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PREFACE

In 1935 Hopf first introduced the three nontrivial fiberings of

2 sy (s?,p,s%,s31, and s1°,p,s8,s7s.

spheres by spheres,’{S3,p,S
These fiberings provided useful relationships between some of the
higher homotopy groups of these spheres. The existence of these fiber-
ings and the usefullness of these relationships immediately led to the
question of the existence of other such fiberings of spheres by spheres.
Some twenty seven years passed before the question was finally resolved
when Adams showed that these were the only three fiberings.

The purpose of this thesis is to trace the history of the solution
to this classical problem. In Chapter I the concept of a fibre bundle
is introduced along with some elementary results from the homotopy
theory of fibre bundles. The three fiberings of spheres by spheres
are then developed. By employing some elementary homotopy theory and
the concept of the Hopf invariant the problem of the existence of
fiberings of spheres by spheres is then reduced to the problem of find-

20-1 , s" with Hopf invariant =1.

ing maps f : S

In Chapter II cup-i products are introduced and many of their
properties are developed. Using the cup-i products we then define
the Steenrod Squaring operations, and list many of the properties of
these operations.

In Chapter III we introduce the Eilenburg-Maclane spaces and

define the fundamental class of Hn(X;ﬂ). These are used extensively



in Chapter IV. |

In Chapter IV we prove an important family of relaticnships between
the Steenrod Squaring operations, the Adem Relations. Using the Adem
Relations we then prove a principle result of this thesis, if

2n-1 s" is a sphere fibering, then n = ok,

f:S
In Chapter V we investigate the Steenrod Algebra and its dual.
Finally in Chapter VI we survey the methods used to finally

resolve the question of existence of fiberings of spheres by spheres.

The primary tool used - that of spectral sequences - are briefly intro-

duced. We then prove a theorem of Serre, describing the cohomology of

K(Zz,n), which was used in a crucial way in Chapter IV. We finally

| indicate, briefly the method used by Adams to finally resolve the

problem of fibering spheres by spheres.

Chapters I-V are readily accessible to anyone having a standard
graduate course in algebraic topology. Chapter VI, however, is some-
what accelerated and some basic know]edge of spectral sequences, fibre
spaces, and some elementary homological algebra will probably be needed.

The author wishes to express appreciation to his advisor, Professor
Benny Evans., for his guidance and assistance. Appreciation is also
expressed to Professor Paul Duvall for his help and valuable suggestions.

An expression of gratitude is also due to Professor Hiroshi Uehara,
whose help was invaluable during the course of this investigation.

A note of thanks is also due to Mrs. Ann Henson, who typed this
manuscript.
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CHAPTER I

THE FIRERING OF SPHERES BY SPHERES

Definition 1.1: A fibre bundle 8 = {E,p,B,F} consists of 1) a
space E ca]]ed>a bundle space, 2) a space B called a base space,
3) amapp : E~> B called a bundle map, and 4) a space F called the
fibre sucﬁ that the following condition is satisfied:
X

¥x € B 3 open neighborhood U of x and a homeomorphism ¢ : U x F—p " (U)

making the following diagram commutative,

whefe 7y is projection on the first éoordinate. E #s sometimes called
a F-bundle over B. ‘

A fibre bundle may be viewed as building up E by glueing together
pfoducts of open neighborhoods of B and F along homeomorphisms of F.
A bundle space then is Tocally products but may contain global "twists".
The next three examples may serve to illuminate the fibre bundle con-
cept.

Example 1.2 (Product Bundle): Let E=B x Fand p : E > B be

given by projection on the first coordinate. ¥x € B let U = B and

¢ : BxF~» p'l(B) be identity map. The following diagram is trivially



satisfied, thus {B x F, p, B, f} 1is fibre bundle.

) .
B x F >»B x F

1!/

Example 1.2 1s‘a trivial example of a bundle. The next example

is simple, however shows how a space may be locally a product while
displaying a global structure much different from & product.

Example 1.3 (Mobius Band): Let M be quotient space of I x I by

identifying (0,y)~ (1,-y). Let B=S'and p : M+ B be projection

onto the first coordinate.

Figure 1. Mobius Band

Considering F = I, ¥x € S' let U be any open interval (not S') con-
taining x. p’l(U) is clearly homeomorphic to U x I. Thus {M,p,S',I}

is fibre bundle.



Example 1.4 (Double Covering of S'): Consider the double covering

1 . . . . .
of S* as illustrated in Figure 2. Given x e 81 choose an open inter-

val U (not Sl) containing x. p—l(U) is simply two disjoint copies of
U, ie, p'l(U) is homeomorphic to product of U and a discrete space con-

sisting of two points. Thus we have a bundle with discrete fibres.

===

P

Figure 2. Double Covering of Sl

Some Homotopy Results for Fibre Bundles

We begin by recalling the definition of relative homotopy groups.
Let X be a space and Xy € Ac X. Let I" denote the n-cube, ie,

M= {(tl, cees tn) e R" | 0 <t < 1}. The initial (n-1)-face is

defined by t_ = 0 and the union of all remaining (n-1)-faces of "

n-l. —_

Considering maps f : (In,In—l,Jn'l)

will be denoted by J
(X5 A, xo),it can easily be shown that the homotopy classes of such
maps form a group with respect to the natural definition of addition.

This group is called the n-th relative homotopy group of X modulo A at



X0 and is denoted ﬁn(X,A,xo). Clearly homotopy groups are special

cases of relative homotopy groups with A = Xo*
We can define a boundary homomorphism 3 : =

n(KsAsx ) > m S (Asx)

in the following manner: If [fle wn(X,A,xO) then consider f | ™

In—l - In"ln Jn"]. 1

Since and f maps J""" to X, then f IInﬂ is a map of
(1" 1e1") into (A,xg). Thus BF | [wa] e m_y(Ax,). Define oLfl=

[f l In-!]

i | Ay—\ - \I,n
A8 s AN

Figure 3. Boundary Homomorphism

We also recall that if h : (X,A,xo) - (Y,B,yo) then h induces a homo-
morphism h, : ﬂn(X,A,xo) - ﬂn(Y,B,yO) where h( Lf1) =Chf].

Now given the triple (X,A,xo) we consider the inclusion maps
i (A,xo) -> (X,xo) and j : (X’XO’XO) -> (X,A,xo). These maps, along
with 3, induce the following long exact sequence called the hométopy
sequence of (X,A,xo).

i Jx
a *
..nn+1(X,A,xo) > wn(A,xo) > ﬂn(X,xo) > ﬂn(X,A,xo) > . > nO(X,xo)

(1.5)

Theorem 1.6: The sequence 1.5 is exact.




Proof: We will show exactness only at nn(X,xo). The proof con-
sists of showing (i) Jii, = 0 and (ii) if Lfle nn(X,xo) and
Jj«(1f1) =.0 then there exists tg] ¢ wn(A,xo) such that i,(cgl) =Lfl.
To show (i) consider j,i, ([f31). This element is [jif] and is in
m (X,A,x ). Clearly Jif(I") € A and thus Ljifl = 0.

To show (ii) Jj,(Cf1) = 0 implies there is homotopy ft B AL X"
0 <t <1 such that fo = f and fl(I") = X, and ft € nn(X,A,xo) for

all 0 <t < 1. Define a homotopy g, : "> X 0 <t<1 by

{ f2t (tl, ""tn-l’.o) if O _<_2’cn <t
n

, 2tlyif t <2t <2
2-t

9y (tys oos typot) =
felty, ...t

n-1
then 9o = f,gl(In) c A and gt(aI“) = X, for every t. It is easy to
establish that ixfgy) = Lfland this completes the proof of the

theorem.

A triple (E,p,B) where p : E ~ B is a map is said to have the
homotopy 1ifting property (HLP) for a class of spaces C if, for any
X ¢ C, any homotopy h : X x I > B and h : X > E such ph(x) = h(x,0),
then there exists a homotopy h:Xx1I~E such that pﬁ = h. The

above is contained in the following commutative diagram.

h
X x {0} — E
: -~
h// p
//
-~
Xx1 B

h is called a 1ift of h.



Theorem 1.7 Fibre bundles have HLP for paracompact spaces.

We will only indicate the proof of Theorem 1.7 for the special
case of X a compact simplicial complex. We begin by considering the

special case where the fibre space is a product.

Lemma 1.7.1: Let Py ¢ X x Y > X be projection on the first
coordinate. Suppose f : o x I—X is map where ¢ is a. simplex._Suppose
g: (o x{0})U (80 x I) > X x Y is Tift of f on (o x {0}) U (80 x I).
Then there is extension G of g such that G is a 1ift of f on o x I.

Proof: Considering o x I € R" for suitable n we choose a point

P ‘above' o x {1}. R

Using radial projection and suitable parameterization we may consider

any point in o x I uniquely as rz where z ¢ (o x {0}) U (80 x I).
Define G : o x I - X x Y by G(rz) = (f(rz),ng(z))where Py is

projection on the second coordinate. It is easily checked that G is

the desired 1ift of f on o x‘I.

- We may now proceed with the proof of Theorem 1.7.

Proof of 1.7: Let X be a compact simplicial complex and

h:Xx1I-Bis ahomotopy and h : X - E is such that ph(x) = h(x,0).
Choose an open covering {Ua} of B such that each p'l(Ua) is a product.
The collection 'h'l(Ua) forms an open cover for X x I. Since X x I

is compact there is a refinement of the form'{wx X Iu} where {wk} is



finite open covering of X and'{Iu} is finite open covering for I.

We may assume Iu meets only Iu-l and Iu+1 for each p, except the first
and last Iu' Choose numbers 0 = t0 < t1 < .. < tr = 1 such that

tu € IuIW Iu+1' We shall assume inductively that h has been 1ifted
for all t f_tu. We will Tift h over [tu’ tu+1] of I.

We may triangulate X sufficient]y fine so that every simplex of
X is contained in some wx of the cover constructed above. Hence, for
each simplex o we may choose some U ¢ {Ua} such that h(x,t) ¢ U for
X € 0, tu <t f_tu+1.

If ¢ is a vertex of X we define h(t,t) = ¢(h(r,t),p2¢'1h(r,tu))
for tu <t f_tu+1. Here ¢ is the homeomorphism ¢ : U x F - p'l(U) and
Po is natural projection Py - Ux F-F. We have thus defined h on
the O-skeleton of X. Assume h has been defined on the (n-1)-skeleton
for each t e [tu’ tu+1} .

If o is simplex then h has been defined on (¢ x {0}) U (o x

[t By applying Lemma 1.7.1 we get 1ift h of h on

u’tu+1]'
¢ x [t ,t ,.1. This completes the construction.
u’ utl .
The next theorem establishes a relationship between the homotopy
groups of E and B. It is often referred to as the Fundamental Homo-
topy Theorem for Fibre Bundles.

Theorem 1.8: Let {E,p,B,F} be a fibre bundle, B0 c B, .

-1 .
E, = P (BO), p(eo) b0 e B,. Then p, : nn(E,Eo,eo) > nn(B,Bo,bo) is
isomorphism for n > 2.

Proof: (i) p, is onto: Let Cfle nn(B,BO,bO) then

1

f: (In,In—l,Jn'l) - (B,Bo,bo). Since J""'is strong deformation

retract of In, using the HLP it can easily be shown that there exists



By)>

then pg = f implies that g(In'l) C E and therefore g : (In,In'l,Jn'l) >

1) —1(

map g : 1" > E such that pg = f and g(Jn" = e.. Since EO =p

(E,Eo,eo). Since pg = f we have p,Lgl = [fJ thus p, is onto.

(ii) p, is one-to-one: Let [f1, tgle (E,Eo,eo) such that p,If7 =

™

n
P.fg1. Since Lpfl = tpgithere exists map F : (In x I, In'1 X I,Jn'1 X
I)-—*(B,Boyo) such that F(z,0) = pf(z) and F(z,1) = pg(z) for all

n-1

2 ¢ I". Consider the closed subspace T = (I" x 0) U (J x I)u

(In x 1) of 1" x I. Definea map G : T > E by

fz)  forZel', t=0

G(z,t) = e, for Z ¢ Jn'l, tel

g(z) for Ze I, t =1 |
Clearly pG = F | T Since T is strong deformation retract of " then,

as mentioned above, G has extension G : I" x I—E such that pé = F.

n n-1

Miso (1" x D)@ B thus 6 ¢ (1" x LI x o™ x 1) 5 (B, uep).
Clearly é(z,O) = f(z) and é(z,]) = g(z) for all z ¢ 1" thus G is homo-

topy of f to g and Lfl1=rg3.

Corollary 1.8.1: p, : wn(E,Fo,yo) > nn(B,bo) is isomorphism for
5 .
n > 2 where F0 is fiber of bo'
Proof: This follows directly from the results of Theorem 1.8 by
o e -1
considering E0 = F0 p (bo)'
Now consider the triple (E,Fo,eo) where F0 is a fiber. From 1.5

we have the exact sequence

> T

E,Fo,eo) > 'ITn(Fo) > Trn(E) > 'rrn(E,Fo,Xo) > . > ‘ITO(X) (1.9)

Let q denote p regarded as map (E’Fo’eo) > (B’bobo)’ then gj = p

where j is inclusion map E » (E,Fo). By Corollary 1.8.1 we can define



d, = a(q*)~1 : nn(B) -> nn_l(FO). Since py _ QxJx We may construct
from 1.9 the following exact sequence called the homotopy sequence
of the bundle {E,p,B,F} :

. Ps dy Ty Px
> nn+1(B) -> wn(F) > 'n'n(E) > 'nn(B) > > 'nl(E) (1.10)

The Hopf Maps

In 1935 Hopf £21 found three fiberings of spheres by spheres, ie,
bundles with E,B,F all spheres. In this section we will describe,
in detail, these three fiberings. We will also briefly describe two
alternate methods for defining these fiberings. The rest of the paper
will address the question of whether other such fiberings of spheres
by spheres exist.

For the following discussion let C represeht either the complex,
quaternion, or Cayley numbers. Let E' = C x C - {(0,0)}, C* be the
one point compactification of C (» will denote the point at infinity),
and Q = {q ¢ C | nqu = 1}.

In E' define an equivalence relation ~ as follows: (x,Y) ~ a(X,y)
for o strictly positive real number. Let E = E'/~. Denote [X,y] as
equivalence class in E.

Define p : E » C* by

p(Ix,y1) = { Xy~ ify#0

® ify=20

It is clear that p is well defined, continuous and onto. We will

now show that {E,p,C*,Q} is a fibre bundie.
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Let V; = {x e C* [ xu <2} and V, = {x e C* [ixi > 1 then {Vy,V})
is open cover for C*. Define 61 V1 x Q ~ p'l(Vl) and ¢, : V, x Q »

p7L(v,) by

¢1(x,9) = [x9,9]
$o(x,q) = Q. lql if x# e
[q,0] ifX= o

First, we must verify that ¢1 and 9o take the two sections V1 x Q and
V2 x Q onto E. Choose tx,yJ] ¢ E.
Case 1: Suppose uxy'ln < 2. Then (xy'l,y/uyu) e V, x Q and

¢1(xy'1,x/uyn) = _5_;_1_}=[x,y1
wyn Hyn

1

Case 2: Suppose y # 0 #ixy I > 1. Then(xy_l,x/uxu) e V, x Q and

¢:2(Xy-1,x/l|xll) ={ X 5 Y7 ={x,y]
WX nxn
Case 3: Suppose y = 0 Then («, x/uxd ¢ V2 x Q and

pp(=ox/uxu) = [x/uxu,01 = [x,0]

To complete our argument it remains only to show that 91 and ¢2 are
homeomorphism. Since E may be identified with a sphere of proper
dimension, E is compact and Hausdorf thus it is enough to establish
that $q and 9o are one-to-one.

41 is one-to-one: Suppose ol(x,q) = @1(x‘,q'). By definition

{xq,91 = [x'q',q'] thus (x9,q) = a(x'q',q') for some strictly positive

(real) o. This implies q = oq' and aqn = iattigt = 1. Thus tal= 1
implying « = 1. Thus q = q' and x = x'.
¢, is one-to-one: Suppose ¢2(x,q) = ¢2(x',q'). We must consider

three cases:
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(i) Suppose x = x' = » then result 1is obvious.

(i1) Suppose x = » x' # ». This situation is immediately excluded

since x-lq # 0.

(ii1) Suppose x # x' # » . Then [q,x—1

1

q1 = [q'.x' "1q] thus (q.x"1q)
= (q',x "q")

Now the same argument used for ¢;,yields q = q' and x = x', thus

_¢1 and ¢, are homeomorphisms.

We have just shown that {E,p,C*,Q} 1is a fibre bundle. Consider-
ing C separately as the complex, quaternions and Cayley numbers we

get the following identifications:

15 s 52, 5%, 58 qas st s, 87,

Eas 38, s
We have thus derived the three Hopf maps s3 +,”52, s/ > st
> 8,

3 - .

The method we have used to construct the Hopf maps has the
advantage that a single construction yields all three maps. The
following construction is more common in the literature and has the

3 2

advantage of yielding a large class of fibre bundles of which S° = S

and S7 > 54 are special cases. Its disadvantage is that 515

+'S8 can-

not be deduced from its construction and must be considered separately.
tet C" be n copies of C (reals, quaternions, complexes) considered

'as right vector space over C. Let S = {x e c" | wxn = 1}. Define

X - y (in'S) if q e C such that x = yq with «iqn = 1. Letp : S =

S/~ (=Mn) be natural projection. It can be shown that {S,p,Mn,Q} is

bundle where Q = {q ¢ C | nqu = 1}. S is unit sphere in ¢" and Mn is

identified with n dimensional projective space (over reals, complexes,

or quaternions). For the special case n = 2,Mn may be identified with
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1.2

sl 2 %

yielding the double covering of st and the first two Hopf mapsl

15

The above construction does not yield S™° » S8 for if we let C be

Cayley numbers ~ is not an equivalence relation due to the non associ-

15 > S8 therefore requires a separate

ativity of the Cayley numbers. S
construction. An example of an alternate approach is given in Steenrod
(61 and requires the construction of coordinate bundles (a coordinate
“bundle is a bundle where the open neighborhoods and homeomorphisms are
prespecified and carrying an additional group structure that tells what
glueings of the products dre allowed). Although additional structure
is incorporated into the construction, it has the disadvantage of
requiring considerable development in the theory of coordinate bundles.
thus we will not describe its éonstruction.

3 2

We give one more construction of f : S - S™. This construction

is, by far, the most geometric construct of the three methods we will

4 2 2) 2 2 2 2

discuss. Consider S° = 3B = 3(B® x B°) = (B® x aB°) U (3B° x B%).

Thus the 3 sphere may be viewed as the union of two solid tori glued
together along their boundary, ie, 53 = TI §) T2. On T1 consider the
standard diagonal. On T1 decompose the boundary into curves parallel
to the diagonal. (We note that the above description may be made pre-
cise by considering points of the boundary of T1 as pairs of complex
numbers. We avoid this because the construction is intuitive and the
equations necessary to describe this construction do not make it easier
to visualize.) Now map the diagonal to any point on the boundary of a

2-cell, D2 By suitably parametering the curves parallel to the diago-

10
nal we may naturally map each curve continuously to points on the bound-

ary of Di.



Figure 4. T1 + D

2
1

13
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This process may be repeated at each level of T1 mapping curves

to points on S1 at corresponding levels of Dlz(see Figure 4.)
2
1 9
2

This process defines map (T aTl)-4>(D 3D12).' Repeat this process

19

getting similar map (TZ,BTZ)——»(DZZ,BD2 ) for second torus. Glueing

T1 and T2 along their boundaries by matching diagonal curves we induce
glueing of D1 and D2 along their boundaries. Thus we get map
f: S3 =T, T,»>D,u D, = SZ. It is clear that each point inverse

1 2 1 2
of f is an Sl. Inverses of small ball neighborhoods are S1 X Dz's thus

we arrive at the desired fibre bundle.

We may easily generalize this process to obtain the remaining two
fiberings. Notice that the construction relies on the existence of
multiplication of points on a sphere, emphasizing the interplay between

the algebraic and geometric descriptions of the sphere fiberings.

Zn-1 -

From point set topology we have S 382n =3(8" x 8" =

" x 38M U (8" x B") = (8" x s" Hyu (s" 1 x B"). For the cases

1

n=2,4, 8 points on sn- may . be represented a complex, quaternion or

Caley number respectively. Any point in B" may uniquely be represented

by rx (1 < r < 0) where x is a point on Sn'l. Consider the following
diagram:
" x 5171 ! ~B" x sl
P1 l P2
id
B" > "

The map p; : B" x s" 18" s given by pl(rx,y) = rxy'1 and is onto.

The map Py B" x Sn—l-—»B is given by pz(rx,y) = r,yx-1 and is onto.
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The map 1id : 38" 5 58" is the identity map.

n-1 n-1

The map T : 28" x $"7% » aB" x S"7" is given by T(x,y) = (y,x).

It is easily checked that this diagram is commutative for points in

n—l’ and pl'l(x) and pz'l(x) are (n-1)-spheres for all x ¢ B".

2n-1

38" x S
n-1 and B" u, B" is s".

Thus the diagram induces the desired fiberings SZn—l__;Sn for n = 2,4,8.

It can be shown B" x Sn'1 U B" xS is §

A Result on the Non-Existence of Fiberings of

Spheres by Spheres

In the previous section we described three non-trivial fiberings
of spheres by spheres. We will now address the question of whether
other such fiberings exist. Our construction of these fiberings sug-
gests that the existence of other real division algebras or the
existence of multipiication on spheres in other dimensions would pro-
vide use with tools to construct other fiberings. In fact the
existence of(sphere fiberings and the existence of real division
algebras and multiplication on spheres are intimately related. This
fact, in part, was responsible for much of the interest in the question
of the existence of sphere fiberings. Later we will discuss this
relationship in more detail. We now will derive a necessary condition
for the existence of sphere fiberings. We will then give a few exam-

ples to illustrate the usefullness of such fiberings.

Theorem 1.11: Let f : Sn+k-+ s" be a bundle map and Sk be the

k) n+k)

nj_l(S
k

Proof: Let i : S* > S

fiber. Then ﬁj(s") & § ms(s

n+k n+k Sk

and j : Sn+k +~ (S 7,S") be inclusion

n+k
-]

maps. Consider the homotopy sequence for the pair (S 5°).



) e Jx
LRI ’ﬂ.(Sk) N Tfj(Sn+k) > '"'J-(Sn-*-k

J
Since Sk contracts in Sn+k, i Sk"—>-Sn+k

.S 'ITJ._I(S ) nj_l(S

is null homotopic and i«

is the zero homomorphism. By exactness ims = ker i, thus 3 is an

epimorphism. Also im i, = ker j,, thus j, is monomorphism. The homo-

topy sequence for (Sn+k,Sk) therefore yields the following short exact

sequence . _
0> ny(s") iy ns (8,5 ; ns_q(s) » 0 (1.11.1)
We claim that 1.11.1 is split exact. To show exactness we need to

display a homomorphism h : nj_l(sk) +'nj(Sn+k,Sk) such that ah is the

identity map. Let [f]le w._ (Sk)

J-1
G

)
Sh*k Sk )/ /—\ .
C Iﬂ‘ ] .

AN -

f
Considering "1 as front face of I" we define map ¢ : (In'1 x {0}y v
GI"x DU (In-1 x {1}) » gtk by:
f(x)  xe (1" x(03)
) = { X, x e (31" x 1) u (1" x {1})

We may now extend g to a map G : (In,In'l,Jn'l) - (Sn+k,Sk, 0)

‘We define h(Cfl) = LG). By construction 3(rG3) = [f3, thus 3h is the

identity and 1.11.1 is split exact as claimed.

e now have w(S",5) & my_1(sK) @ x, (s,

n+k
L]

By Corollary 1.8.1

7. (S

j SY) » 'nj(Sn) for j > 2. The theorem now follows.
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Theorem 1.12  If £ : S" = s" is fibering of sphere by sphere

then m = 2n -1.

Proof: By Theorem 1.11 ﬂj(Sn)aawj_l

However, this implies that = _; 1is the first non-zero homotopy

(Sk) ® wj(Sm) where k =

. group of Sk, thus n-1 = k. Therefore n-1 = m-n or m = 2n-1. This
completes the proof.
The results of this section indicate the importance of bundle
theory in the computation of some higher homotopy groups of spheres.
By Theorem 1.11 and the fiberings of spheres by spheres we have -

established, we have the following results.

ni($%) momg_1(8') @ m(S7) 2 (1.13.1)
(S a s () om(s)) s 2 (1.13.2)
ni (B mom (sT) 0w (s?) 2 (1.13.3)

Using the known results that
1 0 i#1 n 0 1i<n
“1(5 ) = . and ni(S ) =
Z i=1 .

we get the following relations

ni(57) & mi(5%) i>3 (1.13.4)
(Sz)x i (1.13.5)
(s m (%) 2<i<s (1.13.6)
n: (%) (7) 2<i<14 (1.13.7)
(S ) x 6(5 ) 82 (1.13.8)
“15(58) n my,(sT) 02 (1.13.9)

Although, except for 1.13.5 they do not give complete answers, they

do provide important relationships between various homotopy groups.



18

The Hopf Invariant

In the previous section we have shown that any fibering of sphere;

2n-1 N

by sphere must have the form S s". This suggests the study of

SZn—l + " We will show that to any such map we may assign

maps f :
to it an integer H(f), called the Hopf invariant. We will give two
definitions of the Hopf invariant and show that these two definitions
are equivalent (up to sign).

The first definition, due to Hopf, is in terms of linking numbers,
thus 1t is of a geometric nature. The second definition is in terms of
cohomology and is more suitable for the more algebraic discussions to
follow. It will follow trivially from the second definition that the
Hopf invariant H(f) depends only on the homotopy type of f.

2n-1

We will finally show that if f : S > SV is a fibering of a

sphere by sphere, then H(f) = +1. By considering orientations the sign

may be determined, but we will not have need to do so.

2n-1

Definition 71,14: Suppose f : S 5 $" s a simplicial map

2n-1

relative to some triangulations of S and S". Let X4 and Xo be

interior points of some n-simplexes of Sn, then Yy = f'l(xl) and

2n-1 " There is a natural orienta-

2n-1

Yo = f'l(xz) are (n-1)-manifolds in S

tion assigned to Yl and Yo inherited from S and Sn, therefore 2

and P have a linking number. We define the Hopf invariant, H(f),
to be this number.

We will now give an equivalent definition of H(f).

S2n-1 n

Definition 1.15: Suppose f : +S

is a map. Let Sf denote

the mapping cylinder of f, ie, Sf = SZn-l x I/~ where x. x {1}

1
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Xo x {1} iff f(xl) = f(xz). The cohomology sequence for the pair

(sf,szn'l) is

. .* . —' - .
o H(s) 3T TN B (s )3T - (1.15.1)

Sf and S" have the same homotopy type thus from 1.15.1 we get the

following exact sequence

f’
We then get that the cohomology of the pair (Sf,Szn'l) is given by
. : Z i=0,n,2n
: 0 otherwise
Let £ and t generate Hn(Sf,Szn_l) and HZn(Sf,SZn—l). " The self
cup product of £ is an integral multiple of =, ie, 52 = H'(f) - =

for some integer H'(f). We define the Hopf invariant of f to be
the integer H'(f).

A couple of observations should be made at this point. First,
Definition 1.15 makes it clear that H'(f) depends only on the homotopy
type of f: Second, until we establish the equivalence of =afinition
1.14 and Definition 1.15 it will not be clear that Definition 1.14
makes sense, for it is not at all obvious that H(f) is independent of
our choices of Xq and X

In most of the Titerature H'(f) is defined using the complex

2n—1).

an(% " (where an is a 2n-cell) 1in place of (S.,S Since

2n-1

f,

an U{ s" and Sf/S have the same homotopy type, the definitions

are essentially the same. The reason for our approach is that it is

2n-1) 2n-1(52n—1)

easy to establish a relationship between Hzn(Sf,S and H
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that will be needed in thz proof of Theorem 1.17.

We now will translate " efinition 1.18 into the language of coho-
mology. Referring to the notation of Definition 1.18, X1 and X, are
0-cycles in " Let Uy and Us be their dual cocycles. The f*(ul)

and f*(u,) are cocycles in 52n-1

and are dual to Yy and Yoo Letr
be an n-chain bounding v, and let a be the dual (n-1)-cochain of r
(Clearly sa = f*(ul) since &r = yl). Consider ' N Yo. Its dual

cochain is a f*(uz).

Figure 5. Linking Number of Y1 and Yy

Figure 6 summarizes the above statements with the first column
being the chains (cycles) and the second column their respective cochains

(cocycles).
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Xl -~ > Ul
X2 < =~ 12
Y| < — f*(u;)
Y, 4 (u,)
I' « » a

'n Yy e— 2 Vf*(uz)

'Fiqure 6. List of Duals

2n—1) then

T A v, is a O-cycle. If a is generator of H (S
I N v is an integral multiple of o and this integral multiple is
the intersection number of I and Yoo (up to sign), thus the Tink-

ing number of 1 and Yo It now follows that if n generates

2n-1,.2n-
n 1( n 1)

H S then a ~ f*(uz) is an integral multiple of n and that

this integral multiple is the 1inking’number of ¥y and Yo (up to
sign). We have thus shown the following:

s2n-1 s" is a map and a, uy, n are defined

Theorem 1.16: If f :
as above, then a « f*(u,) = H(f) - n (up to sign).

Theorem 1.17: Definitions 1.14 and 1.15 are equivalent up to

sign, ie, H(f) = zH'(f).

Proof: The first step is to choose an appropriate generator for

2n‘1)'

Hzn(sf,S Let u, from 1.14 generate Hn(Sn). Ifp:Se~ s is

natural projection through the product structure, then p* : Hn(Sn) >
(S

f) is an isomorphism. Let ny = p*(uz). Now from 1.15.1 we get
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i* . Hn(Sf,Szn'l) > Hn(Sf) is also an isomorphism. Let n = i*'l(nl),
then n generates Hn(SZn-l)_ This is summarized by:
* 1% -
H(s™) BT W(s) & HM(s s

e |
* -]*__
b ¥ B
Notice if u 1is any other generator of H"(S") then 1*'1p*(u) =+,

The next step is to establish a re1ationship between Hzn(Sf,Szn'l)

and H2n—1(52n-1)_ Since S¢ and s" have the same homotopy type,
1.15.1 gives | | ‘
0 H2n-—1(52n-1) * HZ"(sf,SZ”'l) 5 0 (1.1'7.1)
thus a* : H2n-1(32n-1) Hzn(Sf,Szn"l) is isomorphism

The map 8* provides us with the desired relationship between

H2n-1(32n-1) and Hzn(S 52n-1). To complete the theorem we need to

f’
show that if a «v f*(uz) is from Definition 1.14 then 3*(a « f*(uz)) =

in ~ n. Recall that 3* is defined from the following system:

2n

)
0 - C2n—1(sf,52n—1) l* C2n—1(sf) l* C2n—1(52n-1) - 0

To compute 3*(a w f*(uz))we refer to the following commutative diagram.

Cn-l(SZn—l) s N Cn(SZn-l) < f* Cn(sn)
i / N / p* ()
¢"H(sp) J >C'(s,)
\*
Cn(S S2n-1)
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The first step in computing o*(a « f*(u,)) is to display an

Zn—l(S

element of C f) which gets mapped to a f*(uz) under.i*. Define

vV € c"'l(sf) by extending a by assigning zero to all (n-1) simplexes

2n-1 2n"1(

not in S Since ng e Cn(Sf), then v « ny e C Sf). Now

i*(ve ng) = a~ f*(uy).
The next step is the computation of §(v \ nl). Since "y is a

Lojry = %71sq = 1*—1f*(u1)

cocycle §(v nl) = 6V~ ny. Now ov= i*”
=%y, Thus §(v « nl) = fng~nyg.

Finally we compute i*(n1 N nl). i*(nl \,nl) = i*nl - i*nl = e,
thus i*(inli nl) = #n ~ n. These computations show o*(a f*(uz)) =
tn ~ n and the theorem is shown.

2n-1

Theorem 1.18: If f : S > s"is a fibering of sphere by

sphere then H(f) = =#1.
Proof: We will use Definition 1.14. To show that the linking

number of y; and y, is +1 we need to show i* : Hn_l(yz) >

2n-1 2n-1

H (S - v7) is an isomorphism. Consider " - x,and f : S i

n-1
Y sh - Xy~ Since S" - Xq deformation retracts to Xos by the HLP

for bundles there exist retract of SZn-l

-1 to Yo The results
now follow.

Using the geometric construction of the fibering 33 > 52 one can
"see" that the Hopf invariant of this map is 1. Using the core of

the torus as yp and uny diagonal on surface as y; it is easy to see

that the linking number is 1,
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Figure 7 H(f) = #1 for 3 » §°

The problem of fiberings spheres by spheres is closely related to
the existence of real division algebras and the existence of multi-
plications on spheres. Below is a diagram indicating the various

implications.

n . s
R" is real division algebra

I

n'l_is an H-Space

S

2n-1 n

There is fibering f : S > S

It is clear then that the non-existence of fiberings of spheres
by spheres implies the non-existence of real division algebras. We
will eventually show that if f : SZn—l +s" is a fibering of a sphere
by sphere then n = 2,4,8. This results thus answers negatively
whether any other division algebra exist, other than R, C, the
Quaternions and the Cayley numbers. |

Theorem 1.18 reduces our problem of finding necessary conditions
for fiberings of sphere by sphere to finding necessary conditions for

2n-1

amap f : S + S" to have H(f) = £1. The development of this problem

has thus far been as geometric as possible. Further investigation
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however will requiresd far more algebraic approach than has been thus
far used and, in our case, at the sacrifice of much geometric "feeling".
Many of the definitions and concepts that will be introduced in
succeeding chapters may be give totally algebraically and usually com-
pletely obscurring the geometry. We will however, when a reasonable
choice exists, try to develop the material from the most geometric

approach as possible.



CHAPTER 11
THE STEENROD SQUARES

Roughly speaking, algebraic topology is a process of associating
algebraic objects with topological spaces in such a way that continuous
functions are naturally incorporated into the algebraic structure. It
is, in this way, sometimes possible to investigate certain properties
of continuous functions by examining an algebraic system. This approach
is first encountered in the development of homotopy groups and, in par-
ticular, the fundamental group. To any space we may associate with it
a fundamental group such that if we have a continuous function between
two spaces, this functions induces a morphism between their associated
'fundamental groups.

Many questions concerning the nature of functions between two
spaces may be answered by examining their associated morphisms. For
example, suppose we wish to know whether there exists a homeomorphism
between two spaces. It is easily established that a homeomorphism
induces an isomorphism between fundamental groups. If no isomorphism
exist between the two fundamental groups then the two spaces in ques-
tion cannot be homeomorphic (eg nl(S') = 7 and nl(Bz) = 0 thus S' ¢4 Bz).

One may also answer questions of whether maps of certain types
exist. Using higher homotopy groups one can establish, by similar

methods, that there does not exist a retract of B" onto Sn.

26
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Now suppose we may associate spaces with algebraic objects having
more Structure, thus making it 'harder' for a map to be a morphism.
This should allow us to answer more questions concerning the topolo-
gical system. The following is an example of this idea.

Cohomology theory attaches to each space a graded abelian group
("3, Homeomorphisms between spaces induce isomorphisms between
their associated cohomology groups. It is quite possible though that
non-homeomorphic spaces have isomorphic cohomology groups (eg. R' and

R?).

Cohomology groups, however, naturally admit an additional struc-
ture. It is possible to define a multiplication on these groups

making them into a ring. A homeomorphism must then not only induce

a group isomorphism, but also ring isomorphism. There exists examples
of spaces whose cohomology groups are isomorphic but have non-isomorphic
cohomology rings (eg, s™x s" and s™ v s" v Sm+n).

Another approach is possible. Within an algebraic system we may
introduce algebraic constructions, such as exact sequences, morphisms,
etc. Continuous function must be compatible with many of these con-
structs. Theorem 1.11 took advantage of this required compatibility.
The existence of a sphere fibering had two implications which was
incorporated into the homotopy sequence. One implication was that a
particular inclusion map was null homotopic. The other implication was
that the map induced isomorphism between certain homotopy groups.

Using this information we were able to conclude that only fiberings of
a specific form were compatible with the homotopy exact sequence. The

homotopy exact sequence was a relatively simple algebraic construction

within a relatively simple algebraic system. It seems reasonable that
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the necessity of compatability with algebraic constructions within
systems with more structure could lead to further results.

This discussion is simplified, but it does convey the general
- motivation for this type of approach. In this chapter we will intro-
duce certain operations on the cohomology ring of a space. The
properties of these operations will allow us to draw some conclusions
concerning the existence of certain types of maps f : SZn-l > sN,

More specifically we will introduce the Steenrod squaring opera-
tions Sqi . HP +va+i. We will define these operations using a
generalization of cup products. These new products, called cup-i
products, will be morphisms . : c? g cd Cp+q-1. In general, cup-i
products of cocycles do not yield cocycles. This difficulty does not
arise if we use L, as our coefficient module. Since we will not have
use for the more general case, in the following development we will
assume all coefficients are 22. This qevelopment, although essentially
the same as for general coefficients, allows for some simplification.

The reader may refer to Steenrod 71 for development of the more

general case.
Cup-i Products

Suppose we have a simplicial complex X with a fixed ordering A on
the vertices. One can define a natural product - : HP 8 H9 5 HPTO as
follows: Let u e CP, v ¢ €% and £ bea (p+ q)-simplex in X. Let
(u~v)t = u(front p face of ¢) . v(back q face of g). This defines

o : CP B cY > Cp+q. It is well known that if u and v are cocycles

then uw~ v is cocycle in Cp+q, thus we may pass to cohomology. This
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product, called cup-product, has many well known properties. These
properties allow us to give ' a ring structure (a richer algebraic
system!) as follows: Let H* =} H". Addition in H* is coordinatewise.
For homogeneous e]ements u, v of H* define a product by u « v =uw v
and extend linearly. H* is called the cohomology ring of X.

Let us view the definition of cup product in the following manner.
Given u ¢ CP and v ¢ Cq, to define an element in CP*% we must describe
its action on a (p + q)-simplex £ in X. To use u and v we must split
g into a p simplex and q simplex (we also would want these simplices to
span ¢£). Using the ordering £ inherits from A there is a most natural
way to do this; the front p-face and back g-face. Viewed in this way
the definition of the cup product is very natural.

Now suppose we wish to generalize the cup product to a product
¢® 8 ¢ > P91 A natural approach is to seek a splitting of a
(p+q- 1i)-simplex into a p-simplex and g-simplex and mimic the defi-
nition of cup product. The definition 6f cup product suggests using
the front p-face and back q-face of £. However, if one pursues this
approach, then even under very restrictive conditions the product of
cocycles does not yield a cocycle, making passage to cohomology impos-
sible. We must, therefore, allow for more general splittings of ¢.
i-regular splittings turn out to be the appropriate splittings to use.

Definition 2.1: Let i be non-negative integer, K be complex with

fixed ordering A. Llet o, T, £ be p, q, p + g - i simplexes respectively
with ordering agreeing with A. The ordered pair (o, t) is said to be
i-regular if the following conditions are satisfied: (-1) o, T Span &.

This implies o and t have (i + 1) vertices in common, say Ve, Vl, ...V13



with ordering agreeing with A.
(0) V% is first vertex of T

1

(1) VoV are adjacent in o

(2) V1V2 are adjacent in =
(3+1) yydtl are adjacent in o (t) if j is even (odd)

(i+1) Vi is last vertex of o (t) if i is even (odd)

If the above definition is satisfied we sometimes say (o, t) is
i-regular splitting of ¢. The following are examples of i-regular
spiittings under various circumstances.

1. 1-regular splittings of (0,1,2,3) for p=q = 2
T = (0,1,2) o= (0,2,3); t=(1,2,3) o= (0,1,3)
2. a) l-regular splittings of {0,1,2,3,4,5) for p=1=3
t = (0,1,2,3) o = (0.3,4,5); v = (1,2,3,4) o= (0,1,4,5);
t = (2,3,4,5) o= (0,1,2,5)

b) 2-regular splittings of (0,1,2,3,4) for p=q = 3
= (0,1,2,3) o = (0,2,3,4); v = (0,1,2,4) o = (0,2,3,4);
T = (1’233’4) O = (091’3,4)

¢) 1-regular splittings of (0,1,2,3,4) forp=2 q=3
T = (0,1,2,3) o= (0,3,4); t=(1,2,3,4) 0 = (0,1,4)
3. 0-splitting for any (A®,AL, ...AP*%)
o= (AO,Al, ...Ap) g = (Ap, ...Ap+q)
Notice that O-regular splitting of p + q simplex is just the front

p-face and back g-face.
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We first will define the cup-i product on elementary cochains. We use
the following notation: If o, 1, £ are simplexes in K then o, T, £
will denote elementary cochains that attach 1 to these simplexes and
- 0 to all other simplexes. /

Definition 2.2: Llet 5 e CP(K) T e CH(K) then & « T & CPT9 1 (k)

is defined by

o \/1? = 0 if (o, ) not i-regular

{ £ if (o, t) i regular,where ¢ is span of ¢ and .

Since no ambiguity can occur we will denote o ~ T by o ~ T
(Remark: If general coefficients are used, then an a]gbrithm is needed
to decide whether to attach a + 1 or -1 to £.)
Let u € Cp(K) and v ¢ Cq(K). Then u and v may be uniquely represented
by u =7} 3393 and v = § b, 7, Where cj(rk) are the distinct p(q) sim-

plexes of K with order A and aj € 22 bk € 22. We may now define ~

on arbitrary cochains.

Definition 2.3: If u e CP(K) and v ¢ CH(K) are given by their

unique representation as described above, then u~y v = ) (ajbk)Oj\ﬁT

The following examples help illustrate Definition 2.3.

Example 2.4: Let K be the 3-simplex (0,1,2,3)

3

The distinct 2-simplexes in this order are (0,1,2), (1,2,3), (0,1,3)
(0,2,3). Let u, ve C2(K) be given by
1.(0,1,2) +1 - (1,2,3) +1 « (0,1,3) +1 - (0,2,3)

u

1

v=1-.(0,1,2) +0 « (1,2,3) +1 - (0,1,3) +0 - (0,2,3)



Then by previous example the only 1-regular splittings of (0,1,2,3)
are 1) ¢ = (0,2,3) = (0,1,2) and 2) o = (0,1,3) T = (1,2,3) thus

u\/

1 v

(10) * (0,2,3) (0,1,2) +

(1= 1) - (0,1,3) (1,2,3) =
.I.' B (Oa] 5253) -

Example 2.5: Let K be the 4-simplex (0,1,2,3,4). Let u e C

2(K)

be given by attaching 1 to each ordered 2 simplex and v ¢ C3(K) be
given by attaching 1 to each ordered 3 simplex. By previous example
the only 1-regular splittings of (0,1,2,3,4) forp=2 q = 3 are
t = (0,1,2,3) o= (0,3,4) and t = (1,2,3,4) o = (0,1,4) thus
U,V o= (1 1) (0,1,2,3,4) + (1 - 1) (0,1,2,3,4)
=0 - (0,1,2,3,4)
From the definition of cup-i products the proof of the followina
'two facts are immediate.
1) - is bilinear
2) u ~; v=01ifi>porgq
Notice that we have, in fact generalized the cup product. Let
(AO,Al, ...,Ap+q) be a p + q simplex. As previously mentioned the
only O-regular splittings of (A°,AL, ....AP*d) are o = (RO,AL, ... ,AP)
and T = (Ap, ...,Ap+q). Thus if u e C° and v ¢ € then

U, v(A, ...,.AP"0) = 7 (a. . b ) s 7 (A%, APy - L =

J
u(o) « v(tr) where a is coefficient attached to o by u and b coeffi-
cient attached to t by v. Thus u ~, vona simplex is just u(front

p-face) - v(back q face), which is the cup product.

32

We now give an alternate formulation for cup-i products. Although

its form is more natural than than of Definition 2.3, it is, except in
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a few cases, more difficult to manage in the types of arguments that
follow. Let u e C° and v ¢ €% and suppose ¢ is a (p + q)-sfmp1ex.
Then u~ v(g) = Y u(o) - v(t) where the sum is taken over all
j-regular splittings (o, t) of £. We will use this form in the proof

of the fo]1owing theorem.

Theorem 2.6: If f : K' - K is order preserving simplicial map,

then f*(u~7 v) = f*(u)\q f*(v).

Proof: Using .efinition 3.1 it is easy to verify that if (o, 1)
is i-regular splitting of & then (f(c), f(t;)is i-regular splitting of
f(£). Moreover, any i-regular splitting of f(g) are the images, under
f, of an i-regular splitting of £. (f*(u) = f*(v))(¢) =
Y} (uo f(o)) « (v of(r)) where sum is taken over all i-regular
splittings (o, t) of €. Now ) (u e f(o)) « (vo f (1)) =
Y u(¢') « v(z') where last sum is taken over all i-regular splittings
(o', t') of f(g). This equality follows directly from the above
remarks. We therefore have

(F*(u)~5 f*(v))(e) = ) ule') - v(z') = (u~ v) f ()
= f*(u~ v)(g).

Thus far we have defined the cup-i product on the cochain level.
If we are to pass to cohomology we need to know the behavior of cup-i
product under the coboundary operations. To determine this behavior
is is first necessary to derive certain join formulas. These formulas
describe the effect of cup-i products on elementary cochains when one
joins a vertex. The proof of these formulas, although fairly long,

provide the reader with an opportunity to work with Definition 2.1 at

an elementary level.
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Suppose o is p-simplex of K, A a vertex in K such that A follows o in
the order A. Define oA ¢ Cp+1(K) as follows:
0 if A is vertex of o or o*A doesn't span a (p+l)-simplex

oA = din K

1 otherwise
Ifus=7y ajcj is unique representation for u e Cp(K),let uA =

= A *

Theorem 2.7: Suppose the vertex A follows all vertices of o and

T where o(t) is a p(q) simplex in K, then

(2.7.1) o \ﬁv(TA) = { (o — T)A i even
0 i odd

(2.7.2) (cA)“? T f{o i even
(0~ T)A i odd

1

(2.7.3) (GA)\‘-{I-(TA) = (0\1':iT

Before we prove 2.7 let us consider an example. This example will

)A

give some insight as to the method of proof for 2.7.

Example 2.8: Let K be complex given by (0,1,2,3), o = (0,2),

v =(0,1,2) A =(3). Notice that (o,t) are l-regular thus
o~ t=1-(0,1,2) |
o*A = (0,2,3), A = (0,1,2,3) and i = 1,thus we are working in the
i is odd case of 2.7.
(i) o \fer =0 Sinée (0, t*A) 1is not 1-regular,for condition

(i +1) fails in 2.1,thus 2.7.1 holds



(ii) oA —“r=1r- (0,1,2,3) since (o*A,t) is l-regular
By definition .o~ « A=(1on (0,1,2,3)
{ 0 otherwise
thus condition 2.7.2 is satisfied
(iii) oA ~ tA =0 since (o*A,7*A) not 1-regular for condition
(-1) not satisfied in 2.1
{o 2 1)A=0 since o “ t = 0 because (o,t) not O-regular,
thus 2.7.3 is satisfied

Thus for this example Theorem 2.7.1 is satisfied.

Proof of 2.7.1: If i is odd, since A is not in o the last vertex

common to o and t*A is not A thus condition (i + 1) fails to hold and
{o,T*A) not i-regular.

Now consider i to be even. If o, 1, A together don't span a

(p +q -1+ 1)-simplex the both sides vanish, therefore suppose they
do. Then t*A # 0 and condition (-1) for i-regularity holds for both
(0,7) and (o,t*A). If any other conditon fails to hold for (o,t*A) it
will also fail to hold for (o,t) and both sides of 2.7.1 vanish. We
thus only need to consider when (o,t*A) is i-regular. If this is the
case then we can easily check that (o,t) is i-regular also, thus 2.7.1
is satisfied.

Proof of 2.7.2: Argument is similar to 2.7.1

Proof of 2.7.3: If vertices of o, T, A together do not span a

(p +q -1+ 2)-simpiex then both sides vanish. If they do condition
(-1) for regularity of (o, t) and (a*A, t*A) are satisfied. Notice

that v' = A so that condition (i + 1) for i-regularity of (o*A,t*A) is
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satisfied for i both even or odd. To check condition i for i-regularity
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1A must be adjacent in o*A (t*A) if i is even

1

of (o*A, T*A) say V'~
{odd). This is equivalent to V-l s last vertex of o(r) if (i-1)

is even (odd). This is precisely condition (i) for (i-1) regularity of
(0,1). Thus these two conditons hold or fail to hold together. A
similar argument shows conditions (j) for i-regularity of (o*A, t*A)
and (i-1)-regularity of (o,t) hold or fail to hold together. This
completes proof of 2.7.3.

We now will consider how the coboundary acts on cup-i products.

Theorem 2.9 (Coboundary Formula): Let u e Cp(K) and v € Cq(K)

then s(u~; v) = u SVt vy ut Su~ v +u ~ SV

Proof: By Theorem 2.6 if 2.9 holds for complex K then it holds
for any subcomplex. Since any complex may be considered a subcomplex
of a simplex if suffices to show 2.9 for simpiex. We will proceed by
induction on the number of vertices. To start induction suppose sim-
plex consists of single vertex A. Then,unless i is 0 or 1,all terms
vanfsh. If i = 0 all terms vanish since A~, A=0and A=0. If
i = 1 then only surviving terms are A ~ A+ A ] A =0, thus 2.9 is
satisfied.

Now assume 2.9 holds for §' = (AO-...An—l) and let S = (A%, ...,
An-l’An)- Note that if o is p-simplex in S' then 8o = §'c + oA where
§' is coboundary operator in S'. Let o(t) be oriented p(q) simplex.
We must consider four separate cases.

Case 1: o and t are both in S'.

T+t~ .0 +

i-1

= g! . + ~, = ~
§(o ~4 T) §' (o ~; 7) (o j T)A o] 7.1
i e + ~, ! + -
§'o 5 T o] ; §'T (o ; T)A

The last equality is by induction hypothesis. The first two
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terms are as desired. Consider
So~; o~y 6t =8 T toh Tt o §'t + o .T)A
§(o~jt) =0 STt T oty T hayy st toy TA
+ (o=; T)A
Now if i even,by 2.7.1 6A ~ T = 0 and o~ A = (o~ 1)A
and again the terms match in 2.9.
Case 2: o not in S', 7 in S'.
If 0 = Athen A=yt =AY 1= r;ﬁlA = 0 since A and t have
no vertices in common.
A~ o1 = A-is't + A~ .tA =0 since condi-
tion (-1) or (0) in 2.1 fail to hold.
6A~ st =0 since 6A = 0.
thus 2.9 holds since all terms vanish
We then need to consider o = o'*A where o' is in §'
If i is even then calculating each term of 2.9 (here we use §(c'A) =
(5'&')#\')- |
8(o~; 1) = §(c'A—y 1) =0 by 2.7.2

1
o T=o0 A‘;_l'r = (o \;_f)/-\ by 2.7.2
T Vi—lc =T ""]._10 A=0 . by 2.7.1
60‘-'1. T = <5(cr'/-\)"'_i = (8'c")A —iT s 0 by 2.7.2
o 8t = G'Av_i (6't + TA) = O'A“‘_i 't + O'A“'_i TA
=0+ (¢ ;:1 T)A by 2.7.2 and 2.7.3

The only non-zero terms cancel,thus 2.9 is satisfied.



Let i be odd then calculating each term

T)A = §'(o'~.

1T)A

§(o—; 1) = &(c'A~y 1) = 6 (o'v]-

= ¢g'% + Y
- g 1_1 T T

I+ II\‘. + l._‘. []
710 §'o'~ 1 +o0 s't A

;
-by induction hypothesis on §'

= (o' DA+ (1. o)A+ (8'0" =, T)A + (o' 8'1)A

o1 T=O'ATl =0 by 2.7.2
T‘-"_10=TT_10A=(T110')A by 2.7.1
o=y T = (s'c")A = (8'c'~ 1)A by 2.7.2
o~ 61=0'A"1- (<S T+ 'r/\)=orA‘-,I §'t +0'Av.i A

o'A‘*i St + (o"’ T)A by 2.7.2 and 2.7.3

Substitution into 2.9 shows both sides identical thus 2.9 is
satisfied.
Case 3: o in s', T not in s' 1is similar to Case 2
Case 4: o not in s',T not in s' 1is similar to above cases.

~ This completes the proof.

Remark: It is both cumbersome and unnecessary to keep ordering on K.
By defining cup-i products on singular cohomology Steenrod has shown
that the definition of‘\? is independent of the ordering. We will
not show this but the reader may refer to Steenrod [8] for the proof.

Definition 2.10: The Steenrod Squaring operations are homo-

morphisms Sq' : HP(K) » HPYT(Kk) given by Sq'(u) = u.

V -
p-i

For Definition 2.10 to make sense we must verify that u Eri u is a

cocycle in cP* 1(K). Clearly u 7;4 u e Cp+1(K) ifue Cp(K). By

Theorem 2.9 §(u E;1 u) = u ‘5-1 u+u \E—i u + su E;T ut+u 5’1 Su.

If u is cocyc1e the last two terms vanish and the first two terms add

to zero (mod 2), thus u ~ .u 1is cocycle in Cp and Sq1 is well defined.

p- i
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Theorem 2.11: Let f : K' > K be map. Then f*Sq1_= Sq1f* for all i.

Proof: f*Sq' u = f* [u FLiul = Fr(U) Sy ) = Sq' fry
= Sq'f* 4,
We now list the characterizing properties of Sq1.

Theorem 2.12: Sq1 has foi]owing properties *

(2.12.1) Sqi is natural homomorphism Hp(K) > Hp+i(K)
(2.12.2) If i >p then Sq'(u) =0 u e H(K)

(2.12.3) Sq'@) = u~u=u® u e H(K)

(2.12.4) sq° is>identity homomorphism

(2.12.5) Sq1 is Bockstein homomorphism associated with

02,2, >4, >0

27475
(2.12.6) sSq' = Sq's
(2.12.7) Sq1(u - V) =7 (Sun) ~ (Sq1—Jv) (Cartan Formula)
(2.12.8) Ifa <2b sasq” = § (27571)sq?"P Csq® where

binomial coefficient is mod2 .(Adem Relations)

In Theorem 2.12 the limits in the sums are implicit, thus omitted.
A11 properties éxcept (2.12.5), (2.12.7) and (2.12.8) follow immed -
ately from the definition of Sqi. We will not have need of (2.12.5)
and therefore will not prove it. We will shortly prove (2.12.7).
This is known as Cartan formula and describes behavior of Sqi on
products. (2.12.8) are known as the Adem relations. It is a very
difficult property to prove and much of the next two chapters will
be devoted to developing the necessary machinery to verify it. This
time, however, is well spent for the Adem relations are crucial in

the powerful theory we will develop in later chapters.
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To verify the Cartan formula 2.12.7 we first introduce a product
X @ Hp(X) b Hq(X) > Hp+q(X x X), called the external cross product, and
give its relationship to the cup product. We will then show that the
form of the Cartan formula holds with the external cross product
replacing the cup product, ie, Sqi (uxv)=7 qu(u) X qu'j(v).
Once this is estabiished 2.12.7 will easily follow.

Let u ¢ Cp(X) and v € Cq(X) and all coefficients are ZZ (any
ring suffices). Define u x v e Cp+q(X x X) by the composition

CorgX x ) =Loc () c (1) L2 7, )
where Q is a fixed natural chain map, u 8 v is defined to be zero on

@22_’".+z

any term not lying in Cp(X) ] Cq(X), and m is natural multiplication
in 22. This defines a product at the cochain level x : Cp(X) 2 Cq(X) >
. Cp+q(X x X). One can show (for example see Vick {113 that if u and v
are cocycles, then u x v is cocycle thus we have well defined product
on the cohomology Tlevel.
HP(X) & HI(X) - Hp+q(X x X) called the external cross product.
The external cross product and cup product are related as follows:
Let d : X > X x X be standard diagonal map. Using the Acyclic Models

Theorem and the Alexander-Whitney diagonal approximation one can show

that the cup product is given by'the following composition:

*
WP B 900 =X HPP9x x x) 255 WP A(x)

We now establish the Cartan formula 12.2.7.

Definition 2.13: Let K.be finite complex. A system of cup-i

products{xzi} is a sequence of bilinear maps ~ Cp(K) B Cq(K) >

Cp+q_1(K) such that the following conditions hold:
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(2.13.1) of ~ 79 is cochain in StaP A Stt9, where StoP

denotes the star of op.

(2.13.2) o° - o = 3°

(2.13.3) if i <o thenu — Vo= 0 for arbitrary u and v

(2.13.4) Coboundary formula: &(uw~; v) =u~ ., v +v u +

i i-1 -1
Su ‘3 v +u ‘g Sv, where is coboundary operator.
It is trivial to verify that the cup-i products defined by 2.3
for a system of cup-i product 1n‘the since of 2.13. Now given any
system of cup-i products, by 2.13.4 we may define squaring operations
as in Definition 2.10. The following theorem due to Nakaoka [51
states that any system of cup-i products, in fact, induce the Steenrod

squaring operations.

Theorem 2.14: 1In K, suppose there exists two systems of cup-i

products{~%} and {~Ji}. If Sqi and Sqi' are the squaring operations

induced by‘{~g} and {~{} respectively, then Sqi = Sqil, that is any

two systems of cup-i products induce the Steenrod squaring operations.
We will now show that the Cartan formula holds with the product

viewed as external cross product. We will do this be defining a system

of cup-i products on K x K with the form of 2.12.7 built in.

Define v = CP(K x K) 8 €9 (K x K) —CP* 977 (K x K) by

v2) where -, is

(ug x up) 'y (v xvy) = ] (u1~vj vy) x (u, 5

;
B ]
cup-i product 1in K. Straightforward calculations show that ~/{

is a system of cup-i products in K x K. We thus have Sql(u X V) =

(u x v) i (uxv)=73 (u g u) x (v i v)
=3 (u ff;p u) x (v 5:3+j V)

T Sqd(u) x sq I(v)



It is now-easy to establish 2.12.7.
. . . So3
Sq (d*(u x v)) = d%(Sa'(u x v)) = ¢*(I Sa’(u) x Sa V()

Sq1(tl\a V)

T d*(Sqd(u) x Sq7I(v))
T sqd(u) ~ sq'I(v)

1t

The Cartan formula makes it clear that the squaring operations are
homomorphisms only in the sense of groups. We may, however, use the
squaring operations to define a ring homomorphism, Sq. Although we
will be primarily concerned with Sqi as group homomorphism, we will
have occasional use for Sq.

Let u be a homogeneous element in the cohomology ring H*. Define
Sq(u) =) Sqi(u) and extend by 1iﬁearity. Notice the sum is essen-
tially finite by 2.12.2.

Theorem 2.14: Sq : H* - H* is ring homomorphism.

Proof: Sq(u)w Sa(v) = (} Sqiu) w (¥ quv). By the Cartan

th

formula SqT(u vv) is the (p + q + i) term of the right hand side,

thus Sq(u) ~ Sq(v) = Sq(u ~ v)

We will now describe the action of Sq1 on one dimensional classes.

Theorem 2.15: If u e‘Hl<K) then Sqi(uj) = (g)uj+i

Proof: Sq(u) = Sq% + Sq'u = u + a2 Sq(uj) =(u + uz)j =
uj ) (i)uk+j. Theorem follows by comparing the coefficients .of the
two sides. |

Notice the implication of 2.15. It completely describes the action
of Sqi on all one dimensional classes. Suppose we have a space whose
cohomology ring is generated by a one-dimensional class. 2.15 then

determines completely, the action of Sq1 on the cohomology ring. This

fact will, on numerous occasions, be exploited in later chapters.



CHAPTER TIII
K(Zz,n) SPACES

In this chapter we introduce a special class of spaces, called
Eilenburg-MacLane spaces. These prove crucial in developing some of
the properties of the Steenrod squaring operations, in particular the
Adem relations. These‘spaces form a set of test spaces in the follow-
ing sense: one may many times conc]ude that relations involving
squaring operations hold for general spaces from the fact that they
hold for Eilenburg-Maclane spaces (in fact they need only to hold for

a small class of these spaces.)
K(Zz,l)

Definition 3.1: Let = be a group and n > 1. An Eilenburg-MacLane

space K(m,n) is a space with the homotopy type of a C-W complex such
that the only non-trivial homotopy group is wn(K(n,n)) = .
In this investigation we will only be concerned with the special case
= 22. We begin by showing that infinite dimensional projective space
is a K(Zz,l) space.

Theorem 3.2: Let P” = U P" be infinite dimensional projective

n+l of n dimensional real projective

space, that is, the limit "5 p
spaces under natural injections. Then P” is K(Zz,l) space.
Proof: It is well known that S* is a covering space for P”. The

covering group is 22, thus nl(P) = 22' Since higher homotopy groups

43



of the covering space and base space are isomorphic, nn(Pw) =0
for n > 2 since nn(soo ) =0 for n >2. This establishes that P” is
a Eilenburg-Maclane space of the type K(Zz,l).
We will now calculate the cohomology ring H*(Pm;ZZ). We first
calculate the cohomology of>P°° using cellular homology theory.
We consider the following standard cellular decompositions of S”

1 2

and P”. S” is considered as Pc stc s ... where each k-skeleton

K k k+1

and S° is the equator of S In each dimension the k-skeleton

is S
yields two cells e+k and e'k, the upper and Tower hemispheres. The
antipodal map A(x) = -x clearly has the property that A(e+k) = e'k.
Since S” is covering space for P” with projection = begin the identi-
fication map A(x) ~ x, we get a decomposition of P® :POc ple ch
where each Pk is k-dimensional projective space. In this decompositon
we get one cell, e'k, in each dimension.
The chain groups Ck(Sm) have two 22 factors in each dimension

. (generated by e+k and e'k). The chain groups Ck(Pw) have one Z,

factor in each dimension (generated by e'k). To determine the homology
bf P* we need to determine the behavior of the boundary operator on e‘k.
Direct calculation yields a(e'k) = aﬁ*(e+k+1) = w*a(e+k+1) =

n*(e+k_1 te q)=e'yyte';=0thus 5=0. This yields

H (Pw;Zz) = 22 for all n. By duality we have Hn(Pm; 22) for all n.

We note that the preceeding argument may be applied to P" to give

z
H(P"z,) = {

2 for 0 <k <n
0 otherwise
We make one othek observation that will be needed to calculate the

cohomology of P¥. If 0 <m<nand i : P" > P" is the inclusion map



then i* : Hk(Pn;ZZ) > Hk(Pm;Zz) is an isomorphism for k < m. This

observation is clear from our construction.
We will now establish that H*(P*; ZZ) = Zz(u) where u is non-
~trivial cohomology class in Hl(Pm;ZZ). This result follows immedi-

ately from the following *heqrem.

n+1

Theorem 3.3: H*(Pn;Z Z subject to u, = 0 where Uy is

)) = Ly(u)
nontrivial cohomology class in Hl(P 22)
Proof: Since ug € Hn(Pn;Zz) is is clearly sufficient to prove

uz # 0. We will proceed by induction. Trivially ui # 0. Assume

n-1

n:% # 0. From previous observation i*(un_l) = ug:% # 0 thus U,

n
By Poincare duality there exists element v ¢ H'(Pn;ZZ) such that

ug_li v # 0. But v must be Uy thus ug # 0 and the theorem now

follows.

Notice that H*(Pm;ZZ) is generated by a a one dimensional class.
Theorem 2.15 says that under such conditions the complete actions of
Sqi on the cohomology ring may be determined. The following exampie
describes the action of Sqi on H*(Pm;ZZ).

Example 3.4: Let u be generator H'(Pm;Zz). Any element of

@, _ , 2 n
H*(P ,22) has the form x = a,. + aqu + a,u + ...+ au a e 22, thus

0
Sq1(x) Sq1(a *agu tau 2 ve.) = Sq1(a

1]

1
o) tSa (agu) +

0
SqT(azu ) +
(

= 3,597 (1) +a,5q" (u) * a,5q' (u?) + ...
0 1+i 2y 2+i +i
= a (7) + a(})u Teay (et e (h™
Specifically

1

1 2 4 6
Sq~(x) aqu” +agu’ +agut + oL,
qu(x) a2u4 + a3u5 other terms vanish since (2) is even from n > 3.

45
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Sq3(x) = a3u6 + a7u10 + ...

9
Sq ' (x) auu” + agu” +aju

Example 3.5: In Chapter II we defined Sq : H* = H*. We will now
2

1 +u+u

]

calculate Sq for a particular case. Consider x

sq(x) 2) )

e H*(PT3Z,)

Sq(1 + u + u®) = 5q(1) + Sq(u) + Sq(u”) = $q°(1) + $q°(u)

2) + qu(uz)

4. 1+u+ u4

+ 5q (u) + 5q%(u?) + sql(u

1+u+ u2 + u2 +0+u

The Fundamental Class and Kn

Recall that a space X is n-connected if "1(X) =0 for i <n.” The
Hurewicz Theorem states that if X is (n-1) connected then the Hurewicz
homomorphism h : m;(X) >H;(X) is isomorphism for i <n. If m (X) ==

the Universal coefficients theorem gives

H"(X;) % Hom (H_(X)3) (3.6)

Definition 3.7: Let X be (n-1)-connected and wn(X) = 7w, Then
h'1 g Hom (Hn(X); 7). By 3.6 there ié element U € Hn(X;ﬂ) correspond-
ing to h—l. The fundamental class of H"(X,m) is defined to be this .
Notice that K(w,n) spaces always have a fundamental class. This
fundamental class will have important applications in several settings.
For example, in Chapter VI we will show that the cohomology ring of
K(m,sn) is determined by the action of squaring operations on ln'
Another example of the importance of the fundamental class is the next

theorem, which we will use several times. The proof,although not difficult
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requires some development in obstruction theory (and will not be given)..

Theorem 3.8: Let X be any space. Then there exists a one-to-

one correspondence X,K(w,n) «—> Hn(X,n). This correspondence is
given by ﬁjt——?'f*(ln) where- ¢ 3 denotes homotopy class and 1, is

fundamental class of K(w,n).
Proof: See Mosher and Tangora £L41 , pp 3.

Let Kn be n copies of K(Zz,l). If X is the nontrivial one

th

dimensional class of the i~ copy of K(Zz,l) then by Kunneth Theorem

H*(Kn,Zz) is polynomial ring over 22 with generators X We will make

considerable use of particular elements of H*(Kn;Zz), the symmetric

polynomials, as- Recall oy = Xy X, bl Xno T = XyXo + XqX3 +
c XX e X g5X,. Note that o = X XpXg +ev X
Theorem 3.9: 1In H*(Kn;ZZ) Sqi(cn) = 0,05 (1 <i<n)
Proof: Saq(o.) = Sq( & x;) = @Sa(x;) =
= 10 + ) = o (RO + X))
= % Z %

The theorem now follows by comparing dimension.

Corollary 3.9.1: In H*(K(Zz,n);Zz) Sq1(1n) #0for0<i<n

Proof: We will use theorem 3.13 with Kn = X. Theorem 3.13 says

there is a map f : K, » K(Zz,n) such that f*(xn) = o,

f*Sq1(1n) = Sq1f*(1n) = Sq1on. By theorem 3.9 this is nonzero thus
i

Sq (1) # 0.

It is worthwhile to consider the method of proof_of Corollary
3.9.1. The action of Sq1 on a particular element (on) of H*(Kn’ZZ) was

easy to calculate. Theorem 3.8 establishes, via a homomorphism, a
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relationship between o and T We were then able to gain some infor-
mation concerning the action of Sqi on . Now that we have this
information of how Sqi acts on 1, We may now use the full power of
3.8. Suppose y ¢ H*(X;Zz) where X is any space, where y is homogeneous.
Theorem 3.8 gives us a means to relate y and [ via homomorphism for
suitable n.

It may now be possible to gain results concerning the action of
Sqi on y from our knowledge of action of Sqi on . The remark, men-
tioned in the introduction of this chapter, that Eilenburg-MaclLane
space, in a sense, form a class of test-spaces may now be somewhat

clearer. The necessary link between test space and arbitrary spaces

is supplied by Theorem 3.8.



CHAPTER IV
ACTIONS OF Sq' on H (K 3Z,)

We begin this chapter with some observations of some actions of
Sqi on H*(Kn;Zz) and, in particular, actions on o. First we will
introduce some necessary notation.

Let I be a sequence of non-negative integers that are eventually
zero (i),ips...1,0,0,...). We will Tet Sq’ = S’ sq' ...sq'
A sequence J < I iff jk g_ik ¥k. The degree of I, d(I) =) ik'

Definition 4.1: A sequence I is said to be admissible if

i 3-21k+1 for k < r.
If I is an admissible sequence then we define (length of I) 2(I) = r

-and (the excess) e(I) = 211 - d(1) = 1’1,-12-...—1r = (11 - 212) +

(1‘2 - 21'3) + ...+ ir.

Exampie 4.2: let I = (3,1,0,0,...) then I is admissible.

n

MI) =2 d(I) =4 e(I) =3(2) - 4=2. Letu+u® e H¥(K(Z,,1),Z,)
then SqI(u + u2) = SqBSql(u + u2) =‘Sq3(Sq1(u) + Sql(uz)) =
s ((hut™ = se’)

Lemma 4.3: Sql(xy) = ) sq' Y (x)sq”(y) (sum over J < 1)

u-) = 0.

Proof: We will show lemma by induction on 2(I). If 2(I) =1

then 4.3 is just Cartan formula. Assume true for 2(I) = k - 1.

If I = (i,ipsees ) let I' = (i,,05,... ).

49
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sql(xy) = Sqi SqII(XY) = Sqi (3 SqI'_Jl(x)SqJ'(Y))by induction hypothesis
=1 sa' (sa' Y (xse” )= T (1 sa’ Jsat T (sa¥se’ ()
=7 sqtx) sqd(y) . |

Theorem 4.4: Let Yy = Xl’XZ"'Xk be 1in H*(Kn,ZZ) where xi's are
distinct, one dimensional elements. If d(I) < k then SqI(yk) # 0.
In particular if d(I) <n then SqI(on) # 0.

Proof: We will show 4.4 by induction on k < n. For k =1 results
are clear. Assume results hold for Yi-1- Let d(I) < k. Again if
I= (11,12... ) then let I' = (12,13,... ). We will write Y = XY
where y = Xq-++Xg_q and x a one dimensional element distinct from
sa'(xy) = sq" sa’
sa™ (1 sa' ' (0sa’(v))
sq™ (sq°(x)sa’ (v) + ¥ s (x)sq

xy) =

1l

I
Xpseee X1 Sq (yk)

J

(¥))

Last term in parenthesis is summed over d(I' - J') > 1 thus all terms
contain xP (p > 2), in particular no terms involve x. Since

1 !

sa®(x)sq’ (y) = xSal(y) it suffices to show Sq'* (xSql (y)) # 0.
sq" (xsq' (v) = T sq™ (x)salsel (y) = s¢°(x)sq™ sal (y) +
sql(x)sa” Isal (y) = xsqly + xBsqllTlalaaTaeee iy
By'indﬁction hypothesis Tast term is nonzero since |
d((i1-1,12,13,... )) <k - 1. This completes the proof.
The reader is urged to note the proof of 4.4, for many of the
proof of subsequent theorems follow a similar pattern.
At this point we introduce a theorem of Serre which yields the

cohomology ring of K(Zz,n). Its proof requires machinery we will not

introduce until Chapter VI and we will postpone the proof until then
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Theorem 4.5 (Serre): H*(K(Z,,n);Z,) is the polynomial ring with

generators {SqI(xn)} as I runs through all admissible sequences of

excess less that n.

Corollary 4.5.1: If f:Kh > K(Zz,n) is such that f*(ln) =0,

then f* is monomorphism through dimension 2n.
Proof: Note that SqI(la) has dimension Tess than 2n. By 4.4
we need only to show f*(SqI(ln}) # 0 if d(I) <n. But f*(SqI(mn) =

SqI(f*(1n)'= SqI(cn). By Theorem 4.4 right hand side is nonzero.

Adem Relations

1%]
b b-c- +b-
+ z ( c 1)Sqa CSqC

Let Adem relations be denoted by R = Sanq a-2c

~mod 2, a < 2b. -
In the above ra/21 is greatest integer < a/2 and conventions (;) =0

if y <0or x <yare in use. Since the Timits are implicit they will
be suppressed. Using the approach mentioned in Chapter 3 we begin by

showing the Adem relations hold in H*(Kn,Zz)

Theorem 4.6: If y ¢ H*(Kn;ZZ) then R(y) = 0 ¥R. In particular

R(o,) = 0 ¥R

Proof: It is sufficient to show R(y) = 0 for y the product of

one dimensional elements. We will induct on the number of one dimen-

sional elements in this product. For fixed a, b Tet A, = (2:5;1)
The case when y = X; s is easily verified.

Assume 4.6 holds for y = XjoeoeXy and let y' = xy for one dimensional

i
element. By direct application of Cartan formula we get:
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b b 2. b-
5q%5a° (xy) = Sq*(xSa’y + x“Sq° " ly) (4.6.1)
- xsq?saly + x2sa®~IsaPy + xZsqPsaP~ly + xsq?-Zsq 1y
+b- -
) Acsqa P=C5q%(xy) = sq®(xsaly + x%sq”Ly)
b- +b +b- -
= (*1se®Puy + 7 Asa®*C(xsqCy + xPsq® Ly
cio
b- +b +b- +b- -
= (°150™Pxy + T A 59T C(xsq%y) + T A SqTPC(sqt ly)
Cio Cio
- (b—l)sqa+bxy £ 7 A xSqa+b'Cchy 7 A XZSqa+b—c—1chy
a Cto c Cio c
£ ACXZSqa+b—cch—1y +7 ACX4Sqa+b—c-25qc—1y

cdo ¢40

b- + - +b- +b-
Co

+ XZZ ACSqa+b-c-1sqcy + XZZ ACSqa+b'CSqC'1y

1o Cxo

+x") A sq¥PTeEsgcrly | (4.6.2)

Cto
The first and third terms of 4.6.2 equals first term of 4.6.1 by
induction hypothesis. The second and fourth terms of 4.6.2 equals
the second term of 4.6.1 by induction hypothesis. Fifth term of
4.6.2 equals third term of 4.6.1 by shift of indices and induction
hypothesis. Rewriting last term of 4.6.2 x4Z AcSq(a'2)+(b_1)_Cchy
this equals Tast term of 4.6.1 by induction hypothesis. This completes
proof.

" Proof of 2.12.8 (Adem Relations):

Step 1: Let y be cohomology class of dimension n of any space
X with Z, coefficients. In R let a +b <n, then
R(y) = 0.
There is map f:K, - K(Zz,n) such that f*(1,) = o, By corollary
4.5.1, f* is monomorphism through dimension 2n. R(on) = Rf*(xn) =
f*(R(xn)). By theorem 4.6 f*(R(ln)) = 0. Since dimension of
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R(xn) <a+b+n <2n we have R(ln) = 0. To get desired results
for y choose g:X +K(22,n) such that 9*(‘n) = y. Then R(y) = R(g*(xn))
= g*(R(lh ) = 0.

Step 2: If R(y) = 0 for every class y of dimension p, then

R(Z) = 0 for every class of dimension (p - 1).

We recall that in showing the Cartan formula for cup-products we proved
the Cartan formula holds if the products are interpreted as external
cross products. Let u generate H'(Slpzz). Then Sqi(u) = 0 for all
i > 0. By Cartan formula R(u x z) = u x R(z). But u x z has dimension
p thus u x R(z) = 0, thus R(z) = 0.

The Adem Relations now easily follow from Steps 1 and 2 by

induction.

Further Results on Non-Existence of Fiberings of

Sphere by Spheres

Below we 1ist a short table of some Adem relations

SqISq1 =0 éqlsq3 =0 | ces SqISq2n+1 =0
Sqlsq2 = ng Sq15q4'= Sq5 e Sqlsq2n = Sq2n+1
Sq25q2 _ Sq33q1 Sq25q6 _ Sq7Sq1 o Sq23q4n'2 _ Sq4n-1sq1
| Sq25q3 - Sq5 + Sq4Sq1 o Sq25q4n-1 - Sq4n+1 +Sq4nsq1
Sq25q4 - Sq6 + Sq55q1 o Sq25q4n - Sq4n+2 + Sq4n+lsq1
Sq3Sq2 - Sq63q1 o Sq25q4n+1 - Sq4n+25q1
Sq3Sq2 =0 - ... Sq3Sq4n+2 =0
Sq3Sq3 - Sq55q1
2n-1..n

Sq Sqg =0
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Example 4.7: 1In example 4.2 we calculated Sq Sql(u +u”) =0
for u e Hl(K(Z2 1);22). By Adem relations Sq3Sq1 = SqZSqZ.
sa?sa’(u + u?) = $q%(sq%u + Sq?u®) = sq’(u*) = 0.

Example 4.8: By the Adem relations Sq3 = Sqlsqz. Let
u e HH(K(Zy,1)32,). Sao(u®) = ub. sqlse?(u?) =

= Sql(us) _”

An examination of the table of Adem relations shows that Sq1

6 may be written in terms of Sql,Sq2,5q4,eg,4 Sq3 = Sqlsq2

<
Sq5 = SqZSqlsq2 + Sq4Sq1 Sq6 = SqZSq4 + SqZSqlquSql. Also we

i

observe quand Sq4 cannot be written in terms of squares of Tower

order. This observation motivates the following definition.

Definition 4.9: Sq1 is said to be decomposible if Sq1 =y SqI
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for some sequences Ij such that no Ij = (1,0,0,... ). Sq1 is indecom-

posible if no such relation exists.

From our previous observations Sq3, Sq5, Sq6 are decomposible

1 2 4

while Sq~°, Sq‘, Sq are indecomposible. The form of the indecomnosi-

ble elements suagest the results of the next theorem,

Theorem 4.10: Sq1 is indecomposible if and only if i = 2k for

some k.

1, ..
Proof: Suppose i = 2K and Tet u be generator for H (K(22,1);22)

then Sq(ui) = (Sq u)i = (u + uz)i = ui + u21 (a1l other powers vanish
since i = 2k).
Thus Sqt(ui) = ui t=0

u21 t =1

0 otherwise

Since Sqt(uT) =0 for0<t«<i, Sq1 is obviously indecomposible.
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Conversely, suppose i = a + b where b = 2k for some k and 0 < a < b.

By Adem relation Sanqb = (b;I)Sqa+b ) (bgféi)Sqa+b'Cch
k
From number theory (Za']) £ 1 (mod 2) therefore
sql = 5q%"P = sq?sqP + ) (b;fél)sqa+b'csqc. Since Sq' is sum of

composites of squares of lower order, Sqi is decomposible.

Theorem 4.10 is the result that much of the work of the
previous three chapters was aimed. Theorem 4.10 says that all squaring
operations are 'generated' by elements of a particular .type, ie,
{SqZKI k =0,1,2,...} . The specific form of these generators allows
one to draw conclusions concerning spaces whose cohomology ring has
certain specific forms. Theorem 4.11 is one such case. For others
the reader may refer to Steenrod and Epstein [9] .

We may now prove the principle results of this 1nvestigation.'

20-1 , " then by Definition 1.15, if o generates

H'(KiZy) and < generates H"(K;Z,) then of = H(f) - © where K = ¢ U s".

Recall if f : S

If f is fibering of sphere by sphere then H(f) = + 1. Observe that f
has odd Hopf invariant if and only if Sqn(o) = 02 = 1 in 22 cohomology.

This observation leads to the following theorem.

2n-1

Theorem 4.11: If f:S 5 sMds fibering of sphere by sphere

then n = 2k for some k.

Proof: Suppose that n # 2k. By Theorem 4.10 Sqn is decomposible.
" However, since K only has non-trivial cohomology in dimensions 0,n,2n
59 (o)

thus n

0. 0<1i<n. Since Sqn(o) =1t # 0 we have a contradiction

2¢,
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Theorem 4.11 is a very significant result. However, the final
results, that n = 2,4,8, does not seem obtainable from the analysis
of the squaring operations alone. This problem may be viewed in the
following manner. We took an algebraic structure (cohomology ring)
associated with a space and made this structure richer by incorporating
certain operations. This 'richer' structure yielded extra information
(eg. Theorem 4.11). It appears that, even with this extra structure,
our system is not sufficient to give us the results needed for the
final resolution of our problem. By incorporating other operations
into our system we may be able to derive more restrictive results.
Adams C11 introduced new operations called secondary cohomology
operations which led to the complete resolution of the problem.

One pays a high price, however, in this algebraic enrichment
program. The more structure in an algebraic system the more 'compli-
cated' the system becomes. The study of secondary cohomology operations
mentioned above requires the investigation of a very complicated
algebraic system, based on the squaring operations, called the Steenrod
Algebra. In the next chapter we introduce this algebra and develop

some of its properties.



CHAPTER V
THE STEENROD ALGEBRA

Let R be commutative ring with unit. By a graded R-module M we
mean a sequence M% (i > 0) of R-modules. A homomorphism f:M > N of
graded R-modules is a seduence {fi} of R-homomorphisms, fi:Mi Ni'
The tensor product of two graded R-modules is a graded R-module
defined by setting (M 8 N) = ) M, BN s

By a graded R-algebra A we mean the following:

0) A is graded R-module

1) there is homomorphism m:A B A > A called multiplication

2) there is homomorphism e:R ~ A called unit

3) the following two diagrams are commutative

. m )
AR A A RE Z—>sRe—A B R
mB 1 I Im e 1 I/\Iw.e
m m
ARARA AR A ABA AR A
TBm

If A and B are graded R-algebras, then consider A B B as tensor
products of graded R-modules. We may give A B B an algebra structure
.. k
by defining Magg 25 (a1 R bl) (a2 B b2) = (-1) (ala2 B b1b2) where
k = (deg a2)(deg bl).
Suppose M is graded R-module we define the Tensor Algebra T(M) by

(T(M))O =R6® (M, B M

0 0) ® (MO R My R MO) 8 ...

57
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(T(M)),, = L M, BM, B... @M sum taken over i, >0

P PO L
1712 k- "

Multiplication is the tensor product.
A(2)

We will now describe an algebraic éystem defined by the Steenrod
squaring operations and derive some of its properties. We will first
introduce a space P which will play much the same role as H*(Kngz ) in
the previous chapter.

Let P = ZZ(Ul’uz"" ), ie, the Z, polynomial algebra generated
by Upslsse- s where each us has degree 1. Homzz(P,P) is a graded
algebra where the nth grading is those homomorphisms which increase
the degree by n. We now will define a graded subalgebra# of Homzz(P,P).
A will be the subalgebra generated by a certain set of e]ements'{Sti}.'
We will define Sti inductively as follows.

Sto(u ) =u

<
—
4]

0

w
Pty
—e
—
<
~
]
[
-]

i =1
0 otherwise
This defines Sti on all elements of degree one. To define Sti
on arbitrary elements we will define Sti inductively on monomials and
extend linearly. If X = unX' where X' is monomial of degree n - 1

we Jlet

st'(u x') = i st' I )std(xr) = uoseT(xt) + ufseiTxe) (5.1)

o



This now defines4 ¢ Homzz(P,P). Notice that (5.1) is just the
Cartan formula described in previous chapters, thus we have built
an algebra with the Cartan formula built into the system. This
suggests that many of the properties of the squaring operations hold
in A . Not only is this true, but most of the proofs are exactly
the same as those given in ChapterlIV. Wheh this is the case‘we Wi]]
simply refer to the appropriate theorem for our proofs. We will

continue to use the notation introduced in Chapter IV.

Theorem 5.2: St1(unk) = (!]-()u'k+1
Proof: See Theorem 2.15
. K
Corollary 5.2.1: St‘(un2 ) = uﬁ i=0
' K
uﬁ j=2"

0 otherwise

Prodf: This follows directly from Theorem 5.2 and the observa-
K
tion that (? ) =0mod 2 for 0 < i <2

Remark: Theorem 5.2 describes St1 on one dimensional elements.

Remark: Corollary 5.2.1 implies StI(un) = 0 unless
1= 2¢2% 1 .2,1,0,0, ...} with the possibility of zeros inter-
spaced between non-zero elements.

Theorem 5.3: StI(xy) =) StI-J(x)StJ(y) for all x, y € P

Proof: See Lenma 4.3

Theorem 5.4: If a < 2b then StaStb =7 (g:%;j)Sta+b—JStJ

Proof: See Theorem 4.6
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We now define the Steenrod Algebra A(2). Let V be the graded
Z,-module defined by Vy = 0 V= Z,(5q") n >1. Let T(V) be the
Tensor Algebra. We 1ist the first four gradings of T(V).

(T, = Z,

(T(V)); = Z,(sqh)

(T(V)), = Z,(54°) @ Z,(sqa* @ sq)

(T(V))5 = Z,(56%) @ Z,(sa” B sa’) 0 Z,(sq" @ 5¢°) @
Z,(sa' @ sq' B sq)

(T(V))4 = Z(50") @ 7,(50> B 5a") 0 7,(Sa" B 59°) 8 7,(5a" B 5q°)
® Z,(5q° B Sa® @ Sq’) @ Z,(sa' B sa” & sq’)
Z,(sa° @ sa* 8 sa’) ® Z,(sq’ B sq’ @ sq’ B s

Now let «f be the two sided ideal generated by the Adem relations,

b-1-j\c.at+b-j J
a-23 )Sq B Sq

a < 2b. We define the Steenrod Algebra A(Z) = T(V)At. If p is the

: a
ie, elements of the form Sq @ Sq - Y | for

natural projection we denote p(Sq1' B... R Sq1“) by Sq1'Sq1‘...Sq1“
In Chapter IVwe calculated some of the Adem relations. Using these

we get the following partial Tist:

(A(2)), = Z,(5q°)
(A(2)); = Z,(sq")
(A(2)), = Z,(sa%)
(A(2))5 = Z,(50%) @ Z,(Sa"Sq")
(A(2)), = Zy(sa") ® Z,(5q%Sq")

2,(sa’) 0 2,(sa%sql) © 7,(54°5a%) © 7,(sq qusq1)

(A(2)),
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We will now show that P can be made into a A(2)-module. We
need to define Q : A(2) 8 P > P. We first define Q' : T(V) B P > P

as follows: A basis element of T(V) is of the form Sq1 B ... B Sq1

We let Q'(Sqi B ... 8 Sqi BX) = Sti,... Sti (x) for x € P.

By theorem 5.4 if R is a generator of & then R - x = 0 thus
Q' induces Q : A(2) B P >~ P. Thus our module structure is
sql- x = stl(x).

We will now describe a particular basis for A(2).

Examining (A(2)) n We notice that in each grading n we have
Zz-vector space generated by elements of the form SqI for I admissible
and d(I) = n. This observation leads to the following theorem. Let
% be set of all admissible sequences.

Theorem 5.6: {SqI | T e 8} forms a basis for A(2) as Zz—vector

space.

Proofﬁ Given I = {11,12, v ik,0,0,...}' lTet the moment of I

I Jed. b K

be given by m(I) =} S .. Now suppose I ¢ § then Sq° = Sq°Sq°Sq Sq

b-1-J

Jo atb-jo Jjo K
a-23 )Sq”Sq Sq¥Sq " and

where a < 2b. By Adem relations SqI= Y (
a+b-j>2j. We have traded in monomial that was not admissible

at some point in I fof a-sum of monomials that are all admissible at
that point. We cannot be sure, though, that we have not introduced
inadmissibility at some other point in the sequence, ie, Tast terms

of J or first term of K. We do however observe that this process
decreases the moment. To see this let I = {J,a,b,K} and

I' = {J,a+b-j,j,K} then m(I') - m(I) = s(a+b-j) + (s+1)j - as - b(s+1)

= j - b < 0. Since the moment is finite then the process must
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terminate after finite number of steps, yielding SqI as sum of
SqJ for J € %. This shows {SqI | I e %} spans A(2). We now must
show they are linearly independent.

We proceed by induction on d(I). For n =1 result is trivial.

Now suppose {SqI | T e 9 d(I) =n - 1} are Tinearly independent.

Let } AISqI = 0. Let max 2£(I) = k, then
4xn .
I = Iy el ,
) A;Sq ) A;Sq + Y AISq (5.6.1)
Air)an K fayek

Recalling that P is an A(2) module we multiply (5.6.1) by

Up® Ypopee uy = u, < X ~getting
I ASai(ux) ] ASai(ux) =0 (5.6.2)
n I n
Lok "

Consider each term separately. By Cartan formula we have

I I -J
I Asei(ux) =1 I AgSa(u)sq(x)
154703 ' Jer Wk
By corollary 5.2.1 since &(I) < k only powers of Up less than Zk
can appear in any term. Applying Cartan formula to the first term

we get

il

I 1 ASaY(u)sal™(x) =

I oASa(u)sal™ ) + T T AseY(u)sa’ I (x)
J43,

I ASa (u )

where JO = {2k'1,2k"2, ve.52,1,0,0, ... }. Since only surviving terms

of second term are when J has same form as JO but with smaller length,

all powers of Uy in second term are less than Zk. We may therefore

2 ):

write 5.6.2 as (note SqJ°(un) = ug
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2 I- k
uy ) A;Sq

Since I - Jg € § and d(I - JO) < n then by induction AI =0

J

(x) + terms with powers of Uy less than 2" = 0.

¥ I with 2(I) = k. Repeating this argument we get Ap = 0 1. Therefore
{SqI | I ey} are linearly independent and since they span A(2) the
theorem is shown.

Theorem 5.6 gives us a basis for A(2) as graded Z,-vector space.
This basis is called Serre-Cartan basis. Applying the results of
Theorem 4.10 we can see that the set {Sqi | i power of 2} is a set of

generators for A(2) as algebra. We remark that this is in fact a

minimal set of generators, however they do not generate A(2) freely.
A(2) as Hopf Algebra

Definition 5.7: B is a graded R-coalgebra if

0) B is graded R-module
1) there is homomorphism A : B -~ B 8 B called comultiplication
2) there is homomorphism C : B -~ R called counit

3) the following two diagrams commute

A ~ ~
B »B B B RE B« B »B B R
Al lA@l cmf‘/\]wc
BRB———>B BB AB B R B 4 A B B B
184

Definition 5.8: A is a Hopf Algebra over R if

1) A is graded R-algebra with multiplication m and unit e
2) A is graded R-coalgebra with comultiplication A and counit e

3) e:R>Ais coalgebra morphism
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4) C : A~ R is algebra morphism

5) A :A->ARQA s algebra morphism

It can be shown that 5.8.5 is equivalent tom : AR A > A is
coalgebra morphism. Roughly speaking a Hopf algebra is a graded
R-module with both algebra and coalgebra structure such that coalgebra
operations 'respect' algebra operation and conversely. We will now
show that A(2) can be given a Hopf algebra structure. A(2) has
already been given an algebra structure (e : Ly > (A(2))O is given by
1~ Sqo). In fact A(2) is a connected Z, algebra (a graded R-algebra
A is connected if AO = R). To give A(2) a Hopf algebra structure we
need to define A and C and verify 5.8.3, 5.8.4 and 5.8.5.

To define counit C : A(2)  Z, we let Sq' = {1 i =0

0 1#0.

5.84 is easily checked.
To define A : A(2) > A(2) & A(2) consider the following diagram

T(V) i ~A(2) = T(V)/s
§ 1 -7 -
e A
A(2) 8 A(2)
Define &: T(V) - A(2) B A(2) by 6(Sq" B8Sq ) =7 sqi™ @ sq’

where I = {11, ...,ik} and extend linearly. If we can show that & is
algebra homomorphism and 6(I) = 0 then § will induce an algebra homo-
morphism A : A(2) » A(2) B A(2).

Proposition 5.9: & is an algebra homomorphism.

Proof: By definition ¢ is graded vector space homomorphism, thus

we need only to show that § preserves multiplication.



Let T= {i, «ooy 33 = L3ps ons 3,0
§ (Sq"® ... BSq™) - (Sg?' B ... B Sg°*)
§(Sq" B ... B Sq™ B Sq3' @ ...B SqO* )
5 sqlI0)-(110") g g, (19"

(3 sal @sql) (I sq
§ (Sq"8 ... B Sq™) (Sq@' @ ...B SqI*)

R Sq
J-J'

i SQ‘J )

This shows that § is an algebra homomorphism.

It remains to show that (&) = 0. It turns out to be inconven-
ient to verify that § is zero on generators of &. We will instead
used the following 'trick'.

Let P = Pzz(ul, cee Ups - ) P= PZ (w1, oW LLy)

“ou

= PZz (ul, celp W, LW )
p
T(V) > A(2)
8 o l XZn
A(2) B A(2)———P QP 5
)\n R )\n . o(=)

For each n > 0 define xn(SqI) = SqI(ul, ,un)

X (sql) = SqI(wl, ceesWe)
A (SqI) = SqI(ul, ceeslns Wiy .wn)

p be natural isomorphism

One can show that A, in in are monomorphisms for (A(2))j for

J < n. The proof is similar to the proof of Theorem 5.6. Since Z2

is a field A ] Xn is also a monomorphism over the same range.
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Proposition 5.11: The previous diaaram is commutative.

Proof: Consider basis element Sq1 B ... 8 Sq1 of T(V).

= i

i I I,
X2n (Sg° & ... RSq )= AZn(Sq ) = Sq (ul’ cee Ups Wy ... wn) =
) SqI—J(ul, et un) SqJ(w1 cen wn). The last equality is by the
Cartan formula.
p(A, BTn) 5(sg’ Bsq’ ) =e(x 87 )] sq’ @ sq’
I-J J

o( Sq (g «oou ) BSQT(Wy o.n W)
=7 sa" Uy eou) e, W) Thus T o = -

1"' n q 1--. n TUS I\an_(xn&)\n).

It is now easy to establish that &(¢f) = 0. Choose x e &k then
o(x) =0 thusviénp(x) = 0. Choosing n Targer than deg (x) we have by
proposition 5.11 that p(xn &_Iﬁ) (x) = 0. But p(xn EXB) is monomorphism
in the range j <n thus &(x) = 0. This establishes the existence of
algebra homomorphism 4 : A(2) - A(2) ® A(2). It is now easy to
establish 5.8.3.

Structure of A*(2)

We have established that {A(2), m, e, A, ¢} is a Hopf Algebra.
Now consider the dual A*(2) = (A(Z))i*' Since (A(2) B A(2))* is
naturally isomorphic to A*(2) & A*(2) the comultiplication A naturally
induces a multiplication a* on A*(2) by the following diagram.

A(2) B A(2) « ’ A(2)

A*f



Similarly m induces comultiplication m* : A*(2) > A*(2) & (A*(2)

e -induces counit e* A*(2) ~ Z2

C induces unit C* : Z, » A*(2)

It is well known that {A*(2), a*, C*, m*, e*} is a Hopf Algebra.
The structure of A(2) as an algebra is a fairly complicated system.
It is surprising, then, that the structure of A*(2) is very simple.
The majority of this section will be devoted to showing that A*(2) is
a polynomial algebra over 22. We will also give a description of the
comultiplication m*.

Since'{SqI | I e%} is a vector space base for A(2) then (SqI)* is
a vector space base for A*(2). Let I = {2k'1,2k'2, ... 2,1,0,0,...}
and Tet £.= (Sq' )*. Note g, ¢ (A%(2)),_;. We will show that (Sq’)*
for I e may be written as product of gk's. Since the basis elements
for A*(2) may be written as monomials in Eps it follows that A*(2) as
an algebra is the 22 polynomial algebra generated by gk's.<

Let g again denote all admissible sequences and R all sequences
eventually zero. Define V : g-—»R by V(il, coli .0, LLL) =

n

(11-212, 12—213, ...1n_1—21n, i 0, 0, ...)
.il ‘212 12 -215 il\-l -.in -in
1 &2 tee gn-l tn

The following facts follow immediately:

Let gV(I) = g

1) V 1is onto

2) As I runs through J, gV(I) runs through all monomials

3) deg (£'{1)) = deg(1)

From the above facts if we can show gV(I)(SqJ) = { 1 I1=1J4

0 otherwise
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it follows that EV(I) = (SqI)*, which will verify the claim of the

structure of A*(2) as algebra.

We first examine the mu]tip]icative structure on A*(2). If ‘
fogeh2)* e (f q') = B(f & g)(saT) = a%o(f B g)( Sq') =
o(f B g)(ASqI) =o(f 89) Z SqI “wse’) =7 f(sa'™) )

p represents the cononical isomorphism from (A (2) B A(2))*

. g(Sq~) where

A*(2) B A*(2).

Theorem 5.12: A*(2) as an algebra is polynomial algebra over Z2

generated by El’ 52""

Proof: From previous comments it is sufficient to show (Sql)¥ =

V(1) for T e§. In we consider the lexicographical ordering, ie,

ifls= (11,12, ces k,0 0, ...) J= (Jl,jz, ...j],0,0, ...) then

I <Jif 11 >3 or if 11 = 31 and 12 > 32 or 11 =Jp 15 = Js and
and so forth. We proceed by downward induction. Clearly

V(0,0,...).

i, > ]

3 3
I=1(0,0, ...)is 'largest' sequence and (Sq°)* = ¢

Assume gV(J) = (SqJ)* and J > I. If 1= {al,az, ...ak,0,0, ...} let

I' = {al-zk'l, az-zk’z, co.a,=1,0,0,...}. Then I' ¢§ and I' > I.

Since V(I) {a1-2a2, a2-2a3, e ak,0,0, ...} and V(I') = {a, 2a2,

V(I) - EV(I'). £ - Consider

a2—2a3, cens ak-l,0,0, ...} we see that ¢
V(I J V(1' ! J
e/ (sq?) = V(] )sk(SqJ) = ax (') g g ) (8q7) =

1T se?) g (sq”).

The only surviving term on right hand side is where J' = {Zk-l,
278, 2,0,0,0,...3 = 1 thus g (H(sq?) = £'(1)(sq?" T,
Noting that J - Ik e § by induction J - Ik = 1" but I - Ik = I'

implying that I = J as was to be shown.
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We now wish to investigate the comultiplicative structure of A*(2).
m* is given by the following diagram

m*
A*(2) ) B A(2))*

A(2)* B A%(2)

Theorem 5.13: Considering A*(2) as Hopf Algebra, then comulti-

plication is given by m*( gk =3 gi i By
Proof: We will show 5.13 by showing m*(gk)(SqI 3] SqJ) =
2t | J J
O 51-)(SqI 8 5q°). m*(sk)(SqI B Sq7) =akm(SqI B Sq”)
(I:’J)).

r:k(SqI . se”) = g (Sq

k- 1 k 2

Let I, ; = {2 220,00, and I, = 2171, 10,2,1,0,0,,,)

k,i
We now get the following:

1 ifl=1 J = I. for some i

k,i i
0 otherwise
Now we must calculate p() 5E-1 B g].)(SqI B Sqd). First we make two

m*(ak)(SqI 8 sa”) =

observations:
V(1,,i) _ .2
2 Ek-1 (5.13.1)
AL (5.13.2)

5.13.1 follows since V(I ;) = {0,0, ...,21,0,0, ...} where 2' is in

(k-1)t prace.
5.13.2 follows since V(I ) {0,0, ...,1,0,0, ...} where 1 is in the

ith place.
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' K K
From the above p(gi_l ] Ei) (SqI B SqJ) = gﬁ_l(SqI) . gi(SqJ)
i} { 1 if Ik,i J = Ii
0 otherwise

- 2 1. .J . .
Thus  p(} Eg-i B gi)(Sq BSq) =" ; 1 if Ik,i J = Ii for some i

0 otherwise

This completes proof.

:t(

Extz(z) Z.,7.)

2°72
Let A be graded R-algebra and M, N be graded (left) A-moduTes.

Let HQmX(M,N) be those A-homomorphisms of degree t, ie HomR(M,N) =

{f :M>N| f(Mn) C'Nn+t} Take a projective resolution

d d

0«M« XO 0O Xl +1 -

(5.14)

of M by projective graded A-modules, Xi.
Now take Hom%( ,N) of 5.14 and we arrive at the following cochain
complex: |

# #
t do tyy dl '
HOmA(XO,N) > HomA(AlN) > .. (5.15)

t

t(M,N) = HS(HomA(X ,N)). One may show that this defini-

. s,
We define EA

- tion is independent of the choices made.

We now let A = A(2), the Steenrod Algebra and M = N = Ly. The
computation of Ethzg)(Zz,Zz) will prove to be of great importance in
Chapter VI. At first one might suspect that since Z2 is small that
Ethzg)(zz,zz) might be easy to calculate. However, we must get a

resolution 0 <« 22 <« XO < X1 < ... of 22 by projective A(2) modules,
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- . ' | s,t .
and these Xi S turn'out to be huge. In fact, EXtA(Z)(ZZ’ZZ) is known

only for a finite range of s.
The following theorem, due to Adam's (2], gives us a partial
resu]t in the computation of EthEg)(zz,zz). We then Tlist, in

Figure 8 values of EthZg)(zz,zz) for s - t < 14.

. 1,t . ’
Theorem 5.16: EXtA(Z)(ZZ’ZZ) has as a Zz-bas1s a generator for

each t which is a power of 2. The generator in the 21lgraduation is

2,t .
denoted hi'_ EXtA(Z)(ZZ’ZZ) is generated by the products hihj
. L. _ . 3,t
subject to the relations h].hi+1 =0 (1.3_0). EXtA(Z)(ZZ’ZZ) the

products hihjhk are subject to the relations h1h§+2 = 0 and h? =

h? h.,, and the relations implied by h.h = 0. There are other

i-171+1 i79+1
generators for Extizg)(zz,zz) however. The first such generator <o
appears in the bigrading s = 3, t = 11.
- When referring to Table II it is to be understood that there is
. a nonzero generator hg € EXtiZ;SZZ’ZZ) for every s > 0, but otherwise
all other generators are shown.

In this chapter we have constructed an algebraic system with the
properties of the Steenrod squaring operations built in. The Adem
relations are :imposed directly in the definition of A(2). The Cartan
formula gives us the diagonal map which makes A(2) into a Hopf Algebra.
It also allows us to view the cohomology ring of a space as an algebra
over the Hopf Algebra A(2). In the next chapter we will use the

Steenrod Algebra to deduce further restrictions on fibering spheres

by spheres.
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CHAPTER VI
SPECTRAL SEQUENCES AND FIBRE SPACES

In this chapter we first introduce some algebraic machinery needed
to complete our investigation - that of the spectral sequence. 1In
general spectral sequences are extremely difficult to work with, how-
ever, in many important cases the spectral sequence "collapses" or
satisfies certain conditions which make it more manageable. Chapter
15 of Switzer [10] gives several such examples and provides usefuil
practice in working with spectral sequences.

We will, in particular, introduce the cohomology spectral sequence
of a fibre space. From this spectral sequence several important results
may be derived, such as the exact cohomology sequence of a fibre space
and the proof of Theorem 4.5.

As was previously mentioned, the final resolution of our fibering
problem requires the introduction of certain cohomology operations
called secondary operations. Using these operations and the Adam's

2n-1 > is a

spectral sequence it is possible to show that if f : S
sphere fibering then n = 2,4,8. The proof, however, is very long and
complicated. We will therefore only introduce the needed concepts

and indicate the general approach in the proof.
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Spectral Sequences

Definition 6.1: (A,8, F) is a cochain complex with a decreasing

filtration if:

1§ ... > 1s chain complex of

(6.1.1) A:»0~+..>0+A%3A
R-modules
(6.1.2) For all integers p there is a subcomplex FPa, ie,

1, ... is chain complex,

FPA 2 0+ ... > FPA® 5 FP
FPA" submodule of A" and coboundary is restriction of &
to FPA" ‘

(6.1.3) FP™1A is subcomplex of FPA

p is called the degree of filtration.

We impose the following restrictions of filtration F called strong

convergence conditions.
(6.2.1) FPA" = A" ifp<o0
(6.2.2) FPA"

0 ifp>n

Consider the following exact sequence of complexes.
05 FP* A FPa L FPPasrP* a0 (6.3)

From general theory 6.3 induces the long exact sequence (using zig-zag

scheme)
PO L(pPpy 4 yPHatl(pPa Pty K
pix
HPHA(FPR)  yPHa(pPa/FPHIp K yPHatT(p*ly)

i
K wpra(pPHy)



pPra-1 pptrtly Kot pportlyy
P2y !

1
WPHAEPHiay 4 Pra(ePa Pty K Pratl(pptly
i
HPFA*L(pP¥2y)
1
L
t
Hp+q+1(Fp+r)

i

Hp+q+]_ ( Fp+r+1A)

Figure 9. Long Exact Zig-Zag Pile Up

GL




The long exact sequences may be piled together yielding Figure 7.

We now define
kLo i(r-1) , yPratlppirg) | yPHA(EPy Pty
r T jlker i Uy: PRA(EPTHLR) L PHA(EPA/EP )

™
=}
-
L0
1

3 (HPA(FPA)
= (5o 8)(HPTIY(A/EPA))

In Ez,q’ g8 is the homomorphism Hp+q—1(A/FpA) N HP+Q(FPA) which
is induced by 0 » FPA 5 A » A/FpA 5 0.

Proposition 6.5: If EE’q and EP°? are defined as above, then

(6.5.1) If r=1 then E2°9 = HP*A(FPa/FPT L)

(6.5.2) E?’q = gP0 5 p > max(p,q+1)

Proof: 6.5.1 is trivial and 6.5.2 follows directly from the
strong convergence condition which states that for sufficiently large
ry FP*'A = 0 ang PP 1A = A,

We will now define a differential d, : Eﬁ’q > EE+r,q-r+1
X € Eg’q where x is a representative of x. The kx = i(r-l)y for some
y € Hp+q+1(Fp+rA)_ We define dr(i) = j(y). It is a routine exercise
to show dr is well defined and has the proﬁer range.

Proposition 6.6: dr o dr =0

Proof: Choose Z ¢ Eg-r,q+r-1, then there is a u ¢ Hp+q(Fp+1A)

(r-1)

such that i u = k(Z). By definition dr(Z) = j(u). By exactness

kj(u) = 0 therefore choose 0 ¢ Hp+q+1(Fp+rA) and i(r-l)(o) = kj(u)

thus we may use 0 in definition of dr’ It follows that dr 0 dr(Z)
j(o) = 0.

By 6.6 we may define H(E$+q) = ker d./im d_.. The following

P.q P.q
theorem tells how one may compute Er+1 from Er and dr'
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. Psay _ P»q
Theorem 6.7: H(E*™) Ei1

{Eg’q, dr} is called the Leray spectra1 sequence for (A,s,F).

Our final goal is to use this spectral sequence to gain information
about Hn(A). We will do this by defining a composition series of
H'(A), that is, a decreasing sequence of subgroups of H", then relate
the terms of this series to the EE’q terms. This is accomplished in
the following manner.

Let H'(A) = H'(F°A) and 1P} : WM(FPA) > H"(FOA). We define
FpHn(A) = im i(p). This resQ]ts in thé following (finite) composition

series for Hn(A):

2

HY(A) = FOHM(A) o FIHM(A) 5 F2HM(A) > ... > F'"(A) (6.8)

The following theorem states that successive quotients of the series
6.8 are the groups Ez’q.
Theorem 6.9: EP>"Px FPH(A) /PN (n)

Under these conditions we say our: spectral sequence converges to
H*(A).
The previous results supply us with a computational tool for

gaining information about Hn(A). 6.5.1 allows us to start by comput-
n,0

ing El . We then determine d1 and Theorem 6.7 allows us to compute
Eg’o. Repeating this process, by 6.5.2 we eventually arrive at EQ’O.

This gives us the Fan(A) terms of our composition series. Repeating

the above process (starting at E?-l’l) we can compute Ez'l’l.

This
(up to extension) gives us Fn'lHn(A). Successive computations lead to
(after a finite number of steps) H"(A), up to extension.

This is not to suggest that the problem of finding HY(A) is
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routine. Determining the differentials and solving the extension
problems are, in general, very difficult. However in many important

special cases these computations may be carried out.
The Cohomology Spectral Sequence for Fibre Spaces

We begin by recalling that if E and B are spaces and p a map of
E onto B, then {E,p,B} is said to be a fibre space in the sense of
Serre if {E,p,B} has the HLP for finite complexes. Notice that fibre
bundles are a special case of fibre spaces. In all our discussions
we will assume that B, the "base space", is arcwise connected, and
we will refer to p as the "fibre map".

Choose a base point * in B. Then p-l(*) is a subspace of E,
called the fibre F of the fibre space. For any b ¢ B, p'l(b) is
called the fibre over b. It is well known that any two fibres, which
are both finite complexes, have the same homotopy type.

The following are important examples of a fibre space.

Exampie 6.10: Let B be arcwise connected space, * a base point,

E the space of paths in B beginning at * (with the compact-open
topology ) ,'and let p project a path onto its terminal point. Then
{E,p,B} 1is a fibre space with the fibre being «B, the space of loops
in B at *. It is easy to see that E is contractable, thus the homo-
topy sequence for a fibre space yields Hn(QB) Q!Hn+1(8).

Example 6.11: Let B be a K(m,n) space. Construct the fibre space

{E,p,B} given by Example 6.10. Then the fibre F = QB is a K(m,n-1)

space, thus we have the following fibre space:
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F = K(m, n-1) > E
¥
B = K(m,n)

Fibre spaces may be thought of as a generalized product spaces.
In cohomology the relationship between the total spacé E and the pro-
duct space B x F is expressed by means of a spectral sequence which,
under certain hypothesis, starts with the product of the cohomology
of B and F and converges to the cohomology of E.

Theorem 6.12 (Serre): Let {E,p,B} be a fibre space with fibre F,

and suppose B and F are arcwise connected. Let our coefficient module
R be a ring.

(6.12.2) E?’q

(6.12.3) Eg’q

c(8) & HI(F)
Hp(B;Hq(F)) if B is simply connected.

(6.12.4) The spectral sequence converges to H*(E)

Although, in general, fibre spaces do not yield 10n§ exacf
sequences in cohomology as it does in homotopy, Theorem 6.13 gives
a result in that direction.

Theorem 6.13: Let {E,p,B} be a fibre space with B simply con-

nected. Suppose Hi(B) =0 for 0 < i <p and Hj(F) =0 for0<j<q.
Then there is a finite exact sequence: ; |
HYE) > ... HPPO2(F) 3 gPYa-L(g) RYWPHO-1 gy iX yP*a-1(),
Proof: From 6.12.3, E;*0 = 0 when either 0 <1 <por0<j <aq.

Using 6.8 the series collapses to the exact sequence.

0 M0 5 WYE) » XM 5 0 (6.13.1)
From general theory we have the exact sequence
0> el gn-ld, g0 g0 g (6.13.2)
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0,n-1= Hn‘l(F).

Now from 6.12.3 if n < p + q we have En’0== H"(B) and E

n

6.15.2 thus yields the exact sequence.

0~ Eg’n-l - Hn_l(F) d H'(B) ~ EZ’O

+0 (6.13.3)
Now splicing together 6.13.1 and 6.13.3 for n < ptq we get the
finite exact sequence. One may check that the remaining connecting
homomorphisms are, in fact, p* and i*.
.n-1 n . O,n-1 .
The map t : H “(F) - H'(B) which corresponds to d is called

the transgression. Thus far it is only defined for n < ptq, where p,q

satisfy Theorem 6.13. Let us, however, define the transgression more
Oin-l . 0,”'1 n,O
n : En > En .
subgroup of Hn“l(F) as its domain and takes values in a quotient group

generally as d Then the transgression has a
of Hn(B)._ We say that x e Hn'l(F) is transgressive if t(x) is defined
or equivalently, 1f.d1(x) = 0 for all 1 < n. One may show that this
is equivalent to the condition that 6x ¢ im p* < Hn(E,F) where
p is considered as a map p : (E,F) >~ (B, *); moreover, if &x = p*(y),
then t(x) contains y.
The next Temma immediately follows from the preceding remarks.
Lemma 6.14: If x is transgressive, thén so also is Sqi(x);
moreover, if y ¢ t(x), then Sqi(y)Vs T(Sqi(x)).

Definition 6.15: A graded ring R over Z2 is said to have the

ordered set {xi»x; ... X; | ip < i, < ... <i} form a Z,-basis
for R and if, for each n, only finitely many X; have graduation n.

The following theorem is due to A-Borel and, along with Lemma 6.14
provide us with the tools to prove Theorem 4.5. This will complete

our verification of the Adem relations.
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Theorem 6.16 (A. Borel): Let {E,p,B} be a fibre space with fibre

F and E acyelic. Suppose H*(F;Zz) has a simple system {x;} of trans-
gressive generators. Then H*(B;ZZ) is the polynomial ring in the

{z(x;)3.

Theorem 6.16 (4.5): H*(K(Zzgq);zz) is the polynomial ring over
Zy with generators {SqI(1q)} where I runs through all admissible
sequences of excess Tless than q.

r'lp,Zr’Zp, .ovs 4p,2p,p

Proof: Let L(P,r) denote the sequence 2
where p >0 and r > 0. If r = 0 we write L{ ,0). Then the excess of
L(p,r) is p, and the length of L(p,r) is r, and the degree of L(p,r)
is p(Zr—l).

The theorem has been shown for q = 1. We proceed by induction
on q. Suppose it is true for g and consider the fibre space (see

Example 6.13)

F = K(Z,,q) » E
¥
B = K(Z,,q+1)

By hypothesis H*(F;Zz) is the polynomial ring over Zz, with
generators {SqI(lq) | I ¢ 'B e(I) <q} . We will write H*(F;Zz) =
P {Zj} where'{Zj} are the SqI(xq) suitably indexed. Let P; denote
the dimension of Zj (which is q plus the degree of the corresponding I).

- Then (Z.)2 = SqL(p ’r)(Zj). And the'{(Zj)2 } form a simple system

J
of generators for H*(F;ZZ). Since 1q is obviously transgressive,
r(1q) =g * 1, all these generators are transgressive and Theorem 6.18

applies:
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L(P ,r) (P ,r)

L
J

(I is from Zj).

P (22)} =P {1 Sq

L(P ’P)Sqlx

H*(B3Z,) ©(Z)}

P {Sq g1’ -
The theorem will be proved when we have shown that, as I runs
through all admissible sequences with e(I) < q, L(q + d(I),r) « I runs

exactly once through all the admissible sequences with e(I) < q + 1.

It is clear that every L(...) - I is admissible. We will now
construct an inverse function J - LI where J ¢ % and e(J) < q +1.
This will complete the proof.

Any admissible sequence J = {jl,jz, ...,js} may be written (in at
least one way) as J = {jl,...jt} . .{jt+1’ .+ .5Jg} where §. = 2(j1+1)
for all1 i <t -1 (t may be zero). Then J = L(jt,t) « I and e(Jd) =
jt +e(I) - 2(jt+1) if t>1; e(I) = e(J) if t =0. Since
e(I) = 2i; - d(I) then substitution yields e(J) = j, - d(I) for t > 1.

Now ift = 0, each J with e(J) < g has unique expression L( ,0)- I
with e(I) < q; if e(J) = q, then J obviously has a unique expression
of the form LI. | |

If t 1, we have e(J) = 3y - d(I). Hence e(d) =1 iff °
jt = q + d(I). Thus if e (J) = 1, J has a unique expression L( ,0) « I
with e(I) q. If e(J) = q, we choose t as the minimum t such that
J=1(q +d(I),t) « I (with e(I) < q), namely, the t for which
5y > 2igy)-

This cohp]etes the proof of the theorem.
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The Final Result on Fibering Spheres by Spheres

In Adams €131 the question of the existence of fibering spheres by
spheres was finally resolved. In this paper Adams showed that unless

n = 2,4,8 that S : H'(KsZ,) > " "(K;Z,) is zero where k = B™" U s™;

Zn-1

This implies that unless n=2,4,8 f : S » S" cannot be a fiber-

ing of a sphere by sphere.

The method of proof is analogous to that of Theorem 4.10. In

k

this theorem it was shown that unless n = 2" that Sqn was decomposible

into elements of the first kind (that is, squaring operations).

k+1 2

If n= 2", k > 3 and u ¢ H"(X;Z,) such that Sq° (u) = 0 for

0 < i<k it is possible to define operations of the second kind
@%;jron:u, 0<ix<jt# i‘+ 1and j < k. The value ®1,j(u) is a coset
in H(X,2,) where q = m + (21 + 20 - 1) that is o, ;(u) & HH(X:Z,)/
Q*(X;i,3). Q*(X;i,j) is the sum of images of composites of Steenrod

squares.

Adams defined a certain spectral sequence whose E2 term was
naturally isomorphic to EXtA(Z)(ZZ’ZZ) described in Chapter V; Using
_this spectral sequence he was able to establish a formula, which is the
same for all spaces: |

S"(u) =] A; 5 ¢ 5(u) moduTo T Ay 5 Q¥(xiiLd).

In this formula each A; . K is a certain sum of composites of Steenrod

squares. Applying this formula to K = Bm+nL/ s™ we can conclude that if

2

ue Hm(K;Z ) then Sq“ (u) = 0 for 0 < i < k. The cosets &, .(u) will
2 - = 1,3

b

thus be defined for j < k and they will be cosets in zero groups. The

formula will be applicable and shows that Sqn(u) = 0 modulo zero. Since
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-1, 6" (n#2,4,8),

n= 2k+1 k > 3 this shows that for f : S
H(f) # #1, thus the nonexistence of fiberings of spheres by spheres
unless n = 2,4,8.

We make an additional remark. Using K-theory there exists an

expecially short proof of the:results of Adams. The reader who is

familiar with K-theory may refer to Husemoller [31] for.the proof.
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