSION A(RDIM,NDIM), NORK(N) IPVI(N), SCALE(N)

DECOMPOSES A REAL MAIRIX BY GAUSSIAN ELIMINATION,
AND FSTIMAIES THE CONDTION OF 1HT MAIRIX,

=COMPUTIR MLINODS FOKR MATHEMATICAL COMPUTATIONS-, BY G. E. FORSYHIE,
)

M. A. MAICOIM, AND C. B. MOLFR (PRENTICF-UALL, 1977

USE SUBROUTEINE SOLVE 10 COMPUTE SOLUTIONS 10 LINFAR SYSIEMS,

INPUT, .
NDIM = DEGLARLD ROW DIMENSION OF THE AKRAY CONTAINING A
N = ORDER OF THE MAIRIX
A = MATRIX 10 BF TRIANGUL ARIZED

OUTPUI. . °
A CONTAINS AN UPPER TRIANGUIAR MAIRIX U AND A PERMUTED

VERSION OF A LOWLR IRIANGHLAR MAIRIX 1=l SO 1NAT
(PERMUTATION MATRIX)*A = | *u

COND = AN ESTIMATE Of 1HI CONDITION OFf A

1PViE

WORK

FOR THE LINFAR SYSTEM A®X = B (llANt.L% IN A AND B
MAY CAUSE CHANGES COND TIMES Aﬁ LARGE IN X,

IF COND+1.0 _fQ. COND , A IS SINGULAR 10 WORKING
PRECISION, COND 1S SEV TO 1.00+32 If IXACH
SINGULARELIY IS DEILCILD.

= THE PIVOL VICIOR
IPVI(K) = THE INDEX OFf THE K-TH PIVOl ROW
IPVI(N) = (=1)""(NUMBIR OF INILERCHANGIS)

SPACE. . THE VECTOR. WOKK  MUSTE BI DECIARLD AND INCLUDED
IN THE CALL, 1S INPUT CONIENTS ARL 1GNORLD,
ITS OUTPUT CONTENIS ARF USUALLY UNIMPORIANT,

THE DETERMINANT OF A CAN G OBIAINLD ON OuUlPUl BY

ot

T(A) = IPVI(N) * A(1,1) * A(2,2) " * A(N,N)

XABS(Z):DABS(Z)
XELOAT(1Z)=DF 1 OAI(1Z)

PFREORM COL UMN SCALING

CALL CSCALE(NDIM, N, A, SCALE)

1PVI(N)=1 .
IF(N .€Q. 1) GO 10 150
NMI=N=1

COMPUTE HIIf 1-NORM O A,

_ ANORM- 0. 01O

S 2h00
00UH 7500
00057600
00nsS7 100
0005 7800
0uOnS 7900
00058000
00058100
U0uH8200
00USH 00
0nosBhinn
00G%8500
DOOHB600
anans /oo
V0NS8R
0anou5s8900
GOOHY R
QU059 100
QUULAPOY
aous9300
000%9H00
00059500
QUOH9600
06052700
QvIL9800
00059900
006000
0uu6N 100
VUGN
ORI
0UO6NLLO
00060500
GHOGHGLH
QOB6O 700
QURIAL I
VU600
Q006 1000
00061100
00061200
00061300
GoUG OO
0006 1500
O AT
Q06 H/00
OQUO6 1800
00061900
0ODUG200B0
0Ho62 10y
HONG62 200
VOG22 300
QOU62KBO0

HUV62500

DOLHE2HO0
00062 700
GOOG2800
Gon62900
QUN63000
aoe63100
Gu063200
00063300
[T AR UITHY
DuneGIH0u0
vOLG3600
anuG3i oo
Q063800

¥01



DO 20 4=1,N
1=0.0b0
no 10 1=1,N
10 IOXM\S(A( 1,0))
1t .Gi, AN()I!M) ANORM - |
20 CONI 1HUF

[ H0 GAUSSIAN ELIMINALION WiIlH PARTIAL
[ PIVOS ING.
DO 70 K= T, NM1
KPE-K+I
[ FIND THE PIVOL,
MoK
DO 30 1K,
||(xAnq(A ,x)) LGT. XABS(A(M,K)})) M-
30 CONTINUE
IPVE(K) "M
LE(M UNE. K) EPVIEN)-=TPVI(N)
1=A(H,K)
A(H K) A(K K)
ALK KY-
SKIP 1Ht E1IMINAVION SICP I PIVOY §S ZERO,
ti(1 .fQ. 0.0D0) GO 1O /0
[
[H COMPUTE THE MU LIPLEERS,
nn nu “KP1,
"o k)f-A(l K)/l
« INTERCHANGE AND CLIMINATE BY GOLUMNS.
0O 60 ) KPILN
1°A(M,J)
A(M,J)=ALK, D)
A(K,I)=1

(T .1Q. 0.0D0) GO 10 60

NO 50 1=K, N
S0 Al D) A(I JIHACL KM
60 CONTERDE

10 GONT ENUT
COND = {1-NORM OF A)*(AN ESTIMAIL O) THE 1-NORM OF. A- INVERSE)
SMALL SINGULAR VECIDR,  THIS INVOLVES SOFVING WO SYSTLMS

OF EQUALIONS,  (A-TRANSPOSL)YY = € AND . A*Z = ¥ WHIRE E
IS A VICIOR OF +} OR -1 (‘()Hl‘()NIHlS (llOulN 10 CAUSE GROWIH IN Y,

C ESVIMALE - (1-NORM OF 7)/(1-RORM OfF V)
G
> S01 VI (A-IRANSPOSE )Y = E
DO 100 K-1,N B
1 o0.oby
MW{K . EQ. 1} GO 10 90
kMY K-
no 8u 4 -1, KM
80 P2 VAL, K)HORK( ) )
90 re- 1.0
VE(E LY. 0.obn) ERo-1,
H{A{K,K) .IQ. 0O, (Il)(\) (0 10 160

100 WORK(K) -=([k+1)/ALK, K
DO 100 KAT L, NME

K- N-Kib
1 ,0B0
KPt-Ke1
DO 10 | KIILN

o bOE+AL L, R)RWORK{K)
WORK({ K )= 1
MOIPVI(K)
(M . EQ. K) GO 10 120
I WORK(M)

9
©
C TIHE ESTIMAIL S ONTAINED DY OnE SIEP OF INVIRSE tILRATION FOR THE
«©
C
C

Nu063900
QON6HOo0Y
VO0GH N0
0N06H200
00064300
000600
QOO6H500
DOOGHGLO
0nuGh 700
aoo6Hsonn
QUDGHIINE
DDOESV0D
00065100
VU645 200
00065300
VHOGHM00
00065500
0OHES60N
Qon6S 104y
QUOG5R00
aun65901()
0VO66HU0
HLV066 100
QOOG6200
QOB66300
BLOG6HDO
0UO66500
0H066600
BUNG6TLO
00N66800
000669600
006 7000
0ON6 71100
00067200
QU0G6 1300
VLLGTLVD
0nuG 7500
VN6 1600
QU6 1700
0nu6 7800
00067900
0N06BLLO
0VHG8 100
00068200
Q0068300

0B068L0Y

0LOGEB500
nau6a600
0unga /o0
0nv6ssn0
GUHE8YNHN
00069000
0uO62 100
QUNE9200
GBu69 300
OB069M00
0uu692500
0HU6IGHN
DON69 700
0Hne98no
VULGYINO
HOUJUOBY
Y TR IS)
10070200
QuOTH300

120

130

o

1ho

150

[2X<]

160

o oco6o’

oco0

(]

2]

200

3oo
hoo

oo O o_0o

o

WORK( M) WORK( K)
WORK({K)=T
CON1INUE

YNORM=0, 000
00 130 I=1, N
YRORM=YNORM+XABS{ WORK( 1) )

SOLVE  AMZ -
CALI SOLVF (NDIM,N,A WORK, IPVE, SCALL, (l)

ZNORM-0, 000
Do thy |~| N
ZNORM= INORMOXA[H(\I()I(H 1)

ESTIMATE THE CORDITION,

COND= ANORM*Z NORH/ YNORM
LI(COND .11, 1,0) COND-1.0
RE IURN
1-BY=1 GASE.,
CUND:1.000
FE(AQY, 1) .NE. 0.000) RFIURK
EXACT SINGULARITY. .
COND=1,0032
RE FURN
END

SUBROUTINE CSCAI C(NDIM,N, A, SCALF)

IMPLICIT REAL¥8 (A-11,0-2)
DIMENSION A(NDIM;NDIM), SCALE(N)

GOMPUTE COI UMN NORMS
DO KOO JCOL =1, N
ASUM=0. B0
DO 200 JROW-1,N
ASUM= ASUM‘()AHQ(A( JROW, .1COL ) )
CONTINUL

SFACI=DILOAT(N)/ASUM
SCALE(JCOL) -STACI

D0 3UO JROW:-I,N
A(JROW, JCOI )=A(JROW, JCOL F*STACT
CONTIRUE
CONTINUE
RETURN

END

SUBROUEINE SOLVE (HDIM, N, A B, 1PV, SCALE,MODE)

IMPLICHD REAL®*8 (A-I1,0-7)

QOU70I00
QOO 70500
QOOTOO00
0nv 70700
oun 70800
1O FOYL0
uazioon
0BT HO
vooti2on
(71300
ouanl thoo
00071500
aot 71600
BONL 1
GO 1500
QUG Taiy
OO
[ULER P 13
NUEG /2200
DON{2 300
DO /2100
QUOI2500
0726040
VOG/2 100
OO 2800
072900
uoo73onn
007300
Qoo 3200
Qoul33on
00073400
0073500
i/ 3600
0073 /00
0nn /3800
00075900
[ISTTF R
Honhiog
Q200
vzt Ing
(UM R00
HBUFASTIY
UNH600
aou /oo
007800
Qnu 74900
DO 5000
00075
QUL H200
0ou %100
suu/shuo
01075500
0HO 75600
QOIS (00
aonisson
60u 75900
QU 6000
GONI6I00
Q{6200
0G0 iG 300
QOO 76800
Q006500
[ ey
00076700
00076800

S0T



DIMINSION A(NI)IM,NI)IH),B(N).IPVIIN),SCI\\HN)
SOLVES A 1 INFAR SYSTEM, A¥X = B -
00 ROT SOILVFE 1HE QYQHH ¥ I)IL()MP HAS DETECIED SINGULARITY.

-(;()Ml'“llll MLIHODS FOR MATHIMATICAL COMPUTATIONS-, BY G. [
" MALCOLM, AND G, .B. MOLER (I‘HFNH([—IIAII 19177)

INPUT

i

ORDER OF MAIRIX

TRIANGULARIZED MAIRIX OBIAINFD Hl()H SUBROULINF DLCOMP
fa RIGHE HAND SHDE VECTOR

irvi PIVOL VECTOR UBTALINED 1ROM DECOMP

KDIM DLCLARUD ROW DIMENSION OF ARRAY GONIAINENG A
N

A

oo

ouLrue, .
B = SHUILION VLCIOR, X i
DO THE FORWARD L1 IMINATION,

PN . LQ,
MY N
no 20 K 1. NM)
®e1- R+l
M IFVI(K)
VM)
B(M) BK)
B}
00 10 1=KPI,N
10 BEEY BOV)AA(L, K)nT
20 CONIINUF

1) GO 10 50

NOW HO THE BACK SUBSFITUTION.

hO e kB, NM)

kM1 M Kﬂ

K= kM1

B K) U(Kl/A(k K)
1: - k)

DO 30 E=Y, kM

30 BLE)BLIYEALL, KM
ho CONEINUE
50 B{Y) BY{E)/A(L, )

VEEHODE LT )60 10999

CORRIGT FOR COTUMN SCALING

no II)I) NER]
#m(J)= B(J)" SCALE ()

10 CONTINUE .

«
999 RI 1URN

[
G

C

tND

SURRONT INE | XSAVE

TMPLICET RLAL*B (A-H,0-Z)
COMMON / IRAGE /IR, LP, NlNl NOBUG

FORSYTHE,

00076900
0aun77000
onez oo
00077200
00077300
aunzia0o
00071500
a0p717600
0077700
00717800
QuOT7900
00078000
0008100
oua7a200
018300
0uH 78400
GLOTBYOG
Q0078600
oou 78700
Qu0 78800
0078900
00079000
noonrvIne
Wi i9200
GUO79300
OV T9H00
0uBa79500
Q0079600
QuUI9700
0nY 19800
00079900
QUOBBV0Y
unouBu 100
¢Ou80200
COOBAIVY
QLOBOKLO
0O0SUV500
QUUBOGO0
0OVBOTO0
00080800
0008000
Qa8 1000
s0081100
0008 1200
06081340
vous 1o
Haoa 1500
wong 1600
6LOB 1700
QOHB I8N
BOOB 190
00062000
GuGas2 100
00082200
Qo822 300
0NG82H00
[V BT
aUDBZ6O0
6082700
oues2800
00682900
00083000
00083100
onngiz2no
00u83300

100

0o o . & O

280

[O0

300

o o
v
o

on

N

£7.27 4

INVEGER SPATR, SPAIC, LPAIR, EPAIC

COMMON /PATTIN/ Nﬁ,SlAlR(>ﬂ),aPA|P()U) NE,EPAIR(15),FPATC(15)

COMMON 75 TORL/U(6%,65),V{65,65)

INITGER SPT, SROW, sonl £, EROV, 1 COL

GOMMON /SNG/ SMAT(50,15), TMAT(15, 1), EXPVAL{10,15),SCAIE(15),
BUT5) . SROW{ 100 ), SCOL( 100) . FROM( 100), FCOI {100) . SPT(10)
EPE{10), LPVI(15),NSING

INLEGER LEFT,RIGH!

GCOMMON /li()UNl)/ XMEN, XMAX, YMIN, YMAX, H,
MAP(65,65),1 FF1(10F), RIGIT( 101), NROW, NCOL , NP

INTEGFR ROW, COL

V(NS ING. LT, 1)RETURN
0O 200 =1, NSING

EPOS=EPT(J)
NG 100 K- {1, NF

ROW: EROV{ EROS)
COL=ECOL(LrOS)
EXPYAL(, k) U(R(IH,COI,)
“‘OSITI‘OS#I

CONT INUE
GONTINUE
LF(NDBUG. LE. 100)GO 10 300
DO 260 J=1,NSING

WRITE(LP, 50 )0, (EXPVAL(J,K), K1, NE)
CONTINUE

RETURN
FORMAE{//6X, " -~ EXSAVE --'/9X, 'SING' hoX,'€XI. PIS.'/
6X, 15, he20. 16/ ( VIX, 1T2H.16))

END

SUBROUT INF SNGCAL

IMPLICIT RLAL®8 (A-11,0-Z})

COMMON /IRACE/IN, LI, NINT, NOBUG

INTEGER SPAIR, SPAIC, H‘MR EPATC

COMIMON /PAIII(N/ NS, ’sll\"t( )0) SPAIC{H0) ,RE, U’AII((IS) FPALIG(15)

INILGLR ROW,COL, SI‘(vS

COMMON /Slok(/u(nﬁ 6%),V{6%,65)

INTEGER SPT, SROW, SCOL, EPT, FIROW, ECOL

COBMON /SNG/ SMAT(50, 5y, EMAT( 15, 15), EXPVAL{10,15),SCALE(15),
B(15), SROVI( 100}, %(Ol(lnu) FROW( 100), FCOI(100),SP1(10)
FPI(IO), IPVI(15),NSING

INUIGER ELET, RIGHT

COMMON /Imuru)/ XMIN, XMAX, YMIN, YMAX,
MAP(65,65), LEFT{I0Y), HI(HI(IUI) NROW, NCOL , NPT

DIMENSION USAVE{50)

INILGFR IMAXR

DATA EMAXR/ 15/

Qou83tnn
00081500
G0083600
ouaslion
0nus3sod
LHEORRE )
QOOBKVO0
DHBEHTOO
osnslizon
BOORY IO
aungiiiun
QUOBUSL0
[ LTATT]
uioBh f00
nuosheny
LIRBEURITT
suBRLHON
0UGRYS L0
oungs2u0
QLIRS 300
Qaonshon
BONBHHU0
OUIBSGO0
aoosh/on
NONBLBNN
GRRNLI0Y
QRBBANBY
DUBH TDO
ouBG200
aungs3on
NOUAGHID
OUOBHLI0
QUOBOHOD
0086 7oy
HHOBABOY
QuRa6H00
BOLs /00
(TN RTHY]
DOOS 1200
BONB 7 300
(LR ETHY
HuBBISH0
VONB IGO0
vuosizon
aouag7oun
ROEY DI
(RO
aongsion
OOBERZ00
(MG HERITY
LvuLBEBLY
anaBaLUo
HUBRRHHO
auass/on
QHORBALY
Quosnvee
[HEEER LI
0ooog7100
nougR200
BUOBY I
DUABIN00
GUBBOYLOL
GUHBY6HO
uons9/on
40089800

901



?( )

o

hoo

“H1
ho
60
70

Cc
¥
«
4

1E(NSING. LT, 1)RETURY
LEENDBUG. GE. 20 }WR1TE(1 P, 10)
NO WU J=1,NSING

VE(NDRUG. G, 20)WRITH(TP,50)8

NO 200 K1,

BEK)- fXFVAI(I K)
CONTINUE
CALL SOLVE (EMAXR,NF, FMAL, B, IPVT, SCALF, 1)

REPLACE FACH POINI ABOUT 1Hif SINGUIARIIY WEHTH 11§
SIRIFS RLPRFSINIATION

Sras serdi)

RESSUM- 0. 0O
Ho 300 K 1,NHS

usud .0 000

ROV SROM{SPOS )
€Ot SsCoi{sros)
SPOS SPOSHY

DO 280 L -3, NI

USUM- USUMAB{L }*SMAT (K, L)
ConLINUE

RESSUM R SSUMIDARS( U{ ROW, COI. ) ~USHM)
ULHOW, GO ) -NSUM

HSAVE (K) - 0SUM
CONT {RUE
RLSAVE ~RESSUM/DELOAT(NS)
RESHOG: =1, 0070
VE(RESAVE G100, ODO)RESEOG-DI OGO RF SAVF )

WRIEL{V P, 70)J, RESAVE, RLSLOG
PE(NDBUG.GT. 20 )WRETE(L P, 60 ) (WSAVE(K) ,K=1,NS)

CONIINUT

R TURN

FORMAL(Y 11X, *SING NG, ', 15

louMAlt//o L= SNGCAL --Y77)

FORMAT{2X, "SNG, PIS, " nEen, 16/ (Hx lsl?lo 16))
TORMAT{ /11X, "SRG, U S.-NO, AVELL0G" | 15,2E20,16)

tND

SUBROUTING SWEL P{KSHILP, OMIGA, RE SAVL , RTS1 0G)

MPEICEY REAL*8 (A-H,0-7)

000892900
60090000
VOO 1O
VONYV200
0Y0Y0300
VUHIVLOY
QoH9u50n
00090600
60090700
QVNYOBHY
OGUVCI00
HUN9I10VY
00091100
no09 1200
0Nog 1300
0609 1H00
G99 1500
HUNG1600
GOOYL/00
aueY 1800
00091900
OUOG2000)
0092 100
WGOZ200
00092300
UN0Y2800
GOBYL 00
0OHBYL600
00092100
20092800
0092900
00093080
00093100
00093200
00093300
00093400
0O 3500
00493600
0093700
00023800
0un9Y3IY00
HHVYIO00
00094100
00094200
0HHu94L 300
ounghhing
00u9N500
00HnYGLHD
1YL 100
GONYHBLO
GOHBYHILO
00095000
0G0nYsH 1oy
0O09H200
GUDIS 3N
10095400
V0N95500
DOOYH600
40095700
00095800
0a092%900
VOO96H00
N0n96 100
GOUYG2B0
0D0Y6300

COMMON /IRACEZIN,LP, NIRT, NDDUG
INTEGER 81 0C,DPOINI

COMMON /STORE/ U(65,6%),V{69,65)
INHEGLR SP1, SROW, SCOL ,EP ), EROW, LGOI

COMMON /SNG/ SHALLD0,15) , TMALL 15, 15) , EXPVAL{ 10, 15), SCALE( 15),
B{15), SROW{ 100), SCOL{ 100), EROW{ 100), £COL {100}, SPT(10),

EPTLI0), EPVI(15) ,NSIKRG
INLTGFR (EHT, RIGHE
COMMON /UUUNI)/ XMIN, XFAX, YMIN, YMAX, II
MAP(6%,6%9), Ifll(!l)ll Rl(‘Hl(l(ll) NROW, NCOL , NP* 1

c
DIMLNSION Mth(B )
BATA MDIR/ L, L, b=, 10, = =0, 21, o L - L -0,
) 1,-1, | N IR N TR D TR B S B S
INILGLE EFLAG, O 1LAG
DALA LIVAG, DELAG/-2,0/
c
LE(NDIUG. GT, 100 JURI TE(LP, 50)
c

NSWIEP=1
VUCKSWEER NE . 1 )NSWEF P2

VIMNGH00
00096500
H00Y6HO0
0HOYG 700
00NY6BHO
0LLYLYHY
11009 fnag
0upD 1 ton
0009 7200
ON0Y 7 300
QOBY 7Ho0
QU9 7500
VULY THOHD
0BuR 7700
0009 /800
OBI9 71900
BHann0n
0O L)
I0I8200
VOO 300
BOOYBHLN
VU989 D0

C
CRRBMUCAL L REXCSAVE #0000 N0 10K 030000 00000000000 00000 I D000 0 0 I B B MM (3O 1)

c
DO 60N N1, NSWED P
¢ SAVE TIE VALUES OF LIIE FEXTREME POINIS
c
CALL EXSAVF
CALL SNGCAL
[
c
INC=
J=
F{MT, ?)co 10 180
N R |
J=NROW
WRITE(LP, B0 )JRESAVE, RESLOG
[
C
c
180 RESSUM-0). 000
RESHAX=0, DO
DO 400 JCOUNT=1, NROW
’ KMAX=RIGHT(J)
KMIN=LEFT(J)
3
K=K
lI(N |u 2 )K=KMAX
¢ \
DO 300 KCOUNT=KMIN, KMAX
[
USAVL -U{J, K)
MOL 1YP-MAP(J, k)
FE(MOLIYP. I . ETLAGIGO [0 200
[
c BOUNDARY POINT OR SPECIAL FOINT
I
HE(HOL EYP.LE . DTLAG)GO tO 280
4
¢

JE FEMDIR{HOL YD, 1)
JB-JAMDIR(MOLIYP, 2)

HOBGs 190
noRBanY
UHRUBNLL
HODYYGON
0DBUIY 1D
DOBYY200
QU992 11
00eYY 300
DIUIPITIN
HHNYYHI
AON99600
van9I {00
(UL
BULTYIIN
QI TINBOD
VB 100
0O LU0
QU TO0 300
QO 1BOLOLN
(I
OV 100600
Gt 7on
(O TOENT]
QOOBBY00
[IRTIRYINTT]
sotoion
B IZ00
v o inn
#u10 o0
OGS 00
(R YAI)
ittt 7on
aoutetaon
ah Yoo
2000
oulu? 1o
GO HIZ200
U2 3N
00 HiI2h00
astazson
Q02600
0102 60

L0T



2no
C

c
2n0 .

€
«
280

j00
G

oo
4

KU~ K4MDIR{MOL 1YP, 3)
KR-K+MUTR(MOL FYP, I}

UNI W= 25000 (U0, K)FU(IR, K)+U(J, KL )HULS,KR) )
GO 10 2h0
NORMAL MOLELCUL§
WHEW=, 20D0Y{U(JHY  K)TULI- 1, K)#U(D, KEE)IU(S K=-1))
RES=UNTW-USAVE
BRI SSUM - RE SSHUMIDABS(RLS)

U{J, K} USAVE OMLGANRES

K- KtIRC
CONI I NUTt
JoSH NG

CONFHHUL

00102800
00102900
0V 113000
00103100
00183200
00103300
00103400
00193500
00 1113600
00103700
00103800
00103900
00104000
0O 10H 10D
00104200
VO30
G01GH06
Q0 1ah500
00101600
00100700
0uou800
0106900
00 105000

H0105100

00105200
0105300
00 105400

(Emgnuum.--(;/"j ASNGCA] NRRA RN NN NN RN U RN RN RN NI ARHHR RN RN R RO RN RN 105500

(&
C

RESAVE=RESSUM/DILOAN (NPT}
RESHOG - OGHO(RF SAVE)

606 CONTINUE

0D INH600
00105700
00105800
0105900
w0 1O6HN0
00106100
00106200

[
GHARKNCALT PSNGCAL N AN SRR NN AR N NN RN NN RN RR AR RN RREREN NN NN RRRNN N 10600

G

RT UIN

«

50 FORMAN(//6X, ' —~ SWEEP -='//)

an
S

£ D

Seos

FOUMAT (76X, 'RUS. - AVEL,10G,MAX, R, C', 59X, 3120, 16,215,5X,
T{1IORWARD SMLFP)')

SUBROUTING VALIR (METHD,NPRLP,NPER,
]

o
[
¢ VALK

KOUNT,RPER,  COSTIL SHAX, SHIN,  COSIN, SRAW, S)

IMPLICLL 1T AL=R {A-11,0~7)
COMMON " /STORE/ H(65,65),V(65,6%)
INITGLH LEEY, RIGHT
COMMON /(SOUND/ XKMIN; XMAX, YMIN, YMAX,
MAP{65,65), l|f|(l()|) RH.HI(HH) NROW, NCOL , NPT
DIMCNSICH X(Ii500), l/\('l)l)l)) 1{a500)
LQUIVAERGCE (X{1),u(1,.1
COMMON /TRACL/IN, AP, NINI NDBUG
INILGTR CPIMIN, lIIMA)(
GOMMON /STMAP/ KIOP{6S ). KBOI(6%), CPIMIN(6S ), CPIMAX(6S)

3.t AN.S. 1. SIANDARD BASIC FORIRAN JUty 1981

G SUBROUFINEG VALILK PERFORMS DYNAMIGC VECIOR ALTKEN EXIRAPOLATION,

OATVATD]
00106500
00106600
anros 1o
00106800
GUIB69060
(UL
017100
0y taz200
0107300
00107000
Q107500
Ou10T600
woa7 o0
00107800
001U 7900
00108000
VO8I0
00108200
00108300
00108400
00108%00
GO 10BAHTN
6108700
00108800
00108900
00109000
00109100
00109200

OO0 OOOCOOCOOaaCSOOCNNCanNaOSaAndAnNOD

QOOCTOaANCCONCIDCOICOACDNO0

IN AN ATICMPT 10O ACCTI,I‘I'RAH THI. CONVER
CONVERGENT VECIOR L1EHATITON SCIHEME,

JooP

A
E. F
", K.

CHANDI LR, C()MPI!I;I'R SCITNCE bLrt

JENNINGS, J.INST . HMAIH.APPLIC. 8 (19
. BOYLE AND A, J“Ii:lN(:S. INT.J.NUM,
|

CHENG AND M, M
=PADL APPROXIMANIL METHOD AND (1S
EDLIED BY N, (Al\/\kNlﬁ {SPRINGIR-V

ALEZ, PAGLS 101

E. CEKELEIR, MATNEMALICS O COMPUTATION
C. BREZINSKYL AND A, G, wity, MAIN, O

C. BRIZINSKY, COMPUINING -4 (1975) 205~
P

WYNN, MATIL. OF COMP. 16 {1962) 301

ENPY

CUTPUT QUAN!IGIES

COUN
SCRA

) OQUANYIRIES. ... X("),NX, 01 1D, N
{KOUNT KPt

COSIN, SRAN, §, X(

TERS, . KOUNDLKPER

T ARRAYS . L1101 TA(R)IIB(")

X(*) == IHPUT VICIOR TIERATL.

oulPUt VECIOR,

NX == RUMBLR OJ CUMPONENIS |

AND 1B{*)

TA(") == SCRAICII VICIOR OFf NX C
tB{*) -=  SCRAICH VFCIOR Of NX C
METHD == =1 10 USC THE -roph- Mt

=2 10 USE TIIE -SDM- METHOD (THIS IS THE FIRST SIAGE

OF VHE VECIOR P8

=3 JO USE AN ~SON- (SECOND DIFFERFNCE NORM) MLIHOD,

=i 10 USE A ~DFDN- (D)
NOKMS ) ME 110D
(SUGGESTION ... IRY M

NPRF P == NUMBER Of VITRATES DIS

EXTRAPOLATION B1G
(SUGGESIION ... St1 N

NPER = =V 0F BHE X(M) (MERANT

ALONG A LINF, 1]
ALTERHALING lN ]
=2 b INE X(*) LERATY
Wit A PERIOD Of
(USK THE SHALLEST VALU
APPROACILS +1- OR
-SQUEARED - EXTRAPO

KOUNT == ATERAILION COUNTER
KPLR == COUNIER 10R ZI1GZAGGING
Cosil == EXIRAPOIALION 5 DONI

COSIN (S0 BLLOW)

{SUGLESTION, .. S
SHAX -= UPCIR LIMIL ON Y EXE
SMIN == LOWIR LIMIT ON 10 EXI

COSIN == REIURNS 1tk COSINE OF

FIRST DEHECRENCE

SRAW ==  RETUKRNS THE RAW VAl UL

S

BEILORE COBH, SHA
==  REJMURNS HIF VAL UL OF S

IME USER CALLS VALK REPEAIFDLY.  THE

VECIURS TROM SOME 1HiRATION SCHI ML BAVING ROUGIHLY LINTAR CONVERGINGE

THT COUNTERS KOUNT AND KPIR MUSE Bt SE

CALL

1O VALIK FOR A GIVEN PROBLEM, AND

PROBLEM 1S 10 BE SIARTED, IXCETT AS NO
ON CERIAIN CALLS TO VAIT¥¢, 1HE VECTOR
INSIDE OF VAILIK 10 AN ESTIMALRL OF THH

HIE

PIFRATES X(*) IIAVI BEEN CONVEIRGING,

GENGE OF A GIVEN StOoWY
OKI AIOMA SIATE UNEVERSHIY

V) 99-110 :
ML ENG. 7 (V91h) 232-235
=122 IN

AUPLLCATIONS VO MIGCHANICS-,
FREAG 19176)

20 {1072) W21-436

CoMp, 28 {197h) 131-741

21

~327

PREP,NPER,
r). COSIN, SHAX, SMIN
*)

ALSO RETURNS THIE EXIRAPOLALLOD

N HHE VECIORS X(*), TA(*),

OHPONENILS
QUIFONENIS
HIOD OF JUNNINGS,

LLON ALGORITHM DF WYNN),
TETRENCE OF FIRST DIFFCRINCE
Lin -3, AN PEI(IIAII’S 2 ANiY &)
CARDED BEFORF _FACH

INS
PREP-O, OR PIRHAPS Y OR 2)

S ARE lll()ll(‘,lll 10 B CORVIRGING

HER MOHOTONICALEY OR
RECTION,

S ARE - HHOUGHT 10 BI' 21GZAGGING

WO LHERALIONS, (€.

€ .01 NPER SUCH THAY COSIN
=3, NPER=2 GIVES 11

LATION MEIIODS OF JENNINGS. )

ONLY £ 11E MAGNITOUDC OF
IS .GlL. Costn
ES COSIH 9% OR LARCERY)

RAPOLATIOR TACIOR {SEE BrEOW)

RAPOLATION TACIOR
HE ANGLE BUIWEEN ThE 1WO
Vi CHORS

01 I EXTRAPOEATION EACIOR S,

X, AND SMIN ARE APPLIED
ACTUALLY USED

X{*) VICIORS ARL SUCCISSIVE

P o ZERO BETORL THE FIRST
HOI CHANGID UNFIL Wb NYXE
1D BEIOW,

X{*) WILL B EXIRAPOLAILD

EAMIE VICIOR TOWARD WHICH

tHIS S DONE BY ADDING

09300
00 1aYnoe
0O 9500
[HENEI TR
6o tog7on
Golovann
00 109900
(ARG
00110100
norinzoe
0uiuion
Qo1ionao
Qo 110h00
0aiseny
00110700
auttofoy
QU IB9un
(IR BRI
Goritinn
Qo iZon
o 3on
(SRR R ETAIV]
a1 iso0
GOTHI600
(R RRNAN]
nolitaon
NIRRT
[0 8 PatitTl]
00112 100
au 12200
0nt12300
00312400
QHi2hon
wolirono
do1Izjon
00112800
00112900
0ul3eon
ool og
ourlzan
Out13ion
0ut3hug
aori3von
HOYHIGO0
QI3 7an
00113800
00113900
[REUIN
(LR R YT
GOk lhzon
vat oo
untrhlion
0o Eiithon
06y 16O
g th /50
BORRETN
[VVRR TSN
DO 1I5000

L0015 100

001195200
00115300
001 15008
00115500
VO LI5600
an115 700

801



TO X(*) A SCALAR MUETIPLE S OF It RESULTANT CHANGE IN X(*)
OURING THE PRLVIOUS NPER ¢ 1ERATIONS, .

15 AN HIERAVION DIVERGES, 1T IS PRORABLY BLST 10 FORCE CONVIRGONGE
BY APFPLYING UNDER-RELAXATION O 13, ARD FHEN APPIY VAILTK TO 1S
CONVERGLNI LTTRATION,

HONGLONIC BINAVIOR Ol ITHE FILRATION 1S ASSOCIATLD WIIH VALUES OI
COSIN THAT ARE .GY. ZTRO, AND OSCILLATORY BEHAVIOR WIIN VALUFS IHAT
ARC U1, 21RO, tHOADDELION, WIIEN TOE VALIH OF COSEN 1S NEAR 1.0
OR NIAR =1.0, 1HE VALOE OF S FHDICATES HIF BENAVIOR OF SETS OF
NPLIL CONSFCUTIVE TTERATIONS, AS 1001OWS. .., ..

§ at. -1.0 HONOTONIC DIVERGENCGE
=10 .11, s . -0.5 ASCH LATORY DIVERGINCE
s .fa. -0.5 OSCILLAYION
~0.9% L1, S 0.0 OSGHLATORY CONVERGENCE
0.0 L. S MOROTONIC CONVERGENCE

WHLN COSEN 1S NFAR Y.0 OR -1.0, HIF FERSE DIFEERUNCE VECTOR FOR
SIIS O NPIR CONSFCULIVE 1TERATIONS S APPROXIMAIELY MULLAPEIED
RY S/{St1) ON EACH SUCCESSIVE SPT.

1NE PURPOSE OF SMAX AND SMIN 15 10 PRIVENE A WELD VALUL OF § FROM
CAUSING AN ARSHRD EXIRATOLATION, 1OR A SLQUINCE 1HAYT 1S KNOWN

10 Bf NOHDIVERGENT, IHE USIR SHOUTD PROBABLY St SMIN:--0.5% |

SMAX MIGHT BF SHT 1O 1, | OR Pu., OR %0, , OR

10 IMPLEMENT DOUBLE PRECISTON ACCUMULATION OF INHIR PRODUCES,
AGUIVAIL UL FIRST DOUIM E PRECISION SIATLMINT DOLOW.

1O IMPLEMENT COMPLETET DOUBEE PRECISION ARILIHMETIC, ACTIVAIE ALSO
11 SECOND DOUBIE PREGISION STATLMINT AND 11 DOUBLE PRICISION
tORM O THE STATEMENT TUNCTIONS BELOW,

DOUBLL PRECISTON DO, DXE5Q, DXSQ, DXDDX, DOXSQ, DXOLD, DX, DOX
DOUBLE PRECISION X, TA, 1D, COSTI, SMAX, SMIN, COSIN, SRAW, S,

X ARG, QABS, DABS, QSQRY, DSQRT, RZERO,

X VEMP, SXESQ, SXSQ, SXDDX, SHXSQ, SXOL D, SX, M NOM

QARS{ ARG ) - ARS{ARG)
QSOR1{ARG)= SQRT{ARG)
QABS( ARG - DARS{ ARG )
QSART{ARG) DSQRT(ARG)

RZLRO- 0. DO
COSIN RZFRO
SRAW-RZI RO
S R7ZLRO
HE{KOUNT-NFREP) 10, 00, 20
KOONT - KOUNT 1
GO 10 39%0
20 1L{KPER=(NPER=1) )30, 10, h0
30 KPR KPEREY .
GO 10 350
no KPR -0
KOUHT. KOUNT ¥
H{KOUNE=(NPREP42))290, 330,50

1¢

ACCUMULATE ALL INNIR PRODUCTS.

ot

DO RZERO

M S0=RZERO
DXSG RZLRO
DXHHX- RZERO
BDXSQ-RZERO
Do 60 1 - 1, NGOl

JMAX CPTMAX{L )

00115800
00115900
00116000
00116100
0n116200
00116300
00116000
00116500
00116600
Q0116700
00116300
0N116900
vo 117000
AR R ATIII]
001171200
00117300
00117400
00317500
00117600
ouit17oo
00117800
00117900
00tiguoo
ouliging
SRR Y P
aorg3on
00118400
Q118500
DO 118600
00118700
DOARETII
00118900
00119000
00119100
00119200
00119300
00119000
00119500
au1i196un
G019 700
QU1 19800
00119900
00120000
00120100
00120200
0u120300
QO1Zohno
au120u00
00120600
60120700
QO120800
00120900
00121000
oniz21100
00121200
0121300
GO 121400
00121500
00121600
au121700
00121800
00121900
00122000
00122100
00122200

[

60

10

80

aon

100

1o
120

130
1o

150
160

on

7o
180
190
200

210

co

220

230
240
250
260

o

270
G

JHIN-CPIMINGL)

«

DO 60 J=IMIN, JMAX

OXOLD - 1B8(J )~
OX-X(S)-1B(J

tA(D)
)

DDX:DX-BXOL D

DO =DVI+DXOY
DXL SQ -DX1 SQ+
DXSQ-DXSQIDA
DXDDX=HDADDX+
DBXSQ-DHXSQ+

CONI INUE

SXI SQ=DXL5Q
SXS4: NXSQ
SXDDX=DXDHX
SDXSQ-NDHXSQ

SXO1 D=QSORT { SXI SQ)
SX=QSORT( SXS5Q)
DENOM=SXOL D*SX
HF(DENOM) 310,310, 70
TEMP=DOT

GOSN -TEMP/DUNOM

VF{METID-2)90, 110, 80
VE(METHID-1)130, 170,170

11 SXOLX) 100, 310, 100
SRAW=-SXSQ/ SXDDX
GO 10 210

1F{SNX5Q)120,310, 120
SRAW=~SXDDX/SOXSQ
GO 10 210

1T (SDXSQ) 140, 310, 1H0
SRAW - $X/QSQRT ( SDXSQ )
LE(COSIN) 168, 150, 150

D*DX

DXO0t D¥DXOL D
"OX .

[$2.34515) 8
DOX*PDHX

COMPULE COSIN,

STHLCU THE MUTHOD AND COMPUITE SRAW.

METIn=Y L, S = -(0X,DBX}/(DHX,DX)

MEIND=2 ... S = -(DX,0DX)/({DDX,DDX)

MEMHD=3 ... S = SIGNANORM{DX)/NORM(DUX)

HE{SXOLD=-SX) 160,210,210

SRAW:=: -~ SRAW
GO 10 210

LECCOSIN) 180, 190, 190
SXOtDh:--SX0L D

DLNOK- SX-SX0LD

1 F(UBENOM)200, 310,200
SRAW - =SX/DEROM

1E(QABS{COSIN)-COS 1) 3

S: SRAW
15 ($-SMAX)2H0, 200,230
S=SMAX
1F{S-SMIN}250, 260, 260
S=SMI
16(5)210,310,270

bo 280 L:1,NCOL

METHD=)

Q022300
We22H00
au1Prhu0
Q0122000
o222 7on
022800
00122500
V23000
o123
0UI23200
a2 3300
00123400
iz 3h00
VUTI2360M)
oniei/on
Q0123800
o2 3v00
GU2H000
G012 von
Ve12hZoo0
notzhing
an1ghihne
GOIZH%00
O ERITAI
ontenion
o zhaun
guI2hunn
00125000
0125100
00125200
00125300
BB 200
VU 25500
a0 25600
au125700
Q125800
003125900
00126000
tot26 100
001267200
Go126300
V20000
0126500
VOI26600
uIZ6H{no

S = ~NORM{ DX}/ ( NORM({DX)-S1GN*NORH(DXOI D) J0i i 26800

ELST FOR SUTtICIENT COLINTARITY,
10,220,220

APPLY THE CONSIRAINIS SMAX AND SMIN.

- FXIRAPOLALE .

00126900
oy 12 rooe
oui27100
am27200
27300
BuI2 7h00
i 7h00
0121600
0me 7 ion
060127800
0u 12900
03128000
soI28100
voteszon
28300
128400
treahno
na2Zsoun
w128 /00

601



JHAK=CPIMAX(L)
JHIN-CPIMIN(L)

¢
DO 280 J-JMIN, IMAX
4
X(J)=X(I)HSH(X(J)=TR(I))
c
280 CONTINUE
c
KOUNT - 1 ,
¢ : SAVE X(%).
C
290 DO 300 -1, NCOL
4
JHMAX CPIHAX( L)
JMIN-CPIMIN(L)
¢
DO 300 J- AMIN, JMAX
c
IACS)=%X(d)
«
00 CONTINUL
5
GO 10 350
4 SHITT THE STORED ITERATES BACK ONI PLACGE.

«
3110 DO 320 1 =1, HCOL
[

JMAX-CPIMAX( L)
JMIN-CPIMIN{L)

DO 3200 J=IMIN, IMAX

FALD) = 18¢0)

«
320 CONTINUE
¢
[ SAVE X{*).
c
330 DO 340 L=, NCOL
[
JAMAX CPIMAX(1.)
JMIN-CPIMINCL)
4
DO 3N J-JMIN, IMAX
c
TR(II=X(J)
8
Ino CONTINUE
C
350 RI TURN
C
IND
8
C
¢
SUBROUT INE PIOIB
4

IMPLIGTD REAL®A (A=W, 0-7)
COMMON /TRACE/ N, LP,NINI, NOBUG
INVEGER LT, RIGHT
COMHON /BOUND/ XMIN, XMAX, YMIN, YMAX
MAP(65,65), LEFT(101), NI(HI('ﬂl) " NROW, NGO

K

NPT

00128600
00128900
00129000
00129100
00129200
00129300
00129400
00129500
0129600
00129700
00129800
00129900
00130000
Gu130100
00130200
00130300
00130400
00130500
10130600
wuli3o/on
00130800
0N 130900
00131000
an131100
00131200
00131300
0013100
00131500
00131600
00131700
00131800
00131900
00132000
00132100
00132200
uoi32300
00132400
00132500
00132600
00132700
00132800
00132900
00133000
00133100
00133200
00133300
oo 13300
00133500
0n133600
00133700
00133800
00133900
00134000
ooi3hiog
0ui3h200
00134300
a0 134400
00134500
00134600
013U 700
0034800
00134900
10135000
00135100
0013%200

o

o ooaac

o0

DAILA lBlNK/’ '/ l(lIAR/':‘
[N

DIMENSION 1CHAR(20), l“ﬂ.‘l?()
t7¢,08", ' J.ls /.
KOFi st/0/

WRITE(LP,90)

J=NROW

00 1060 =1, NROW

KMIN=LEFI(J)
KMAX=RIGHT(J)

DO 900 K=KMIN, KMAX

KCHAR=MAP(J, K) +KOF FS1
L INECK )= 1CHAR( KCHAR )

CONTINUE .
WRITE(LP,95)( 1DLNK, K=1, KMIN), (LINE(K), K=KMIN, KHAX)
NENEY

CONI INVE

RETURN

FORMAT( 1111, 5X, "BOUNDARY PIOT')
TORMAT( 1X, 120A1)

END

SUBROUTINE PIOT(U)

IMPLICH] REAL*8 (A-11,0-7)

INTEGER ROW, COL

DIMINSION U(65,69)

COMMON /TRACE/IN, L P, NINT, NDBUG
INTEGER LEI T, RIGHT

COMMON /BOUND/ XMIN, XMAX, YMIN, YMAX, H,

MAP(65,65), LEFT(101),RIGIT{ 101), NROW, NCOL, NPT
DIMENSION I(HAN(?O) IIN(‘\?O
DATA 1CHAR /'A . 0,0, L 0,

'l‘l 'MI INI l()l !, Iol |“I lsl 'l'/,

IBINK/ '/ : .

COL=LETI(V)
ROW=1

UMIN U(ROW, COI )
UMAX=UMIN

DO 220 J=1, NROW

KMIN-LET V(D)
KMAX :R1GHT ()

DO 200 K-KMIN, KMAX

UVAL-U(J,K)

|5| IDD e vl]l'l"l.l.)l'

"%'

0013H300

L 00135000

an13shu0
0135600
00135700
135800
a0 135900
00136060
auli6ioun
0136200
VaE36300
HO13I6h06
0u136500
VU660
00136700
0 13GBLG
QU136900
Go137000n
vol3ziong
00137200
0ni13/300
GO 13 T
Qui3rsan
au 3600
00137700
au137800
0137900
001 3B00Y
un13gnon
01300
00138300
onl3annn
uo13ghon
00138600
G038 ion

- 00138800

VO3B0
00139000
00139100
60139200
0139300
0n139h00
wo139500
00139600
00139700
00139800
au 139900
ORI
0010100
Q010200
0u tHO 300
QU ThOROO
O0THOS00
VUTHOGON
0010700
wuinosnn
GO YYD
CORTRILIH
[T RRIT]
ot i2ao
0ol 3on
oot thon
OO HEH00
QOLH 160N
onth /oo

0TI



200

¢
??l)

Jon

K

«
hao

C

«

G

in

1E(UVAL .G UMAX ) UMAX-UVAI
TEUVAL 1 T OMIN)UMIN UVAL
CONTINUF

CONTINUL

WRETE(LP, T0)UMAX, DM IN, NINT
UDIF - UMAX-UMIN
USCALE:DELOAT(NINT) /0D
J-NROW

DO HOO L=1,NROW

KMIN-LEFI(J)
KMAX-RIGHT(.))

DO 300 K: KHIN, KMAX

HCHAR-IDINT( (U(J, K)-UMIN)*USCAL £ )+1
HEENCHAR.GT . NINJ )NCHAR-NINT
LANT(K) - TCHAR(HCHAR)

CONYINIH

ll(Ncul.Gl.?S)HRII((IP,?U)(IB!NK.H'!,HMINL
HL(K), K- KMIN, KMAX )
1T(NCOL LE, "ﬁ)NHlll(lr ?|)(IB|NK.M 1, KMIN),
(1 IRE(R), K- KMIN, KMAX)
NENES|

CONT INUT

UING: UDEE /DI OAT{NINT)
U2 UMIN
WRITL(IP,25)

DO G600 -1, NINT

ut -y
FORMAT( IX, 2HA2
U2 “UMINAUINGHDILOAL (D)

WIETE(LP, 30) 1CHAR(D ), Y, U2
CONTINUE

RETURN

H)llﬂ/\l(//ﬁx Yee PLOL =="/11X, "UMAX, UMIN,NINT' ,2F15.7,110/)
TORMAT(1X, 120A1)

FORMATL/ /21X, 'CHARAGTER RANGES' //)

TORMAT{ VIX, AL, 20F15. 7, 10 ', F15.7)

I ND

SUBROUE1HE RESUL T(MINR, MAXR)

IMFLICHT REAL*S (A-W,0-7)
COMMON /SIORE /UL6Y%,65) V{05, 6%)
COMMON /TKAGE/ N, TP, NINT,NDBUG
INTCGER EFEL,RIGHT

0u G 1800
00141900
Q0 1H2000
QuIh2100
00142200
00 1h2300
N0 142400
0012500
0012600
002700
00142800
00142900
00 1R3000
00143100
0u 143200
0013300
OO 3H00
001h35060
003600
aog3ino
00 1h3800
10 1h3900
001000
0oihh 00
Q0200
QOG22 10
0n1ah220
0031230
aoihy3zon
00 by
QORS00
00 hlGo0
00 144 100
Q0800
0O IEY900
Q015000
oo1uS 100
NnoiLEs200
ouins300
QU L5400
oorashio
QU IN5500
U 15600
a0 s 700
SO0 15800
0o 145900
00146000
0016100
00116200
00116300
0016400
Q06500
DO ILH6600
QOTh6 /700
00146800
0 IN6Y00
a0 thioon
V017100
oothi200
0017300
0017000
Q07500
00 Th {600
00th7 700
QuinI800

200

[
20

0

12
30

(7174

COMMON /BOUND/ XMIN, XMAX, YMIN, YMAX, it,
MAP(65,65), L L) H Hll) lH(yH’( Ill\) NROW, NCOL NP}
DATA LHEX/1Y/

MIETEQLP, 1O )NROW, NCOL , XMIN, XMAX, YMIN, YMAX, ]
WRITE(LHEX, 12 )NROW, NCOL

DO 200 4 MINR, MAXR

YaYMINAIRDELOAL(J=1)
KMIN-LFIT(J)
KMAX RIGHT(.))

XEEFT-XMINHINGELOAT(KMIN=1)

XRUGHI=XMINH*DEL OAY (KMAX-1T)

NRIII(IP 200, Y, KMIN, XLEF b, KMAX, XRIGHI,
LK), KoKMIN, KMAX)

wuutrclnrx 30)(U(J, K) ., K= KMIN, KMAX)

CONTINUF
RITURN

IORMAI(/IIX ‘now!, lh uX, 'yt E
NASRL CUXCT LR
¢|1x nran, 16))
FORMAL (1M1, 5X, Po-RLSULT =='/11X, 'ROWS, COlS' 215/
1iX, ' XMUN, XMAX, YMIN, YHAX, W', 5015 7//
FORMAT(228)
FORUAL(5Z16)

]

END

LT X ‘cous. ', in, ' X=',

Qo900
00148000
aothg oo
nuthazon
VO1hE 00
onihshoo
a0 1hsb00
0OB600
0B /o0
annBsu0
QO LB900
OuYHon
Do1hY 100
00 1h9200
QuTh9 300
sothghon
0019500
GO ThoLHn
Q0 1H9 100
0u1n9BOn
0019900
VU IHBHOO
00150100
0uIHL200
00156300
00150000
Q0 IHhuHO0
00150600
00150 /00
Q0150800
DO 150900
0011000
0niIs1iI00

111



MAX| [ wosnn

KSWIEP
KOML GA
OMLGA
NPRI P
NROW, NCOL
XMIN, XMAX
YMIN, YMAX
ROWY

Loc

Lype
ROW.>-8
Ltoc

1yri
ROW?-8

e
ROUNI0-16
Loe

e
ROWI0-16
1o¢

tye
ROWI10-16
1oc

yp
ROWIO- 16
LoC

e
ROWI0-16
(i

1ye
ROWIO- 16
Lo

e
RUWID-16
Loe

e

ROW 17
1oe

1yt

120
2

(1]
1.65900

10
1y

_ .
o e e Py iy Py X T Tov- R PURV-2v- STV, PEAV-JV-SENV-SV-DERV- S -JRY- S0y 3V V-

==~}
—— -

-
NNV NSNV NS N NN NN YN N NN VN W NN N NN NN NN LV NN NN NN N DS OO~

-

- et et e e e i e -

-

nN

~

Nwwo

weE

wn

wo

15
0

-~

16
0

——

N~

00000100
0N000200
00000300
000GOLLO
00000500
QOUOVGUY
00000700
voouusLL
006000900
00U0 1000
00001100
0OV 1200
00001300
00001500
00001590
00001600
00001700
000u 1800
000U 1900
00002000

NOBL2100

0U002200
00002300
00002400
00002500
000V2600
00902700
00002800
00002900
00003000
00003100
00003200
00003300
00003H00
0V103500
00003600
00003700
00003800
00003900
00004000
onoul0n
00001200
00004300
000OH00
n0aogl500
[LGGIETAVY)
0vBOh /00
00004800
0Nv0IYHY
00VOU5000
VOV05 100
0uoV5200
0000Y 300
00005400
00005500
0ONUS600
0Ly 700
Q0005800
00005900
00006000
ONNO6 100

NSING

NR
COL/XCOOR
ROW/ YCOOR
NE

GOl /XCOOR
ROW/YCOOR
R,C, TYPF

(]
ONORANw =

0

WESN O

QOBUL2HY
00006300
QOVBGHOY
1 QULBGHHY

ONOUGGHN
1 00006 Jun
HOOOGB0O
VONBGB G
HOUNGIBY
Q00N 7000

[
-0

AN



APPENDIX B

THE PROGRAM VBOUND

113



114

The program VBOUND is included here. It can be used to solve
Poisson's equation on a solution domain with an irregular shape. A
uniform grid is used to represent the irregular shape. The boundary
conditions can be of Neumann (vanishing normal derivative) or Dirichlet
type. The shape of the solution domain is specified in-a manner similar
to that used in the program CORNER; rows and columns of the grid are
numbered from zero. Boundary conditions are specified in the same
manner as for CORNER. In selecting fine and coarse grids, each must

fully represent the shape of the solution domain.



sooneon

«©
C
Cc
C
C
[H

«
[
«

«

CYCLF-C MULTIGRID SOLULION OF POLISSON FQUATION

ON A RFCIANGLF.

FXEIERNAL G, R

COMMON / IRAGE/ 1N, £, ROBYUG, N

COMMUN /CONTRL/ N, TOL, WHMAX
IN 10

{P-1

NURUG -6

NPRINI=6

NINT=10

CALL DEFIRE(G,R)

CALL TESTI(G,R)
si1or

Lr=6

CALL MULTIG
stop

ND

TUNGCHION R{X,Y, HIO0L)
RIGIH -HAND SIDE OF 1N

R-0.
RE TURN
END

FUNCHION G(X,V, 1110t}

DIRICIH BT BOUNDARY CONDITION AND

G=0.
THX. L, mot)s= 1.0

RETURN
I ND

PRINY NIKI

POISON EQUATION

INtTIAL SOLUTION GUESS

00000900
0000 1000
00001100
00001200
00001360
0U00 100
ogoR 1500
0000600
0000t 700
QODOIBON
VUV 1900
00012000
0002100
Q002200
00002300
00002400
00302500
00002800
0Hon2900
HOHN2910
0O0u3u00
003100
00003200
00HO3 300
00003400
00003410
00003500
00063600
000N3 700
0nuo 3800
000U39%0Y
00VOLDO
gty 100
00004200
00GOH 300
0000hu00
ounulisu
QOO0KEVY
nooal 700
QuouiBLN
0000A900
0D0D5HH0
Nno5 100
0BuOS200
00005300
Huou5h00
00005500
Q0005600
00605 100
00005800
QBOUSHI00
00006000
QuONG 1uo
VON0G6 IN0
00VOGH00
[T
NOOV6H600
00006 TVO
AONGBI0
0OODEI0D
0000 7000

CCOOOOOaOONNINOOOO0aAaONCO0000

TOOC COOO O Q0000 0AanNn
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SUBROUT INE DEFINE(G,R)
DEFINE -= SET UP THE GRID SYSTFM

INPUE PARAMETERS (AL VALUES COML | ROM CARD IMAGLS -
COLUMNS 1-10 ARL RUSERVED FOR A DLSCRIPIION -
INTEGIRS COMF TRUM FIELDS OF 5 COIUMNS, REALS FROM
FIFEDS OF 15 WITH 7 DIGITS)

WHAX -- [IT 101Al WORK 10 Bi ALLOWFD ON ALl GRIDS
BITORF T{ RMINATION

TOU ~~ THE CIMIT THE RESIDUAL NORM MUST MIET B FOR
NORMAL HERMINATION

NUIVEL —- HIE NUMBLR GRIDS 10 BE LMPLOYID IN 1UF
MULIIGIID PROCESS

NCOLS ~~ LENGIIL OF THE SOLUVION DOMAIN IN YIF
X=DIRECIION (UN!IS O hO)

NROWS == LERGIH IN THE Y-DIRECIHION

PXMIN -~ LOWLR BOUND ON X

PXMAX ~- UIPER BOUND ON X

PYMIN -~ LOWLR BOUND ON Y

PYMAX -~ UPPER BOUND ON ¥

FUNCTIONS -

G ~- BOUNDARY VALULS Of THE SOILUTION DOMAIN
AND INITIAL SOLUTION GULSS
R -- RIGHI-HAND SIDL OF THF POISSON FQUAITION

EXTERNAL G,R

COMMON. /1RACL/ (N, L P, NDBUG, NFRINY, NINT

INTEGER SLVL, BLVE, RIGHT, RLOG, NI OC, SEOG, BNDI OC, BROW, BI 0,
BROTYP

COMMON /POINT/SLVI(20),BUVI(20), 081 H{100), RIGIHT {100},
LLOC(HO0), 11 OC{Hu0 ), NLOGHO0 ], SLOGLHGD), BRDI OC( Tovn ),
BROTYP( 1000), BROW{H0G), BI OC( 1000

COMMON /SIZE/NROW{20),NCOL{20),NPOINT{20), HVAL {20), XMIN, XMAX,
YMIN, YMAX

CUMMON /CONIRL/ NEEVEL, TOL, WHMAX

DAIA JSIZE/5000/

DATA TEVEL,JPRNT,JLEN, JPLOT, JS01, JRUS/6%1/

GUY 1HE WORK AND RESIDUAL 10t ERANGT S

READ(IN, 20101, WHMAX
Ot 1 POINIERS 10 THE LEIT ‘ANI) RIGHE SIDFS Of THE SULUTION
DOMAIN. AILSO, GET 1ISTS OF HIE 10CATION AND TYPE OF THF
ROUNDARY POINITS,

CALL GFTBHD{NROWS, NCOLS, NBNOPI)

WRITE(LP,50 JNEEVEL, NROWS, NCOLS, NBNDP T, XMIN, XMAX, YHIN, YHAX

SET UP POIMHIRS 1OR TIHF COARSER GRIDS

CALL GENPIR(MNILIVFL , NROWS NCOLS, NBNDPT)

PRINI 1 POINTERS TOR THF DIFFERUNT GRIDS

UOOUYAITH
D000 /7200
QN7 30
LTI
VU (900
HOOBIGH0
Quoa7 /o0
(000 7800
QUOD 1900
00007910
LI Y0
0OLOO (930
LRIV AT ]
GONNBHOG
000UB 100
00NNBZ o0
GouBR 300
RURLTIT
GOHOHBYIKD
Bonusoun
0ONNB 700
VOOBURLO
ALOGRET
GOBYBOD
VOONY 1Y
QO0UY 00
HOUODOY N
QOUHNYLON
QUHOH 00
VOBOYGHO
HUONY 100
DVU92801
GO0
QOH TR0
VOO TN
VOO D200
QUOTO300
QOO I
0aaia%00
aBu 1GHN
001700
VODLORLY
0N THYOU
HNHOIe9 10
VU 10920
QuunYy3n
HOOTHMO
Qe 109h N
Quoioon
ous i on
oo LI20n
(LT R
unn ik thoo
o1 1500
OB 1600
QLA R N
Bou 1800
0un Y0
GOBI2000
QU0 E2 10D
anui2eon
QOR300
Q2o
00012500
QO 12600

STl



20
va

o

wn

W

CALL PPOINU(NLYVEL)

CALL VERFIY{NLLVEL)

CALL PREP(LEVEL G, R}

GALL RESULTELIVEL  JPRNT,JUEN, JEHOT 501, IRNS)
T TURN

FTORMAL LOX, 120, T)

TORMAT{ 1M1, 5X, == LINL GRID DEEINITION -='//
T, UNEEVEL, NROWS, NCOE S, NBNDPT 4 i0//
VEX, PXMIN, XMAX, YMIN, YHAX' G20, )

I ND

SUMROUT INE GEIRND({ NROWS, NCOLS, NONDPT)
GEIBND - FETCH A LISE OF VALULS 10 O PLACED IN KARRAY

AN INPUL RECORD WILL CONTAIN UP 10 12 HIELDS
COIS 1 - 10 DESCRIPIION O CARD CONTENTS
s 1 - 15, 16 - 20, 6G-70 DATA | HEADS

CUMMON /1RACE/ EN, E I, NDBUG, RPRINT, NANE

INFEGER SEVE L BEVE, RIGHT, REOG, NEOG, SLOC, BNDEQC, BROW, BLOC,
BNDIYE

COMMON /POINT/ZSLVE (20),81VIE(20), LEFT{H00), RIGHT(H00),
LLOC(nO0 Y, RLOG(HOG Y, HLOCEHO0), SLOC(A00), BNDLOG( 1000,
BROTYP( 1000}, BROW( 4G0), BLOC( 1000)

COMMON /S 17§ NROW{ 20}, NCOT (20), NPOINT(20) ,1IVAL (20), XMI N, XMAX,
YIIH, YMAX

COMMON /CONTRI / NEEVED, 1O}, WHAX

INTEGTR RY

FEENDBUG.NL LOJNRETELL P, )
READ(IN, TOYNLE VL
WRIEQCLP, S50 )NEEVEL

RLAU{ TN, TU)NROWS, NCOLS
WRTEE (1P, 60)NROUS, NCOL S M

RUAD( IN, 20 ) XMIN, XMAX

READE IN, 26 ) YMIN, YHAX

WRUFE (LD, 10 )XMIN, XMAX, YMIN, YHAX
KMIN -1

NBNDPE -0

DO 200 J- 1, NROWS

READ(IN, FOYLEL, RI, NDBP
WRITL(V P, IS)LEY,RI, NBP

NANDPT -NBNDPTSNUP

TERT(J) LEL
RIGHT{.})=RY

KMAX KMINENBP-1

00012700
00012800
00012900
Qo0 13000
[T R RV
Qv 3200
00013300
VOO 3LDO
00013500
00013600
V0013610
an0t13on
00013800
00013960
[OIIARITITE]
0u0 Hi e
000111200
GUU T IN0
0NV THEDY
QOO 1500
Q0N 600
00O R 700
000 thgo
Q0011900
00015000
QOO TS50
0o 15200
00015300
00015800
00015500
QuH 5600
0005700
GLD 15800
00015900
00N 160V0
Q0016100
00016200
VORI6300
000 164U
00016500
00016660
OvoI6700
00016800
0016900
00Y 1700
0001 7100
V007200
00017300
oup 17k
0001 7500
00017600
a0 7700
Qa0 17800
Q0017900
0OIB00Y
o800
00018200
00018300
Quu18hnn
VOVIBSO0
Ono 18680
0noo 18700
QUUT8BUN
GO0 18900
QOO 19000

anoac oo

2]

acoco

[

READ{ IN, 10) (BLOC{K) , k=KMIN, KMAX)
READ{ IN, 10){ ENDTYP{K), K -KMIN, KHAX}

FF(NDBUG. L L, 108)GO 10 18D

WRETE(LP,BO)(BLOC(K), K-KMIN, KMAX)
WRETE(EP, 85 ) (NNDIVP(K), K:KMIN, KMAX)

KMIN-KMAX+Y

CONTINUE

H(NDBUG, G YOMIWRTEF (1P, Q0 )NDBNDY |
Ri TURN

FORMAT{ YOX, 1215)

FORMAT{ 10X, 8815, 7)

FORMAT(//6%, "=~ GEIORD =-")

FORMAT (/11X "NLEVEL ' 110

FORMAT{ /11X, *NROWS , NCOL S, 2110)

FORBATE/ZSTX, " XMIN, XMAX' , 2L15, 7//7 11X, ' YMIN, YMAX' , 2€15.7)
FORMAT{ T, LTT ), RIGHT , NBPT' 3110}

FORMAT( /11, *BLOC *, 1645/7( 16X, 1615))

TORMAT{ /11X, 'BIVE " 1615/( 16X, 1615))
TORMAT{ /11X, "NONDP L', 110)

END

SUBROUT INF GFNPIR(NILEVEL NI NG, RENDP T )

INFEGER SLVL, BLVL, RIGHT, RLOC, RIOC, $1 0T, BNDLOG, BROW, BLOC,
BNDTYP

COMMON /812 /NROW{ 20}, RCOL{20), NPOINT{20), IVAL(20), XMIN, XMAX,
YMIN, YMAX

INVEGER BPRIV,BPT,SPY, UeT

COMMON ZPOINT/SIVEL20), BLVE(20), 1 EFTLALO), RIGRT(h00),
LLOC(4O0), RLOGEHDA), NLOC{ MO0}, SLOC(AUQ ), BNDLOC{ toon),
BNDTYP( 1000, BROW{HO0 ), BLOC[ T000)

COMMUN /IRAGE/ N, 1 P, NDBUG, NPRINT, NINI

DETERMINE THE NUMBER OF ROWS AND COLUMNS FOR THE
COARSFR GRIDS

H(Nl)ﬂll(j.()l.H)HHH[(LP,H))Nl(vll NI, HC, RBNDIY
FORMAT{//6X," -~ GENPIR =="//11X, NUEVEL,NR,NC, NBNDPT' (4t 1n/)
NGOt { 1) =NC

NROW({ 1):NR

XD1E = XMAX-XMIN

HVAL{ 1} XDIF/FLOAT(NGOL(1)-1)

JUEVEL=NI EVEL

DO 200 2, 1LLVEL

K=J-1

FE(NCOL(K). 11,3 LOR. NROW(K).1t.3) GO 10 00

FE{MOD(NCOI (K}, 2).NF .0 AN, MOD(NROW(K},2).Nt.0)
GO 10 160

wouivion
QU900
[T DRI
(019800
Vo0 19500
0no19enn
[IEHR DRI
GO LRV
Nen 19900
[T ENT
[BENRN]
[V RITFEY]
GUaD SO
QUL 0L
auuresun
SR TAN ]
noudu/on
aunzulon
oouroyBn
0oe2 long
A RTIN
0noe 1oy
[P 18 SV
GOH2 HO0
ouee thoo
G2 16N
(TR WIS
0uOY AB00
OODZ 190
VOVZZLVY
OBHP2 1oy
0uOP2200
00022 3040

(AL ]
VL2500
0o una
0ooz3ton
NOOZ3IT00
nus?23 300
0002 3N
0HOZ3L00Y
HOU2 3600
Hua23un
Q002 3800
0002 3904
uooPiinua
QU2 H 10D

oup2heon

vouhiong
ono2
GuOthhou
[RUTTRITA
HRI028 700
0paN8u0
GHAHN0N
00029
0002H 1080
000245200
QONIH300
V06251000
0uuZH5H00

911



Do

100

20

a0

160

4
200

[}
onn

aconane

hon

600

oo

100 MANY LEVELS OR IMPROPER CONIIGURATION OF GRIDS

NLLVEL-K
WRITE(LP, 20 )NLEVEL
FORMAT( 1X, ' #¥# INCONSISTENT REQUFST FOR LEVELS -',15,
Vusep Fay')
GO 10 2n0

1)/241
1)/o41
OAT{NCOL{J)-1)

NROW(.} ) =NROW{ .} -

NCOL (J)=NCOL (J-

1IVAL ()= XDIF/TL
CONTINUE

CONTINUE !

PRODUCE POINTERS 10 ITHt LEFT AND RIGH! ELFMENIS OF
EACH ROW FOR FACH GRID,

AUXILEIARY POINYERS tOR tHF FINE GRID

S$PI=1
uri=1
KHIN 1
KMAX-RRCW( t)
SIVE(T1):8PT

DO OO KROW-KMIN, KMAX
1.LOC{ KROW )= UP1
UPT-UPT+{ RIGHT{KROW) -t E1 T KROW) )
REOC(KROW) -UPI
UrT-upie
CONTINUL
SP1-KMAX+ L

POINLERS JTOR 1N COARSER GRIDS

DO 1060 LEVFL=2,NLEVE
SLVILLLIVEL ) =SPI
KMIN-SI VI (LEVEL=-1)
KMAX=SLVL {LEVFL )=1

DO 600 K-KHEN, KMAX, 2

LEEIESPI): LETT(K)/2
RIGHI(SPT):RIGHT(K)/2
HLOC(SPYY=uPl
UPE:UPTARIGNE(SPI)-LEFT(SPT)
RIOGSPT) =Pl
UPT-UPT+}
SPE-SPT+L

GCONT INUE

CONTINUE
SEVE{NLEVEL+1)=SPT

PETIRMINE HHE NUMBER 'OF POINIS §N EACH GRID

DO V100 EEVEL ), NLEVEL

00025600
00025700
00025800
oau2LHen
0LO26000
00u26100
Q0026200
00026300
0OG2GH00
00026500
0OO26600
onn26 100
ONnOZ63N
QUN26900
0no2 10v0
00271100
00027200
00027300
00027400
00027500
Q0021600
cou27 (00
anon27800
00027900
00V28000
0uo2g100
00028200
00028300
00028400
00028500
00028600
00028700
00028800
0Vu2B900
00029000
0029 100
00029200
00029300
00029400
00029500
0001129600
00029100
00029800
00029900
00630000
00030100
0n03IN200
0UU3N300
00034M00
00030500
00030600
00030700
BUB30800
00030900
68031000
00031100
00031200
00031300
0003 thoo
00031500
00031600
00031700
noa3teoan
00031900
00032000

c
1100

OO0 OO0 O DOOOO

o000

G

[ODO0 aoooOcn N0

o

2]

oo

1200

1400

1500

< LMIN=SLVL(LEVEL)
EMAX=SLVL{LEVEL+T)-1

NPOINI(LEVLY )=(RLOC(EMAX)-LLOC(LMIN) )+
CONTINUE

POINIER TO THE NORTH AND SOUIN ELEMENES OF THE

LAPLAGIAN (CINITRED ABOUT THAL ELIMINT)
SPr=SpP1-1
DO 1h00 tEVIL=T, NLIVHI

GINERATE POINTURS TOR GRED LEVEL

{HIN-SLYLEILVEL )Y
L EMAX=SEVE(EFVEL41)-2

GIVE NULL VALULS 1O fPOINTERS THAF WO D POINL O
ROWS OUISIDE TUF CURRENI GRID

SLOC(IMIN=1)==1
NLOC{LMAX+1)==1

GENTFRAIE THE RFMAINING POINIERS FOR GRID LEVEL

NIOC(LMIN=1)=LLOC(LMIN)+H(LEFT(IMIN-1)~1
SlOCUNAXH J=LIOC(EMAX) +(LFFE(LMAX+T) =L
N

D0 1260 LPI=IMIN, LMAX

s1oc(Lpy

)=t
NLOC(t PE)-1I

CONT INUE

CONTINUE

SET UP THE LISIS OF BOUNDARY POINY LOCATION AND TYPE
FOR FACH GRID

DETERMINE WULRE THE ROWS ARE IN THT LIS OF
BOUNDARY LOCAIIONS FOR THE FINCSY! GRID

JMAX=NROW( 1) +1
BPT=1

BEOG(NBNOPT+1)=-¥
BPREV=BIOC( 1)+

D0 1800 JROW=1, JMAX
CONT ENUC

LE(BPREV.GI.BLOG(BPT))GO 10 1600

000300

Q0032500

QuN 32600

0o 32 o0

BOOIZALO

FOR VUE LCFI-HAND ELEMENT OF EACH ROW OF A GRID PRODUCE A0QOH 32000
"

QUHRI3N0a0
Q00 33too
Hua33zon
0on33iong
003 Thon
DO3I3H0N
00033660
00033700
w03 1800
0003 3900
00O IHH00
auo3biooe
0oy 32
00030300
Quu3htao
0003500
aou3huon
aonition
0003UABY
0oU3h900
0O 3000
QuB3h o0
60035200
HOB3H 360
DO035H00
aBi35HN0
06035600
VOO 3% 700
oo 3Ha00
DHO3L900
QOO ILHN
von G
0036700
00036300
00036H00
00036500
00036600
06636 100
O I6H00
00036900
6037000
a3z nn
G003 Izon
[INGRFR{TS]
QOH3 Thbo
037500
13 /600
Q0037100
0003 7a00
0On3 1900
GO0 3BN00
tn0 38100
0un 38200
00038300
000 38hon
0un 38500

LT1



[
1600

G
1800

2000
C

(8

2100
2200

~H00

BPREV-BLOC{BPT)
DNODLOC(RIT)-BPREV
Brr=sriy)

GO 10 1500

DROW(JROW) - B8P

BPREV- 81 OC(BP1) .
BNDLOG(BPT )= DPREV

API=RIT+)

CONVIRUL

PRODUGE THE L1STS TOR THFE COARSER GRIDS

JPEENROW( 1) +1
DPI=NBNDPIA

DO 2200 LEVEL=2 NLEVIE
BIVE(TEVEL ) OPT

KMIN- I\lVI[IfVII-I)
KHAX - P11

DO 2100 KiPE-KMIN, KMAX, 2
DROV(JPV)-BPT
JP1-JPTHY
L MIN-BROW(KPT)

I MAX =BROW(KPT+1)-1

DO 2000 L PT-1 MIN, L MAX
II(MUI)(I\NUI 0G(1P1),2).FQ. 1) GO O 2000

BNDLOC{BP1)=BNDLOC(S PI)/2
BNDIYP(BPT)-BNDIYP(LPT)
orI-npi+t

CONIINUE

CON1 I NUE
CONTINUY

BNOLOC(BPT)=-1
BROW(JIPE)=BP
BIVL{NLEVEL#Y)=aPT

CONVLRT 1L ROW AND COLUMN INFORMATION OF 1Mt
BOUNDARY POINT LOCATIONS INTO ABSOLUIT 1 OCATIONS

KMIN=
KMAX- J PY-

DO 2600 KP1-KMIN, KMAX

1 MIN BROW(KPT)
LMAX - BROW(KPT 1) -1
1COL- I FFI{KPT)
LPOS LLOC{KPL)

DO 2000 LPE=LMIN, EMAX
BHDLOC{E P1) =L IPOSH(BNDLOG(I #1) =1 COL )
CONTINUL

00038600
00038700
00038800
00038900
00039000
Q00392100
00039200
000139300
00V39400
00039500
00039600
00039700
000392800
00039900
000hosvo
ool 1en
00010200
0001N300
QLOHOROO
00010500
QOBHG00
DOOBOTOO
0O0hOBOY
QOO0
00Oy 1000
00K 1100
00011200
000n 1300

0oOnun0o -

60041500
NBOL 1600
00041700
0001800
oo 1900
00042000
00042100
00042200
0u0h2300
0uo0u21h00
00042500
0OOH2600
000821700
0Oun2800
00042900
000N3000
0003100
0nuh3200
Guoh 3300
000h 2400
aunt3500
0uGH3600
0O0h3 700
00h3800
Qe 3900
QUOHLO00
QVOOKKI00
GuO2e0
onuuR 300
0unhhoo
000U 500
0LOUIKG00
QOORLTOU
000800
000Hl9Y00
00015000

0000 o006

cooc

2600

* OV 0

¢

CONT INVE

RLTURN
ND

SUBROUTINF PPOINI(NIEVEL)

PPOINT <= PRINT THE DIFTFLRENT SETS OF POINIERS for
MIF VARIOUS GRIDS

INITGER S| Vi, BLVL, RIGHT, RI 0, NLOC, SEOC, INDLOC, BROW, B1LOC,

BNO
COMMON /l'OlNl/'sI VLL20),81VE(20),LEELH00), RIGHE(W00),

LLOC{HOD ), RULOC(HOG ), NLOC (R0 ), SLOCLA00Y, BNUIO((!UUO),

BNDIVIP( I(ll)()l BROW(L00), BLOC( 10U )

COMHON /§|II/NII()H(2U) NG ()l(?()) NlnlNl(?ll) HVAL (20), XMIN, XMAX,

YMIN, YMAX
COMMON / HU\CJ JIN,LP, NDBUG, NPRIND , NINI

PRINT HHE NUMBER OF ROWS ANU COLUMNS IN TACH GRID.

GIVE TIHE NUMBER OF POINIS IN FACH GRID AND 11S SPACING.

WRITU(LP, 8) (NROW(J )}, NCOL(D ), NPOINT(D ), UVAL(d), -1, NLEVEL)

KLEVEL=1
11 {NDBUG. NE .0 )KI EVEL :NLEVE

DO 1000 K=1,KIEVEL

H=HVAL (K)
WRITE(LP,S)K, 1

EMIN=SEVE(K)
LMAX=SEVE(K+H1) -1

lf(Nl)l\U(‘ IQ U)HRIIT(IP 'I(l)(l“l(l) RIGHI(L), L=
LM TAX )
H(NI)HU(, N( (l)HﬂHt(lP 20)(

L
RLOC(L),SLOC(L),RIOC(L),1=IMIN, LMAX)

ELMAX=BLVE (K41) =1
WRITE(LP,30)

DO W00 L=LMIN, T MAX

JMIN-BROW(L )
JHAX -BROW(L41)-1
Y=YMIN+II*FL OAT (JROW)

WREEE (1P, 0 ) JROW, ¥
TEQK.LQ 1 )WRIVE(LP,S
11 (HOBUG . NE, O )WRITE(
WRITE(LP, (0) (BNDTYP(
JROW- JROWH]

0)(BLOC(N), ) JHIN, JMAX)
L
J),J JMIN, JMAX )

EFT(L),RIGHI{1),LLOC(N ),

P,60)(BNDLOC(J), J~.IMIN JMAX)

0oons o0
NOORS200
auouh 300
DOOLRHO
QOO HON
VOONH60N
ooy oo
QnonHBHY
ovehhYoo
GOOHGHBY
QOOL6 100
anuhGRuN
QOONG 300
anonshun
HOOUGHHN
VOUROL0H
onanG ran
DOOHhHBO0
0HOH6Y00
onanoon
aouh o
QUUN 200
OO 300
atoh 7oy
000l H00
000l 7600
000l 7 jo60

Luhnh/son

ool 7900
Duuhgnng
VuoLBI1B0
Hoshgzon
Hoong oo
ovonghen
aouhiahoo
HGIBGHO
aunng (oo
QONhBBBO
aouohyoun
00019000
00U YOO
w9200
DOBHY IO
DU
auulinhon
woOH96HH
0009 100
000hvann
000HYI00
DOOHVH0D
0000100
QOOSH200
0OULO 300
GIPYIUTE
0B050%H0
VUOYOGHD
0005100
00050800
V0050900
Q0051000
000 1100
00n5 1200
Lons e
0005 10
00051500
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L INE(LPOS ) -DASIH BOVSS 1D0
. 000% 1600 ¢ ¢ IT(BPOS.NE.EPT) GO 10 500 OVUHB00
; . ) 00051700 00058300
.mm CONTINUT Go051800 :‘:'::,‘:‘:":;L‘)m:‘ﬂxl'l('nlvl'*l) QO058ho0
g 00051900 AL Sh=6 HOLSB5046)
(‘mnn CONT 1NUY 00052000 BPI=BP1+1 00058600
- RELURN 00052100 c BPOS-BNDLOC(BP1) 00058 /00
¢ ’ 00052200 500 \ 0BOsBLHD
s TORMAT(INE, == LEVEL', 15, PDINITRS =="/10X, ' (W= LE15.7,0 )') (mn')_gimg Pie tri=Lein DO0HBYN0
% PNROW' , 6X 'N(ol' B, "NPOINT' 10X, " 0* // 00052H0 : 0UOHYOLD
L “’"”Az(,/( ;;;(F)!??" "y 00052500 oo CONTINUE GOHYY 10
; AL(/7 12K, 1rr|' 5K, 'm(,ul'/(nx 15,5%, 15}) 0u052600 ‘ - DOO59200
l:: ',3!3'.,\:{5513 '| FEEY,S5X, "RIGHT®,6X "Troe! .6)( )muc',ﬁx, 'sLOC', 00052700 LROW= KMAX~ KROW 00059300
LN 6X. PNLOG! L1 6115, Sx))) 00052800 s WRITELLP, 3001 ROW, (B1ANK, N-1, NBINK), BOOLOL O
30 TORMAT(7/6 oX, VBOUNDARY VALULS 0ua52900 ¢ (LINLEND, N=1, NCHAR) . Doy 9500
m TORMAL( /11X == ROW', 15, 5, 15,0, -=") 00053000 F— buOL 9GO0
50 FORMAL{ 11X 1“‘0(‘ 2u| /(ux 9(,,5” 00053 100 m’;:jkm:: 001059 700
60 FORMAT( 11X, ' BNDLOC! T20157{ 17X, 2015} ) e c ’ B
A 11X, 2015] 5 . P90
“’" TORHAT( 11X, " BRDIY 31 " 00053100 CB"“ CONTtNUT OOROHIDY
‘ IND ()()1)53?00_ ¢ 0o06N 100
. : 00053600 . Q0060200
p 00053700 c‘"““ CONTINUE : VOBGNO0
¢ 00053800 QUOGUBLY
(: . . 00053900 ¢ RF TURN " QOOGHH OO
4 00054000 . R QOOGHGHY
N SUDROU T INE VI RITY(NIFVET) 00051100 10 ’0""“(““'6’(-"'“'“ DIAGRAMS' 7/ 11X, "HOLECULES ==*// Q060700
¢ : 00U5H200 g 721X, 1% X X x X! WONGHBON
¢ VERIIY -= PRINI DIAGRAMS Ol THE GRIDS 00054300 2 /?'X X "2 X3x xux 5% X6 7x x8 xox' QUUGAYO0
¢ oanoue s ﬁ;?x A 0.6,0 - HOLCKER MOLECULLY77) B00¢ 1 1oy
: . . P sSh5N0 - N EC / 0006 1 10y
INTEGER CHAR{ 20), DASIL BUANK, 1 INE{115), BPOS, BP1,BIVP, RPI 0005 20 FORMAT(///11%, 'LLVELY, 15/71X, ' RoW*
f 1 LJRIGH T, RLOC,NLOC, SI nc.nmnm.,unw nm(‘ 00051600 ) QU6 1200
s INTLC :};}U?:\'/’ MUY 0005 700 cm FORMAT(1X, 15, 115A1) 0ULG 1300
COMMON / IRAGE /1IN, 1P, NDBUG, NPRINT, NINT 00054800 . 000G 100
COMMON /PolNl/’élVl(zn) Bl vl(?o) LECT(HO0, RIGIE(M00), QUOsN9H0 c VOOG 1500
S L1 OGLh00 Y, RLOCLHOD ) NLOC UlUO) siot ('u‘l(l) BNDLOC( 1000}, OUU‘}'SUUU ¢ R 0006 1600
[ BHOTYR{ 1000, BROW{ 00, BLOG( 1006 ) anos5 100 ¢ Vo611 700
COMMON /5171 /NROW{ 20), NCOL (20), RPOTNT{20) , 1IVAL (20), XMIN, XMAX, 00055200 ¢ 0006 1800
4 YUIN, YHAX . 1y 00055300 ¢ VUG 190N
$orgr g g v e e, 9, A, e, Tt L 00055000 00UG2OU0
s DALA (‘:IAR/ u's [LPAFANE LI AV AT AR AP A onué'))‘;uu c SUBROUTINE PREP(!EVEL,G,R) nnm;;'mu
2 [ ‘o 0055600 < . . QUG 200
. § BIANK/ / TDASH/' -/ Q0055 100 [ PREP -- ASSIGN INEIEAL VAIUES 10 1L SOLUTION VECIOR 00067300
’ WRETE(1 P, 10) Qu0s5800 g (FINE GRID) AND FORM THE CORRESPONDING RIGHT-UHAND  000G62HuU0
¢ : 00NH5900 b sint DONGHN0
. QBUS60H0 g BUO62600
. DO 1000 JUEVEL 1 NLIVEL HOBHG 100 s INIL(,&SD?wl LBLVE, RIGIHT, REOG, NI OC, SEOG, BNDLOC, BROW, BLOC, ouu6 100
: v o QDO56200 DOBG2 RO
. MREITLLP, 20001 EVE 00056300 COMMON. /POINI/SLVL(20),BLVI (20),LF11(400), RIGHI(h0U), OLOGI00
’ KPE-SEVE(JUEVIL 1) =1 0B056HU0 g LLOC(U0O0) . RLOCEN0 ), NLOCEUO0 ), STOC(RO0), BADLOC( Tonw), QOU6 3000
RO B VLU TVEL 1)1 BUOHGSDO . BRDIYP (1000 ), BROW{HO0 ), BLOCL T000) QUG 3 100
KMAX--NROW(IS FVED ) 00056600 . I'UMM"sMrl’:'mﬂROH(?()) LNCOL (20), NFOINT{20)  HIVAL (20), XMIN, XMAX, GUN63200
. : 0ouus6 700 0 oun633an
¢ DO BOO KIOW - 1, KHAX VONH6806 . COMMON /STORE/U(%000), T (5000) 0006 3100
c ' 00056900 é 0006 3500
BPI=BRUW(RPT) . 100% 1000 JROM=D 0OuG63600
05 BNOLOC(RPT 00057100 N =0 00063700
(_ BrOS BNDLOCIREY ) 0005 1200 c HCOL “NCOL(1EVEL) 00063800
’ BINK- LEEE(RPT) Y 0uL% 1300 g ) 0006 3900
NCHAR ulcn(ukr-: Y=L EEL(KPEY#) 0005 7H00 MLV R sBuGHuIL
LEELLOCIKPT) UL 7500 MAX=SEVL(LEVEL$1)-1 0OU6H 10
G onus 76u0 :I-I:Vfl’(twﬂ ) GONOG200
¢ PRODUCE A 4 INL OF PRINI 00057700 ¢ HOL=. 5% 0006 300
. 0005 7800 0NO6HHNG
¢ BO 600 | POS- 1, NCHAR 0005 1900 ¢ PRODUCE VALULS BY ROWS QUOGHS00
¢ ’ GOAYBN0Y

611
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PO HO0 JPF=IMIN, JMAX

Y=YMINVH*ELOAT(JROW)
JROW=IROW Y

KMIN-LIOC(JPT)
KMAX=RLOC(JPT )
JEOL=LEF (i)
DO 300 KP'L-KMIN, KMAX

X XMINHI*ELOAT(JCOL)
JCOL - JCOL +1

U(KPT)-G(X,Y,0101)
T{KPL)-R{X, Y, Hi0L)

CONT INUE

CONTINUT

RETURN
END

SUBROUIINE 1ES1(G,R)

FXTERNAI G,R

INTEGER NOPRNIE, PRNT, SHORT 1 ONG, NOPLOT, PLOT, NUSVEG, SVEC,
NORIIS, RHS

GCOMMON /CONTRL/ NLEVEL, 101, WMAX

DAIA NOPRNT, SHORT, NOPLOT, NOSVEC, NORHS/5*0/,
PRNT, 1 ONG, PLOT, SVEC, RIIS/5* 1/

LEVEL =)
CALL PREP(1IVEL,G,R)

CALL RESULTELEVED ,NOPHNT, LONG, PLOT, SVEC, RIS )
CALL RUEAX(EEVEL ,X,Y,7

CALL RESULT(LEVED , PRNT,LONG, PLOT, SVEC, RIS)
CALL RESCAL{TEVIL)

CALL RESULI(UEVEL+Y, PRNT,LONG, PIOI, SVIG, RIS)
RETURN

FND

SUBROVTINE MUILTIG

HULTIG ~- 1HIS ROULINE PERIORMS 1HE MULTIGRID PROCLSS
DESIGNATED CYCLT-C ON A GRID OF ARDITRARY SHAPE
WITH UNITORM SPACING,  ITHE ALGORETIIM IS OQUTLINFD
IN THE ARTICIT BY ACItE BRARDI, MATIHMALICS OF

GOOGN6N0
00061 100
000G 300
0U064900
00065000
Q0065100
00065200
00065300
Q0065000
00065500
VOV65600
00065700
0OuH5800
0065900
00066000
QOOG6 100
0066200
QOOG66300
0066100
QUU66500
Q00666HHY
0066700
00066801
00666900
00067000
000672100
0006 71200
000617300
000467100
00067500
00067600
Qn067700
0006 71800
00067900
00068V00
00068100
0VN68200
00068300
Q0B68HG0
DOOOBHL0
Q0u686V0
00068700
00068800
00068900
00069000
00069 140
NDNG69200
00069300
0006900
VOVGYSO0
00069600
0069700
0NON698010
6O06YIOL
A00 70000
QH70100
00070200
00070300
00070400
Q00 70%00
00N 70600
00070700
0nuG 70300
00070900
00071000

R A e e e R e s R e Rl e oY Y R F o Y o N Y e Y ol o N T o R Y R Y N N N N R N N N o N R R o N N Y o Y

COMPUTATION, APRIL, 1977, PAGLS 333-390.

DIRICHLETD PROBIIMS MAY BI SOLVED Wi NO
RESTRICTIONS.  NEUMANN AND MiXID NEUMANN-DIRICHLET
PROBEEMS MAY Bt SOLVED WITH THE -RESTRICTION OF ZERO
NORMAL DIRIVAIIVES., THIS SO OF ROUTINLS MAY 8
MODIFIED 1O ACCLPT NEUMANN OR MIXED PROBIEMS IN
WHICH CHINER 1UF X OR Y COMPONENT 1S ZFRO AT [VIRY
BOUNDARY POINI .

PARAMETENRS -~

NLEVEL -- THL NUMBIR GRIDS 10 RE FMPLOYED IN THE
HULTIGRID PROCESS
TOU <= 1OLERANGI ON 1THE (RRORR ON GRID M

WHAX -~ MAXIMUM WORK ALLOWED JOR SOIUTION PROCESS

VARIABLLS AND ARRAYS :
U -- SIORAGE FOR GRIDS 1 THROUGH M AND ACCOMPANY ING
RIGHI-JIARD STOLS

(IO PR R
Qoo 71200
QLOT1300
000 71ae
Quo 71500
B0 71600
00071700
0u0 7 1800
00a 7 1900
00672000
QU /2100
Hao /2200
VOO 2300
00012000
Quo 12500
OO0/ 600
QOO I2 100
000728010
0007900
000 3000

KLEVEE == 1HE CURRINT 1 (VI aoul oo
WOKK == THE TOIAl ETTORYT EXPENDED (N T0F SOLUIION 0on7 3200
PROCESS 00071300
DELIA -- 1HE UPPER LIMID ON THE RATIO OF ERROR ON 0007 Yhon
GRID K 10 THAT ON GRID K} IF INJFCIION (S 10 00071500
ococun 00073600
EPS(K) == LISI OF THI [RROR LIMELS THAT MUST BE MED 90073 /00
10 GUT BACK 10 GRID M BY INJECIION FROM GRID K 00073800
ETA -- IHE CONVERGENCE TACIOR (CURRENT ERROR DIVIDEDOOOT 3900

BY PREVIOUS TRROR) MUSI Bf LESS THAN FIA FOR
RELAXALION SWLEPS 10 CONTINUF

COMMON S10RAGE -~

J1RACE/
IN = INPUL DEVICE
LP -- OUTPUT DLVICC
NDBUG -~ SWIICIH THAI CONIROLS THE DLDUG 1RAGE

Q0 -~ OFt
ANYIHING FISE -- ON
NPREND -- 11IE HOMBER OF ROWS Of THE SOIUT{ON VECIOR

AND RIGIH -TTAND SIDL 10 BI PRINIED WHEN THE
TRACI 1S ON
NINI -- THT NUMBER OF INIFRVALS 10 BF USFD IN PLOLS

/StZE
NROW(*) == 1IHE NUMBLR Of ROWS IN FACIH GRID

NCOIL{*) == IHE HUMBER OF COLUMNS IN FACH GRID

HVAL(") == IHE SPAGING UF EACH GRID {UNIIOKM)

XMIN, XMAX, YMIN, YMAX =~ SAME AS PXMIN,TIC,
/SIORE/

U -- SIORAGE 10OR GRIDS 1 1HIROUGIE M AND ACCOMPANY ING
RIGILE-BAND SIDLS .
F{*) -- SIORAGL TOR THE RIGHI-NAND SIDf

USE Of MUITIG --

MULTIG RLQUIRLS TIREE ADDIYIONAL ROUTINLS 10R
OPERATION.  ONt FUNCIION MUST GIVE THE BOUNDARY
CONDIFIONS OF VIH SOLUIION DOMAIN AND AN ESTIMALF
OF 111 SOLUTION. ANOTHER MUST GIVE THT POISSON
LQUATION RIGHE-HAND SIDE. A MAIN ROUTINE 1S NLEDID
10 CALL HULTIG AND GIVE VALUL'S 10 FHE PARAME ILERS

[
0o 7o
VOO ZH200
QOB INI00
OO0 100
QOB 500
(R F AL
GOV TR {00
Qo IHBHY
0un7hoon
UG /5000
0on7H 100
DOBTH200
Nnon 75300
000 75H00
QDA ISH0D
V0075600
DRI
Q0B /H800
0on 75900
GOO{GH0G
QOOT6 100
N0 76200
00a 76300
QOo76h00
Uy 76500
00076600
QO I6700
000 /6800
VOO /6900
noyaann
aou?zion
00077200
VN300
0onirhon

I'T REQUIRES. IHE NAMES OF JHE IWO FUNCTIONS MUST BEOGODOT 7500

0¢1



C

?(l(b

l‘l\';';[ﬁ 1O MULTIG YUROUGH Tt I\R()I'MINI LIST BY USING 00077600

FXTERNAL

A PARTIAL IRACE 1S AIWAYS GIVIN ALONG WILIL THE
SOLUTION vicion,
BY SELPING NDBUG TO 0 ANO SPEGHIYING WIHTH RPRINT

THE NUNIBER OF ROWS OF 11 SOLUTION AND RIGHT-NHAND

SIDE VECIORS 10 BE PRINIED, 1S IRACK WILL BF
VOLUMINOUS 1t MORE THAN h GRIBS ARE USED AKND
NPRINT IS TARGER THAN %,

COMMON /TRACE/IN, 1 P, NOBUG, NPRINT, NiNI
COMMON /CONIRL/ RLEVEL, 10[ , WMAX

COMMON /SI1ZT /RROW(20) ,NCOL ‘2‘(;),NP()INI (20),HVAL (20), XMIN, XMAX,

YMIN, YMAX
INTEGER NOFRNT, PRNT, SHORT, LONG, NOP1 01, PLOT, NOSVEG, SVEG,
NURNS, RIS
DIMINSION FPS{20), LRRY IM(20) .
DAFA NOPRNT, SHORT, NOPLOT, NOSVLG, Nonnq/hﬁo/,
PRNT, 1 ONG, PLOT, SVEG, RIS/5%1/

(ers()-tm
KLEVEL
MAXI VL -NLEVEL
FRREAM{ 1) -1 B30
ERR- 1, £130

WORK -0,
DLLTA=, 2

FiA-.8

WRETE(LP, 10 )JRAXEVL, 101, WHAX

PERIORM THE MULTIGRID PROCESS - RELAXALION SWEEPS,
CALCULATION OF RESIDUALS, AND INJECTION OF RESIDUALS

CONRTINUL

FRRPRV-ERR
PERFORM A GAUSS-SLIDIL REUAXAVION SWIEP

CALL RLLAX(KLEVEL , RESSUM, D1EMAX, KR, UAV)
VE{NDRUG.NF O )CALE RESULT{KLEVET , NOPRNY, SHORT, P1 O,
SVEC, HORNS )

WORIC WORK#1i, %% ( | =KI EVED )

11 (NDBUG.NELO)WRITL (1P, h0)

FRRIOG--1.0t 70

PE(ERR.GELO.0)ERRLOG ALOGIO(LRR)

WRITE(L P, 15)KIFVEL, DIEMAX, ERR, CRRI OG, WORK

DETERMING 1T 1HE WORK L {MIT NAS BEFN EXCEEDED

AN EXPANDLD IRACI. CAN Bf OBIAINED

0our 100
007 /800
voo 7 /900
00078000
00078100
00078200
0vul18300
ouu78huy
Q0078500
VRO 78600
Qw6700
00078600
0vOnI8vno
OUO /9000
00079100
O/ 9200
G0 79300
Q0079400
000 79%u0
00079600
000129100
00079800
anG 79900
VOUBNOHHO
0GHB0 100
00uso200
00080300
00UB0NLO
0080500
00080600
00080700
00u8u8HY
00080900
00081000
00081100
0ou8 1200
GOuB 1300
00081400
00081500
00081600
0ougting
00081800
00081900
00082000
00082 100
0OOB2200
00082100
00ug2tton
OO0B2500
00082600
006E2 700
00082300
00082900
00083000
ounsl oo
0nug 3200
V083205
wous32io
0b083I300
00083400
00083500
006383600
00083700
00083800

DODCOO OGO [2X<X<]

o0 oonona

Doado0o0

aoacoon0n

SCcoo

220

230

2h0

1F(WORK, LLT.WMAX) GO 10 220 00083900
TUBETTIT

LIMIT EXCEEDED = PRINT SOLUTION VECTOR AND QUi 1DOOBH TUO
0ODGRU2HY

WRITE(IP,200) 0oaaH300
KLEVEL= ) aooshnon
CALL RESUL(KLEVELL, PRNI, SHORT, PLOY, SVI €, NORNS) Qoushihng
RETURN 0008h600
onapi /oo

DI HERMINE 1F CONVERGINCE IS fAST ENOUGH onoghgouo

. anoughaon
VELERR.LILEPS{KITVEL)) GO 10 2n0 0UOBHOOO
HousH 100

CONIINUF IHE RELAXATION SWUEPS |F IHE PRESENT  QuoB%H200

GRID IS IHE COARSESI GRID OR 1f THE RALVF O) 00089300
CONVERGLNCE 1S WITHIN THE DESIRED RANGE onuaLlno

O’ 11 THE CRROR 1S CONVERGING AS RLQUIRED (LU RVTHY]
OREUYATT

PECKLIVEL . FQ.MAXEVE LOR. TRR/FRRPRY LY. CIA) oBugh /oo
GO 10 200 oaugHsan
0Ba89900

BOOBGHONO

DETLRMINE IFf JHE PROCESS ON THE COARSIR GREDSOOOBG 100

IS REDUCING THE ERKOR ON THE PRESEFNT GRID auus6200
O0HBL 300

VE(ERRLLEVERRLIM(KILEVIL))GO 10 230 QOOHAD]
00BBGHIN

LLIMINATE THE COARSFR GRIDS FROM USF QOOBLEOO

noos6 (o0

NXTLVL =KL LVEL +1 oonas o
WRLTE(LP, 50 )NX1E VL, MAXLVL BOVB6HI20
MAXLVI =KL LVEL QOUBGBOY

GO 10 200 00086900

NuHs 7000
0aug /1100
aoos 7200
HIE CONVERGONCE S SLOW - FAKE TIE RESIDUALS ouog 73on
THAT WOULD RESULT TROM ANOTHER RE)AXAYION SWIt FOOOS 7H00
10 A COARSER GRID. anag 7500
QOB /600
wonos 7100

ERRI IM{KIEVEL )=ERR Baeg 7800
ERRUAM{KLLVEL+1)=1_130 QuOy /960
CALL RESCAL(KLEVFL) QUN88000
KlIVHAklvaHI RUGEHEIHE
FT(NOBUG.NE.O)CALL RESULT(KLEVFL, PRNIT, SHORT, PLOT, ouosslun
NOSVI C, NORHS ) 0ousBIng

EPS(KLIVEL) DEL VA"TRR VooBsvHOO
CALL ZERO{WLEVEL) Qoosssboo
ERR=1.01 30 UNBBBGOO
30 10 200 unoBs o0
HousssLY

000839090

[IRDRITH
auasy oy
1t ERROR TOR THEIS GRID IS WIIHIN SPLCHELED 0008Y200
TOLIRANCES. If 11k CURKINT GRID 1S NOV THE 0OBB9I300
FINE GRID, INJUGE THE SOLUTION OF THE CURRENT  0O0UB9hON

RESIDUAL EQUATION INTO THE NEXT FINER GRID, 000894500
[QOTRSIANY

EI(KLEVIL.NF.T) GO 10 2%0 GOOBY 00
vuosLBOY

THE RESIDUAL ON 1L FINE GRID 1S HUOEYIOH

WETHIN 100 SPECTEICD 1OLFRANCE SO QU VOOYGOOL

aOvYn 100

1¢1



V(m

[H
[H
H00

«
«
600
(A

4

JCHAX= L OC(JROW)

BPY -BROW( L ROW)
RPOS- BNDLOG(BPT)

DO hooo JC JCMIN, JCHMAX
UOLD-UL4c)
CHICK TOR BOUNDARY POINY .
TF(BPOS.EQ..IC)Y GO 10 60
GIUFRWIST USE A W-P) MOI ECULE
UJC) . 25 (U(IC-1 1 RU(JCHT ) +U(IN)HU(IS)-T(JC))
GO 10 4800

BIYP=BNDIYP(BIT)
BPI=BPI+1
BErOS=BNDLOC(BI L)
CIECK TOR DIRICHLET POINT
H(BIYP.1Q.0) GO 10 B0

SLLECT THE INDICATED COMPUTATIONAL
MOLECULF

X X X X X X
X X2 X3IX XX SX X6 TX X8 X9X
X X X X

10, 81,102,113 HOFCKER MOl FCULE

GO 10( 100, 200, 300,400, 500,600, 700, 800,900,
1000, 1100, 1200, 1300), BIYP

WICH=. 29 (U(IN)+U(JS)HU(ICHT ) rU(ICHT)=F(JC))
GO 10 4800

VIC)=. 25 % (BIN)HI(IS)H0(IC= 1) HU(IG=1)=F (JEC) )
GO 10 idu0

V(AC) . 25 (UEIN) tUCIN) HU(ICH 1) 40(IC-1)-T(IC))
GO 10 4800

UIC) = 25% (IS )HO(JIS) tUICHT)HU(IC=1)-T(JC))
GO 1O L8000

UCIC) = 255 (U(IN) tU{IN) 1D(ICHI ) U(ICHI) =T (JC))
GO 10 1800

ULIC) - 29 [U{JIN) YUIN) +U(JC=1)+0(JC=1) -1 (JC))
GO 10 4800

00096700
00096800
00096900
0OV9 7000
00¢97100
0B 7200
000917300
00097400
0u097500
00091600
00097700
00097800
00091900
Q0098000
0009y 1o
00098200
00098300
00098400
00N9850Y
00098600
00098100
00098800
00098900
00099000
00099100
00099200
00099300
00099400
a0099500
00099600
00099700
99800
00099900
Q0100000
08100100
00100200
00100300
00100400
a0 100500
00100600
0O 100700
00100800
00 1OVYHO
00101000
0001100
00101200
00101300
0010 1400
0uin1500
0U 0 1600
00101700
DR LAR:IVY]
outn19o0
00102000
00102100
00102200
00102300
00102400
ou 102500
00102600
00 Iu2 700
0n102800
00102900
00103000
no103100

anooae

250

o0co
-\
o

acow
SEN -
oow

[aooon

aoc

a0

CALL RESUN T(KLEVEL, PRNT,LONG, PLO)D, SVEC, NORNS)
< RUTURN

INJECH THE RLSIDUAL - INITRPOLATE 11 AND
ADD TO THU NIXV FINCR GRID

CALL INTAUD(KUEVEL )

KLEVEL -KIEVEL =1

TF(NDRUG, GF . 100 )CALL RESUL T(KEFVEL , PRNT, SHIORT, F10O1,
SVEC, NORIIS)

[RR=1.0E30

GO 10 200

FORMAT (111
FORMAL({ 1HIT,5K,'-- MUILTIG --"//

1IX, "MAXI VL, FOL,WHAX' , 15,2620, 1)
TORMAT(GX, 1Y, hE15.7)
FORMAT( 110, 10X, ' =~ WORK L IMIT EXCEEDED -=')
FORMAL(/8X, ' LEVEL,DIFMAX, ERR, ERRI OG, WORK"® )
FORMAT{ /11X, "DROPPING GRIDS *,15,' 10 ', 15/7)

[NOD

SUBROUTINE RELAX( I EVEL,RESSUM, DIFMAX, [RR, UAV)
RELAX == PERIORM A REFAXATION SWEEP ON GRID LEVEL

INTEGFR BPT,BPOS,BTYP

INFEGER SLVE, BIVL, RIGHT, RLOGC, NLOG, SLOG, BNDLOC, BROW, BI OC,
BNDTYP

COMMON / IRAGE/ 1N, LP, NDBUG, NPRINT, NINI

COMMON /POINT/SEVE(20),BLVL(20),LETT(H00),RIGI(100),
LLOC(HO0), REOC{HO0), NLOC{HON), STOC(HON ), BNDLOC( 1000,
BNDTYP( 1000 ), BROW( 100, BLOC( 1000

COMMON /S 12F /NROW{ 20), NCOL (20 ), NPOINT(20) ,1IVAI (20) , XMIN, XMAX,
YMIN, YMAX

COMMON /STORL/ZU(5000), 1 {5000)

HEINDBUG. NI LO)WRITL(LP, 10} EVEL

usuM-n,
RISSUM-0,
DIITMAX=0,

1 RUW-BLVE (LLVEL )
JMIN=SLVL(LEVEL )
JMAX-SIVL{LEVEL+1)=1
DO 6001 JROW-IMIN, JMAX

IN=NLOC( JROW)
JCMEN:LEOC(JROW)
JSSLOC(JROW)

009200
0O 300
VOOY0HH0
0OOYNHON
ONUIGHH
QUL 00
OBIBHBLO
[{TD AU
GUOY 100
[IINEERTI
00091200
QoY 1300
0009 thinn
0NUOY 1%00
OO DEYATI]
0U0Y T /00
Q0O 180H0

G009 1900

BOHY2000
QUOI tO0
0uBYZ 200
0N0H92 300
[IRDRITI
000Y2500
00092650
00092 (0
0uGYr 8Ly
0092900
00093000
00093100
06013200
000931300
QuOY 0N
0009 3500
0DOYIGHN
00093700
QD09 3RO
VOOY 3900
0009L0ND
(O DRI
00aYn2on
QOOYH U0
VOONYHLOO
VOAIHSTH)
GOOINGH0O
000YH 700
VUO9HBHY
0OOBYIL90Y
GO9S 00u0
0HN9s 100
UOH9YLL 0N
0009 300
0OOYHIN
0OVYHLHHO
00095600
00094 700
00UI5800
00095900
0006000
GOVYG6 100
000962200
Qun96 300
GOuv6hon
GOVYGHHN
00096600

24



oo
S

[
1100

C

C .
1?00
s

G

1300
$

C
[N
hann

«

hnoo
[H
(W
C
6CH00
«

G
(¥

WG )=, ?"'(\l(JS)OU( JS)HUICHN ) HU( KIRAREIA NI
GO 10 4800

HEIC) = 299 (VIS )HU(US) +U(JC~- 1) +U(IC-1)-F(JC))
GO 104800

U(IC) . 25" (U(IN) OIS HUJCHE)HU(IC-1)=F(IC))
GO 10 hgon

uic)= (u(.c I)OU(DN)O? w(U(JCHI)HU(IS)) -
1{Jc))/6.
GO 10 hguvo ’

UEIG) = (UICHT) SULIN)+2. % (U(JC=1) +U(IS) ) -
1(JC))/6.

GO 10 400

WEIC)- (UG- 1) HI(JS)+2. % (U(ICH ) HI(IN) ) -
F(JC))/6.
GO 10 1800
B(IC)=(UEICHTJHU(IS )42, 9 (U(IC-T1)+U(IN) ) -
1(JC)) /6.
GO 10 4800
IN:INEL
JS IS+
DITI=ABS(U(.IC)-UOLD)
RESSUM=RESSUMADITF
USHM- USUMTABS (U{JG))
PEQOIEMAX. LT DIFF)DIFMAX=DITF

CONYINUE
LROW={ ROW+ |

CONI I NUF
DETTRMING THE AVERAGE RISIDUAL

CRE-RESSUM/TLOAL(NPOINT(LEVIL))

VAV USIM/TLOAT(NPOINE(LEVIL))

RIVURN

FORMAL(//6X, " =-= RILAX === (LEVILY, 15, )')

LD

00103200
00103300
00103400
00103500
00103600
0013700
00103800
HU103900
00 10h0B0
so10400
0010h200
00104300
00 10LLO0
0108500
0010600
004 700
oorot8on
001014900
00165000
a5 100
00105200
0ou10%300
00105800
GO105500
00105600
0105700
0185800
V0105900
00106000
Co106 10
00106200
00106300
G 1I6H0V0
00106500
00146600
00106700
0106800
00106900
oUI07000
00 to7100
0107200
00107300
00107400
08107500
00107600
017700
00107800
00107900
00108000
o108 1m0
opivs2uu
00108300
010shyy
un 18560
0008600
Ou108700
00108800
00108900
00109000
Q0109100
00109200
00109300
HH1GNMO0
00109600
00109700

[oco

HOOO a0

aco

te]

oo0as o

SO0

ae

L7 27

SUBROUTINE RESCAL(LLVEL)
«
RELAX -- PERFORM A RELAXALION SWELEP ON GRID LIVFEL
N ORDER 10 CALCULATE THE COARSE RISIDUAL

INIEGIR BPT,BPOS, BIYP, RSWA, RSWB, GPI, SP1, 1P)

INTEGLR SLVE, BLVE, RIGHT, RLOC, NILOG, ST 0OC, BNDLOC, BROW, 81 OC,
BNDIYP

COMMON /TRACE/IN,LP, NDBUG, NFRINY NINI

COMMON ZPOINT/ZSLYIL20), BUVE{20), LEF T{HO0), RIGHI(hOO),
LLOC(HU0Y, RLOC( 10O ), NLOT(ROO }, STOC(H00), BNDLOC{1000),

) ANDIYPL tOOD ), urmwunn) Bt ocy mun)

COMMON /SI7[/HR(IW( 20),BCOL{R0) , HPQINT{20),NVAL (20}, XMIN, XMAX,
YMIN, YMAX

COMMON /slnu[/U(ﬁnooj.r(suou)

DIMENSION USAVI(2, 100}

DATA SCALE/h.0/

IF(NDBUG, NELO)WREFEQI P, 10)LEVEL

LROW=BI VL (1 EVEL 1)
JROW-SIVL{1EVEL)
KMAX=SIVL(LEVLL$2)=1
KMIN=SLVL(VEVEL41)

DO 60006 KROW= KMIN, KMAX
IN-NLOC(JROW)
S SLOG(JROW)
JC=01LOC{ JROW)

BPI=BROW({{ ROW)
BPrOS—-ONDI OU(BPI)

KCMIN~LL OC{ KROW)
KCMAX-RI OC(KROW )

DO WO KG=KCMIN, KCHAX

CHECK FOR A BOUNDARY POINT
1H(BPrOS,. LQ.KC) GO 10 6O
OHUERWISE USF A h=-pPt MOIECULE
uVA|-{U(JL 1IHI(ICH 1 ) HIINYHU(IS)-F(JC))
GO 10 48

BIYP-BRDIYP{UPIT)
BPE=Bried
BPOS-ANDI OC(BPY )
GIFCK FOR DIRICHEEYT POINI
IT(BIYP.NFE . O)GO 10 90

UVAL = U(JC)

Ho 109800
00169900
(LR REUTEIEY)
[INERIVANITH
0oriorzan
[INERTYRIT
QU LIohoR
0ot I05%00
0011660
(IR TYATS)
0010800
0BT IB900
[LHA R RIS
antition
(IR RRPIT
oo ien
ootlinon
vots00
0nE1Ienn
Quitlfog
00111800
001119430
0112000
00112100
ool2200
auge 3o
oo I2hoon
00112500
goi2oon
oul I
Gor12800
00112900
Qo iiong
oati3teon
0uL3200
00113300
0o 113h0n
031134500
Vol13600
0ot13/700
no1i3snn
onl3aon
(LA R EIE)
[CIRR RN}
Qo114 0o0
HOERERIT

SO thhon

001500
QO IGO0
(IR R LINATH
Ou1 Hhison
0011900
0D 1000
oS a0
GUHE9200
0115360
aerishoeo
a01155%00
G0 115660
QoS 00
[ A BT
untsvng
Q01161100
0016100
QU600

A



how
<
[
500
G

[#
600
100
ano

900
C
«
1000
C

1ion

1200

Go

10 haoo

SELEGT IHL INDECAIED COMPUTATIONAL
MOLTCUTE

X
X X
X

10

X X X X X
2 XIN X 5X X6 IX X8 X9X
X X X X X

L12,13 HOFCKER MOLTCULE

GO 10 100,200, 3040, hOv, HOH0, 600, 700, 8LO, 200,

1000, 110G, 1200, 1300) ,81YP

UVAL = {U{INJSULIS ) +UICH T ) PULICHT ) =T (JC))

GO 10 hpon

GO

UVAL - (U(JIN) #U(JS)+0(IC= 1) HI(IC=1) =T (JC))
10 1800

UVAL= {U{JN) FUCIND O 1) HU(IC=1)=F () )

GO 10 u8on

UVALT (B{JS ) +U{IS)HU(JCHT ) +U(JC=1 ) =T (JC) )

GO 0 hann

UVAI.=(U(.l“)*U(JN)i'U(J()' 1}+UICH)-F(JC))

GO 10 h80o

UVAL= {UIR)HU{IN) +U{IC-1 )+ JC-1 }=F(UC))
GO 10 4800

DVAL= (U(JS JHU(IS)HU{JCHT JHU(ICH )=F(JC) )

GO 10 h80oo

UVAL = (U{JS)4U(IS)+B{IC= 1} +ULIC-1)-T(IC) )

GO 10 hgho

UVAL - (U(JNJHULIS) HULICH L) +U(IC-1) =T {JE) )

GO 10 h800

UVAL-U(JC=1)HU(IN) #2. #(ULICHT ) HI{IS) ) ~F{JT)

GO 10 Hi00

UVAL=U(JCHEYHULUN) 2. % (U(JC=-1)H(JS) )-F(JIC)

GO 10 K700

UVAL-U(JC-TJHU{IS )42, RULICHT JHULIN) ) =T (JC)

GO- 10 w700

00116300
001 16h00
0116500
00116600
BoO1IGTOD
00116800
00116900
00117000
(AR RAILY]
00117200
00117300
00112460
Go117500
VG 1I600
Q0117700
0er17800
00117900
[(VRRT-TEI0
00118100
00118200
00118300
Q118400
00118%00
18600
00118 /00
10118800
o0 18900
00113000
00119100
00119200
00119300
au119h00
00119500
00119600
an119/00
00119800
00119900
ou 20000
001246100
00120200
00120300
00 120400
0u120500
00120600
00120700
0u 120800
oui12e900
0oi21000
00i21100
00121200
00121300
oui2thun
00121500
00121600
00121700
00121800
00121900
00122000
00122100
00122200
00122300
00122400
00122500
00122600
0022700

C
1300

c
hon

o

hB800

[sX+]

1900

a

G

hooo

[2]+]

o

6000

and oano

IzX+]

100
C

10

¢ UVAL=U(ICHT JHU(IS) 2. M (U(JC= 1) +U(IR) ) =1 (JIC)

GO 10 hioo

FUKG)=SCALE* (6. *U(JC)-UVAL)

GO 10 hooo

T{KC)- SCALE* (U, *U{5C)-UVAL )

NIVENTH 3]
NLENT T
JETA542

CONTINUY

JROW= JROW+2

1 ROW:=t ROWH Y

CONT INUE

RETURN

FORMAT(//6X, '~~~ RESCAL === (LEVFL',15,*

FND

SUBROUT INC ZERO(LEVEL )
ZERO == ZIRO GRID 1EVEL

INTEGER SLVLL, RBEVLE,RIGHT ,RLOG, NI OC, SLOC, BNDLOC, BROW, BLOC,
NOTYP

8

COMMON /POINT/SLYL{20),BLVI (20) 14 FFE(HUG), RIGHI{U00),
LLOC(100) , RLOC( A0 ), NLOC{ 400 ), SLOC( #00) , BNDL OC( 1000),
BROFYP( 1000 ), BROW({HOO), BLOC( 1000)

COMMON /S1ZE/NROW{ 20 ), NCOL (20), NPOINT{20) IIVAL{20), XMIN, XMAX,

; YMIN, YMAX
COMMON /STORE/ZU{5000), F{5000)

COMMON /IRACE/IN,UP NDDUG, NPRINT , NINT

tF(NDBUG.RE OJWRETELLP, TO)LFVEL

JHIN=SEVE(LEVEL)
JMAX: SEVE(LEVEL41)-1

KHIN-LLOC{JMIN)
KMAX=RIOC{ JMAX )

DO 100 K-KMIN, KMAX
U(K}-0.

CONTINUT

RITURN

FORMAT(//6X, " === 2FRO —-~ (LEVEL',15,"

')

D228
0122900
00123000
0123100
00123200
uot2iion
0012300
00123500
G0 123600
00123700
0u123800

00125900

wti2nen0
00ilh 100
HE2hZ00
0u12iien
QU0
Qo I2ho00
QUIZhL
Qo oo
aui2hson
au12u900
00 1Ha00
(I MU T
00129200
25300
0o 12%n00
0o 125%00
vOIZH6G00
Q25700
Qo 29900
BI26000
QU126 1H0
01262400
601263040
GuiZanno
0O 12650
[ P AT
0026100
DOIPOHAON
Qe 126900
oo ooy
127100
a2 7200

0nt2/300

o2 7hon
00121560
VU2 1600
ouvi2i700
0Ou12/7800
0127900
00128000
(ATt R ITIN]
Oui2ar00
QI8 300
uizahon
001284500
00128000
DORELFIIN
an 12800
Q28900
00129000
0ui29100
00129200
au 129300

vel
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SURROQUT INE INTADD(T Vi)

INTADD == INTERPOLATL TIHE SOLUTION O THE RESIDUAL
EQUAVION ON 11 COARSE GRID (LFVEL) AND ADD 11
10 THE NEXD FIRESY GRID.

INTEGER SIVI,BLVE,REGNT, REOC, NEOC, S1OC, BNDEOC, BROW, Bi 0C,
BNDTYP

INTEGER BPLIOP, BPTBOT, BPOST, BPOSH, CHLGKB

COMMON /STOREZU(5000) , 1 { H000)

COMMON /7POINT/SLVLL20),BIVE(20), LE1 T{h00), RIGHT (h00),

LEOG{H00), RLOC(HDO )Y, NLOGLRNO ), STOC{HN0 ), BNDLOC( 1000),

BUDTYP( 1000 ), BROW( 00 ), BLOC] 1000)

COMMON /SIZE/NROWE20), RCOE(20)  NPOINT{20), HVAL(20) , XMIN, XMAX,

YMIN, YMAX
COMMON / TRACL/ TN, UP, RDIUG, NPRINE, NINI
COMMON /DIPOIRT/ISPIR, KSITTR, NR, MAXROW, NSEG, KSEG( )
JUOTL(3), IBOIR(3),JEOPI(3), KBOTL(3),KIOPL(3)

LE(NDBUG NELO)WREFE(LP, 10)LEVEE

JSPIR-SLVL(TEVEL)
KSPIR-SLVE(LEVEL-T)
TROW-BIVI(HEVEE-1)

MAXROW- HROW(TEVFL)
DO 1000 N~ T, MAXROW
CAlL DIGIDE
BPIIOP=BROV(E ROV )
BPIBOI -BROV( L ROW)
Brosy BNDLOGC{BPETOP)
APOSY: BNDLOC(BPIBOT)
[ ROW-TROW#2
NO 800 JSEG-1,NSHG
JBMIN-ABOTELLISEG)
ABMAX: JBOIR(ISIG) -1
Ji-Jdtori (JstG)

K KBOTE(JSLG)
K1 KIOPE(JSFG)

VEERSEGLISEG). 10, 1)G0 10 500
100 TDGE (2 POINIS)
DO KOO I8 -JHMIN, JIMAX
TH(KB. NI . BPOSBIGO 10 320

00129400
00129500
00129600
00129700
00129800
70129900
001360000
00130100
00130200
00130300
00130000
06130500
00130600
00130700
001300800
Uil 1 30900
0u131000
0u131100
00131200
0u131300
00131400
00131500
00131600
60131700
QoE31800
00131900
00132000
00132100
00132200
00132300
00132400
10132500
oo 132600
00132700
00132800
00132900
00133000
00133100
vo133200
00133300
00133400
Q06133500
00133600
Q0133700
00133800
00133900
00134000
0ut3hion
00130200
00134300
0134100
6013500
00134600
Q0130700
00130800
00130900
00135000
00135100
00135200
Qu13s 00
Qu135400
0a 135500
V0135600
Qu135700
00135800

o

aco

320
330

o

anoe o

L0
350

Koo

M

N0

coOo 006 O _0

(2]

anon

520
930

(3]

o

oo

540
550

oon

560
570

TE(CRECKB(BPOSH, BPIROT) . £Q.0)GO 10 330

VKB }=UKB) tU(08)
KB-KB+1

(KB, NE.BPOSB)GD tO 300
1F(CHE CKB(BPOSE, BPIBOT)  £Q.0)GO 10 350

U(KB)-U(KB)+, SH(U(IBJ+U(IB+1)}
KB KB+

CONT ENUE

GO 10 800

CONT IRUT
4 POINIS
DO 600 JB-JBMIN, JAMAX
1T (KB, NE.BFOSR)GO 10 520
FF(CHICRB(BPOSE, BPIROL) . EQ.0)GO T2 530

W(KB): ULKB) H(IB)
KR-XO+

1T (KB, NEL.BPOSB)GO 10 5hQ

FE(CHICKB(BPOSE,BPIBOT) . L£Q.0)60 10 550

U{KB)=U{KB)+ . SH(u(an)suliel}))
KB KB+

IF(KI.NE.BPOST)GO 10 560
1T (CHECKB(BPOST,BPIIOP).LQ.0)GO 10 570

VKE)=U(KE)4. 5% (U(JR)40(IT))
Ki=Ki+l

BOKE)=U(KE )+, 25 (U{IB) +U{JB+1)+
W) H{TET))

Ki=K1+1

NIENIES)

0G01354%00
V0136000
00136100
136200
ou136300
QU 1364h00
Gorichon
0136600
G0 136700
00136800
OU136900
0u13/000
Midijon
00837200
(IR FRTHY
O3 hng
G013 /4%00
Gl 7onn
037 10
U380
137900
0138000
uol3stun
CIRRE RO
0138300
ou13ghon
00138500
00138600
0uY3s o0
001 3an00
Duingan
oui3gunn
0139100
auilveon
EOHERURUT
Q0130800
09139960
DO 39600
0a13gran
0N 139800
00139900
(AR L)
opthoton
0O OO0
[ ETIX T
L ETHTHE
Qo Thnson
QB THDOHY
onthn /o0
001hnsno

w0900

00000
auihtioo
0a N IZo0n
outh 1300
Gt oo
GO HE 500
00 thI60n
nolhrrson
ook a00
outhI900
VU 2000
VB2 oy
coh22o0
N A2 300

621
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‘(,nu CONT INUE
C
[
[ TAKL CARE Of ANY POINI ON THE RIGHT OF A FINE
C GRID SEGMINT TUAT IIAS NoT BEEN CHANGED
3
IT(KI. NI BPOSI)GO 10 620
[
1F(CHECKB(BPOST,BPITIOP) . [Q.0)GO 10 800
C
&
620 ULKT) = S (uan)rufat)) i
«
¢ !
800 CONT INUF
[
¢
C TAKE CARI Of IHF BOIIOM -POINT ON THT RIGHT SIDL OF
> THE LASE SLGMEN)
C
8
1F (KB, NE.BPOSD)GO 10 820
8
IT(CHECKB{RPOSH, BPIBOL) . £Q.0)GO 10 8ha
«
«
0820 U(KB) -U(KB)+U(JB)
[
C MOVE ROW POINIERS
«
ann JSPIR=JSPIRY
KSPIR-KSPIR+?
[
3
1000 CONT INUE
¢ .
3
¢
*REVORN
C
10 TORMAL(//6X, " ~=~ INIADD -=~- (LEVEL',19,' )')
[
END
C
C
[
[
’ FUNCHION CHECKR(BPOS,BPT)
¢
« DFPERMINL THE 1YPE OF 10 BOUNDARY POINE Al BPOS
o
INTEGER CHTCKB, BPOS,BP)
INTEGER SLVIE, BLVL, RIGHT, RI OC, Nt OC, S1OC, BNDIOC, BROW, M OC,
S BNDIY P
COMMON /POINT/SLVL(20),BIVI(20),LEET{300),RICHI{100)
S LEOC{H00), RLOC{ROO Y, NLOC(H00 ), STOC(UO0), BNDIOC( 1000),
S BNOLYE( 1000), BROW{HOD ), BLOC{ 1000)
C

(¥
CHECKB BNDTIYP(BPE)
BPE-BPIY
BIrOS  BNDLOC(HIPT)

00142400
00142500
00142600
00142700
0012800
00h2900
00 Th3000
00 1h3 100
0 thiz2uo
0013300
00143400
00153500
0013600
003700
QO hi3800
00143900
001 o0
SOMNI00
00 14h200
Q01,300
QU IhLLOO
00 14h500
(LR RILYTV)
Qulunzon
00 1hHB00
20V ul900
0015000
0015100
00145200
0V IS300
00154800
0015500
00145600
00 1h5700
001h5800
00115900
00146000
16100
00 1h6200
00146300
00146100
00146500
00146600
00146700
OuITH6800
QU690
00147000
00147100
DOH7200
QO HE7 300
0o t7h00
7500
OO 1R 7600
0017700
Oulh 800
0011900
00 118000
00148100
onihe200
0018300
GO148HOD
00148500
00148600
0U1H8 7100
a0 1hsson

oo

S oo

ooa

80

SoOCOON o0 o

100

RETURN
IND

SUBROUTANE DECIDE
DIMINSION L1AB(3,3

)
INTEGER SLVI,BIVE RIGHI,RIOC, NI OC, SLOG, BNDI OC, BROW, 11 OC,

BNOTYP

COMMON /POINI/SIVE(20),BLVL(20),1 F1V(H00), RIGHI(40D),
LLOC(H00) , REOC(HO0 Y, NLOC{ 400 ), SLOC{H00 ) , BNDI 0G({ 1000,

BNOIYP( 1000 ), BROW(HD0 ), B1 OC{ 1000)

COMMON /DPOINI/JSP IR, KSPIR, NROW, MAXROW, NSEG, KSEG(3),

JBOTL(3),JBOIR(3),JI0PL(3), KBOII(3),KIOPL(3)

DATA LYAB/1,3,1,1,3,1,2,h,2/

JBL=LEFI(JSPIR)
JBR-RIGH (ISPIR)

CHLCK TOR i 10P ROW OF

11 (NROW.NU . MAXROW)GO TO 80

Jit=-1
JIR= -1
GO 10 S5ho

JTL=LEF T(JSPIR$Y)
JIR=RIGIT (JSPTRT)

LROW=1
1V(JB1 . L1 JTL JLROW:-2
VE(IBL.GT UV )LROW-3

1CoL=1
IF{JBR.LT JIR)ICOL=2
TF(IBR.GI.JIR)LCOL=]

N=1 TAB(1I ROW, 1 COL )

GO 10 (100,200,300,H00),N

LEerpa

L pep—

[ [ A —
i #eaatt

GO 10 600

[ Jepep— [P, »

OC(JSPIR)
IC(JSPIR)
C(KSPIR)
C(JSPIR)
DC(KSPIR)

LT, ]

oR

COARSE GRID

L DT

[ e )

[ .

001489010
0019000
QORET AT
Q019200
0019 300
VO ThYHO0
O THOS00
0o 19600
009 700
Qo980
00 thyY00
00 iIS0000
Quisoton
019000
0010300
Vo ISVI00
00150500
VO H0LBO
oo 1h0 700
00 150800
00150900
oS ivon
ootb oo
051200
(IR SR R
001y oo
00151500
00151600
outh /oo
uois 1800
GO 191900
0UIH2000
vOIL2 100

00152600
00152 700
00152800
00152900
00153000
QO1H 3100
an153200
0153300
00153h00
an153s00
00153600
00153700
1o 153800
VU5 3900
00150000
soiHh o0
HuIsh2on
00154300
au1bhhoon
0noiLuLon
00I5H600
HBOILHT00D
00 15h800
Q0150900
0O 15000
auth 5100
00155200
00155300

9¢1



(¢
[

ng

'lﬂ()

| PP [ JE, L) L IRy PRpupaee )
NSTG-2
KSLG(1)+1
JBOTL(1)=L10C(JSPIR)
JBOFR(1)=RIOC{JSPIR)}-{JBR=-JIR)
KBOTLU(1)=LLOC(KSPIR)
JIGPY (1)=NLOC{ISPIR)
KIOPL( 1) -NLOC(KSPIR)
KSLG(2) 0
IBOTT (2)-JBOTR( T}
JBOTR(2)=JBR
KBOTI (2)=RLOC(KSPIR) = (JBR-)IR)*2
K10PH(2)-1

J1orL(2)=-1
GO 10 600

[ JE. " oRr LR PRS ——
W | [P L L Rpeppp. [ Jeppaa )

NSt G-2
KSIG(1)-0
JBOIL(1)=110C{JSPIR)
JBOIR( 1)=SLOC{JSPIRI1)
KBOI { 1)1 LOC{KSPIR)
JIOPE{V)==1
KIOP (1)--1
KSEGL2)=1
JBOIL{2}-MOIR(T)
JBOTR(2)=RLOG(JSPIR)
JTOPE (2)-LTOC{ISPIR+T)
KBOI1 (2)-SLOC(KSFIRHT)
KTOPE (2] - E1OC{KSPIRS) -
GO 10 600

| peppupspny |

| | [ P L]

NSEG -3
KSLGE1) 0
IBOTL(1)=1LOC(ASPIR)
JBOIR{ 1} =S10C{ISPIR#)
KBOH1{ 1)=LI OC(KSPIR)
JIOPL (1)=-1
Klort (1)=-1
KSEG(2) -1
ABOVE(2) = JROSR( V)
IBOTR(2)-RI OC(JSPIR)=(JRR=JIR)
JTOP (2)=L10C(ISPIRET)
KBOIL {2)-SLOC(KSPIRYE)
KIOPL(2) ~L1LQC(KSP IR )
KSFGE3) ¢
JBOIL(3)-JBOIR(R)
JBOIR(3}-RIOC(JISPIR)
KROLL(3) -RLOC(KSFIR)~(JBR-JIR)*2

JTOPL{3) -0
KIopi () -1
GO 10 600

Q0155400
00155500
00155600
Q0I5 700
00155800
00195900
00156000
00156100
HO56200
06156300
Q0156400
00156500
GL156600
G156 700
OB 156800
00156900
00157000
00157100
00157200
00157300
00157400
00157500
00152600
GO TT00
00157800
V0157900
a0 158000
00158100
00158200
00158300
00158400
v L8500
00158600
oo 158700
00158800
00158900
00159000
00159100
00159200
00159300
00159400
DG 199500
00159600
00159700
0a159800
00159900
00160000
06160100
00160200
00160300
H60H0O
00160500
00160600
00160700
uni6nsu0
00160900
DOI61000
Q0161100
0u161200
00161300
0016 Hh0o
OD161500
Q0161600
0161700
00161800

caenoe

[eX=2+}

600

20000

DOODOOANBOHTONCCADCANOTONOO

a0 o6

———=

Go 10 aui

RETURN
END

0G(JSPIR)
OC(JSPIR)
OC(KSPIR)

SUBROUT INE RESULT(LEVEL ,JPRNT,JLIN, JPLOF, JSOL,JRNS)

RESULT ~= PRINT ALL OR PART OF 1NE SOLULION VICTOR

LEVIL -~
JPRNT -~
0 -

1 -
JLEN --

1 -
JPOV -

J50t --
(

JRUS -~
0 -
|

INTEGER SiVE, BIvi,
BNDTYP

GRID 1O BE USHD

DO NOU PRINT EUTHLR THE SOLUTION VECTOR O
THE RI1GHT -UIAND SIDC
INABILE PRINVING Of THF SOLULION VICIOR OR
THE RIGHT-HAND SIDF

PRINT IHE NUMBER OF ROWS GIVIN DY NPRINY
FRIND ALL ROWS OF THE GRID

DO NOI £LO) EITIER THE SOLUTION VECIOR ORt
THE RIGHI-HAND S0t

FNABLE PRENIING OF 1HEL SOLUTION VECTOR OR
THE RIGHT-HAND SI1DE

DO NOF PRINI OR PLOE THE SOLUTION VECIOR
PRINT OR PLOI) FHE SOLUTION VECTOR T
ENABLED

DO NOT PRENI OR PLOT THE RIGHT-HARD SIDF
PRINT THE RIGHT-HAND SIDE AND GIVE A PLOY
tF PLOIS ARE ENABLED

RIGHTE, REOC, NI OG, SLOG, BHDI OC, BROW, B1 OC,

COMMON /IRACL/ N, L P, NUDUG, NPRINT, NIND

COMMON /POINL/SLVL(20),BIVE(20),LELT(400),RIGHT (H00),
LLOCG(00), REOC{HO0 ), ML OCE 00 ), SLOCLH0D ), BNDLOC( 1000),
BNDTYP({ 1000), BROW(H00), B OC( 1000)

COMMON /SI1ZE/NROW{ 200}, NCOL (20), NPOINE(20), HVAL (20), XMIN, XMAX,

YMIN, YMAX

COMMON /STORI /U(5000), | {5000)

DATA JSIZL/%000/

WRITE(I P, 10)LLVEL

00161900
QU I62000
00162 100
onie2au0
QUI62300
016208010
00162500
U626
0B162 700
62800
0no162900
Hoi63nua
00163100
a163000
00163300
U0 i163hn0
0163500
00163600
natodzon
00163800
00163900
QO Lohonn
OGN 10D
Go16h200
00164 300
0n16Hh 00
B 16IS0D
QuIGH6ON
ooiIGh 700
(U0
2O 16H%00
ani6L1on
QOIGH 1O
DHICH200
00165 0D
GHT65h00
00165500
GU16HG00
NOIGYH 00

GO HEHBO |

00169900
0Ou 16600
wa166 100
166200
266100
ouia6hon
(U Ta)
VO O6O0L
006166700
V0166800
VOGN
00167000
0167100
0061200
00161300
VOT6ThOO
D016 700
0uIG 7600
00161700
oo167800
67900
0168000
00168100
OBTO8I00
0168300

L2l
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HECIPRNT.FQ.O)GO YO 200
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