PEAK SETS IN CONVEX DOMAINS WITH
REAL-ANALYTIC BOUNDARIES

by

RACHID BELHACHEMI

Bachelor of Science
Central State University
Edmond, Oklahoma,
1988

Master of Science
Oklahoma State University
Stillwater, Oklahoma
1990

Submitted to the Faculty of the
Graduate College of the
Oklahoma State University
in partial fulfillment of
the requirements for
the degree of
DOCTOR OF PHILOSOPHY
July, 1995



OKLAHOMA STATE UNIVERSITY

PEAK SETS IN CONVEX DOMAINS WITH

REAL-ANALYTIC BOUNDARIES

Thesis Approved:

Ol Veld

Thesis Advisor

T f%?% P

' /M Yyl
D honene O Collims

“—"" Dean of the Graduate College

i



ACKNOWLEDGMENTS

I would like to thank the Department of Mathematics faculty who have helped
me at various stages of my graduate school. Their encouragement and criticisms have
been invaluable to me. I wish to express my deep appreciation to Dr. Dale Alspach,
Dr. David Ullrich, Dr. Alan Adolphson, and Dr. Jeffrey Spitler for serving on my
advisory committee.

A special note of thanks goes to my thesis advisor Dr. Alan Noell for his time,
effort, and patience in helping me with the subject. He has provided a lot of inspi-
ration for much of my work, and has been a role model to me. My gratitude also
goes to my wife Samira and my daughter Soraya for putting up with me while I was
working on this paper. Finally, I wish to thank Twyla Beth Lambert for helping me

organize and type this project.

iii



TABLE OF CONTENTS

Chapter Page
I. DEFINITIONS AND NOTATIONS 1

II. INTRODUCTION 4

IT1I. LINEAR REGULARITY 9

IV. INTEGRAL MANIFOLDS 22

V. COMPACT SUBSETS OF PEAK SETS 28

VI. PROOF OF THE SECOND MAIN RESULT 42

BIBLIOGRAPHY 49

v



CHAPTER 1
DEFINITIONS AND NOTATIONS

Throughout this paper D is a smoothly bounded domain in C*.
We denote by A*(D) the set of holomorphic functions in D which have a C*-

extension to D.

Definition 1.1 A closed subset K of 8D is a peak set for A®(D) if there erists a
function f € A°(D) sothat f =1 on K and |f| <1 on D\ K.

K islocally a peak set for A°(D) if for each p € K, there exists a neighborhood
V of p so that K NV is a peak set for A~(D).

It is easy to see that a closed subset K of 8D is a peak set for A>°(D) if and only
if there exists g € A*(D) such that g = 0 on K and Reg > 0 on D\ K. Such a

function g is called a strong suppo rt function for K.

Definition 1.2 We denote by T,(M) the real tangent space to a smooth manifold M
at the point p € M.

For a pont p € M, the complex tangent space of M at p is the vector space
T;?(M) =T,(M) N J{T,(M)}.

Here J 1is the almost complez structure corresponding to multiplication by i.
T;,C(M ) is the mazimal complez subspace of T,(M), of complezx dimension n — 1 if

M =0D.

Definition 1.3 A C*-submanifold M C 0D is integral at p € M if T,(M) C

C A . . . . . . . .
T,7(0D). M is an integral manifold if it is integral at each point p € M.

Definition 1.4 A C*-submanifold M C 8D is totally real if T-(M) = {0} for every
peEM.



Definition 1.5 A defining function for a domain D C C* is a C* function
r:C"—-R
so that
(a) D={z:71(z) <0}
(b) Vr #0 on 8D.

If r is real-analytic, we say D has real-analytic boundary.

From now on, r denotes a defining function for D.

Definition 1.6 We say that D is (Levi) pseudoconvez at p if

n 32,,.
L.(p,w)= ) 52507,

Jk=1

(p)w;wy > 0,

(1.1)

for all w € TE(8D). The expression on the left side of (1.1) is called the Levi

form or the Complex Hessian of .

Definition 1.7 Let D be pseudoconvex at p. The point p is said to be strongly

pseudoconvex if the Levi form is positive whenever w # 0, w € T, ];C(aD).

The point p is said to be weakly pseudoconvex if the Levi form is zero for some

w# 0, w e TE(OD).

We denote by w(dD) the set of weakly pseudoconvex boundary points.

A domain is called pseudoconvex (resp. strongly pseudoconvex) if all its boundary

points are pseudoconvex (resp. strongly pseudoconvex).

For p € 8D, we let N, denote the null space in T;f:(BD) of the Levi form at p.

This, as well as notions in 1.6 and 1.7, are independent of the defining function.



Definition 1.8 A domain D C C" is convex if for all p € 8D and t € R™",

whenever
n a,,,

> %(P)ti = 0.

=1 ?
Theorem 1.9 Suppose D CC C" is a conver domain with C* boundary, then D is

pseudoconver.

A proof of Theorem 1.9 can be found in [20].
The differential operator D is equal to

olel

[+3
311:11 “n 3&!,%"

where o = (a,...,,) and |a|=ao, + ... q,.
We denote by d(z, M) the Euclidean distance of z to a manifold M.

Int( A)p will denote the interior of A in B.



CHAPTER 2
INTRODUCTION

The subject of peak sets has been studied in recent years by several authors [5],
6], [11], [12], [14], [18], [23]. If D is the unit disc in the complex plane, B. A. Taylor
and D. L. Williams [23] proved that the only peak sets for A®(D) are the finite
subsets of 0D.

In C*,n > 2, the situation is somewhat different. In the strongly pseudocon-
vex case Hakim and Sibony [12], Chaumat and Chollet [5], [6], and Fornaess and

Henriksen [11] gave the following characterization of locally peak sets for A>(D).

Theorem 2.1 Let D be a bounded strongly pseudoconver domain in C* with smooth

boundary and K a closed subset of 0D. The following conditions are equivalent:
(i) K is locally a peak set for A°(D).

(11) K is locally contained in an (n—1)-dimensional totally real submanifold of 8D,

which s integral at each point of K.

(iii) K is locally contained in an (n—1)-dimensional totally real integral submanifold

of OD.
() K is a peak set for A*(D).

For weakly pseudoconvex domains in C*, the aforementioned characterization of
peak sets does not hold in general, including those which are convex with real-analytic
boundary in C2.

In [18], Noell showed that there exists a convex domain D with real-analytic

boundary in C? and a peak set K for A%(D) which is not contained in any smooth



curve. He also showed that there exists a convex domain D with real-analytic bound-
ary in C? and an integral curve M C 8D so that M NT is not a peak set for A®(D)
for any neighborhood U of 0 € M. Hence the implications (i) = (ii) and (iii) = (i)
do not hold for weakly pseudoconvex domains.

The implication (i) => (iv) breaks down in general. Fornaess in [9] constructed
a bounded pseudoconvex domain D with real-analytic boundary, and in [18], Noell
showed that K = w(dD) is locally a peak set for A®(D), but K is not globally a
peak set for A*(D).

There is however, a positive result for the implication (i) = (iv) in convex domains

with real-analytic boundaries in C2.

Theorem 2.2 [18]. Let D CC C* be a conver domain with real-analytic boundary,
then a compact set K C 0D is a peak set for A>(D) if and only if K is locally a peak
set for A*(D).

The main results of this thesis are:

Suppose D CC C* is a convexr domain with real-analytic boundary, K is a peak
set for A*(D), and L a compact subset of K. Then L is a peak set for A®(D).
(Theorem 5.6)

Suppose D CC C? is a conver domain with real-analytic boundary. Then a com-
pact subset K of 0D is locally a peak set for A*(D) if and only if K is a peak set for
A>®(D). (Theorem 6.2)

Theorem 5.6 was proved by Chaumat and Chollet in [6] for strongly pseudoconvex
domains with smooth boundaries in C*. Noell in [18] extended this result to pseudo-
convex domains in C? of finite type. He also showed that the finite type requirement
can not be dropped, in fact, he gave in [18] an example of a pseudoconvex domain
not of finite type, a compact set K which is a peak set for A®(D), and a compact

subset L of K that is not a peak set for A*(D).



At this point, one asks the following question: What makes locally peak sets
globally peak sets in convex domains with real-analytic boundaries in C*? The answer
to this question depends on two criteria:

First, Noell in [18] imposed the (NP) condition on the domain which guarantees
that we need only to patch peak functions at stronglyv pseudoconvex boundary points,
and this is always achieved for such points by Theorem 2.1 ((i) = (iv)). He also
showed that every convex domain with real-analytic boundary satisfies the (NP)

property. More precisely, Noell defined this “non-propagation” property as follows:

Definition 2.3 Suppose D CC C? is a pseudoconver domain with real-analytic bound-
ary. We say that D has property (NP) if there does not exist a real-analytic integral

curve contained in w(0D).

Second, a decomposition of w(dD) in C? given by Fornaess and @verlid in [10]
is rather simple, and using this in conjunction with the (NP) property, we need to
patch peak functions away from isolated sets. For more details, we refer the reader
to [18].

In C?, bounded convex domains with real-analytic boundaries need not have the

(NP) property.

Example Let D = {(21,22,23) € C : |21]% + |22|2 + |23|* < 1}. It is clear that D is

convex with real-analytic boundary, however
w(8D) = {(21,22,23) € OD : 23 = 0 and |z1|? + |2,|* = 1}

contains a real-analytic integral curve, and therefore D does not have the (NP) prop-

erty.

Instead, we will use the concept of linear regularity (Definition 3.1). This notion

concerns the real tangent structure of w(9D) in relation to the null space of the Levi



form. Furthermore, the condition of linear regularity reduces to the (NP) property
for bounded real-analytic domains in C?. Moreover, Noell showed in [19] that every
bounded convex domain in C* with real-analytic boundary is linearly regular. A
proof of this fact is also included in this thesis (Theorem 3.2).

The idea of patching peak functions in convex domains with real-analytic bound-

aries in C* came from the following example:
Let D = {2 = (21, 22,23) € C* : 7(2) = Re 23 + |z1* + |22|* < 0}.

It is obvious that D is a convex domain with real-analytic boundary and
w(0D) = {2z € 0D : 2 =0, Rez3 = —|z[*}

Let K ={2€ 8D : Rezy =Imz; =Imzz =0} U{z € 0D : Imz, = Imz =
Im z3 = 0}.

K is a peak set for A®(D) with strong support function f(z) = 23 + 2% + 23.

KNw(@D)={2€0D:2z=Imz=Imz =0, Rezz = —(Rez)*}.

We note that K N w(dD) is an integral curve which points in the strongly pseudo-

convex direction. We patch peak functions near this curve.

This paper is divided into four parts:

In Chapter 3, we introduce the necessary definitions relevant to this section, and
include a proof of the fact that every convéx domain in C* with real-analytic boundary
is linearly regular. This theorem was proved by Noell in [19]. -Our major goal in
this chapter is to obtain a stratification of w(dD) in C* for convex domains with
real-analytic boundaries (Theorem 3.9). In fact, the theorem holds for real-analytic

domains which are linearly regular.



In Chapter 4, we apply Theorem 2.1 ((i)=-(iii)), Theorem 3.9, and Rossi’s theorem
to show that K’ N S is locally contained in an integral manifold of the boundary; here
K is locally a peak set for A*(D), and S is any strata of w(dD). Finally, we state
Proposition 4.3 due to Chaumat and Chollet [5] which will be used in the proof of
the Patching Lemma 6.1.

In Chapter 5, we turn our attention to the first main result, Theorem 5.6. The
methods adopted there are based on those used by Chaumat and Chollet in [6], where
they have proved the result for strongly pseudoconvex domains in C".

In Chapter 6, we focus our attention on the proof of the second main result. We
begin by proving the Patching Lemma 6.1, and use this in conjunction with Theorem

3.9 to show our second main result.



CHAPTER 3
LINEAR REGULARITY

In this chapter, we will find a local decomposition of w(8D). This result (The-
orem 3.9) is true for bounded convex domains in C* with real-analytic boundaries.
The main ingredient in the proof of Theorem 3.9 is to use the condition of “linear
regularity” (Definition 3.1), which is the natural generalization of the “NP” property
(introduced by Noell in [18]). Furthermore, Theorem 3.2 which appears in [19] shows
that bounded convex domains in C* satisfy such a condition. We apply Theorem 3.9
to prove the main results of this paper, namely, Theorem 5.6, and Theorem 6.2.

First, we give the basic definitions and concepts needed in this chapter.

Definition 3.1 Suppose D CC C* is a pseudoconvex domain with smooth boundary.
We say D s “linearly reqular” if there does not exist a smooth curve v in 8D so that

Y'(t) € Ny for allt € I, where I C R is an interval.

Theorem 3.2 Suppose D CC C" is a conver domain with real-analytic boundary.

Then D is linearly reqular.

Proof. Assume to the contrary that there exists a smooth curve v in 8D so that
v'(t) € N(v(¢)) for all t. From this, we will show that D contains a line segment,
and this will be a contradiction.

Suppose 7 is defined on an interval I C R. Let n(t) = Vr(y(t)), and H(t) denote
the (2n x 2n) matrix of real second-order partial derivatives of r, evaluated at (t).
Assume ||n|| = 1.

Let <, > denote the real inner product on C* by identifying vectors in C* with

vectors in R?".

Claim. n(t) is constant for all t € I.
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Fix t € I. Choose complex coordinates z; = z; +4y;, 1 < 7 < n so that

0 5}
d = — - — .
v (t) = oz, |4t and n(t) oz, |ty
The Chain Rule gives

n'(s) = H(s)7(s), (3.1)

forall s e 1.

Using the convexity of D, and since 7/(t) € Ny, we get
%r
S0 =0

Also the convexity of D gives

O &*r

e (1) =0

when1<j57<n—-1, 1<k <n. So,

(H@®)Y'(t), u) =0

when u € T,)(0D).

Using this and (3.1), we conclude that n'(t) is perpendicular to T (0D).

Now, since (n(s),n(s)) = 1 for all s € I, differentiation of both sides yields
(n'(s), n(s)) = 0, which implies that n'(s) is orthogonal to n(s) for all s € I. Because
n/(t) is orthogonal to Ty (8D), we have n'(t) = 0, and hence the claim follows.

Let n(t) = A for all ¢ € I, where A is a constant. Define the function g as follows:
for s,t € I, put

9(s,t) = (v(s) = ¥(¥), A) -

99 _ 9y

- Then =2 = 24
L Bs ot
(v(s) = ¥(t)) € Ty)(0D), when s,t € I. However, since D is convex, then the line

= 0, so g is a constant, since g(s,s) = 0 we get ¢ = 0. Thus

segment through <(s) and ~(¢) must lie in dD. But this is a contradiction, since D

is bounded, and D has real-analytic boundary. Thus D is linearly regular.
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Definition 3.3 Suppose S is a smooth submanifold of C*. We say S is a CR man-

ifold if dimeTy(S) is constant on S as a function of p.

If S C 8D is a manifold, we say S has holomorphic dimension zero if for allp € S
and all nonzero (ty,...,%,) € T (S) we have

Z azJ (p)t i, > 0.

7,k=1
Definition 3.4 Let S be a real-analytic manifold. We say S’ C S is a real-analytic

subset of S if for every p € S there exists a neighborhood U of p and real-analytic
map F : U — R™, so that

={geU:F(q) =0}

The next theorem due to Frobenius is useful in the proof of 3.9. For a proof,

consult [2].

Theorem 3.5 A subbundle of the tangent bundle of a real manifold is the tangent
bundle of a submanifold if and only if it is integrable. (Integrable means closed under

the Lie bracket operation.)

Now, we state Lojaciewicz’s theorem which tells us that a real-analytic variety can
be stratified into submanifolds of lower dimension. We will apply Theorem 3.6 below
several times in the proof of Theorem 3.9 to stratify the real-analytic sets defined

there.

Theorem 3.6 Suppose that F is a nonconstant real-analytic function defined in a
neighborhood U C R™ of the origin. Assume that the zero set Z of f in U is non-

empty. Then Z has the following decomposition:

Z = S(n—l) U S(n_z) U...uS,
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where each S;(1 < j <n—1) is a finite disjoint union of j-dimensional real-analytic
submanifolds.

Furthermore, S; is closed in Z \ ((U{;&S,-) ,j=1,...,n—1.

The following theorem due to Diederich and Fornaess appears in [8], and will be

used in the proof of Theorem 3.9.

Theorem 3.7 Suppose D CC C" is a pseudoconver domain with real-analytic bound-
ary. Then there exist real-analytic submanifolds Sy,...,S; in 0D, of holomorphic

dimension zero, so that:
(1) w(0D) = Uj_,Sk.
(2) Sk is closed in 8D \ (Uf__fllsi), fork=1,... 7.
The next proposi%,ion goes back to Bedford and Fornaess and can be found in [1].

Proposition 3.8 Let D CC C* be a pseudoconver domain with C*°-boundary. Sup-
pose S C OD is a smooth integral manifold. Then TC(S) C N, for allp € S.

Now, we state and prove the main theorem of this chapter. The theorem below
shows that the analysis on convex domains with real-analytic boundaries in C* is

similar to that of a strongly pseudoconvex domain.

Theorem 3.9 Suppose D CC C* is a conver domain with real-analytic boundary.

Then for each p € w(8D), there ezists a neighborhood U of p so that:
(a) w(@D) NU = Uk253S;,

where each S; is a finite disjoint union of j-dimensional real-analytic CR sub-

manifolds of 8D NU. Furthermore, for all ¢ € S;,

T,(S;) NN, = {0}.
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(b) If S is a component of some S; and T,(S) C Tf(aD) for some g € S, then S

15 an integral submanifold of 0D N U.
(¢c) S; is closed in 0D \ (U{:olSi) , j=1,...,2n—3.

Proof. By virtue of Theorem 3.7, we can find real-analytic submanifolds Ny,..., N,

in 8D of holomorphic dimension zero so that

with each Ny closed in 0D \ (Uf;llN,-) yk=1,...,71.

Let Vi = {2 € 8D : dimc N, < k}, k =1,...,n— 1. Then each Vj is a closed
real-analytic subvariety of 0D.

Put Wy, = Vi \ Vi-1, and note that w(8D) = Up={ W;.

Fix m, and drop the subscript from N,,.

First, we note that N could not be of dimension 2n—1, since N is of holomorphic
dimension zero.

Assume for a contradiction that dimg N = 2n — 2.

We note that since N = (W UW,U...UW,_;) N N, then
Int(W;NN)y #0 for somei (1 <i<n-—1).

Claim 1. Int(W; N N)y =@ for all i > 1.

Proof. Suppose not, and let ¢’ € Int (W; N N)y for some ¢ > 1. Then there exists
a neighborhood U’ of ¢’ in N so that U’ C W; N N. Since TF(U") N Ny = {0}, and
dim¢ TF(U') > n — 2, this implies that dim¢ TF(8D) > (n — 2) + 2 = n. This is
impossible, since dim¢ TF(8D) =n — 1.

Thus the claim is true, and we conclude that Int (W) N N)y # Q.
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Now, choose a nonzero real-analytic vector field X so that if ¢ € W, then X(q)

spans N, over C. For ¢ € Int(W;N N)y, put
Ly =T,(N)n N

We note that L, is a real-subspace of T,(N), and L, is of real dimension at most 1,
since N is of holomorphic dimension zero.

Suppose dimg Ly, = 0 for some g, € Int(N N W;)y. Then Ty (N) contains no
weakly pseudoconvex direction, but this is a contradiction, since dimg N = 2n — 2.
Hence dimg L, =1 for all ¢ € Int (W N N)y.

Because a one-dimensional subbundle of the real tangent of a manifold is inte-
grable, then by Theorem 3.5, there exists a smooth curve v C 9D so that Ty(v) = L,
for all ¢ € Int (N N Wi)n. So Ty(y) C Ny. Therefore D is not linearly regular. But
this is a contradiction, since by Theorem 3.2, every convex domain with real-analytic
boundary is linearly regular.

Thus dimg N < 2n — 3.

Assume dimg N = 2n — 3.

Fix k, and let p € N N W;. For ease of notation, we drop the subscript from W;.
We will analyse the structure of W N N in relation to the null space of the Levi form.

Choose nonzero real-analytic vector fields { X;}¥_, so that if ¢ € W then {X;(q)}5_,
span N,.

Fix j, and let M{) = {AX;(q) : A € C}, then M{ is a complex subspace of A, if
gew.

Forge NNnW, put

LY = Ty(N) n M¥).

We observe that L$) is a real-subspace of T,(N), and LY is of real dimension at most

1, since N is of holomorphic dimension zero.

Let $'={ge NNW :dimg LY = 1}.
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Claim 2. (IntS' )y = Q.
Proof. Suppose not, and let g, € (IntS)n.

Choose a neighborhood V of g, in N so that dimg LY = 1 for all ¢ € V. By
Theorem 3.5, there exists a smooth curve v C 9D so that Ty(y) = L((Ij) C N, for
every ¢ € yN V. This is impossible by linear regularity. So, (IntS')y = 0.

Claim 3. S’ is a real-analytic subset of N.

fn° spans

Proof. Let {v;}2"7® be nonzero real-analytic vector fields so that {v;(g)
T,(N) forall g € N.

Let ¢ € S', and consider the (2n — 1) X (2n) matrix
vi(q)
4,=| X | a<i<m-9).
JX;(q)
It follows from elementary linear algebra that if ¢ € NNW, then ¢ € S’ if and only if
Rank (4,) < 2n—2 if and only if det(B,) = 0 for every (2n—1) x (2n— 1) submatrix
B, of A,. Since det(B,) is a real-analytic function, then ' is a real-analytic subset
of S.

By Theorem 3.6, we may write:
S’OU=F(2n_4)U...UP0,

where U is a small neighborhood of p, and each I';, (0 < ¢t < 2n — 4) is a finite
disjoint union of ¢-dimensional real-analytic submanifolds of dD. One also notes
that since I'y C N and since N is of holomorphic dimension zero, so is I'; for all
t, (0<t<2n—24).

Let S"=(NNW)\ S

Then S” is an open subset of N, and S” is of holomorphic dimension zero. Since

dimg LY = 0 for all g € S”, then To(S") N M{ = {0} for each ¢ € " NU.
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Doing this for each j = 1,..., k, we get a manifold still called S” of dimension 2n — 3

such that for each ¢ near p

Ty(S") N Ny = {0}.

Using this, and since dimg S” = 2n — 3, we get for all ¢ near p,
dimc T (S") =n —2.

Hence S” is a CR submanifold of 8DNU. Since dimg S” = 2n—3, and T,(S") NN, =

{0}, we must have that for all ¢ € S” near p,
T,(S") € TS (0D).

Now,

(NﬂW)ﬂU=S"UI‘(gn_4)U...UI‘0.

Since this is true for all m and k, we obtain:
'U)(aD) NU = A(gn_g) U A(2n_4) u...u Ao,

where A(n—3) is a finite disjoint union of (2n — 3)-dimensional real-analytic CR sub-

manifolds of 3D N U, with
Ty(A@n-y) NN, = {0}

for all ¢ near p, and A;, (0 <t < 2n — 4) are real-analytic submanifolds of 8D N U
of holomorphic dimension zero.

The next thing we will do is to stratify the ¢-dimensional submanifolds of 8D N
U, (0 <t < 2n — 4) so that their tangent spaces do not contain any weakly pseudo-
convex directions.
So, let Z be a real-analytic submanifold of 8D N U, with Z C w(8D), and Z is of

holomorphic dimension zero, and assume dimg Z = 2n — 4.
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Put 72/ ={q € Z : dimg L;(J') =1} where, forge ZNW,
LY =T (Z)nM{).

We argue as in Claims 2 and 3, and deduce that (IntZ')z; = @, and Z’ is a real-
analytic subset of Z.
Let 2" = {g € ZNW : T,(Z) C TS(dD)}.
Claim 4. (IntZ")z; = Q.
Proof. Suppose this is not the case, and let g, € (Int Z")z.

Then there exists a neighborhood U; of g, in Z so that T,(U;) C TF(0D) for all
g € U;. We consider two cases.

If n > 3, then because T, (U1) C T;E (8D), it follows that dim¢ T;CO U)>n-32
1, and hence by Proposition 3.8 T;CO (U1) C N,,. But this is impossible, since U is of
holomorphic dimensjon Zero.

If n = 3, then dim¢ T;C(Ul) <1 for all ¢ € U;.
Assume U is totally real at ¢ € Uy, and hence in a neighborhood of g.
For ¢, € Uy N W, define

Ll =T, () NA,

1

Then Lj is a real-subspace of Ty (Uy), and of dimension at most 1.

If dimg Ly = 0 for some ¢, € U N W1, then since Ty (U) C T (9D), Ta(Uh) =
{0}, and dimg U; = 2, this is impossible, so dimg L] = 1 for all ¢ € U;. Again, we
argue as before, and obtain a contradiction to linear regularity. Thus U; is nowhere
totally real. Hence dim¢ TC(Uy) = 1 for all ¢ € Uy. Since T,(U1) C TE(8D), this
again gives a contradiction, by Proposition 3.8. Therefore the claim is true.

Clawm 5. Z" is a real-analytic subset of Z.

Proof. Let Fy = (f1,..., fs) be a non-singular real-analytic parametrization of Z
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defined near 0 in R® (s = 2n — 4) so that F{(0) = p. Let

pi(u) = En: o

k=1

Of Py
azk (Fl(u)) ‘ 8_11;]', (1 < J < 3)’

where 7 is a defining function for D.

Since r is a real-analytic function, so is {y;}3_;, and hence,
Z'={Fi(u) e ZNW :9j(u)=0 forall 1 < j < s}

is a real-analytic subset of Z.
Because the union of two real-analytic sets is a real-analytic set, we conclude that
Z' U Z" is a real-analytic subset of Z.

By Theorem 3.6, and shrinking U if necessary, we write:
(Z’uZ")NU = Qun-5U...UQy,

where each Q¢, (0 <t < 2n—25), is a finite disjoint union of t-dimensional real-analytic
submanifolds of @D N U, and of holomorphic dimension zero.
Let Z" = (ZnW)\ (Z'u Z").

Arguing as above, we conclude that Z” is a submanifold of Z with
To(2") N Ny = {0}

for all ¢ near p.

Continuing this way, each time we stratify the sets:
{geznW:dimg LY =1},

and

{geTNW : T(Z) C TE(8D)},

where ¥ C w(dD) is any submanifold of dD N U of dimension less than or equal to

(2n — 5), until its tangent space contains no weakly pseudoconvex tangent directions.
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Finally, we may write w(8D) N U, for U sufficiently small neighborhood of p as:
’lU(aD) NU = T(gn_3) u...u To,

where each T;, (0 < i < 2n—3) is a finite disjoint union of real-analytic submanifolds

of 3D NU, and
T,(T:) NN, = {0}

for all ¢ € T;.

All it remains to show in part (a) is that the T;’s,(1 < ¢ < 2n—4) can be modified
to obtain CR manifolds. We will show this and part (b) simultaneously using the
following procedure.

Let T be any real-analytic submanifold of 8D N U, with dimg T = 2n — 4.

Assume T is connected.

Let

A1 = maz{dimc¢ TS(T) : ¢ € T}

Let

E={qeT:dimcTH(T) = M}

We show in Claim 6 below that E is a real-analytic set. Suppose for a moment
this is true.

Note that if F has interior in T, then since T is connécted, E =T, and hence T
is a CR manifold.

If E has empty interior in T, then by stratifying F using Theorem 3.6, we get
lower dimensional manifolds. The complement E; of F in T is an open subset of T
with

dimc T;C(El) S /\1 -1

for all ¢ € E;. We repeat the procedure above, replacing T by E;.
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We continue this way, each time stratifying the sets of maximal complex tangent
dimension until we obtain an open subset T” of T with constant CR dimension.
Claim 6. E is a real-analytic subset of T

Proof. Suppose that T is given locally by
T={q:7:(q) =0 forall1 <i<4},
where 7; are real-analytic functions on 7. We know that

dim¢ Ty (T) = n — Rankc l%(iﬂ)]
321'

1<i<4
1<j<n
Now,if g€ T,then g€ F
= dimcTE(T) =X\
— dlmCT‘;C(T) > A —1
or;
<= Rankc [—T(q)] <n- (A -1)
8Zj

<> det(B,) =0

O (g)
o V| 1<i<a

for every (n — Ay +1) x (n — A\; + 1) submatrix B, of [

Thus E is a real-analytic subset of 7.

Let T be the set described before Claim 6, and let
F={qeT :T,(T") Cc TS(dD)}.

By the same argument as in Claim 5, F' is a real-analytic subset of 7".

As above there are two cases to consider.

First, if F' has interior in 7", then F' = T", and so 7" is integral.

If F has empty interior in 7”, then we apply Theorem 3.6 to stratify F', and we
get lower dimensional manifolds. Then we consider the set F' = T"\ F, which is an
open subset of T" with

T,(F') ¢ TE(8D)



21

for all ¢ € F'. Furthermore, we note that for all ¢ € F',
dichf(F ") = dim¢ T,;C (1),

and hence F” is a CR manifold.
This finishes the argument for the (2n — 4)-dimensional submanifolds of dD N U.
Now, let M be any real-analytic submanifold of 0D NU, with dimg M = 2n — 5.
We carry out the same reasoning as we did for 7', stratifying first the set of points
in M where TC(M) has maximal dimension until we obtain an open subset M’ of
M which is a CR manifold, and then stratifying the set of points in M’ where M’ is
integral.
We do this inductively until all the strata of w(A@D) satisfy the properties stated
in the theorem.

This concludes the proof of the theorem.

Remark 3.10 Fornaess and @verlid gave in [10] a global decomposition of w(9D)
for pseudoconvex domains with real-analytic boundaries. In fact, they have shown

that w(0D) for such domains can be written as:
’lU(aD) = So U Sl U Sz,

where each S; is a finite disjoint union of j-dimensional totally real real-analytic sub-
manifolds of D. For convex domains with real-analytic boundaries in C?, Theorem
3.9 tells us that the maximal strata of w(dD) is a curve, i.e., S, = @. That S, is

empty in C? is of course an immediate consequence of linear regularity.



CHAPTER 4
INTEGRAL MANIFOLDS

The purpose of this chapter is to build additional ingredients that will enable us
to prove the main results of this thesis, that is, every set which is locally a peak set
is a peak set, and compact subsets of peak sets are peak sets.

First of all, we state Proposition 4.1 due to Rossi [21], and we will apply this
to show the main result of this chapter (Theorem 4.2), which in short says that the
intersection of a peak set and any strata of w(8D) is loc

ally contained in integral manifolds.

Second, we end this chapter with Proposition 4.3 due to Chaumat and Chollet
which only holds for strongly pseudoconvex domains. The proposition shows the local
behavior of peak functions. We will appiy the proposition in Chapters 5 and 6.

The next proposition appears in [21]. This proposition enables us to put real-

analytic CR submanifolds of C* into lower dimensional C*.

Proposition 4.1 Suppose S C C* is a real-analytic CR manifold. Assume dimg S =
2t + A, with dim¢ T;C(S’) =t for all ¢ € S. Then for each p € S, there exist a

neighborhood U of p and a biholomorphic map ® : U — C* so that:
(a) ®(p) =0
(b) (SnU) c C** x {0}.

Theorem 4.2 is fundamental to the proof of the main results. We will modify the
peak set and patch peak functions along the integral manifold M given there. For
strongly pseudoconvex domains with smooth boundaries, Theorem 2.1 (i) = (iii) says
that if K is locally a peak set for A®(D), then K is locally contained in an (n — 1)

dimensional integral manifold. Our result below is somewhat similar.
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Theorem 4.2 Suppose D CC C* is a convex domain with real-analytic boundary.
Assume K 1is a compact subset of 0D which is locally a peak set for A*(D). Let
S be any strata of w(0D) as in Theorem 3.9, and suppose dimg S .= 2t + A, where
dim¢ T(g (S)=t forallq, € S. Suppose p € KNS. Then there ea:i.ét a neighborhood
U c C* of p, a holomorphic change of coordinates in U, in which p =0 and S C
Ct* x {0}, a neighborhood U' C C* of 0, a strongly pseudoconvez domain Q CC U’,
a locally peak set L C 8QN V', where V! <C U’ is a neighborhood of 0, and a totally

real smooth manifold M in 8Q NV’ so that:

(a) KNSNVCLcMc@x{0})nv'coDnV,

where L = Lx {0}, M = Mx{0}, V" =V'x{0}, and V C U is a neighborhood
of 0.

(b) T(M) C TE(8D) for allg e M.
(c) dimg M <n—2.

Proof. We first do the case when T,,(S) € TS(8D).

Since S is a real-analytic CR manifold, then by Proposition 4.1, there exists a
neighborhood U of p in C* and a biholomorphic map ® : U — C" so that &(p) =0
and ®(U N 9) c C** x {0}.

Let z € U, and ®(2) = (2/,2"), with 2’ = (21,...,2e+2), denotes the new holo-
morphic change of coordinates near 0, where 2;;, = v + v is the complex normal
direction to 0D at 0. We assume that the new manifold obtained under ® that sits
in C*** x {0} is also denoted by S.

We define the function p by:

p(2') =roh(2),
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where h(z') = (2/,0,...,0). Let U’ be a neighborhood of 0’ in C**+*, and put
Q={eU :p() <0}

Note that  is a bounded domain in U’, and S is locally contained in (89 x {0}) N,
where

oNNU ={z eU :p(z') =0}

We need to show that p is a defining function for 2. So it suffices to show that if

U’ is small enough,

Vp#0on 0QNU'.

Assume —— (0)=1.
Zt42

By the Chain Rule,

Op ,, Z, Or Ohx 2, Or Ohr
0) = 0) - 0)+ ) —(0 0
T (@) = L 50 0+ 05 (0)
. Or Bhk '
= 0) - 0)=1
> 5 o (®)

Thus, Vp(0') # 0, and hence Vp # 0 in a neighborhood of 0. We show that € is
a strongly pseudoconvex domain near(’. So, it is enough to show that  is strongly

pseudoconvex at 0'. An easy computation of the Levi form yields,
Ly(0',m) = L. (0, h'(0")n),
where,
n=(m,..., %) € C, n#£ 0 and 1 € Ty (6Q).

So,

LP(OI, 77) = LT(O, (771, oo oy ety O, ceey 0))

Since Tp(S) N Ny = {0} by Theorem 3.9, we conclude that L,(0',n) > 0.
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Now, we show that there exists locally a peak set L for A%(f) so that
KnSnV ¢ L x {0},

where V C U is a neighborhood of 0.
Let f be a strong support function for K NV, where V C U is an open neighbor-
hood of 0 in C".

Define the function g by
9(z') = f o h(2').
Put
L={7eQnV':g(Z) =0}

with V' C U’ as a neighborhood of 0'.

We claim that g is a strong support function for LnV.

It is obvious that g € A®(2). We claim that g # 0 on QNV". To see this, assume
to the contrary that g = 0 on QN V’. Then by the Chain Rule:

9y
0 = o'
athrA( )

L

=1 Oz Oztyx

_ o
- 32t+,\ (0)7

(0')

of
dh -=(0) = 0.
and hence Bu( )
But this is absurd because Re f is pluriharmonic in D, nonconstant, and has a

local minimum at 0, so by the Hopf lemma,

O(Re f)
ou

(0) < 0.

We note that if Reg = 0, then g = 0, and therefore Reg > 0 on Q \ LNV.In

addition, L C 8Q N V' which follows from the maximum modulus principle.
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Let z€e KNSNV, with z = (21,...2441,0,...,0) = (£,0,...,0). Then, g(2') =
foh(z) = f(z,0,...,0) =0since z € K. So 2/ € L, and (2,0) € L x {0}. Thus
KnSnV c L x{0}.

Now, we verify properties (a)—(c) of the theorem.

For this we use Theorem 2.1 ((i)=-(iii)) due to Chaumat and Chollet, which is
applicable only to strongly pseudoconvex domains.

Since Q2 is a strongly pseudoconvex domain near 0, and I is locally a peak set for
A>(Q), by Theorem 2.1 we obtain a totally real integral submanifold M of 80NV,
if V' is small enough, so that:

LNV c M.

Let M = M x {0}.
Then, for all ¢ € M,
T,(M) C TE(8D),

and

dmg M =t+A-1<(n—-1)—1=n-2.

This finishes the proof in the case T,(S) € T.(0D).
If T,(S) C T,7(8D), then S is an integral submanifold of D by Theorem 3.9.
Hence, S must be totally real by Proposition 3.8 and part (a) of Theorem 3.9. So the

preceding proof is easily modified.

We note that the convexity of D was used only to get a real-analytic strata
obtained by Theorem 3.9.

The proposition below appears in [6].

Proposition 4.3 Suppose that Q CC C* is a strongly pseudoconver domain with
smooth boundary. Let L be a peak set for A%®(Q2) with strong support function g.

Then for each p' € L, there exists a neighborhood U’ of p', a positive constant ¢, and
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a totally real submanifold Mcaoanl of class C* and of dimension k, containing
LNU, and so that for all ¢ € QAN U

Reg(q') > c’dz(q’,M).



CHAPTER 5
COMPACT SUBSETS OF PEAK SETS

The principal result of this chapter is Theorem 5.6, which is an extension of a
result obtained by Noell in [18]. There he showed that compact subsets of peak sets
are peak in convex domains with real-analytic boundaries in C2. In fact, Noell in [18]
proved the aforementioned result for smooth pseudoconvex domains of finite type in
C2.

The approach which we have carried out here to prove 5.6 is based on that used
by Chaumat and Chollet in [6], where they proved the result for smooth strongly
pseudoconvex domains in C*.

Our starting point is Proposition 5.1, which goes back to Chaumat and Chollet
[5]. The proposition allows us to construct peak functions from the functions stated

there.

Proposition 5.1 Suppose D C C* is a bounded pseudoconver domain with smooth
boundary. Let E be a compact subset of 0D, W a neighborhood of E in C*, and p
a non-negative continuous function on W which vanishes on E. Suppose that there

exists a function G € C* (W N D) such that:
() E={zeWnD:G(z) =0}
(b) For each o € N*, k € N, there exists Cor, > 0 such that for each z € WN D

|D*(8G(2))| < Carlp(2))*.

(¢) There ezists a constant ¢ > 0 so that for allz€ DNW,
ReG(z) > cp(2).

28
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Then E is a peak set for A~ (D).

Proof. The proof can be found in [5], so we will be brief.

Let X be a C™ real-valued function with compact supportin Wsothat 0 < X <1
and X =1 on a neighborhood W, of E.

Let A be the (0,1) form defined in D \ E by:

Fi] (%) in W
"= { 0 elsewhere
We note that h is C* in D\ E. We extend h, and all its derivatives to be C* on
D.
By a theorem of J. J. Kohn [16], since Ok vanishes on D, there exists a C*®-function

uw on D such that

Let v be the function defined by

Then v is holomorphic in D, and smooth on D \ E. Furthermore,

ReG

Rev=X G

— Reu.

Since u is of class C* in D, then Rew is bounded. Using (c), and adding a large
constant, we may suppose that Rev > 0on D\ E.

We deduce from this that
G
T 1-uG

is holomorphic in D, of class C* in D\ E on W;. We note that (1 — uG) does not

1
v

vanish on D in a neighborhood of E, hence % is of class C*® on D. Thus,

1 oo
;EA (D),
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1 extends to be 0 on E, and

on D\ E.
Therefore, F is a peak set for A%(D).

Now, we introduce the function Sg(f). This function has already been used by
Noell in [18].

For R > 0, let Sg(f) = f — Rf?, where f is a strong support function for K in
D. |

We note that,
Re(Sr(f)) = (Re f)(1 — R(Re f)) + R(Im f)?,
Sr(f) =0 on K, and Re (Sr(f)) > 0on (DNU) \ K for a neighborhood U of K.

Theorem 5.2 Suppose D CC C" is a conver domain with real-analytic boundary.
Let K be a compact subset of D which is a peak set for A®(D) with strohg support
function f. Let S C 0D be any strata of w(aD), and suppose dimgrS = 2t + r,
with dz'ch;CO(S) =t forallq, € S. Assumep € KNS. Let U, U, L, and Q be
as in Theorem 4.2. Let R be a sufficiently large positive number. Then there exist
neighborhoods V C U of p, V' C U’ of 9, a totally real manifold M' in 0QNV', of
dimension at most (n—1) containing LNV’ and a smooth manifold N C V containing

M = M' x {0} so that:

(a) KNSNVCLcMc@x{0)nv"caDnV,

where V" = V' x {0}.

(b) Ifqe DNV, then

Re Sr(f)(q) > cd?(g, N),
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where ¢ 18 a positive constant.

Proof. Since 2 CC U’ is a strongly pseudoconvex domain with smooth boundary,
then by Proposition 4.3, we can find a neighborhood V' C U’ of (, and a totally real
submanifold M’ C 8Q N V", of dimension ¢ + A < n — 1, containing L N V', and so
that for all ¢ € QN V7,

Reg(q) > dd*(¢', M),

where ¢/ > 0 is a constant.
Now, part (a) of the theorem follows.

We define the manifold N C U by
N =M xCt2,

and we observe that N contains M’ x {0}.
It only remains to show part (b).
Let ¢ € M’ x {0}. Since M’ x {0} is totally real, we can make a holomorphic

linear change of coordinates near ¢’ that we denote by
2i=xj+w, J=1,...,t+A=1, zpa=u+w
so that ¢’ = 0, and
To(M)={z €eC™ 1y1=... = yoyrs1 =u=0}.
Assume also that
To(89) = {2’ : u = 0} and To(dD) = {(#',2") : v = 0}.

Let g(2') = f(2',0,...,0) be a strong support function for LNV, where V' c U,

obtained from the proof of Theorem 4.2.
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Proposition 4.3 assures us that the real Hessian of Reg at 0 is positive definite
when restricted to the orthogonal complement of Ty (M') in TG (0€2). In addition, by
the Cauchy-Riemann equations and the Hopf lemma, we have:

9(Re f)
ou

(0,0,0) < 0.
These facts give that for ¢ € D near ¢/,

Re Sr(f)(q) > cd*(q, N).

This finishes the proof of Theorem 5.2.
We will frequently use the next proposition in what follows. The proposition is due

to Harvey and Wells, a proof is included in [13].

Proposition 5.3 Suppose M C D NU is a totally real submahifold of 0D, where
U is an open subset of C*. Let x be a C*™-function in M. Then there ezists a C*-

function X in U so that:
(1) X=x on M

(2) 3% vanishes to infinite order along M, that is, D*(0%) = 0 along MnU, for

each multi-index o.
(8) X is locally constant near where x s locally constant.
(4) If x has compact support in M , then X has compact support in U.

(5) First derivatives of X vanish on M in directions perpendicular to T(M) +
JT(M).
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Remark 5.4 Let {E,}32, be a collection of peak sets for A®(D), with strong sup-

port functions {f,}22,. Then F = N, E, is a peak set for A(D). To see this,

let
¢n = max{||D*fullo : 0 < |a] < n},
and put
21
f= Z;l i

We note that since ||fu]loo < Cny SO ”é fn”oo < 1, then f is well-defined. Also,
f € A®(D) and Re f,(z) > 0 for all n, and for each z € D. But z € E if and only if
f(z) =o.

Therefore, f is a strong support function for E.

The proposition below will be applied to prove the main result of this chapter, that
is, Theorem 5.6. Noell in [18] obtained 5.5 for pseudoconvex domains with smooth

boundary in C?, and in [15], A. Iordan generalized the result to such domains in C".

Proposition 5.5 Suppose D CC C" is a pseudoconver domain with smooth bound-

ary. Let K be a peak set for A*°(D) and L a compact subset of K. Then
Li=[Knw(@D)]UL
is a peak set for A*(D).

The proposition above shows that we can take compact subsets of K away from

w(8D).

Theorem 5.6 Suppose D CC C" is a conver domain with real-analytic boundary.
Let K be a compact subset of 0D which is a peak set for A*(D), and L a compact
subset of K. Then L is a peak set for A*(D).
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Proof. We apply Theorem 3.9 to get a finite covering of K N w(dD) by open sets
{Us}i<: so that on each U}, (1 < a < £), properties (a)—(c) of Theorem 3.9 are
satisfled. We take compact subsets within each U}, and then take the intersection.

Fix a, and drop the subscript from U..

The idea of the proof is to take compact subsets in U’ successively on Sa,,_3, Son—4, . . ., 51,
and S, where S; (0 < j < 2n — 3) is a strata of w(8D) obtained from Theorem 3.9,
starting with the maximal dimensional strata Ss,_3. This technique was used by
Noell in [18].

Let

Ly=[LiN(SoUS1U...USs—4)]UL.

and observe that L C Ly C L; C K. We will show that L, is a peak set for A®(D).
We will remove from L; points of (K \ L) on Sp,—3.

Let {V&}%2, be a family of open neighborhoods of L1 N(SpU. ..U Sy,_4) such that
Vis1 CC Vi

and

ﬂz°=1Vk = Ll N (Sg U Sl U... S2n_4).

Fix k. We first show that (L; NV}) UL is a peak set for A~°(D). Using this, and the
above remark, we obtain that L, is a peak set for A®(D).

Let U be a neighborhood of V.

Claim. There exists a peak set L' C 9D for A*(D) so that:
(1) I'cLy
(2) '\U=L\U

(3) Lu(L;nV,)c L.
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Proof of the Claim. Let f be a strong support function for L;. Apply 5.2 to get
an open covering for Ly \ U by open sets U;, U;,U; CC Uj (1 < j < £), a smooth

manifold N; C U}, and a constant c; such that
LiNSyu3nU;CN;. 1L35<8),
and for each z € DNUj.
Re Sr(f)(2) > c;d*(z, N;). (5.1)

Let xj : C* — [0, 1] be a C*-function so that

x;=1onU; (1<5 <) (5.2)
and
supp x; C Uj. (5.3)
For z € C*, put
, .
p(2) = 3 x;(2)d*(z, N;) (5.4)
i=1

Then p >0, and p = 0 on L; N Son_3. We deduce from (5.1), for each z € D:

Yi o1 Xi(2)Re Sr(f)(2) = Ty cix(2)d%(z, N;)
2 COp(z),
where ¢p = min{c;, 1 < j < £}
Thus
Re S(£)(2) 2 Z0(2)- (5.5)

Let ©; = UL, U;.

Let {x;}%—; be a partition of unity on L; \ U subordinate to the cover {U;}5_;.
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Then we have for 1 < j <4,

and

d.xj=1on L. (5.6)

Put Q, = Q; UU, and let D’ be a compact neighborhood of D containing €.

Choose a C*®-function s on C" so that

s 20,
supps C D',
and
L={z€ D :s(z) =0} (6.7)
Let
8j = SX;- (5.8)

Let M; = M} x {0} (1 < j < £) be the totally real manifold obtained from

Theorem 4.2 which is contained in N;.
Let 29 = (2'), 20} be a holomorphic coordinate system on Uj(1 < j < ) as in the

proof of Theorem 5.2, where 20 = (2%, ..., zt(f,_),\)

We apply 5.3 to s; restricted to M} in a neighborhood V/ in C*** to get a function
5; € C°(CH?) so that:

~ . Y]
;= sj on M,
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05; vanishes to infinite order along M;,

and

supps; C vy,

where V' is a compact neighborhood in V. Furthermore, since 573“]- = 0 on M, then
as a consequence of the Canchy-Riemann equations, we get that the differential of
Re; is zero on JT(M}).

Extend 3; trivially to get a function 3 so that 3; is defined on C", and
Ej(z(j)) = 5(2' D).

Then

5;=s; on N;
(recall that N; = M} x C*~=%),
83; vanishes to infinite order along N; N U;.
We modify 3; away from M; to get
suppd; C Uj,

if U is small enough. In addition, the differential of Re3; vanishes on JT'(NN;), this
is because 95; = 95; = 0.
We conclude from this, by Taylor expanding Re3§;, that there exists a constant

c; > 0 so that for each z € C",
Re §j(z) > —c;-dz(z, NJ)

Let

{4
=) 5
j=1
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We apply techniques used by Chaumat and Chollet in [5] to get a constant Cpr > 0
and d > 0 such that for each z € C*, a € N*,; and k € N,

|D*03(2)| < Conp®(2)
and for all z € C*,
Re3(z) > —dp(z). (5.9)

Now, we define the function G by:

G = Sg(f) + 65,
where 6 > 0 is sufficiently small.
Then, using (5.5) and (5.9), there exists a positive constant ¢ so that:

Re G(z) > cp(z). (5.10)

Let L' = {z€ DNy : G(z) = 0}.

We deduce from (5.7) that
L'c{zeQnD:p(z) =0} (5.11)

Thus, by using (5.9) and (5.11), we conclude by using Proposition 5.1, that L' is a
peak set for A*(D).
Now, we verify properties (1)—(3) stated in the claim.

First we show that L' C L;. We show this in two steps.

(a) If z € Q1 N L', then by (5.6) we have 5(z) = 5, x;(2)s(z) = s(z), and since
ReG =0on L', we get s(z) = 0. Thus by (5.7), z € L, and hence z € L;.
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(b) If 2 € (U\ Q)N L, then x;(2) = 0forall j (1 <j <¥£), and hence 3(z) =0,
so ReG(z) = Re Sr(f)(2) = 0. Thus z € L.

Combining (a) and (b), we obtain (1).

To show (2), we first show that:

() wnLcL.

Let z € Q; N L, then 3(z) = s(z) = 0, and since Sg(f)(z) = 0 then G(z) =0,

soze L.
Combining (a) and (c), we get (2).

Finally, (3) follows from (c) and the following:

(d) If 2 € Ly N Vy, then z & Qy, and so 3(z) = 0. Since z € L, then G(z) =
Sr{f)(z) =0, and hence z € L'.

(e) If z € (U\ )N L, then 3(z) = s(z) = 0. Because Sg(f)(z) = 0, we get
G(z) =0, and so z € L;.

This ends the proof of the claim.

Now, we show that (L; N V) U L is a peak set for A~(D).

Let {U;}$2, be a family of neighborhoods of V, so that U;,; CC U; and
N2, U; = V.
By virtue of the above claim, we get for each ¢ > 1 a peak set L € A®(D) such that:
(1) LicL

(2) L\U;=L\ U,
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(3) LU(LinV,) C L

Thus by the remark above, L' = N2, L; is a peak set for A*(D), and by (3) we
have LU (L; NVy) C L. |
We note further that since L \ U; = L\ U;, then

Li=[Lu(LnTVy)| U4,

with 4; C (K NnU;) \ (K NV}). Taking intersections, we get L' = L U (L; N V).
Thus L U (L; NV}) is a peak set for A%°(D).
Hence by the above remark, it follows that L, is a peak set for A®(D).
Let Ly =LyN(So U S U...U Sops).
We proceed along the same lines of the proof that L, is a peak set for A*°(D).

Let {Vk}%2, be a family of neighborhoods of Ly N (Sp U. ..U Sa,—5) so that
Neo Vi =LyN(SaU...USo-s).

Then one uses Theorem 5.2 with strong support function f for Ly, and S = So,_4.
Then we argue as above and obtain that L is a peak set for A>*(D).

Continuing inductively, and using the same process as above, we finally obtain

that

Ly =(Lp-1NS)UL

is a peak set for A*(D), with m = 2n — 2 and L,,—; a peak set for A>(D).

Now, we show that L is a peak set for A*°(D). We use Proposition 5.1.

Choose a neighborhood W of L so that W does not contain the points of
(So N L,y,) \ L, which are isolated in L,,.

Let h be a strong support function for L,,. Let

G=honW



Put

p=0.

By Proposition 5.1, L is a peak set for A®(D).
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CHAPTER 6
PROOF OF THE SECOND MAIN RESULT

Our major goal in this chapter is to apply all the machinery developed in Chapters

3, 4, and 5 to prove Theorem 6.2.
We first state and prove the Patching Lemma, which will be the main tool in

proving the second main result. (Theorem 6.2)

Patching Lemma 6.1 Suppose D CC C® is a conver domain with real-analytic
boundary. Let f; (i = 1,2) be strong support functions for K NU;, where U; are open
subsets of C> with UyNU, # @. Put K; = KNU; (i = 1,2). Let p € KyNK,Nw(6D).
LetU c C3, U' c C?, Q, L and M be as in Theorem 4.2. Assume KiNK,Nw(dD)N
U= M, and dimgM = 1. Let R be a sufficiently 'large positive number. Then there
ezist a relatively compact neighborhood V C U of p with 8V N M = {py, p2}, a smooth
manifold M C U containing M , and a function g € C®°(D NV) with the following

properties:
(a) g=0on K;NK, NV
(b) Reg>0o0n (DNV)\(Ki1NK,NV)
(c) Reg(q') > cd*(¢, M) , when ¢ € DNV, and where ¢ is a positive constant
(d) D*(0g(q")) =0 for each ¢ € DNV N M and for each multi-indez o
(e) 9= Sr(f:) near p; (i1=1,2)

Proof. We choose a holomorphic coordinate system (23, 23,23) in U as in the proof

of Theorem 4.2, and assume p = 0.

Let M be as in Theorem 4.2, and assume without loss of generality that McQC.
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Let v : (—3,3) — 89 be a non-singular parametrization of M so that (0) =
(0,0). Choose a C*®-cut off function x : M — [0,1] so that:

x(v(@) =1 fort>1
and
x(7(t)) =0 for t < 1.

Proposition 5.3 guarantees the existence of an almost-holomorphic extension x’
of x defined in U’ and satisfying properties (1)—(5).

Extend ' trivially to get a function X so that % is defined on U’ x C, and

X(zb ?2’ 2:3) = X,(zl, 22)'
Put
G = xSr(f2) + (1 = X)Sr(f1).

Let V CC U be a small neighborhood of L' = {(4(t),0) : =2 < ¢ < 2} so that

8V N M = {p1,p;}, where p; = (7(-2),0), p; = (7(2),0). Then G € C=(D V).
Put

M =M xC.

Then M is a smooth submanifold of C3 containing M.

Now, we show properties (a)—(e).
(a) Since Sr(fi) =0 (i=1,2) on K; N Ky NV, part (a) follows.
(e) is obvious because of part (c) of Proposition 5.3.

(d) Since 8x’ vanishes to infinite order along M, then 8% vanishes to infinite order

along M as well, and so part (d) of the lemma follows.
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(b) To show part (b), we assume (c) holds. Then if V is small enough,
Reg>0o0n (DNV)\ (MNV).

Also, on M NV we have

Re G = xSr(f2) + (1 — x)Sr(f1),

and so

Re (Sg(f:)) >0
on (DNV N M)\ (K;n K,;NV); therefore (b) follows.

All it remains to show is part (c).

Pick ¢ € M = M x {0}.
Since M is totally real, we can make a holomorphic change of coordinate in C®

near ¢, that we still denote by (21, 22, 23), so that ¢ = 0 and
To(M) = {(z1,22) : y1 = 22 = 0}, To(0R) = {(21,22) : u =0},

and

To(8D) = {(21, 22, z3) : u = 0}

Here z; = z; +iy;, ( =1,3) and 22 = u + iv.

Let g(z1, 22) = f(21, 23, 0).

By the proof of Theorem 4.2, we know that g € A®°(Q) is a strong support function
for LNT, if U' C C? is a sufficiently small neighborhood of (0, 0).

Since by assumption K; N K>, Nw(dD)NU’ is an integral curve of 0X2. Proposition

8%g &g

of
4.3 guarantees that —=(0,0) > 0, and hence —(0,0,0) = —(0,0) > 0. Let
ay%( ) ay%( ) 32/%( )
o*f |
B = 5%(0,0, 0).
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As a consequence of the Canchy-Riemann equations and the Hopf lemma, we

deduce that:

-—a(l;if) (9) = ———6(1(;: /) (g =a<0.

So the Taylor expansion of Re(Sgr(f)) at ¢ in directions perpendicular to M gives for

¢’ € D near ¢
Re(Sr(H))(d) = au — Ro*u? + Ro*v* + Q(z1, 22),

where Q(z1, z) is of second order and is independent of R. This shows that we can
control Re(Sg(f)) in J7 direction, where 7 is the outer normal vector to dD at gq.

We observe that

Reg = (ReX)(Re(Sk(f2)) + Re(1 — X) Re(Sr(f1)) + ImX(Im Sg(f1) — Im Sk(f2))-

Let GG; denote the sum of the first two terms, and G5 the last term.
By the above remarks, and since ¥|3 = X, the Taylor expansion of Gy, at ¢ € D

near q in directions perpendicular to M is greater than or equal to:
Au® + By? + Cpo?,

for some positive constants A, B and Ch.
Using part (5) of Proposition 5.3, and Taylor expanding G, at ¢’ in directions

perpendicular to M, we get:
Ey,v + error terms,

where E is a constant independent of R.

Now, for R large enough,

Au? + Byf + Cgv? >> Eyyv.
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Thus for all ¢’ € D near g,
Reg(q') > Auz + By? +'Crv®.
Using compactness of L', we conclude that for all deDnV,
Reg(d) > cd*(¢', M),

where c is a positive constant.

This finishes the proof of the Patching Lemma.

Theorem 6.2 Suppose D CC C® is a conver domain with real-analytic boundary.
Then a compact subset K of 8D is locally a peak set for A*(D) if and only if K is
a peak set for A%(D).

Proof. We apply Theorem 4.2 and the decomposition of w(8D) in C® using Theorem
3.9 to get that K N w(dD) is locally contained in the union of integral curves and a
discrete set.

Since K N w(8D) is compact, we deduce that K N w(dD) is contained in the

disjoint union of integral curves and a finite set. Say:
K nw(dD) ¢ (Uie, ;) U My,

where M;’s are integral curves, and M, is a finite set.

Choose open sets {U;}7; in C* so that
(K nw(0D)) C UZ,U;,

and K N U, is a peak set for A~°(D) with strong support function f;, (1 <14 < m).
We may assume that M, N 0U; = @ for all i.This is because compact subsets

of peak sets are peak by Theorem 5.6, so we may shrink U; to obtain a smaller

neighborhood W; so that K N W, is a peak set for A~(D).
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Fix i and j, and let p € K N w(8D) N M, N dU;.

Choose k so that p € U.

We will consider two cases.
Case 1: K Nw(dD) is a connected subset of ]\7,- near p.
Case 2: K Nw(AD) is not a connected subset of M; near p.

Suppose case 1 occurs.

We apply the Patching Lemma 6.1, with strong support functions f; and fi for
K nU; and K N Uy, respectively, to obtain a C™-function g;; defined in a small
neighborhood V;; of p so that 8Vi; N M; = {pi;, px;}, and

gi; =

{ Sr(f:) near p;;
Sr(fr) near p;

Suppose case 2 occurs.

Choose disjoint neighborhoods V; and V; of K Nw(8D) in U; UUy so that KNV, (£ =
1,2) is a peak set for A*(D).

Let @ be neighborhood of K \ (V] U V;) so that @ does not intersect the weakly
pseudoconvex boundary points in V; (¢ = 1, 2).

Let K; = (K nQ)\ (Ui, Vo).

Fornaess and Henriksen in [11] showed that if a compact subset K is contained in
the boundary of a strongly pseudoconvex domain in C3, and K; is locally contained
in integral manifolds, then there exists an integral manifold containing all of K.

Since Ky = (KN Q) \ (Ui, V;) consists only of strongly pseudoconvex boundary
points, applying the above fact, we obtain that K; is globally contained in a finite
disjoint union of integral manifolds.

If Kn(Qn(V1UV,)) is nonempty, then we use the techniques of Theorem 2.1
((i)=(iv)) to patch peak functions.

We do this for each i and j.
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We are now prepared to construct a function p and a function G satisfying in a
neighborhood of K the hypothesis of Proposition 5.1.
Put E =K.

Let
9ij in Vj;

G= SR(f,) near p;;
Sr(fr) near p;
Pick a neighborhood W of E so that if z € DN W, then

G(z)=0if and only if z € E. (6.1)

Let M; be the smooth manifold in C* obtained in the Patching Lemma 6.1 so that

M; > M;, and for all ¢ € W N D near p,
ReG(g) > cd(g, M) (6.2

Put p(z) = d?(z, M;) in a neighborhood of M; containing p;; and p;;, and let p = 0
outside a small neighborhood which includes p;; and ps;.
Now, we verify the hypothesis of Proposition 5.1.

Part (a) follows from (6.1).

Part (b) is true because of part (d) of the Patching Lemma 6.1, for points between
pi; and pg;, and away from such points G = Sg(fi) or G = Sg(f), and hence G is
holomorphic in D. So, part (b) holds for all points in W N D.

Part (c) follows because if p(z) = d*(z, M;), and G = g;; then by (6.2), we have,
for z € W N D near p,

ReG(z) > cd*(z, Mj)

and away from such points we have, ReG = Sg(f;) > 0 (£ =14, k).
Therefore K is a peak set for A*(D).
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