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Theory of the dispersive modulator 
D. Grischkowsky* and M. M. T. Loy 

IBM Thomas J. Watson Research Center, Yorktown Heights, New York 10598 
(Received 28 October 1974) 

The recent observations by Loy of amplitude modulation and compression of infrared laser pulses 
caused by passage through the dispersive modulator (a cell containing dilute NH3 vapor with a 
Stark-modulated resonant frequency) are explained. It is shown that there is a formal equivalence 
between (i) the passage of a near-resonant light beam through a vapor with a time-dependent 
resonant frequency, and (ii) the passage of a frequency-modulated light beam through a vapor with a 
constant resonant frequency. For low-intensity light this equivalence reduces the problem to the 
optical analog of chirp radar. 

PACS numbers: 42.80.K, 42.60.L 

Most of the optical pulse compression methods demon
strated to date have been based on the idea of chirp 
radar, 1-3 where a frequency-modulated pulse is sent 
through a dispersive delay line. Recent work3 has used 
light nearly resonant with an atomic transition and 
achieved strong pulse compression with a relatively 
small amount of frequency modulation. In this paper we 
consider a closely related system, Loy's dispersive 
modulator, 4 where instead of modulating the frequency 
of the light, the resonant frequency is modulated. There 
is a formal equivalence between these two methods, and 
we will show that the pulse reshaping is the same for 
both situations. 

First, we will demonstrate the equivalence, and then 
calculate the pulse reshaping. We consider the electric 
field E to be represented by 

E(z, t) ==[ (z, f)xcos[kz - wt - ¢(z, t)J. 
Because the light is nearly resonant with an atomic 
tranSition, the propagation is very well described by 
the coupled reduced wave equations 5 

af. 1 a[ 27TW az- +-;:at== ---;;-v, 
8<1> 1 8<1> 27TW 
az + -;: 'Of == - CT u, 

and the Bloch equations 

&u == vC.w' _!:!:.-, 
at Tz 

8v == -uC.w' _Kzf.nC.N_~ 
at 2 Tz ' 

MN 2[v 
--at==T' 

(1) 

(2a) 

(2b) 

(3a) 

(3b) 

(3c) 

Here u and v are the in-phase and out-of-phase compo
nents of the polarization, respecti velYj c.w' == Wo - w', 
where w' == w + 8<1>I8t is the instantaneous time-depen
dent frequency, and w is the constant carrier frequency; 
Tz is the homogeneous transverse relaxation time; 
K == Illn, where Il is the matrix element of the electric 
dipole moment between the two statesj C.N is the dif
ference between the densities of atoms in the excited 
and ground states. For the parallel plate transmission 
line of Loy's experiment, the Stark voltage traveled at 
c to a very good apprOximation. Hence, the resonant 
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frequency Wo was time dependent and also traveled at 
c, i.e., 

awo 1:. a«,o_ 
8z + c at - 0. 

Taking the partial derivative with respect to time of 
Eq. (2b) and combining with Eq. (4), we obtain 

8c.w' 1 aC.w' 27TW a u --+---==----. 
az c at c at [ 

(4) 

(5) 

Equations (2a), (3), and (5) show an important symmetry 
between a variation of the instantaneous frequency w' 
and a variation of the resonant frequency wo.6 Conse
quently, the output [(z, t) and c.w'(z, t) depend only on 
the initial conditions [(0, t) and c.w' (0, t). As long as 
c.w'(O, t) is the same, [(z, t) and c.w'(z, t) are indepen
dent of whether w' or Wo or both are time dependent at 
z == 0. The output intensity would be the same for these 
three cases, although the output frequency w' (z, t) would 
be different. 

Thus, when the intensity is low so that nonlinear 
polarization effects can be neglected, we can use chirp 
radar theory1.2 (linear dispersion theory) to calculate 
the output intenSity of the dispersive modulator: (i) the 
input beam is assumed to be frequency modulated and 
the resonant frequency Wo is assumed to be constant; 
(il) the input light is Fourier analyzedj (iii) the Fourier 
components freely propagate through the dispersive 
delay line with their respective phase velocities; (iv) 
the output intenSity is given by the square of the sum
mation of the components at the end of the delay line. 
Following the above prescription, at z == ° the input to 
the dispersive modulator is considered to be 

E(O, t) == f. oX cos(wt + <1>0 sinAt), (6) 

where [ 0 is a constant, <1>0 is the amplitude of the equi
valent phase modulation, and A is the angular modula
tion frequency. Equation (6) is the same as7 

E(O, t) == [OX~o(<I>o) coswt 

+ j~/j(<I>o)[COS(W + jA)t + (- 1)J cos(w - jA)t~, 
(7) 

with J j (<1>0) deSignating the Bessel function of order j 
with argument <1>0' The output field is then given by the 
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FIG. 1. Comparison between theory (solid line) and experi
ment (dotted line) for the output of the dispersive modulator. 
(a) Experimental results from Fig. 2(b) of Ref. 4. (b) Experi
mental results from Fig. 2(c) of Ref. 4. 

sum of the Fourier components at the end of the delay 
line of length z: 

E(z, t) = tox(exp[ - (aoZ/2)] Jo(¢o) cos(koz - wt) 

+ t Jj(¢o){exp[ -(ajz/2)] cos[kjz - (w + jA)t] 
j.1 

+ (-l)j exp( - (ajz/2)] cos[kjz - (w - jA)t]~, (8) 

In Eq. (8) ao, aj, and aj are the absorption coefficients 
for light with angular frequencies w, (w + jA), and 
(w -jA), respectively; similarly, ko, kj, and kj are the 
propagation vectors. 

For a Doppler-broadened line, whose homogeneous 
linewidth is much smaller than the Doppler width aWD 
(FWHM), the absorption coefficient a(w) at frequency 
w is given by 

(]I(w) = [161T3NI-L2(ln2/7r) 1/2 /(AIlaWD)] 

x exp{- [(2aw/awD )2In2]}. (9) 

N is the number density, and aw = Wo - w. Similarly, 
the index of refraction n is given by 

41TNJ.L2(ln2) 1/2 i+ OO 

exp(-f)dt (10) 
n(w)=l+ f:<A P (t-) 1/2' ,,, ... wD _00 X 1T 

with x= - (In2)1/2 2aw/awD. P indicates the principal 
value of the integral, the plasma dispersion function. 8 

For large x, Eq. (10) reduces to n(w) for a single re
sonance line. 5 

Figure 1 is a comparison of the calculated output 
(solid curves) from the dispersive modulator with the 
experimental results (dotted curves) of Figs. 2(b) and 
2(c) of Ref. 4. All the parameters in the calculation 
were experimentally measured. However, the low-in
tensity absorption coefficients aJ given by Eq. (9) were 
reduced when saturation (hole -burning) effects were 
important. For the experimental conditions of Fig. 2(a) 
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of Ref. 4, this complicated the physical situation so 
much that we could not make a meaningful comparison 
with theory. For Fig. 2(b) of Ref. 4, saturation effects 
were partially accounted for by simply multiplying all 
the calculated (]Ij by 0.4. For all the other cases, the 
lOW-intenSity (]Ij given by Eq. (9) were used. The diS
persion curve is little changed by hole burning, and the 
use of Eq. (10) is reasonably accurate in all cases. 
The input intensity was normalized to unity for all the 
calculations. Experimentally, fluctuations in the input 
power of approximately ± 1O<Jt led to an uncertainty in 
the normalized output by this amount. For the relative
ly small argument ¢o of the Bessel functions the calcu
lation was terminated at j = 6. 

Figure 2 shows the calculated output for the experi
mental conditions of Fig. 3 of Ref. 4. Here, ¢o was 
relatively large, and the calculation was carried out to 
j = 18. Due to the relatively large frequency offset of 
500 MHz, absorption had little effect in determining the 
output pulse shape. The relative magnitude of the re
shaping as a function of the modulation strength is in 
good agreement with experiment. Also, the calculated 
duration of the output spikes agrees well with the ob
servations. The absence of high -frequency ringing in 
the experimental results is probably due to the slow 
detector rise time of approximately 3 nsec. However, 
the ringing can be eliminated by operating the modula
tor under different conditions, such as those for the 
theoretically equivalent case of Ref. 3. 

The authors would like to acknowledge useful discus
sions with J. A. Armstrong and' J. J. Wynne, and the 
skilled technical assistance of R. J. Bennett, 
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FIG. 2. Calculated output of the dispersive modulator as a 
function of modulation strength for the experimental conditions 
of Fig. 3 of Ref. 4. 

D. Grischkowsky and M.M.T. Loy 157 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:

139.78.28.91 On: Wed, 22 Jul 2015 20:14:54



*Work partially supported by the Office of Naval Research. 
lJ. R. Klauder, A. C. Price, S. Darlington, and W. J. 
Albersheim, Bell Syst. Tech. J. 39, 745 (1960). 

2J.A. Giordmaine, M.A. Duguay, andJ.W. Hansen, IEEE J. 
Quantum Electron. QE-4, 252 (1968). 

3D. Grischkowsky, Appl. Phys. Lett. 25, 566 (1974). 
4M. M. T. Loy. Appl. Phys. Lett. 26, 98 (1975). 
5D. Grischkowsky, in Laser Applications to Optics and 
Spectroscopy, Vol. II of Physics of Quantum Electronics 
Series, edited by S. F. Jacobs, M. Sargent Ill, and M.O. 

Scully (Addison-Wesley, Reading, Mass., 1974). 
6C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill, New York, 1955), p. 278. Here, this sym
metry is noted in an absorption calculation for a modulated 
resonant frequency. 

7August Hund. Frequency Modulation (McGraw-Hill, New 
York, 1942), p. 350. 

8B. D. Fried and S. D. Conte, The Plasma Dispersion Function 
(Academic, New York, 1961). 

Porous-wall BeO capillary waveguide laser 
A. Papayoanou and A. Fujisawa* 

United States Army Electronics Command. Fort Monmouth, New Jersey 07703 
(Received 6 November 1974) 

Small-bore capillary tubes exhibit very high optical gains and saturation intensities in flowing gas 
CO, systems. However\ these parameters may vary greatly in the axial direction due to the 
nonuniform axial pressure distribution. Use of porous-wall BeO capillary tubes makes it possible to 
attain a more uniform pressure distribution and to usefully scale capillary waveguide amplifiers to 
longer lengths. 

P ACS numbers: 42.60.L, 42.50. 

Earlier research has established that the waveguide 
capillary laser has very high optical gain and saturation 
intensity in flowing CO2 systems. 1-3 However, it has 
been noted, at least for I-mm bore tubes, that the gain 
per unit length ·decreased strongly as the tube length 
was increased. 1.2 Such a limitation ultimately estab
lishes a limit in scaling such tubes to longer lengths. 

The reason for the decreased gain per unit length as 
the tube length is increased is presumably due to the 
nonuniform axial pressure distribution occurring in 
longitudinal flow. It should be remembered that for typi
cal capillary flow conditions a Hagen - Poiseuille flow is 
established and is sustained by a pressure gradient in 
the direction of flow. Hence, the pressure decreases 
linearly along the tube axis from some high input pres
sure P 1 to some lower exit pressure Po. The equation 
for such flow can be put into the form 4 

7Ta
4 P + P P - P 

F=4r1~~' (1) 

where F is the number of gas molecules flowing per unit 
time through the capillary of length 1, 1) is the gas vis
cosity, a is the bore radiUS, k is the Boltzmann constant, 
and T is the absolute gas temperature. Thus, the gas 
flow in the tube depends on the tube dimenSions a and 1 
as well as the pressure differential. For some flow 
speed which optimizes the gain, a certain pressure dif
ferential is required. It was found that for CO2 mix
tures pressure ratios pipo of about 5 were required 
to attain optimum flow rates in I-mm -bore 10.2 -cm
long tubes. 2 For longer tubes this ratio would increase 
proportionately leading to highly variable gain and 
saturation intenSities along the tube axis. 

To reduce this axial pressure inhomogeneity we have 
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used a porous -wall I-mm -bore BeO capillary tube 
which allows the gas to be introduced into the discharge 
volume with greater axial uniformity. The gas enters 
the central bore through the pores from a high -pressure 
chamber (0. 1-1 atm depending on capillary tube pres
sures and flow conditions) surrounding the tube as shown 
in Fig. 1. A pump pulls the gas out both ends of the 
tube. Tube wall temperature was monitored with a 
thermistor probe mounted on the tube wall. The ther
mal conductivity of the porous-wall BeO tubes used was 
experimentally determined to be 5-6 times lower than 
that of dense BeOo This necessitated cooling the tube 
along its length to prevent large longitudinal tempera
ture rises. A copper cooling block, 10 cm long, con
toured to the tube outer radius was placed in contact 
with the tube over an azimuth of 1200 for this purpose. 
Despite the reduced thermal conductivity, the radial 
temperature rise from the outer to the inner wall was 
calculated, for operative power input levels, to be only 

GAS OUT 

t 
GAS IN 

HI~H PRESSURE CHAMBER 

TEMPERATURE 
PROBE 

GAS OUT 

t 

-COOLANT FLOW-

+ + 
ELECTROOE COOLANT IN COOLAKl OUT ELECTROOE 

FIG. 1. Amplifier setup used. Porous-wall BeO tube is shown 
in center of high-pressure chamber. Tube length was 12.5 cm 
and bore diameter was 1 mm. 
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