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CHAPTER I

INTRODUCTION

1.1 Historical Backgrgund of Finite Element Method

The concept of the finite element method dates back to 1241, when
Hrennikoff (28) introduced the concept of substituting a framework of
bars for two-dimensional elagticity problems, such as bending of plates
and bending of cylindrical shells, and proposed similar substitution of a
three-dimensional framework of bars for a solid continuum,

In 1943, Courant (12) presented an approximate solution of St,
Venant's torsion problem, The problem was formulated by the principle
of minimum potential energy assuming a linear distribution of the warp-
ing function in each of the assemblages of triangular elements,

In 1947, Prager and Synge (61)(70) provided further insight into
approximate solutioﬁs of boundary value problems by geometric repre-
sentation in function space. The procedure often is called the Hyper-
circle method and was applied to the finite element idealization of solid
continua,

In 1953, Levy (40) introduced the idea of replacing the continuous
structure by pieces, generating a stiffness matrix for each element, and
summing the stiffnesses, Thus, the use of discrete techniques was |
based mainly on intuition and common sense rather than on a systematic

theoretical development, A more rigorous basis for the discrete



analysis was first published in 1954 by Argyris (3) and in 1956 by
Turner, et al, (74).

Obviously, due to the lack of high speed and large storage com-
puters at that time, problems of only limited size and complexity could
be solved, The popularity of the finite element approach started to in-
crease exponentially during the sixties due to the availability of digital
computers,

The deve’lopmént of the matrix formulation of the transformation
theory of structureé, after the fundamental work of Argyris, was an
important step. The clear and elegant matrix representation not only
shed light on formulation of the solution methods, but provided a power-
ful way of organizing the automatic computation as well, Introduction
of the first two-dimensional, compatible displacement finite element,
the constant strain triangle (74), provided a means of analyzing arbi-
trary plane stress and plane strain problems. But it did not take long
to recognize that the basic characteristic of a displacement-consistent
finite element wag the assumed displacement function. Application of
the basic property to rectangular plates (45), shells of revolutions,
axisymmetric bodies, and general three-dimensional continua (23).(35)
(69) was also found to be successful,

The formulation of stiffness matrices and the application of dis-
placement methods were found to be ideally suited for this type of dis-
placement mode analysis. While a theory to establish necessary and
sufficient conditions for convergence to the true solution was lacking,
the derivation of the load-displacement equations was shown to be
equivalent to a piecewise Rayleigh-Ritz procedure applied to the varia-

tional principle of minimum potential energy. The basic conditions for



the selection of the digplacement functjion, continuity and completeness,
were outlined by Irons and Draper (32), A method of comparison and
evaluation of the stiffness matrices was introduced by Khanna and
Hooley (37), and a comparative review and interpretation of the basis of
finite element methods was 'presented by Pian and Tong (Sb) in 1969,
Now, with a well-established basis for the selection of higher order
displacement functions, a systematic development of suitable finite
elements is possible,

Fraeijs de Veubeke (16) has demonstrated the application of
equilibrium elements formulated by means of stress assumptions on
the minimum complementary energy principle to obtain upper bounds
on the influence coefficients, Hybrid models, formulated by partial
assumptions of displacement and stress functions, as illustrated by
Pian and Tong (57) (58) are also extremely useful for many problems,
Finally, it can be pointed out that the application of the finite element
technique is not restficted'on'ly to the. solution of structural problems;
Zienkiewicz and Cheung (84) have appl‘ied‘.th‘i‘s procedure to solve prob—'

lems in heat conduction and seepage flow.

1.2 Dynamic Analysis by Finite Elements

For years, in all branches of engineering, many engineers and
analysts were occupied with the problems of structural dynamics.
Interest in the analysis of vibration and general dynamic behavior of
complex structures increased greatly during recent years, For well
over a century, methods of analysis applicable to simple structural-
elements were known, and these methods were applied to idealized

models of complex structures. The literature contains numerous



puhlications on the flexural vibration of beams, including such problems
as the approximate determination of natural frequencies for non-linear
beams, the vibration of heams continuous over one or more supports,
the vibration of two- or three-dimensional frames built up from beams,
and the vibration of beams with attached masses, springs, and dashpots.
Examples are found in the analyses of multi-story building structures
and high aspect-ratio airplane wings in which these structures are dealf
with ideally as beams (6) (7), The results of these analyses are quite
dependable and useful so long as the bases for idealizations are valid

(6) (7).

During more recent years, methods were devised by which the be-
havior of a structure may be predicted in terms of the properties of its
elements (26) (29) (30) (39), These methods of analysis involve, ex-
plicitly, every element in the structure. The effects of changes in”
these elements on the behavicer of the entire structure can be determined
by the application of these methods.

Since the present investigation is ultimately aimed towards analy-
zing a plane stress problem of a beam, one of the procedures demon-
strated here leads to the formulation of an eigenvalue problem in terms
of the generalized coordinates and generalized inertia and stiffness™
coefficients, Once this problem is formulated, a direct solution is ob-
tained by one of the several possible techniques that is well known. An
approximation to the true mode is obtainad by superpos ition of a finite
number of these modes,.

For the problem of a large magnitude, the number of finite ele-
ments increases very rapidly and it becomes prohibitive to use the

mode-superposition technique. Therefore, this study also illustrates



a step-by-step numerical integration technique, With this procedure,
the equation of motion is directly integrated for an assumed variation

of acceleration,

1,3 Purpose and Scope of Present Investigation

The purpose of the study is to4eva1uate and demonstrate the feasi-
bility of applying the finite element method to the analysis of beams sub-
jected to impact load, A portion of the report presents the investigation
of convergence characteristics by analyzing several examples for seven
configurations of idealization using five different finite elements, The
suitability of the type of finite e'lemeﬁt and the configuration of ideali-
zation is determined on the basis of the needed computer time and the
convergence to the closed-form solution,

The remainder of the report deals with a comparative study of the
application of modal analysis and step-by-step numerical integration
methods to the analysis of beams subjected to impact load, This illus-
trates the suitability of the methods to linear plane stress problems,

A unique feature of the step-by-step integration technique permits the
use of accelerations which vary linearly during each time interval with-

out the need for the iterative operations required by other procedures.

Specific examples and the included computer programs demon-
strate the methods with regard to relative computer storage require-

ments, accuracy, and time required for computation.



CHAPTER II

STEPS TO STRUCTURAL ANALYSIS

2,1 Approximations and Errors

Prior to using an approximate method for the solution of a struc-
tural analysis problem, one must have a clear concept of approxima-
tions and their validity. Three types of errors can be associated with
approximate solutions of structural problems. These can be classified
as idealization, discretization, and manipulation errors.

Idealization errors are those which are involved in formulating a
mathematical model of the structure, for example, using (a) a flat sur-
face for a curved surface, (b) a constant depth for a varying depth, or
(c) pinned joints for partially restrained joints,

Discretization errors are those which are associated with replac-
ing a continuous structure by one composed of finite elements. Discre-
tization errors vanish as the size of the elements tends to zero,
Bounding theorems are applicable to defining limits of the discretization
error, In defining bounds, both the minimum potential energy and the
minimum complementary energy approximations are needed (47) (60).

Manipulation errors occur in the process of computation. These

i
|

include round-off, truncation, and arithmetic errors incurred in per-

forming the calculations,



2, 2 Idealization Qf Structure

The process of formulating a discrete element model of a gtruc-
tural continuum is called structural idealization. Thus, a system of an
infinite number of degrees of freedom can be replaced by a system of
a finite number of degrees of freedom, This leads to the well-known
and powerful approach of the matrix method of structural analysis.

Generally, in structural analysis, two types of elements are chosen:
(1) line elements, and (2) finite elements. One-dimensional members
are line elements. and are usually represented by the centroidal line of
the members. Since these elements are attached to neighbors at single
points, their element stiffnesses can be easily derived. Structural sys-
tems such as plates, glabs, and shells are examples of the continuous-
type systems which cannot be idealized as line elements, For these
systems, finite elements are discrete elements which are obtained by
line-cuts. Such cutting removes the real, continuous edge connections
between the elements., After cutting, these elements are connected to
the neighboring elements at the nodes. Clearly, the inter-element
forces at these artificial joints or nodes do not exist in reality; there-
fore further fictitious stress and displacement patterns over the element
field must be introduced which can be related to the node forces or dis-
placements. This causes the discrete element to become an approxima-
tion to the original structure. The application of these finite elements
for the discretization and analysis of a st’ructufal continuum is known
as the finite element method. The last step in the structural idealiza-
tion requires that the internal and external forces be transformed into
a statically equivalent set of concentrated forces acting at the appro-

priate nodal points.



2:3 Selection of Finite Elements

In the selection of finite elements, the first important step is to
determine the necessary features of the structure and then to explore
the corresponding structural idealizations. The specification for the
regearch reported herein was for a planar beam, with linear material
properties, to be loaded by lateral impact load.

The force system is in the plane of the beam and includes no
forces normal to that plane; consequently, the analysis becomes a two-
dimensional plane stress problem. The choice of a finite element for
idealization is thus immediately simplified. {Vhereas triangular finite
elements have some advantages when applied to irregularly bounded re-
gions, their combination into quadrilateral finite elements has signifi-
cant advantages. Reduction of four constant strain triangular elements
into one quadrilateral element by condensation of the central node re-
duces the computational effort and mesh details. The quadrilateral
finite elements composed of these sub-triangles, along with triangular
elements at the boundary, as needed, still maintain a capability. for
handling irregular boundaries, depending on the sequence used in the
nodal description,

It is shown in this report that the linear strain rectangular ele-
ment is better suited for the plane stress problems under consideration
than is the constant strain triangle rectangular element. For problems
with irregular boundaries, the constant strain triangular elements can
still be used, together with the linear strain rectangular elements, to
satisfy boundary shapes. The details of the mathematical formulations

for deriving various element stiffness matrices are given in Appendix A.



2.4 The Displacement Method Analysis

The system of discrete elements, produced from an idealization
of a structure, is highly indeterminate., The total stiffness matrix of
the entire structure is constructed by evaluating and assembling the
stiffness matrix of each element of the structure. This assemblage
produces a system of linear equations which relate nodal forces to nodal
displacements. This system of equations has a size determined by the
total number of degrees of freedom of the idealized structure, Until the
advent of the electronic digital computer, the solution of a very large
system of equations was difficult, and this approach to structural analy-
sis was impractical. In present methods, the displacement modes are
used to evaluate element stiffnesses, which are then combined in a
direct stiffness procedure to give compacted arrays of equations that
are finally solved by taking advantage of their banded nature. Thus, it
is a versatile and powerful method of analysis of complex structures.
This procedure can be outlined for the static and elastic analysis of an
idealized structure according to the following basic steps:

1, Assume displacement functions for the element.

2, Derive the element stiffness matrix [k:\ in the element coordi-
nate system.

3. Assemble the stiffness matrix for the entire structure in the
global coordinate system.

4. Solve the equilibrium equations for nodal displacements.,

5. Compute the element stresses or the nodal forces in the de-

sired coordinate system using the element stiffness matrix.
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2.5 System for Numbering Nodes

The following properties of the structure stiffness matrix have
some 8pecial advantages in the process of solving the equilibrium equa-
tions: (a) banded; (b) symmetric about the diagonal; (c) diagonally
dominant, Figures 1 and 2 show that orderly numbering systems for
nodes and elements produce a concentration of non-zero coefficients in
a diagonal band. If "D" is the greatest difference between node numbers
for any element and "n'' is the number of degrees of freedom per node,
the half-band width is (D + 1)n. Since the matrix is symmetrical and

banded, this system of numbering nodes gives another advantage in

storage processes.and in writing computing algorithms. .

2,6 Element Stiffnegs Matrices

The stiffness coefficient is defined as the force per unit displace-
ment. The coefficients must be calculated for each element in order to
construct the stiffness matrix of the entire structure. Several methods
are used for determining these element stiffnesses. Most of these
methods generally fall under energy methods of analysis. Approaches
such as variational methods, or virtual work theorems, are widely used
to derive relations between nodal forces and nodal displacements, The
stiffness matrix of an element of any shape, form, or material proper-
ties may be evaluated by assuming a displacement function for the ele-
ment and using a standard derivation procedure. The basic aim in the
selection of these functions is to achieve compatibility of displacements
between the boundaries of elements. However, in addition, the number
of displacement patterns chosen must agree with the number of degrees

of freedom of displacements of the element. A function of a large
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number of displacement patterns may be assumed and reduced to the
number of degrees of freedom by a Rayleigh-Ritz type of process (34)
(56) (60), but this does not necessarily lead to improvement in the ele-

ment stiffness properties,

2.7 Procedure to Derive Finite Element Stiffness Matrix

A systematic application of this procedure is illustrated in
Appendix A,

1. To define displacements at any point within a plane stress
element, the digsplacement functions u(x, y) and v(x, y) can be assumed
for a set of two orthogonal directions, These displacement functions

may be expressed using the arbitrary constant coefficients:

ORI 2

The column vector of constants, {B}, ig the vector of generalized dis-
placements at the boundary nodes where the displacement compatibility
with neighboring nodes is required. The number of elements in the
vector {B} is equal to the number of the generalized displacements at
the boundary nodes (refer to Equations A, 2a and A, 2b),

2. The displacement functions for ’che~ element can be written in

matrix form as

o = Q&I - o] ) (2. 10)

where {q} is the column vector of the displacement functions u(x, y) and
v(x,y), and [L(x, y)] is the reétangular matrix whose elements are func-
tions of coordinates x and y (refer to Equation A. 2c¢).

3, Nodal displacements {6} can be evaluated in terms of arbi-

trary constants {B} by substituting the coordinates of the nodes in the
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displacement functions u(x, y) and v(x, y) in Equation (2.1b). Thus, the

nodal displacements can be written in matrix form as

u.
OIS ST PSR C IR

where n is the number of nodes in the plane stress element, and the
elements of the square matrix [A] are constants,
4, The column vector of arbitrary constants {B} can be evaluated

in terms of nodal displacements {6} from Equation (2, 1¢c), as

o} - [+ (e} .18

5. The column vector of unknown arbitrary constants {B} can be
eliminated by substituting Equation (2, 1d) into Equation (2. 1b) to evalu-

ate displacement functions {q} in terms of nodal displacements {6} !

(& = o] (2] e} = fewm] o} e

where the elements of the rectangular matrix [C(x, y)] are functions of
the coordinates x and y,

6. Internal strains {e} in the element can be evaluated in terms
of nodal displacements {6} by using displacement functions from
Equation (2. 1b) and the column vector of arbitrary constants {B} from

Equation (2, 1d). Thus,

7 T e T
X ox

ol v | Pl
Y| B e

- (e [a] (o) (2,10
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7. Internal stresses {cr} in the element can be obtained in terms
of nodal displacements {5} by using stresg-strain relations and substi-

tuting strains {c} from Equation (2. 1f). Thus,

(o} +|oy | = Y} = DI Bl (4174} e

Tx
| XY

where [D] is the matrix of elastic constants,
8. If {E} are the virtual strains in the element caused by the
nodal virtual displacements {3}, internal virtual work can be written

L@ e [ (377 Een] b Bey]
4] {o}av
- {3 7, [ ] (2] [m ]
av[a]" {s}. (2. 1h)

g, If {S} are the nodal forces and [k] is the element stiffness
matrix, the relation of the nodal forces to nodal displacements can be
given by

{s} = [k:]{é} (2. 1)

10. For virtual nodal displacements {3} , the external virtual

work by nodal forces can be written by using Equation (2. 1i), as

URCERUNBIC? .19
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11. Equating internal work and external work of Equations (2. 1h)

and (2, 1j), the element stiffness matrix can be obtained as
= ] (] ) [men] av 4] g

2.8 Se_lec_t‘io‘n of Digplacement Functions

A key to the derivation of a deformation-consistent stiffness
matrix is the selection of a displacement function satisfying the follow-
ing requirements (32) (47):

1, Must be continuous over the element. They need not have
continuous derivatives,

2. Must maintain the continuity with displacements of adjacent
elements. This can be accomplished In two ways:

a. when nodal displacements are selected as generalized
displacements, and

b. when displacements along any side of the element are
selected so that they depend only on the displacements’
at the nodes bounding the side.

3. Must be a linear function of the generalized displacements.
This is necessary so that the force-displacement equations will be
linear, i,e., independent of the position of the external reference
system,

4. Must include rigid body displacement states. It is necessary
to include the conditions of global static equilibrium; otherwise, self-
straining would result from rigid body motions,

A check on whether or not these states are included can be

made by showing that the forces in each column of the stiffness
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matrix satisfy the macroscopic equations of equilibrium for the ele-
ment (32) (47).
5. All of these stipulations are independent of element geometry,

material characteristics, smallness of strains, and displacements,

2.9 BStiffness Matrices of Special Elements

The stiffness matrices given in this section have been used for
studying convergence behavior of the elements. These matrices have
been obtained from the combination of stiffness matrices derived in

Appendix A and as described below.
2.9.1 Rectangular Element No, 1

Using Equation (A. 13) and combining stiffness matrices of two
triangular elements of Figures 3 and 4, the stiffness matrix for a rec-
tangular element shown in Figure 5 can be obtained as indicated in
Equation (2, 2), where

Poisson's ratio of the material

N

= length of the element along the x%direction

width of the element along the ye—d_irection

vl g > ®
I

1
1= E(l_u)

1
Sp 7 g(l+u

E = modulus of elasticity
te = thickness of the element
S = nodal forces of the element,

The stresses within the element can be given by

{o} = [o]{e} (2.9
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Figure 3. Constant Strain Triangular
Element No. 1
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Figure 4. Constant Strain Triangular
Element No, 2

18



19

A ﬂ x®

Figure 5. Rectangular Element No, 1.

ll A J x®

Figure 6. Rectangular Element No. 2
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where matrix [Q] can be written as

B -B | -uA B |-uA|l B |ua|-B | ua |
B -uB|-A | uB |-A |uB| A |-uB| A
2(1-u?)AB
-ag; | -Be [-agy [Bg; g |BE ag, |-
(2.4)

2,9.2 Rectangular Element No. 2

Using Equation (A, 13) and combining stiffness matrices of two
triangular elements, the stiffness matrix for a rectangular element
shown in Figure 6 can be obtained as indicated in Equation (2. 5).

The stresses within the elemenf can be given by
{o} = [a]{e} (2.6)
where matrix [Q] can be written as

— —~—

-B -uA B ~-uA| B uA | -B uA

E

— B |-A | uB | -A|uB | A [-uB| A
2(1-u )AB

A%, -Bél _ae, | sg | ae !ge lag |_pe

(2.7)
2.9.3 Rectangular Element No. 3

This element (Figure 7) was obtained by combining the two ele-
ments which are shown in Figures 5 and 6. The stiffness matrix, ob-
tained by averaging the stiffnesses of the two elements, has improved
stiffness characteristics. This combination will yield results of greater

accuracy than the worst combination of the two triangular elements.
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Thus, summing and averaging of the stiffness matrices of Equations

(2. 2) and (2. 5) will result in Equation (2. 8),
2.9.4 Rectangular Element No. 4

To obtain the stiffness matrix for the quadrilateral element built
of four triangular elements, as shown in Figure 8, the stiffness matrix
[k] of the triangular element, Equation (A.13), can be used. By assem-
bling the stiffness matrices of four triangles, a stiffness matrix of size
10 x 10 is obtained to represent the quadrilateral having five nodal
points. If no load is applied at the central node, the matrix can be con-
densed to obtain an 8 x 8 stiffness matrix for the quadrilateral element

with four nodes as follows:

_ - - o — — -
Saw: k Ko 8
8x1 118x8 12‘8x2 8x1
= . \ (2.9)
! k Koo 6!
] 2x1 i 212}_{8 1 222X2 2x1
10x1 10x10 10x1
{s} = [e) {8+ [ee) (o) (2.10)
8x1 8x8 = "8x1 ‘ 8x2 2x1
where
S8x1 = column vector of the nodal forces at the boundary
‘ nodes
Séxl = column vector of the nodal forces at the internal node
kll = square matrix of stiffness coefficient forces induced
8x8 at the boundary nodes due to unit nodal displacements
at the boundary nodes
kig = rectangular matrix of stiffness coefficient forces in-
8x2 duced at the boundary nodes due to unit nodal displace-

ments at the internal node



Et_
[k]= 2(1-u2)AB

§1A2 +82
42,AB
2

-B

%('g 1+/J)AB

é( -g 1+“)AB

-A2

2(-E,+u)AB

$5,AB

A? +51]32

§1A'2' + B2
28,AB
2

-B

$(-8tu)AB

Symmetric
a2 +ngz
3(5,-maB  £.a%+p?
2 1
‘ng 'zngB

2
A®+g B

(2.8)
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=z rectangular matrix of stiffness coefficient forces in-
2x8 duced at the internal node due to unit nodal displace-
ments at the boundary nodes

k = gsquare matrix of stiffness coefficient forces induced
2x2 at the internal node due to unit nodal displacements at
the internal node

68}:1 = column vector of nodal displacements at the boundary
nodes
6! = column vector of nodal displacements at the internal

2x1 node,

Since no load is applied at node 'm', vector {S'} is zero, and

-1
{6'}2};1 " [kzz-.-lzxz [k21]2x8 {6}8}:1 ' (21

Substituting {5'} from Equation (2. 11) into Equation (2, 10) gives

(8} = [ d {6} - iag] [ion] g0 ]{5)
(6} - D] - [oal[ia) L]} o)

H

or

#

Therefore,

[k] (k4] - (k5] I:kzz,]d[kzl]- (2.13)

To eliminate the need for a matrix inversion subroutine in the
computer program, the following procedure illustrated for Equation
(2.14) was used to obtain the stiffness matrix of Equation (2. 13) by
taking the value of n equal to 9:

If Sn+1 = 0, the (n+1)’ch row can be written as

>

Z n+i, 2 + Cn+1,n+1 6n+1 (2.15)



C

n+l, 1

Cn+1

1,83 -~ C1,n-2 1,n-1 1,n 1, n+l

............ C2, n-2 C2’ n-1 Cz,n C2, n+1

. e ceeeeeeee Co Can
’2 Cn+1,3 ......................... Cn+1’n+1

n+1 -

(2.14)

LS



28

from which

Spk1 * T

n
n+1 n+l Z Cn+t, 2 % - (2.16)

]_F

The expression 6 can be eliminated from Equation (2. 14) by substi-

n+1
tuting the value of 6n+1; thus,
+1 n+1 1
C. o - “n 5. (2.17)
Z ( j, 2 C +1 n+1 >
or
= Z Cl 8 (G =1, 2, 3,...n) (2.18)
i=1

3

where C;‘i ; are new elements of matrix (n x n).
Similarly, by repeating the procedure for the nth row, the matrix

of size (n x n) can he further reduced.
2.9.5 Rectangular -Element No. 5

This is a linear strain rectangular element shown in Figure 9,
and its gtiffness matrix is given in Equation (A. 20). The stresses with-
in the element can be found by using Equations (A. 21) and (A, 22). For
a point at the center of the element, that is, for x = % and y * ]—% in

Equation (A, 22),

~-b -ua b -4a b upua -b  ua

2(1-u " )ab .
_gla _glb -§1a §1b g2 §1b £.a -E.b

L
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Figure 9, Rectangular Element No. 5
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From the experience of the analysts, it was found that the ele-
ments with more complete displacement functions give accurate solu-
tions much more efficiently, in terms of computation time, than do the
simpler elements. However, such elements are not always easy.to
devise because of the geometric continuity requirement of the displace-

ments at the element junctions (79).



CHAPTER III

EXAMPLES OF LINEAR ELASTIC PROBLEMS

WITH STATIC LOADS AND THEIR RESULTS
3.1 Prqcedure

Several examples were selected to study the convergence charac-
teristics, computation time requirements, and the suitability of the
finite element for application to some plane stress problems of linear
elasticity, To simplify the comparison with analytic solutions, only
isotropic material was considered,

Five elements and seven configurations (as shown in Figures 10,
11, 17, and 18) were used in the examples. All meshes were proceésed
by a digital computer program using four nodal point rectangles, which
consist of two or four constant strain triangles, or a linear strain rec-
tangle as basic elements, The computer programs are given in Appen-
dix B, These programs generate the meshes, compute the stiffness
matrices, assemble the total stiffness matrix, calculate the displace-
ments at all nodal points and the stresses at the central point of the
rectangular elements, and print out the computation time for each exam-
ple,

For all seven configurations of idealization, an equal number of
rectangular elements was taken for each set of points on the deflection

convergence curve. This enables the curves to be directly comparable.

31
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The elasticity and beam theory solutions are shown in Figures 12, 13, 14,,

15, 16, 19, 20, 21, 22, and 23 to illustrate the convergence behavior.

3,2 Examgle.s
3.2.1 Simply Supported Beam

This beam was analyzed for two kinds of loading: (a) a uniformly
distributed load, and (b) 2 point load at midspan, as shown in Figures
10 and 11. Central nodes along the vertical edge at the ends were res-
trained against vertical displacement, and the central node at the mid-
span was restrained against horizontal displacement to maintain the
symmetry of the problem,

A comparison of the midspan deflections and some internal
stresses with elasticity and beam theory solutions is presented in Fig-
ures 12, 13, 14, 15, and 16, The values used as theoretical midspan
deflections are:

(a)  For a uniformly distributed load:

_ 5wl 24E 2h -5
Agp = ok [1 S2E )] 1.664 x 10”° inches
(Beam Theory) (3.1)
_ 5wl 8 +5u -5
Bgr = TREaT [1 +—i————l. ] 1,658 x 10°° inches
(Elasticity) (3.2)

(b) For a point load at midspan:

6E 2h

A = 48EI [1 + o 5G L 1.344 x 10~5 inches

(Beam Theory) (3.3)
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where

wL 6 1bs

g
I

3 lbs
0.333

r
H

30 x 10% psi = 2G(1 +u).

=
]

3,2.2 Cantilever Beam

As shown in Figures 17 and 18, a cantilever beam was also -
analyzed for two kinds of loading: (a) a uniformly distributed load, and
(b) a parabolically varying end shear. The fixed-end condition was
introduced by restraining all the nodes along one of fhe end-edges of the
beam against all displacements,

A comparison of free-end deflections and some internal stresses
with elasticity and beam theory solutions is presented in Figures 19,

20, 21, 22, and 23, The values used as theoretical free-end deflection
are:

(a) For a uniformly distributed load

2
. 2h %7 _ -5 .
Agp = T ]:1 + 2E T)] = 2.048 x 10”° inches
(Beam Theory) (3.4)
Agp * TWL [1+855 (2 ] 2.036 x 10™° inches
(Elasticity) (3.5)

(b) For a parabolically varying end shear

. 3E -5 .
A sT T 3EI [1 10G ) ] 2,688 x 10 inches

(Beam Theory) (3.6)
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3 2
. PL 4 +5u ,2h -5,
A 3BT [1 +__._8 : (—-L) :l = 2,674 x 10 ° inches

ST
(Elasticity) (3.7) .
where
wL = 6 lbs
‘P = 3 1lbs
u = 0,333
E = 30x 10° psi = 2G(1 +u).

3.3 Discussion of Results

In the problems considered here for illustration, the elasticity
solutions are approximately equal to the beam theory solutions, with
some exceptions, such as in the proximity of the built-in end where the
f:l].]. clamping condition constitutes a mixed problem of elasticity for
which there is no closed form solution. The elasticity solution assumes
that the section at the built~-in end is free to warp, while the finite ele-
ment method of solution considers all nodal points fixed at this section.
Therefore, the elasticity solution (shown in Figures 12, 13, 15, 16, 19,
20 22, and 23) is an upper bound for the exact solution, On the other
hand, the defleétions computed by a compatible finité element analysis
are lower bounds for the exact solution,

The normal stresses and shear stresses obtained by the finite
ellement analysis are plotted in-Figures 14 and 21 and compared with
the beam theory and theory of elasticity for a cross section at a certain

distance far from the cross section where the displacement-boundary

conditions are specified.
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It can be observed from Figures 12, 15, 19, and 22 that a consi-
derable improvement in the results occurs as the number of elements
along the height of the beam increases from NY = 4 to NY = 6 for the
2-CSTR idealization, This is obviously due to the fact that the improved
convergence curve represents a better approximation to the actual de-
formation pattern than the other convergence curve. Case 5 represents
the idealization containing 4-CSTR, which gives not only a finer division
of the rectangular element than the 2-CSTR for the same rectangular
element to achieve a monotonic convergence, but it also provides a bet-
ter freedom of deformations and stress distribution. .Thus, it gives
smoother curve approximation to the actual stress and deformation
curves., In general (and as shown in Figures 13, 14, 16, 20, 21, and
23), the linear strain rectangular elements (where applicable) yield
slightly better results for stresses and deformations for a given nodal
pattern than 4-CSTR elements because they employ a more refined dis-

placement function and deformation approximation.

3.4 Computing Time

The computing time required for each problem is examined con-
sidering many factors which are involved in the total process of compu-
tation. The computation time depends on the number of elements and
the nodal displacements in the idealized structure, band width of the
total stiffness matrix, the time required to transmit information between
core memory and the magnetic disk storage units, and the kind of com-
puter used. The time to read or write on magnetic storage units varies

directly with the band width and the number of records in each matrix.
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Four polynomials were derived to givé an estimate of the approxi-
mate computation time. These polynomials were obtained by evaluating
the four arbitrary constants @y, @9, Qg, Ay of Equation (3. 8) for each
of the four tables, I, II, III, and IV.

2 3

- N N N
T = oy +ay(35p) * a3(755) + 24 (350 (3.8)
where
T = time in milliseconds

N = number of nodal points.
3.4.1 Simply Supported Beam (NY = 4, Table I)

Table I gives four values of the average time-~3530, 4760, 6220,
and 7450 milliseconds--corresponding to the four idealizations with the
numbers of nodal points 85, 125, 165, and 245, respectively. Substitu-
ting these four sets of values into Equation (3.8), a set of four simul-

taneous equations with the unknown constants « g5 and o« , were

10 %90 4

obtained. From the evaluation and substitution of these four constants
into Equation (3. 8), the following polynomial was obtained:

2 N 3

ANy 1549..51(755)- (3. 9)

T = 4396.44 - 5449.85(7p5) + 6529, 45(755)

L

This equation can be used to obtain an estimate of the execution time
for other idealizations (NY = 4) which are not listed in Table I by sub-
stituting the value of the number of nodal points in the configuration of

idealization.
3,4.2 Simply Supported Beam (NY = 6, Table II)

The polynomial
2 3

T =-3861,84 + 9924. 02(yp5) - 2640. 69(7h5) + 351. 14(1p5) (3.10)



TABLE [

TIME COMPARISON FOR VARIOUS FINITE ELEMENT
CONFIGURATIONS FOR A SIMPLY

SUPPORTED BEAM

o1

(NY = 4)
. . Average Number
Number of Number of ’lyp.e of T1.me T‘i,r;i ign Number of
Elements Elements Configur- n Milli- of Nodal
Along Along ation Milli- seconds Elements Points
x-Direction y~Direction (Case No.) seconds T N
1 or 2 3330
3 or 4 3690
16 4 3530 64 85
5 3690
6 3430
1 or 2 4640
3or4 4720
24 4 4760 96 125
5 4910
6 4790
1or2 6038
3or4 6372
32 4 6220 128 165
5 6137
6 6338
lor2 7435
3or4 7420
48 4 7450 192 245
' 5 7600
6 7340
|
| ] X
B
2 3
= 4396.44 - 544985 (~D) + 6529.45(:-) - 1549, 51 (+) (3.9)
) . 100 - 100 ) 100 -



TABLE II

TIME COMPARISON FOR VARIOUS FINITE ELEMENT
CONFIGURATIONS FOR A SIMPLY

SUPPORTED BEAM

52

(NY = 6)
Number of Number of Type of Time 1}1“17:':%1? Number Numi})er
Elements Elements Configur- in Milli- u P Nod 1
Along Along ation Milli- s lorids El ?ne ¢ PO‘ ‘r’é
x-Direction y-Direction (Case No.) | seconds ecT ements 011111 s
lor2 4240
3or4 4700
16 6 4800 86 119
5 5100
6 5290
lor2 7170
3or4 7390
24 6 7300 144 175
5 7320
6 7320
lor2 9380
3or4 9100
32 6 9300 192 231
5 9430
6 9380
lor2 13080
3or 4 13240
48 6 13280 288 343
5 13390
6 13390
A
e
2
= - 386184 + 9924, 02(~1) - 2640. 69 () + 351 14(—3’—)3 (3.10)
. - 92100 - 69 (197! - 14{150 .
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was obtained using the same procedure as explained for Equation (3, 9)
in the preceding section, For Equation (3.10), values of the average
time--4800, 7300, 9300, and 13280 milliseconds--corresponding té the
idealizations with the numbers of nodal points 119, 175, 231, and 343,
respectively, were used to evaluate the arbitrary constants @y, Qg, @3,
and @, in Equation (3.8).

3.4,3 Cantilever Beam (NY = 4, Table III)

It can be observed from Tables I and III, by comparing the two
idealizations corresponding to the same number of nodal points, that
the solution of the cantilever beam problem required approximately 11
percent more execution time than that taken by the simply supported
beam. This difference in time was due to the fact that the extra time
was used in the modification of the matrix form of the equilibrium equa-
tion for the specified boundary conditions. Obviously, the specified
boundary conditions for the cantilever beam are more in number than
the number of boundary conditions specified for the simply supported
beam.

The polynomial

N N 2 N 3
T = 4903, 36 - 4744. 11(7D5) + 5600, 45(755) - 1145, 85(755) (3.11)

was derived by substituting into Equation (3. 8) the values of the average
time--4220, 5500, 7200, and 10100 milliseconds--corresponding to the
values of the number of nodal points 85, 125, 165, and 245, given in

Table III, and evaluating the arbitrary constants « aq, g, and @y

lJ



TIME COMPARISON FOR VARIOUS FINITE

TABLE III

ELEMENT CONFIGURATIONS FOR A

CANTILEVER BEAM

54

(NY = 4)
Number of Number of Type of Time .@ryerag.e Numb Number
Elements Elements Configur- in l\}lni‘f n un; er NO§ 1
Along Along ation Milli- 10 1;1 El ° ¢ PO. %
x-Direction y-Direction (Case No.) | seconds secTn s ements o&n s
lor2 4090
16 4 5 4274 4220 64 85
6 4290
1or 2 5322
24 4 5 5720 5500 96 125
6 5455
lor2 6918
32 4 5 7435 7200 128 165
6 7285
1lor 2 9598
48 4 5 10663 10100 192 245
6 9981
'
A X
/ - - -
y
N N 2 N 3
T = 4903.36 - 4744, 11(355) + 5609.45(755) - 1145.85(755) (3.11)
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3.4.4 Cantilever Beam (NY = 6, Table IV)

By comparing Tables II and IV, a similar difference in time can
be observed as discussed in the preceding section; however, this dif-
ference in time is roughly 50 percent larger than that between Tables I
and III, This is due to the fact that the number of boundary conditions
specified for the problem in Table IV are more than that specified for
the problem in Table III,

For the derivation of the polynomial

N N 2 N 3

T = 2652, 77 4+ 15886, 89(TT)_6) + 1280, 06(—1—6—0—) - 192, 19(m) , (3.12)
the set of values of the average time--6030, 8320, 10780, and 15400
milliseconds--corresponding to the values of the number of nodal points
119, 175, 231, and 343, given in Table IV, were substituted in Equa-

tion (3. 8) to evaluate the values of the constants « g, and «

1’ %2

Tables I, II, III, and IV show the comparison of the execution

40

times in milliseconds for the complete solution, including hoth stresses
and displacements, but excluding the program compilation time. The
polynomials of Equations (3.9), (3.10), (3.11), and (3. 12) were derived
to represent these tables and to delineate themselves as tools in egti-
mating an approximate computation time for a configuration of idealiza-
tion which is not listed in the tables. For example, if the number of
elements in the y-direction of a simply supported beam is 6 (NY = 6,
refer to Table II) and the number of nodal points are equal to 287,
Equation (3. 10) would give an approximate value of average computation

time T = 11170 milliseconds upon substituting N = 287 into the equation,



TIME COMPARISON FOR VARIOUS FINITE

TABLE IV -

ELEMENT CONFIGURATIONS FOR A

CANTILEVER BEAM

o6

(NY = 6)
Number of Number of Type of Time A\.rerag_e Number
» . . . Time in Number of
Elements Elements Configur- in g
; 17 Milli- of Nodal
Along Along ation Milli- seconds Elements Points
x-Direction y-Direction (Case No.) | seconds T N
lor2 5987
16 6 5 6120 6030 96 119
6 5971
lor2 8234
24 6 5 8317 8320 144 175
6 8401
lor2 10531
32 6 5 11013 10780 192 231
6 10796
lor2 15106
48 6 5 15737 15400 288 343
6 15355
y
X
Y -
7
T = 2652.77 + 1586. 89 (~ox) + 1280. 06 —1)2- 192 19(—l3 3,12
= : -89(190 - 06(700 - 19(100) (3.12)
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3.5 Aspect Ratio

From a study of Figures 13, 16, 20, and 23, it can be observed
that reducing the size of the mesh increases the accuracy of the results.
For example, the curve obtained for Case 5 (Figure 8) shows far better
displacement convergence than do Cases 1, 2, 3, and 4 (Figures 5, 6,
and 7), which contain triangular elements of twice the size of the trian-
gular elements in Case 5, It is important to note that such a wide dif-
ference in the behavior of these two kinds of elements exists in spite
of the fact that the number of degrees of freedom for the two kinds of
elements differs only by two (Figures 5, 6, 7, and 8). Figures 13, 16,
20, and 23 show that the system of reducing the size of the mesh is

H
Here,

controlled by another factor which is called the "aspect ratio.'
the aspect ratio is defined as the ratio between the base and the height
of the rectangular element: . It can be seen in the convergence curve for
Case 5 that the result starts to diverge if the aspect ratio goes below
0.8, regardless of the size of the mesh. For Cases 1, 2, 3, 4, and 6,
approximately at an aspect ratio of 0.8, the gradient of the curves has
become very small and any further increase in the number of elements
adds little to the convergence of displacement.

From a general observation of the displacement convergence
curves, the empirical expressions of Table V can be given as a guide
for the first trial. Further modifications in the size of the mesh can
be made for the desired accuracy of the results. It is important to
keep the value of the aspect ratio within certain limits to avoid ill-
conditioning of the matrix, According to the illustration in Reference

(41), the best performance results for the aspect ratio 1, 0, when the

number of.degrees of freedom is maintained at the same value and only



TABLE V
ESTIMATION OF A FINITE ELEMENT MESH

H
L I
-
H = Height of Beam
L. = Beam Span
R=L/H
Recommended Number Expected Deviation
Types of | Divisions | Aspect Ratio of Elements for from Beam
Element in 'H' Range First Trial : Theory Solution
8 0.80 t0 0.90 . 36R to 40R 3%
4 0.80 to 0.90 18R to 20R R 4%
6 0.80 to 0.90 38R to 42R 2%
4 0.80to 0.90 18R to 20R 3%
6 0.80t00.90 38R to 42R ' 1%
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the size of the mesh varies, It is recommended here that the aspect

ratio for a mesh should be chosen within the limits of 0.75 and 1. 50,



CHAPTER IV

DYNAMIC RESPONSE BY MODE SUPERPOSITION

AND STEP-BY-STEP PROCEDURE
4,1 General

In this report, the finite element technique is applied to analyze
the dynamic behavior of beams under free vibration and under a time-
depende.nt forcing function,

For dynamic analysis by the finite element displacement method,
the structure is discretized into a number of finite elements; and after
the individual matrices are assembled, a set of simultaneous ordinary
second-order differential equations of motion in terms of generalized
displacements, velocities, and accelerations is obtained,

The solution of these differential equations of motion can be ob-
tained using two different approaches. One of them is called the
"classical mode superposition method." This method requires the
extraction of ‘a few normalized eigenvectors and eigenvalues, the num-
ber depending on the kind of the structure and the exciting force pattern.
It is necessary to determine these eigenvectors accurately. Thus, the
dynamic response analysis by the mode superposition method is to be
preceded by a free vibration analysis to determine the eigenvalues and
the corresponding eigenvectors. Recently, the mode superposition
method was used by Clough and Chopra (11) to determine the response

of earth dams under earthquakes as a plane strain problem and by

60
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Idriss (31) to analyze the effects of the finite element mesh and earth-
bank size on the accuracy of the results and suggested criterion for
“their selectiaon,

The dynamic response of a problem with forced vibration can be
determined directly by a numerical integration épproach. In this ap-
proach, a certain variation of acceieration is assumed within the short
period of integration, This method yields stable results using a rea-
sonable amount of computer time, This method is more versatile than
the normal mode superposition method and it can be exterided to non-
linear materials without further difficulties, This approach also retains
the génerality of the damping matrix, although in this report damping is
neglected, |

The matrix formulation of dynamic response problems uses a-
stiffness matrix to define the elastic characteristics and a mass matrix
to define the inertial characteristics of the structure. The formulation
of the stiffness matrix for various types of structures is well described
in the literature (21) (62). The formulation of the mass matrix, on the
other hand, is usually accomplished by the physical lumping of the
structural mass at the nodes where the stiffness coefficients are defined.
This leads to the formulation of the simple diagonal mass matrix, and
thus to a simpie technique of solution. Nevertheless, the resulting -
eigenvalues and eigenvectors may be quite different from the solution
of the exact problem,

In spit_e of the fact that this report does not attempt to illustrate
the application of the consistent mass matrix (1) (2) (25) and its effect
on the accuracy of the results due to prohibitive computer time require-

ments, itdoes cover its derivation to some extent for a future opportunity
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for its application. To improve the accuracy of the dynamic analysis
as it is affected by the mass matrix, the use of a consistent mass
matrix is desirable. The evaluation of the consistent mass matrix is
given in section 4. 2.

In brief, the studies show that the accuracy of a dynamic response
analysis depends on the accuracy of the derivation of the mass and
stiffness matrices and the degree to which the assumed displacement
functions can represent the actual digsplacements. Thus, the utmost
importance should be given to the choice of the type of finite element to

be used.

4.2 Differential Equation of Motion and Consistent Mass Matrix

To obtain the dynamic response (1) (2) (25) (44) of a structural
system with small displacements, the applicable form of Lagrange's
equations can be written as

dit -31} + {i’:ﬁ} + {—@_Y-} . {Qi} (1=1,2,3,...n) (4.1)

85; 964 064
where {gi} are the finite number of generalized coordinates represen-
ting the deformation of the structure at the nodal points and {51} are
the non-conservative generalized forces.

In the Rayleigh~Ritz technique, the deformation of a system can
be expressed by a set of n independent displacement functions llfi(x, y),

so that the total displacement of the element area dA can be written as

_ T 055, 1) _
@y} - {v’;(z, o) - [w(x,y>]2X4{6(t>}4X1 (4.2)

where the function {a(x, Vs t)} is the total displacement vector obtained

by the superposition of the component vectors [‘l’ (%, y):‘ and time-variant
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amplitudes {_g(t)} , which are the generalized nodal displacements of
the element. If the structural system behaves linearly, the kinetic

energy TITe of an element may be written as

Te = z], mxy {3t y’t)}; {any o} aa (4.3)

where superscript T denotes the transpose of the matrix. Substituting

Equation (4, 2) into Equation (4. 3),

_ L 4T T .
T, = %fAm<x,y){6(t>}1X4[w(x,yﬂm[w<x,y>]zx4{6(t>}4 dA

€ x1

- ${50) ([ mosn [ ] [s 0] an) o)

. \T .
%{E(t)}lle [mij]4x4 {6(t)}4x1 (4.4)

where the coefficient mij is the symmetric mass inertia force acting
at coordinate i concurrent with a unit acceleration of coordinate j and

determined from

[my] = fAm<x, 1] (o] as . (4. 5a)

The matrix [mij] obtained from Equation (4. 5a) is called the consistent
mass matrix of the element. If the mass per unit area of the element

m(x, y) is a constant value m, then

[my) = m ] [+n] [stm] aa. (4. 5b)

The total mass matrix of the entire structure can be obtained by assem-
bling the element mass matrices. The kinetic energy of the total struc-

ture can then be written as
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T
T = 3 {é(t)} [M] {6(t)} . (4.6)
1xn nxn nxl
Similarly, the potential energy Ve of the element can be written as
o y - | L
AR SUNRTRG: .10
1x4 = N-4x4 4x1

whefe the céeffie'iientv ;‘ kij is the symmetric elastic stiffness coefficient
and represents the restrainling,forcé acting at coordinate i concurrent
with a unit displacement of coordinate j, The derivation of these coef-
ficients has already been dealt with in sectiog 2.7 and Appendix A. The

total potential energy V of the linear structural system can be written as

T
AR SUNNCIRUSE .10
: 1xn nxn nx1
Assuming the damping force proportional to the velocity, it will

be convenient to introduce a function

T
o= oL l e —_ {_'_
F =3 {6} [C] 5 (4.8)
which was called the ''dissipation function' by Lord Rayleigh (64).
Introducing Equations (4.6), (4. 7b), and (4. 8) into:Equation (4, 1),

~a set of n coupled ordinary differential equations describing the motion

of a viscously damped, linear system is obtained in the form

[—Mij] {3;]} * [Eij] {—gj} * [Kij] {B;} = [61](}: ijijﬁj T (4:9)
These equations are, in general, complex; but in the special case in
which the damping matrix [Eij] is a linear combination of the matrices
[Mij} and [Kij] , the uncoupled equations are real. This fact was
pointed out by Lord Rayleigh (64), who stated that the uncoupling is

achieved when F is a linear function of T and V.
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4,3 Mass Matrix, ["M]

In order to simplify the technique of solution, save computer
storage, facilitate computations in generating the mass matrix, and
economize computer time, it was assumed that the mass of the element -
is equally distributed among the nodes of the element. Thus, the re-

sulting matrix is diagonal.

4.4 Stiffness Matrix, [R‘]

The discussion given in section 2.4 also applies to this case.

4.5 Methods of Solution

The differential equation of vibration (Equation 4, 9) for the dyna-
mic response of a structural system can be solved by either of the

following methods.
4.5.1 The Normal Mode Superposition Method

When the system is linear, that is, the elements of the matrices
r__. — _
’ M..—‘and [K] are constant and the elements of the matrix [C] - 0,
L™ ij ij
the normal mode superposition technique can be used by extracting the
eigenvalues and the eigenvectors of the structural system. The proce-
dure of finding the eigenvalues and eigenvectors is discussed in
section 4. 6.

For a general multidegree of freedom system, the differential

equation of the dynamic response is

(] {3} + [K] (5 - (a} 10
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and in the case of free vibration, its solution can be written as
. .n
{8} = ¥ (a;{2;} cos ot + ¢, {2, }sinep) (4.11)
i=1

where {@i} and w. are the normal modes and thé natural frequencies,

respectively, if the initial conditions at time t =0 are
{3} - {’50} and {’o"} = {3’6} . (4.12)
The values of the coefficients di and ¢, can be expressed as
To 1
Ame) L, LN
i T i
R RIS R

For the forced vibration, when the time-wise variation f(7) is the

. (4.13)

same for every force, and the system is initially at rest,

{5} - i {Q{é}}[lvf:lQ{é}L} E }j o f(m)sinw, (t-m)dT  (4,14)

where {5(7)} = {6 } (7).
c
When the initial displacement and velocity of the system are zero
(i.e., the system is at rest), only Equation (4.14) will solve the prob-
lem. Also, if the load applied on the system remains constant for all

time

{am} - @) (4.15)

then Equation (4. 14) can be written as

5 ; {1} {Q} ) w, s1nw t-7) dT 4,16a
TR
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or

S VRN
{ } - Z 2 T .
e (e [ o)
It can be seen . in Equation (4. 16) that the term
T —
12 {éii {Qc}
“ {y) [+ {2}

is constant for a given value of i, By calling this term Ci’ Equation

o

{@i}(l - cos w;t). (4.16b)

(4.16) can be written as

n
{3} - Z C; {éi} (1 - cos wt). (4,17)

i=1
Once the natural frequencies W, and normalized modes {§i} are
known from the extracted eig.envalues and eigenvectors (section 4. 6),
the solution of differential Equation (4.10) can be found from Equation

(4.17).
4,5.2 The Step-by-Step Integration Procedure

A direct integration of Equétion (4.9) can be performed on the
assumption that the accelerations at the discrete points vary in an
arbitrary fashion during a small interval of time. The dynamic res-
ponse is then determined by a step-by-step integration technique (83)
following a sequence of matrix operations. The advantage of this pro-
cedure is that the pre-extraction of the eigenvalues and eigenvectors is
not necessary,

The equation of vmotion, with g viscous form of damping, at time t

can be written as (Equation (4, 9)):



68

M E - EEEE -8 e

acceleration vector of the system at time t;

A~
onf:

Nt
H

{'5'} = velocity vector of the system at time t;
, {_5} = displacement vector of the system at time t;
t
{6} = force vector on the system at time t;
]
[E] = -damping matrix;

(%]

It is assumed here that within a small increment of time, the

L]

total mass matrix;

H

total stiffness matrix,

acceleration for each node of the system varies linearly, as shown in
Figure 24, This permits the reduction of the second-order differen-
tial equation into a sequence of recurring matrix equations,

A direct integration over a time interval for all nodes yields the
following matrix equations for the velocity and displacement at the end

of the time interval At:

- 0., 50,0 50, 6,0 58, oo

n

and

H

N . 2 . 2 .
{8}t—At i At{é}t-At ) S%L{é}t—m i LL}_tﬁ)——{é}t

@,

H

{2}

t-At

) .20



At

St

Yy

St-atp

t-At - | t
LINEAR ACCELERATION VARIATION

t-at t
PARABOLIC VELOCITY VARIATION

St-at

t- At | ot
 CUBIC DISPLACEMENT VARIATION

Figure 24, Displacement Functions
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where
- At f5
{a}f—A,f m {6}t-At T {6}t-At -2
and
b} =8 +at &+ ié%ﬁ{g} . (422)

t-At t-At t-At t-At

Introducing Equations (4. 19) and (4. 20) into Equation (4. 18) gives

)8+ [E1 4D - R 2 - )

or

[+ %[2) + - ®]] @ - @ - F) -}
or 7 '

2 - — 2 = . =
G- (M50 m] (@
i [‘c’]{a}t_m - [ﬁ] {b}t_m} . (4.23)

Since damping is being neglected here, ([E] - 0), Equation (4. 23) -

becomes

{%}t ) [[—M] " @‘%ﬁ[ﬂjl {{"Q}t - [R’]{b}‘t_m} ./ (4.24)"

~Since the initial displacement and velocity are zero, the procedure
can be outlined as follows:

Step.1: from Equation (4.18) at time t = 0

#,-F @, e
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Step 2: from Equations (4. 21) and (4. 22) at time t= 0

{a}o - %t-{ﬁ}o | (4. 25b)
() -’ e350)

Step 3: from Equation (4. 24) at time t= At

.- [[m] ; ﬁé%li[ﬁ]:l_l {{E}At- X] {b}o} (4. 250)

Step 4: from Equations (4. 19) and (4. 20) at time t = At

| {ﬁ}‘m = {a}o + & {%}At (4. 25¢)
{’S}At {b}o + 8 {E}At : (4. 25¢)

After the completion of the above four steps of Equation (4. 25),

the following steps can be repeated in sequence for each increment of

time At:
Step 1:
{a}t_At = {_g}t-At + é-zt {f}t—At (4. 26a)
Step 2:
- i 2 2
{b}t-At ) {é}t—At ' At{6}t—At+ £A_1:3)_{6}t-At (4. 265)
Step 3;
. . 2: 17 (1
@ - [ etm ] e - ® f e
Step 4: |

{E'}t = {a}t_m + &t {%}t (4. 26d)
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Step 5:

RURECANRE ) (. 260

t-At
Thus, the step-by-step response of the system can be obtained by

the repeated application of the above five steps of Equation (4. 26),

4.6 Normal Modes and Frequenéies of a Free Vibration Problem

The modes and frequencies can be obtained by letting {Q—} = 0 and
assuming the displacements {5} to be sinusoidal functions of time with

frequency w. Thus,

& = <Xt sin wt (4.27a)
{3} - &

Bl = -? X} sin ot (4.27b)
{# {x}

and Equation (4, 10) becomes

w“[ﬁ] {X} + [K] {x} = o (4. 28a)

or

R RS RERC) 200

or

[‘T‘] {X} -7 {x}. (4. 28¢)

The solution of Equation (4. 28c) can be obtained by using a clas-
sical method of finding the eigenvalues and eigenvectors using the com-
puter subroutines given in Appendix C. This subroutine (22) (38) is
written to find all the real eigenvalues and eigenvectors of a real
general matrix. The eigenvalues are computer by the "QR double-step"

method and the eigenvectors by the inverse iteration technique (17) (80),
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To improve the accuracy of the results, the following modifica-
- tions are"cafried out:

1. The matrix is scaled by a seqtience of simiiarity transformé-
tions so that the.absovlute sums of corr'esponding rows and columns. are
roughly eqﬁal.

2., The scaled matrix is normalized so that the value of the
Euclidean norm is equal to one.

The main part of the process commences withvthe reduction bf an
(n x n) real matrix [K] by a 'simi'lar'ity transformation (Householder's
method) to an upper, almost triangu'lar"‘ Hessenberg form (80). Then
the QR double—>step iterative process is performed én the Hessenberg
matrix until all elements of the subdiagonal that converge to zéro are in

modulus less than 2qt IWELH where t is the number of significant digits

B
in the mantissa of a binary floating-point nﬁmber and {H} E ié the
Euclidean (Frobenius) norm of the triangular Hessenberg matrix. For
the IBM 360/65 computer, the value of t is equal to 53. Since the
Hessenberg form is preser’védw under the QR iteration, a reduction of
the initial matrix [K] to the Hessenber;g form provides a significant
saving of computation in each iteration for the QR decomposition.

After the eigenvectors {X} and eigenvalues_i are determined,

normalized eigenvectors {@} and natural frequencies w are determined

.as follows: | .
{0} - —=1{x} (4.29)
JALARES ‘
and .
w, =YX, ' (4.30)

wherei=1, 2, §,...n.
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4.7 Closed Form Solution

In thé case of a beam with simply supported ends (as shown in
Figure 25), the displacements are represented by the summation of a

series of the sinusoidal displacements.

= - iTx
ADYN 2 éi(t) sin T . (4.31)
i=1,2,3

s I EE

The functions of tilfne, Ei (t), are determined from the differential
equation of dynamié response which can be derived using d'A'lemb__,e"_zr‘rt's
principle combined with the principle of virtual work, The equatidg for
the vibration, produced by some disturbing force P applied at a distance

x from the end support, is obtained as

.4 4 = —
= iRl = _ 2P . iTx
él + —F—' él = mL Sin L (4.32)
m
The general solution of Equation (4. 32) is
i21_r2 I .2 2 1
Ei = @y cos — 'Et + a, sin 1‘ﬂ2 -l/—r-ﬁt
L L
2 T=1 -
L m 2 = . illx
+ 53 'l/——— (=) ‘f P sin ——
izﬂ_z EI ml. =0 L
2 2
i |EI
sin *"I:'?*- ™ (t - 'T)} dr . (4.33)

Integrating the third term, which represents the forced vibration,
and ignoring the first two terms, which represent the free vibration,

the displacement equation is obtained from Equation (4. 33) as

=3 o .
- 2PL0 Y L inx . iTx
ApyN = 4 7 Sin = (1- cox @ t) sin A3, (4.34)
mEL 12,3




by

o

L = |'6II

T

Figure 25,

I

Simply Supported Beam with an Applied Disturbing Load P
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When the load P is applied at midspan (i.e., x = %),
S 3 (i-1)/2 S
. 2PL z (-1) . i x
ApyN © AEr ! (1-cos wt)sin =~ . (4.35)

i=1,3,5,...

Thus, the displacement for the point at midspan can be written as

=. 3
_ 2PL, z 1
Apyn © Z 7 (1 -cos wit)- (4, 36)
m EI .~ i
i=1,3,5,...



Apyn = DEFLECTION AT MID-SPAN IN {NCHES

P=3LBS., E=30x10° PSI, ;£=0.333, Apy= DEFLECTION AT MIDSPAN
36}
2PL3 & 1 (.« . 27 [EL ‘
Bow = aey l%,s - (1-COS wit) WHERE w; = k — (CLOSED FORM SOLUTION)
3.2b
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O MODE SUPERPOSITION METHOD
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Figure 26. Comparison of Dynamic Solutions
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CHAPTER V

AN EXAMPLE OF A LINEAR ELASTIC
PROBLEM WITH A DYNAMIC LOAD

AND ITS RESULTS

5,1 Procedure

The numerical procedures presented in Chapter IV are illustrated
here by using an example of a beam with both-ends pinned-and-a:suddenly
applied constant impact load P of infinite duration, as shown in FigureA
26, To maintain the symmetry of the problem, both:ends:of the beam
were restrained against vertical displacement and the node at-the mid-
span was restrained against horizontal displacement, as shown in Fig-
ures 10 and 11, TFor ease in comparing the two numerical procedures,
an equal number of finite elements was chosen for the finite element
configuration of the example. The comparison was made for the com-
putation time, storage requirement, and the convergence of the deflec-
tion solution at midspan to the closed form solution.

The finite element mesh was processed by a digital computer
program using a linear strain rectangle as the bésic element, The
computer programs are given in Appendices B and C, These programs
generate the mesh, compute the stiffness matrix, assemble the total
stiffness matrix, formulate masgs matrix, modify the matrices for the
given boundary conditions, calculate the eigenvalues and eigenvectors,

select the flexural modes, perform the modal superposition and

(i
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step-by-step integration of the differential equation of vibration. The
computed displacements at the midspan of the beam by the normal mode |
superposition and step-by-step integration methods are presented in
Table II and plotted in a graphical form in Figure 26 for a comparison

of the results.

5,2 Selection of the Finite Element Mesh

The linear strain rectangular element was selected for this exam-
ple in view of the fact that it represents a better deformation approxima-
tion than the constant strain triangle rectangular element as discussed
in gection 3. 3,

According to section 3.5, the selection of a mesh should be deter-
mined on the basis of an aspect ratio ranging within the limits of 0.75
and 1. 50 as a first trial, and then the succeeding trials could be esti-
mated to meet the degree of accuracy desired for the solution of a prob-
lem, For the problem considered here for illustration, the selection of
the mesh size was dictated by two méjor factors: (a) the amount of
funds available for the computer use and the number of K-bytes of
available main core memory in the computer, as discussed in section
5, 3, and (b) the desired degree of accuracy of the results, Since the
first factor was the dominating one, a mesh of (4 x 18) with an aspect
ratio of 1,77 was selected to save computer time. A mesh within the
recommended limits of aspect ratio would have required a larger num-
ber of elements and thus more computation time., It can be observed
from Figure 16 that by violating the recommended limits of the aspect
ratio, a congiderable degree of accuracy of the solution was sacrificed.

This illustrates that the aspect ratio of 1. 77 would not have been a good
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trial value if one intends to achieve a good degree of accuracy of the
solution, It can be noticed also in Figure 16 that the maximum deflec- .
tion for the static load at midspan of the beam for the (4 x 18) mesh
differs by 7 percent from the closed form solution, while if one chooses
the aspect rati-o of 1,50, this maximum deflection will differ only by

4,8 percent from the closed form solution,

5.3 Example

5.3.1 Normal Mode Superposition Method

1. Computer program: The computer program (22) to determine
the eigenvalues and eigenvectors was rewritten to make full use of the
available main core memory and to keep the reading and writing on the
magnetic disk as small as possible. This approach saves computer
time and is thus economical.

2. Selection of modes: The flexural modes of vibration were
selected by comparing them with the flexural modes and the correspon-
ding natural frequencies obtained from beam theory solution. A com-
puter program FLXMOD (Appendix C) was written on the basis of
Equation (4. 35) to select all symmetrical modes and rearrange them
in order of their increasing natural frequencies. From these orderly
arranged 47 modes, the modes whose period was greater than 3 percent
was chosen on the basis of a judgment that the superposition of the
modes whose period is larger than 3 percent would satisfactorily repre-
sent the required solution. On the basis of the above criterion of judg-
ment, only five flexural modes were selected for the superposition to
obtain a satisfactory solution., These first five normal modes of the low-

est natural frequencies are presented graphically in Figure 27,
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3. Superposition of norrné'l flexural modes: The superposition
of all the 47 normal modes and the five normal modes corresponding
to the lowest frequencies was accamplished in accordance with section
4,5 by the computer program FLXMOD. The displacements obtained
from both superpositions of the normal modes are given in Table VI,
~ The displacements obtained from the superposition of 47 flexural modes

are also illustrated graphically in Figure 26.
5.3.2 Step-By-Step Integration Method

1. Computer program: This computer program is the modifica-
tion of the computer program (82) written for the static analysis of
structures. The computer program was modified to suit the require-
ments of the problems considered in this report. Since a large number
of subscripted variables are involved in this program, it was preferred
to take advantage of the banded nature of the matrix. This procedure
required a large amount of reading and writing on the magnetic disk;
and, especially, the time increment in the process of integration is
usually very small, which increases the use of the magnetic disc con-
siderably and thus the total computer time. Since this program is
designed to keep only a small portion of the matrices in the main core
memory at a time, the program has a capability of solving problems
of a large magnitude.

2, Selection of time increment At: Newmark (51) has suggested
that, for the linear acceleration method, At should be less than one
tenth of the smallest period of the structure, Since the smallest period

of the structure is not usually known, several different time increments
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Superposition

Number Superposition
of Closed Form of first S of all 47 Step-By-Step
Time Time Solution Flexural Modes Flexural Modes Integration
Steps {Seconds) (inches) {inches) {inches) (inches)
1 0.0 0.0 0.0 0.0 0.0
2 0.005 D-02 0.0553 D-05 0.0626 D-05 0.0664 D-05 0. 0665 D-05
3 0.010 D-02 0.1536 D-05 0. 1681 D:05 0.1725 D-05 0.1725 D-05
4 0.015 D-02 0. 2807 D-05 0.2852 D-05 0. 2886 D-05 0. 2893 D-05
5 0 020 D-02 0.5011 D-05 0.4852 D-05 0.4900 D-05 0.4901 D-05
6 0.025 D-02 0.7503 D-05 0.7462 D-05 0.7505 D-05 0.7510 D-05
7 0.030 D-02 0.9817 D-05 1,0067 D-05 1.0108 D-05 1.0113 D-05
8 0.035 D-02 1. 2866 D-05 1. 2561 D-05 1.2612 D-05 1.2618 D-05
9 0.040 D-02 1.5790 D-05 1.5396 D-05 1.5435 D-05 1. 5434 D-05
10 0. 045 D-02 1.8188 D-05 1.8278 D-05 1.8310 D-05 1.8314'D-05
11 0. 050 D-02 2,0685 D-05 2,0307 D-05 2.0338 D-05 2. 0345 D-05
12 0.055 D-02 2. 2854 D-05 2,2025 D-05 2,2054 D-05 2. 2054 D-05
13 0.060 D-02 2,4095 D-05 2.3733 D-05 2.3788 D-05 2,3780 D-05
14 0.065 D-02 2,.5075 D-05 2,.4522 D-05 2.4568 D-05 2.4567 D-05
15 0.070 D-02 2,5595 D-05 2,4450 D-05 » 2.4492 D-05 2.4496 D-05
16 0.075 D-02 2,5013 D-05 2, 4038 D-05 2,4086 D-05 2, 4089 D-05
17 0.080 D-02 2.4030 D-05 2,3211 D-05 - 2, 3264 D-05 2,3255 D-05 -
18 0.085 D-02° 2.2727 D-05 2,1550 D-05 2.1590 D-05 2.1589 D-05
19 0.090 D-02 2,0492 D~05 1.9178 D-05 1.9230 D-05 1.8235 D-05
20 0.095 D-02 1.8009 D-05 1.6951 D-05 1.6986 D-05 1.6989 D-05
21 0.100 D-02 1.5577 D-05 1.4516 D-05 1.4548 D-05 ‘1.4551 D-05
22 0.105 D-02 1.2604 D-05 1. 1399 D-05 1. 1443 D-05 1.1437 D-05
23 0.110 D-02 0.9704 D-05 0.8647 D-05 0.8685 D-05 0.8693 D-05
24 0.115 D-02 0.7319 D-05 0.6430 D-05 0.6475 D-05 0.6485 D-05
25 0.120 D-02 0.4819 D-05 0.4145 D-05 0.4182 D-05 0.4200 D-05
26 0.125 D-02 0.2685 D~-05 0.2133 D-05 0.2179 D-05 0.2177 D-05
27 0.130 D-02 0.1471 D-05 0.0964 D-05 0.1013 D-05 0.1010 D-05
28 0.135 D-02 0.0497 D-05 0. 0567 D-05 0.0618 D-05 0.0610 D-05
29 0.140 D-02 0.0012 D-05 0.0348 D-05 0.0379 D-05 0.0389 D-05
30 0.145 D-02 0.0619 D-05 0.068%4 D-05 0.0735 D-05 0.0736 D-05
31 0.150 D-v02 0.1602 D-05 0.2222 D-05 0.2254 D-05 0. 2247 D-05
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need to be tried until the proper time increment is found to give the de-
sired degree of accuracy,

For the example presented here, a trial time increment was found
using a procedure of three steps (Figure 28): (a) A group of four ele-
ments adjoining a node "i'" was selected; (b) The boundary conditions
were assumed, as shown in Figure 28; (c) The mass of node "i'' was

obtained by lumping one-fourth of the mass of each of the four elements

then using the expression

2
. L . 1 .2L /m
At = 15 ® 1o 77 VEYD
or
2
L m
At = 57 VET (5.1)
where

p(A; +Ay) (B; +By)
. it Ml

H

Al and A2 length of the elements in inches

B, and B, = height of the elements in inches

p = weight of the material in pounds per cubic inch
(for steel, p = 0, 283565 lbs/in?)

g = 386.4 in/sec?

L = A1+A2, in inches

E = modulus of elasticity (for steel, E = 30 x 106 psi)

I = moment of inertia, i.e., (By +By)°/12 in.

The dimensions of the elements in the example illustrated here are
shown-in Figure 29. Since the material used for the example is steel,
a trial time increment At was found equal to 0,115 x 10_5 seconds from

Equation (5, 1).
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Two trial values of time increment At (At = 0.1 x 10_5 seconds
and At = 0,2 x 10—5 seconds) were testea for the first few points of the
deflection curve, The deflections obtained by using At = 0,1 x 10—5 sec-
onds were almost the same as those obtained by the modal superposition
method, The values of the deflections obtained by using At =0. 2 x 10—5 '
seconds were also in accord with the deflections obtained by the modal
superposition method, but the acceleration and velocity values at each
time increment were very much different from those obtained by using
At=0,1x 10-5 gseconds, This deviation in acceleration and velocity
values causes one to suspect a pogsibility of instability of the solution
at some later step of integration. Since, from modal analysis, the
minimum period was found to be 0,733 x 10_5 seconds, the value of the
time increment equal to 0,1 x 10_5 seconds was judged to be an adequate
trial value to test the solution for a larger number of time increments,
Tests for determining a larger number of points on the deflection curve
for the other time increments were not attempted due to a prohibitive
requirement of the computer time by the step-by-step integration

method,
5.3.3 Computing Time

The computing time for the normal mode superposition method
depends on the number of degrees of freedom of the system. For the
step-by-step integration method, the computing time not only depends
on the number of degrees of freedom of the system but also on the time
increment At and on the number of steps of increments desired for the

displacement curve,
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The distribution of computer time for the two methods was as
follows:
1, Normal mode superposition method;

1
Formulation of [:K ! and [M] matrices 17 seconds
-l .

-1
Formulation of [:M] [K] matrix 20 seconds

Computation of all eigenvalues and
eigenvectors 1869 seconds

Selection and superposition of 47 flex-
ural modes 37 seconds

Total 1943 seconds
Main core memory of 374 K-bytes was used.

2. Step-by step integration method;

Formu‘_lation of [K] and [M] matrices 17 seconds
Step-by-step integration 4986 seconds
Total 5003 seconds

Main core memory of 188 K-bytes was used.

5.4 Discussion of Results

For the problem considered here for illustration, although the
continuous system is idealized by a medium—size mesh, the results
shown in Table VI and in Figure 26 are in excellent agreement with the
closed form solution. From the standpoint of the computational time,
it is apparent from section 5. 3 that the mode superposition of 47 modes
required much less computer time than did the step-by-step integration
method, It should be noted that the distribution of computer time given
in section 5, 3 depends on the specific computer used, The step-by-step

integration program performs computations on blocks of the banded
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matrix,-and. the number and size of the records written on the magnetic
disk are proportional to the number of elements in the band width of the
matrices, For example, if two problems of an equal number of degrees
of freedom are to be solved, the one having the larger band width would
need more computer time, |

Although, for the problem illus'trated here, the modal analysis
was found to be considerably more economical than the step-by-step
integration method, the direct integration of the d‘ifferential equation
of vibration by the step-by-step procedure would be ecoﬁomical for
large systems with loads varying with time, because the numerical
integration of the convolution integral in the modal superposition would
involve similar difficulties with the time step, At, as in the step-by-
step integration method. Modal superposition is particularly recom-
mended for undamped systems; but in special cases where the damping
matrix is a linear combination of the mass and stiffness matrices, it
can be used for damped systems. Furthermore, the modal superposi-
tion method is based on the assunw'.ption of linear structure, whereas the
step-by-step method may be applied to-nonlinear systems simply by
modifying the assumed linear properties approximately at each succes-
sive step of integration.

One of the principal advantages of the mode superposition method
lies in the fact that the response of the structure is largely expressed
by the first few flexural modes of vibration of the system due to the
presence of a large number of dilatory modes with varied frequencies.
The program used here can easily be modified to extract only a certain
number of modes, but it would be necessary to select the corresponding

eigenvalues from all the eigenvalues of the system. Since determination
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of all the eigenvalues of the system is required, the modification may
save only up to 25 percent of the computer time used in computation
of all eigenvalues and eigenvectors (e. g., from section 5.3.3, a savings

of approximately 470 seconds out of a total 1869 seconds),



CHAPTER VI

SUMMARY AND CONCLUSIONS

6,1 Summary

The primary aim of this investigation was to determine a suitable
simple finite element and tolevaluaterits application to plane stress
problems for the idealization of a structure under dynamic loads, The
major items of this study included the convergence of solution, the
requirement of computer time, and the storage in K-bytes of the core
memory. To simplify the investigation, only the simple examples of
beams with pinned supports and cantilever beams of isotropic material
were considered.

For the static analysis, each problem was idealized as a struc-
tural model using plane stress rectangular elements, Seven configura-
tions were analyzed using five types of rectangular elements. Four of
these rectangular elements were composed of constant strain triangu-
lar elements, and the fifth element was the linear strain rectangular
element. For.all seven configurations, the analysis was performed
using the IBM 360/65 digital computer, and the results are presented
graphically to illustrate the convergence behavior,

To study the problem with dynamic ‘j.oads, only a simply supported
beam with an impact load of infinite duration at midspan was considered.
The beam was idealized as a structural model using linear strain rec-

tangular elements, The problem was solved by the mode superposition

90
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method and the step-by-step integration method to investigate the over-
all practicality of each method. AIll computations were performed using

the IBM 360/65 digital computer.

6.2 Conclusiong

From the study of the convergence, it was found that the behavior
of the linear strain rectangular element is the most satisfactory of the
five elements studied for the purpose. The results obtained for the
problem with static loads were in excellent agreement with beam theory
and elasticity solutions; convergence to the solution required fewer
elements and less computation time than that required by the other ele-
ments,

On the basis of the above results, the linear strain rectangular
element was used for the analysis of the problem with an impact load
using the mode superposition method and the step-by-step integration
‘method, Both methods of solution gave values of deflections which
were almost the same and were found to be in excellent agreement with
‘the closed form solution. The mode superposition method required
considerably less computing time than did the step-by-step integration
procedure.

Thus, from this investigation it was concluded that the linear
strain rectangular element is a satisfactory element for the analysis of
a plane stress problem with in-plane dynamic loads. Also, if the un-
damped structural system does not have a large number of degrees of
freedom, and is not subjected to time dependent varying loads, the mode
superposition method would be an economical procedure. For a general

case of a viscously damped system where damping is not a linear
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combination of the mass and stiffness matrices, the systematic inte-
gration of the step-by-step procedure may be comparatively more eco-
nomical and practical than the mode superposition technique, which
may require considerably more time and computer storage space in
determining modes and frequencies, Determination of the modes and
frequencies for a damped system of n degrees of freedom is equivalent
to solving an eigenvalue problem of an undamped system of 2n degrees

of freedom (44, page 206),
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A,1 Constant Strain Triangular Element

The displacement function for any point within the triangular ele-
ment can be uniquely given by the displacements, u and v. Thus, the
nodal displacements shown in Figure 30 may be represented by

{et = {y, uj w vy vy Vi) (A.1)

The element displacement functions, u and v, for a constant-

strain, triangular element are taken to be linear functions of x and y, as

u = Bl-!-Bzx +[33y (A. 2a)
v = B4+35x +36y (A. 2b)
which can be written as
1, x 01010 |g.] A2
oL [y ge o] ] @z
v ololols Ixly 8,
33
34
Bs
'86,

Following the scheme summarized in Section 2.7, the nodal dis-
placements {6} in terms of the displacement parameters {B} may be

expressed as

ul_‘ 1 0 0 0 0 0 Bl
u; 1 a 0 0 0 O By
uy i 1 ¢ b 0 0 0 “ B (5. 32)
vy o 0 o0 1 0 O By
Vi 0 0 0 1 a O Bs
|k | | 0 0 0 1 ¢ b | _36_
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Figure 30. Triangular Plane Stress Ele-
ment with Element Coordi-
nate System

Figure 31. Triangular Plane Stress Ele-
ment with Global Coordi-
nate System
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which can be written as

{5} = [A] {B} (A. 3b)

The internal strains in the element are obtained by taking the par-

tial derivative of displacements .

| . arh
e ] du o 1 0o o o o]|!?
X ox | 33
Bv : . : B3

€ = LA 0O 0 0 o 0 1 g (A. 4a)

y oy 8

4
Y du , v o 0o 1 0 1 ofl’
| Xy | L?y X | [ , _ BG

which can be Written' as
(- 514 (5.5
Since the elements of matrix [:B] are all constant, it follows that
the strains within the element are constant. The stress-strain rela-
tionships for an isotropic material, for a plane stress element, with

Poisson's ratio u, are given by

_ ~

‘, O'XW 1 7] 0 <

O = B uw 1 0 € (A, 5a)
y 1-12 y

T 0 0 %i-

| "xy | 2 1-u) Yy

which can be written as o
{o} = [D] {e}. (A. 5b)

The stiffness matrix of the element may be obtained by using

step 11 in section 2, 7:

W - ] el [E] e 2] e
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r.0
Since the matrices LBJ and [D] contain only constant terms, the ex-
pression for the stiffness matrix becomes
t ab

(] = [+ (2] [0 [3] 2[4 @

o t ab :
where t_ is the thickness and e2 is the volume of the element.

Thus, from Equation (A.7), by substituting €, ¢ %(1 - u) and

(1 +u), the element stiffness matrix can be obtained as given on

o

€p =
the following page in Equation (A, 8a), and which can be written as
e . [
{s°} = |x] {s} . (A.8b)

The stresses within the element are given by

{e} = [0] [B] [a]" {e}

(A.9)
- (o] {5}
where matrix [Q] can be written as
-b u(c-a) b ~uc 0 ba——
—F— | -wb (c-a) | -c| 0 | a (A, 10)
(1-u)ab ‘
fl(c—a) -glb —glc €1b gla 0_

A, 2 Transfor‘mation to Global Coordinates

The relationship between the nodal forces in the global coordinate
system and the element coordinate system may be obtained by coordi-
naté transformation. The transformation of the stiffness matrix from

g_,8

x° -ye element coordinate system to x® -y® global coordinate system

is carried out as shown in Equation (A. 11a) and Figure 31,



BN
T~

Et
e

1—u2)ab

—

b2 +§1(c—a)2
-§ yb(c-a)

6% - § clc-a)

g b(c-a) + ube
5, a(c-a)

-uab

§1b2 +—-§(c-~a)2
§2bc-uab
-8 b%- clc-a)
—§1ab

a(c-a)

b2-+§ 02
1
¢§2bc
-glac

uab

Symmetric

2
glb +c
§1ab

" -ac
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ﬁs*‘fﬂ [(Cosy | Sinw | 0 0 0 o |[s$]

s% -Sin® | Cosep| 0 0 0 0 55

s& 0 0 | Cosep! Sine 0 0 s®

S| == . 31(a.11a)
Sg 0 0 -Sing | Cos® 0 0 Sz

s§ 0 0 0 0 | Cos® | 8in®| | SF

g Qi e
__SS_ B 0 0 0 0 Sing COSCﬂ SS_

This can be written as

{sg} [R] {se} . (A.11b)

Similarly,

1]

{s¢} [Bl] {s°}. (A.12)

and therefore,

i

HERRIRIDE (5. 19

A.3 Linear Strain Rectangular Elément

The procedure used to develop the stiffness matrix for this ele-
ment (Figure 7) follows closely to the outline given in section 2,7, The

element displacement functions u and v are taken to be
u = Bl + BZX + Bgy + B4Xy ’ (A-14)
Thus, the nodal displacements {6} can be expressed in terms

of the displacement parameters {B} as
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u, 1 0 0 0 By
u 1 a 0 0 .

J 0 BZ
u, 1 0 b O / 8,
u 1 a b =ab}. B

k1o | 4 (A, 16a)
v, \ / 1 0 0 0 Bs
v ' 1 a 0 0

J 0 36
v, / \ 1 0 b 0 Bq
vy 11 a b ab Bg

which can be written as

{5} = .[A] {B}  (A.16b)

The internal gtrains in the element are

rBl-l
] 8,
—ex—— 5%}‘%3-7 o |1]olylolo]ol|Ps
B
ey=%§=000001x62 (A.17a)
—ny_é,;%ni--g%_OlelO};ZG
7
| Pg |

which can be written as

() - [ 05} .17

The stress-strain relationships in an isotropic material for the

plane stress element are given by
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I~ T
o 1 wu 0 GX
Gy > = Ez u 1 0 ey (A.183a)
Txy ~—O 0 E(I_ML ny

which can be written as

{o} = [D:l {e} . (A, 18b)

The stiffness matrix of the element may now be obtained by using

step 11 in section 2,7, as

0 T D ) [ e [ s

Thus, from Equation (A, 19) by substituting & | = 5 (1 - u) and £, = 2 (1+p),

the element stiffness matrix can be obtained as given on the following
page in Equation (A, 20).

The stresses within the element are given by

{o} = [D] .[B] [A]"l {5} (A.21)
- [e] {3}

where matrix [QJ may be written as

_(y~b) u(x-a) (b-y) -wux y o Mx -y M(a-x)]
—Z— |uy-b)  (x-a) wb-y) -x wy x  -py (a-x)
(1-p")ab

El(x-a) E(y-b) -E;x &(b-y) &x &y g(a-x) -5y




o +ga%)

3abt ,

2g 2’ - 2b%)
Babla-g,) -
-2(b? +8 8%
-3ab§2

2(b2 - 2§1a2)

3ab(g, - u)

aa® +g b%)

3ab(g , - 1)
Aa? - 28,07
-3ab§2

-a® +5 b
3ablu - 51)

2% b? - 227

ap? +g,a%)
-3abg,

2b? - 28 2%
3ab(ﬂ - 51)
—2(b2 + glaz)

3abg 9

Symmetric
4a® +g b
3ab(5, - 4)  4b° +ga0)
28,b° - 2a%)  3ably a(a® +5.2%
.2 2 ' 2 2
3abt 28,2° - %) 3ablg, - x) 47 +g,a%)
a? g p?) sab(u-g,)  2a®- 2.b%) -3abg, a(a® +¢,b%)

(A. 20)
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READ
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AND
APPLIED NODAL LOADS
¥
PRINT
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v

COMPUTE
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MATRICES
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< CALL STRESS / SUB. STRESS
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Figure 32. Flow Chart for Static Analysis
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NUMBERS, COORDINATES OF
NODES,ELEMENT MASSES

!

PRINT
NODAL NUMBERS, ELEMENT
NUMBERS, COORDINATES OF
| NODES, ELEMENT MASSES

i

' TO .
< CALL MASTIF )W—@

FROM

Figure 32, (Continued)

SUB. MASTIF
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|
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@ CALLED FROM :
SUB. MANE

INITIALIZE
ELEMENTS OF MASS MATRIX
AND TOTAL STIFFNESS MATRiX

—— ——— — ———— ——— —— — —— —— — V— i e——— i ——npbp— — ————

- SUBROUTINE MASTIF

\

< CALL STIF88 ;, .

Y

COMPUTE STIFFNESS
MATRICES OF THE

ELEMENTS

!

ASSEMBLE

IELEMENT STIFFNESS MATRICES

TO OBTAIN STRUCTURE
STIFFNESS MATRIX

!

COMPUTE
LUMPED NODAL MASSES

L

MODIFY
STRUCTURE STIFFNESS
MATRIX AND LOAD VECTOR

TO ACCOUNT FOR
PRESCRIBED DISPLACEMENTS

.l____r______________l_*_.__'.._m_.m_____.______________

Figure 32.

(Continued)
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C

114

SUBROUTINE STRESS

CALLED FROM

o MATRICES TO CALCULATE

MAIN PROGRAM

- USE
PREVIOUSLY COMPUTED
ELEMENT STIFFNESS

o-x ’ o-yl T;(y )o-i 10-2 b
Tmax AND THEIR
DIRECTIONS

|

PRINT -
STRESSES 0% ,0y, Txy
AND
PRINCIPAL STRESSES
Ox »0y AND Tmpqx

~AND THEIR DIRECTIONS

\w~\,

e t— ——

—{ RETURN )

Figure 32. (Continued)
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PRCGRAM

C4STATIC ANALYSIS USING FIVE TYPES OF FINITE ELEMENTS IN
SEVEN CONFIGURATIONS®® -

LANGUAGE 3  FURTRAN IV

DIGITAL CCMPUTER 2 IBM 360/65

PRUGRAMMER s BRIJ Re KISHORE
STRUCTURAL ENGINEER
Us Seo ARMY, CORPS OF ENGINEERS
CHICAGO, ILLINOIS

PURPUISE

THIS PROGRAM PERFORMS THE STATIC ANALYSIS OF THE PLANE
STRESS PROBLEMS. DETAILED INFORMATION CAN BE FOUND IN:
*4CHARACTERISTICS OF FINITE ELEMENTS FOR ANALYSIS OF
BEAMS SUBJECTED TO IMPACT LOAD**,; PH.D. CISSERTATION
8Y BRIJ Re KISHORE, SCHQQL OF CIVIL ENGINEERINGs

CKLAHCMA STATE

OESCRIPTION OF

wM
NN
13 4
LOADY
YLOAD
JX
LUAD X
XLUAD (D)
ISUNIF

——
-

—

[ I A T | N T I TR

UNIFLD
NR

g (N)

ACN M)
NBLK

NUMN P
FFM(I1,12}
FED

E

CEPTH
WiDTH
SPAN
NUMEL
X

Y

ux

L T VT [ O (O T T2 I T

Uy

[}

NCASE =

UNIVERSITY, JULY 1972.

LRSI R RS SR Rl R A AL AL R R R e Rl A R R R R TR I RS R L X

PARAMETERS:

BLOGK wIUTH

BLUCK LENGTH

NUMBER OF NODAL LOADS IN Y-DIRECTION

NODAL NUMBERS WHICH HAVE LOAD IN Y-BIRECTION
MAGNITUDE OF LOAD AT NODE LOADY (I

NUMBEK UF NODAL LUADS IN X-DIRECTIOUN

NCUAL NUMBEKS WHICH HAVE LUAD IN x=-DIk ECT [N
MAGNITUDE GF LUAD AT NODE LOADX (1}

LUGICAL VARIABLE; .TRUE. IF BEAM HAS ANY
UNIFURMLY DISTRIBUTED LUAD, OTHERWISE oFALSE.
MAGNITUDE OF TOTAL UNIFORMLY DISTRIBUTED LUAD
NUMBER OF VERTICAL L INES IN THE FINITE
ELEMENT MESH

LUAD VECTOR

BLOCKS OF STIFFNESS MAFRIX

NUMBER OF BLOCKS

NUMBER OF NUDAL POINTS

MASS MATRIX

HEAD ING

MODULUS OF ELASTICITY

POISSON'S RATIO

DEPTH UF BEAM

WIDTH CF BEAM

SPAN OF BEAM

NUMBER OF ELEMENTS

X-CGARCINATE OF NUDAL POINTS

Y-COURDINATE OF NODAL PGINTS

INITIAL LOAD OR DISPLACEMENT VALUE AT NODES
IN X~DIRECTION

INITIAL LUAD OUR DI SPLACEMENT VALUE AT NODES
IN Y-DIRECT [ON

TYPE CF FINITE ELEMENT CUNFIGURATION

B R Ik T I I T T T O I R L T AR I I IO A Py e R

¢ MAND = BANU W lUTh
+

OO0

IMPLICIT REAL *8 {A-H,0-1)

.

+

ettt bttt ffff'f00000000‘0000000000‘0000ff**'—**'—******'—*’****'—f’-0—+

COMMUN /AAA/ X{343}),4Y(343),UX{343),UY1343) UXTYPE(343),UYTYPE{343)

LyELMAS(288) s HEO(L8 )+ TYPE(B)sEsDENS PRy VOL ,MTYPE(288) ¢ NUMNP

2NUMEL s NUMA T4 KN s NCASE » KQUNT

COMMON /ARG/ XXX{5)sYYY{5)9S{10410),000(3,3)HHI6,10),P (L0} yXX {41},

LYY U4} 9Cl4 44 9H(6410),D(6416)1F(6,10),

2TYPELsTYPE2 , TESTLTEST2,1 X1288,4) ¢LM(4) o NRyLIMIT,ISTART
COMMON /BANARG/ A(36,18),FM(36) 4B(36) yMBAND ¢ NUMBLK

COMMUN/ AL JFM/ AA(40 4184181+ FFM(40,182

COMMON/ SETNUM/ZEROyHALF ¢yONE + TWO s THREE +FQUR 9SIX,PI

COMMON Z7A22A/ AZZ(18,401}
COMMON/SQUAD/SQ(104+10)

DIMENSIOUN YLOAD(9) oXLOAD( S} sLOADY(9) + LOADX (9} 4NBLY (9} ¢+ NBEX(9)

1KDISP(18,401
LOGICAL *1 ISUNIF

KOUNT=0
1 CONTINUE
CALL ELAPSE(I}
PRINT 3224, 1
KQUNT=KOUNT+1
CALL MANE
CALL ELAPSE(I}
PRINT 3224, 1
C
CrxxxxNCASE BEING READ IN SUBROUTINE MANE
IF(NCASE.EQ.OF GOTO 9999
c
REWIND 1
REWIND 2
REWIND 3
REWIND 4
MBAND= 2%l IMIT
¥M=MBAND
ANsVFBAND
NL=NN+1
NH=2®*Nh
NUMBLK=0

oo

REAL(543224) 1Y
IF(IY.EQ.0} GO TO 10
REAGI5, 13)(LOADY (L )y YLOAD L} o I=1s1 Y
PRINT 34 1Y, (LOADY(1),YLOAD(L},I=1,1Y}
DO 6 I=1.,1Y

6 UY{LCADY {1})=YLOAD(I}

10 CONTINUE
READ(543224)4X
IFIJX«EL.0) GO TO 11
READ(5913) (LOADX (1) o XLUAL(E) 9 I=]1+3X)
PRINT 3, JXolLOADX(I) g XLOAD(I}Y g1=1,4X}
CC 7 I=1l,JX

7 LX(LCADX(I)}=xLOAD(I}

11 CUNTINUE
REAL 207 ISUNIFyUNIFLU

11



IF{ISUN(F} GOTU 25
GAQTC 35

25 YI=UNIFLO/OFLOAT(NR-11}
I=LIMIT=-2

C
C*#»42%[F -DISTRIBUTED LOAL (S ON NEUTRAL SURFACE LJ=l+lt2
C Ly=i-1/2
Cre¥xx [F D(STRIBUTED LCAD IS CN TOP SURFACE LJ=I
LJ=1
c
IFAUYTYPE(LJ) S EQeTYPELIUY (LII=UYLLJII+Y I/THO
JI=(NR-12%1+4LY
IF{UYTYPE(JI)CEQ.TYPELMWY(JI)=UYLJII+YI/TRO
DO 3C J=3.NR .
JI=(J=-2)%]+LJ
IF(UYTYPE(JI) cEQTYPERIUY LI T I=UY(JTI+YI
30 CUNTINUE
PRINT 3244, {(JyUY(J)ed=LJseNUMNP, )
35 CONTENUE

c
Crxaax INTTIAL IZE MATRICES BN} ANU A(NsM)
c

D0 3C N=lyNH

BINI=ZERO

CC 50 M=1,NN
SC AIN,M}=ZERD

c
C COMPUTE *NBLK® ssescssscnes
c
NBLK=NUMNP/LIMIT
I=MCO{NUMNP, LIMIT )
IF{1.GT.0} NBLK=NBLK+]
PRINT 3224,NBLK
G
C INITIALIZE & READ IN TOTAL STIFFNESS MATRIX
"

CO 691 Il=l,NBLK

DO 651 I2=14NN

CO 691 I3=1,NN
691 AA(I1l.12,13)=ZERC

ek al

CC 693 li=l,NBLK
READ(3}IFFM{11,12) 412=1 +NN)
REAC(2) N

PRINT3224,N
READ(4}{I2+134AA(1L1512+03)s04=1yN)
GC TC 124

[
CH#%#SHIFT BLOCK OF EQUATICONS & MOOD(FY EQUATIONS BY 8LOCKS
c
122 NUMBLK=NUMBLK+L
NS=LIMI T*#(NUMBLK+1)
NK=NS~L IMIT
MPENK-LIMIT+]
KSHIF T=2#NpP-2
IFINK + GT JNUMNP ) NK=NUMNP

DU 123 N=14NN

123

124

711
C

AM=hh+ N

BIN)=B(NM}

B{NM)=ZERD

DO 123 M=]14MN
A{NeMI=AENMyM)

A{NM,M)=ZERD

IF{NUMBLK .EQe NBLK) GO TO 126
CUNTINUE

N=hL~-1

DO 711 I2=3l 4NN

N=N+1

CO 711 I[3=1.MM

AlN+I3) =AAINUMBLK+L412413)
CONTINUE ’
IF{NUMBLK .EQ. O} GO TO t22

CH#%#%ADD CONEENTRATED FORCES

c
l12¢

24C

250
[

CONTINUE
CO 250 N=NP,NK
K=2 ¥ N~KSHIFT

IFLUYTYPEIN) oNE. TYPEL} GO TG 240

B{K)I=B(K)I+UY({N)

IF(UXTYPEIN) JNE. TYPEL) GO TO 250

BIK=1)=B{K~-1)+UX(N)

CONTINUE

CHxeaxB0UNDARY CONDITIONS

c

315

320

410

[

CC. 410 M=NP,NK
IF{M~NUMNP}315+315,410
A=2%M-KSHIFT-1

IF(UXTYPE(M) JNE. fYPEc) GU TC 320

UsUX({M}
CALL MODIFY{NH,NjU}

h=h+el

IFCUYTYPE(M} LNE. TYPE2) GO TO 210

u=UY({M)
CALL MGCDIFY {(NH¢NyU)
CONTINUE

Ce*##x&RECUCE EQUAT IONS BY BLOCKS

=

255

215

D0 300 N=LlyNN

IFCAINs, L)) 225,300,225
BINI=B{(N) ZA(N,1}

CU 275 L=2+MM
IFCAINSLE} 230,275,230
G=A{N:LI/AEN, 1)
I=N+L-1 :

J=0

0J 255 K=L MM

J=Jd+l
A{T4J)=A{T,4)=Q*%A(NsK)
B{LI=BUII-A(NLL)I*B{N)
A{NoL}=Q

CUNT INUE

911



c

300
315

1zcC

CONT INUE -
IF UNUMBLK-NBLK}3755400,375

00 720 N=1lsNN

WRITE(L) BINJ2 (AIN M) M=2,MM)
CONTINUE

GO TO 122

C***%%BACK SUBSTITUTION

C

400

45C

415

131

5€0

CO 450 M=1.NN

N=hNht]1-M

DO 425 K=2,MM

L=h+K=-1

BIN) =B{N}-A{N,K)*B (L)
NM=N+NN

B(NMI=BIN) : «
AZZINyNUMBLK) =B (N}
NUMBLK=NUMBLK=~1
IFINUMBLK 475450045475
CONTINUE

CO 729 N=l.NN

BACKSPACE 1 :
CONTINUE

CQ 730 N=LlsNN

REAC{L) BUIN)y ANy M) ¥=2,MM)
CONTINUE

CO 731 N=1,NN

BACKSPACE 1

CONTINUE

GO TO 400

CONTINUE

C
C¥*¥»&PRINT DISPLACEMENTS

L

(el

asc

352
3¢c

12
13
20
2004

PRINT 2009

K=0

DG 352 NB=l 4NBLK

DO 350 N=1,MBAND,2
K=K+1

KOLSPINyNB) =K
IF(DABS(AZZEN ,NB))
IF(DABS (AZZ{N+1,NB))
CONTINUE

IF(K-NUMNP} 352,360,360

CONTINUE

CONTINUE

PRINT 2010, ((KDISP{NsNB)sAZZ(NyNB) JAZZIN*1,NB) 4N=1,MBAND ¢2),
LNB=14NBLK)

CALL ELAPSEL(I)

PRINT 3224, |

oT.
LT

1. 00-06)AZZ{(N ,NB)=LEROQ
1.0D0~06)AZZ(N+1,NB)=LERDU

CALL STRESS

FORMAT (110,/,1615)

FORMAT (1104/,55(15,01C.21)
FGRMAT (1615}
FORMAT(5(15,+D10.213)
FURMAT(L5,015.2}

FORMAT { 10X, 15y 3Xy 1P2D12+3s 4Xs A4y 1PDL244%y 4Xs A4y 1PD1Z.4 }

20Cy
2010
3220
3223
3224
3244

9999

FURMATL{* LY 217X *NULE NU' 03Xy ' X-ULSPe Yy iaXytY=uldr.?1i
FORMAT (2(7X,I8y5XKsdPULS 095X LP0OL54613)
FORMAT(1X,3026.16,1X)

FORMAT {2(2X¢13¢1Xs 1341X4D23.1657X))

FORMAT (110}

FORMAT (////7+¢3X4 *CUMPUTED NODAL—-LOAD EQUIVALENT TO UNIFURMLY DIST
LRIBUTED LOAD® 4// ¢3X+5(*NODE NO«"¢3Xy *Y-NOODAL-LOAD"3X), 7/,
2 €{110+3X,013.2))

G0 1O 1

sTCP

END

SUBRGUT INE MANE
IMPLICIT REAL *8 (A-H.0-2)

CUMMON /AAA/ X{343)sY¥{343),UX(343),UY{343}) UXTYPE(343))UYTYPE(343)}

L ELMAS(288) ,HED(18),TYPELB)sEJDENSs PRyVOL,MTYPE( 288} ,NUMNP,
2NUMEL yNUMAT s KNy NCASE » KOUNT
CUMMON /ARG/ XXX{5)sYYY{5}45(10+10) 400(3,3),HH(6+10},P (10} ,XX(4),
LYY (4) ¢Cl4 94 ) 9H(6910),0(646),F16410),
2TYPEL s TYPE2 ¢ TEST1oTEST2,1X(28804) +LM{4) ¢ NRyLIMIT  ISTART
COMMON /BANARG/ A(36,183,FM(36),B{30) sMBANDNUMBLK
COMMON/ AT JFM/ AA(40 4189180, FFM(%0,18)
COMMUN/ SETNUM/ZEROHALF yONE » TWO y THREE oF OUR
COMMON /AZZA/  AZZ(18,401}
COMMON/SQUAD/SG(10410)

2 SIX ¢ PL

c
C***%2REAL AND- PRINT OF CONTROL INFORMATION AND MATERIAL PROPEKRTIES

C

C

IFEKQUNT.GT. 1) GOTO 5
REAC 10004 HECTYPE

READ 1001, E PR +DENSTY
CONTINUE

REAC (543224 INCASE

IF{NCASE.EQ.0) RETURN
PRINT2000,HEDTYPE

PRINT 2001

DENS=DENSTY

PRINT 2002, E PR 4DENS

Cx¥x¥%RKEAD AND PRINT OF NOOAL POINT DATA

C

REAC 402 4OEPTH,wIDTH 2 SPANe LIMIT

DENS = (ONE/(386.4000¥1728.0000))*DENS
REALC 430, NR,K2yXNOT,YNOT
PRINT 435

PRINT 432,DEPTH WIDTH,NRyK2 » SPANy XNOT , ¥YNLCT
CR2=DEPTH/ DFLUAT (K2}

K3=NR~][

DR 3= SPAN/UFLUATIK3)

PRINT 2010, DRZ2 DRI L IMIT

PRINT 3226, NCASE

K=KZ+l

KN=K

NUMAP=K®NR

NUQUAD = (K=Ll)%(NR-1}

L1T



NUMEL=NUJUAL
PRINT 440
DO 315 J =l 4K
X{JI=XNOT
315 Y{J)=YNOT + DFLOAT(4-1)*DR2
¥Y{K2/2 + 1} = 0.0000

£0 320 I=2,NR
XZ=DR3* {[-1)+XNOT
NlzK*{i-1)+1
CC 320 KK=1yK
J=NL+KK-1
X{J)=xZ

320 Y{J)=Y (KK}
DO 321 I=1,NUMNP
UXTYPE(I)=TYPEL
UYTYPELI)=TYPEL
Ux¢I}= ZERO
UY(Ilj)= LERD

321 CONTINUE

READ 1002, IUMNP

READ 1002 {IyUXTYPE(L) JUX{I)oUYTYPE(I),UY{I)sN=1, [UMNP)

PRINT 2004 (L oX{I) oYL} yUXTYPELLI} yUX(I)yUYTYPECL) yUY(1)yl=1y NUMNP)
CALL GRAPH {XsYeNUMNPy L}

c
C**x¥x2xREAD AND PRINT OF ELEMENT PROPERTIES

[
PRINT 2006
NM=0
NRML=NR~-1
K=KN

LU 610 I=1,NKRML
LL={K=1}®{I-1)+l
L2=(K-1)*]
LI=(L2=-L1+1)*(I~-1)
DO 610 N=Ll,L2
MTYPE(N)=1
IX{Ny1)=N+I=1
IX{N 2} =1 X{NsL}+K
IX{Ng3}=IX(Ns2)+1
IX(Ng4)=IX(Ns1)+1
ELMASIN) =( YUN+I) =Y (N+[=-1)) *DR3*DENS
0O 633 M=1,4
CO 633 HM=1 ,4
KK=IABSLIX(NsM)I =1 XIN) MM} )
IF(KK-NM) 633,633,631
631 NM=KK
IF (NM - LIMIT) 633,634,634
634 PRINT 2008 -
CALL EXIT
633 CUNTINUE
61C CONTINUE
XZ = ONE/FUUR
CU 613 N=1,NUMEL
613 ELMAS{N)=ELMAS(N) * X2
PRINT 2007, (Lo CIX(I o) 2 =1 943 ¢ MTYPE (L) 4ELMAS (I)41=1,NJMEL)
MBAND=2% LINMIT

C
C
[

FRINT 3000
CALL ELAPSEL])
PRINT 3224, 1
CALL MASTIF
CALL ELAPSE(K)
PRINT 32244K
PRINT 3010

402 FORMAT (3F10.0, I10}
43C FORMAT (215,2F10.0)
432 FORMAT (1P2014.3,21741P3D14.3)
435 FURMAT (//41X,*DEPTH OF BEAM®*," WIDTH OF BEAM?®', 5X,'NR'.5X,'K2¢,
L10Xy® SPAN® ¢10Xs* XNGT® 420X YNOT? )
440 FORMAT {(*1', 10X,*NODE®+5X,*X-URDINATE Y-ORDINATE X-LUAD*,3X,
L*QR DISPL. Y-LOAD OR DISPL %)
10CO FURMAT (18A4s/48A3 )
1001 FORMAT (3(3X,D1ll.4} )
1002 FORMAT (I5,6X3A4,F10.0,6X,A44,F10.0)
20C0 FORMAT 1*1®,4X¢18A4s//5X4BA34//)
2001 FORMAT (6X,*MODULUS OF POISSON S DENSITY OF*,/,6Xe*ELASTICITY?,
L5X¢* RATIO? ¢5X y* MATERIAL® 4/}
2002 FURMAT (5X, 1P3D12.3)
2004 FORMAT { 10X, I5, 3X, LlP2D12.3s 44Xy A4y lPDl2.4y 4Xy A4,y LIPUIZ.4 1}
20C6 FORMAT £*1%s L13Xe®ElLs NOW® 33X 9t 1® 99X ?Jt 93X oK s IXs 'L "9 2Xe
L'MATERIAL®*s 7Xs'ELe MASS* )
2007 FURMAT {10X, 6[10,823.16)
20C8 FORMAT {30H0 BAND WIDTH EXCEEDS ALLOWABLE)}
2010 FURMAT (/45X *0R2="3011.s4¢5Xs *DR3=*yD1Le4s5Xs'LIMIT=",]41}
30C0 FURMAT(//, LXs*$$88~STARTS~CALL STIFF PRINT OUT*,//}
3010 FORMAT(//: 1X:'$$%%~ ENDS —CALL STIFF PRINT QUT®,//}
3224 FORMAT(I10)
322€ FORMAT {/,5X*CASE NO. =, [3)
RETURN
ENC

SUBRUUTINE MASTIF

IMPLICIT REAL *8 (A-H,U-1)

COMMON /AAA/ X(3431},v(343),UX(343),UY(343),UXTYPE(343),UYTYPE{343]}
LyELMAS(288) o HED( 18) ¢ TYPE(8) ¢EyDENS,PRsVOLyMTYPE(288) « NUMNP,
2AUNMEL, NUMAT y KN¢ NCAS Ey KOUNT

COMMON 7ARG/ XXK{5)sYYY(5),5(10410)+D0(343)eHH(6,10)sP(1L0)yXX{41),
LYY (4)}sCl404)2H(6,10)40(646) oFL 64101, -
2TYPEL JTYPE2 4 TESTLTEST2 4 IX (288,42 L M{4)sNRJLIMIT, [START

COMMON /BANARG/ A(36,18),FM{36),B(36),MBAND,NUMBLK

COMMCN/ SETNUM/ ZEROy HALF 9 ONEs TWO s THREEsFOUR 5 SIX,P1

COMMON/SQUAD/Sw(104101}

DIMENSION DUMMY(1000),IZ1(1000),JZ1(1000}

CIMENSION S1(8.8)

sxte¢INITIAL [ZATIGN

REWIND 1
REWIND 2
KEWwIND 3
REWIND 4
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Ng = LEIMIT

ND=2*NB

ND2=2%ND

NUNBLK=0

PRINT 3009 (NBNDyND2yNUMBLK

03 50 N=1,ND2
B(NJ=LERC
FM{N)}= ZERO
DO 50 M=14ND
50 AlN,M)=ZERD

C

C*s#+xFQRM MASS AND STIFFNESS MATRICES IN BLOCKS

[ .

€C NUNMBLK=NUMBLK+]
NH=NB*{ NUMBLK +1}
NM=NH-NB
NL=NM=-NB+]
KShFT=2*NL=-2
BLK=OF LUAT (NUMBLK)

NUMEL1=1+NUMEL/2
D0 210 N=1,NUMEL

IF {MIYPEINI} 210,210,065
€5 DO 80 I=1.,4
IFCIXENeI) .GEe NL AND. IX{NyI) .LE. NM) GO TO 90
80 CUNTINUE .
GO Y0 210
90 CONTINUE
IF{N.GT «NUMELL1}GOTO S4
IF{NCASE.NE+3.AND.NCASE.NE.4)GOTQ 93
IFIN.EQ.NUMELL1)GOTO 96
93 IF (N .GT. L) GO TG 94
S& CONTINUE

CALL ELAPSEL(I)
PRINT 3224, 1
CALL STIF88IN)
CALL ELAPSELJ)
PRINT 3224, J

MTYPE(N) =—MTYPE(N)
IF{NCASE.NE.5160UTOS8
CQ 147 I=1,10
DO 147 J=1,10

147 sQll,Jd)=s(1,J)
DG 150 1I=1,9
CC=S{I1+10)/5{(10.10)
PUIII=P(IL)-CC*P(10)
CO 150 JJ=1.+9

15C SUIT,JJ)=S{11,4J)=CC*S5110,JJ)

CC 160 11=1,8
CC=S(IL+9)75(9,9)
PLILI=PLILI-CCoP(9)
L0 160 JJ=1,8
160 S{ILsJJ1=S(11,4J)-CCx5{9,J4)
98 CONTINUE

9SS
9999

94

91

151

LU 59 I=lsg

LG 99 J=1.8
SLET 4 J0=S01 44)
PRINT 3003, ({S1{IeJd}eJ=148)+1=1,8)
CONTINUE

GO TQ 165
MTYPE{N)==MTYPE(N]}
DO 97 1=1,8

DO 97 J=1,8
S(1sJ3=8S111+d)

DO 151 I=1.8
PLI)=ZERD

Cr**2x ADD ELEMENT STIFFNESS TO STRUCTURE STIFFNESS

c
165
leé
C

175
180

195

200

199

21C
c

C0 166 1=1.4
LMETI=2%I XNy =2

ELM = ELMAS(N)

DO 199 1=1+4

CO 199 K=1,2
[I=LM{LII+K-KSHIFT
FMOII)= FMLIL} + ELM

KK=2%] =2+K

BOIL) =B{II)+P{KK)

DG 200 J=1,4

0C 2C0 L=14+2
JU=sLMUJ )L~ L [+1=KSHIFT
Li=2%J4=-2+¢L

IF(JJ) 200,200,175
IF(ND~JJ 118041954195
PRINT 2001, N

CALL EXIT

CONT INVE

ACLL 9 JJ) =A(1 14 JJ)+S(KKyLL)
CONTINUE

CONTINUE

CONTINUE

Crxx*xx AQL CONCENTRATED FORCES WITHIN BLOCK

C

240

250
C

00 250 N=NL,NM

K=2%N~-KSHIFT

IF ( UYTYPE(N} «NEe. TYPEL ) GO TGO 240
BIK) = BIK) + UY{N)

IF ( UXTYPEI(N) «NE. TYPEL ) GO TQ 250
B(K-1) = B(K~1) + UXI(N]

CONTINUE

CrxxenR [TE BLOCK OF EQUATIONS UN TAPE AND SHIFT UP LOWER BLUCK
C

lel

WRITEC3){FMIN) yN=14ND)

N=0

DC 860 I=1.ND

DO 860 J=1,ND

IF (AQL4d) +GFs 10 JO0R. A(IL+44d) LLT. -1.0) GOQ TOQ l6l
GG TC 860

N=N+1

61T



8&c

420
[
CEe®s
[

480

c
500
2000

IZ1{NE=1

JZ1{N)=J

QUMY (N)}=AL{lsJ)

CONTINUE

PRINT 3224,N

PRINT 3222, (IZL(I)yJZLC1)+DUMMY(T)sIi=1yN)
WRITE(2) N
WRITE(4M(IZLUT)oeJdZL0L)sDUMMY(IL) I=14N)

DO 420 N=1ND
K=N+ND
BINI=B(K)
FMIN)=FM(K)
B(K3=ZERD
FM{K}= ZERQ
DO 420 M=1.ND
Alhs M)=ALKs M)
ALK M) =ZERD

*CHECK FOR LAST 8LOCK

IF (NM—NUMNP) 60,480,480
CONTINUE

RETURN
FORMAT {(26HONEGATIVE AREA ELEMENT NO. [4)

20C1 FORMAT (29HOBAND WIDTH EXCEEDS ALLOWABLE I4)

3003
3009
301C
3011
3025
3220
3222
3223
3224

FORMAT (10Xy *MATRIX- S1*%/ {3X,8016.6)1}
FORMAT (// +5X #* NBs NDe ND2 9 NUMBLK *94110,//)
FORMAT (2X+%B*47017.5 )

FORMAT (/4* NUMBLK¢NHsNMyNLyKSHIFT*,51104/)
FORMAT (5{1X¢D23.1642X))

FORMAT {(5Xy *FMIN}*'/4y(1X43D26.16:1X))
FORMAT {4tLlXe*(®0l3,4%5%e[34%)%,025.106))
FORMAT (2(2Xs13 41X513,40X3D23.16+7X))
FORMAT (1101

ENC

SUBRQOUTINE STIF88(N}
IMPLICIT REAL ¥8({A~Hy0-Z)

COMMON /AAA/ X{343),Y1{343),UX(343) ,UY(343) UXTYPE(343),UYTYPE(343)
LoELMAS (288 )y HED(18) 9 TYPE(B)y E«DENSsPRyVOLyMTYPE(288) yNUMNP

2NUMEL s NUMAT o KN 9 NCAS E » KOUNT

COMMON /ZARG/ XXXU5) ¢YYYU5) yS(10410) ¢DD(343) 4HH(6410)4P(10) XX (4),

1YY (4)9C(4y4)sH(6,10)40(6,6)3F(6410),

2TYPEL oTYPER2 yTESTL yTEST2 » IX{28814) JLM(4 )y NRGLIMIT, ISTART
COMMON /BANARG/ A(36418) 4FM(36) 4B(36) ¢MBANDyNUMBLK
COMMGN/ SETNUM/ ZERQOy HALF9ONE9y TWU9 THREE ¢ FUUR ¢ SIXyPI

DIMENSION S$5(8,8)°

XLAML=HALF*(ONE-PR)
XLAM2=HALF*{ONE+PR)
N12=0

£C 1210 [I=1,8

00 1210 JJ=1,8

[aX gl

(2 ¥sXaks)

[2XakaK g]

121C SS{LIsJdJ)=LERU
S [=IX(Ns 1}
d=IX{Ns2)
K=] X{N,3}
L=1X{Ns %)
XA=JABS (X{J)=X(I})
YB=DABS{Y{K)-Y(J}}
NUMELL=1+NUMEL/ 2
IF(NeNE.NUMELL)GCTG 200
IF{NCASE.EQ.31GATO 2
IF(NCASE.EQ.4)GOTO 1
2CC CONTINUE
GO TO ( Lly2s112¢344)+NCASE
PRINT 2002,NCASE

IF(NCASE .NE. 12} CALL EXIT
1 COATINUE

STIFFNESS MATRIX 0135
SUBRQUT INE TRIL35(N)}

COEF=E/( 2.0D00%*XA*YB#*( ONE-PR#*PR))
S{lsl)= (YB*YB+XL AM1#XA¥XA)
S(2,2)= ( XA*XA+XLAML*YB*YB)
S(2,1)= XA*¥YB*XLAM2
S{6+1)=. ZERO
S{5,2)= ZERD
S{4y3)= ZERO
S{8.+7)= ZERGC
S(8y3)= XA®YB*({PR+XLAML)
S(Tr4)= XA*YB¥(PR+XLAML)
S(645)= $(241)
S(3,1)=-YB*YB
S{T7+45)=5(3,1:}
S{4 ¢1) =—XLAML*XA%*YB
S(8y 1)=-PR*XA*YB
S${342)= S(8,l)
S(742)= S(4,l)
S{653)= S(4s1)
S(5,4)= S(8,41)
S{746)= S(841)
S{84+5)= S(4,1)
S{T ¢1) ==XLAML*XAX A
S{5,3)= STy 1)
S${(551)= ZERO
S{74+3)= S(5,1)
S{4y2)= -XLAM1*YB*YB
S{8r61= S(4s2)
S{842)= ~-XA¥ XA
S(644)= S(8+2)
St642)= LERQ
S(8e4d= S(642)
GAOTC 3545

2 CONTINUE

STIFFNESS MATRIX 0043
SUBROUTINE TRIQG45(N)

COEF=&/( 2.0D00*XA*YB*{ONE-PR¥PR))

021



S{leid= {YB¥YPeXLAML*XA*XA}
S(2e2) = { XA* XA+XLAML *Y B*YB)
S{ 2, 1)=2ERO

S{6sl)= -XA¥YBR(XLAML+PR)
$05,2)=5(6,1)

S{4e 3}=—XLAM2*XA*YDH
S(8+7)=514y3)

S( 8,31 =ZERD

S(1,4)= ZERQ

S1645)= S(2,1)
S(3,1)=-YBxY8
SUT,51=5(3,1)

Sla,l)= PREXAWY 3
S(8y10= XLAMI*XA*YS
$(3,2)= S(8,1)

S(7,20= S(4,1)

S(6s3)x $S(4pl)

S(5e4)= S(841)

S(1,60= SL8,1)

S(8y5)= S(4y1)

ST L) ==XLAML*XA®XA
S(5¢3)= S(7,1)

S(5,1)= ZERD

$(7,3)= S(5,1)

S(4,2)= —XLAML*YBHYS
S(8y60= $(4,2)

5(842)= ~XA®XA

S(6e4)= S(8,2)

S(6s24= ZERD

S(8By4)= S(642)

GOTO 3545
4 COANTENUE
c
C**STIFFNESS MATRLX RECTNG
C SUBROUTINE RECTNG{N)
c

COEF=E/(12.0000% XA*YB*( ONE-PR*PR} )
S(1ly1)=FOURX(YB*YB+XLAM L*XA*XA)
S{22) =FOUR* ( XA* XA+XLAM1 *YB*Y B}
S(2, L)=THREE*XA*Y8* XLAM2
S(6+1)==51{2,1)

S(552)= ${6,41)

S(4e3)= S(6,1)

S(8,7)= S(6,1)

S{8¢3)= S(2,1)

S{7,4)= S(2,1}

S1645)= $12,1)
S{3,1)=THO*{ XLAM1F XA% XA—TWO* YB* YB)
$1{745)=5(3,1)

S{4,1)=THREE*XA*YB* (PR-XLAM])
S(8s1)==-5(4,1)

S(3,2)= S(8,1)

S{752)= S(4,41)

S(6s3)= S(4,1)

S(5,4)= 5(8,1)

S(746)= Si8y1)

S{8¢5)= S(4,1)

S{T 4l )=TWOR{YB*YB~TWU*X LAMLI*X AXXA)
S(543)= S(7,1)

S{5yl) =~ TWUR (YBEYUCXLAML#XA®X A}

$S{7,3)=
S{4+2])=
Si8,6)=
S(8q+2)=
S{by4)=

SU5+11}

TWO*(XA*X A—TWORXLAM L #YB*YB)
S{ 4,2} -
TWO* (XL AML *YB*YB-TWO*XA*XA)
58,2}

S{652)==TWO*( XA* XA+ XLAM1*YB*YB)
S{8s4)= S51642)

GOTC 3545
3 CONTINUE
[+
C**xSTIFFNESS MATRIX QUAD
c SUBROUTINE QUAD (N)
c
C***x*¢FJRM STRESS-STRAIN RELATIONSHIP
c .
IF (TYPE(4) - TESTLl) 10,30,10
1C IF (TYPE(4) = TEST2) 20,40,20
20 PRINT 2000
CALL EXIT
30 COMM = E /{ONE =-PR * PR )
Cllel) = COMM
Cll,2) = COMM * pR
c
C(l,3) = Z2ERO
€(1,4) = ZERO
Cl241) = C(142)
C(2,2) = COMM
C(2,43) = ZERQ
C(2,4) = 2ERO
C(3,.1) = ZERO
Cl3,2) = ZERQ
C(3,3) = ZERO
C{3 44} = LERC
Cl4, 1) = ZERO
C(4,2) = ZERO
Cl4,3) = ZERO
Cl4ay4) = COMM *HALF * (ONE- PR )
GO TG 50
4C COMM = E / (LONE+ PR ) * (ONE-HALF* PR
Cllel} = COMM * (ONE- PR
Cll,2) = COMM * PR :
Cl1le3) = ZERO
Cilyal = ZERO
Cl241) = C(1y2)
Cl2,2) = C(1,1)
C(2,3) = ZERO.
Cl2+4) = ZERG
C(3,1) % COMM * PR
C(3,2) = C(3,1)
C(3,3) = ZERO
Cl3,4) = ZERO
C(441) = ZERGC
Cl4y2) = ZERO
Cl4431 = ZERO
Cl444) = COMM *HALF * (ONE-TWO * PR )
[

CHedxx FORM QUAURIL ATERAL STIFFNESS MATRIX

c.

1)

[¥A!



50

94

140

130
2000

3545

220

220

122C

1230

2602

XXX{5) = (X{I) + X{J} « X{K} + X{L}) / FOUR
YYY(5) = (Y(I) + YUJ) + YIK) + Y(L)) / FCOUR
00 94 M = 1,4

MM = IX({NoyM)

XXX(M) = X(MM}

YYY (M} = Y{MM)}

00 100 II=1,10
P{I1)=ZERO

00 $5 JJ=1.6
FH{JJ, I1)=2ERD
00 100 Ju=1,10
StI1,JJ)=ZERD

IF (K-L) 125,120,125

CALL TRISTF(14243)

XXX(5) = (XXX(1) + XXX(2} + XXX(3)) / THREE
YYY(5) = (¥YYY(l) ¢ YYY(2) + YYY(3)) / THREE
GO TO 130 .

VOL=ZERO

CALL TRISTF(4;51,5)
CALL TRISTF(142+5)
CALL TRISTF(24345)
CALL TRISTF(3,44,5)

00 140 II=1,6
€O 140 JJ=1,10
HHC(IL pdJ)=HH{IT o JJI/FQUR

RETURN
FORMAT (41HO PLANE STRESS OR STRAIN TYPE ERROR

CONT INUE
C0210 11=3,8,2
Jo=11+1
SUII,11)a5(1,1)

3 S(JJ s dJI=S5(242)

00220 [I=1.8

00230 JJ=[[,8

SCLI 4J3J)=S(JJe11)

00220 KK=1,8

SUIL 4KK)=COEF*S (1 4KK)
IF{NCASE.NE.12) RETURN
NI2=Nl2+1

BG 1220 1I=1.8

DO 1220 JJ=1.8
SS(I1,4J)=8S(11,JJ)+5(11,4JJ)
S(I1.JJI=ZERG

CONTINUE

IFIN12 .EQ.1l) GOTO 2

DO 1230 II=1,.8

DO 1230 JJ=1+8
SUIT,dJ)=SS(I1sJJ) *HALF

RE TURN

FORMATL{ SXyINCASE =® 4[5, ¥Exxkxkkxx?  //)
ENC

[aX 2N o]

1210

1C

1

T

SUBROUTINE STREDS

IMPLICIT REAL *8 (A-H,0-1}

COMMGON 7AAA/ X(343),Y(343)sUX(343),UY(343) UXTYPE(343) yUYTYPE(343} - -
L+ELMAS(288) +HED(18) o TYPE(S) ¢E+DENS yPRyVOLyMTYPE (28814 NUMNP
2NUMEL s NUMAT ;KN ¢ NCASE s KDUNT

COMMCN 7 ARG/ XXX(5)9YYY(5)35S(10410)40D(343),HH(6410)4P(10) 4 XX(4)
1YY(4) 9Cl494) yH(6410) yD{6 46} ¢F(6410)
2TYPELsTYPE2+ TESTLy TEST241IX(2884+4) +LMU4) yNRoLIMIT,ISTART

COMMCN/ SETNUM/ ZEROy HALFy ONE, TWO, THREEy FOUR » SIX,PI

COMMON /AZIA/ AZZ(18,40)

COMMON/SQUAD/SQL 10, 10)

CIMENSION Q€3 48)4S1G(4),TP(6):QQ(3,8)

NN=2*_ IMIT

XLAM]1 =HALF*(CNE~PR)

MPRINT=Q

NUMEL 1= 1 +NUMEL/ 2 -

DO 30 N=1sNUMEL

A 2=0

DO 1210 I1=1,3

DO 1210 JJ=1+8

CQ(II,JdJ)=ZERD

I=1x(Nsl)

J=IX(Ny 2)

K=IX(Ns3)

L=l X(N,s4)

XA=CABS(X{J)=-X(1))

YB=0ABS (Y(K)-Y(J))

COE =E/( XA*YB*( ONE—PR*PR))
XZX=(XCI )4 X(J I+ X(KI+X(L)DI/FOUR
Y2ZY=(Y(1)4Y (J)+Y (K)+Y(L})/FOUR
XXA= XA/ TWO

YYe8=vs/Two

DG 10 I1=1+4

I1=2%i1

KK=2%IX (Ny I1)

NB=KK/NN

NJ=MOD (KK NN)

IF(NJ) 54645

NB=NB+1

JJ=NJ

GC TC 8

JJ=NN

PUII-1)=AZZ(JJ-1,NB}
PUITLI=AZZ(JJ,NB)

CONTINUE
IF(NCASE.EQe3.ANC.N.GE.NUMEL 1)G0OTO 2
IF(NCASE«EUe4+ ANDo NoGE« NUMELL1)GOTO 1
GOTO(1e2¢1924344)yNCASE

IF(NCASE «NE. 12) CALL EXIT
CONTINUE

RE3S G135
COEF=HALF*(COE

C(l,1)==YB
Q(l,3)= V8 )

el



wiledi= YB

Q(l, 7)==-YB

QL 92)==PR*XA

Nl 1ls4)==PR*XA
Q(ls6)= PR*¥XA
G(148) = PREXA

Q( 2, 1)=—PR¥*YB
Gl2y3)= PR*YB
G(245)= PR¥YB

Qi 2, 7)==PR*YB
Q(242)=-XA
Q(244) ==XA
Q(2,6)= XA
C(2,8)= XA
Q(3,1)=-XA* XLAML
Q(3, 3)=—XA*XLAM]
Q(3,45)= XA®XLAML
Ql3,7)= XA*XLAM]
C{342)=-YB*XLAM]
Q(394)= YB* XLAML
Q(3,6)= YB*XLAML
C(3¢8)=-YB*XLAM]

Qi3 ,1)=-XA*XLAM]
G(343)=—XA*XLAM]L
Q(3,5)= XA*XLAM]
Q{3 ,7)= XA®XLAML
G 3,2)==YBEXLAM]
Q(3,4)= YB*XLAM]
G{346)= YB®XLAM]L
Q(3,8)==YBxXLAM]
GCTC29

CONTINUE
COEF=COE
Gi{lsl)=¥¥B-YB
J02,1)=PR*Q(1,1)
G252 I=XXA-XA

20

32

40

an
~

i3y LIsXLAML%Q( 2,2}
C(ls2)=PR®Q(2,2}
Q(392)=XLAM1%*Q(1,1)
Qily3)=-Q(1,s1}

(2 ¢3)=PR*¥Q(1,3)
Q(3,3)=—XLAML*XXA
L(le4)=~-PR*¥XXA

Q2 44) =-XXA

QU 3y 4)=—XLAM1*Q( 14 1)
C(ls5)=YYB
Q(2+5)=PR*YY8

Q3 5)=XLAM]L*XXA
G(ls6)=PR*¥XXA
Q(2y8)=XXA

Q{346 )=XLAM1*YYB
A(l+7)=-YYB
A(2¢7)=-PR¥YYB
Q(3,7)=—XLAML*Q(2,2)
Q(l,8)==-PR¥Q(2,2)
Q(248)==Q(2,2)
C(348)=-XLAML*YYB

GOT1G29 29 CONTINUE

c 2 CONTINUE IF(NCASE.NE.12) GOTO 1240

C

C STRESS 0045 ' . N12=N12+1

c - DO 1220 I1=1,3 .
COEF=HALF*COE DO 1220 JJ=1.8
Qll,l)==YB 1220 QQUII1,JJ)=QQUII+JJI+Q(114J4J)
Ql,3)= YB IF(N12 .EQ.1l) GOTO 2
Q(ls5)= ¥B DO 1230 II=1.,3
Q(ly7)=-V8B CC 1230 JJ=1,8
Q(1s2)==~PR*XA 123C QUIT+JJI=QUUII4JJ)*HALF
C{l y4)=—PR¥XA 124C L0 30 II=1.+3
Qll,6)= PR*¥XA SIGIII)=ZERQ
Q(le8)= PREXA D0 30 JJ=1.8
Q(2,1)==PR¥YB QUITeJJI=COEF*Q(I1,JJ)
Q(2,3)= PR*YB 30 SIGUIT)=SIGIILII+Q(IL,JJ)*P(JJ)
Q(2,5)= PR*YB GOTO 17
Q(2 +7) =—PR®YB 3 CONTINUE
Q(2,2)==XA CO 15 1=1,10
Cl(2e4)=-XA DO 15 J=1,410
Q(246)= XA 15 S(IyJ)=8Q(1,J)
Q(2:8)= XA 00 20 I = 1,42

xX(I) = P(I+8)
0O 20 K = 1,8
XX(I) = XX{I) =S ([+8,K) * P(K)

COMM =S (9,9) *S (10,100 -5 (9,10) *5 (10,9)
IF(COMM)32,40,32

P(S) ={S (10,100 * XX(1) -5 (9,10) * XX(2)) / CQOMM
PLLO) =(~5 (10+9) * XX(1) +3 (949) * XX(2}) / COMM
DU 50 I = 1,6

TP(I) = 0.

DO 50 K = 1,10

TPLI) = TP(1) + Hi(l,K) * P(K)

xx(1t = 1PL2)

€¢1



xxf2) = TP(&)}

xX(3} = 0.0

XX{4) = TP(3) + TP(5)}
56 DO 60 1 = 144

SIG(I) = O«

00 60 K = 1,4
€0 SIGUI} = SIGHI) + CUI.K) * XX(K)
SIG(3)=51G(4)
17 CONTINUE
RAD={{SIG(1)~SIG(2))/TWO) *#2+(SIG(3))%*%2
TMAX=DSQRT(RAD}
SAVR=(SIGI(1)+51G(2))/TW0
SIGL=SAVR+TMAX
SIG2=S AVR-TMAX
TANZA=TKO*SIG(3)/(S1G(L)-S5IG(2))
ANG=DATAN(TAN2A) %90, 0000/P1
62 IF(MPRINT .GT. 0) GO TO 80
PRINT 2000
MPRINT= 55
80 MPRINT=MPRINT-1
PRINT ZOOI:NnXZX'YZYg(Slh(ll).ll =1+3)9SIG1l»S1G2s ANG
90 CONTINUE
RETURN
c
2000 FORMAT (*1"¢5X9/s1Xs*STRESS AT MID-POINT OF ELEMENTS*,// 41X,
*®IEL o NOo®92Xy *X-ORDINATE®y 4Xe * Y~ORODINATE® » TXy *SIGMA=X* s TX¢
*¥ISIGMA-Y? s 8Xe ' TAU-XY" sTX3* SIGMA=L"? s TXs* SIGMA-2" y4X,
*3ANGLE IN RADIANS',/)
20C1l FORMAT(1X415,8Dl4.4)
2002 FORMAT(5X; *NCASE =9,[5, ' #*xtkkkssxt //)
ENOD

SUBROUT INE GRAPH(X,Y; NPy NS)
C*#3%#PROGRAMMER : ROBERT WOOUS», SCHOUL OF MECH. ENGINEERING, 0OSU.
IMPLICIT REAL*8 (A-H,0-1)
DIMENSION PLOT(121,51), X{(1000), Y(1000)
INTEGER PLOT, ROUND, DISTXs DISTY, XAXISy YAXIS
INTEGER 00T, BLANK, MINUSys UNITS, 0{13)
DATA DOT, BLANK, MINUS, UNITS/lHeslH 4lH=,1H}/
DATA O/1HQ, 1HL s 1H2, LH3s 1H4y 1H59 LHO6s lHT»1HB,1H9e LH* 414 141H2/
ROUND(A+8) = A/B + 0.5

1 FORMAT (1H1,28X, *MAJOR X HASH MARKS INDICATE ',09.2,/
29X+ *MAJOR Y HASH MARKS INDICATE *,D9.2)

3 FORMAT( ///51( 14Xy T1AL/)1}

4 FORMAT( /51(10X,121A1/1))

IXM = 121

Iyr = 51

IF(NS «GT. 0) GO TO 11
IxM = 71

IYM = 41

o0

11

20

21

22

40

41

42

XMIN = X{(1)

XMAX = X(1)

YMIN = Y(1)

YMAX = Y(1)

CO 20 I=24NP

IF(X{I) LT+ XMIN} XMIN = X (I}
IF(XCI) «GT. XMAX) XMAX = X{I)
IFCY (I} LT YMIN) YMIN = Y(I)
IF(Y(I) .GT. YMAX) YMAX = Y{I}
CONTINUE

IF(XMAX .NE. XMIN) GO TO 21
XMIN = 2%XMIN - 1.E-7

XMAX = 2¥XMAX + l.E-7

IF(YMAX .NE. YMIN) GO TQ 22

YMIN = 2%YMIN = 1.,E-7

YMAX =

XSTEP
YSTEP
STEPX
STEPY
HASHX
HASHY

CISTX
DISTY
XAXIS =

[ R |

"W H

IF (YMAX

YAXIS =
IF{XMA
LOCNX
LOCNY

DG 40

X

I

2ZAYMAX + 1l.E-7

AMA XU XMA Xy XMA X~ XMIN;=XMIN)
AMAX (YMAX s YMAX=YMIN,-YMIN)
STEPIXSTEP/(IXM=0.51)}
STEP{YSTEP/(1YM-0.51))
STEPX*10.

STEPY*10.

ROUND(XSTEPSTEPX)

ROUND(YSTEP,STEPY)

IYM/2 ¢ 1 - DISTY/2

+GEes 0.0) XAXIS = XAXIS + ROUND(YMAX,STEPY)
IXM/2 + 1 + DISTX/2

«GEs 0.0) YAXIS = YAXIS - ROUND(XMAX,STEPX}
YAXIS — (YAXIS-13/10%10

XAXIS = (XAXIS~1)/10%10

=1,121

00 40 J4=1,51
PLOT(1y4) = BLANK

00 41 L=1,1YM
PLCT(1,L) = UNITS
PLOT(IXM,L) = UNITS
PLOT(YAXIS,L) = DOT
G0 42 L=1,IXM
PLOT(L,1) = MINUS
PLOT (L, IYM) = MINUS
PLCT {L,XAXIS) = DOT

IC =0

0G 50 I=LOCNX, IXMs10

NUMX =

~{YAXIS-1)/10 + IC

NX=TABS {NUMX)+1
IC = IC+l ’
PLCT{I s XAXIS) = O(NX)

IC =0

" DO 6C J=LOCNY,IYM,10

NUMY =

{XAXIS-1)0/10 - IC

21



6C

1C

NY=LABS(NUMY )+

ic = IC+1

PLCT{YAXIS,J) = UINY}
PLOTU{YAXIS, XAX1IS) = 0O(1)

DU 7C K=14NP

IX = YAXIS + ROUND{ X{K)4STEPX)
JY = XAXIS ~ RUUNDILY(K),ySTEPY)
PLCTL(I XyJdY) = 011}

WRITE{641) HASHX, HASHY
IFUIXM oLEs T1) WRITE(643) ((PLOT(I,J)s1=1471)yd=1sI¥M)
IFUIXM GT. 71) WRITE(6,4) PLOT

RETURN

ENC

FUMCTION STEP (W)

IMPLICIT REAL¥8 (A-H,0-4}

N = DLOGLO(W)

IF{wW oLEs 1.0)0 N = N-1
K = W/l0.%¥¥N + 1.0 ’
STEP = K¥10.%*N

IF{{K-1}*10.%*¥N .GE. W STEP = W
RETURN

END 3

FUNCTIOUN AMAX{A,B,C}

IMFLICIT REAL*8 (A-hy0-21)

AMAX = A

IF{B.GE.C .AND. B.GE.A) AMAX = 8
IF{C.GE.A .AND. C.GE.B) AMAX = C
RETURN

ENC

G
Gf
G

Gt
G
Gt
Gt

Gzl



APPENDIX C

LISTING OF COMPUTER PROGRAMS
FOR DYNAMIC ANALYSIS
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PROGRAM +
: +

*¢DYNAMIC ANALYSIS USING MUDAL SUPERPUSITION®® +
+

LANGUAGE ¢ FORTRAN 1V +
DIGITAL COUMPUTER : IBM 360/65 +
PROGRAMMER 3 BRIJ R« KISHORE +
STRUCTURAL ENGINEER +

Ue S« ARMY, CORPS OF ENGINEERS +

CHICAGO, ILLINOIS +

+

PURPCSE +
- +

THIS PROGRAM FORMULATES [M: K' MATRIX, FINDS ALL +
EIGENVALUES AND EIGENVECTOURS, AND PERFORMS MODAL +

SUPERPOSITION. DETAILED INFORMATION CAN BE FOUND IN:
**CHARACTERISTICS OF FINITE ELEMENTS FOR ANALYSIS OF
BEAMS SUBJECTED TO IMPACT LOAD??'y PH.D. DISSERTATION
BY BRIJ R. KISHORE, SCHOUOL OF CIVIL ENGINEERING,
OKLAHOMA STATE UNIVERSITY, JULY 1972.

LR R R el e s AR e Rl A e e S e R S A S A L RS Al

DESCRIPTION OF PARAMETERS:

SEE ALSQ DESCRIPTION OF PARAMETERS GIVEN IN PROGRAM FOR
STATIC ANALYSIS IN APPENDIX B

A = MATRIX FOR WHICH cIGENVALUES & EIGENVECTORS
TQ BE FOUND.
N = ORDER OF MATRIX A

AWORK & BWORK= WORK ARRAYS FOR TEMPORARY STORAGE OF
EIGENVECTORS, EIGENVALUESY ANU OTHER.AORK
ARRAYS.

WORK ARRAY FOR INTEGER VARIABLES

NJMBER OF BINARY DIGITS IN THE MANTISSA OF
A DOUBLE PRECISIUN FLOATING POINT

IWORK
T

W

LIRS AT AT L P IR 5k 2 JE BE SR AE S AP B SR IR 25 R AR K 20 A I S0 B X 25 T A 2R BE S I 4

+
+
+
+
+
+
+
+

+

+
+
+
+
+

+
+
+
+
+
+

+
+

+

+
+
+

Pttt bttt bttt bbbttt bbbttt bttt bttt bttt bttt bttt ittt

// EXEC PGM=GOGO
//01 DD DSN=0SU.ACT10188.NONZERON,

//

UNIT=2314, VOL=SER=D]SK06,DISP=(0LD ,0ELETE)

//D2 DD DSN=0SU.ACT10188 MASSMATX,

/7

UNIT=2314,VOL=SER=D]ISKO6+01 SP=(0LD+DELETE)

//D3 DD DSN=0SU.ACTiOL88.TOTLSTIF,

/"

UNIT=¢314,VOL=SER=DISKOG6, DISP=(0LDy DELETE]}

//D4 DD DSN=0SU.ACTLOL188.MASSINVK,

//

UNIT=2314,VOL=SER=DI3K06, D1SP=(0LD,UELETE)

//D5 DD DSN=0SU.ACT10188.EIGVALUE,

7/

UN1T=2314, VOL=SER=DI 5K06,DI SP=(OLD »DELETE)

//06 DD DSN=0SU.ACT10188.EL1GVECTR,

//

WIT=2314,VOL=SER=D15K06+01SP=(CLD,DELETE)

// EXEC FORTHCLG ,REGION.GU=241K

//FURT .SYSIN DD *

C

C

C**#xkPROGRAM FUORMULATES MASS MATRIX, STRUCTURE STIFFNESS MATRIX
[ AND STORES ON DISK ONLY NONZERD TERMS OF STIFFNESS MATRIX
C OF EACH BLOCK. NONZERON IS NUMBER OF ELEMENTS STORED ON DISK
C WHICH ARE NUNZERQ.

C

C

IMPLICIT REAL *8 (A-H,0-2)

CUMMON /AAA/ X(3431),Y(543),UX{343),UY1343),UXTYPE(343),UYTYPE{ 343}
LsELMAS( 288) yHED(18) yTYPE(B) yE+DENS,PReVOL+MTYPE(2881) s NJMNPy
2NJMELe NUMAT s KNy NCASEo KOUNT

COMMON /ARG/ XXX{5)3YYY(5),S(10,410):DD(343)9HH(6+s10)9P{10)yXX (4}
LYY(424C(494)9H{6410)40(6,6)4+F(6410),
2TYPEL 4TYPE2 s TEST1sTEST2, IX(28844)sLM(4)sNRyLIMIT,[START

COMMON /BANARG/ A{36,18) yFM(36)+4B(36),MBANDy NUMBLK

COMMUN/ATJFM/AA( 40y 185 18)yFFM(40,18)

COMMON/ SETNUM/ ZERO9HALF s ONEsTWO s THREEe FOUR ¢S IXsPI

COMMON /AZZA/ AZZ118,40)

COMMON/SQUAD/SQ(10410)

KUUNT=0

CALL ELAPSE(I}
PRINT 3224, 1

KOUNT=KOUNT+1

CALL MANE

CALL ELAPSEC(I)
PRINT 3224, I

9959 STGP
3224 FURMAT (I19)
ENC

SUBROUTINE MANE

(THIS SUBROUTINE IS LISTED IN APPENDIX 8)

RETURN
ENC

LaT



SUBRUUTINE MASTIF

{THIS SUBROUTINE 1S LISTED IN APPENDIX B}

RETURN
END

SUBRCUTINE STIF88 (N)

(THIS SUBROUTINE 1S LISTED IN APPENDIX B)

RETURN
END
c
C
CHxaxx THE FULLOWING PROGRAM FOLLOWS THE ABOVE PROGRAM TO READ,
[ MASS MATRIX, AND STUFFNESS MATRIX AND IT FORMULATES M} K/
C FATRIX.
C
c

// EXEC PGM=GOGO

//D1 DD DSN=0SU.ACT10188,MASSINVK,

// UNIT=2314,VOL=SER=DISK06,01 SP=(0LD+DELETE)
// EXEC FCRTGCLGyREGIUON.GG=379K

//FORT.SYSIN DD *

C
C
C SUBROUTINE HMASINA
IMPLICIT REAL*B{A-H,0-Z)
COMMON/ SETNUM/ ZEROy HALFsONE TWU THREE,FOUR 4 SIXyPI
DIMENSION 112(120),113(120) 4AALLl4,14}
DIMENSIUN A{190,190}, DFMUX(190),s OFFDUY(190Q)
c

READ 105 LIMIT NUMNP

NBIG= 2*NUMNP

MBARD=2%L IMIT

PRINT 20,LIMITyMBAND yNUMNP ¢NBIUG

CUMPUTE VALUE OF NU. OF oLUCKS *NBLK?

oo

NBLK=NUMNP/ LIMIT
I=MOD{NUMNP ,LIMIT)
IF{1.6T+0) NBLK=NBLK+1
PRINT 3224, NBLK

INITIALIZE MASS & STIFFNESS MATkIX (OFMUX & A}

copo

DO 691 I=1,NBIG

OFMUX (1)=2ERO

OFFOUY{1)=Z2ERD

00 691 Il=14NBIG
691 A(I,IL)=ZERQ

REALC BLOCKS OF MASS MATRIX & STIFFNESS MATRIX

o000

REWIND 2
REWIND 3
REWIND 4
D0 €93 ll=1, NBLK
KSHIFT=MBAND*(I1-1)
JI=KSHIFT+]
J2=KSHIFT+MBAND
IF(J2.GT.NBIG) GOTQ 600
READ{3}(DFMUX(I2}+12=J1,4J2)
GUTO 610
600 REAC(3){(OFFDUY(12},12=1,MBAND)
14=NBIG-J1l¢1l
DO 620 12=1,14
62C DFMUX{JLl+12-1)=0FFDUY {I2)
610 READ{Z2) N
FRINT 3224,N
READ(4@) (I12(14)s113 (14} AA(112(14),113(14})s14=1,N)
D0 693 l4=14N
12=112(14)+KSHIFT
A{l2+12-1+113(14)) =pA(112(14),113(14))
693 CONTINUE

PRINT 3224,NBIG
PRINT 2070y (DFMUX(1)4¢l=1,NBIG)

00 3C I=1,NBIG
MBIG=0
DG 32 J=1+NBIG
[F(DABS(A(I,J)} .GT. 1.0) GOTO 161
GOT0 32
L6l MBIG=MBIG+]
OFFDUY(MBIG)I=A(I »J}
112(MBIG)=J
32 CUONTINUE
PRINT 3224, MBIG
PRINT 3222 »(1,112(J),0FFDUY{Jd) ¢J=14MBIG)
30 CONTINUE

oo

CG 695 [1=1+NBIG
D0 694 12=[1,NBIG

8¢1



094 ALI124113=AL1L1,12)
DG 695 12=1NBIG
695 A(12,11)=A1{12, 114/ DFMUX(12)

D0330 I=1.NBIG
¥BIG=G
D0332 J=1,NBIG
IF{0ABS(A{14J)) «GT. 1.0) GOTO 162
A(l+J)=2EROD
GOTO 332
162 MBIG=MBIG+]1
OFFCUY(MBIG)=A(I,J)
112(MBIGI=J
332 CONTINUE
PRINT 3224, MBIG
PRINT 3222 +(14112(J)0FFDUY(J) J=l,MBIG)
330 CONTINUE

REWIND 11
DQ 697 I=1,NBIG
WRITE(LLI (AL +J) +J=1 4NBIG)
697 CONTINUE
STCF
[ RETURN
C

10 FORMAT(215) -
20 FORMAT (10X o*LIMIT=¢,[3,5X,'MBAND=",13,/,
110Xy *NUMNP=%,14,"NBIG=* ¢14+////)
2070 FORMAT (10013.5)
3222 FORMAT (6{1Xe® (" 413474 y13,*)%4011.3))
3224 FORMAT (110)
ENC

BLOCK DATA
IMPLICIT REAL*8 (A~HyD-1)

COMMON/SETNUM/ZERO yHALF yONE ¢ TW0 THREE yFOUR ¢SIX o PI,SMALL

DATA ZERO, HALF,ONEs» TWU, THREEs FOUR /0,0D00+0.5000,1.0000,2.0000,
13.C000+4.0000/ySIX/6.0000/ +P1 /3.141592653589793/ySMALL/ .1D-5/

ENC

//G3.SYSIN DD *

7 95
//GC.FTOZEOQL OD WUNIT=2314+VUL=SER=DISKO6,
/7 UISP={ULD,KEEP) ySPACE=(TRK 1)+
// CCB=(LRECL=8,BLKSIZE=1092,RECFM=VBS),
1/ DSA=0SU.ACT10188 .NONZERON
//GO.FTO3F001 0D UNIT=2314,VOL=SER=DISKQ6,
// CISP={(CLOKEEP),SPACE=(TRK, 1)y
// UVCB=(LRECL=112yBLKSIZE=1684RECFM=VBS ),
1/ DSN=0SU.ACTLO01388,MASSMATX

//60.FTQ4FC0l DD WUNIT=2314,VOL=SER=DISKO6,
// CLlSP={0LD+KEEP),SPACE=({TRK,5),
// CCB={LRECL=1800,BLKSIZE=2298,RECFM=VBS]),

//

DSN=0SU.ACT10188,TUTLSTIF

//GC.FTL1FOOL DD UNIT=2314,V0OL=SER=DISKQ6,
// DISP=(NEWIKEEP) ySPACE={ TRK$55) ¢
// CCB=(LRECL=1680,BLKSIZE=2298,RECFM=VBS),

7/
7/

C

CSN=CSU.ACT10188,MASSINVK

C
C*ex*x THE FOLLOWING PROGRAM FOLLOWS THE ABOVE PROGRAM. IT READS

C
[
c
c

M MATRIX AND FINDS ALL EIGENVALUES AND EIGENVECTORS
OF [M)'Kl MATRIX.

// EXEC PGM=G0OGO

//01 DD DSN=0SU.ACTLOL88 .EIGVALUE,

7/

UNIT=2314,VOL=SER=015K06,01 SP={0LD +DELETE)

//D2 DG DSN=0SUJACTLI0188.EIGVECTR,

/7

UNIT=2314,VOL=SER=DISKO6+01SP=(0LD¢DELETE)

// EXEC FORTHCLGYREGION.GO=379K
//FCRTLSYSIN DD *
CeeseeMAIN PROGRAM

C
C

. C

[

IMPLICIT REAL *8(A~H,0-1}

00}0444000040{40000f#+00+44444404444494404404940444044044044044004440
C=-CN FILE l-—-*INDIC’
C-=CN FILE 2-—-tH' THEN 'A?
C-=0ON FILE 3---tLOCAL®
C~—CN FILELl4——-"VECR!

C~—CN FILE 8-—--'"PRFACT*
C-—CN FILE 9 & 13---*EWR
C~—Ch FILE 12--'SUBDIA"
C-~0ON FILE 13 & 9--='EVR*

FHEFH PP PR R AP PP AR PR R H R H P R H L P E R R H PR H PR LS

COMMON/BLOCKL /AWORK (190} +BWORK(190}+A(190,190)
COMMON/BLOCK 2/ [WORK( 190} oNs I VEC oM
COMMCN/ BLOCK3/ ENORMy EPS 9 EX, T
COMMUN/AFILE /101 ¢102+103+1D441D8,109
COMMON/SETNUM/ZERQ ¢ HALF ¢ ONE » TWO s THREE »FOUR 5 SIXoPIySMALL
DEFINE FILE 1(190+1+sU9IDL),2(190, 380,U,102)93{19041sUs103)
1140190, 380,Uy104)98(190+2+U+108)+31190424UsID9)
CINENSION C(190)

KKKK=11
CALL ELAPSE (I1)
PRINT 3989, KKKK,il

T=53.0
1T=T
PRINT 3

+
.
+
.
+
+
.
+
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READ 10sLIMIT,NUMNP
-10 FORMAT(215)
N = 2®NUMNP
MBAND=2%LIMIT :
PRINT 15,L IMITyMBANDy NUMNP N

c - -
C**3%xCOMPUTE VALUE OF NO. OF 8LOCKS *NBLKS'
c .
NBLK=NUMNP/ LIMIT
[=MODINUMNP o LIMIT)
IF{1.GT.0) NBLK=NBLK+¢1
PRINT 32244 NBLK
c
REWIND 11
CC 30 I=1,N .
READ (11} (A(IL4J)sd=14N)
30 CONTINUE
[ PRINT 2070 s((A(Lsd)ed=14N )yI=14N }
C
C+*$xxBOUNDARY CONDIT IONS 3-
c INITIALIZE NODAL DISPLACEMENTS OFMUX & OFFDUY BY GIVING THEM
c ANY ARBITRARY 'VALUE GREATER THAN ONE ( SAY *SIX% )
[ : :

D0 689 [=1,NUMNP
AWORK ([ 1=SIX

689 BWCRK (I)=SIX
READ 322444X
[F(JX.EQ.0) GATO 9

[«
C Cx*kxdk ¢l wJRK' = *NODE NUMBERS®

c .
READ12s (IWORK (1), I=1,JX)
PRINT2yJXs { INURKEL) 1= 94X )
C .
CexxxxSET X~-DISP VALUES EQUAL TO ZERO FOR THE NODES WHICH HAVE
C. *=0ISP = ZERO . . -
c TAWORK® = ¢X-DlIspP?
C.
DO 5 I=1l.dX

5 AWORK ( INORK{ I} )=ZERD

S CONTINUE
REAT 3224+4Y
IF(JY.EQ.0) GOTO 8

c
C+xax4 ¢ [WORK Y = *NODE NUMBERS!®
¢ :

READ12 s (1WORK(I} o I=1yJY)
) PRINT2,JYs ( INORK(1}o1=1,JdY)
C . .
CH*x#x SET Y-DISP VALUES EQUAL TO ZERQ FOR THE NODES WHICH HAVE
c Y-0ISP = 2ERG .

[+ *BWCRK® = *Y~DISP*
C .
‘DU 4 I=1y4Y
4 BWGRK (IWORK(I))=ZERO
&€ CONTINUE
C

Cex*¥xMOCIFY THE MATRIX A FUR THE KNOWN ZERO DISPLACEMENTS.

a0

[aX gl ol

cCoa0

o

320

500

420

410

520

FUR EXAMPLE, IF KTH.,-DISP, = ZEROy SET A(K.K)=ONE & REMAINING

EMENTS OF KTH. COLUMN & KTH. ROW = ZERO.

€O 410 M=1,NUMNP

K=2%M—~] .

IF{ARORK({M) .GT.ONE) GOTO 320
ASSIGN 320 TO MTURN

GOTC500

K=K+1

IF(BWORK (M) .GT.ONE)GOTO 410
ASSIGN 410 TO MTURN

CONT INUE

CO 420 I=1,N

ALl +K)=2ERD

AlKy 1}=Z2ERO

A(Ky¢K)=0NE

GOTO MTURN,s (320,410}
COANTINVE

REWIND 4

CO 510 I=1sN

WRITE (4) (A(IsJd)yJd=1yN)
CONTINUE )

KKKK=22 .

CALL ELAPSE (I1)
PRINT 3989, KKKK¢I1l
CALL EIGENP

KKKK=33

CALL ELAPSE (11}
PRINT 3989, KKKK¢Il

REWIND 4

CC 520 I=l,N

READ (4) (A(l+Jd)ed=1N)

CONT INUE

T=TT

PRINT 2074, T

REWIND 13

READ (13)({BWGRK(I1},I1=1,N)
PRINT 2080, ( I1,BNORK(IL}yIl=14N)
ID1=1

- 1D4=1"

PRINT 66

- B0 20 J4=14N

AR s R el A R R R Rl e e Al i R A R T RS ARSI SL S ES A R R R X

(A S R AR R R R R Rl R e A R R R R R S R S R S R R R R R R T Y

READ(1*ID1) IWORK(JY
READ(14'1D4) (AWORK{I1)sI11=14N )
PRINT 208l ,J¢( 11 ANORK(I1}yI1=1,N)

Lwxxxx THE FOLLOWING PRbGRAH IS ONLY TO CHECK IF ALL EIGENVALUES,

AND EIGENVECTORS FOUND ARE CORRECT.

IF(4 .LT. 151) GO TO 20

D0 7C IN=1.N
C{IN}=C.D0O0

0e1



00 12 [M=1,4N

CLUINI=CUIN)}+ALIN,IM} * AWORK{IM)
72 CONTINUE

CUINY}=CL{IN) /BWORK(J)
70 CONT INUVE

PRINT 2081,Js(I1, ClIL) o Il=14N)

PRINT 66
2C CONTINUE

PRINT 66

PRINT 66

PRINT 2082+(Il¢+IWORK{IL)¢11l=1,4N)

KKKK=44
CALL ELAPSE (I1)
PRINT 3989, KKKKyll

9955 STCP
2 FORMAT(I104/,1615)
3 FORMAT (*1)
12 FORMAT (1615}
15 FORMAT (10X, *'L{MIT=?%, [3,5Xy '"MBAND=Y413,/,
L10X ¢* NUMNP=Y y149"N = ' ,144///7)
66 FORMAT (//7)
2070 FORMAT (1X,10D13.5)
2072 FORMAT (/+5X92016)
2074 FORMAT (5X,*T=*,D1l4.7)
2080 FORMAT (5X¢® EIGENVALUES. %4// 5 (3XsTU1Xe 14y *-1,D12.5)))
2081 FORMAT (2Xs* EIGENVECTOR=® o1& o/ +(3X47T(1Xy14y*~*yD12.5))])
2082 FORMAT (5Xs " INDICATOR®y/,5X,%2-EIGENVALUE & EIGENVECTORS BOTH FOUN
1D% 4/ 45X s* 1-ONLY EIGENVALUE FOUNQ®,/ 45X, *0-NONE FOUND?!,//,
2{2X016{14s1Xe*~"412)))
3220 FCRMAT (1X,3D26.1641X)
3223 FORMAT {2(2Kel3 41 X91341XsD23.16,7X)}
3224 FORMAT (I110)
3989 FORMAT ( 5Xyl4s*-'4110)
END

BLOCK DATA
IMPLICIY REAL*8(A~H,0~1)

COMMON/ SETNUM/ZEROyHALF yONE » TWOs THREE yFOUR 4SIX 9Pl #SMALL

CATA ZERQHALF,ONE,TWO, THREE¢FOUR /70.0000,0.5000,1.0000,2.0D00,
13.0000+4.0000/5SIX/6.0000/ +PI /3.,141592653589793/,SMALL/ .10~6/
ENC

SUBROUTINE EIGENP
IMPLICIT REAL *8{A-H,0-2)

COMMGN/ BLOCKL/ AWORK{190 ), BWORK (1901, A(190,190)
COMMON/BLOCK2 /L WORK(190) +NyIVEC M

COMMUN/BLOCK3/ENORMEPS4EX,T

COMMON/ SETNUM/ZEROyHALF yONE o TWO ¢ THREE yFOUR 5 SIX4sP I 4 SMALL
COMMON/ AFILE/ 101 4102 1D3 ¢ ID%s 108, 109

OEFINE FILE 1(190414U,101),2(190+ 380+Uy 102),3(190414U,1D313,
114(190,3804U, I1D4),8(190+424UskDB)+9(190,2,U,ID9

KKKK=3 111

CALL ELAPSE (I1)

PRINT 3989, KKKK Il

1 CALL SCALE .

CALL ELAPSE (Il)

PRINT 3989, KKKK ,I1
c
Cevese?Ht OGN FILE 2
Ceeess VARORK® = PRFACT* QN FILE 8
Coeeveosecnracsntasecnsacesevansossosaoscsovansassossosnsssossasssassoannss
C THE COMPUTATION OF THE EIGENVALUES OF THE NORMALISED
C MATRIX. ;
c

EX = DEXP{=T*DLOG(2.00))

KKKK= 222 .

CALL ELAPSE (I1)

PRINT 3989, KKKK 411

CALL HESQR .

CALL BLAPSE (11)

PRINT 3989, KKKK ,I1
c
Cosees VBWURK'=9H* ON FILE 2
Caeseet AWCRK! =* SUBDIA® ON FILE 12
Ceeees "AWORK*='EVRY ON FILE 9 & 13
Ceasoe INORK®= 'INDIC' ON FILE 1
c

REWIND 13

REWIND 12

READ{12) (AWORK{IL) ,IL=LsN)
2072 FORMAT (/,5X,2016)
2070 FORMAT (6020.7)

THE POSSIBLE DECOMPOSITION OF THE UPPER-HESSENBERG MATRIX
INTO THE SUBMATRICES OF LOWER ORDER IS INDICAYED IN THE
ARRAY LCCAL. THE DECOMPOSITION OCCURS WHEN SCME
SUBDIAGONAL ELEMENTS ARE IN MODULUS LESS THAN A SMALL
PCSITIVE NUMBER EPS DEFINED IN THE SUBROUTINE HESQR o THE
AMOUNT GF WORK IN THE EIGENVECTOR PROBLEM MAY BE
OIMINIShED IN THIS WAY.

eosse YANORK® ="SUBDIA® GN FILE 12

QOO0 OO0OO0O0O

Jd= N
I =1 ‘
Ceeees 'LOCAL*='IWORK! ON FILE 3
IWCRK(1)=1
IF{J.EQ.11GC TO &
Ceesse 'SUBDIAP=SAWORK' ON FILE 12
2 IF(GABS (AWORK{J=1)1.GT.EPS) GOTO 3

I = [+]
IWORK(1)=0
3 J=4Jd-l

IWORKUI) =] WORK(}+]
IF{J.NE.1)GO TO 2

IeT



c
C ThE EIGENVECTOR PROBLEM.
4 K =1
L=l nORKI1)
Coeeoe "IMORK*="LOCAL' UN FILE 3
103=1
00. 645 11=1,N
. WRITE(3*ID3) IWORK(ILl}
945 CONTINUE
M =N
LOCALK= IWORK{K)
KKKK= 333
CALL ELAPSE (I1}
PRINT 3989, KKKK ,11
00 10 I=L.N ~
IVEC = N-I+1
PRINT 2010, L+ IVEC
2010 FORMAT (5X,'L=*,15,5X." IVEC=*, [5}
ID1=IVEC
READI{1*ID1) INDIVC
2071 FORMAT (5X+* INDICELIVEC)=",15)
IF(I.LE.L)GD TO 5
K = K+l
¥ = N-L
ID3=K
READ{3¢ID3} LOCALK
L=L+LOCALK
5 CONTINUE
IFCINDIVC +EQ. 0) GG TO 10
207E FORMAT (5Xs* IVEC=? 415 ,"EVI=",020.7)
c

Cavees NOTES-

+¢CCMPVE®* SUBROUTINE IS CALLED ONLY WHEN 'EVI® .NE. "ZERO*. IF
Coseee?EVIt IS *ZERO'ySUSBRUUTINE *COMPVE* [S SKIPPEU.

[«

C TRANSFER OF AN UPPER-HESSENBERG MATRIX OF THE ORDER M FROM

C THE AKRAYS *H®= *VECI® AND SUBDIA INTO THE ARRAY A .

C

REWIND 12
REAC(12) (AWORK(Il) »Il=1¢N)
102=1
00 7 Kl=1,M
READ{2* 1D2) (BWORK(I1l}s I1l=1sN)
DO 6 Ll= 1K1

6 A(L1y,K1)= BWORKI(L1}
IF(K1.EQ.1)GOTO 7
A(K]L yK1-1) =AKWORK(K1~-1)

T CONT INUE

2090 FORMAT (5Xs*K=%y 15, *LOUCALK=",15)

R R R R R N R A R N R N YRR )

THE CGMPUTATION OF THE REAL EIGENVECTOR IVEC OF THE UPPER-
HESSENBERG MATRIX CORRESPGNDING TG THE KEAL EIGENVALUE
EVRCIVEC).

OO0 0

CALL REALVE
C
Coseee?VECR*=*AWORK?' ON FILE 14
10 CONTINUE

CALL ELAPSE (11}
PRINT 3989, KKKK ,I1
c
C THE RECCNSTRUCTION OF THE MATRIX USED IN THE REDUCTION QF
C MATRIX A TQ AN UPPER-HESSENBERG FORM 8Y HOUSEHOLDER METHOD
c
00 12 I=1,N
EQ 11 J=14N
Al{l,J} = 0.00
11 AlJsI) = 0.00
12 ACl:1) = 1.00
IFIN.LE.2} GOTGC 15
M=N-2
LO 14 K=1:M
1D2=K
READ (2'102) U(AWORK(I2) s12=14N}
L=K+1
CC 14 J=2.N
D1=0.000
00 13 I=L,N
D2=AWORK(I1}
13 D1 =D1+402*%A(J,1)
CC 14 I=L«N
AlJel} =ALJ 1} ~ANWORK([)*D1
14 CONTINUE
[
C THE COMPUTATION OF THE EILGENVECTORS OF THE ORIGINAL NUN-
C SCALED MATRIX. -
15 COATINUE
D0 24 I=1,N
Coeooe *ANORK?*=IVECR?*
IDée=1
READ( 1404} {AWORKILL) ;I1=1,NI
Coeoos "BHORK'='WORK*yNOTE THIS *WORK® HAS NO RELATION WITH
Ceeaes *nORK* OF SUBROUTINE® REALVE?
CO 18 J=14N
108=J
READ(8'1D8) PRFACJ
0l = 0.00
DO 17 K=1,.N
03 = AlJ,K}
Cl=01+D3%AW0RK (K}

11 CONTINUE
BWORK{J)=D1/PRFACY
18 CONTINVE

[
C THE NORMALIZATION OF THE EIGENVECTURS AND THE COMPUTATION
¢ OF ThE EIGENVALUES OF THE ORIGINAL NON-NORMALISED MATRIX.
0l = 0.D0
DO 19 M=1,4N
wW1=BWGRK (M)
15 G = Dl+wWlxwl
Ol = OSQRT(DL)
104=1
FIND {14*104)
CO 20 M=1,N
ARCRK({M)=BWCRK(M)/ DL
IF(DABS(AWORK(M) ) LT. 1.0D0-08) AWORK(M)=0.0D0O

2¢et



20 CONTINUE IF(ROW «LT. SMALL) GOTO 5
WRITE{ L4 'ID4){AWORK{IL) 11=1,N) c IF(COLUMN.EQ.0.D01GO TG 5
109=1 C IF(ROW.EQ.0.00)G0 TO 5

READ(9*1D9) EVRI

d = COLUMN/ROW

ID9=1 IF(Q.LT.BOUNRLIGO TO 6
FIND(9*IDY ) IF{Q.GT.BOUND2)GD TO 6
EVRI=EVRI*ENORM 5 NCOUNT = NCOUNT + 1
WRITE(9'ID9 JEVRI GO TO 8

24 CONTINUE 6 FACTOR = DSQRT(Q}

25 CONTINUE SCLRQD = .TRUE.
109=1 DO 7 J=1,N

40

CO 40 Il=1,4N

READ (S*ID9IARORKIIL)

CONT INUE

REWIND 13

WRITE (13) (AWORK(IL) sI1=1,4N)
RETURN

IFI1.EQ.JIGD TO 7
AlL od} = ALL+J)*FACTOR
Aldel) = ALJHI)/FACTOR
7 CONTINVE
Ceseee YARORK® =* PRFACT®
ANORK (1 )=AWORK{I)*FAC TOR

81 FORMAT (5X, D13.6) "8  CGNTLNUE
2081 FORMAT (2X,"E1GENVECTOR-" 3149/ o{3XoTU1Xsl4¢*~%,D12.5))) ITER = [TER+1
3989 FORMAT ( 5X, l4,%=%, 110 ) IF(SCLRQD) PRINT 91
END IF(ITERSGT .30)60 TO 11
IF (NCOUNT.LT.N)GO TO 3
c
ENCRM = 0.00
00 S I=1,N
g GO 9 J=1sN
SUBRGUT INE SCALE - C=AlL4d)
IMPLICIT REAL *B(A—H,C-2) : S FNORM = FNORM&Q*y
¢ . - FNORM = DSQRT (FNORM)
LOGICAL *1 SCLRQD , : U0 10 I=1,N
SCLRQO = <FALSE. D0 10 J=1,N
COMMON/BLOCK 1 /AWORK{ 1 90) ¢BWNORKIL90) 4A{190,190) 10 AU, d)=A( 1540/ FNORM
CONNGN BLOCK 2/ IWORK (190 ) o Ne IVEC o M ENGRM = FNORK
COMMGN/BLOCK3 /ENORM, EPS 4 EX o T C PRINT 92 .
COMMON/AFILE/IDL,1D24103,1D4,IDB+1D9 6o TC 13
COMMGN/ SETNUMZ ZERG » HALF» ONE, T THREE s FOUR ¢ SIXsP 14 SHALL c
DEFINE FILE 1(190,isU¢IDL) 42(190 380,Us1D2)¢3(190,1,U, ID3), 11 CONTINUGE
11401904380, Us ID4)s8(190,2+Us108) y9(190,2,U,109) 102=1
c G0 12 J=L.N
Coeoes YAWCRK?=* PRFACT' ON FILE 8 AWORK{ 4) =ONE
CeeveetHIZ®AY ON FILE 2 REAG(24102) (A(I,4),1=14N)
102=1 12 CONTINUE
DO 1 J=L,.N PRINT 90
WRITE(2UID2MALT,)41=1,N) ENCRM=ONE
1 AWCRK{J}=ONE ) ¢
BOUNDL = 0. 7500 : . 13 CONTINUE
BOUND2 = 1.33D0 - CeeveeHY CN FILE 2
ITER = 0 : . Ceesse "ARORK® =t PREACT® ON FILE 8
3 NCOUNT = 0 v 1DB=1
£ 8 I=1,N GG 195 Ll=l,N
CCLUMN = 0.00 ) . WRITE (8'ID8)AWORK(IL)
RON = 0.00 195 CONTINUE
LC 4 J=LlyN . RETURN
IFI1.EQ.41GO TG 4 . 90 FORMAT (5X,"*%*%SCALING FAILED #x#¢)

COLUMN = COLUMN + DABS(A(JsI)) S1 FORMAT (5Xy **%%SCALING WAS REQUIRED*®x*!)
ROW = ROW + DABS(A(I,J4)) 92 FORMAT (5X, % ***xMATRIX HAS BEEN SCALED**x!)
4 CONTINUE END
CeveesNOTE *COLUMN® & 'ROW® ALWAYS PUSITIVE NUMBERS.
IF(COLUMN .LT. SMALLJGOTO 5

€el



SUBROUTINE HESQR
IMPLICIT REAL *8(A-H,0~2)

LOGICAL *1 ISHIFT

ISHIFT=.FALSE.

SMAL2=1.0D-20

COMMON/BLOCKL /AWORK{190) 4BWORK(190) ¢A(190,4190)
COMMON/BLOCK2/ INORK (190} 3Ny IVEC oM
COMMON/BLUCK3/ENCRMyEPS ¢ EXoT
COMMON/AFILE/IDL1,1D2,1D3,1D4,108,109

COMMGN/ SETNUM/ ZERO » HALF9 ONEs TWO» THREE9FOUR » SIXyPI o SMALL
DEFINE FILE 1(19051+Uel01}+2(190y 380,Ue1D2},3(190.1,U,1D3),
114(190,380,Uy104)+8(190525Us108)+9(190¢2,U,1D9} '

b= k-2
AWORK(N}=0.D0
AWGRK (N~1)}=Z2ERQ
DO 12 K=l.M
1D2=K
REAQ(27102) (BWORK{ 11}y I1=1,N}
102=K
FIND(2*ID2 )
Ceosoe®BRORK*="'H' ON FILE 2
L = K¢l
S = 0.00
DC 3 I=L,N
BRORK(I}=ALI,K}
3 S = S+DABS(A(I,K)}
[ IF(S.NE.DABS(A{K+1,K})}GO TO 4
CeesesNOTE *S* [S ALRAYS A POSITIVE NUMBER
SOABS>A=S~DABS (AlK+]1yK)}
IF{DABS(SDABSA) .GT. SMAL2) GOTU 4
PRINT 921, KySsA(K+1,K}

921 FORMAT (1Xy *KeSsA(K+19K)}?y [5,2D25.16})
Cevsoe "ARUORK! =t SUBDIA® ON FILE 12
AWORK (K}=A(K*+1.,K}

SUBDIA(K} = A(K+1,4K)

H{K#+14K} = 0.00
BWORK(K+1}=Z2ERO
c GC TO 12

GOTUG 112
4 SR2 = 0.D0
DG 5 I=LeN
SR = A(l4K}
SR = SR/S
A(l K} = SR
5 SR2 = SR2+SR*SR
SR = DSQRT(SR2)
IF(A{LyK)}.LT.0.00)G0 TQ 6
SR = -SR
6 SR2 = SR2-SR*A(L,sK)
A(LsK} = A(LyK)=5R
BWORK(L }=BWORK (L }-SR*S
AWCRK(K}=SR¥S
C SUBDIA(K) = SR*S
c H{LsK} = H(LyK}-SR*S

C
c

X = S*DSQRT{SR2)

CC 7 I=LsN
BWORK{I)=BWORKILI}/X
AWQRK{ [)=AL 1sK1)/SR2

7 COANTINUE
c H{LsK) = HUI 4K} /X
[« 7 SUBDIALIL) = A(I,K}/SR2
C PREMULTIPLICATION 8Y THE MATRIX PR,
CO 9 J=LN
SR = 0.00
00 8 I=L,N
8 SR = SR+A(I4K}*A(],J)
GO0 9 I=LsN
C S All4d) = A(14J)-SUBDIA(I}*SR

9 AllyJ)}=AU1,4J)=AWORK(I) %=SR
C PCSTMULTIPLICATION BY THE MATRIX PR,
DO 11 J=1sN

SR=0.00
D0 10 I=L,N
1c SR = SR+A(J,1}*A(1 4K}
DO 11 I=LeN
¢ 11 AlJrI) = A(J,1)-SUBDIA(I}*SR

11 A(Jdy 1)=A0J+ I }-ANORK( ] }*SR
112 COMNTINUE
WRITE(2?°ID2 )} (BWURK{IL)¢Il=14N}
12 CONT INUE
0O 13 K=l,M
12 A(K+1,K}=AWORK(K}
¢ 13 A(K+lsK} = SUBDIA(K]}
C TRANSFER OF THE UPPER HALF OF THE MATRIX A INTO THE
C ARRAY H AND THE CALCULATION OF THE SMALL POSITIVE NUMBER
C EFS.
C SUBDIA(N-1} = Al(NsN-1}
AWORK{N~1}=AINyN-11}
l4 EPS = 0.00
Cecoee *IuORK*=*INDIC*
D3 15 K=1sN
102=K
I HORK(K}=0
IF{K sNESNJIEPS=EP S+AWORK (K} *ANORK(K])
READ(2*ID2) (BWORK(Il}yIl=1,4N}
ID2=K
FINCL2'ID2 )}
CC 155 I=1,K
BWORK(L)=A(I 4K}
W2=A(1+K)
EPS=EPS+W2*H2
155 CONTINUE
WRITE(2*ID2 ) (BWORK(I1l¥}sIl=1,N}
15 COUNTINUE
EPS=E X*DSQRT(EPS)
Coeaces "AWCRK'=*SUBDIA* ON FILE 12
REWIND 12
WRITE(L2M(AWORK(IL)}.11=1,N)}

c
C THE QR I[TERATIVE PROCESS. THE UPPER-HESSENBERG MATRIX H IS
C RECUCEC TU THE UPPER-MODIFIED TRIANGULAR FORM.

c
C DETERMINATION OF THE SHIFT GF ORIGIN FOR THE FIRST STEP JF

PeI



C TRE QR ITERATIVE PROCESS.

SHIFT = A{N,N-1)

IF{N.LEL2ISHIFT = 0,00

IF (DABS(AINyN)).GT. SMAL2)} SHLFT=ZERO
IF{DABS{A{N=1+sN)).GT.SMAL2) SHIFT=ZERD
IF (DABS{A{(N-1yN=1)) .GT. SMAL2)} SHIFT=ZEROQ
IFCAININ) . NEJOLDOISHIFT = 0.00
IF(A{N- 14N} .NE.ODO}ISHIFT = 0.D0
IF{A(N-1sN~1).NE.O.DOISHIFT = 0.00

M = N

NS= O

MAXST = Nx10

ocoO0o

¢
C TESTING IF THE UPPER HALF OF THE MATRIX IS EQUAL TO ZERC.
C IF IT IS EQUAL TO ZERD THE QR PROCESS IS NUT NECESSARY.
DO 16 [=24N
DO 16 K=I,N
¢ IF(ACI-1,K) .NE.0.DO GG TO i8
IF (DABS{AII-1,K)).GT. SMAL2) GOTQ 18
ACI-1,K) = 0,0000
16 CONT INUE
oo menosasasnronontosnonsosesassosasnenssoasaennssnsssssssonssassessonsos
Ceesss "EVR'=*ANORK® ON FILE 9 & 13
DG 17 I=1,N
IWORK({I D=1
AWORK( 1)=ACI, 1)
17 CONTINUE
G0TO 37 .

C
C START THE MAIN LOOP OF THE QR PROCESS.
1E K=M-1
Mi=K
I =K
DO 85 Il=l.N
00 85 I2=1lsN
IF(DABS(A{IL,I2)) LT, 1.0D-20} A(ILl,I12)=0.0D00
85 CONTINUE
C FIND ANY DECOMPOSITIONS OF THE MATRIX.
C JULMP TO 34 IF THE LAST SUBMATRIX OF THE DECOMPQSITION IS
C Of THE ORDER ONE.
C JUMP TG 35 IF THE LAST SUBMATRIX OF THE OECOMPOSITION IS
C OF THE ORDER TWO.
IF(K )37, 34,19
19 IF(CABS(A(MyK))}oLELEPSIGO TO 34
IF(M-2,EQ.0}G0 TO 35
20 I =11
IF(DABS(A(KsI)) . LE.EPS}GO TO 21
K =1
IF(K.GT.1)G0O TO 20
21 IF{K.EQ.MLIGC TC 35
LF{ISHIFT)IPRINT 999,R
999 FORMAT (5K, ****R=%, D25.16)
C TRANSFURMATION OF THE MATRIX OF THE URDER GREATER THAN Twd
S = A(MyM)I+A(ML4ML)+SHIFT
SR = A(MyM)*A(MLsML)I-A(M,ML)*A(ML,M) + 0.25D0*SHIFT*SHIFT
A(K+24K) = 0.D0
C CALCULATE XlsYlsZ1lsFOR THE SUBMATRIX OBTAINED BY THE
( DECCMPGSITION,
X = A(KeKI®(A(KsKI=SI+ALKsK+L}*A(K+] 4K)+5R

Y = A{KeL 2 KI*X{A(K K)+A(K#] 4K+1)=S)
R = DABS{X}+DABSLY)
IF{R.GT.SMAL2) GOTU 215
IF(ISHIFT) GO TO 215
SHIFT=A{M,M-1)
ISHIFT=,TRUE.
GO 10 21
215 CONTINUE

ISHIFT=,FALSE.

C IF(REQe0sD0)SHIFT = A{M,M~1)

C IF{R.EQ.0.D01G0 TO 21
I = A(K$2,K+1)*A[K+]4K)
SHIFT = 0.00
AS =NS+l

C THE LOOP FOR ONE STEP OF THE WR PROCESS.
00 33 [=KeMl
IF(I.EQ.K}IGO TO 22
C CALCULATE XKyYRoZR«

X = ALl I-1})
Y = All+1,1-1}
Z = 0.00

IF(I+2.6T.M)IGO T O 22
Z = A(I+2,1-1}
22 SR2 = DABS{X)+DABS{Y)+DABS{(2)
IF{SR2.LT.SMAL2) SR2= 0.0000
IF(SR2.LT. SMAL 2} GOTO 23

c IF(SR2.EQ.0.001G0 TO 23
X = X/SR2
Y = Y/SR2
Z = l1/5R2

23 S = DSQRT{X*X + Y*Y +2x2)
IF(X.LT.0.00)GO TO 24
§ = -5

24 IF(1.EQ.K)GU TG 25
AlIyI-1) = S*SR2

25 IF(DABS(SR2).GT.SMAL2) GOTQ 26

c 25 IF (SR2.NE.0.D0}GO TO 26

IF{1+3.6GT.M)GO TO 33

GC TO 32
26 SR = 1.D0-x/S
§ = X-§
X = ¥/§
Y = 2/$

C PREMULTIPLICATION BY THE MATRIX PR,
DL 28 J=l4M

S = AllsJ)tA(L+],3)%X
IF(I+2.6T.M)GO TO 27
S = S+A(I+243)xY

27 § = S*SR
AlL.3) = AlL,0)-S
A{I+1,d) = A(Ll+]J}=S%X
IF(I+2.6GT.M)GD TO 28
A(L+24d) = A(L#2,4)}-5S%Y

28 CONTINUE
C PCSTMULTIPLICATION BY THE MATRIX PR.
L =1+2 ’
IF(1.LT.M1}GO TO 29
L=M

GET



29 DG 31 J=K.L
S = Alde [I+ALS, [#12%X
IF(I+2.6T.MIGO TC 30
S =S + AlJyI+2)*Y
30 S = S*SR
AlJel) = ALI,I)-S
Aldel1+1)=A1J,y [+]1)-5S%X
IF(I+2.6T.M)GO TO 31
AldsI+2)=A0J,1+2)-5%Y
31 CONT INUE
IF(I+3.6T.M)GO TG 33
S = ~A(I+3,142)%Y4SR
32 AlI+3,1) = S
A(I+3,1+1) = S*X
A(I43,1+42) = S*Y + A(L1+3,1+2)
33 CONTINUE

IFINS .GT .MAXSTIGO TO 37
GG 70 18

C COMPUTE THE LAST EIGENVALUE.
34 AWORK(M)=A(M,M)
IWORK(M}=1
M = K
60 TG 18
[
C CCMPUTE THE EIGENVALUES UF THE LAST 2X2 MATRIX OBTAINED 8Y
C THE DECCMPOSITICN.
35 R = CeS500*%(A(KyKI+A(M4MI)
S = 0.500%(A(MIM)-A(K,K]))
S = $%S5 + AIKyMI*A(MyK)
IWORK(K)=1
IWCRK(MI=1
[F(SeLTe0e0)GU TU 306
T = DSQRT{S)
AWORK(K}=R-T
AWORK(M)=R+T
M = M-2
GO TC 18
32¢& CONTINUE
PRINT 3010,S
3010 FORMATI(5X,*VALUE OF S IS NEGATIVE=?,D14.6)
T=DSQRT(-S)
AWORK (K ¥3=R
AWCRK(M)=R
¥=¥~2
GUTO 18
[
37 CONTINUE
Ceoesa "BWORK®=*H' ON FILE 2
Ceesse " AWCRK*=*SUBECIA* ON FILE 12
Caecoeoes *AWCRK?="EVR?* ON FILE 9 & 13
Cosnee *INQRK*= *[NDIC* UN FILE 1
i0l=1
106=1
CO 915 Il=1leN
WRITE(L®IDOl} IWORK{IL)
WRITE{9*ID9 )} AWORK{[1)
615 CONTINUE

REWIND 13 ,
WRITE (13){AWORK{Il)y11=1,N)
PRINT 917 ,(11 IWORK(LL}y AWORKAIL)yI1=1sN}
c PRINT 919y (I1lsIWORK(IL) «I1=1yN)

CC 925 {l1=lsN
LFCIWORK(IL) «EQ. 0) CALL EXIT

925 CONTINUE
RETURN

919 FORMAT (1 X" **¥EVR-INDIC**Y o/ 4 (1X 916(1XKyl4s*—?,12)))

917 FUORMAT (1Xy****[],INOLICCIL) yEVREIL)I**%%, /4(1X,5(0X9[7+14+4013.61))

ENC

SUBROUTINE REALVE
IMPLICIT REAL *8(A-H,0~-1)

SMAL 2=1,0D-20

COMMON/BLOCK 1/ AWORK (190) » BWORK(190) 4A{190,190)
COMMON/BLOCK2/ IWORK ({190 ) 9Ny IVECs M
COMMON/BLOCK3/ENORMsEPSIEX, T

COMMON/ AFILE/ ICLs 1024 1034 ID4y 108,109

CUOMMON/ SE TNUM/ZERQ yHALF yONE ¢ TWOsTHREE» FOUR S IXePI,SMALL
DEFINE FILE 1(19041,UsID1)520190y 380+UsID2) 43(190,1,UID3),
1144190,380,U,1I04)48(190,2+Uy108)99(190424U,ID9)

VECR1I=0ONE
IF(M.EQ.LIGO TO 24
C SMALL PERTURBATION OF EQUAL EIGENVALUES TO OBTAIN A FULL
C SET OF EIGENVECTORS.
Cecese "ARCRK?="EVR' ON FILE 9
Covees PAMURK*='EVR?* ON FILE 13
REWIND 13
READ (13) (AWORK(I1)sIl=1yN)
EVALUE = AWORK(IVEC)
K = IVEC+l
R = C.00
IF(IVEC.EQ.MIGO TG 2
00 1 I=KeM
IFCICINT(EVALUE*L1.09) NELIDINT{AWORK(I)*1.D9)) GOTO 1
C IF(EVALUE «NE.AWORK(I)) GOTO 1
R = R+3.D0
1 CCATINUE
EVALUE = EVALUE+R*EX
2 £0 3 K=1l,M
3 A(KsK) = AlLK,K)-EVAWUE
C
C GAUSSIAN ELIMINATION OF THE UPPER-HESSENBERG MATRIX A. ALL
C RCh INTERCHANGES ARE INOICATED IN THE ARRAY IWORK.ALL THE
C MULTIPLIERS ARE STORED AS THE SUBDIAGONAL ELEMENTS OF A.
K = M-l
Ceoeee "IWCRK*=*IWORK? NOT REQD. TO STORE ON FILE
CO 85 Il=1,N
LG 85 I2=1,N
IF(OABS(A(IL,12)) oLT. 1l.Q0~-20) A(I1l.+12)=0.0000
85 CUNT INUE
00 8 [=1,K

9¢€1



L= I+]
IWORK(I) = 0
IF(DABS LA(I+141)) .GT. SMAL2) GOTO 4
IF(DABS(A(I ,I)) .GT. SMAL2} GOTO B
IF(A(I+1y1)NELD.DOIGO TO 4
IF(A{L,I}.NE.0.DO)GO TO 8
All41) = EPS
GO T0 8
4 IF(DABS{A{I+1))s GE.DABSLA{I+1,1)})G0D TO 6
IWORK(I) = 1
CO 5 J=1sM
R = All 4J)
AlL+d) = AlI+1,J)
AlI+1l,J) =R
R = -All+l,1)/7AL1,]1)
AlI+1,1} =R
CO 7 J=LoM
All+149Jd) = AUl #1,J)+R*A{I4J)
- CONTINUE
IF(DABS(A(M ,M)) .GT. SMAL2) GOTG 9
[ IF{A(M,M) .NE.0.DO)GO TO 9
A{M,M) = EPS
9 CONTINUE

o0

oW

o~

[
C THE VECTUR (lslyesesl) IS STORED IN THE PLACE OF THE RIGHT
C HAND SIDE COLUMN VECTOR.
Cevaes "BWORK* =" WORK' NOT REQD. TO STORE GN FILE
Caeese INITIALIZE "BWORK®
BG 11 I=1,N
IF(1.GT.MIGO TO 10
BWORK ( I )=0ONE
GC T0 11
10 BWORK{I)=LERD
11 CUAT INVE
c
C THE INVERSE ITERATION [S PERFORMED ON THE MATRIX UNTIL THE
C INFINITE NQORM OF THE R IGHT-HAND SIDE VECTOR [S GREATER
C THAN THE BUUND DEFINED AS 0.017(N*gEX).
BOUND = 0.0100/(EX * DFLOATI(N))
AS =0
ITER = 1

C ThE BACKSUBSTITUTION.
12 R = 0.00
DO 15 I=1,M
J = M-]+1
S=BWCRK(J)
IF(J.EQ.MIGO TO 14
L= J+l
DG 13 K=LoM
SR=BWORK (K )
13 S = S - SR¥A{J,K)
14 BHWORK{ J}=S/A{J,J}
T=0ABS{BWORK{J))
IF(R.GE.T)IGO TO 15
R =T
15 CONT INVE

C THE COMPUTATION OF THE RIGHT-HAND SIDE VECTOR FOR THE NEWN

OO0 OO0O0

L 1ERATICN STEP.
D0 16 I=] M
16 BWORK{I}=BWORK(I)/R

THE COMPUTATION OF THE RESIDUALS AND COMPARISON OF THE
RESICUALS OF THE TWO SUCCESSIVE STEPS OF THE INVERSE

I TERATION. IF THE INFINITE NOAM OF THE RESIDUAL VECTOR IS

GREATER THAN THE INFINITE NORM OF THE PREVIQUS RESIDUAL
VECTCR THE COMPUTED EIGENVECTOR OF THE PREVIOUS STEP IS
TAKEN AS THE FINAL EIGENVECTOR.
Rl = 0.00
CG 18 I=1.M
T = 0.00
00 17 J=1I+M
17 T=T+A(I,J)*BWORK{J)}
T = DABSIT)
IF(R1 «GE.T)GD TO 18
Rl=T
1€ CONTINUE
IFUITER<EQ.1)G0 TO 19
IF(PREVIS.LE.RLIGO TO 24

Cosoes "VECRII IVEC) *="AWORK®* ON FILE 14

[
[

[

19 €0 20 I=1:M

2C AWORK(I)=BWORK(I)
PREVIS = R1
IF(NS.EQ.L)GU TO 24
IF(ITER.GT.6)GO TO 25
ITER = ITER+1
IF(R.LT.BOUNDIGU TO 21
NS =1

GAUSSIAN ELIMINATION OF THE RIGHT-HAND SIDE VECTOR.

¢l K = M~-1

DG 23 I=14K

R=8WCRK{I+1)

IF(IWORK(I)EQ.0)}GO TQ 22 .

BWORK{ 1+1)=BWORK{ I )+BWORK(I#+1)*A{[+1,1])

BmGRK{I)=R

G0 T0 23

22 BWORK(I#1)=BWORK{I+1)+BWORK(I)*A( I+1,1)}
23 CONTINUE

G0 T30 12

Coeeane INDICUIVEC)®*=* INDIVC" ON FILE 1

24 INDIVC=2
IF (M.EQ.1JAWORK(1)=VECR1I
I01=IVEC
WRITE(1°101) INDIVC
25 IF{M.EQ.NIGO TO 27
J = Mel

Coosee 'VECRU I+ IVEC)'=9ARORK® ON FILE .14

CO 26 I=JN
26 AWORK{IVI=LERO
27 CONTINUE

Cooeos ' VECR*="ANORK®' ON FILE l4

[

ID4=1VEC
WRITE (14*1ID4) (AWORK(Il),I1=1,N)
95 FORMAT (10X,*IVEC,INDIVC®, 215)
PRINT 97+ ITERy IVEC {11 ¢ARWORK{IL1),IL=14N)

LET



S7 FORMAT (S5X+*ITER & IVEC® 42154/ (3XsT{LlXy[4y*-*,012.5)))
RETURN
ENC

//GOSYSIN DD *
7 95

1
4€
2

3 93 .
//GO.FTLLIFO01 DD UNIT=2314,v0L=SER=DISKO6,
/7 DISP=(OLD,KEEP) ¢ SPACE={ TRK455) o
// LCCB={LRECL=1680,BLKSIZE=2298,RECFM=VBS),
// DSN=0SU.ACT10188.MASSINVK
//7GO.FT13F001 DD UNIT=2314,VOL=SER=DI SKOQ6,
/7 DISP=(NEWsKEEP)ySPACE=(TRK,1),
// DCB=(LRECL=1680,8LKSIZE=2298 RECFM=VBS),
/7 DSN=0SU.ACT 10188 .EIGVALUE
//GO.FT14F001 OD UNIT=2314,VOL=SER=DISKQ6,
/7 DISP={(NEWKEEP)} »SPACE={TRK¢55) ¢
// CCB={LRECL=1680,BLKSIZE=2298yRECFM=VBS},
1/ DSN=0SU.ACT10188.EIGVECTR
//GO.FTOLFO0L DD UNIT=SYSDAsSPACE={TRKe(10+10)),DISP=NEN,
// CCB={BLKSIZE=1754,LRECL=1750,RECFM=VBS]}
//GOFTO2F00L DD UNIT=SYSDA,SPACE=(TRKy{10410))y DISP=NEW,
// ECB=(BLKS IZE=17544LRECL=1750,RECFM=V8S)
//GO.FTO3F00L DD UNIT=SYSOA,SPACE=(TRK,{10410)),DISP=NEN,
// DCB=(BLKSIZE=1754,LRECL=1750,RECFM=VBS)
//GC.FTO4F001 DO UNIT=5YSDAs SPACE=(TRK,{10410})),DI5P=NEW,
// DCB={BLKSIZE=1754+LRECL=1750+RECFM=VBS)
//GO.FTO8F001L DD UNIT=SYSDAsSPACE=(TRK¢{10410)) +DISP=NEW,
// CCB={BLKSIZE=1754,LRECL=17504RECFM=VBS)
//GC.FTOSFO01 DD UNIT=SYSDA,SPACE=({TRK+(10+10))y DISP=NEHW,
// [CB={BLKSIZE=1754,LRECL=1750,RECFM=VBS)
//G0.FTL2F001 DD UNIT=SYSDA,SPACE={TRK,{10y10))¢DISP=NEW,
// OCB=(BLKSIZE=1754,LRECL=1750,RECFM=VBS)
//

[
[
CeseeeTHE FOLLOWING PROGRAM FOLLOWS THE ABOVE PROGRAM. IT SELECTS
[ -ALL FLEXURAL MODES ANLC PERFORMS SUPERPOSITION.
[
c
// EXEC FGRTGCLG,REGION.GG=190K
//FORT.SYSIN DD =

IMPL ECIT REAL *8 (A-H,0-Z)

DIMENSION OMGASQ(190), FORCE(190),AMAS(190),01SP(190s 65},

1PHI{190), COSWT{ 65) ,MODE(L90),TIME( 65)

CEFINE FILE 14{(190,380, U, ID4)}
Coosee NOTE: THE VALUE OF NUMDT MUST BE EQUAL OR LESS THAN DIMENSION OF

Ceveee TIME (HERE 65)
Jy=1111
CALL ELAPSE (11}
PRINT 65,4 JJell
CALL ELAPSE (I1}
PRINT 655 JJsll
READ 10 sLIMIT ¢NUMNP .
N=2&NUMNP
HBAND=2%L IMIT
PRINT 204LIMIT,MBAND NUMNP N

COMPUTE VALUE OF NO. OF BLOCKS SNBLK!®

[aN o Xzl

NBLK=NUMNP /L IMIT
I=MGOD{NUMNP,L IMIT)
IF{I1.GT+0) NBLK=NBLK+1
PRINT 30+ NBLK
REWIND 3

REWIND 13

READ BLOCKS OF MASS MATRIX (AMAS) ON UNIT 3

[aN a¥ 2l

D0 693 Il=1, NBLK
KSHIFT=MBAND*{Il-1)
J1=KSHIFT+]1
J2=KSHIFT+MBAND
IF(J2.GT.N ) GOTO 600
READ(3)( AMAS(12),122d1,42)
GO TC 693
600 READ(3){ PHI(I2) 412=1 4 MBAND)
I4=N -Jli+l
00 620 [2=1,14
620 AMAS(J1+I2-1)=
653 CUNTINUE
PRINT 60, {AMAS(ILl}sIl=1,N)

PHI(12)

READ 30y NUMDT,PERIQD,OT
PRINT 30, NUMDT, PERIUDs DT
DO 15 I=1yN
FORCE (1)=0.0000
DO 15 K=1sNUMDT
15 DISP{I.K)= 0.000
CeeeesTHE FOLLOWING DOLOOP COMPUTESS
Coevoveeoe o NMODE=NUMBER OF FLEXURAL MODES
CeeseesesMODE(IJ} IS ARRAY CONTAINING SEQUENCE NOS. OF FLEXURAL MODES .
REAC (13) (OMGASQ{I)sI=1sN)
c PRINT 60, (OMGASQ(I)sI=1,N)
NMODE=0
€0 80 J=14N
iD4=J
READ (14°'ID4) (PHI{I)4I=1,4N)
IF( PHI(96).EQs 0.0D00) GOTO 80
IF (IDINT{PH1(86)%1.0005) .EQ. —~IDINT(PHI(106)%1.0005)) GUTG 80
IF (IDINT(PHI{16)*1.0005) .EQ. =IDINT{PHI{176)%1,0005)) GOTO 80
IF (PHI(95) .NE. 0.0D00) GOTQ 80
NMOOE=NMODE+ 1
MOOE(NMODE)=J
60 CONTINUE
PRINT 50, NMOOE, ( MODE({J) +J=1,NMODE)

8ET



C .
Cossss AFTER COMPLETION GF DULOOP 80, VALUE OF NMODE IS EQuaL TO
c TOTAL NUMBER OF FLEXURAL MODES.
READ 35, Il (JeFORCE(J} oI=1,11)
PRINT 354114 (JyFORCE(J} s 121, 11)
CALL ELAPSE (I)
PRINT 65, JJol
CeeseoTHE FOLLOWING DOLOOP RESTORES SEQUENCE NOS. OF MODES IN AN ORDER
CoeessSUCH THAT THE LOWEST FREQUENCY MODE NUS. ARE FIRST IN ARRAY MODE(I)
CeeeeeAND HIGHEST FREQUENCY MODE NOS. ARE LAST.
IS=1 '
360 xJ=1,0076
0D 400 I=IS,NMODE
IF(QMGASQ(MODE(I))4GT .XJ ) GOTO 400
XJ=0MGA SQ{ MODE (1 })
JX=MODE (1)
N=1
40G CONTINUE
NTEMP=MODE( 1S)
FODE (IS )=dX
MODE (NI} =NTEMP
IS= IS+l
IF(IS.LE.NMODE) GOTO 300
PRINT 50, NMODE, (MODE(J),J=1 NMODE)
CuveeoTHE FOLLOWING DOLOOP SELECTS THE MODES WHOSE PERIOD 1S LARGER THAN
Cesees3% OF THE LARGEST PERIOD FOR THE PURPOSE OF SUPERPOSITION. MODES
CoeoseWITH PERIOD LESS THAN 3% OF THE LARGEST PERIOD BEING NEGLECTED.
XX=GMGAS Q(MDDE(L ) ) *1 ,0D03
DO 23 J=24NMODE
MODSHML=J
IF (OMGASQ(MODE(J)) .GT. XX) GO TO 24
23 CONTINUE

c

Cesess AFTER COMPLETION OF QULOOP 23, VALUE OF MUOSML IS EQJAL
C TO NUMBER OF FLEXURAL MODES WHOSE PERIOD IS LARGER THAN
c 3% OF THE LARGEST PERIOD.

[

24 CONTINUE

CoesseIF MODES, WHOSE PERIOD IS SMALLER THAN 3% OF THE LARGEST
c PERIODs» ARE TO BE NEGLECTED, SET NMODE EQUAL TO MODSML.
c
AMCCE = MODSML
S0 CONTINUE
PRINT 40, NMODE

D0 25 JJ=1 «NMODE
J=MODE(JJ)
104= J
CMEGA = DSQRT (OMGASQ(J))
CJN =0.0000
CJC =0.0000
READ (L4*104) (PHI(I)sI=1,sN)
IF(PHI(96) .GE. 0,0000} GOTOU 33
00 31 I=l,N

31 PHI(I)= =PHIL(I)

33 COMINJE

[ PRINT 60y (PHI(I), I=1,sN)

D3 34 I=1sN

34

c
45
c
c
55
25
c
€4
70
c
10
20

3C
35
40
5C
60
65

CJN = CJUN + PHIC(I) * FORCE(I)

CJD = CJD + PHILT) * AMASII)*PHI(I)
CONT INVE

CJd = CJN/ (CJD*OMGASG(J))
DTOMGA=DT*0OMEGA

PRINT 60, CJyCJINyCJD

D0 45 IT=1,NUMDT

OMT IME = DFLOAT (IT-1)*DTOMGA
COSWT (IT) =1.000~ DCOS(QOMTIME}
CONTINUE

0O 55 I=14N

IF (1+EQe TIPRINT 409Jy (DISP(6¢K)sK=1yNUMDT)
PHICJ = PHI(I}*CJ

IF (I «EQs 6) PRINT 40, JoPHICJ
0O 55 K=l NUMDT

DISP (I4K) =DISP (I4K) + PHICJS*COSWTI(K)
CONT INUE

CALL ELAPSE (I)

PRINT 65, JJsl

CONT INUE

DO 64 I=6,4N,10

I=96

PRINT 40, I, (DISP{IyK)yK=14NUMDT)
CONTINUE

Jd=2222

CALL ELAPSE (1)

PRINT 654 JJol

CO 70 K=1,NUMDT

COSKT(K) = DISP(964K)

TIME(K) = DFLOAT(K-1)* DT

CONT INUE

CALL GRAPH (TIME, COSMT ¢NUMDT,1)
JJ=2222

CALL ELAPSE (1)

PRINT 65, JJol

STCP
FORNMAT(215)
FORMAT (1OXe'LIMIT=?,]3,5X,"MBAND=",]3,/,

LLOX s *NUMNP=®y 149t N =%,144////)

FORMAT (11042F20.6)
FORNAT(110+/744(15,015.2))

FORMAT (I10+/+{1X,10013.5))

FORMAT (1l615)

FORMAT ( 1X410013.5,/)

FORMAT (1X,*JJ='y I5,'TIME='y I10)
END

//GC.SYSIN OD *

S€é

$5
60 0.0014 0.,00005
1
30.00 Q4

//GO.FTO3F001 0D UNIT=2314,VOL=SER=DISKO06,
// DISP=(GLD+KEEP) »SPACE={TRKel)y

6€1



// DCB={LRECL=112+BLKSIZE=1684)RECFM=VBS),
7/ DSN=QSU.ACTLO0L88.MASSMATX
//GOFT13F00L DD UNIT=2314,VOL=SER=D] SKO6,
// UISP=(CLOKEEP)}SPACE={TRK,1),

/7 DCB=(LRECL=168Q0+BLKSIZE=2298+RECFM=VBS},
17 DSN=0SU.ACT10188.EIGVALUE
//GCG.FT14F001 DD UNIT=2314,V0L=SER=DISKO6,
/7 DISP={OLD+KEEP) »SPACE=(TRK$55) »

// UCB={LRECL=1680,BLKSIZE=2298,RECFM=VBS),
17 DSN=0SU.ACT10188.EIGVECTR

1/

0%1
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PROGRAM
S*DYNAMIC ANALYSIS USING STEP~BY-STEP INTEGRATION®?
LANGUAGE 2 FORTRAN IV
DIGITAL COMPUTER :  1BM 360765
PROGRAMMER 3 BRIJ R. KISHORE
STRUCTURAL ENGINEER
Ue So ARMY, CORPS OF ENGINEERS
CHICAGO, ILLINCIS
PURPGSE

THIS PROGRAM FORMULATES MASS MATRIX, STRUCTURE STIFFNESS
MATRIX s AND COMPUTES DISPLACEMENTS OF ALL THE NODAL POINTS
OF THE STRUCTURE. DETAILED INFORMATION CAN B8E FOUND IN:

** CHARACTERISTICS OF FINITE ELEMENTS FOR ANALYSIS OF

BEAMS SUBJECTED TO IMPACT LOAD*', PH.D. DISSERTATION

BY BRIJ Ro. KISHORE, SCHOOL OF CIVIL ENGINEEKING,

GKLAHOMA STATE UNIVERSITY, JULY 1972.

e R e R R g s e e e R R e e I R 2222

DESCRIPTION OF PARAMETERS:

SEE ALSO DESCRIPTION OF PARAMETERS GIVEN IN PROGRAM FOR
STATIC ANALYSIS IN APPENDIX B.

ACC (1) = ACCELERATION IN I-TH DIRECTION

VEL (D) = VELOCITY IN [-TH DIRECTION

pIse (1) = DISPLACEMENT IN I-TH DIRECTION

T = TIME

TEND = TIME AT WHICH FORCE BECOMES ZERO

FORCE (I) = APPLIED FORCE AT ANY TIME T IN I-TH DIRECTION

TENDL = TEND - DT/2

TEND2 = TEND + DT/2

oT = STEP INCREMENT OF TIME

RERUN = LOGICAL VARIABLE; IF PROGRAM IS BEING RUN
FOR 1-ST TIME: RERUN = .FALSEe. « IF THE
PROGRAM IS BEING RUN FOR THE CONTINUATION
OF THE PREVIOQUS INTEGRATION START ING FROM
THE TIME T WHERE FIRST RUN STOPPED,
RERUN = TRUE. « THIS MAKES PROGRAM TO READ
DATA FOR CONTINUATION FROM THE DISK.

RERUNT = TIME FOR WHICH THE PROGRAM CALCULATED
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// EXEC PGM=GUGO
//01 DU D5N=0SU.ACT10188 .NONZERON,

/7

UNIT=2314,VOL=SER=DISKO6,015P=(0ULD+DELETE) -

//02 DU DSN=0SU.ACT10188.MASSMATX,

1/

LNIT=2314,VOL=SER=DISKO6,DISP=(0LDy DELETE)

//03 DD DSN=0SU.,ACT10188, TUTLSTIF,

//

UNIT=2314,VOL=SER=DISKO6yDISP=(0LOsDELETE)

// EXEC FORTHCLG.REGION.GO=241K
//FCRTJSYSIN DO *

c
[

C*&x*x*PROGRAM FORMULATES MASS MATRIX,

(B e aN o N ol o}

9999
3224

STRUCTURE STIFFNESS MATRIX
AND STORES ON DISK ONLY NONZERO TERMS DF STIFFNESS MATRIX

OF EACH BLOCK. NONZERON 1S NUMBER OF ELEMENTS STORED ON DISK
WHICH ARE NONZERO.

INPLICIT REAL *8 (A-H,0-2)

COMMON /AAAZ X{34319Y(343),UX(343),UY{343}),UXTYPE(343},UYTYPE{343)
1+ELMAS{288))HED(L8)gTYPE{B) o EsDENS9PRsVOLsMTYPE( 288) ¢ NUMNP o
2NUMEL ¢ NUMAT g KN+ NCASE ¢ KOUNT

COMMON /ARG/ XXX(5) ¢ YYY(5) »S(10410) ¢DD(3 ¢3) sHH(6,10) ¢ PL10) yXX(4),
LYY {4)sCl494 ) o H(6410),D(696)4F164101,
2TYPELoTYPE2, TESTL yTEST2 »IX(288 44) yLM(4) ¢NRyLIMIT, ISTART

COMMON /BANARG/ A(36,18),FM(36)},8(36) yMBAND,NUMBLK

COMMON/ AT JFM/ AA(40418,418),FFM(40,18)

COMMON/ SETNUM/ZERQ ¢HALF ¢ONE sTWO2THREE9FOUR #SIXePI

COMMON /AZZA/ AZZ(18440)

COMMON/SQUAD/SQ(10,10)

KOQUNT=0

CALL ELAPSE(I)
PRINT 3224y 1
KQUANT=KCOUNT +1
CALL MANE
CALL ELAPSE(1)
PRINT 3224, I

sTap
FGRMAT (I10)
END

SUBROUT INE MANE

(THIS SUBRQUTINE IS LISTED IN APPENDIX B)

RETURN
END

|84}



SUBRUUTINE MASTIF
. .

N
{THIS SUBROUTINE IS LISTED IN APPENDLX B)
.

.
RETURN
ENC

SUBROUTINE STIF88 (N)

(THIS SUBROUTINE IS LISTED IN APPENDIX 8)

RETLRN
END

// EXEC PGM=GOGO
//01 DD DSN=05U.ACT12387,ACVELDIS,
/1 UNIT=2314,VOL=SER=DISKO06:0ISP=(0OLDyDELETE)
//D2 DD DSN=0SUJACT12387.BFMIJK,
// UNIT=2314,VOL=SER=DISK06DISP=(0LD,DELETE)
//03 DC DSN=OSULACT12387.TYMACDIS,
// UNIT=2314 ,VOL=SER=DISKO6y DISP=(0OLDy DELETE)
// EXEC FORTHCLG REGION.GO=190K
//FGRT SYSIN DD *
CHS$555555555555555555555555355555555555555555555555555535355355555555555888
CISI35IS55555555555555555555555555555555553555553555555555555555855585858
C~ €N FILE 1-—-*BXBIN)s (AFM(NyMEigM=2,MM)
C— CN FILE 2--~UN* OR *NONZERON®
C- GN FILE 3~-~*FFM' OR "MASSMATX®
C~ CN FILE 4= AA(I1,12,13)°% OR *TOTLSTIF®* IN BLOCKS
C~ ON FILE 8=~=¢FORCEIN) s BX {N) ¢ AX{N) yN=1,ND*
C- CN FWLE 9===*ACCIN)yVELIN)4sDISPIN) sN=1,ND*
C~ N FILE 11~=="8XBIN) s N=NL ¢ NH®
C~ ON FILE 12---*BFM(I1l41<,13)* OR *AFM(I2,13})' IN 9LOCKS
CHIIIS555558558555355555355555553455355535535355555558555855555555455555588$
CHISSSSIII53355555535555555535555555555558533555555555555558555555555535558
" IMPLICIT REAL #*8 -(A-H,0-2)
LCGICAL *1 RERUN
COMMUN ZAAA/Z X(95) Y195 ) ,UX(95),UY (95) JUXTYPE(95),UYTYPE(95),
LELMAS(T2)yHED(18) o TYPE( 8)+E+DENS+PRoVOL,MTYPE(T72) s NUMNP,

2RUMEL ¢ NUMAT o KN
COPMCN/ ARG/
2 TYPEL «TYPE2+TESTLoTESTZIX (T2 %) oL M4 ) NRyLIMIT, ISTART
COMMON /BANARG/ A(28514) ¢FMI2B) 4B(28) MBAND ¢ NUMBLK¢NBLK
COMMCN/ AIJFM/ AALLl4y 14914 ) FFMI 14,14)
COMMON/DYNAM/AFM{28 ¢14) »BXB(28) ¢BX{28),XB128),AX(281,ACC(28),
IVEL(28)yDISP(28)4FSTRTI28) +FORCE( 28) DT 4NGDE(L15)
COMMON/ SETNUM/ ZERO s HALF ¢ UNEo TWO, THREEs FOUR »SIXeP 1
COMMON/BLOCKZ /T TEND o TENDL 4 TEND2 yRERUN
cc DIMENSION DISPX(200),DISPY(200) , TIME(200)
DIMENSION DISPX(50),DISPY(50),TIME(50)
CHFEIBT SRR Rk kR Rk Rk kkk bk k kk kR k kR kR kR kR kR k kR Rk R R R Rk Rk Rk kR kR Rk kK
RERUNT =0.0D00
4 RERUN=s TRUE
RERUN= ,FALSE .
IF(RERUN) READ 3220,RERUNT
PRINT 3220, RERUNT
CRESRRFER Rk kR AR AP AR KA RS EEE KSR E PR SRR PR PR Rk T kIR kR kK K kR EE R KX
LINIT =7 :
SPAN =16,0000
NUMNP= 95
MBAND = 2#LINMIT
CUT = 0.5D0 01
CH* 3% 2ABFIEREFEEEFFEFR SRR R R R IR R R R AR R R AR E Rk KRRk kR R kR KRRk XX
CHrExk 0 kX XK EERESE SRS XXX R RB R RE KSR RS SRR E KRR S SR SRR R R R E RS KRR R R
CR¥t%d 3R RERRERERREEEEEEER SR EEREERREREEERESEFE R SRR R R ERE AR R R KRR ER KKK KK
CO 689 I=1, NUMNP
UXTYPE(IS = TYPEL
UYTYPE(I} =TYPEL
UX(I) =ZERO
686 UY(I) =ZERQO
REWIND 13
REWIND 2
REWIAND 3
REWIND 4
C==~THIS *REWIND 9% IS NEEDED FOR 4RERUN®.
REWIND 9
UXTYPE(48) = TYPE2
UYTYPE (3} = TYPE2
UYTYPE(93) = TYPE2
Cesese INCDE= TOTAL NUMBER OF NODES WITH APPLIED IMPACT LOAD.
Ceeeos NODE{I)=NODAL NUMBERS wHICH HAVE APPLIED LOAD .
READ 690 o INODE(NODE(I) 4I=1,INODE)
PRINT690 ,INODE, (NODE(I),1I=1, INODE}
NB=LIMIT
NO=2*NB
AD2= 2%ND
NBLK=NUMNP/LIMI T
I=MOD{NUMNP ,L INLIT)
IF(I +GT. O) NBLK=NBLK+1
4 PRINT 3224;3;NBLK
PRINT 32244NBLK
00 691 I1=1,NBLK
DU 691 I2=14ND
FFM{ 11, 12)=2ERO
DO 691 I3=14ND
691 AA(LL,12,131=ZERD
c
c

34!



653

7¢9

[

CHen®

DO 693 [1=1,NBLK .
READ {3) (FFM{[1s12} 4[221,ND)
READ (2) N

PRINT3224 N

PRINT32244N

READ {4) [12413,8A01Le12,13},14=1,N}
CONTINUE

6T = 0.000002000

TENC = OT * 39.0
TENDL=TEND-DT/Tw0
TEND2=TEND+DT/THO

TF = TEND

DO 7C9 N=1,ND

ACCIN)=ZEROD

VEL{N)=ZERD

DI §P(N) =ZERO

FSTRT(N)=ZERD

8XI(N) = ZERO

AX{N)=ZERQ

KOUNT = 0

JSTART = =1

CER SRRk SRR E R XXX RE R KE K EE SR XXX XS RN R R KRR RS XX SRR XSRS R R RS RS R R X SRR R X R KR K&

ISTART =0

T=1€R0

IF(RERUN) T= RERUNT
IF{RERUN) ISTART=}

SERREEREX XA AR ERE AR S EEAER R R SRR SRX KR SRR ER KKK
NDT=0
CALL ELAPSE (IDT)
PRINT 3230 ,NOT,I0T

(e 2 21132222 S22 2222222222222 222 S22 22 2222 RS2 RS2SR el 22t

720

"730

CALL ELAPSE (IDT)
PRINT 3230 NOT, IOT

T=T+DT

NOT=NOT ¢ 1

ISTART=ISTART + 1

JSTART = JSTART ¢ |

REWIND 8

NUMBLK =0

NB = LIMIT

AD = 2%NB

NUMBLK =NUMBLK+L

NH =NB*{NUMBLK+1)

AM=NH - NB

NL = NM=NB + |

KShIFT = 2#NL -2

IF( NM .GT. NUMNP |} NM=NUMNP

DO 710 I=14+ND

FORCE{ 1) = ZERO

IF {T .GT. TF) GG TG 735

DO 712 I=1,.INODE

N=NODE( I)

IFIN «LT. NL .ORe N .GTa NM} GO TO 712
JJI=2%N —~KSHIFT :
IF{ISTART JEQe 1) FSTRT{JJ}>=30.000004
FORCE{JJ} = =30.000004

712

72¢

792
790

735

791
795

Canix
Ce¥an

Casex
810
CHe ok
Cae s
c*
(32

CONT INVE
IF (ISTART .NE. L) GO TQ 735
DG 726 I=14ND
AX(1)=1ERO
8X(1)=ZEROD
€0 790 I=1, INGDE
J=NQDE(I)
IF(J «LT. NL +OR. J «GT. NM} GO TO 790
L=2¢J-KSHIFT ~ 2
DO 792 LK=l,2
II= LeLK
AX(II) = FSTRT(II) *DT/TWO
BX{II)=FSTRTUII)*(DT*%2 )/ THREE
FSTRT{II)=ZERO
CONT INUE
CONTINUE
GQ TC 795
READ (9) C(ACCUIN) yVELIN} +DISPIN) 4N=l 4ND)
00 791 J =NL,NM
L=2% J-KSHIFT - 2
€O 791 LK =1,2
II= L+LK
AX¢ ID)=sVELLII)I+(DT/ThO)®ACC(ID)
BX(II)=DISPIIL)+OT®WELL TT) +((DT*%2) /THREE) *ACC(II)
CONTINUE
WRITE(8) (FORCEI(N) sBXIN) s4AXIN)s N=1,ND)
SRR FRR KR EE R R R R Rk kX kS ¥
CHECK FOR LAST BLOCK

XX EEEEXERE

S EREE SREEE SEER SRR BEERRRR S AEE R RS R SRR AR R &
IF (NM=NUMNP) 730,810,810

REEERR SRR GRS BB ERR SRR AR E NS SRS 64 $& * L 2T 1]

CALL BANSOL

S0 KR EEEBEE R R R R R R R R B AR R R R R E SR K RS SRR R K R R R R R R R SR KT B R RS RR R R & %
FREEEEEE R R LR ER R R R E R R R SRR R R R R R H RS AR R R T L SRR R R AR R R AL SRR E X RS X XS

ACCELERATION,VELOCITY AND DISPLACEMENT AT TIME T *
EEEERERRREEE * SRR ERRRABRERRBERREE S &

IF{T.GT+ TENDL) JSTART=O
IFCJSTART +EQ. 5 ) JSTART=0
IF(JSTART.NE. O) GOTO 815
KQUNT = KOUNT + 1

TYME=T

TIME(KOUNT) =T

NB=LIMIT

ND=2*NB

ND2=2*ND

AUMBLK =0

[ 222 23222222 2222222 22 IR 222222 a2 222 22222 222222l 2222 22 tt2 2 E2 )

J = 48

CHEXRR KRR XSS R R R R XA R R R R AR RSB EX AR XX SR X KRR XXX R XX S S AR R XX AR R B R R E R R R R XSS S %

805

NUMBLK = NUMBLK+]

AH=NB *{NUMBLK+1}

MM=NH-NB

NL=NM-NB¢1

KSHIFT =2#NL-2

IF{ NM +GT. NUMNP } NM=NUMNP

REAG(9) (ACCIN)yVELINI+DISP{N) ¢N=1,ND)
IF(J oLTe NL oOR. J +GT . NM) GO TO 805
L=2%J - KSHIFT

eVl



[N a2l

815

(2N el 2l

DI SPX{KOUNT) =ACCIlL)

DISPY(KOUNT) = DISP(L)

ACCLNN=ACC(L)

DISPLY=DLSP(L)

CUTT=DISPLY

CUTT = DISPY (KQUNT)

PRINT 8l69KOUNT» TI ME(KGUNT) »DISPX{KOUNT ) »D1SPY (KOUNT)
WRITE(13) KOUNT, TYME,ACCLNN,DISPLY

IF ( DABS(CUTT) .GT. CUT) CALL EXIT

REWIND 9

CONTINVE

‘IF(NDT.EQe 1) JSTART=]

IF (T .LE. TEND) GO TQ 720

CALL ELAPSE (IDT)

PRINT 3230 NDT,IDT

PRINT Bl64 (1o TIME(L)4OISPXUI)DISPY(I),y I=1,KOUNT)
CALL GRAPH (TIMEsDISPY,KOUNT ,1)

CALL ELAPSE (IDT)
PRINT 3230 ,NOT,I0T

CHIS55355555555555555555555555555555553555555855535553555555555555555558538

[

690 FORMAT ( 15474 16(I5))
816 FORMAT (5X41593D26416)

3220
3223

FORMAT (1Xy3026.16,1X)
FORMAT (2(2X I3 91XeI34kXyD23.16,7X))

3224 FORMAT (110)

3230

FORMAT {1X,*NOT=4%,15,°T IME=*,110)
sToP
ENC

BLOCK DATA
IMPLICIT REAL*8(A-H,0-Z}
COMMCN/ ARG/

2 TYPELTYPE2TESTLoTEST241IX(72 14) oLM(4 ) NRyLIMIT,
COMMON/ SETNUM/ZERQ ¢ HALF yONE « TRO, THREE yFOUR SIX,PI
DATA ZEROy HALFyONE.TWO, THREE, FOUR /0.0D0004+0.5000, 1.0000,2. 0000,

13.0000,440D000/,SIX/6.0D00/+P1 /3.141592653589793/

DATA TYPEL/4HLOAD/ »TYPE2/4HDISP/+TESTL1/3HESS/»TEST2/3HAIN/
END

ISTART

SUBROUTINE BANSOL

IMPLICIT REAL *8 (A-H,0-Z)

LOGICAL *1 RERUN

COMMON /AAA/Z XU S5) 4 Y(55)4UX{95) yUY{95) yUXTYPE(95) ,UYTYPE(95),
LELMAS(72)+HED(18),TYPE( 8),E,DENS, PRy VUL JMTYPE(T72); NUMNP,
2NUME L« NUMA T4 KN

COMMON/ ARG/ .
2 TYPELsTYPEZ2 TESTLeTLST24IX(T72 94)sLMU4)oNR)LIMIT, [START
COMMON /BANARG/ A(283l4) oFM{28),8(28) yMBAND ) NUMBLKsNB LK
COMMCN/ AIJFM/ AAL L4 L4y 1 40y FFMU 145 14)

50
Creun

Crexx
100

125
Cansx
c*
Cesas

150

149

COMMON/DYNAM/AFM(28414)+8XB{28)+BX{28),XB(28) 4AX{28),ACC(28),
LVEL(281,0ISP(28),FSTRT(28),FORCEL28)4DT 4NODE(15)
COMMON/ SETNUM/ ZERO¢HALF ¢ONE 9 TWOy THREE FQUR oSIXsP1
COMMON/BLOCKZ/T 2 TEND, TENDLy TEND2,RERUN

DIMENSION DUMMY ( 300) » IZ1¢ 300) , JZ1( 300)
DIMENSION BFM( 14y14,14)

PRINT 3224, NUMBLK

REWING 1

REWIND 8

REWIND 9

REWIND 11

REWIND 12

AN=2#L [MIT

NL=NN+1

NH=NN+NN

NB=0

MM=MBAND

00 50 I=1,NH
BXx8(1)= ZERO
X8 (I)= ZERQ
8LI) = ZERO
D0 5C J=1,NN
AFM(1yJ)= ZERO
GO TG 150
BEEEEREEERERRRRE R KRR AR KRR KRR R RRE R R R RN AR R R R R R RN RN RRR KRR R R RS KRR R
REDUCE EQUATIONS BY BLOCKS — SHIFT BLOCK OF EQUATIONS
EXEREERERE AR RN RN EER R R EERE R R R SRR R R REE R RN R R KR K
NB=NB+1

D0 125 N=l NN

NM=NN+N

BX (N)=BX (NM)

BX{NM) = ZERG

AXINI=AXINM)

AX (AM)= ZERO

FMIN)=FMINM)

FM{NM)= ZERD

BIN)=BI(NM) + FORCE(NM)

BI{NM) = ZERQ

XB{N)=XBANM)

XB8{NM) = ZERO

08 125 M=l .MM

AFM{NyM)=AFM(NM,M)

AFM(NMyM)=ZERO

AUN M) =A(NM,y M)

AUNM,M)= ZERO

FEXERERRAREREREERNEE R RN RN R RR R RE ER AR R RN N RN R R R R RN RN R KR RS LSS
READ NEXT BLOCK OF EQUATIONS INTQO CORE *

FEREERR R RN AR R RER KRR R EE RN R R R AL RN R R RN RN R KRR Rk E RS S RS bk h £ &

IFINUMBLK - NB) 150,110,150

N=NL-1

CO 149 [2=1,NN

N=N+1
FMIN)=FFM(NB+1,12)

CO 149 I3 =1+NN
A(N[3}=AA(NB*1+12,413)
CONT INUE

47!



151
152
Caxss

C*¥a%
162

l64
l1é6
le8

17¢

172
116

178

1€C
182

195
19¢

110
120
Csan

6840

161

1&C

[oXaX2X2XsksXakakaRaXakaRsXaksK s}

R EE
9sS

READ (8) (FURCE(N) ¢BXIEN) sAXIN} ¢N=NL sNH)

IF (ISTART .NE. 1) GO TO 152

DO 151 I=NLsNH

FMI=FM(I) .

IF (FMI .EQ. ZERU) GO TO 151

AX{I)=AX{L) /FMI

BX(II=BX(I)/FMI

CONTINUE-

IFINB) 162,100,162 .

LRI PR DR L R e R P P T R T Ty e P T R S T
FORM AFM AND BXB MATRICES *

ERTT R R TR P P I DR P P PR R S PR P P P T Y PP Y

D0 198 N=l,NH

DO 1S5 M=1,MM

IFINB~1) 16451662164

IFIN=NN) 1764176410606

IF(M=1} 170,168,170

XBEN)=XBIN)+A(N;M)*BXIN)

IF (ISTART .G6T. 1 ) GG TO 195

AFMINsM)=FMIN) +{ (DT*%2) /SIX)*A(NyM)

GO TG 195

K=h=M+]

IF(K) 17641764172

XBUN)=XBIN)®A(Ks M) *BX (K }

K=N+M-1

IFI(NH-K) 195,178,178

IF(NB-1) 18041824180

IFCK~NN) 195+195,182

XBIN)=XB{NI+AINsM)*BXIK)

IF (ISTART .6T. 1 ) GG TO 195

AFMIN,M)=((DT*%2) 7SI X)*A(N,M)

CONTINUE

CONTINUE

00 120 N=1,NN

BXB(N)=B{N) -XB(N)

AXERERE RS R R RR R KR R R SR SR AR R R R R R AR KRR AR R R AR S KRR R R R K RRE R K
IF (ISTART .G6T. 1) GO TO 933

DO &80 12alNN

WRITE (12) (AFNM(I2,13)e [3=1,MN)

D0 680 I3=1,MM

BFM(NByl2¢13) = AFM(I2,13)

N=0

798 = 0.10-11

DO 160 I=1,NN

CQ 160 J=1,NN

IF(AFM(I¢d) +GT. Z98 JUR. AFM(IyJ) oLT. ~I98) GO TO 161
GO TO 160

A=+l

IZ1{N) =1

JZLINI=J

DUMMY (N) = AFM(I4J)

CONTINUE

PRINT 3224, NB

PRINT 3224,4N

PRINT 3222, (IZL(I)sJZLU1)4DUMMY (L) I=1,N)

PRINT 3224, NB :

R AERERAERREERERE IR AR R R KRR RN R R ER R SRR R R RRER KRR TR SRR R KRR KR
CONTINUE

[eXaXaX Xl

700

6S7

656
658

122

123
124

124

coon

711

Caxne
ChenE

Coxix
126

315

320

ARITE (11} {BXBIN) 4 h=1,NA)

DU 700 N=l,NN

WRITE (L1) BXB(N)

WRITE (11) BXBUN) s (AFM(N,M) s M=l oMM}
PRINT 3227, (AFMIN,M) M=l MM)
CONT INUE .

IF (NUMBLK <NE. NB) GO TG 100
IF(RERUN) GOTO 697

G0 TC 698

CONTINUE

IF (ISTART .NE. 2) GO TO 698
DO 699 1121 ,NBLK

DO 659 12=1,AN

READ (12) (BFMUI1,y12413)y [3=1,MM)

CONTINUE

CONTINUE

REWIND 11

NB=0

GO TO 124

NB=NB+1

NS=LIMIT*(NB+L)

NK=NS=-LIMIT

NP=AK~-LIMIT +1

KSHIFT = 2% NP -2

IF( NK oGT o NUMNP ) NK=NUMNP

DO 123 N=lNM

NM = NNe N

BEXB(NI=BXB{(NM)

BXB(NM)=ZERQ

DO . 123 M=1,MN

AFM(NyM )=AFMINM, M)

AFM{NM,M) sZERC

IF(NUNBLK .EQ. NB) GO TO 126

CUNT INUE

READ 111) (BXB{N) ¢N=NLyNH)

DO 710 N=NL M

REAG (11) BXBI(N)

READ (11) BXBUN) ¢ (AFM(NyM) o M=1 4 MM)

CONT INUE

N=NL-1

DO 711 I2=1,NN

N=N+1

DQ 711 I3=l,MM

AFM(NsI3)=BFMINB+1,12I3)

CONT INUE

IF(N8 EQ. 0) GO TO 122

EIZ T RIS IS E RS SIS 222 R 222 222 R R R R RS R AR PSS ES R 22 L 2E

III XIS R RSS2 R 22 2o 2222 RS P R 2 RS2 R RS SRR RSS2 TR ]
BOUNDARY CONDIT IONS .

PR TR 2R R 222222 2R R RSS2 RS R RS RS2 RS RS ER RS EIE PRI E T

DO 410 M=NP,NK

IF(M~NUMNP) 315,315,41C

N=2#M-KSHIFT-1

IF(UXTYPE(M) <NE. TYPE2) GO TO 320

U=UX(M)

CALL MODIFY (NHeNsU)

N=N¢1

IF(UYTYPE(M) .NE. TYPEZ2) 6O TO 410
u=uy (M)

SHT



415

125

121

Cre ks

c*

Cexex
50C

o0

CALL MODIFY (NHoN,U}

CONT INVE

EREEERRN e * EEREEE RS A EEREEE AR R QR AR EEEE AR R R R K
REDUCE BLOCK OF EQUATIONS *

X FEE S AL EEEEEERA R R IE R SRR KRB R AR R AR R AR AR S AR RS A SRR RS RR R A

DO 300 N=1,NN

IFCAFMINs L)) 2254300, 225
BXBIN) =BXBIN) /AFM{N,1)

00 275 L=2,MM

IFCAFMIN,L)) 230,275,230
Q=AFMINyL) /AFM(N,1)

I=N+L~1

J=0 -

D0 250 K=L MM

J=Jel
AFMUTsJ)=AFMI T+ J)=Q*AFM(NyK)
BXB(I)=BXB(I)~AFMIN,L)*BXB(N)
AFM(NoL }=Q -

CONTINUE

CONTINUVE

EEEEEREEER AR R KRR R REE SRS £ ] REEEE AR SRR R
WRITE BLOCK OF REDUCED EQUATIONS ON TAPE 1 T

AABREREESEEEEEA RS RS EEF S AR AL R AR AR E R R SRR E R R AR SRR KR R R h &
IF {NUMBLK-NB) 375,400,375

00 720 N=1,NN

WRITE(L1) BXBIN)o( AFMINyM)M=2,MM)

CONT INVE

GO 1o 122

FEEE SRR E AR R R R RS R R R R R X SRR R R S R R SRR S E R Sk b ke R e Rk bk kR

BACK SUBST ITUTION *
PRI R RS2SRRSR PR ES RS2SR SRS SRR SRS SRR RS R R PSSR RSS2 RS2 8 21
D0 450 M=1,NN

N=AN+1-¥ .

D0 425 K=24MM

L=N+K-1

BXBIN}=BXBIN)—AFM{N,K)*BXB(L)

NM=N+NN

8XB [KM) =BXB(N)

AFM(NM,NB) =B XB (N)

NB=NB-1

IF{NB) 475,500,475

CONTINUE

CO 729 N=1,NN

EACKSPACE 1

CONTINUE

D0 730 N=1,NN

READ (1) BXBINIo(AFMINy M}y M=2yMN)
; CONTINUE

CO 731 N=14NN

BACKSPACE 1

CONTINUE

GO  TO 400

EERRRERRERERERKB R SRR R R ERRR KRR R SRR B RN TN KRR BB AR Rk
ORDER UNKNOWNS IN ACC ARRAY AND CALCULATE VEL AND DISP ARRAY *
FEERRREXRARERR SRR RRREE AR AR AR R R E R AR R R R R RS S EE R AR RAR K AR
REWIND 8

MOLCL=2*MOD(NUMNP L IMIT)

PRINT 4015, T

(2 XsXzX2 2N 12N akaXs)

518
519

520

523

524
525

(g
o
i
(=

60C

3025
3221
3222
3224
3225
3226
3221
4004
4005
4015

00 600 NB=1,NUMBLK

K=0

REAC (8) (FORCE(N)sBXIN)9AX(NIeN= 1,NN)

IF (ISTART .NE. 1) GO TQ 519

00 518 N=1yNN

IF(NB .EQes NUMBLK +AND. N .GT. MODL) GO TO 519
IF(FFM{NB,N) .EQ. ZERO) GO 7O 518
FMI=FFM(NByN)
AXIN)=AX (N} /FMI
BXI(N3=BX(N) /FM]
CONT INUE

CONTINUE

D0 520 N=1¢NN
IFINB .EQ. NUMBLK
K=K¢1

NM=N +NN
ACC(K)=AFMINMyNB)
VEL{K)=AX{K)+{DT/TKO)*ACCIK)
DISPIK)=BX(K)+((DT*%2)/SIX)*ACC(K)

«AND. N .GT . MODL) GO TO 520

-CONTTNUE

IFINB .EQ.
GO TG 525
CONTINUE
MOOL1=MODL +}

CO 524 K=MODL1 4 NN

ACC(K) = ZERO

VEL (K)=ZERQ

CISP (K) = ZERO

CONT INUE

CONTINUE

WRITE(9) (ACCIN) ¢ EL(N)sDISPIN}yN=1sNN)
IF (ISTART .GT. 3) GO TO 600
IF(T.LT«TENDL.OR.T.GT.TEND2)GOTO600

NUMBLK ) GO TO 523

" #=(NB=-1)*NN-1

D0 650 N=1,NNy2

K=K +2

KlaKel

NlaN+1

PRINT 40044K,ACCIN)sVELIN),DISP(N)sKL4ACCINL) ,VELINL) +DISP(N]1)
WRITEA(T 94005) KyACCUINIZVEL(N)yDISPIN)

WRITE( 79 4005) K1,ACC(N1) oVELIN1) DISP(N1)

CONT INUE

CONTINUE

REWIND 9

RETURN.
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
-END

(501 XvD23.1642X))

(5Xy"BXB  V/,(5Xy3D023.16,48X)1}
(6l1lXs® (%9 1390,%,13,°)¢,D23.16))
(I110)

(10Xs *NB=1*,12)

(LOX 9 NP=* g 14 *NK=*, [4)
(501X%X,023,1642X) 41 X)
(2(5X¢13,3D12.4)}

(14,3025.16)

C1Xy *ACCUN) » VELUN) +DISP(N) ON FILE (9) FOR TIME="', D16.7)

9%1



SUBRUUTINE MODIFY (NEGQyNyU)
IMPLICIT REAL *8 (A-H,0-2) .
COMMUON /BANARG/ A{28¢14)yFM(28)¢B{28)yMBANDeNUMBLKNBLK
COMMON /D YNAM/AFMI28 414%) +BXB{28) 4BX(28)+XB(28),AX{2814ACC(28),y
LVEL(28)¢DISP(28) s FSTRT{28) s FORCE(28)+DT oyNODE(15)
COMMON/ SETNUM/ZERO ¢ HALF yONE ¢y TWO9THREEFOUR oSIXsPI
CO 250 M=2,MBAND
Kzh=Mel
: IF{K) 235¢235,230
230 BXB(K)=BXB(K )~AFM(KesM)*U
AFM{Ko M)= ZERO
235 K=N+M-1
IF(NEQ=K) 2504240, 240
240 BXB{K)= BXBIK)-AFM{NsM)*J
AFM{N,M)= ZERO
250 CONTINUE
AFM(Ny1)= ONE
BXBIN= U
RETURN
END

//GC.SYSIN DD *
1 -

48
//GC.FTOLFOOL DD UNIT=SYSDAsSPACE=(TRK, (10410))+s0ISP=NEN,
// UCB=(BLKSIZE=T196+LRECL=116+RECFM=VBS)
//GC.FTO2F001 DD UNIT=2314, VOL=SER=DISK06,
// DISP={QLD +KEEP) »SPACE=TITRK ¢l ),
// 0CB=(LRECL=8yBLKSIZE=1092,RECFN=VBS) ,
2 DSN=0SU «ACT 10188 ¢NUNZERON
//GQ.FTO3FCOL DO UNIT=2314,VOL=SER=DISKOG,
// CISP=(OLDyKEEP)sSPACE={TRKs1)»
// DCB=(LRECL=112BLKS IZE=16B4RECFN=VBS ),
7/ OSN=0SU.ACT10188.MASSMATX
//GO.FTO4F001 DD UNIT=2314, VOL=SER=DISK06,
// DISP=(QOLD+KEEP) sSPACE=(TRKe5 )y
// CCB={LRECL=18004BLKSIZE=2298,RECFM=VBS),
7/ OSN=0SU.ACT10188.TATLSTIF
//GC.FTOBFOOL DD UNIT=SYSDASPACE=(TRKy(10410))y DISP=NEW,
// DCB={BLKSIZE=7144yLRECL=340RECFMN=VBS)
//GC.FTO9F00L DD UNIT=2314,VOL=SER=DISKQ6,
// DISP=(NEWJKEEP) » SPACE={TRK+2)
// CCB={LRECL=340)BLKSIZE=7144+RECFM=VBS),
/7 DSN=QSU.ACT12387.ACVELDIS
//GO.FTLIFO0L DD UNIT=SYSDA,SPACE=(TRK(10+10)),DISP=NEN,
// CCB=(BLKSIZE=T1964LRECL=116yRECFM=VBS])
//GO0.FTL2F001 DD UNIT=2314,VOL=SER=DISKOb,
// DISP=(NEWsKEEP) » SPACE=(TRKy5)y
// DCB={LRECL=116¢BLKS [ZE=71964RECFM=VBS ),
7/ DSN=0SU.ACT12387.8FMI UK
//GO.FTLI3F001 DO UNIT=23144VOL=SER=D]SKO06,
// DISP={(NEW,KEEP) SPACE={TRKoll)y
// DCB=(LRECL=36¢BLKSIZE=1092 yRECFM=VBS),
/7 DSN=0SUACT12387.TYMACDIS
/7
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