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P R E F A C E

The goal of th is  r e s e a r c h  w as  to ex tend  the th e o r e t ic a l  

u n d e rs ta n d in g  of e q u i l ib r iu m  and n o n - e q u i l ib r iu m  p r o p e r t i e s  of e l e c t r o 

ly te  so lu t io n s  a s  an  a id  to  the e s ta b l i s h m e n t  of c o r r e c t  p r e m i s e s .  The 

f r e e  v o lu m e  m o d e l  of p u re  l iq u id s  had  b e e n  an e f fe c t iv e  i n t e r p r e t iv e  

tool fo r  th a t  c l a s s  of s u b s ta n c e s .  A c o n s id e ra b le  e f fo r t  w as  expen d ed  

in th is  r e s e a r c h  in  an  e x te n s io n  of the m o d e l  to  b in a r y  n o n - e le c t r o ly te  

so lu t io n s .  The r e s u l t s  of the  t r e a t m e n t  a r e  i n t e r e s t i n g  and  use fu l ,  b u t  

they  did n o t  s u g g e s t  p ro f i ta b le  e x te n s io n  of the  m o d e l  to  e l e c t r o ly te s .  

T h is  d i s s e r t a t i o n  a p p e a r s  in  two d is ta n t ly  r e l a t e d  p a r t s ,  w ith  the n o n 

e le c t r o ly te  c o n tr ib u t io n  a s  P a r t  n.

F o r  p r a c t i c a l  r e a s o n s  the e l e c t r o ly te s  r e s e a r c h  w as  sh if te d  

f ro m  m o d e l  i n t e r p r e t a t i o n  of r e l a t iv e ly  s im p le  s y s t e m s  to  p h e n o m e n o 

lo g ic a l  d e s c r ip t io n  of c o m p le x  s y s t e m s .  T h is  c o n tr ib u t io n  a p p e a r s  a s  

P a r t  I  b e c a u s e  i t  h a s  r e q u i r e d  the  g r e a t e r  e f fo r t  and  the  r e s u l t s  a r e  r e 

g a rd e d  a s  the m o r e  s ig n if ic a n t .

The a u th o r  w is h e s  to  e x p r e s s  h is  g r a t i tu d e  to  D r .  G e o rg e

W. M u rp h y  who s u g g e s te d  and d i r e c te d  the p r e s e n t  r e s e a r c h .  He is

a lso  in d eb ted  to  th e  Office of Saline  W a te r s ,  U nited  S ta te s  D e p a r tm e n t

of the I n te r io r ,  w hose  g r a n t  u n d e r  C o n t ra c t  N u m b e r  1 4 - 0 1 - 0 0 1 - 1 9 1

ii i



m a d e  the r e s e a r c h  r e p o r te d  in P a r t  I p o s s ib le .  The g e n e r o s i ty  and 

h e lp fu ln e s s  o f  t h e  s ta f f  o f  t h e  U n iv e r s i ty  o f  O k lah o m a C o m p u te r  

L a b o r a t o r i e s  w as  a lso  g r e a t ly  a p p r e c ia te d .  F in a l ly  the  a u th o r  thanks 

the  fa c u l ty ,  s ta f f  and fe llo w  s tu d e n ts  of the C h e m is t r y  D e p a r tm e n t  fo r  

th e i r  f r i e n d s h ip  and e n c o u ra g e m e n t .
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TH EO RY  O F SOLUTIONS AND ION S E L E C T IV E  

M EM BRA N E PR O C ESSE S

P A R T  I

N O N-EQU ILIBRIUM  PR O C ESSE S IN E L E C T R O L Y T E S  

AND M EM B R A N E SYSTEMS

C H A P T E R  I

N O N -EQ U ILIBRIU M  THERM ODYNAM ICS

A s e r i o u s  s h o r tc o m in g  of the m e th o d  of c l a s s i c a l  th e r m o d y 

n a m ic s  is  th a t  i t s  r e s u l t s  a r e  va lid  only  fo r  s y s t e m s  w hich  a r e  a t  equi - 

l ib r iu m  or a r e  su b je c te d  to " r e v e r s i b l e "  p r o c e s s e s .  U n fo r tu n a te ly ,  no 

r e a l  s y s te m  i s  e v e r  c o m p le te ly  a t " e q u i l ib r iu m "  n o r  i s  any r e a l  p r o c e s s  

" r e v e r s i b l e . "  H ence , th e r e  i s  am obv ious  need  f o r  an e x te n s io n  of the 

th e o ry  of th e rm o d y n a m ic s  w h ich  w il l  in c lu d e  i r r e v e r s i b l e  p r o c e s s e s  .

D uring  the l a s t  tw en ty  y e a r s  a  r a t h e r  c o m p le te  s y s t e m  h a s  

b een  dev e lo p ed  fo r  a  m a c r o s c o p ic  th e o ry  of i r r e v e r s i b l e  p r o c e s s e s  . 

E x c e l le n t  r e v ie w s  of the  s u b je c t  a r e  g iv en  by P r ig o g in e  (1 ,2 ) ,  de G ro o t  

(3), and D enbigh (4) ; t h e r e f o r e ,  i t  is  n e c e s s a r y  h e r e  to p r e s e n t  only a

b r ie f  outline of the m a j o r  p r in c ip le s  of the d i s c ip l in e .

1
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P h e n o m e n o lo g ic a l  E q u a tio n s  

F o r  a long t im e  th e r e  have  e x is te d  m a n y  p h e n o m e n o lo g ic a l  

la w s  d e a l in g  w ith  i r r e v e r s i b l e  p r o c e s s e s  in  the  f o r m  of p r o p o r t i o n 

a l i t i e s .  F a m i l i a r  e x a m p le s  a r e  F i c k ’s law  of d if fu s io n  r e l a t in g  a  f lux  

of a  c o m p o n en t  in  a  m ix tu r e  to  i ts  c o n c e n t r a t io n  g ra d ie n t ;  O h m 's  law , 

w h ich  r e l a t e s  the  c u r r e n t  flow to a  p o te n t ia l  g r a d ie n t ;  and F o u r i e r ' s  

law , r e la t in g  the flow of h e a t  to  a t e m p e r a t u r e  g r a d ie n t .

The q u e s t io n  n a tu r a l ly  a r i s e s  a s  to  w h a t  i s  th e  e f fe c t  of two 

o r  m o r e  su ch  p r o c e s s e s  o c c u r r in g  s im u l ta n e o u s ly .  In tu i t io n  s u g g e s ts  

and  e x p e r ie n c e  p ro v e s  th a t  they  w il l  coup le  a n d  i n t e r f e r e  w ith  o n e  

a n o th e r .  A gain  a  n u m b e r  of e x a m p le s  cou ld  be g iven , su ch  as  the  two r e 

c ip r o c a l  p h e n o m e n a  of the  t h e r m o e le c t r i c i t y  a r i s i n g  f ro m  the  i n t e r f e r 

en ce  of the co nduc tion  of h e a t  and e l e c t r i c i t y , i . e .  the  P e l t i e r  e f fe c t  and 

th e  s o -c a l l e d  t h e r m o e le c t r i c  fo r c e .  The m a th e m a t i c a l  la w s  d e s c r ib in g  

su c h  c r o s s  p h e n o m e n a  zure t r u ly  "p h e n o m e n o lo g ic a l"  in  the  s e n se  th a t  

th e y  a r e  v e r i f ia b le  by e x p e r im e n t  and y e t  not in c lu d e d  in  the  th e o r y  of 

r e v e r s i b l e  th e r m o d y n a m ic s .

A s y s te m a t ic  a p p ro a c h  to  th e  p r o b le m s  p r e s e n t e d  by  i r r e v e r  - 

s ib le  p r o c e s s e s  is  b a s e d  on a  th e o r y  p u b l ish e d  by O n s a g e r  (5) and a 

l a t e r  r e f in e m e n t  by C a s im i r  (6 ). The m e th o d s  p r e s e n te d  by  O n s a g e r  

w e r e  soon u se d  to  f o rm u la te  a  s y s t e m a t i c  p h e n o m e n o lo g ic a l  d e s c r i p  -  

t io n  of the t r a n s p o r t  of h e a t  and m a t t e r  in  s y s t e m s  d e p a r t in g  f ro m  

th e rm o d y n a m ic  e q u i l ib r iu m  (1 ,3 ,  7, 8 ).



I r r e v e r s i b l e  p r o c e s s e s  c a n  b e s t  be d e s c r i b e d  in t e r m s  o i  

g e n e r a l iz e d  " f lu x e s "  J« (the flow of e l e c t r i c  c u r r e n t ,  h e a t ,  m a t t e r  , 

e t c . )  and g e n e r a l iz e d  " f o r c e s "  X^ (c o n c e n tra t io n  and t e m p e r a t u r e  g r a 

d ie n ts ,  e t c . ) .  De B o n d e r 's  t e r m  a f f in i t ie s  fo r  the  q u a n t i t ie s  X  ̂ is  p r o b 

ab ly  m o r e  a p p r o p r ia te  th a n  the  teirm  f o r c e s ,  b u t  the  l a t t e r  h a s  b e e n  

adopted  by m o s t  a u th o r s  and w il l  be u se d  in  the p r e s e n t  p a p e r .  The 

q u a n t i t ie s  J j  and X j  a r e  r e l a t e d  in  a  s e t  of p h e n o m e n o lo g ic a l  eq u a tio n s :

•^i=5Zj^i j ^  j

T aking  t h e  c lue  f ro m  e x p e r ie n c e  w ith  m a n y  i r r e v e r s i b l e  

p r o c e s s e s ,  i t  s e e m s  r e a s o n a b le  to  a s s u m e  th a t  the  c o e f f ic ie n ts  j 

w il l  r e m a in  c o n s ta n t  a s  long  a s  the s y s t e m  r e m a in s  no t too  f a r  f ro m  

e q u i l ib r iu m .  T h is  p r o p e r ty  of the ' s  c a n  be d e m o n s t r a t e d  th e o re  - 

t i c a l ly  (4, 5̂ , 6 , ) bu t m a th e m a t i c a l  c o m p le x i ty  h a s  th u s  f a r  p r e v e n te d  a  

good a n s w e r  to  the  q u e s t io n  as  to j u s t  how f a r  f r o m  e q u i l ib r iu m  i s  too 

f a r  (7).

In o r d e r  to d e m o n s t r a t e  a  v e r y  i n t e r e s t i n g  and u se fu l  p r o 

p e r ty  of the c o e f f ic ie n ts  L i j ,  O n s a g e r  m a d e  u s e  of the p r in c ip le  of 

m ic r o s c o p ic  r e v e r s i b i l i t y .  T h is  p r in c ip le ,  w h ich  i s  d i s c u s s e d  in  d e ta i l  

by T o lm an  (9̂ ) and F o w le r  and  G uggenhe im  (10), p o s tu la t e s  th a t ,  u n d e r  

e q u i l ib r iu m  co n d it io n s ,  any m o le c u la r  p r o c e s s  and the  r e v e r s e  of th a t  

p r o c e s s  w il l  be tak ing  p la c e  a t  the s a m e  r a t e .  T h e se  a u th o r s  show the 

p r in c ip le  to  be on sound q uan tum  t h e o r e t i c a l  g ro u n d .  The a p p a r e n t  i n 

c o m p a t ib i l i ty  of the p r in c ip le  of m ic r o s c o p ic  r e v e r s i b i l i t y  w ith  the f a c t



of m a c r o s c o p ic  i r r e v e r s i b i l i t y  i s  d i s c u s s e d  th o ro u g h ly  by dc- G ro o t (^) 

Using the g e n e r a l  m e th o d s  of s ta t i s t i c a l  m e c h a n ic s  and the p r in c ip le  of 

m ic ro s c o p ic  r e v e r s ib i l i t y ,  O n s a g e r  (5) show ed th a t  the m a t r ix  of c o e f 

f ic ie n ts  is  s y m m e t r i c a l ,  i . e .

L«ij  =  L i j i  (1)

if f o r c e s  X  ̂ and f luxes  J j  a r e  ch o sen  so th a t  the  r a t e  of e n t ro p y  p r o d u c 

tion is  g iven  by

d A S /d t  =  ( l / T ) E i  J i X i  . (2)

M any c h o ic e s  of the  f o r c e s  and f lu x e s  a r e  u s u a l ly  a v a i la b le  

w h ich  s a t i s fy  (2). H ow ever ,  so m e  c h o ic e s  m a y  be m o r e  su i ta b le  than 

o th e r s  fo r  b r in g in g  the p h e n o m e n o lo g ic a l  e q u a t io n s  in to  t e r m s  of v a r i 

a b le s  th a t  a r e  r e a d i ly  o b s e rv a b le .  M any p r o b le m s  w h ich  h a v e  p ro v e d  

qu ite  d if f ic u l t  o r  im p o ss ib le  to  so lve  u s in g  one s e t  of f o r c e s  and f luxes  

have r e a d i ly  y ie ld e d  to  so lu t io n  once a  su i ta b le  s e t  h as  b e e n  found . 

The m e th o d s  of t r a n s f o r m a t io n  f ro m  one s e t  of J j ' s  and X j ' s  to  a n o th e r  

is  d i s c u s s e d  in  d e ta i l  by P r ig o g in e  Q_), de G ro o t  (3), and M e ix n e r  (11). 

T h e se  a u th o r s  s ta te  th a t  in  o r d e r  to i n s u r e  the th e rm o d y n a m ic  e q u iv a 

le n c e  of two s e t s  of v a r i a b l e s ,  i t  i s  n e c e s s a r y  to  in s u r e  t h a t  the e n 

t ro p y  p ro d u c t io n  r a t e  r e m a in s  in v a r ia n t  u n d e r  th e  t r a n s f o r m a t io n ,  i . e .

T (d6 S /d t)  -  Z i J i X i  = i ; i j J  XÎ , ( 3 )

w h e re  J j  and X j  a r e  the new or t r a n s f o r m e d  s e t  of g e n e r a l i z e d  f luxes  

and f o r c e s .  The condition  g iven  by (3) is  a l s o  su ff ic ie n t  if  o v e r a l l  c o n 

s e rv a t io n  of m a s s  and e n e rg y  a r e  not v io la ted  by the  t r a n s f o r m a t io n  (%) .
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E n tro p y  P ro d u c t io n  

Thus it  is  s een  th a t  the e n t ro p y  p ro d u c t io n  is  of fu ndam en ta l  

im p o r ta n c e  in the s tudy of a  s y s te m  in w hich  i r r e v e r s i b l e  p r o c e s s e s  

a r e  tak ing  p la c e .  H ence , i t  is  no t su f f ic ie n t  to d i s c u s s  the en tro p y  

p ro d u c tio n  q u a l i ta t iv e ly ,  but i t  w ill  be n e c e s s a r y  to d e r iv e  q u a n ti ta t iv e  

e x p r e s s io n s  fo r  d ^ S /d t  in  o r d e r  to p ro d u c e  a m a th e m a t ic a l  d e s c r ip t io n  

of n o n -e q u i l ib r iu m  p r o c e s s e s .

The e n t ro p y  of a  sy s te m ,  w hich  is  an e x te n s iv e  q u an ti ty  r e 

la t in g  to the s y s te m  as  a  w hole , can  v a r y  fo r  two r e a s o n s  and two r e a  - 

sons  only: e i th e r  by a  t r a n s p o r t  of h e a t  a c r o s s  the  b o u n d a ry  of the

s y s te m  o r  by p ro d u c t io n  of e n tro p y  by i r r e v e r s i b l e  p h e n o m e n a  tak ing  

p lace  w ith in  the s y s te m .  If we deno te  by dgS the e n t ro p y  being  t r a n s 

p o r te d  into a s y s te m  d u r in g  a  sp e c if ic  t im e  in te rv a l ,  and by djS the 

e n t ro p y  p ro d u ced  by i r r e v e r s i b l e  p r o c e s s e s  w ith in  the  s y s te m ,  then 

the to ta l  en tro p y  change fo r  the s y s te m  is  g iven  by

dS =  d e S + d i S .  (4)

The second  law  of th e rm o d y n a m ic s  s t a t e s  th a t

dgS =  d Q /T  ( r e v e r s ib le ) ,  d iS>0. (5)

Th is  fo rm u la t io n  of the seco n d  law is  v a l id  no m a t t e r  w h a t  the sp ec if ic  

cond it ions  u n d e r  w hich  the p r o c e s s  i s  c a r r i e d  out.

The f lux  of io n s  i s  the p r in c ip a l  topic to be d i s c u s s e d  in th is  

p a p e r .  T h is  pheno m en o n  is  found in s e v e r a l  s y s t e m s  w hich  a r e  p h y s i 

ca l ly  s im i la r ,  n a m e ly  so lu t io n s ,  c e l l s  w ith  and w ith o u t t r a n s f e r e n c e



and s y s te m s  of so lu t io n s  s e p a ra te d  by m e m b r a n e s .  We w il l  c o n s id e r  

the flux  of ions  in an e l e c t r i c  fie ld  in  so m e  d e ta i l ,  fo r  i t  w il l  be se e n  

th a t  the r e s u l t s  of su ch  c o n s id e ra t io n  can  be a p p lied  w ith  a  l i t t l e  g e n e 

r a l iz a t io n  to the r e m a in in g  s y s te m s  of i n t e r e s t .

Ion F lu x  in  Solu tion  w ith  E l e c t r i c  F ie ld  

F ig u re  1 r e p r e s e n t s  a  d i f f e r e n t ia l  v o lu m e  e le m e n t  of a  s o lu 

t ion  of som e e le c t r o ly te .

I A I I

F ig u re  1

L e t  us  conce ive  th a t  the im a g in a ry  p lane  A s e p a r a t e s  the v o lum e 

in to  two e le m e n ts  I and I I  w hich  p o s s e s s  a  d i f f e r e n c e  in  e l e c 

t ro ly te  c o n c e n tra t io n  and a  d if fe re n c e  in  e l e c t r i c a l  p o te n t ia l  

g iv ing  r i s e  to an  e l e c t r i c  f ie ld  w hose co m p o n e n t  n o r m a l  to p lane  A
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is  yî'- W riting  a  m a s s  b a lan ce  for the flux  of ions  a c r o s s  the p lane A, 

we have

-dn [ = d n p  = d^ £ ,  (6 )

w h e re  the function  { i is  the s o -c a l le d  " d e g re e  of a d v a n c e m e n t ."  The 

to ta l  c u r r e n t  I c a r r i e d  by the ions m o v in g  a c r o s s  A is  g iven  by

I = 2 ^ -z^F d  ^ . / d t  , (7)

if A is  of u n it  a r e a .

The f i r s t  law of th e rm o d y n a m ic s  f o r  th i s  s y s te m  h a s  the

f o rm

dU = d Q - p d V  + (yi'I-y{'I^)Idt,

and the d i f f e r e n t ia l  e n tro p y  change is  g iv en  by the  fo llow ing  fo rm u la  

due to  Gibbs:

dS =  ^ d U  + - |-  dV - ^ d n ^  - ^  dn fjj  (9 )

w h e re  and a r e  the c h e m ic a l  p o te n t ia ls  of the i^^ ion  in  p h a s e s  

I and II r e s p e c t iv e ly .  (T h is  fo rm u la t io n  of dS is  v a l id  if  w e a s s u m e  

th a t  S is  a  func tion  of , V, and nĵ  a lo n e .  T h is  w il l  be t r u e  in the 

a b se n c e  of v a r ia t io n  of p o la r iz a t io n  of m a t t e r  (12). ) C om bin ing , we 

ob ta in

dS = ^  i  2 ^  [(^F* 1+ .  ( z . r A  “f ) ]  .

The co m b in a tio n  of e l e c t r i c  and c h e m ic a l  p o te n t ia l s ,  z j F ^  + is  r e 

f e r r e d  to a s  the  e le c t r o c h e m ic a l  p o te n t ia l  and is  sy m b o l iz e d  T hus ,

dS =  (dQ /T )  + ( l / T ) y ^ A 7I i d ( i  , (10)



w hence ,

( d S / d t l i r r e v e r s i b U  = d / T ) 2 < l V i  ( ‘ D

C o m p a r in g  (11) w ith  (5) and (2) i t  i s  s een  th a t  and J^ 

w il l  s e rv e  a s  g e n e ra l iz e d  f o r c e s  and f lu x e s  fo r  fo rm u la t io n  of th is  

s y s te m  in i r r e v e r s i b l e  th e rm o d y n a m ic s .



CH A PTER  I I

SYSTEMS CONTAINING IO N -P E R M E A B L E  M EM BRANES

D onnan E q u i l ib r iu m  

If the im a g in a ry  p lane A in  F ig u re  1 i s  r e p la c e d  by a  m e m 

b r a n e  m , one h a s  the s i tu a t io n  r e p r e s e n te d  in F ig u r e  2. It o c c u r r e d  

to D onnan (13) in 1911 th a t  if  such  a  m e m b ra n e  t r a n s m i t s  c e r t a in  k in d s  

of io n s  but n o t  o th e r s ,  then  an unequal d i s t r ib u t io n  of the ions th a t  can  

p a s s  th ro u g h  the m e m b ra n e  m u s t  be s e t  up on e i th e r  s id e  a t e q u i l ib r iu m ,  

as  a  r e s u l t  of the  r e q u i r e m e n t  of e l e c t r i c a l  n e u t r a l i ty  on both  s id e s .  If, 

fo r  e x a m p le ,  p h a s e s  I and I I  a r e  so lu t io n s  of sod ium  c h lo r id e  w ith  d i f 

f e r e n t  c o n c e n t r a t io n s ,  and if the m e m b ra n e  p e r m i t s  the p a s s a g e  of 

so d iu m  ions only, a  flux of c a t io n s  w ill  take  p la c e  f ro m  p h a se  I to p hase  

I I  (a s su m in g  the in i t ia l  c o n c e n tra t io n  of I to be h ig h e r  in an th a t  of I I ) .  

Of c o u r s e ,  p r e s e r v a t io n  of e l e c t r i c a l  n e u t r a l i ty  of bo th  s id e s  m u s t  be 

m a in ta in e d  by u se  of e l e c t r o d e s  id e a l ly  r e v e r s i b l e  to  the anion w hich  

w il l  f u r n i s h  c h lo r id e  ions  to p h ase  I I  and r e m o v e  th e m  f ro m  I.

The th e o r e t ic a l  in v e s t ig a t io n  of the D onnan m e m b ra n e  e q u i 

l ib r iu m  ( ] ^  15, 16, 17) has  in the p a s t  o u tru n  i t s  e x p e r im e n ta l  s tu d y ,
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F ig u re  2

w hich  w a s  long confined  to  s y s te m s  co n ta in in g  co l lo id a l  o r  s e m i- c o l lo id a l  

ions  a s  no n d iffu s ib le  io n s ,  and to  a  few s y s t e m s  in w h ich  the f e r ro c y a n id e  

ion a c te d  a s  the non d iffu s ib le  s p e c ie s  in  co n junc tion  w ith  a  c o p p e r  f e r r o 

cyan ide  m e m b r a n e .  Donnan e q u i l ib r ia  in  w h ich  s m a l l  ions  a c t  a s  no n d if-  

fu s io le  s p e c ie s  cou ld  no t be s tu d ie s  s in c e  su itab le  m e m b r a n e s  w e r e  no t 

a v a i la b le .  Now, h o w e v e r ,  p e r m s e le c t i v e  m e m b ra n e s  len d  th e m s e lv e s  

a d m ira b ly  to th is  p u rp o s e .

Io n -S e le c t iv e  M e m b ra n e s  

T h e se  p e r m s e l e c t i v e  m e m b r a n e s  a r e  c o m p o se d  of so lid  p o ly 

e le c t r o ly te s  c o n s is t in g  of a  h y d ro c a rb o n  c r o s s l in k e d  sk e le to n  to w hich  

p o la r  g ro u p s  a r e  a t ta c h e d  (18,19). The p o la r  g ro u p s  m a y  be c h e m ic a l ly
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com bined  w ith  the bubutance of the m e m b r a n e . An ex am p le  of the f i ryt  

type is p rov ided  by the a n io n - s e le c t iv e  m e m b r a n e s  of S o llner  (20) 

T hese  m e m b ra n e s  a r e  m ade  by the a d s o rp t io n  of p ro ta m in e  c a t io n s  on 

n i t ro c e l lu lo s e  m e m b r a n e s . The second  type is  e x e m p lif ie d  by ox id ized  

n i t ro c e l lu lo s e  m e m b ra n e s  (2 1 ), w h e re  o x ida tion  h a s  p ro d u c e d  ca rb o x y l  

g ro u p s  p r e s u m a b ly  on the s ix th  c a rb o n  a to m  of the g lu co se  r e s id u e s .

In n u c le a r  su lfon ic  c a t io n -e x c h a n g e  r e s i n s  the bound g ro u p s  a r e  the 

-SO 3 - an io n s .  The c o u n te r  io n s ,c a t io n s  in  th e s e  l a s t  two c a s e s ,  m a y  

be c o n s id e re d  d i s s o c ia te d  f ro m  th is  s k e le to n .  The s m a l l  c a t io n s  in 

the v ic in ity  of the po lyan ion  can  m ove in to  an  a d ja c e n t  so lu tion  only to 

the ex ten t d e te rm in e d  by the r e la t io n  b e tw e e n  th e i r  t h e r m a l  e n e rg y  

and e le c t r o s ta t i c  a t t r a c t io n .  They can, h o w e v e r ,  m o v e  f r e e ly  in s id e  

the r e s in .

The m e c h a n is m  of ion t r a n s p o r t  w ith in  the m e m b ra n e  has  

r e c e iv e d  a g r e a t  d e a l  of th e o re t ic a l  a t te n t io n  (22 - 33). Q u a li ta t iv e ly  

the p r in c ip a l  id e a s  can  be s im p ly  s ta te d .  Ions c h a rg e d  o p p o s ite ly  to 

the fixed  c h a r g e s  on the m e m b ra n e  (gegen ions)  a r e  f r e e  to m ove in to  

and th rough  the p o r e s  of the m e m b ra n e ,  w hile  ions  of the sam e  c h a rg e  

(nebenions) a r e  r e s t r a in e d  f ro m  e n te r in g  the p o r e s  by e l e c t r o s ta t i c  

re p u ls io n .  If the p o re  s ize  is  s m a l l  enough, n eb en io n s  a r e  v i r tu a l ly  

exc luded . Any m e m b ra n e  w hich  is  a v a ila b le  a t p r e s e n t  m u s t  be a s s u m e d  

to be h e te ro p o ro u s ,  a m o sa ic  of w id e r  and n a r r o w e r  c h a n n e ls .  The 

o b se rv a b le  m e m b ra n e  e f fec ts  a re  the g r o s s  r e s u l t  of the p r o c e s s e s
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w hich  o c c u r  a c r o s a  the d if fe re n t  p o re s  and a r i s e  b e c a u s e  of thi i  i- 

in te ra c t io n .  C e r ta in  of the c o n se q u e n c e s  of h e te ro p o s i ty  we n -  

s t r e s s e d  by S o lln e r  (34 - 37). E le c t ro ly te  le a k a g e  (s im u ltaneous

t r a n s p o r t  of n eb en io n s  and g egen ions)  w ill  o c c u r  th ro u g h  the la rg e  

p o r e s .  M u lt iv a le n t  io n s  a r e  m u c h  m o re  r e s t r i c t e d  in th e i r  p e r m e a 

tion a c r o s s  the m e m b r a n e  than  u n iv a le n t  ions  b e c a u s e  t h e i r  high 

c h a rg e  p r e v e n ts  th e m , by e l e c t r i c  r e p u ls io n ,  f ro m  e n te r in g  n a r ro w  

p o re s  w h ic h  a r e  a c c e s s ib le  to u n iv a len t  ions  of the s a m e  s iz e .

With in c r e a s in g  c o n c e n t ra t io n  of the o u ts id e  e l e c t r o l y t e  

so lu t io n s ,  an  i n c r e a s in g  q u an ti ty  of e l e c t r o ly te ,  e q u iv a le n t  q u a n t i t ie s  

of an io n s  and c a t io n s ,  e n t e r s  the p o r e s .  The sp e c if ic  in f luence  of 

the m e m b r a n e  is  th e r e b y  d e c r e a s e d .  T h is  e x p la in s  why the ionic  

s e le c t iv i ty  of a  g iven  m e m b ra n e  d e c r e a s e s  if  the c o n c e n tra t io n  of 

the a d ja c e n t  e le c t r o ly te  so lu t io n s  i s  in c r e a s e d .

At any r a t e ,  the  v i r tu a l  t r a n s p o r ta t io n  of e l e c t r i c i ty  a c r o s s  

a p e r m s e le c t iv e  m e m b ra n e  i s  d iv id ed  b e tw een  an ions  and c a t io n s  in a  

p ro p o r t io n  w hich is  d i f f e r e n t  f ro m  the r a t io  o f  t h e  t r a n s f e r e n c e

n u m b e r  of th e se  ions  in f r e e  so lu t io n .  If a  m e m b ra n e  is  e x c lu s iv e ly

p e r m e a b le  to c a t io n s ,  the t r a n s f e r e n c e  n u m b e r  of the ca t io n  i n  the

m e m b ra n e  is  unity . T h is  is  id e a l  ion ic  s e le c t iv i ty .  F u r th e r m o r e ,

if a p e r m s e le c t i v e  m e m b ra n e  is  in te rp o s e d  b e tw een  two so lu tio n s  

of d i f f e r e n t  c o n c e n t r a t io n  of the s a m e  e le c t r o ly te ,  an e le c t ro m o t iv e  

fo rc e  a r i s e s  w hich  is  d i f f e re n t  f ro m  tha t  w h ich  would a r i s e  b e tw een
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the s a m e  two so lu t io n s  in  the a b s e n c e  of a  m e m b r a n e ,  i . e .  w ith  f r e e  

d iffu s io n . The e le c t r o m o t iv e  f o r c e s  a r i s i n g  in such  m e m b r a n e  c o n 

c e n t r a t io n  c h a in s  a r c  r e f e r r e d  to as  " c o n c e n t r a t io n  p o t e n t i a l s . "

M e m b ra n e s  of v e ry  low p o r o s i t y  o r  w ith  a  h igh  r a t io  of 

bound io n s  to p o re  v o lu m e  w ill  be n e a r ly  im p e r m e a b le  to  the d iffu s ion  

of s a l t s  and the c o n c e n t r a t io n  p o ten tia l  m a y  r e a c h  the m ag n itu d e  of 

the p o te n t ia l  d i f f e re n c e  w h ich  would a r i s e  b e tw een  two so lu t io n s  if 

they  w e re  co n n ec ted  to  e a c h  o th e r  th ro u g h  a  p a i r  of r e v e r s i b l e  e l e c 

t ro d e s  sp e c i f ic  fo r  e i th e r  the c a t io n s  o r  the a n io n s .  T h is  i s  the m a x 

im u m  p o s s ib le  va lue  fo r  the c o n c e n t r a t io n  p o te n t ia l ;  the lo w e r  l im i t  

i s  the  l iq u id  ju n c t io n  p o te n t ia l .  T hus ,  i t  i s  s e e n  th a t  c o n c e n t r a t io n  

c e l ls  w ith  and w ith o u t  t r a n s f e r e n c e  m a y  be  c o n s id e re d  a s  s p e c i a l  

c a s e s  of m e m b ra n e  s y s t e m s .

The th e o ry  of i r r e v e r s i b l e  th e r m o d y n a m ic s  a s  app lied  to 

m e m b ra n e  p r o c e s s e s  has  been  s tu d ied  by S p ie g lc r  (31). To e x p la in  

t r a n s p o r t  p r o c e s s e s  i n  m e m b r a n e s ,  he u s e d  a  s i m p l e  f r i c t io n a l  

m o d e l  w h ich  a f fo rd s  a  r e la t io n s h ip  b e tw e e n  the  c o e f f ic ie n ts  j w h ich  

s u p p le m e n ts  O n s a g e r ' s  r e c i p r o c a l  r e l a t io n s  (1). T h is  m o d e l  and i t s  

theoreticéü. c o n s e q u e n c e s  h as  b een  s tu d ie d  m o r e  e x te n s iv e ly  by M e a r e s  

and c o w o r k e r s  (38 - 42).

The O sm io n ic  P r o c e s s  

C o n s id e r  the s y s te m  of m e m b r a n e s  d e p ic te d  in  F ig u re  3. 

It i s  c o n s t r u c te d  of fo u r  m e m b r a n e s ,  a l t e r n a t e l y  c a t io n -  and a n i o n -
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s e le c t iv e ,  w h ich  e n c lo se  th r e e  c o m p a r tm e n ts  (S j, P ,  S 2 ) e a c h  c o n 

ta in ing  an aq u eo u s  so lu tion  of an  e l e c t r o ly te .  The e n t i r e  c e l l  is  i m 

m e r s e d  in  a  b r in e  (B) w hich  i s  m o r e  c o n c e n t r a te d  than  the so lu t io n  s 

in s id e  th e  c e l l .

C l A l C 2 A 2

B Si P Sz

c r

F ig u r e  3

F o r  s im p l ic i ty  of q u a l i ta t iv e  d i s c u s s io n  le t  us  s a y  th a t  

sod ium  c h lo r id e  is  the only  e l e c t r o ly te  p r e s e n t  in  the b r in e  and in 

the s o lu t io n s  S j ,  P ,  and S 2 . L e t  us a lso  a s s u m e  p e r f e c t  m e m b ra n e  

s e le c t iv i ty .

The c o n c e n tra t io n  g r a d ie n t  s e t  up a c r o s s  m e m b r a n e s  C j  

and A 2  w i l l  be r e s p o n s ib le  f o r  a  flux  of so d iu m  ions  f r o m  the b r in e  

in to  so lu t io n  S% and of c h lo r id e  ions  (in a n  e q u iv a le n t  am oun t)  in to  

so lu tion  8 3 . T h e  m a i n t e n a n c e  of e l e c t r i c a l  n e u t r a l i ty  i n  the S
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c o m p a r tm e n ts  w ill  r e q u i r e  a  s im u l ta n e o u s  f lux  of c a t io n s  f ro m  P  to 

S2  and of an ions  f ro m  P  to  S j .  Thus the S c o m p a r tm e n ts  w il l  be c o n 

c e n t r a te d  and the P  c o m p a r tm e n ts  w il l  be d e m in e r a l i z e d .  T h is  p r o c e s s  

w il l 'c o n t in u e  un til  the  Donnan e q u i l ib r iu m  c o n c e n t r a t io n s  a r e  a t ta in e d .

Since the d r iv in g  fo rc e  f o r  th is  p r o c e s s  i s  a  d i f f e r e n c e  in  

c o n c e n tra t io n  a c r o s s  m e m b r a n e s ,  i t  can  be c a l le d  o sm o t ic ;  and s in c e  

ionic  t r a n s p o r t  in  m e m b r a n e s  i s  a n  e s s e n t i a l  f e a tu r e ,  the o v e r a l l  p r o 

c e s s  h a s  b een  n a m e d  o sm io n ic  (43, 44).

The u se  of th is  p r o c e s s  fo r  the d e m in e r a l iz a t io n  of s a l in e  

w a te r  w as  e n v is io n e d  by M u rp h y  (45). The p r o c e s s  i s  s im i l a r  to 

e le c t r o d y a ly s i s ,  but h a s  the ad v an tag e  of r e q u i r in g  none of the conven  - 

t iona l p o w e r  s o u r c e s ,  su ch  a s  h e a t  and  e l e c t r i c i ty ,  e x c e p t  fo r  pum ps 

to m o v e  the  f lu id  s t r e a m s .  The p r in c ip le  of the  o s m io n ic  c e l l  h a s  b een  

v a l id a te d  by M u rp h y  and T a b e r  (46) and a  c o n s id e ra b le  am o u n t of e x 

p e r im e n ta l  w o rk  h a s  b een  p e r f o r m e d  by the S o u th e rn  R e s e a r c h  In s t i tu te  

u n d e r  c o n t r a c t  1 4 - 0 1 - 0 0 1  - 8 8  w ith  the O ffice of S a line  W a te r ,  United 

S ta te s  D e p a r tm e n t  of the I n te r io r .

F ig u re  1 can  be c o n s id e re d  a s  a  s c h e m a t ic  d ia g r a m  f o r  a 

s in g le  e f fe c t  o sm io n ic  c e l l .  If an  ad d i t io n a l  p a i r  o f  m e m b r a n e s  is  

added as  in  F ig u re  4, the d r iv in g  f o r c e  of the c e l l  arid h en ce  the  th e o 

r e t i c a l  am o u n t of d e m in e r a l iz a t io n  in  the P  c o m p a r tm e n t  w il l  be i n 

c r e a s e d .  Such c o n f ig u ra t io n  of m e m b r a n e s  i s  t e r m e d  a  double  e f f e c t  

c e l l .  F i g u r e  5 is  t h e n  s c h e m a t ic  f o r  a  t r i p l e  e f fe c t  c e l l .  T h is
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m u lt ip l ic a t io n  of e f fe c ts  by the  use  of a d d it io n a l  p a i r s  of m e m b r a n e s  

can  be con tinued  in d e f in i te ly .  D ia g ra m s  fo r  o th e r  p la u s ib le  m e m b r a n e  

co n f ig u ra t io n s  a r e  g iven  by M u rp h y  (47) .

C l Cz A z  C 3  A 3

B B

F ig u re  4

C l Cz Az C3 A 3  C 4  A4

B B

F ig u r e  5

T h e o re t ic a l  e x p r e s s io n s  fo r  the ion ic  f lu x e s  a r i s in g  in  o s m -  

ionic  d e m in e r a l iz a t io n  w e re  d e r iv e d  by M u rp h y  (47, 48) fo r  the s p e c ia l  

c a s e  of one e le c t r o ly te .  I t  i s  the p u rp o se  of the  p r e s e n t  r e s e a r c h  to 

ex ten d  M u rp h y 's  t r e a t m e n t  to  inc lude  any n u m b e r  of e l e c t r o l y te s .  A lso, 

m e m b ra n e  le a k a g e ,  w hich  w as  ig n o re d  in  p r e v io u s  t r e a tm e n t s ,  w il l  be 

c o n s id e re d  h e r e .



C H A PT E R  I I I

T H E O R E T IC A L

The n o m e n c la tu re  u se d  in  the p r e s e n t  t r e a t m e n t  i s  the s a m e  

as  th a t  u se d  by M urphy  and T a b e r  (48) w ith  a  few  e x c e p t io n s .  A s u m 

m a r y  of the  sy m b o ls  u se d  in  th is  p a p e r  i s  g iven  in  T a b le  1.

TA B L E  1 

SUMMARY O F  SYMBOLS

Aj sym bo l denoting  anion  p e r m e a b le  m e m b r a n e

TaI  an e le m e n t  of the t r a n s f o r m a t io n  m a t r i x  defined  by

(2 1 )

[ a - I ]  .  an e le m e n t  of the m a x t r i x  in v e r s e  to  A ap

B sym bo l denoting  b r in e  c o m p a r tm e n t

( s ]  m a t r i x  defined  by e q u a t io n  (43)

C^ c o n c e n tra t io n  of the i^^ ion  in re g io n  r

Ci sym bol deno ting  ca t io n  p e r m e a b le  m e m b ra n e

C^j c o n c e n tra t io n  of the ij^^ e l e c t r o ly te  in  re g io n  r

17
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D® gap be tw een  m e m b r a n e s ,  cm

D " ' th ic k n e ss  of m e m b ra n e  m , cm

D to ta l  gap be tw een  p ro b e  e le c t r o d e s :  D =  D® +

E i  p o ten tia l  of e le c t ro d e  r e v e r s i b l e  to  i^h jon

F  F a r a d a y  co n s ta n t:  9 6 ,4 9 4  c o u lo m b /g - e q u iv a le n t

G Gibbs f r e e  e n e rg y

I j  e l e c t r i c  c u r r e n t  d e n s i ty  c a r r i e d  by ion,

c o u lo m b s / s e c - c m ^

I to ta l  c u r r e n t  d e n s i ty

J j  f lux  of the j ion, g - i o n / c m ^ - s e c

p  c o m p a r tm e n t  in o sm io n ic  c e l l  b e in g  d e m in e r a l iz e d

R  g as  co n s ta n t

Sj c o m p a r tm e n t  in  o sm io n ic  c e l l  b e in g  e n r ic h e d

T ab so lu te  t e m p e r a tu r e

i, j  in d ic e s  r e f e r r i n g  to io n s  of o p p o s i te  p o la r i ty

k f  sp ec if ic  ion ic  co n d uc tance  of so lu t io n  s: k® =  C ? x f
J J J J

k ^  sp e c if ic  ion ic  conduc tance  of m e m b r a n e  m : k ^  —

k j , ^  co m bined  sp e c if ic  co n d u c tiv i ty  d e f in ed  by  (27)

k ®» ^  function  defined  by (30)

m  s u p e r s c r i p t  deno ting  g e n e r a l  m e m b r a n e

nj, nj g - ion  n u m b e r  of i th  and j th ion r e s p e c t iv e ly

n jj g -m o l  n u m b e r  of i j ^ ^  e le c t r o ly te
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n' n u m b e r  of s p e c ie s  of ions  of one p o l a r i t y

n"  n u m b e r  of s p e c i e s  of ions  of the o p p o s i te  p o l a r i t y

n to ta l  n u m b e r  of ionic  s p e c i e s :  n = n '  + n"

r  an i n t e g e r  u se d  in  s u b s c r i p t s

s sym bo l  denot ing  generad  so lu t ion

Vg ve lo c i ty  of the Sj s t r e a m s ,  c m / s e c

^p v e lo c i ty  of the P  s t r e a m

Zi c h a r g e  of the i^^  ion

a, /3 s u b s c r i p t s  denot ing  m a t r i x  e l e m e n t s

K r o n e c k e r  de l ta :  = 0( u 4  v) ; =  l ( u = v )

Xj e q u iv a len t  conduct iv i ty  of i  th  ion

Pi e l e c t r o c h e m i c a l  p o te n t ia l  of the i^^ ion

^i j  c h e m i c a l  po ten t ia l  of the  ij th  e l e c t r o l y t e

m a t r i c e s  def ined  by (2 0 ) and (2 1 )

n u m b e r  of g - io n s  of i  ion l i b e r a t e d  by c o m p le te  d is .  

so c ia t io n  of i j ^ h  e l e c t r o l y te  

V d e r i v a t iv e  n o r m a l  to a  p lane  o r  m e m b r a n e

A d i f f e r e n c e

Ç  s u m m a t io n  1 < a < n - 1

s u m m a t io n  1 ^  /3 S  n - 1 

^  s u m m a t io n  1 < i < n '

y
j  s u m m a t io n  n '  + 1 < j < n
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Ion F l u x e s  in  Solu t ions  of E l e c t r o l y t e !

Fol lowing M u rp h y  and T a b e r  (48), the b a s ic  eq u a t io n  r e l a t in g  

the flux and the e l e c t r o c h e m i c a l  po ten t ia l  g r a d i e n t  of the  1 ^^ ionic  

s p e c i e s  i s  g iven  by

J i  -  -CiXiAPi / |z i ! F ^  . (12)

In (48) the dep en d en ce  of the flux of the i-h ion on the g r a d i e n t s  of the 

e l e c t r o c h e m i c a l  p o te n t i a l s  of the o th e r  ionic  s p e c i e s  p r e s e n t  h a s  b e e n  

n eg le c ted .  Since th i s  e f fe c t  is  s m a l l  and would r e s u l t  in  s m a l l  c o r r e c 

t ion t e r m s  which  could  not  be app l ied  to any of the p r a c t i c a l  ap p l ic a t io n s  

c o n te m p la te d  h e r e ,  th i s  l o s s  of g e n e r a l i t y  s e e m s  ju s t i f i e d  (3,48,49, 50). 

M ig r a t io n  of the so lven t ,  which  would bo an i m p o r t a n t  e f fec t  only a t  

v e r y  h igh  c o n c e n t r a t i o n  g ra d ie n t s  (51) w il l  a l s o  be n e g le c t e d  h e r e .

The d e n s i ty  of e l e c t r i c  c u r r e n t  c a r r i e d  by the 1^^ ion is  r e l a t e d  

to the f lux  as

I i  =  Z i F J i  , (13)

and the to ta l  c u r r e n t  d e n s i ty  i s  g iven  by

I =  Ç l i  . (14)

The Gibbs f r e e  en e rg y  of a  p h a s e  con ta in ing  e l e c t r o l y t e s  is

g iven by

G = Ç n £ p i  + Ç n j ï î j .

The e l e c t r o c h e m i c a l  p o ten t ia l s  and JTj a p p e a r in g  in (15) p r e s e n t  

t h e m s e l v e s  n a t u r a l l y  a s  the " f o r c e s "  to be u s e d  in a  n o n - e q u i l i b r i u m  

th e r m o d y n a m i c  d e s c r i p t i o n  of ionic  t r a n s p o r t  in so lu t io n s  and th ro u g h

j (15)
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m e m b r a n e s .  How ever ,  th e se  p o t e n t i a l s ,  though they  p o s s e s s  d e f in i te  

pl i ys i ca l  s i g n i f i ca n ce ,  ar c  not ti'.e m o s t  convenient  s e t  of f o r c e s  for the  

fo rm u la t io n  of d e s ig n  e q u a t io n s .  M u rp h y  and T a b e r  (48) m e t  th is  d i f f i 

cul ty  by c o n c ep tu a l ly  com bin ing  the io n s  in to  n e u t r a l  co m p o u n d s  so th a t  

the c h e m i c a l  p o te n t i a l s  of th e se  c o m p o u n d s ,  w h ich  a r e  m e a s u r a b l e  , 

could be su b s t i tu ted  f o r  the ionic  e l e c t r o c h e m i c a l  p o t e n t i a l s .

I t  i s  a  c o m m o n  techn ique  f o r  i r r e v e r s i b l e  t h e r m o d y n a m i c s  to 

su b s t i tu te  a  t h e r m o d y n a m i c a l l y  e q u iv a le n t  s y s t e m  f o r  the  one ac tu a l ly  

u n d e r  c o n s id e r a t i o n  (2). Though the c o n c e p t  of ion ic  a s s o c i a t i o n  in to  

n e u t r a l  m o l e c u l e s  i s  an  a r t i f i c i a l  one,  the  eq u a t io n s  r e s u l t i n g  f r o m  

th i s  d ev ice  c o r r e c t l y  p r e d i c t  the ion ic  f lu x e s .  Th is  m e t h o d  has  b e e n  

used  in the  p r e s e n t  f o rm u la t io n .

In the  g e n e r a l  c a s e  t h e r e  w i l l  be a  to ta l  of n '  io n ic  s p e c i e s  of 

one p o l a r i t y  and n"  s p e c i e s  of the oppos i te  p o l a r i t y .  (It w i l l  be s t i p u 

l a t e d  t h a t  n ' < n ” . ) T h e se  n  ions  c a n  be c o m b in e d  in to  n '  x  n" n e u t r a l  

com po u n d s ,  of w h ich  the i j t h  com pound  i s  an  a s s o c i a t i o n  of ions

of c h a r g e  z j  and y j  ̂  i o n s  of c h a r g e  z j .  The cond i t ion

Zi y^ + Z j y j j  = 0  (16)

is  an  obvious  c o n s e q u e n c e .  E l e c t r o n e u t r a l i t y  of the s y s t e m  r e q u i r e s  

th a t

^ i  = £ ‘' V ^ i j  

T  i j
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Subs t i tu t ion  of (17) in  (15) g ives

G = E n i j C ' i  <‘ ®>

The  c h e m i c a l  p o te n t i a l s  of the n e u t r a l  e l e c t r o l y t e s  can  be d e 

fined as  fo l lows;

i j  1 1  J

whence  G =  ^ n  i j  j  • (20)

A s  an  e x a m p le  l e t  u s  c o n s id e r  a  s y s t e m  con ta in ing  m a g n e s iu m ,  

sod ium ,  and  c h lo r id e  ions  ( ind ica ted  by the s u b s c r i p t s  1, 2 and 3 r e s p e c 

t iv e ly .  In t h i s  c a s e  e qua t ions  (19) b e c o m e

C j 3  =  i ^ + 2 M3 ,

‘ ‘ 2 3  -  ' ‘ 2  ^3 .

In the g r a d i e n t  f o r m ,  (5) m a y  be w r i t t e n

9*1 j  =  >'iJ9*’i  + • (19)

E q u a t io n  (19) can  be v iew ed  as  a  r u l e  fo r  the t r a n s f o r m a t i o n  

of the s e t  of b a s i s  v e c t o r s  VMi and 9K  in to  the  new b a s i s  v e c t o r s  9 * i j  • 

The v e c t o r s  and 97^ def ine  an  n - d im e n s i o n a l  v e c t o r  sp ace ;  hence ,  

of the n ' x n "  v e c t o r s  9 * i j ,  only  n  of th e m  c an  be l i n e a r l y  i n d e p e n d e n t . 

The e l e c t r i c a l  p o te n t ia l  g r a d i e n t  w i th  r e s p e c t  to the n ^b  ion ic  s p e c i e s ,  

w h ich  c a n  be m e a s u r e d  by m e a n s  of p r o b e  e l e c t r o d e s  r e v e r s i b l e  to the 

n th  ion, is to be u s e d  as  one of the b a s i s  v e c t o r s  in  the  new s y s t e m  . 

H ence ,  only  n - 1 of the * 1  j ' s  m a y  be t ak en  f o r  the se t .  The fo llowing is  

a  con v en ien t  cho ice :
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l < r < n " ;  l < m n "  + r < n '  

0  < r < n "

'm n " + r ,  n '+ r  ’

+ r ,  r  + 1 *

T h e se  two " s u b s e t s "  wil l  give a  to ta l  of n - 1 l i n e a r l y  independen t  v e c 

t o r s ,  which,  a long w i th  c o m p le t e ly  de f ine  the v e c t o r  s p ace  in the

new s y s t e m .  F r o m  (19) i t  w i l l  be s e e n  th a t  VPij= VMj j ; i . e .  the o r d e r  

in  w h ich  the double  s u b s c r i p t  of VM is  w r i t t e n  i s  i m m a t e r i a l .  The t r a n s 

f o r m a t i o n  law (1 9 ) can  quite  n a t u r a l l y  be e x p r e s s e d  in  m a t r i x  nota t ion:

" ^ 1 , n ' +  1 “ - ^  -

A _
•

^ ^ n  _  1 , n"
L F z n V E n  J — L v P n J

(2 0 )

1  < r  < n"
1 < m n " +  r  <  n '

(2 1 )

0  < r  < n"

w h e r e

A m n " + r , m n " + r = C S ' ' î ï ’ " ' ' " '^
A m n "  + r ,  n ' +  r =  -

A n ' +  r ,  n ' + r  =  " n ' + r ’ ^ ^ ^

■^'4-  r  , r  + 1 =  " r ' - ^ l^  , r  + 1

A n ,  n  = ^

and a l l  o th e r  j  =  0  .

The r e l a t io n s h ip

En (22)

h a s  b e e n  u sed  in the f o rm u la t io n  of (2 0 ), w h ich  can  now be w r i t t e n  s im p ly

[v m ]= [a ]  M  (2 0 a)

w h e r e  |V/iJ and [vÂi] a r e  the  nxl  -  d i m e n s i o n a l  m a t r i c e s  of the c h e m ic a l
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and e l e c t r o c h e m i c a l  p o ten t ia l  g r a d i e n t s  r e s p e c t i v e l y ,  and [A] i s  the 

t r a n s f o r m a t i o n  m a t r i x .  Now l e t  u s  def ine  to be the e l e m e n t  of the 

[vmJ m a t r i x  w hose  f i r s t  s u b s c r i p t  i s  a , and VPjg to be the e l e m e n t

of the  [vmJ  m a t r i x ;  thus
n - 1

= 2  ( Z l )
0 .r l

The c o e f f ic ie n t s  L j  j  in  the  phén o m én o lo g ie  a l equa t ions  can

now be d e t e r m i n e d  by c o n s id e r in g  two s p e c i a l  c a s e s :

C ase  I :  V^a = 0 f o r  a l l  a

VP/3= (A -l ]g ,nFZnV En

=  - k ^  F  (2 2 )

1 =  - z „ V E n ^ ^  [^A n /  | (23)
jS- 1

C ase  n :  VE„ = 0, VMq =  0 f o r  a l l  a ^  o'

V P g -  lA -S g  . T " . '

J g  -  -kg [ A - g g _ . ' ? ^ . ' / | z g | F Z  (24,

I =  - ( V f - a . / D ^  k g  [ A - 9 g . , Z 8 / |  z g l  (25)
/3

We a r e  now in a  p o s i t io n  to s e t  up the eq u a t io n s  d e s i r e d :

J i =

f o r  the  co e f f ic ien t s  L  j  j c an  be ob ta ined  f r o m  (22) to  (25) a s  fo llows:

L  j j=" 1^6 Jj /5Vwj (withVMn=V>^i =  0  f o r  i #  j  )

L i j =  0  f o r  i f  j
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n j  =

L i n  = J i / 5 V P n ]  =  0  fo r  a l l  i )

(with VMi = 0  f o r  i j )

(with VM̂  = 0  f o r  a l l  i )

F r o m  the above it  w i l l  be s e e n  tha t  the p h e n o m e n o lo g ic a l  eq u a t io n s  w i l l  

have the f o r m :

51/5 VMn

I — - z  n ^  Î A Up, n / I  z /3 I

- ( l / F ) r Z ' / , k g [ A - l ] g  .T A /p g l  
0 - 0

J p =  -k  g , n ^ n ^ ^ n /  I ^
" L  J "  - ( k g / | z ^ | F 2 , E  [ A - ' ] g , . T ^

(26)

(27)

w h e re  K/3<n - 1 and a l l  s u m m a t io n s  a r e  f r o m  1 to n - 1. It  can  be s e e n  

tha t  O n s a g e r ' s  r e c i p r o c a l  r e l a t i o n s  (1) a r e  s a t i s f i e d  by e q u a t io n s  (26) 

and (27). L e t  us  take as  an ex a m p le  a  s y s t e m  con ta in ing  two ca t io n s  of 

va lency  + 1 a n d +2 and one an ion  of v a le n c y  -1 .  E q u a t io n s  (26) and (27) 

then  b e c o m e

J l  = - (ki /  F)  ( V E 3  -VAIJ3 / F ) ,

J Z  = - ( k 2 / F ) ( v E 3  “ VM2 3 / F ) ,

1 =  - V E 3  ( k j  +  2 k 2  - k 3 )

( k  1 VM1 3  + k2"'^/*23) •F
It  m a y  be s e e n  th a t  the equa t ion  f o r  J  j  i s  the s a m e  equa t ion  

a s  would ob ta in  if  on ly  io n s  1 and 3 w e r e  p r e s e n t .  The c u r r e n t ,  how - 

e v e r ,  i s  s e e n  to be an e x p l i c i t  func t ion  of a l l  t h r e e  ion ic  c o n c e n t r a t i o n s .
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Ion P e r m e a b l e  M e m b r a n e  P r o c e s s e s  

M u rp h y  and T a b e r ' s  t r e a t m e n t  (48) a s s u m e d  tha t  m e m b r a n e  

r e s i s t a n c e  w a s  neg l ig ib le  in c o m p a r i s o n  with  so lu t ion  r e s i s t a n c e .  A 

m o d i f ic a t io n  by L a c e y  (51) h a s  shown how th is  a s s u m p t i o n  m a y  be 

e l im in a te d .  He g ives  an equa t ion  of the f o r m

D / k f ' " ^  = ( D / k i ) ®  + ( D / k j ) " '  , (27)

w h e re  the v a lue  of k  f  ' ^  ob ta ined  f r o m  (2 9 ) i s  to be u sed  in  a l l  the f o l 

lowing e qua t ions  to  m a k e  th e m  v a l id  fo r  m e m b r a n e s  of n o n - z e r o  r e s i s t 

ance .  H ence ,  in th is  r e s p e c t ,  th is  t r e a t m e n t  i s  m o r e  g e n e r a l  than  th a t  

in ( ^ ) .

Single  m e m b r a n e  c e l l s . C o n s id e r  a  s y s t e m  in  w h ic h  an ion  - 

s e le c t iv e  m e m b r a n e  i s  p la c e d  b e tw ee n  two so lu t io n s  e n c lo s e d  by a  s e t  of 

w ork ing  e l e c t r o d e s  r e v e r s i b l e  to the  n^^ ionic  s p e c i e s .  P r o b e  e l e c t r o d e s ,  

a l so  r e v e r s i b l e  to  the  n^^  s p e c i e s ,  a r e  p la c e d  a d ja ce n t  to the m e m b r a n e  

fo r  c onven ience  in  m a t h e m a t i c a l  d e s c r i p t i o n .  They  a r e  to  be r e g a r d e d  as  

su f f ic ien t ly  p o ro u s  to éillow f r e e  p a s s a g e  of the so lu t ion .  E q u a t io n s  a n a l 

ogous to (26) and (27) m a y  be d e r i v e d  for  the m e m b r a n e ,  m :

= - k ”  a E “ / |  z p l  X F D ' "  (28)

- ( k * " /  I Zfll F 2 D > n ) U i . - l ]
a “

I =  ( z „ 4 E - / D - ) l : z ^ k -  [ A - l ] ^ _ „ /  | z ^ |

- ( l / D - F ) ï | z ^ k - r A - l ] ^ ^ A M T / | - ; 3 | -

F o r  conven ience  l e t  us  def ine

k " "  Z ' g k m  | z ^ | .  (30)
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Then (29) can  be r e w r i t t e n  a s  fo llows;

I 1

Qtn  D m p k n i i ^ ^  | z^| ,

Com bina t ion  of (31) with  (28) g ives

j m _  k m  [ A - l ] g . „  r  [ A - > ] ^ , . A .

L a IS |= f (

ma

In the  s i tu a t io n  t r e a t e d  h e r e  we n e ed  only  c o n s id e r  the c o m p o n 

en ts  of and AEJP n o r m a l  to the  m e m b ra m e  w h ich  i s  c o n s id e r e d  t o

be p l a n a r .  In (28) th rough  (32) i t  i s  a s s u m e d  th a t  t h e s e  c o m p o n en ts  a r e  

l i n e a r  a c r o s s  the m e m b r a n e .  Such is  n e v e r  a c tu a l ly  the c a s e  when m o r e  

than one s a l t  is  d i ffus ing (52), bu t  the a s s u m p t io n  of l i n e a r i t y  g ives  r e  - 

su i t s  s u r p r i s i n g l y  c lo se  to e x p e r i m e n t  (53) .

This  t r e a t m e n t  a l so  a s s u m e s  th a t  the d i s t r i b u t io n  of ions  a t  the 

m e m b r a n e  - so lu t ion  i n t e r f a c e s  d u r in g  e l e c t r o m i g r a t i o n  c o r r e s p o n d s  to 

the e q u i l i b r iu m  d i s t r i b u t io n  of ions  w h ich  w ould  e x i s t  w i thou t  the flow of 

c u r r e n t ,  in  the  a b se n c e  of any  spon taneous  ne t  exchange  a c r o s s  the m e m 

b r a n e s .

The q u es t io n  m a y  a r i s e  a s  to w h e t h e r  o r  not  the  a s s u m e d  ion 

exchange e q u i l i b r iu m  is  a lw ays  m a in t a in e d  b e tw e en  the s u r f a c e s  of the 

m e m b r a n e  and the  l a y e r s  of so lu t ion  a d jac en t  to  i t  when two c o m p e t i n g  

s p e c ie s  of ions  of the  s a m e  c h a r g e  a r e  f o r c e d  by the e l e c t r i c  f ie ld  in to  

the p o r e s  of the m e m b r a n e .  It i s  conce iv ab le  t h a t  c e r t a i n  p r o c e s s e s .
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su c h  as  d e h y d r a t io n ,  a s s o c i a t e d  w i th  the t r a n s f e r  of the ions  f r o m  s o l u 

t ion to m e m b r a n e  m ig h t  take p lace  at  d i f f e r e n t  r a t e s  fo r  d i f f e r e n t  ions  

(54).

O r d i n a r i l y  one d i s t i n g u i s h e s  b e tw een  two ty p e s  of p o l a r i z a t i o n .  

At the p h a s e  b o u n d a r i e s  b e tw een  two e l e c t r o l y t i c  c o n d u c to r s ,  such  a s  a 

so lu t ion  of e l e c t r o l y t e s  and an ion ic  m e m b r a n e ,  c h e m i c a l  p o l a r i z a t io n  

w h ich  in vo lves  the d i s c h a r g e  of ions  o b v io u s ly  d o es  no t  o c c u r  e x c e p t  

u n d e r  the  m o s t  e x t r e m e  cond i tons  (55).  H o w ev e r ,  a s  N e r n s t  and 

R ie s e n fe ld  (56) hav e  shown fo r  the s im p le  c a s e  of a  u n iv a le n t  e l e c t r o  - 

ly te  d i s t r i b u t e d  b e tw e e n  two l iqu id  p h a s e s ,  c o n c e n t r a t i o n  p o l a r i z a t i o n  

d o e s  t ak e  p la c e  i f  a  c u r r e n t  p a s s e s  a c r o s s  the p h a s e  b o u n d a ry  u n l e s s  

the r a t i o s  of the t r a n s f e r e n c e  n u m b e r s  of ca t io n s  and ions  in  the  two 

p h a s e s  a r e  not  the  s a m e .  Now the r a t i o s  t ^ / t ^  and tY * / t ^  w il l  no t  

be equa l  in g e n e r a l  (57), t h e r e f o r e ,  on one s ide  of the m e m b r a n e ,  the 

d i f fu s ion  l a y e r  w i l l  p o s s e s s  a c o n c e n t r a t i o n  h ig h e r  th an  the  e q u i l i b r iu m  

value and t h e r e  w i l l  be a  c o r r e s p o n d i n g  lo w e r in g  of the c o n c e n t r a t i o n  

on the  o t h e r  s ide  of the m e m b r a n e .

No fu l ly  s a t i s f a c t o r y  m e th o d  s e e m s  to hav e  b e e n  ob ta ined  fo r  

dea l in g  m a t h e m a t i c a l l y  with  m e m b r a n e  p o l a r i z a t io n ,  but i t  c an  be 

s a fe ly  a s s u m e d  t h a t  a t  low c u r r e n t  d e n s i t i e s  the e f f e c t  w i l l  no t  be 

g r e a t .  L a c e y  (58) h a s  d e t e r m i n e d  tha t  p o l a r i z a t i o n  a c c o u n t s  f o r  no 

m o r e  than  a two p e r  cen t  r e d u c t io n  in d r iv in g  f o r c e  p e r  o s m io n ic  ce l l .
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P o l a r i z a t i o n ,  h o w e v e r ,  is  the m a i n  f a c to r  co n t r ib u t in g  to the 

fo rm a t io n  of in so lub le  p r e c i p i t a t e s  tha t  r u in  m e m b r a n e s  in the o s m io n ic  

and e l e c t r o d i a l y s i s  p r o c e s s e s .  In c o n n ec t io n  with  t h e i r  d i a l y s i s  w o r k  

Cowan and Brow n  (59) d ev e lo p ed  e x p r e s s i o n s  tha t  show ed  the l o w e s t  

v e lo c i ty  tha t  can  be u sed  w i thou t  e n c o u n te r in g  d i f f icu l ty  f r o m  p o l a r i z a 

tion. Th is  v e lo c i ty  wil l  u s u a l l y - - th o u g h  not  a l w a y s - - b e  e x c e e d e d  in  the 

p r a c t i c a l  c a s e s  c o n s i d e r e d  h e r e ,  hen ce  the eq u a t io n s  d e r i v e d  in th i s  

p a p e r  w i l l  m a k e  no acco u n t  of c o n c e n t r a t i o n  g r a d i e n t s  in  the l iqu id  

s t r e a m s  p e r p e n d i c u l a r  to the d i r e c t io n  of flow.

O sm io n ic  d e m i n e r a l i z a t i o n .  F i g u r e  6  r e p r e s e n t s  a  s c h e m a t i c  

diagrami fo r  o s m io n ic  d e m i n e r a l i z a t i o n .  E a c h  of the i n t e r n a l  c o m p a r t 

m e n t s  S i , S 2 ,  and P  co n ta in s  f eed  s a l in e  w a t e r  in i t i a l ly .  The so lu t ion  P  

is  d e m i n e r a l i z e d  d u r in g  the p r o c e s s ,  while  the S so lu t io n s  a r e  e n r i c h e d .  

C o m p a r t m e n t  B co n ta in s  a  b r in e  of c o n s ta n t  c o m p o s i t io n .  As b e fo re ,  

p ro b e  e l e c t r o d e s  r e v e r s i b l e  to the n^h ion ic  s p e c i e s  w i l l  be im a g in e d  

a d j a c e n t  to e a c h  of the m e m b r a n e s  so tha t ,  in  p r in c ip l e ,  n  cou ld  be

ev a lu a te d .

An e x p r e s s i o n  f o r  the c u r r e n t  d e n s i t y  in  m e m b r a n e  C2  c a n  be 

deduced  f r o m  the a r g u m e n t s  w hich  led  to equa t ion  32 in  M u rp h y  and 

T a b e r  (48):

0 ^ 2  D ^ 2 p  jLm d \ ^ q\
o, ^  I

(33)
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Az

Cz

F ig u re  6

T h r e e  m o r e  s i m i l a r  e qua t ions  c a n  be w r i t t e n  f o r  the o th e r  m e m 

b r a n e s .  This  s e t  of four  equa t ions  c a n  be u s e d  to e l i m i n a t e  fo r  by

K i rc h h o f ' s  second  ru le :

2  = 0 , 
m  n
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E l im in a t in g  the g ives:

r  D ^ 2  d A z  d C i  d a i
[ k P .  C2 kSZ.AZ I b TCÎ  k S l ,  Ai

■0 [ A - g ff.g
r  I

J (34)
r P ' ^ 2 ^ C 2  k^'  kS2,A2^„A2 k^l.  Al . Ai

k P .  C 2

Afi 
kB, Cl kSZ, A2 k S l . A i ).

J i  ^wAx

w

F ig u r e  7
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F ig u re  7 r e p r e s e n t s  a s e g m e n t  of c o m p a r t m e n t  S] of d i f f e r e n 

t ia l  len g th  AX. D^l  is  the ef fec t ive  width of the c o m p a r t m e n t  and w i t s  

h e ig h t .  The n u m b e r  of g r a m  ions  of the i^^ s p e c i e s  flowing into the d i f 

f e r e n t i a l  vo lum e p e r  unit  t im e  i s  g iven by VgD^lwC^^ ( x ) ,  w h e r e  Vg is  

the l i n e a r  ve lo c i ty  of the S s t r e a m s  in c m / s e c .  A f lux of e l e c t r o ly te  

w i l l  a l s o  o cc u r  a t  the m e m b r a n e s  as  ind ica ted  in F i g u r e  7. An e l e c t r o 

ly te  b a lan ce  fo r  the d i f f e r e n t i a l  vo lum e g ives:

V g D ^ l w C ^ l  ( x )  = V g D ^ ^ w C ^ l  ( x + A x )  +  J ^ l w  X  -  J ^ l w A x  ,

w hence

[ C f l ( x )  - C f l  ( x - H a x ) ] / a x  = ( j C l  _ j A i ) / v s D ^ 1 , (35)

o r  a s  X —» 0

d c f l / d x  = j S l / v g D S l  . (36a)

w h e r e

S im i l a r ly ,

j S l  = j C i  _ j A i  ,

dC^ ^/dx = J^^/VgD^^ , (36b)

d c f / d x  = J ^ / v „ D ^  , (36c)
i ^

W here

J S 2  - jC 2  - jA 2  and j P  = _ j C z  .
i i . i ■ i i i

The v a lu e s  of I ob ta ined  f r o m  (34) m a y  be u sed  in  (32) fo r  the d e t e r m i n a 

t ion of the  indiv idual  f luxes ,  which  in tu r n  m a y  be used  fo r  the so lu t ion  of 

e q u a t io n s  (36).
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The 3n - 3 s im u l t a n e o u s  d i f f e r e n t i a l  eq u a t io n s  (36) give the

v a r i a t io n  with x of the ionic  c o n c e n t r a t i o n s  of the S and P s t r e a m s .

s
Since the f luxes  J   ̂ a r e  co m p l ic a te d  fu n c t io n s  of al l  the C j ' s ,  the e q u 

a t ions  m u s t  be so lved  by n u m e r i c a l  m e t h o d s .  Thus  ev en  for  s im p le  

c a s e s  i t  i s  a  p r a c t i c a l  n e c e s s i t y  to so lve  the eq u a t io n s  by m e a n s  of a 

high s p eed  c o m p u te r .

E v a lu a t io n  of spec i f ic  ionic co nduc t iv i ty  in so lu t ion .  The 

dep endence  of the r i g h t  hand s id e s  of equ a t io n  (36) on the ionic  c o n 

c e n t r a t i o n s  in the v a r i o u s  s t r e a m s  m u s t  be m a d e  e x p l i c i t  if the e q u a 

t ions  a r e  to be so lved .  Th is  r e q u i r e m e n t  n e c e s s i t a t e s  a  m e th o d  fo r  

r e l a t in g  sp ec i f ic  ionic  con d u c t iv i t ie s  to c o n c e n t r a t i o n .

An h y p o th e s i s  advanced  by Van R y s s e lb e r g h e  (60) s t a t e s  tha t  

the m o b i l i t i e s  of the v a r io u s  ions  in a  so lu t ion  of m i x e d  e l e c t r o l y t e s  

a r e  p r o p o r t i o n a l  to t h e i r  v a lu e s  in a  so lu t io n  of the  s a m e  s a l t s  a lone 

having  the s a m e  c o n c e n t r a t i o n  as  the to ta l  c o n c e n t r a t i o n  of the m i x t u r e ,

i . e . ,

Oi = 8 ^ 0 °  . (37)

w h e r e  fi j i s  the m o b i l i t y  of the i^h ionic  s p e c i e s  in a  so lu t ion  of m ix e d  

e l e c t r o l y t e s ,  and Çîf  i s  the m o b i l i ty  of the i^^ ion in a so lu t ion  of so m e  

s ingle  e l e c t r o l y t e  (y ie ld ing the i^^ ion on d i s s o c i a t i o n )  a t  a  c o n c e n t r a 

tion equa l  to the to ta l  c o n c e n t r a t io n  (C = 2  j C j )  of the so lu t ion  of m ix e d  

e l e c t r o l y t e s ,  and g£ is  a c o n s ta n t  of p r o p o r t i o n a l i t y .
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The f o r m u l a  e s t a b l i s h e d  by M ac ln n es  (61) fo r  the ev a lu a t io n  ol 

t r a n s f e r e n c e  n u m b e r s  in m ix e d  e l e c t r o l y t e s  can  be shown to follow f ro m  

this  h y p o th e s i s  and h a s  been  found to a g r e e  w ith  e x p e r i m e n t a l  r e s u l t s  up 

to a  to ta l  c o n c e n t r a t i o n  of 5N fo r  m i x t u r e s  of a lk a l i  h a l i d e s  (62 to 6 7 ) . 

The h y p o th e s i s  d o es  not  give such  good a g r e e m e n t  w i th  e x p e r i m e n t  

fo r  m i x t u r e s  of e l e c t r o l y t e s  con ta in ing  po ly v a len t  f o r m s  b e c a u s e  of the 

in c o m p le te  d i s s o c i a t i o n  of such  s a l t s .

The use  of th is  h y p o th e s i s  l e a d s  to an a p p r o x im a te  m e th o d  fo r  

r e l a t in g  sp ec i f ic  co n d u c t iv i t i e s  in a  so lu t ion  of m ix e d  e l e c t r o l y t e s  to

the c o n c e n t r a t i o n s .  It i s  c u s t o m a r y  to e x p r e s s  m o b i l i ty  as

O i  = O i /  N  , (38)

This  f o r m u l a  coupled  with  (37) g ives

Xi ( C J  = g i X i ( C )  (39 )

or
k i ( C i )  = g i k i ( C ) C i / C .  (40)

Thus we se e  th a t  .

g i  " | z i l

w il l  fu l f i l l  the cond i t ions  t h a t  k j  » 0  when Ci = 0 and k i  (Ci) = when |z i |  Ci 

■ C. Th is  m e th o d  fo r  f inding the  sp ec i f ic  ion ic  co nduc t iv i ty  of ions  in  s o l u 

t ion is ,  of c o u r s e ,  e x ac t  if only two ions  a r e  p r e s e n t .  I t  i s  a d m i t t e d ly  a p 

p r o x im a t e  fo r  m o r e  g e n e r a l  s y s t e m s  but  g iv e s  r e s u l t s  good a t  l e a s t  to two 

s ig n i f ic a n t  f i g u r e s .  Since the  d a t a  p r e s e n t l y  a v a i la b le  f o r  conduc t iv i ty  of 

m e m b r a n e s  a r e  no b e t t e r ,  (40) w i th  g j  ■ (z i| m a y  be u s e d  in a  c o m p u te r  

so lu t ion  of e qua t ions  (36).
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The f o r m u l a  to be u s e d  for f inding a s  a funct ion of is:  

log ( Xf -X- ) = A i  + Bi log C \  (-11)

which f i t s  e x p e r i m e n t a l  d a t a  v e r y  well in the c o n c e n t r a t io n  r an g e  of 

p r a c t i c a l  i n t e r e s t .

E v a lu a t io n  of m e m b r a n e  conduc t iv i ty .  Data  taken  by L acey  

(6 8 ) fo r  the t r a n s f e r e n c e  n u m b e r s  of ions  in p e r m s e l e c t i v e  m e m b r a n e s  

and fo r  the r e s i s t a n c e  of th e se  m e m b r a n e s  when e q u i l ib ra t e d  in e l e c t r o 

ly te  so lu t ions  can  be used  to obta in  the d ep e n d en ce  of k?^ on

If d a ta  c o n c e rn in g  t r a n s f e r e n c e  n u m b e r s  and r e s i s t a n c e  a r e  

a v a i lab le  fo r  the m e m b r a n e s  in  the s y s t e m  u n d e r  c o n s id e ra t i o n ,  the 

spec i f ic  ionic  c o n d u c t iv i t i e s  of the m e m b r a n e  can  be c a lcu la t e d ,  s ince

t ? / R ^  = C f  X ^ / d "" = k T / D " "  .

The d a ta  t aken  by L a c e y  give the following r e s u l t s  f o r  AMF 

m e m b r a n e s  by the " so lu t io n  m e th o d " :

CNaCl ( k ^ ^ + / D ) C  ( k N a + / P ) ^  ( k c p / D j ' ^  (kç i - /D )- '>

0 .01  0 .2 5 6  0 .0  0 .0 0 5 3  0 .127
0 . 4  0 .2 4 1  0 .0 0 1 3  0 .0 1 5 3  0 .130
2 . 0  0 .2 0 2  0 .0 1 7 2  0 .0 4 0 4  0 .138

A plot  of (kjy]T^/D)™ v e r s u s  c o n c e n t r a t i o n  i s  l i n e a r  f o r  the four  c a s e s

above so  tha t  the following equa t ion  can  be w r i t t e n  in  g e n e r a l :

( k i / D ) ”^ = F ^ + g ™ c P  . (42)

The c o n s ta n t s  and a r e  to be d e t e r m i n e d  f r o m  the b e s t  t r a n s  -

f e r e n c e  n u m b e r  and r e s i s t a n c e  d a t a  a v a i lab le  fo r  the m e m b r a n e s  u n d e r

c o n s id e ra t i o n .
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Ev a lu a t io n  of Au. .. The function A/i- ■ is  c u s to m a r i l y  und e rs to o d
 2_J_ 1 J

to be given by R T  In c |  C |  w h e re  the s u p e r s c r i p t s  indicate  the reg ions  

in which  the c o n c e n t r a t i o n s  a r e  m e a s u r e d , b u t  in the g e n e ra l  c a s e ,  the q u a n 

t i t i e s  C j j  a r e  not uniquely  def ined .  A s e t  of n-1 ion b a la n ce s  can be

w r i t t e n  as  fo llows:
n '

(a) C i  "'1  ̂ ^ i j  n ' + l < i > n - l

j = l

(b) C j  = ' ^  v t J C i j  l < j > n '  .

The index  i i s  no t  a l lowed to take  the va lue  n in (a) b e c a u s e  C^ i s  f u n c t io n 

al ly  dependen t  on the o th e r  C i ' s ,  i . e .

Cj  ̂ = - (z iC i + z jC  j)/zj^

E q u a t io n s  (a) and (b) can  be so lved  fo r  n -1  of the C i j ' s  in t e r m s  of the 

C i ' s ,  C j ' s  and the r e m a i n d e r  of the n ' x n ” C i j ' s .  The l a t t e r  can  take 

on any a r b i t r a r y  v a lu e s  and equa t ions  (a) and (b ) w i l l  define unique va lu es  

of the C i j ' s  c h o s e n  to be n o n - a r b i t r a r y .  It i s  conven ien t  to take the n-1 

n o n - a r b i t r a r y  C i j ' s  to have  the s a m e  s u b s c r i p t s  as  the s e t  Mi j  which 

is  ch o sen  fo r  the b a s i s  v e c t o r s  in the t r a n s f o r m e d  s y s t e m .  The r e m a in in g  

C i j ' s  can  al l  be s e t  equal  to z e r o .  A con v en ien t  m a t r i x  f o rm u la t io n  of 

equa t ions  (a) and (b) is  then

[ c ]  = [b]  [c]  (43)

w h e r e  [c ]  is  the m a t r i x  of ionic  c o n c e n t r a t io n s :



I l

and [ c ]  i s  the m a t r i x  of n o n - a r b i t r a r y  e l e c t r o l y t e  c one eut ration <

C l . n '  1 

Ca

^ n - 1 , n"

and [b]  is  the (n-1)^  t r a n s f o r m a t i o n  m a t r i x .  Thus

[C] .  [ B - 1 ] [ C ]

and

AMq = R T ( l n Z [ B - ] ] a g ( < l )  -  l n Z [ B - ( 44)  

A s p e c i a l  c a s e .  The s p e c ia l  c a s e  n" = 1 ( c o r r e sp o n d in g  to a 

s y s t e m  with  n '  c a t io n s  and one anion or  v ice  v e r s a )  i s  of i n t e r e s t  b e 

c a u s e  of the s im p l i f i c a t io n  which  can  be e f fec ted .  L e t  us  a s s u m e  tha t  

th e r e  i s  only one an ion  which  wil l  be in d ica ted  by the s u b s c r i p t  a.

(19')? ' i a = +»'

- ^ " ia  - r - r
0 0 • •

• # • • • # •

? * n 'a = 0 0 0 .
n'

n ' a
V

a

- F z a  Ea- _ 0 0 0 # 0 1 -

1

VMn-

L V P a  J

(2 0 -)

Since n"  = 1, r  in (21) m a y  have  only the va lue  1 and m  m a y  take a l l  va lues  

f r o m  0 to n ' - l .  Since  t h e r e  a r e  no i n t e g e r s  such  th a t  0 < r <  1, the  second

s e t  in  (21) m a k e s  no c o n t r ib u t io n  to the  A m a t r i x .  Hence  (21) b e c o m e s

A - . ^4-1 ,  a
• ^ m + l , m + l  " m + 1

•“■m+1 , n '+ l  = >' a 

n '+a ,  n'-f-a = 1

m + 1 , a 0  < m  < n ' - l
(21')
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-  1It can  be shown tha t  the e l e m e n t s  of [A " ] a r e

[ A " ^ q  = K / 3 < n ' ;  l < a < n '

[ A - ^ g  = Z g /z a  : n '+ I  : l < o < n ' + l .

The c u r r e n t  d e n s i ty  and the ionic  f luxes  can  be had f r o m  (28) and (29) : 

J " "  = - ( k J ^ / F D ^ )  | z p |  Fpg") (28')

I = - ( A E * ^ / D " " ) 2 z ^ k ^  - ( l / D " " F ) 2 k g ^ A M ^ a / (2 9 ')

The c a s e  of a  s y s t e m  conta in ing  two c a t io n s  of v a len cy  1 and 

2 and one anion of v a len c y  -1 would then  be given by 

= - ( k ' f / F D " ' )  (aE"?  +Ai^3 / F ) ^

= - ( k ^ / F D " ^ ) ( A E ^  + 2 0 % / 2 F ) ,

I = - ( A E ^ / D " ' )  ( k ^  + 2 k Ç )

- ( l / D ^ F ) ( k T A % + k ^ A i u S ^ 3 )  .



C H A P T E R  IV 

CALCULATIONS

The s e t  of s im u l t a n e o u s  f i r s t  o r d e r  d i f f e r e n t i a l  eq u a t io n s  (36) 

canno t  be so lved  a n a ly t i c a l ly  and a  n u m e r i c a l  so lu t ion  would be too 

leng thy  to u n d e r ta k e  o th e r  than  by u se  of a  h igh  s p e e d  c o m p u t e r .  T h e r e 

fo re ,  the p r o g r a m  f o r  c o m p u te r  so lu t ion  of eq u a t io n s  (36) w h ich  a p p e a r s  

in  the appendix  w a s  w r i t t e n .  Th is  p r o g r a m  w i l l  so lve  the e qua t ions  

fo r  any s y s t e m  con ta in ing  only one anion (or  only  one ca t ion)  w ith  not  

m o r e  than  fo u r  ionic  s p e c i e s  of the oppos i te  p o l a r i t y  and not  m o r e  than  

s ix  m e m b r a n e s .

A to ta l  of f ive  such  so lu t io n s  w as  ob ta in ed  on the c o m p u te r  in 

o r d e r  to d e t e r m i n e  the  r e l a t iv e  e f fec t s  of the e x p e r i m e n t a l l y  i n d e p e n 

d en t  v a r i a b l e s .

In a l l  c a s e s  d a t a  u sed  f o r  the r e s i s t a n c e  and t r a n s f e r e n c e  n u m 

b e r s  in m e m b r a n e s  w e r e  taken  f r o m  L a c e y ' s  f ind ings  (6 8 ) fo r  A m e r i c a n  

M achine  and F o u n d r y  m e m b r a n e s .  D ata  f o r  s p e c i f i c  ionic  co n d u c t iv i t i e s  

w e r e  t aken  f r o m  Robinson  and S tokes  (106).

F o u r  c a lc u la t io n s  w e r e  m a d e  fo r  one double  e f fec t  ce l l  c o n 

ta in ing  sod ium  c h lo r id e  only.  The m e m b r a n e  th i c k n e s s  u s e d  w as  0 .0 1 5  cm .

39
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A fif th  c a lc u la t io n  w a s  m a d e  for  s im u l t a n e o u s  d e m i n e r a l i z a t i o n  ot sodiiun 

and m a g n e s i u m  c h lo r id e .  The c a lc u la t e d  c o n c e n t r a t i o n  of the P  s t r e a m  

(the s t r e a m  being d e m i n e r a l i z e d )  a s  a funct ion  of l i n e a r  d i s t a n c e  in the 

ce l l  i s  p r e s e n t e d  g r a p h ic a l ly  in F i g u r e s  8  and 9.

The c a lc u la t e d  r e s u l t s  show tha t  an  i n c r e a s e  in the v e lo c i ty  of 

the i n t e r n a l  b r in e  h a s  no a p p r e c i a b l e  e f fec t  on the de m i n e r a l i z a t i o n  of the 

P  c o m p a r t m e n t ,  while  an i n c r e a s e  in the v e lo c i ty  of the S s t r e a m s  to an 

e s s e n t i a l l y  inf in i te  va lue  g ives  a  m a r k e d  i m p r o v e m e n t  in the r a t e  of d e -  

m i n e r a l i z a t i o n .  It can  a l s o  be seen  th a t  a  r e d u c t io n  in the d i s t a n c e  b e 

tw een  m e m b r a n e s  b y  o n e -h a l f ,  while  leav in g  the v o l u m e t r i c  flow r a t e s  

the s a m e ,  r e s u l t s  in  a  d e c r e a s e d  r a t e  of d e m i n e r a l i z a t i o n .  The u l t i m 

ate p e r c e n t a g e  of so d iu m  c h lo r id e  r e m o v e d ,  h o w ev er ,  i s  g r e a t e r  s ince  

a  r e d u c t io n  in the c e l l  d i m e n s i o n s  e n ta i l s  a r e d u c t io n  in the r e s i s t a n c e  

of the cel l ;  hence  an  i n c r e a s e d  d r iv in g  f o r c e  r e s u l t s .

F ig u r e  9 shows th a t  the use  of a p r e d o m in a te ly  so d iu m  c h lo r id e  

b r in e  f o r  the s im u l t a n e o u s  d e m i n e r a l i z a t i o n  of so d iu m  c h lo r id e  and m a g 

n e s iu m  c h lo r id e  r e s u l t s  in a  good to ta l  r e d u c t io n  in the c o n c e n t r a t i o n  of 

both c a t io n s  in  the P  s t r e a m .

It w as  d e s i r e d  to p e r f o r m  a n o th e r  s a m p le  c a l c u l a t i o n  involv ing  

a t h r e e  ion s y s t e m .  The r e m o v a l  of the c o m p u t e r  f r o m  the c a m p u s ,  h o w 

e v e r ,  p r e v e n te d  th i s .



F i g u r e  8

CO NCENTRATION O F  P  STREAM VERSUS DISTANCE

O r ig in a l  C o n c e n t r a t i o n s

C ^ =  C^ = 0. 058 m o l / l i t e r  
C®“ 4. G m o l / l i t e r

Case C o m p a r t m e n t  
w id th  (cm)

S t r e a m  Veloci ty  
( c m /  sec)

D^= DP=D^ s
V vP

I 0 . 082 0. 097 0. 097 0. 097
II 0 . 082 1 0 . 0 0. 097 1 0 . 0

III 0. 041 0. 194 0. 194 0.194
IV 0 . 082 0. 097 0. 097 0. 097

D^= 3 . 6  cm

L S tP d R

6  7 8  9 10 11
X ( c e n t i m e t e r s )



F i g u r e  9

SIMULTANEOUS D EM IN ER A LIZA T IO N  O F  MgClg AND NaCl

O r ig in a l  C o n c e n t r a t i o n s

Ol
Na 0 . 0 4  0 . 0 4  4. 96 m o l .T i t e r  
Mg 0 .0 2  0. 02 0. 02________

o
a ®“ 0 . 082 cm

0. 097 c m /  sec
. 02

co

c(Uuco
L)

1 612 22 26 282 0 242 10 14 i2184 30b
X in C e n t i m e t e r s



P A R T  I I

F R E E  VOLUME C O N C E P T  A P P L I E D  TO BINARY 

N O N - E L E C T R O L Y T E  SOLUTIONS

C H A P T E R  I 

HISTORICAL AND T H E O R E T IC A L  

F r e e  Volume

Van d e r  W a a l ' s  f a m i l i a r  equ a t io n  of s t a te  i s  b a s e d  on the idea  

tha t  m o lecu les  a r e  i n c o m p r e s s i b l e  s p h e r e s  m ov ing  in  a  p o ten t ia l  e n e r g y  

f ie ld  which  i s  an  ex p l ic i t  func t ion  of V, the vo lum e  of a  p h a s e .  This  

a s su m p t io n  en ab led  h im  to d e r i v e  the c o n c e p t  of an  " e m p ty "  o r  " fo rb id d en "  

volume (V-b), w h e r e  b w as  c o n s i d e r e d  to be the i n v a r i a n t  v o lu m e  of the 

m o l e c u l e s . Van d e r  W aa l ' s  f o r m u l a t i o n  h a s  the advan tage  of concep tua l  

and m a t h e m a t i c a l  s im p l i c i ty  and, fo r  l i m i t e d  r a n g e s  of p r e s s u r e  and t e m 

p e r a t u r e ,  a c co u n ts  w el l  f o r  p r o p e r t i e s  of m o s t  co m p o u n d s  in the g a s e o u s  

s ta t e .  Applied to l iqu ids  and th e rm o d y n z u n ic  p r o c e s s e s  such  a s  v a p o r i z a 

tion, ho w ev er ,  i t  i s  l e s s  s u c c e s s f u l .

The co n t r ib u t io n  of J a g e r  (69) in  1896, though f r e q u e n t ly  un - 

acknowledged,  f o r m s  the b a s i s  f o r  n e a r l y  a l l  the s u b s e q u e n t  e l a b o r a t io n s

43
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of the f r e e  s p ace  concep t .  It o c c u r r e d  to th i s  au th o r  tha t  the vo lum e  

of a  p h ase  can  be c o n s id e r e d  a s  a p o te n t ia l  e n e r g y  f ie ld  with inf in i te  

d i s c o n t in u i t i e s  a t  the  s i t e s  of the m o l e c u l e s .  Hence the r e m a in in g  

s i t e s  a r e  not a l l  eq u a l ly  a v a i lab le  fo r  f lu c tu a t io n s  of the m o l e c u l e s .

This  l in e  of r e a s o n in g  l e a d s  to a  new co n cep t io n  of " f r e e "  v o lu m e  : 

V - B ( V ,  P,  T ) ,  w h e r e  B is  no lo n g e r  a  co n s ta n t ,  as  in van d e r  W a a l ' s  

equat ion ,  but an u n d e te r m in e d  func t ion  of the p h a s e  vo lum e ,  p r e s s u r e  

and t e m p e r a t u r e .

J a g e r  a l s o  p r e s e n t e d  a  ju s t i f i c a t i o n  fo r  the u s e  of the s t a t i s  - 

t i c s  of Maxwel l  and B o l tz m a n n  fo r  the t r e a t m e n t  of the l iqu id  s t a t e  .

His  w o r k  t h e r e f o r e  m a d e  o b so le te  the e r r o n e o u s  and m i s l e a d i n g  c o n 

cep t  of e m p ty  s p a ce  l e f t  o v e r  f r o m  h a r d  s p h e r e s .  As s ta te d  by M o e lw y n -  

Hughes  (70):

F r e e  v o lum e  i s  the L e b e n s r a u m  fo r  w h ich  the m o l e c u l e s  
m u s t  s t r u g g l e  a g a in s t  the  p r e v a i l in g  f o r c e s .

Def ined m a t h e m a t i c a l l y ,  the f r e e  vo lum e  of a  s ing le  m o le c u le  i s  the

in t e g ra l  of tha t  p a r t  of the m o l e c u l a r  p o te n t i a l  e n e r g y  which  i s  due to

t h e r m a l  d i s p l a c e m e n t s  of the c e n t e r s  of g r a v i ty  of the m o l e c u l e s  f r o m

th e i r  e q u i l i b r iu m  p o s i t io n s  (71), i . e .

Vf = f  r 2  exp |  - ^ ( r )  4- ^ ( 0 ) / k t j d r .
»/ 0

E v a lu a t io n  of the i n t e g r a l  def ined  above i s  r a t h e r  a  m a t h e m a t i c a l  

i m p a s s e .  Hence l a t e r  a u th o r s  have  a s s u m e d  th a t  the m o l e c u l e s  a r e  c o n 

s t r a i n e d  to m o v e  about  in s p h e r i c a l  " c a g e s "  (72, 73, 74).  Though th is  

a s s u m p t io n  is  open to va l id  c r i t i c i s m  (75), i t  h a s  led  to u se fu l  and i n t e r e s t i n g
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c o n c lu s io n s ,  so m e  of w h ich  wil l  be d i s c u s s e d  below. M o re  r e c e n t ly ,  the 

f r e e  v o lum e  concep t  h a s  been  p la ce d  on s o u n d e r  fouling by s t a t i s t i c a l  

m e c h a n i c a l  f o rm u la t io n s  involv ing c l e a r l y  def ined  a s s u m p t io n s  not  i n 

c luding th e o r e t i c a l  m o l e c u l a r  m o d e l s  (76, 77).

F r e e  Volume and the E n t r o p y  of V a p o r iz a t io n

If the van d e r  W a a l ' s  equa t ion  is  a c c e p te d ,  i t  can  be s h o w n  

(78) th a t  the en t ro p y  of v a p o r iz a t io n  i s  g iven  by

ASV * R In (V G _b)/ (vL_b)  , (1)

w h e re  VG and VL a r e  the m o l a r  v o lu m e s  of the g a s  and l iquid  r e s p e c 

t ively .  If VG is  su ff ic ien t ly  l a r g e r  than  b and (V ^  - b) i s  t ak en  to be the  

f r e e  v o lum e  of the l iquid ,  the e n t ro p y  of v a p o r i z a t i o n  b e c o m e s

ASV = R In VG/V^' . (2)

V^' in  equa t ion  (2) i s  a c o m p o s i t e  f r e e  v o lum e  w hich  Bondi (79) c a l l s  

the " f lu c tu a t io n  v o lu m e .  "

A cco rd in g  to the " c a g e "  m ode l ,  the  change  in e n t ro p y  f r o m  any 

s ta te  1 to a  s ta te  2 m a y  be e x p r e s s e d  as  (72, 73, 74).

'4' a vf'
AS = S2  - S i  = R In + RT —  In — . (3)

V f  d T  y P

Hence,  if the second  t e r m  is  ign o re d ,  equa t ion  (3) i s  the  s a m e  as  e q u a 

tion (2). If the v a p o r  i s  idea l  ( i . e .  v G  = R T /p ) ,  (3) b e c o m e s

(4)

Equa t ion  (4) m a y  edso be deve loped  f r o m  J a g e r ' s  t r e a t m e n t  and

V^' = ( R T / p ) e - ^ ^ / ^  = ( R T / p ) e " ^ ^ / R T
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Iruiii  slàtlBLiCâl tVicCiiâriïCô uy Sctîxiig tîic f r e e  ciii i rgy of the gos  ccju»il ti; 

tha t  of the l iquid  and a s s u m i n g  th a t  the r o ta t i o n a l  and v ib r a t i o n a l  p a r t i 

t ion func t ions  a r e  the s a m e  in both the l iqu id  and gas  p h a s e s  (74).

The E n t r o p y  of Mixing 

If equa t ion  (3) i s  c o n s id e r e d  as app ly ing  to the m ix in g  p r o c e s s ,  

r e a so n in g  by anadogy w i th  the b eh av io r  of id e a l  g a s e s ,  m ix in g  can  be 

thought of a s  the su m  of two ex p an s io n s ,  one f o r  e a c h  c o m p o n e n t .  The 

f i r s t  c o m p o n e n t  h as ,  b e fo re  m ix ing ,  only i t s  own f r e e  v o lum e  ava i lab le ,  

but  a f t e r  m ix in g ,  the f r e e  v o lum e  of c o m p o n e n t  two i s  a l s o  av a i lab le  . 

Hence,

ASM = _R X, In ^ 1 ^ 1  + xg ln  ^ 2 ^ 2  . (5)
v f  y f

o fW here  x% and X2  a r e  m o le  f r a c t i o n s  of c o m p o n e n t s  1 and 2, V j  and 

a r e  the  f r e e  vo lum e  of the p u r e  co m p o n e n t s  f r o m  e q u a t io n  (4), a n d  

V^' i s  the f r e e  vo lum e of the r e s u l t i n g  m i x t u r e  (80). This  equa t ion  m a y  

be so lved  f o r  V^', giving

y f  = )x% (x2 Vz^ )xg . (6 )

T r a n s l a t i o n a l  and R o ta t iona l  C o n t r ib u t io n s  to the 

E n t ro p y  of V a p o r iz a t io n  

Both  equa t ions  (6 ) and (4) a r e  b a s e d  on ana logy  w i th  the behav io r  

of idea l  g a s e s  in w hich  only t r a n s l a t i o n a l  m o t i o n s  of the m o l e c u l e s  c o n 

t r i b u t e  to the  t h e r m o d y n a m ic  b e h a v io r  of the s y s t e m .  In the l iquid s ta te .
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such  a  s im p l i f ic a t io n  is  u n s a t i s f a c to ry  b ec a u se  ro ta t io n  of the m o le c u le s  

a s  w e l l  a s  e le c t r o n ic  and v ib ra t io n a l  e f fe c ts  m a y  c o n tr ib u te  s ig n if ican tly  

to  the to ta l  e n tro p y .  T h e re fo re ,  i t  i s  n e c e s s a r y  to g e n e ra l iz e  th is  ap - 

p ro a c h  by w r i t in g  the e n tro p y  of a  s ta te  a s  a  su m  of t e r m s :

^total ” ^ tr a n s la t io n a l^ r o ta t io n a l  ^vibrational ^ e le c tr o n ic . (7)

The d ifferen ce  in the entropy of two sta tes  can then be ex p r essed  as 

S i2  = S2 -  S i ■ (S2 -  S i)tra n sla tio n a I

(S2  -  Si)]-otational» e tc .  (8 )

F o r  the c a s e  of v a p o r iz a t io n  o r  m ix in g  of m e ta l s ,  the e le c t r o n ic  

c o n tr ib u t io n  in  eq u a tio n  (8 ) w il l  be of su ff ic ie n t  m a g n i tu d e  as  to  n e c e s s i 

ta te  i t s  in c lu s io n ,  bu t fo r  n o n e le c t ro ly te s  and so lu t io n s  of n o n e le c t ro ly te s ,  

the e le c t r o n ic  t e r m  m a y  be s a fe ly  ig n o re d .  The d i f f e re n c e  b e tw een  e x c i t 

a t io n s  of v ib ra t io n a l  s t a t e s  in  the liq u id  and the  g a s  i s  a lso  a p p a re n t ly  of 

a  v e ry  s m a l l  o r d e r  of m ag n itu d e  in  m o s t  c a s e s  (81) and m a y  be ig n o re d .  

The c a s e  fo r  ro ta t io n ,  of c o u r s e ,  i s  qu ite  d i f f e r e n t .  R e s t r i c t io n  of r o t a 

t io n  in the l iq u id  s ta te  due to a s s o c ia t io n  of the m o le c u le s  o r  to  s t e r i c  

h in d ra n c e  to  f r e e  ro ta t io n  i s  c e r t a i n  to c a u s e  a  lo w e r in g  of the en tro p y  

of the l iq u id  and a  c o r re s p o n d in g  i n c r e a s e  in  the  e n t ro p y  of v a p o r iz a t io n  

(82, 83, 84). The d i lu t io n  of . a  h igh ly  h in d e re d  com pound  w ith  one l e s s  

h ig h ly  h in d e re d  i s  a lso  going to give r i s e  to r o ta t io n a l  e f fe c ts  w hich  c a n  - 

n o t  be d i s r e g a r d e d  in  a  th e o r e t ic a l  t r e a tm e n t  of the th e rm o d y n a m ic s  of 

b in a r y  so lu t io n s .
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The F r e e  Angle Ratio  

E y r in g  and c o - w o rk e r s  (73, 74, 75) found it  co n ven ien t to define  

a new quan ti ty ,  the f r e e  angle , w h ich  is  the to ta l  i n t e g r a l  of a n g u la r  d i s 

p la c e m e n t  of a  m o le c u le  about i ts  c e n te r  of m a s s  f ro m  i t s  e q u i l ib r iu m  

p o s i t io n .  The f r e e  angle  r a t io  6 is  g iven  by the r a t io  of the p a r t i t io n  

func tions  fo r  the r e s t r i c t e d  ro ta t io n  of the m o le c u le  in the liqu id  and i t s  

f r e e  ro ta t io n  in  the g as  p h a s e .  Thus 6  w ill  v a ry  f ro m  a lo w er  va lue  

( g r e a te r  than  z e ro )  to  unity, depend ing  on the m ag n itu d e  of the p o te n t ia l  

b a r r i e r  r e s t r i c t i n g  f r e e  ro ta t io n  in the liqu id . In equa tion  (4), the r ig h t -  

hand s id e  is  the p ro d u c t  of th e  f r e e  vo lum e and the f r e e  angle  r a t io ,  

w hich  w ill  a lw ays  be s m a l l e r  than  the f r e e  v o lu m e . Thus eq u a tio n  (4) 

m u s t  be m o d if ie d  to

5Vf = ( R T / p ) e - ^ ^ / ^ 1 '  . (4a)

E q u a tio n  (7), as  i t  a p p l ie s  to v a p o r iz a t io n  can  be w r i t te n

AS “ ^ ^ t r a n s l a t i o n a l  ro ta t io n a l  '

The t r a n s la t io n a l  t e r m  is  g iven  by eq u a tio n  (2), th a t  i s

ASV = R ln ( v G / V f ) + 4 S Y ^ j ^ j ; ^ „ ^

w hence ,

8 Vl exp • (R T /p )  exp ) - a H V /R T  ( . (9)

if  S i s  s e t  equai to e R o ta t io n a l /R ,  equa tion  (9 ) i s  s e e n  to  be e q u iv a -  

le n t  to eq u a tio n  (4a) .
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E m p i r i c a l  M ethods f o r  the D e te rm in a t io n  of the  R ota tional 

C o n tr ib u tio n  to the E n tro p y  of V a p o r iz a t io n  

H i ld e b ra n d 's  ru le  (36), w hich  s t a t e s  th a t  l iq u id s  v a p o r iz in g  to 

s ta te s  w ith  equa l v a p o r  v o lu m e s  should  have  the s a m e  e n tro p y  of v a p o r 

iz a t io n ,  g ives  one a  m e a n s  of d e te rm in in g  the va lue  of 6 fo r  v a r io u s  

s y s te m s ,  b e c a u s e  i t  im p l ie s  th a t  the in te rn a l  d e g r e e s  of f re e d o m  a r e  

the s a m e  in  the l iq u id  and v a p o r  p h a s e s .  F o r  th is  w o rk ,  in k eep in g  

w ith  p r e c e d e n t  (8 6 ), m e r c u r y  w as  c h o se n  a s  a  com pound  fo r  w h ich  th e r e  

i s  no r e s t r i c t i o n  of ro ta t io n  in the l iq u id .  The d i f f e re n c e  in  the en tro p y  

of v a p o r iz a t io n  of a  l iqu id  and th a t  of m e r c u r y ,  su ch  th a t  both  expand  to 

equa l v a p o r  v o lu m e s ,  should  give an in d ic a t io n  of the  am oun t of e n t ro p y  

lo w e r in g  in the l iq u id  due to  r e s t r i c t i o n  of ro ta t io n ,  i . e .

-  AS = A . Thus one is  ab le  to  ob ta in  the  f r e e  angle  r a t io :

g = / R  . ( 1 0  )

O b jec tio n s  to the u s e  of m e r c u r y  as  a  r e f e r e n c e  l iq u id  w ill  be d i s c u s s e d  

l a t e r .

All a t te m p ts  a t  d e r iv in g  H i ld e b ra n d 's  r u le  on th e o r e t ic a l  b a s is  

(74, 87) r e s u l t  in P i t z e r ' s  r u le  (8 8 ) , i . e . ,  l iq u id s  v a p o r iz in g  to the s a m e  

r a t io  of v a p o r  v o lum e to  liq u id  vo lum e should  have  the s a m e  e n tro p y  of 

v a p o r iz a t io n .  T h is  ru le  c a n  a lso  be u se d  to  d e te r m in e  the ro ta t io n a l  e n 

t ro p y  of a  liqu id . The i n e r t  g a s e s  a r e  u se d  a s  a  b a s i s  fo r  no r e s t r i c t i o n  

of ro ta t io n  in the l iq u id .  F r o m  the  d a ta  g iven by P i t z e r  (8 8 ). i t  can  be 

se e n  th a t  fo r  the i n e r t  g a s e s ,  a  p lo t  of log ( V ^ /V ^  ) v e r s u s  i s  l i n e a r .
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If v a lu e s  of the t r a n s la t io n a l  co n tr ib u t io n  to the e n t ro p y  of v a p o r iz a t io n  

a r e  tak en  f ro m  th is  p lot, eq u a tio n  ( 1 0 ) m a y  be used  fo r  the c a lc u la t io n  

of g , and eq u a tio n  (4a) fo r  the c a lc u la t io n  of V^.

T h e re  i s  som e q u e s t io n  as  to w h e th e r  H i ld e b ra n d 's  o r  P i t z e r ' s  

r u le  i s  s u p e r io r  fo r  the d e te rm in a t io n  of t r a n s la t io n a l  c o n tr ib u t io n s  to 

the e n t ro p y  of v a p o r iz a t io n  (8 6 , 89). The c r i t i c s  of P i t z e r ' s  r u le  po in t 

out th a t  i t  i s  no t obeyed by a  l a r g e  c l a s s  of co m p o u n d s . H ow ever ,  the 

id e n t i f ic a t io n  of the d i s c r e p a n c ie s  shown by c e r t a in  co m p o u n d s  f ro m  

P i t z e r ' s  r u le  w ith  the r o ta t io n a l  en tro p y  is  not new (8 6 , 8 8 ). F u r t h e r 

m o r e ,  the f a c t  th a t  in e r t  g a s e s ,  in w h ich  i t  would be d if f ic u l t  to invoke 

r e s t r i c t e d  ro ta t io n ,  obey P i t z e r ' s  r u le  h a s  induced  r e l ia n c e  upon it  

r a t h e r  than  upon H i ld e b ra n d 's  ru le  fo r  the  p r e s e n t  w o rk .



C H A P T E R  I I  

CALCULATIONS AND DISCUSSION OF RESU LTS

E n tro p y  of V a p o r iz a t io n  and P i t z e r ' s  Rule

Since no c a lc u la t io n s  (using P i t z e r ' s  r u le )  of the  ro ta t io n a l  and 

t r a n s la t io n a l  c o n tr ib u t io n s  to  the  e n tro p y  of v a p o r iz a t io n  fo r  m an y  p u re  

com pounds  of i n t e r e s t  a r e  r e p o r t e d  in  the  l i t e r a t u r e ,  i t  w a s  d e s i r e d  to  

p e r f o r m  su ch  c a lc u la t io n s ,  a s  the r e s u l t s  a r e  n eed ed  fo r  the ev a lu a tio n  

of fo r  th e se  co m p o u n d s .

The in er t g a se s  argon, krypton and xenon w ere  used  as re feren ce  

su b stan ces for no rotation a l contribution to the entropy of vap orization . 

F or a com pound at a p articu lar  tem perature the g a s-liq u id  volum e ratio  

v G /v Ij w as cELlculated. The value of A S^ (from  P itz e r 's  data (88) for  

the in er t g a se s )  corresp on d in g  to the ca lcu la ted  value o f v G /v L  w as  

taken to be the tra n sla tio n a l contribution  to the entropy of vaporization , 

^ ^ T ra n s’ Thi® valu e subtracted  from  the actual entropy of vap orization  

A g iv es  then the rotation al contribution AS^^^. The r e su lts  of the c a l

cu la tion s are g iven  in Table 2.

The n e g a tiv e  v a lu e  fo r  the A S ^  of m e r c u r y  d e s e r v e s
rotation al

51
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T A B L E  2

RO TA TIO N A L CONTRIBUTION TO TH E EN TR O PY  O F 
V A PO R IZA TIO N  BASED ON P IT Z E R 'S  R U L E

Com pound T °C y G / y L ASV

Ethyl 70 327 2 2 .4 1 ^ 18 .5 7 3. 84
A c e ta te 80 236 21. 38 17. 55 3. S3

1 0 0 129 19. 38 15 .61 3.77

E thy l 0 890 2 5 .4 8 2 1 .7 7 3. 71
E th e r 30 262 2 0 .7 8 17 .90 2 . 8 8

40 185 19 .5 7 16 .75 2 . 82
1 0 0 32. 7 13 .5 6 1 2 . 19 ’ .

E th an o l 0 24, 432 38. 55
40 2, 451 32. 12 25. 15 6 . 97
6 0 954 2 9 .4 8 2 2 . 0 0 7 48
70 6 2 6 28. 15 2 0 .6 3 7 . 52
80 422 2 6 .8 7 1 9 .4 3 7. ‘I t

1 0 0 204 24. 31 17. 16 7. 1
1 2 0 105 21. 54 14 .9 6 6 . 5',

E thy l 50 362 2 2 .4 0 1 8 .9 2 3. 4.3
F o r m a te 60 258 2 1 .2 8 17 .85 3 .4 3

E th y l  P r o  90 302 22. 65 18. 35 3. 3 )
p io n a te 1 0 0 2 2 2 21. 75 17. 35 ). -:o

B enzene 40 1, 072 2 5 .0 7 22. 35 2 .7 2
1 0 0 168 19. 11 1 6 .4 8 2. 6  3

C h lo ro - 130 291 2 0 .7 1 18. 1 1 2 . 60
ben zen e 140 225 1 9 .9 9 17. 38 2 . 61

F lu o r o - 80 329 2 1 .7 7 1 8 .6 0 3. 17
ben zen e 90 243 2 0 .7 9 17. 65 3. 1--

lo d o - 180 333 2 1 . 0 1 18 .65 2. 36
b en zen e 190 265 2 0 .5 5 17 .9 2 2. 53
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T A B L E  2 — Continued

Com pound T °C y G / y L a s v

D iiso b u ty l 9 0 283 2 2 .0 0 1 8 .1 5 3 .8 5
100 207 2 0 .8 5 1 7 .1 6 3 . 6 9

D iiso p ro p y l 50 246 2 0 .7 6 1 7 .6 5 3. 11
60 179 1 9 . 6 9 1 6 .6 5 3 .0 4

n -H e p ta n e 9 0 230 2 1 .4 5 1 7 .4 6 3 .9 9
100 170 1 9 . 8 6 1 6 .5 0 3. 36

n -H e x a n e 6 0 250 2 0 .8 9 1 7 .7 2 3. 17
70 181 19 .8 7 1 6 . 6 0 3 .2 7

M ethy l 50 404 2 2 .9 9 1 9 .2 5 3 .7 4
60 286 2 1 . 9 1 18. 15 3 .7 6

M ethano l 60 751 2 5 .9 0 2 1 .2 3 4 .7 7
70 509 2 4 .6 8 1 9 . 9 7 4 .7 1

1 0 0 179 2 1 . 1 2 1 6 .6 7 4 .4 5

M ethy l
C h lo r id e

0 159 1 8 .2 3 1 6 . 1 9 2 .0 5

n -O c ta n e 1 2 0 188 2 0 .7 3 1 6 .8 5 3 .8 8
130 144 1 9 . 8 2 1 5 .9 7 3 .8 5

n - P e n ta n e 30 252 2 0 .4 2 1 7 .7 7 2 .6 5
40 180 19 .41 1 6 . 6 8 2 .7 3

n - P r o p y l 90 476 2 7 .9 0 1 9 .7 8 8 . 1 2

A lcohol 1 0 0 324 2 6 .4 0 1 8 .5 7 7 .8 3

C C I 4 70 323 2 1 . 0 2 1 8 .5 4 2 .4 8
80 241 2 0 .0 3 1 7 .6 1 2 .4 2
9 0 182 19 .15 1 6 .7 0 2 .4 5

TOO 140 1 8 .2 3 1 5 .8 6 2 . 38
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T A B L E  2 -  - Continued

C'^m pound TOC V G /V L ASV ^ ^ Y r a n s

M e rc u r y 200 1 1 1 . 5 9 1 3 0 . 4 5 b 3 7 .0 3 -6 .  58
260 2 2 ,3 2 7 2 6 .8 5 3 2 .0 5 -5 . 20
320 6, 288 2 3 .9 8 2 7 .9 3 - 3 .9 5
360 3, 1 0 9 22. 36 2 5 .7 2 -3 . 36

W ater 0 2 0 6 ,2 6 7 3 9 . 36^ 3 8 .9 6 0 .4 0
50 11,901 3 1 .6 9 2 9 . 9 4 1 .75

1 0 0 1. 603 26. 0 0 2 3 .6 6 2, 34
150 360 2 1 .4 7 1 8 .8 9 2 .5 8
2 0 0 1 1 0 17 .6 2 15 .11 2 .5 1
250 40. 0 14 .0 9 1 2 .5 8 1.51

CCI2 F 2 -40 370 2 1 . 1 7 b 1 8 .9 9 2 . 18
-2 3 ,3 3 183 1 9 . 0 6 1 6 .7 8 2 .2 8
-  1 . 1 1 8 1 .9 1 6 .5 0 14 .1 5 2 .3 5

1 0 . 0 0 5 7 .2 15 .31 1 3 .2 6 2 .0 5
2 6 .6 7 4 0 .7 1 3 .5 6 12 .6 1 0 . 9 5

^ D a ta  fo r  V ^ / y L  a n d A S ^  tak en  f r o m  L a n d o l t -B o rn -  
s te in .

^ F r o m  th e  H andbook of C h e m is t ry  and P h y s ic s .  

^ F r o m  N. E .  D o rs e y  (96).

som e d i s c u s s io n .  P i t z e r  (8 8 ) b e l ie v e s  th a t  m e ta l s  c a n n o t  be c o n s id e re d  

in th is  t r e a t m e n t  e x c e p t  a s  a  s e p a r a te  c l a s s .  The e n t ro p y  a t t r ib u ta b le  to  

e l e c t r o n ic  m o tio n  w il l  be r e m o v e d  th ro u g h  e v a p o ra t io n  and shou ld  r e d u c e  

the e n t ro p y  of v a p o r iz a t io n .  The to ta l  m a g n itu d e  of t h i s  e f fe c t  shou ld  be 

1 c a l / m o l - d e g r e e  (90) o r  l e s s ,  and is  a lone  in su f f ic ie n t  to  e x p la in  the  o b 

s e rv e d  r e s u l t s .  H ow ever ,  t h e r e  i s  no r e a s o n  to  b e l ie v e  th a t  a  s i n g l e
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p o te n t ia l  func tion  (from  w hich  P i t z e r ' s  t r e a t m e n t  i s  d e r iv e d )  w ill be 

s a t i s f a c to r y  fo r  m e ta l l i c  bonding . In p a r t i c u l a r ,  if  the func tion  fo r  

m e ta l s  w e re  m o r e  s y m m e t r i c a l  n e a r  the m in im u m , the b e h a v io r  e x 

h ib i ted  h e r e  w ould  be ex p la in ed  as  w e ll  a s  o th e r  a n o m alo u s  m e ta l l i c  

b e h a v io r  su ch  a s  the  low c o e f f ic ie n ts  of e x p a n s io n  and l iq u id  h e a t  

c a p a c i t ie s  o b s e rv e d .  In s h o r t ,  m e ta l s  w ou ld  s e e m  to  h av e  to  be 

t r e a te d  as  an a lm o s t  s e p a r a te  p ro b le m .

It i s  s e e n  f ro m  F ig u r e  10 in  w h ich  i s  p lo t te d  a g a in s t  

y G / y h  f o r  s e v e r a l  s u b s ta n c e s  th a t  the se q u e n c e  w a te r ,  m e th a n o l ,  

e thano l,  n -p ro p a n o l  show s a  s te a d y  i n c r e a s e  of r o ta t io n a l  h in d ra n c e  , 

a  r e s u l t  n o t a c h ie v e d  u s in g  H i ld e b r a n d 's  r u le  (83). The com pounds, 

w a te r ,  c a rb o n  t e t r a c h lo r id e ,  b e n z e n e ,  and  d ic h lo ro d if lu o ro m e th a n e  

have e n t r o p ie s  of v a p o r iz a t io n  th a t  f a l l  on a lm o s t  the  s a m e  c u rv e  . 

The r e s t r i c t i o n  of ro ta t io n  in  w a te r  shou ld  be due m o s t ly  to  a s s o c i a 

tion  in  the  l iq u id ,  w hile  r e s t r i c t i o n  in  the  o th e r  com pounds  m u s t  be 

due to  s t e r i c  h in d ra n c e .  I t  i s  i n t e r e s t in g  th a t  the two e f fe c ts  should  

be of a lm o s t  the  s a m e  m a g n i tu d e .  The f a c t  th a t  w a te r  and the  a lco h o ls  

have a  m a x im u m  w h ic h  d im in i s h e s  a t  su f f ic ie n t ly  h igh  o r

low t e m p e r a t u r e ,  ( e .g .  sY o t p r a c t i c a l l y  v a n is h e s  fo r  w a te r  a t  0 °  C ) 

m u s t  in d ic a te  a  h ig h  d e g re e  of a s s o c ia t io n  in  the  v a p o r  a t  low t e m p e r 

a tu r e s ,  and a  low d e g re e  of a s s o c ia t io n  in  the liq u id  a t  h igh  t e m p e r 

a tu re  .
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R e s t r ic t io n  of R o ta tion  in  A lcoho ls  

F o r  s e v e r a l  p u re  a lco h o ls  the a p p ro x im a te  m o m e n t  of i n e r t i a  

w as  c a lc u la te d  fo r  ro ta t io n  abou t the O -H bond, w h ich  w as  r e g a r d e d  as  

f ixed . The f o rm u la s  d e r iv e d  f ro m  s ta t i s t i c a l  m e c h a n ic s  w e r e  th en  used  

to c a lc u la te  the r o ta t io n a l  c o n tr ib u t io n  to the e n t ro p y  of the v a p o r  (due 

to r o ta t io n  about th i s  bond). F r o m  th e se  f o rm u la s  S ° qj. v a p o r ,  the r o t a 

t io n a l  c o n tr ib u t io n  to  the e n tro p y  of the v a p o r  ( a s s u m in g  the  m o le c u le  to 

be a  r ig id  r o ta to r )  w a s  c a lc u la te d .  AS^, the  e n t ro p y  change on v a p o r i z a 

tion, w as  d e te r m in e d  f ro m  l i t e r a t u r e  v a lu e s  fo r  the  l a t e n t  h e a t  of v a p o r 

iz a t io n .  The t r a n s la t io n a l  c o n tr ib u t io n  to  AS^ w as  ob ta in ed  f ro m  c o r r e 

la t io n  of th is  func tion  w ith  the  g a s - l iq u id  vo lum e r a t i o .  The r o ta t io n a l

e n tro p y  of the l iq u id  w as  th en  ob ta ined  f ro m  the f o r m u la .

'  % a p . r  .  .

An a t t e m p t  w as  m a d e  to  a cco u n t  fo r  th is  r o ta t io n a l  e n t ro p y  in 

the l iq u id .  F r o m  v a p o r  d e n s i ty  m e a s u r e m e n t s  i t  h a s  b een  show n th a t  

m e th a n o l  v ap o r  c o n s i s t s  m o s t ly  of h y d ro g en  bonded r in g  t e t r a m e r s  (91). 

A ssu m in g  th is  to be t ru e  fo r  e thanol, i so p ro p a n o l ,  and  p ro p an o l  a s  w ell ,  

a p p ro x im a te  m o m e n ts  of i n e r t i a  w e re  c a lc u la te d  f o r  the  c o r re s p o n d in g  

t e t r a m e r s  and the r o ta t io n a l  e n t ro p ie s  of th e se  e n t i t i e s  w e re  e s t im a te d .  

The r o ta t io n a l  e n t ro p y  of the liqu id  s t i l l  u n acco u n ted  f o r  w as  a s s u m e d  

to be due to  the n ine  new v ib ra t io n a l  d e g r e e s  of f r e e d o m  a c q u i r e d  in 

the f o rm a t io n  of the te t r a m e r .  A p p ro x im a te  w ave n u m b e r s  w e re  d e 

te r m in e d  fo r  th e se  v ib ra t io n s .  A ta b u la r  s u m m a r y  of th e se  c a lc u la t io n s  

is  g iv en  in Table  3.
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TA BL E  3

CA LCU LA TED  RO TATIONAL CONTRIBUTIONS TO THE 
EN TR O PY  O F ALCOHOLS

A lcohol AS'^^P
P i t z e r

ote t r a m e r  
r o t

m e th a n o l 2 7 .7 2 2 3 .2 5  4 .4 7 19 .1 8 6 . 398

ethanol 3 1 .4 9 2 4 .5 4  6 .9 5 21. 04 7. 072

iso p ro p a n o l 3 2 .2 2 2 4 .1 8  8 .0 4 2 4 .4 2 7. 580

n -p ro p a n o l 36 .2 7 2 9 .0 8  7 .1 9 26.68 7. 207

Alcohol e n t ro p y  due 
to n ine  new 
v ib ra  iic r.f» *

e n tro p y  c o n 
t r ib u t io n  p e r  
v ib ra t io n

h y / k T cm "^

m e th a n o l 8 . 315 0 .9 2 4 1 .9 5 0 431

ethanol 7 .0 2 5 0 .781 2. 715 480

iso p ro p a n o l 8 . 800 0 .9 7 8 1. 905 421

n -p ro p a n o l 8 .2 8 3 0 .921 1 . 9 8 0 438

l=By d i f f e re n c e .
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P o te n t ia l  E n e rg y  R e s t r i c t in g  R o ta tio n  of CCIj 

C arbon  t e t r a c h lo r id e  w as  ch o sen  fo r  an e s t im a t io n  of the p o 

te n t ia l  e n e rg y  r e s t r i c t in g  f r e e  ro ta t io n  in  the  l iq u id .  The p a r t i t io n  fu n c 

tion  fo r  e x te rn a l  r ig id  ro ta t io n  of a  n o n l in e a r  m o le c u le  i s  g iven by Jan%

(92) a s  l / 2 ( l ^ l g l ç , ) ^ ^ ^ ( a ) ~ ^  , w h e re  h and k a r e  the

P lan k  and B o ltzm an n  c o n s ta n ts  r e s p e c t iv e ly .  The v a lu e  of the  p a r t i t io n  

func tion  is  thus  dep en d en t on two p a r a m e t e r s :  p ro d u c t  of

the p r in c ip a l  m o m e n ts  of i n e r t i a ,  and a , the  s y m m e t r y  n u m b e r .  The 

e x te r n a l  s y m m e t r y  n u m b e r  f o r  a  m o le c u le  i s  d e f in ed  a s  the n u m b e r  of 

in d is t in g u ish a b le  p o s i t io n s  in to  w hich  the m o le c u le  c a n  be tu rn e d  by 

s im p le  r o ta t io n s .  The cube r o o t  of th is  fu n c tio n  w ould g ive  the p a r t i  - 

tion  func tion  f o r  one ro ta t io n a l  d e g re e  of f r e e d o m ,  s in c e  p a r t i t io n  fu n c 

tions  a r e  m u l t ip l ic a t iv e .  The d i f f e re n c e  in  e n t ro p y  due to  r e s t r i c t e d  

ro ta t io n  w as  c a lc u la te d  and the  va lue  of the r e s t r i c t i n g  p o te n t ia l  w a s  

e s t im a te d  f ro m  P i t z e r ' s  ta b le s  (93) to be abou t 2200 c a l /m o l ,  a s  c o m 

p a r e d  w ith  930 c a l / m o l  fo r  in t e r n a l  r o ta t io n  of m e th a n o l  (94) and 3150 

c a l /m o l  fo r  in t e rn a l  ro ta t io n  of e th an e  (95).

F r e e  Volum e and F r e e  Angle R a tio  of P u r e  C om pounds 

The c o m p o s i te  f r e e  vo lum e 5 wa s  c a lc u la te d  fo r  s e v e r a l  c o m 

pounds f ro m  eq u a tio n  (4a) u s in g  p r e s s u r e s  and h e a t s  of v a p o r iz a t io n  o b 

ta in ed  f ro m  the l i t e r a t u r e .  The f r e e  v o lu m e  f r o m  e q u a tio n  (9) w as  

a lso  ob ta ined  fo r  th e se  c o m p o u n d s ,  u s in g  b o th  P i t z e r ' s  and H i ld e b r a n d 's
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ru le  fo r  the d e te rm in a t io n  of the  tra n s la t io n e il  c o n tr ib u t io n  to the e n 

tro p y  of v a p o r iz a t io n .  The r e s u l t s  a r e  p r e s e n t  in T ab le  4.

It i s  in t e r e s t in g  to  note f i r s t  of a l l  th a t  the com pounds  

w hich  a r e  h igh ly  a s s o c ia te d ,  i . e .  the a lc o h o ls ,  have ÔV^'s th a t  a r e  

v e ry  m u c h  s m a l l e r  than  th o se  of l e s s  h in d e re d  co m pounds  such  as  

CCI4 . A lso  i t  i s  to be noted  th a t  a  g iven  com pound h a s  a  g r e a t e r  6  V  ̂

a t  a  h ig h e r  t e r m p e r a t u r e  ( e .g .  fo r  a c e to n i t r i l e ,  5 V^ i s  3 .4 6  c c /m o l  

a t  4 5 °  and  0 .0 1 7 8  a t  20°). Both of th e se  r e s u l t s  a r e  in tu i t iv e ly  e x 

p e c te d .  In the  f i r s t  p la c e ,  i t  i s  e a s y  to see  p h y s ic a l ly  th a t  a s s o c ia te d  

co m pounds  w ould  have  a  g r e a t  a m o u n t  of r e s t r i c t e d  ro ta t io n  in the 

liq u id  and  h ence  a  s m a l l  f r e e  ang le  r a t i o .  (New v ib ra t io n a l  m o d e s  

w ould  a l s o  be e x p e c te d  to  a p p e a r  upon c o n d e n sa t io n  to  l iq u id .  ) In 

the se c o n d  p la c e ,  a s  the t e m p e r a tu r e  i n c r e a s e s ,  the in te r p e n e t r a t io n  

of the m o le c u le s  i n c r e a s e s  due to  the  enhan ced  t h e r m a l  e n e rg y ;  h en ce  

the " f r e e  v o lu m e"  i n c r e a s e s .

The Use of H i ld e b r a n d 's  R ule  fo r  the 

D e te rm in a t io n  of

W henASV f o r  m e r c u r y  is  p lo t te d  a g a in s t  lo g (1 0 3 p /T ) ,  a s t r a i g h t  

l in e  w ith  the equation ,

ASV = 4 0 .2  - 6 .0 6 6  log ( lO ^ p /T ) ,  

is  o b ta in ed , w h e re  p i s  g iven  in m i l l i m e t e r s  of m e r c u r y .  It w as  a s s u m e d  

th a t  a l l  v a p o r s  a r e  id e a l  so  th a t  if  the p r e s s u r e  of a  s y s te m  i s  pu t in to  th is
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T A B L E  4

C A LC U LA T ED  F R E E  VOLUMES F O R  P U R E  COMPOUNDS

Com pound T °C

F r e e  Volum e Vf ( c c / m o l )  

P i t z e r  H ild eb ran d

CH 3 OH 35 0. 0474 0 . 3 9 4 0 .7 8 3
45 0. 0582 0 .5 8 7 0 .9 4 0
55 0. 0732 0 .6 2 2 1 .059

C 2 H 5 OH 35 0 . 0 1 2 0 0. 315 0 .6 3 8
45 0 .0 1 4 2 0 .4 7 6 0 .7 4 7
55 0. 0176 0 . 8 9 2 0 .8 6 7

i-C g H y O H 45 0 . 0 0 2 2 9 0. 697 0 .6 8 2

n - C 3 H7 OH 35
55

0. 350 
0. 630

CH 3 CN 45 3. 509 0 .5 7 6 0 . 7 9 4

A cetone 45 0. 321 1. 664 0 . 0 6 8

CH 3 NO2 45 2. 967 0. 371 0 . 6 1 0

C 6 H 6 35 0 . 2 9 9 1 .4 0 9 0 .7 1 8
45 0 . 369 1. 665 0 .8 1 3
55 0 .4 7 5 1. 758 0 . 9 1 2

CCI4 35 0 . 3 9 1 1. 344 0 .759
45 0 .4 8 6 1 . 6 9 5 0 .8 5 3
55 0. 650 2. 134 0 .9 5 8

CH CI3 35 0. 244 1. 391 0 .9 0 7
45 0. 310 1 . 7 3 9 1.015
55 0 . 389 2 . 159 1 . 1 2 9
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equation , fo llow ing H i ld e b ra n d 's  r u le ,  the t r a n s la t io n a l  c o n tr ib u t io n  to 

the en tro p y  of v a p o r iz a t io n  w ill  be ob ta ined  (85). The a s su m p t io n  of 

id ea l  v a p o r s ,  of c o u r s e ,  f a i l s  r a d ic a l ly  fo r  so m e  s y s t e m s .  When the 

t r a n s la t io n a l  co n tr ib u t io n  i s  s u b t r a c te d  f ro m  the  to ta l  e n t ro p y  of v a p o r 

iza t io n ,  the  ro ta t io n a l  c o n tr ib u t io n  i s  o b ta in ed , f ro m  w h ich  5  m ay  be 

c a lc u la te d .  T h is  w a s  done fo r  a l l  of the above  com pounds  and w as  

co m p u ted  f r o m  eq u a tio n  (9). The r e s u l t s  a r e  g iven  in  T ab le  4. The 

com pounds a c e to n e ,  c a r b o n te t r a c h lo r id e ,  n i t ro m e th a n e ,  and a c e to n i t 

r i l e  have  f r e e  v o lu m e s  th a t  a r e  l e s s  than  the p ro d u c t  of w hich

w ould c o r r e s p o n d  to  n eg a tiv e  v a lu e s  of . T h is  r e s u l t  i s

ex p e c te d  fo r  com pounds  w h ich  f o rm  gas  p h a s e  d i m e r s .  The m ag n itu d e  

of the  f r e e  v o lu m e s  c a lc u la te d  f a l l s  w ith in  a  r a t h e r  n a r ro w  réinge, v i z .

0. 35 to  1. 08 c c /m o l ,  w ith  m o s t  of the  c a lc u la te d  v a lu e s  fa l l in g  the in  

the r e g io n  0 . 8  to 1 .08  c c /m o l .

F r e e  V o lum es  of B in a ry  M ix tu re s  

F r e e  v o lu m es  fo r  b in a ry  m ix tu r e s  of n o n - e le c t r o ly te s  have 

n o t  p r e v io u s ly  b een  c a lc u la te d  e x c e p t  by F r a n k  (97) who l im i te d  h is  c o n 

s id e ra t io n  to  v an ish in g ly  s m a l l  c o n c e n tra t io n s  of g a s e s  d is s o lv e d  in n o r 

m a l  l iq u id s .  In the p r e s e n t  r e s e a r c h  i t  w as d e s i r e d  to s tudy a  b ro a d e r  

c l a s s  of so lu t io n s  and to m a k e  o b s e rv a t io n s  w h ich  would be app licab le  

o v e r  the e n t i r e  m o le  f r a c t io n  r a n g e .
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C alcu la t io n  of f r e e  vo lum e in b in a ry  m ix tu r e s  i s  conip lic  

by the fa c t  th a t  the liqu id  and g a s  p h a s e s  in e q u i l ib r iu m  w ith  one ano tlu  r 

a r e  not in g e n e r a l  of the s a m e  c o m p o s it io n .  When such  is  the c a s e  , 

eq u a tio n s  (4) and (9) a r e  not v a l id .  If, h o w e v e r ,  a  b in a ry  m ix tu re  f o rm s  

an a z e o tro p e ,  th re e  p o in ts  on the  v e r s u s  m o le  f r a c t io n  c u rv e  can  be 

ob ta ined : one fo r  the  a z e o tro p e  and one fo r  e a c h  of the  p u re  c o m p o n e n ts .

E q u a tio n  (9) w as  u se d  fo r  the c a lc u la t io n  of Vf f o r  s e v e r a l  

a z e o t ro p e - fo rm in g  m ix tu r e s ,  u s in g  P i t z e r ' s  r u le  fo r  the  d e te r m in a t io n  

of the  t r a n s la t io n a l  co n tr ib u t io n  to the e n tro p y  of v a p o r iz a t io n .  F o r  p u r 

p o s e s  of c o m p a r is o n ,  6 V^ and f ro m  H i ld e b ra n d 's  r u le  w e r e  c a lc u la te d  

fo r  so m e  s y s te m s .  The r e s u l t s  a r e  g iven  in  T ab le  5 and  a r e  p r e s e n te d  

g ra p h ic a l ly  in  F ig u r e s  12 to 29. The s t r a ig h t  l in e s  co n n ec tin g  end p o in ts  

in th e se  f ig u r e s  i s  in ten d ed  only  to show how m u c h  the  f r e e  v o lu m e  of the 

a z e o tro p e  d e v ia te s  f ro m  the l i n e a r  r e la t io n  * x^ + X2 V 2  .

C o n s id e ra t io n  of F ig u r e s  11 th ro u g h  22 show s th a t  P i t z e r ' s  r u le  

is  c o n s is te n t  w ith  l i n e a r i t y  of f r e e  v o lu m e  w ith  r e s p e c t  to  m o le  f r a c t io n  

in a l l  of the  s y s te m s  s tu d ied .  The s m a l l  d e v ia t io n s  f ro m  l i n e a r i t y  in  t h e  

c a lc u la te d  r e s u l t s  m a y  be a t t r ib u ta b le  to  the  la c k  of d a ta  fo r  the v a p o r  

and liqu id  d e n s i t i e s  of the  a z e o t ro p e s  a t  the  t e m p e r a t u r e s  in  q u e s t io n .

In a l l  c a s e s  i t  w as  a s s u m e d ,  fo r  p u rp o s e s  of c a lc u la t io n ,  th a t  th e r e  is  

no change in  v o lum e on m ix in g  the l iq u id s  and  v a p o r s ;  i . e . ,  the  m o la r  

vo lum e of the liqu id  a z e o tro p e  w as  ob ta ined  s im i l a r ly .
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T A B L E  5

F R E E  VOLUMES O F BINARY M IXTURES 
FORM ING A Z E O T R O P E S

F r e e  V olum e (c c /m o l  )

B in a ry  M ix tu re  R e fe re n c e
M ole 

T °C  F r a c t io n V^ P i t z e r  H ild e b ra n d

CH 3 C N -C C 1 4 98 45 0

.410
1

0 .4 8 6
0 . 9 9 6

3.509

1 . 6 9  

1 . 2 9

0 .5 8

CH 3 C N -C 6 H 6 99 45 0

.457
1

0 . 369 
0 . 9 6 6  

3 .509

1 .6 7  
1. 17 
0 .5 8

0. 718 
0 .7 6 3  
0 .7 9 4

C2 H 5 0 H - C 6 H 6 1 0 0 45 0

. 375 
1

0 . 369 
0 .0 8 0 0  
0 .0 1 4 2

1 .67
1 .2 4
0 .4 8

0. 718 
0. 833 
0 .7 4 7

CH 3 N0 2 - C 6 H 6 1 0 1 45 0

.227
1

0 . 369 
0 .4 5 6  
2 .9 6 7

1 .6 7  
1 .3 7  
0. 37

0 .7 1 8
O.9 O6

0 . 6 1 0

i -C 3 H 7 0 H -C 6 H 6 99 45 0

. 2 9 0

1

0 . 369 
0 . 108 
0 .0 0 2 3

1 .6 7
1 .3 6
0 . 6 8

0 .7 1 8
0 .8 6 4
0 .6 8 2

CH 3 NO2 -C C I 4 1 0 1 45 0

.227
1

0 .4 8 6
0 .4 9 9
2 .9 6 7

1 .7 3
1 .4 4
0 .3 7

C 2 H 5 O H -C C I 4 1 0 2 45 0

. 324 
1

1 .6 9  
1. 37 
0 .4 8

0 .8 5 3
0 .9 3 6
0 .747

C 2 H5 O H -C H C I 3 103 35 0

. 106 
1

0 .3 1 9
1 .2 5
1 . 3 9
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T A B L E  5 - - Continued

B in a ry  M ix tu re R e fe re n c e TOC
M ole

F r a c t io n

F r e e  V olum e (c c /m o l)  

P i t z e r  H ild eb ran d

103 45 0 0. 478
. 138 1 . 602

1 1 .7 4

103 55 0 0 . 8 9 6

. 152 1 .9 0
1 2 . 1 6

CH 3 O H -C 6 H 6 104 35 0 1 .4 0 9 0 .7 1 8
.565 0 .8 4 6 0 .8 0 0

1 0 . 3 9 4 0 .7 8 3

104 55 0 1 .7 5 8 0 .9 5 8
. 3 9 2 1. 318 1 . 18

1 0 . 622 1.059

C figV H -C C l^ 104 35 0 1. 34 0 . 7 5 9

.511 0 .8 5 6 0 .931
1 0 . 3 9 4 0 .7 8 3

CH 3 O H -C C I 4 104 55 0 2. 13 0 .9 5 8
. 5 4 9 1 . 26 1 . 18

1 0 . 622 1.059

The f r e e  v o lu m e - f r e e  angle  r a t io  p r o d u c t  and  the  f r e e  v o lu m e s  

c a lc u la te d  u s in g  H i ld e b r a n d 's  r u le  a r e ,  on the o th e r  hand , s e e n  not to  be 

l i n e a r  fu n c t io n s  of m o le  f r a c t io n .
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F ig u r e  H

F r e e  V olum e by P i t z e r ' s  Rule CH 3 C N  - CCI4  (45°C)
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F r e e  Volum e for CH^CN -

(45°C)

9
by H i ld e b r a n d 's  Rule
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M ole f r a c t io n  C H jC N

by P i t z e r ' s  Rule
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F ig u re  13

F r e e  V o lum e for - C2 H^OH

(45°C)

by H i ld e b ra n d 's  Rule

0

0  . 1 . 2 . 3 . 4 . 5 . 6 . 7 . 8 .9 1 . 0

Mole f r a c t io n  CgHgOH
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Mole  f r a c t io n  C2 H5 OH
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F ig u r e  14

F r e e  V o lu m e  for - CH^NO^ (45°C)

I.

by H i ld e b ra n d 's  Rule
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Mole f r a c t io n  CHgN 0 2

by p i t z e r ' s  Rule
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■ii’iu'L' 15

F r e e  V o lu m e  for  - iC^H^ OH (45°C)

c
by H i ld e b ra n d 's R ule
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M ole f r a c t io n  iC^H^OH
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F i g u r e  16

F r e e  V o lu m e  for CCl^ - C H jN 0 2  by P i t z e r ' s  Rule (45°C)
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M ole f r a c t io n  C H 3 NO2



Fig u re  17

F r e e  Volum e for  CCI^ CgH^OH by P i t z e r ' s  Rule (45°C)
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Mole  f r a c t io n  C2 H 5 OH
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F ig u re  18 

F r e e  Volume fo r  CHCl^ - CgH^OH 

by P i t z e r ' s  Rule
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F ig u re  19 

F r e e  Volum e fo r  CH gOH-C^H^ 

(35° C)
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Figure  20

F r e e  V o lum e for CH 3 OH - (55°C)
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F ig u r e  21

F r e e  V o lum e for CH 3 OH - CCI4  (35°C)
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Figure  22
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C o m p o s i te  F r e e  V o lu m e  ôV  ̂ for  CH^CN - CCI 4  (45°)
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F ig u r e  24
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F igure  25

C o m p o s i t e  F r e e  V'olume C^H-pOH -

(45°C)
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F ig u re  27
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C H A P T E R  I I I  

SUMMARY O F RESU LTS AND CONCLUSIONS

The r e s e a r c h  r e p o r t e d  in P a r t  I w as  p r o m p t e d  by a  d e s i r e  to 

ex tend  the a p p l icab i l i ty  of M u rp h y  and T a b e r ' s  p h e n o m e n o lo g ic a l  t r e a t 

m e n t  of m e m b r a n e  p r o c e s s e s .  The p r i m a r y  a im  w a s  to d e r i v e  equa t ions  

w h ich  would d e s c r i b e  ion flux in o s m io n ic  d e m i n e r a l i z a t i o n  c e l l s  which  

co n ta in e d  m o r e  than  two ionic  s p e c i e s .  F u r t h e r  l im i t a t i o n s  on the 

g e n e r a l i t y  of M u rp h y  and T a b e r ' s  eq u a t io n s  w e r e  a l s o  to be r e m o v e d  

in the  p r e s e n t  r e s e a r c h .

The e qua t ions  d e r iv e d  in P a r t  I fulf i l l  t h e se  a i m s  and have  

b een  p r o g r a m m e d  fo r  the IBM 650 c o m p u te r ,  fo r  the s p e c i a l  c a s e  in 

w h ich  only one c a t io n  (or anion) is  p r e s e n t .  The n u m e r i c a l  so lu t io n s  

to the eq u a t io n s  w hich  w e r e  com pu ted  a g r e e  wel l  wi':h e x p e r i m e n t a l  

r e s u l t s  ob ta ined  by the Sou the rn  R e s e a r c h  In s t i tu te .

Since ion s e le c t iv e  m e m b r a n e  and ion r e v e r s i b l e  e l e c t r o d e  

p r o c e s s e s  a r e  c o m p le te ly  ana logous ,  the eq u a t io n s  d e r i v e d  in P a r t  I 

have g r e a t  v e r s a t i l i t y .  They m a y  be app l ied  w i thout  m o d i f i c a t i o n  to 

s y s t e m s  con ta in ing  any c o m bina t ion  of e l e c t r o d e s  and m e m b r a n e s .
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The p r e s e n t  c o m p u te r  p r o g r a m  wil l  handle only up to five m ern O ran es  

and /  o r  e l e c t r o d e s ;  how ever ,  if a l a r g e r  m a c h in e  than  the 650 is  

a v a i lab le ,  the p r o g r a m  could e a s i ly  be r e v i s e d  to handle  any nunnber 

of m e m b r a n e s .

P a r t  I I  e x a m in e s  the ap p l ic ab i l i ty  of the f r e e  vo lum e th eo ry  

to b in a r y  so lu t io n s  of n o n - e l e c t r o l y t e s . The r o ta t i o n a l  c o n t r ib u t io n s  

to the e n t ro p y  of v a p o r i z a t io n  w as  c a l c u l a t e d  us ing  P i t z e r ' s  r u le  fo r  a 

n u m b e r  of s ing le  n o n - e l e c t r o l y t e s .  It  w a s  shown fo r  four  a l ipha t ic  

a lco h o ls  tha t  the r o ta t io n a l  c o n t r ib u t io n  could  be acco u n ted  fo r  by te - 

t r a m e r  f o r m a t i o n  in the v a p o r  p h ase .

F r e e  v o lu m e s  w e r e  c a lc u la ted  f o r  s e v e r a l  a z e o t r o p e s  us ing  

both H i l d e b r a n d ' s  and P i t z e r ' s  r u le  fo r  the r o ta t i o n a l  c o n t r ib u t io n  to 

the e n t r o p y  of v a p o r iz a t io n .  It w as  s e e n  tha t  P i t z e r ' s  r u le  is  c o n s i s t e n t  

with  l i n e a r i t y  of f r e e  vo lum e with  r e s p e c t  to m o le  f r a c t i o n  in a l l  of the 

s y s t e m s  s tud ied .  Th is  r e s u l t  s u g g e s t s  th a t  i t  would  be i n t e r e s t i n g  to 

obta in  su f f ic ien t  e x p e r i m e n t a l  d a ta  to c a lc u la t e  the f r e e  v o lu m e s  o ver  

the e n t i r e  m o le  f r a c t i o n  r a n g e  for  a  n u m b e r  of b in a r y  m i x t u r e s .  If the 

f r e e  v o lu m e  c a lc u l a t e d  a c c o r d in g  to P i t z e r ' s r u l e  could  be shown in 

g e n e r a l  to be a  l i n e a r  func t ion  of m o le  f r a c t i o n ,  th i s  r u le  would be 

p r o m o t e d  to v e r y  g r e a t  u t i l i ty  in the p r e d i c t i o n  of the t h e r m o d y n a m ic  

p r o p e r t i e s  of b in a r y  so lu t ions .



APPEN D IX

A PROGRAM F O R  C O M P U T E R  SOLUTION O F  EQUATIONS 39

F u n c t io n  of the P r o g r a m

Given the  d a ta  d e s c r i b e d  below, t h e . p r o g r a m  wil l  so lve  e q u a 

t ions  (39) a t  v a lu e s  of x  -  x q + n x (w here  n  i s  an i n t e g e r )  by a  fo u r th  

o r d e r  R u n g e -K u t t a  m e th o d  (105) . As w r i t t e n ,  the p r o g r a m  w il l  solve 

the d i f f e r e n t i a l  equa t ions  f o r  a  double o r  s ing le  e f fec t  o s m io n ic  d e m i n 

e r a l i z a t i o n  c e l l  con ta in ing  one anion (o r  ca t ion)  w i th  n o t  m o r e  than  four  

ionic s p e c i e s  of the oppos i te  p o la r i ty .

I n s t r u c t i o n s  f o r  U s ing  the P r o g r a m

Input  D a ta .  The u s e r  m u s t  supp ly  the fo llowing d a t a  e a c h  t im e  

the p r o g r a m  i s  to  be u sed :

12 The n u m b e r  of m e m b r a n e s  in  the
s y s te m :  4 fo r  a  s ing le  e f fe c t  and 6 
fo r  a  double  e f fec t  c e l l .

I I  The n u m b e r  of c a t io n ic  s p e c i e s  p r e 
sent.

10 n: The to ta l  n u m b e r  of ion s p e c i e s
p r e s e n t .
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Z I  to Z5 

Z6 to ZlO

Z l l  to Z15 

Z16 to Z20 

Z21 to Z25

Z26 to Z30 

Z31 to Z35 

Z36 to Z40 

Z41

Z42

Z43

DO

CO

Cl to CIO

C7 to C(6+I0)

C l 3 to C(12+I0) 

C19 to C(ia+iO) 

C25 to C (24+10) 

Y12 to  Y16

zj: The c h a r g e  on the ionic 
s p e c i e s .

: Z(5+i) B the equivsdent  ionic
c onduc t iv i ty  of the i^^ ion at in f in i te  
d i lu t ion .

Aj: Z(10 + i )  = A j  in  equa t ion  (43a).

Bi: Z (1 5 + i )  = B j  in  equa t ion  (43a).

f Ç :  Z( 20 + i) = F  f i n  equa t ion
( 4 4 ) .

F ^ :  Z(25+i ) = F ^  in  equa t ion  (44).

q C: Z(30+i)  = g Ç in  equa t ion  (44).

G ^ :  Z( 35+i ) = g A  in  equa t ion  (44).

: The d i s t a n c e  b e tw een  m e m b r a n e s
in so lu t ion .

D ^ :  The th i c k n e s s  of the  m e m b r a n e s .

D®: The a v e r a g e  d i s t a n c e  t r a v e r s e d
by an ion in  the e x t e r n a l  b r i n e .

Ax: The i n c r e m e n t  in  x  b e tw e e n  s u c 
c e s s i v e  a p p r o x i m a t i o n s .

xq ; The in i t i a l  vsdue of x.

C i ( s ) :  The c o n c e n t r a t i o n  of the f i r s t  
ionic  s p e c i e s  in  so lu t io n  s .

The c o n c e n t r a t i o n  of the second  s p e c i e s .

The c o n c e n t r a t i o n  of the  t h i rd  s p e c i e s .

The c o n c e n t r a t i o n  of the  f o u r th  s p e c i e s .

The c o n c e n t r a t i o n  of the  f if th  s p e c i e s .

Vg : Y(10+s) = vg, the  l i n e a r  v e lo c i ty  of
so lu t ion  8.
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Indexing of the so lu t ions  and m e m b r a n e s  fo r  a  double  e f fec t  

ce l l  is  to be a c c o r d in g  to the fol lowing d i a g r a m :

Cj  Aj  C 2  A 2  C 3  A 3

B

1 2 3 4 5 6

1 » 6

Thus the  e x t e r n a l  b r i n e  i s  so lu t ion  1, Sj i s  so lu t ion  2 , and so f o r t h .

C l  is  m e m b r a n e  1, and so  fo r th .  F o r  a  s in g le  e f fec t  c e l l  the d i a 

g r a m  to be u se d  fo r  indexing  of so lu t ions  and m e m b r a n e s  i s  a s  fo l lows;

1 1

B B
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The in d ic e s  fo r  ionic  s p e c i e s  m u s t  be such  tha t  the s ingle  anionic  (ur 

ca t ion ic )  s p e c i e s  is  l i s t e d  l a s t .

Data  not  ap p l icab le  to the s y s t e m  u n d e r  c o n s id e r a t i o n  need 

not be f u rn i s h e d .

P r e p a r a t i o n  of D a ta  C a r d s .  The s e t  of d a t a  c a r d s  which  is  

in tended to be r e a d  by the p r o g r a m  as  input f o r  a  s ing le  r u n  is  c a l l ed  

a  " r e a d  g ro u p .  "

V a lu es  of I v a r i a b l e s  m u s t  be punched  a s  i n t e g e r s  a t  the r ig h t  

end of the d e s ig n a te d  t e n - c o l u m n  f ie ld .  L e a d in g  z e r o s  m u s t  be punched.  

V alues  of C, D, Y, and Z v a r i a b l e s  m u s t  be pu n ch ed  in  f lo a t in g  point 

f o r m .  F lo a t in g  poin t  f o r m  fo r  the IBM 650 i s  d e s c r i b e d  a s  fo l lows  :

L e t  the n u m b e r  u n d e r  c o n s id e ra t i o n  be . n 2 n 2 n 2 n^ngn^nyngx  IQP, with 

n j ^ O .  Then  the f loa t ing  poin t  f o r m  of the n u m b e r ,  a s  p unched  on the 

d a t a c a r d ,  w i l l  be n i n 2 n 3 n 4 n 5 n£,nYngyy, w h e re  yy = 5 0+ p .  If the n u m b e r  

i s  z e ro ,  i t  i s  u su a l ly  punched  a s  0000000000. F o r  e x a m p le ,  the i n t e g e r  

2 would be punched  as  0000000002, while  the f lo a t in g  p o in t  n u m b e r  125 

would  be punched  a s  1250000053, s ince  125 - . 12500000 x  10^. P lu s  

s igns  m a y  be punched as  "12"  p u n ch es  o r  o m i t ted ;  m i n u s  s ig n s  m u s t  be 

punched as  "1 1 "  p u n ch es .  In e i t h e r  c a s e ,  the s ig n  is  pu n ch ed  in  the s a m e  

co lu m n  as  the r i g h t - m o s t  d ig i t  of the n u m b e r .  Up to five v a l u e s  m a y  be 

punched on e a c h  d a ta  c a r d .

The f o r m a t  of n u m e r i c  d a t a  c a r d s  i s  a s  fo l lows;
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Colum ns  1 - 1 0

Co lum ns  11-20

C olum ns  21-30

C o lu m n s  31-40

C o lu m n s  41 -50

Value of 1st  v a r i a b l e

V alue  of 2nd v a r i a b l e

V alue  of 3rd v a r i a b l e

V alue  of 4th  v a r i a b l e

V alue  of 5th v a r i a b l e

C o lum ns  51 -55  

C o lum ns  56 -60  

C o lum ns  61-65  

C o lum ns  66-70  

C o lu m n s  71-75

A lp h a n u m e r ic  n a m e  of 1s t  v a r i a b l e  

A lp h a n u m e r ic  n a m e  of 2nd v a r i a b l e  

A lp h a n u m e r ic  n a m e  of 3 rd  v a r i a b l e  

A lp h a n u m e r ic  n a m e  of 4th v a r i a b l e  

A lp h a n u m e r i c  n a m e  of 5th v a r i a b l e  

The a lp h a n u m e r i c  n a m e  of a  v a r i a b l e  m u s t  be punched  as  a 

l e t t e r  (C, D, I, e t c . ) fo l lowed by a  n u m e r i c  s u b s c r i p t .  In th e  l a s t  d a ta  

c a r d  of a  r e a d  g roup ,  punch  éin in  co lum n  75.

Running  the  p r o g r a m  . P l a c e  the GAT c o n t ro l  b o a r d s  in the 

533 and 407. Set  the 650 conso le  s w i tc h e s  as  fo l lows:

S to ra g e  e n t r y  sw i tch e s

P r o g r a m m e d

H alf  Cycle

S to ra g e  s e le c t io n

C o n tro l

D isp lay

O verf low

70 9000 9999

S T O P

RUN

I m m a t e r i a l

RUN

P r o g r a m  R e g i s t e r  

SENSE

E r r o r S T O P
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P l a c e  the p r o g r a m  deck  in the READ h o p p e r  of the 533 followed 

by the d a t a  c a r d s .  On the 407, s e t  a l l  sw i tche s  to "NX End of F i le  to "ON,"  

and In d ependen t  O p e r a t io n  to " O F F " .

P r e s s  " C O M P U T E R  R E S E T "  then  "PROGRAM  ST A R T "  on the 

650 and the "S T A R T "  but ton  on the 533. When the c o m p u t e r  s tops  on 70 

9000 xxxx,  p r e s s  "END O F  F I L E "  on the 533.

To i n t e r r u p t  o r  s top  the p r o g r a m , p r e s s  "PROGRAM  S T O P "  on

the 650.

An e x a m p le .  Suppose i t  i s  d e s i r e d  to c a lc u la te  the  t h e o r e t i c a l  

d e m i n e r a l i z a t i o n  to be ex p e c ted  f r o m  the e x p e r i m e n t a l  cond i t ions  g iven  

fo r  "Run  n u m b e r  1" by L a c e y .   ̂ Using a  double  e f fec t  ce l l ,  he g iv e s  the 

following s t a r t i n g  cond i t ions :

Spacing  b e tw e e n  m e m b r a n e s 0. 082 cm

M e m b r a n e  th i c k n e s s 0 .0 8  c m

M e m b r a n e  d im e n s io n s 4 in  X 30 in

D is ta n c e  t h ro u g h  L i in e 50 cm

S a l t  Used NaCl

C o n c e n t r a t io n  of P  and S feed 0 .0 5 8  N

C o n c e n t r a t io n  of B r ine 4 .0  N

F lo w  Rate  of P  and S s t r e a m s 0. 46 gph

The input  d a t a  r e q u i r e d  f o r  the p r o g r a m  is  a s  fo l lows:

^ R . E .  L a c e y ,  Office of Sal ine  W a te r ,  U .S .  D e p a r t m e n t  of I n t e r i o r ,  
C o n t r a c t  No. 1 4 -0 1 -0 0 1 -1 9 3 ,  P r o g r e s s  R e p o r t  2 , 4  (I960) [unpub l ished]  .
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12 6

11 1

10 2

Z1 1

Z2 -1

Z6 5 0 .9

Z7 7 5 .5

Z l l 1. 34

Z12 1 .4 4

Z16 0. 386

Z17 0. 407

Z21 0. 045

Z22 0 .0 0 4 5

Z26 0. 0

Z27 0 .0 3 0 7

Z31 0. 05

Z32 0. 0106

Z36 0. 0085

Z37 0. 05

Z41 0. 082

Z42 0. 08

Z43 5 0 .0

The véilues of the e q u iv a len t  ionic 
c o n d u c t iv i t i e s  of the so d iu m  and 
c h lo r id e  ions  a r e  téiken f r o m  R o b 
inson  and S tokes  (106).

The v a lu e s  f o r  A, B, F ,  and  G in 
equa t ions  (43a) and (44) a r e  e s t i 
m a t e d  f r o m  L a c e y ' s  d a t a  (68).



DO 1

CO 0

C l 4 . 0

C2 0 .0 5 8

C3 0. 058

C4 tf

C5 tt

C6 II

Y12 0 .5 8

Y13 1000

Y14 0. 58

Y15 0 .5 8

Y16 0 .5 8

91

This  is  a  co n v en ien t  i n c r e m e n t  with 
which  to s t a r t

Chloride ion c o n c e n t r a t i o n s  need  not 
be given, s in c e  they  w i l l  be com pu ted  
by the p r o g r a m .

Any a r b i t r a r y  l a r g e  n u m b e r  w i l l  do fo r  
the v e lo c i ty  of the i n t e r n a l  b r in e .

The d a t a  c a r d s  m a y  then be punched  a s  fo l lows:

000000000200000000010Û000000061000000051 
10 I I  12 DO

1000000051100000005150900000527550000052 
Z1 Z2 Z6 Z7

1340000051144000005138600000504070000050 
Z l l  Z12 Z16 Z17

4500000049450000004700000000003700000049 
Z21 Z22 Z26 Z29

30000000491060000049850000004845000000490000000000 
Z31 Z32 Z36 Z37 CO
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40000000515800000049400000005158000000495800000049 
C2 C3 C4 C5 C6

820000004980000000495000000051 
Z41 Z42 Z43

58000000501000000054580000005058000000505800000050 
Y12 Y13 Y14 Y15 Y l6

The p r in t e d  output on the 570 w i l l  be

1000000051400000005165053436493999994515901816149 
CO Cl  C2 C3 C4

57205019495886885349 
C5 C6

20000000514000000051721776884939999988516002984549 
CO C l  C2 C3 C4

56417911495973145449 
C5 C6

and so f o r th .

This  output  d a t a  i s  to be i n t e r p r e t e d  a s  fo l low s :  at  x  = CO = 1 c m ,  

the v a lu e s  of the c o n c e n t r a t i o n s  of so d iu m  ions  in  the s ix  c o m p a r t 

m e n t s  a r e :

CB C l 4 .0

C ^ l C2 0 .0650

C B l C3 3. 99

CS2 C4 0 .0590

C P 0 5 0. 0564

CS3 C6 0.0597
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S im i l a r ly ,  the c o n c e n t r a t i o n s  a t  :< = CO - 2 . 0  a r e  g iven  in the lu xt 

s e t  of output  d a ta .  The p r o g r a m  will continue to co m pu te  and p r in t  

c o n c e n t r a t i o n  v a lu e s  a t  i n c r e m e n t s  of x unti l  "PROGRAM  S T O P "  is 

p r e s s e d  by the o p e r a t o r .  The i n c r e m e n t  in x wil l  be m u l t ip l ie d  by 

two w h e n e v e r  the p r e v i o u s  v a lue  of d i f f e r s  f r o m  the c u r r e n t  value 

by l e s s  than  0 .0 0 0 3 .  Th is  p a r t i c u l a r  run  w a s  con t inued  unti l  s u c c e s 

s ive v a lu e s  of w e r e  the s a m e .  The " s t e a d y  s t a t e "  i s  r e a c h e d  a t  

X = 137 c m ,  w h e r e  the va lue  of is  0 .0 1 1 0  g r a m - i o n s  p e r  l i t e r  . 

L a c e y ' s  e x p e r i m e n t a l  va lue  at  30 c m  is  0 .0 1 3 .
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The C o m p i le r  P r o g r a m

The GATE (107) p r o g r a m  to be c o m p i le d  and a s s e m b l e d  by

the IBM 650 i s  as  follows:

LOAD AND GO
500 USED IN SUBROUTINES
40 IS HIGHEST S T A T E M E N T  NUMBER
DIMENSION C(l60 ,  6, 1 )Y(20) X (160, 6 ,1 )  N
Z (50) I) (10) I (10) K (2)

1 5 ,1 4 ,1 ,  1,12,
2 C(IO, I4 )=0 .
3 5 , 1 3 , 1 , 1 , 1 0 - 1 ,
4 Z0 = ZI3*C(I3 ,14) /ZI0
5 C(I0 ,I4)  = C(I0, 14) ZO
6 10,14, 1 ,1 ,12 ,
7 D14=0.
8 10,13, 1 ,1 ,11 ,
9 ZO =ZI3*C(I3 ,14)

10 DI4 = DI4 ZO
11 17,13, 1, 1,10,
12 17,14, 1, 1, 12,
13 X ( I3 ,14) = C(I3,14)*(AZI3)*(Z5 13) -  10. P (Z(10  13) ) N

*(DI4P(Z(15 I 3 ) ) ) / 1 0 0 0 .
14 15 = 2 0 IF  ( - 1 ) P I 4 Q 0 .  M I 5  = 5
15 16=14 1 I F  14S 12 M 16 = 1
16 X(5 13, 14) = Z(I5 ,  13) Z(10 15 I3)*SQRT. (C( I 3, 14) N

* C ( I3 ,16) )
17 X(IO 13, 14) = YO*LN. (C(I3, I6)C(I3, 14) )
18 2 1 ,1 3 ,1 ,1 ,1 0 ,
19 2 1 ,1 4 ,1 ,  1,12,
20 17 » 41 I F  14 S 1 M 17 = 43
21 X(I3,14) = (Z42 ZI7)*X(I3,I4)X(5 1 3 , 1 4 ) / (ZI7=:^X(5 N

13,14 X(I3, 14)) Z 0 = 0 .
ZO = 0.

22 26,14, 1, 1,12,
23 DI4= 0.
24 25,13, 1, 1, 10,
25 DI4 n A(ZI3)*X(I3, 14) DI4
26 ZO - ZO 1. /D I4
27 Y1 = 0.
28 3 3 ,1 4 ,1 ,1 ,1 2 ,
29 30,13, 1 ,1 ,10 ,
30 Y l =  Y1-ZI3*X(I3,  I4)*X(10 13, 4 ) /A (Z I3 ) /D I4 /Z 0



95

31 Y(1 14) » 0.
32 33,13, 1 ,1 ,1 0 -1 .
33 Y(1 14) = Y (1 14) X(I3,14)*ZI*X(10 13, 14 ) /AX 13
34 36,13, 1, 1 ,10-1 ,
35 36, 14, 1, 1,12,
36 X(5 13, I4)=  -X ( I3 ,1 4 )* Z I3 * ( (D I4 * X (1 0  1 3 ,14 ) /Z I3 )  N

- Y l - Y ( l  14))/  96500. /  96500.  /  Z 4 / D I 4 /  AZI3
37 LINF,. (1, 3)

S EG M ENT 2 END 
LOAD AND GO
500 USED IN SUBROUTINES
40 IS HIGHEST S T A T E M E N T  NUMBER
DIMENSION C( 160, 6 ,1 )  Y (20)
X(160, 6, 1)Z (50 )D (10)I (10 )
K(2)

1 READ
29 K2 = 2

YO = 2479.
2 LINK. (2, 1)
3 5 , 1 3 , 1 , 1 , 1 0 - 1 ,
4 5 ,1 4 ,2 ,1 ,1 2 ,
5 C(5 13, I4) = (X(5 13,14-1) - X (  13,14) ) *1000.  /Z 4 1  /  Y N

(10 14)
6 K2 = K2 1
7 1 5 , 1 3 ,1 , 1 ,1 0 - 1 ,
8 1 5 ,1 4 ,2 ,1 ,1 2 ,
9 C (10 13,14) = C (13,14) I F  K2 1

10 C(20 13,14) = C (  13,14) I F  K2 1
11 C(15 13,14) = C (5  13 ,14)*D0
12 DIO = 6.
13 DIO «= 3. I F  K2 U 2
14 DIO = 3. IF  K2 U 3
15 C(20 13,14) = C  (20 13,14) C(1 13,14) /  DIO
16 GO TO 22 I F  K2 U 4
17 20,13, 1, 1 ,10-1,
18 2 0 ,1 4 ,2 ,  1,12,
19 DIO = 0. 5 I F  K2 S 3 M DIO = 1.
20 0(13,14) = C (10 13,14) 0 (15  13, I4)*D10
21 LINK. (2 ,1 )
22 2 4 ,1 3 ,1 , 1 ,1 0 - 1 ,
23 2 4 ,1 4 ,2 ,1 ,1 2 ,
24 0(13,14) = O (20 13,14)
25 OO = OO DO
26 TOO. . .  0(10-1,12)
27 K2 = 0
28 LINK. (2, 1)

PROGRAM 1 END
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