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ABSTRACT. In this paper, using the concept of a generalized Feynman integral, we define
a generalized Fourier—Feynman transform and a generalized convolution product. Then for
two classes of functionals on Wiener space we obtain several results involving and relating
these generalized transforms and convolutions. In particular we show that the generalized
transform of the convolution product is a product of transforms. In addition we establish a
Parseval’s identity for functionals in each of these classes.

KEY WORDS AND PHRASES. Fourier-Feynman transform, convolution, Feynman
integral.
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1. INTRODUCTION.
The concept of an L analytic Fourier-Feynman transform (FFT) was introduced by

Brue in [1]. In [2], Cameron and Storvick introduced an L, analytic FFT. In [3], Johnson
and Skoug developed an L p analytic FFT for 1 ¢ p < 2 which extended the results in [1,2]
and gave various relationships between the L, and Ly theories. In [4], Huffman, Park and

Skoug defined a convolution product for functionals on Wiener space and in [4,5] obtained
various results involving the FFT and the convolution product.



20

T. HUFFMAN, C. PARK AND D. SKOUG

Both the FFT and the convolution product are defined in terms of a Feynman
integral. In this paper we use the concept of the generalized Feynman integral, introduced
by Chung, Park and Skoug in [6] and further developed in [7], to define a generalized
FFT(GFFT) and a generalized convolution product (GCP).

In section 3 we establish several results involving and relating the GFFT and the
GCP for functionals F and G in the Banach algebra o introduced by Cameron and
Storvick in [8]. In sections 4 and 5 we obtain similar results for a class Ax(xp) of tame

functionals. In particular we establish a Parseval’s identity for functionals in each of these
two classes.

In defining the FFT [1,2,3] of F and the convolution product [4] of F and G, one
starts with, for A > 0, the Wiener integrals

] F(y+/\-’:‘x)m(d.x)
Cyl0,T]
and
[ F }’L'\_:}I G L'\%_x m(dx)
ol

and then extends analytically in A to the right-half complex plane. In this paper, in
defining the GFFT and the GCP we start with the Wiener integrals

| Fy+2 ¥(x,))m(dx)
C,l0,T]

and

-1 -1
I F[y+’\ TZ(X,')]G[Y—/\ Tz(x;‘)]m(dx)
C,l0.T] vz
where Z is the Gaussian process

t
2(x4) = [b(s)ix(s) (1.1)

1
with h in Lo[0,T] and where [h(s)dx(s) denotes the Paley-~Wiener-Zygmund stochastic
0

integral.

2. DEFINITIONS AND PRELIMINARIES.
Let CO[O,T] denote Wiener space; that is the space of all R—valued continuous

functions x(t) on [0,T] with x(0) = 0. Let 4 denote the class of all Wiener measurable
subsets of C;[0,T] and let m denote Wiener measure. A subset B of C,l0,T] is said to be

scale-invariant measurable [9,10] provided pB ¢ A for all p > 0, and a scale-invariant
measurable set N is said to be scale-invariant null provided m(pN) = 0 for all p > 0. A
property that holds except on a scale-invariant null set is said to hold scale-invariant
almost everywhere (s-a.e.). If two functionals F and G are equal s-a.e., we write F » G.
Let h be an element of L,[0,T] with [[h]| > 0, let Z(x,t) be given by (1.1), and let

to
a(t) = (j)h (u)du. (2.1)
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Then Z is a Gaussian process with mean zero and covariance function

min{s,t} o
[ Z(x,8)Z(x,t)m(dx) = (j) h“(u)du = a(min{s,t}).

Cyl0,7]
Next we state the definitions of the (generalized) analytic Feynman integral [6, p.388].
Let € = {AeC: ReX > 0} and let C_; = {XeC: X # 0 and ReX > 0}. For each A > 0

-1
assume that F() ?Z(x,-)) is Wiener integrable with respect to x on CO[O,T], and let

JN = F()\-%Z(x,-))m(d.x). If there exists a function J*()\) analytic on € 4 such
Cyl0,T)

that J*(A) = J(A) for A > 0, then we call J*()) the (generalized) analytic Wiener integral
of F and for A ¢ C+ we write

anw

J F(Z(x,))m(dx) = T*(R). (2.2)

Co[0,T]
Let real q # 0 be given. Then we define the (generalized) analytic Feynman integral of F
with parameter q by (Xe (+)

a.nfq anv
[ FZ(x-))mdx) = lin [ F(Z(x-))m(dx) (2.3)
Co[0,] A*=14¢10,M

if the limit exists.
We now proceed to define the GFFT and the GCP using the (generalized) analytic
Wiener and Feynman integrals given by (2.2) and (2.3). For X € ¢ yandye CO[O,T], let
anw y
(T,(F)y) = [  F(y+A %(x,-))m(dx). (2.4)
CO [0,T]
In the standard Fourier theory the integrals involved are often interpreted in the mean; a
similar concept is useful in the FFT theory. Let 1 < p < 2 be given and let p’ be

determined by % +1 =1 Let {H,} and H be scale-invariant measurable functionals

p
such that for each p > 0,

Lin [ |Hy(py)-B(ey)|® m(dy) = 0.
" colo,1]

Then we write
l.i.m.(wg JH, ~ H

and we call H the scale invariant limit in the mean of order p’. A similar definition also
applies for a continuous parameter A.

DEFINITION. Let real q # 0 be given. For 1 < p < 2 we define the Lp analytic GFFT,
T((lp)(F) of F, by the formula (Ae€,)
TP (E)@) = 1.im. w0 )T, (F)) (2:5)
a A= —iq
whenever this limit exists where T/\(F) is given by (2.4). We define the L, analytic
GFFT, T((ll)(F) of F, by the formula (AeC,)
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1 .
@D@ENG) = lin (T,E))) (2.6)
q A= —iq
for s—a.e. y. We note that for 1 < p < 2, Tép)(F) is defined only s—-a.e. We also note
that if T(SP)(F) exists and F »G, then Tép)(c;) exists and Tép)(c;) " Tép)(F).

DEFINITION. Let F and G be scale-invariant measurable functionals on C,[0,T]. For
X e C_;_ we define their GCP, (F+G), (if it exists) by

7 o Nagen), x e
clom -~ V2 vz

(F«G),(y) = 1 ot (2.7)

REMARKS. i) When A =-iq, we denote (F*G), by (F*G)q.

iil) When h = 1 on [0,T], then Z(x,t) = x(t) and so the GFFT and the GCP reduce to
tle ordinary Fourier-Feynman transform and convolution product [4].
The following well-known Wiener integration formula

+

T T
J exp{ifg(t)dx(t)}m(dx) = exp{~4[g%(t)dt}, g € Ly[0,T] (28)
Col0,T] 0

is used several times in sections 3 and 5.
We conclude this section with a theorem which play a key role in sections 3 and 5.

THEOREM 21. If T)(F), T,(G) and T,(F+G), exist for A > 0, then

(T)(F+G))\)(¥) = (T\(F)GF/VZNT,(G)(y/vVZ) (2.9)
for all y e CO[O,T].
PROOF. For A > 0, using (2.4) and (2.7) we see that

(T)(FxG),)(¥) = |  (F+G),(r+A2(x,-))m(dx,)
C,l0,T]

J
c3(o,1]

-1 -1
F[y+,\ 7[Z(x1,-)+Z(x2,-)]]G[y+)\ 7[Z(x1,-)—Z(x2,-)]

o ﬂ ] m(ex, m(dxy)

. x4 (£)+x4 (t) . x4 (t) x4 (t)
P {O’T]F[#+ (j)h(t)d[%]]({[—‘/%+ (j)h(t)d[_l_m_2]]m(dxl)m(u2).

X4 +X, X4 X
172 gnd wy = 12

But W, = are independent standard Wiener processes and hence

(T)(F+G))(y) = | F(—J%+A"5Z(w1,-))m(dw1) G+ A H(wy,- ))m(dw,)
CO[O’T] CO[O,T]

= (T, (OGN INT, @)V, 1
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3. THE BANACH ALGEBRA ¢.
The Banach algebra o, see [8], consists of functionals expressible in the form

T
F(x) = [  exp{ifv(t)dx(t)}df(v) (3.1)
L,[0,T]
for s—a.e. x in Cy[0,T] where f is an element of M(Ly[0,T]), the space of all C-valued
countably additive finite Borel measures on L,[0,T].

From [6, Lemma 1] we have that for each v ¢ Ly[0,T] and each h ¢ L_[0,T],

T T s T

(j)v(s)dZ(x,s) = (j) v(s)d[(j)h(u)dx(u)] = (j]v(s)h(s)dx(s) (3.2)
for s-a.e. x in Cy[0,T]. Thus, throughout this section we require h to be in Lm[O,T], rather
than simply in L,[0,T].

THEOREM 3.1. Let F ¢ o be given by (3.1) and let h ¢ L_[0,T]. Then for all p e [1,2]
the GFFT T((lp)(F) exists for all real q # 0 and is given by

() T i To o 9
(Tq (P)y) = | exp{ifv(t)dy(t) - 74 JvE(t)h(t)dt }df(v). (3.3)
0
L,[0,T]

PROOF. First of all, using the Fubini theorem, (3.2) and (2.8), we see that for all A > 0
and s-a.e. y in CO[O,T],

(T,E)3) = | Fy+A2(x,-))m(dx) (3.4)
C,l0,T]
T -1
= ff expfifv(Mly(t)+A Fz(x,)]}af(v)m(dx)

Col0,T] Ly[0,T]

T T
| | exp{i[v(t)dy(t) + —=Jv(t)h(t)dx(t)}m(dx)d(v)
L,[0,T] C,[0,T] X0

T 1 To o9
| exp{ifv(t)dy(t) — = [v*(t)h*(t)dt}df(v).
L,0.) 21 0

But the last expression above is an analytic function of A throughout € + and is a bounded
continuous function of A on (_;_ since f is a finite Borel measure. Hence Tép)(F) exists and
is given by (3.3) for all p ¢ [1,2] and all real q # 0. |

THEOREM 3.2. Let F and G be elements of ¢ with corresponding finite Borel measures f
and g in M(L,[0,T]). Then their GCP (F«G) 4 exists for all real q # 0 and is given by the

formula

T
(F+G)y ) = J exp{—= | [v(t)+w(t)]dy(t)} (3.5)
L2[0,T]

i To 2
- exp{ - (j) h2(t)[v(t)-w(t)]2dt}df(v)dg(w).
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PROOF. Proceeding as in the proof of Theorem 3.1 above, we obtain for all A > 0 and
s-a.e. y in Cy[0,T],

1

. [y+)\ -%Z (x,- )] o [y—)\ -’}Z (x,+)

(FxG),(y)
AV 7T

m(dx) (3.6)
colom ~ V% ]

1l

T T
f | exp{= [v(t)dy(t) + === [v(t)h(t)dx(t)}df(v)
Col0.T] Ly[0,T] V240

T
(IJ w(t)h(t)dx(t)}dg(w)m(dx)

. T .
| exp{— [w(t)dy(t) - =
L,[0,T] k23

. T
= | ep{t [[)+w(t)]dy(v)
L, [0,1]

ool L T 22
exp{= L [ [w(t)-w(t)|®n2(t)dt }df(v)dg(w).
4) 0

Again, (3.5) follows from (3.6) in the usual way by analytic continuation in M. [ |
Our next theorem shows that the GFFT of the GCP is a product of GFFT’s.

THEOREM 3.3. Let F, G, f and g be as in Theorem 3.2. Then for all p ¢ [1,2] and all
real q £ 0,

@P(Fs6) ) = AP ENGVDEP @GV (37)
PROOF. By Theorem 2.1 we see that
(1,(F+G),)5) = (ENGVINT,G)GVT) (38)

holds for all A > 0. But both of the expressions on the right-hand side of equation (3.8)
are analytic functions of A throughout ¢ + and are bounded continuous functions of A on

€ for all y ¢ Col0,T]. Hence Tép)(F*G)q exists and is given by (3.7) for all desired
values of p and q. 1

In our next theorem we establish a Parseval’s identity for functionals in the Banach
algebra .

THEOREM 3.4. Let F and G be as in Theorem 3.2. Then the Parseval’s identity

anf
.—q
f @@ @) [Exed] 1) ()) [EEer)) m(ax) (39)
o™ (e al e[

- pfof. el
Gl -~ V2 vz

holds for all real q # 0 and all p € [1,2].
PROOF. First of all for A > 0, we see that
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CO{O,T](TC(IP)(F)) [ e A mex

i Ta o 2 T
= g | el g [POR0a + - (vnex))

Col0.T] Ly[0,T]

. T . T
| ep{- 5= [WAORE(t)dt + —L— [ w(t)h(t)dx(t)}dg(w)m(dx)
L,[0,1] 190 JIX 0

i To 2. 9
= | exp{~ 7 JRE(t)[v*(t)+w*(t))dt}
L2[0,T] 0

- exp{- 7% '(})‘hz(t)[v(t)+w(t)]2dt}di'(v)dg(w).
But the last expression above is a continuous function of A on C_;_ and so setting
A = —-iq) = iq we obtain that
2t ()

coj[o,n(“ (e [F] xfPap [Hdman (3.10)

= eple 2 W) w(ew(e) %t at(v)dg(on).
Lg[O,T] { 4 0 }

Next for A > 0, we see that

2(x,°)] [ 2(x,-)
Tl 2

T
= 1 el [hIv)w(olax) oo dgmm(ax)
C,l0,T] L2[0,T]

T
J o emf- gy [0 dt fet(v)dg(w).
L2[0,T] 0

But the last expression above is a continuous function of A on (_;_ and so setting A = -iq

we obtain that
anf

1 Z(x,-) Z(x,-)
| F G|- m(dx) (3.11)
oo U5
. T
= el & [RPOM-w(e) dtatv)dg(w).
L2[0,T] 0
Now (3.10) and (3.11) together yield (3.9). [ |
COROLLARY 3.1. For F ¢ o,
T o - T Al )
0 [a@PE)[Ed] '@ = F[Ep[- M) im(ax),
Co[0,1] ! VZ 6o~ VZ &2

and
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a.nf_q a.nfq
(i) ) aPE) [ n@) = FEE ) m.
Co10,T] vz 6 [0,T]

4. GENERALIZED TRANSFORMS OF TAME FUNCTIONALS.
Let n be a positive integer and let 0 = tO < t1 < -0 < tn <T. Forl<p< +o

let Al(lp) be the space of all functionals F on Cy[0,T] of the form

F(x) = f(x(t)), - -,x(t ) (41)

s-a.e. where f: R" - C is in Lp(an). Let Al(lm) be the space of all functionals of the form
(4.1) with f in CO(IRn), the space of bounded continuous functions on R® that vanish at
infinity.

In this section we don’t need the added condition that h e Lm[O,T]; we only need
require that h ¢ L2[O,T]. We will however, for convenience, assume that h is such that

0 = aty) < aft)) < --- <afty < a(T).

For if a.(tj_l) = a(tj) for some j, then in equation (4.4) below we would simply carry out
the integration with respect to v before making the substitution (4.5).

For notational purposes let A P = a(tj) - a(tj_l) for j = 1,2,---,n and let

z 1

) [27f[a(t 32t _1)]]

LEMMA 4.1. Let 1< p ¢ +v and F eAI(lp) be given by (4.1). Then for all A ¢ C_,

(T, (F)(y) = KAy(ty),---¥(ty)) (42)
where
K(Awy,e W) = K(\;w) . (4.3)
-1 . 2
= AT of f(\'w"+3)exp{--§\- .51 (—ui—;qgl—)}dﬁ
R" =

J
=y f(a)exo{—% R e Sl -1”}4
RE j=1

and where u = (ul,---,un), W = (wl,---,w
PROOF. For A > 0, we note that
-1
(T,(F)(y) = [ F(y+X %(x,))m(dx) (44)
c,lo.T]
tl t
-1 a1 n
= f(y(t))+2? hdx,---y(t )+ ¥ hdx)m(dx)
C,[0,T] 0 0
0 )
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a1 t_) 4 t.l
= [ f(y(t)+r2z | hdx,---y(t )+A%2 X [ hdx)m(dx)
Col0,T] =1ty 3=l by
[1]%; (5t ) 5 (a2t ()1 E (Aahvyexpll 3 v2aw
= y a)ly. ..oy a v.exp{— v.} v.
27 R 1 j=1 J J n j=1 J J §j=1J
Next for j = 1,2,---,n let )
4] !
.= . 2 2y, . .
U y(tJ) + A kfl(Aka) Vi (4.5)
Then for j = 1,2,---,n, vj = A%(Aja)":’[(uj.uj_
yields
3 A
(T,(E)G) = Ay f(ﬁ)erp{— A
R

= K(X;y(ty),- - -¥(ty))-
Since f ¢ Lp(IRn) and ReA > 0 for A ¢ € o the above expression is an analytic

1)'(Y(tj)‘y(tj-1)]’ and substituting into (4.4)

(4.6)

[(w5-u;_y)~(y (tj)—mj_lm?}dﬁ
j Aa

n
%
=1 j

function of A throughout € + |
REMARK. In J3, pp.106-112], Johnson and Skoug established various results about the
FFT for F ¢ Anp ; ie, for the GFFT in the case h = 1 on [0,T]. But their proofs can be

adapted to work here, sometimes by just replacing t.—t. . with a(tj) - a(t; ;). Thus we

A -
will simply state the generalized results below.
LEMMA 42. Let 1 < p < 2, let p’ be determined by % + 517 =1, and let f ¢ AP,

Then for all X e C_;_, K()\;w) given by (4.3) is an element of Lp,(IRn)‘ Furthermore, when
p = 1, K(\w) is in CO(IRn).

REMARK. When 1 < p < 2 and Red = 0, the integral in (4.3) should be interpreted in
the mean just as in the theory of the Lp Fourier transform.

THEOREM 4.1. Let 1 < p < 2 and let F ¢ A(P) be given by (4.1). Then the GFFT of
F, T((lp)(F) exists, is in Al(lpl), and is given by

(TPENG) = Kica(ty), - ¥(t,) (4.7)
for all real q # 0.
We also have the following transform theorems.
THEOREM 4.2. Let 1 < p<2,real q# 0, and F ¢ Al(lp) be given. Then for each
p>0(reC),

Alim_ | ITXT,(F)(2(,")) = F(eZ(y,"))|Pm(dy) = 0.
" cylo,T]
Furthermore,
TX(T/\(F)) - F
s-a.e. as A -—iq through values in 4+
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THEOREM 43. Let F ¢ A(2. Then T _(Tg(F)) = F for all real q # 0.

5. GENERALIZED CONVOLUTION THEOREMS.
Our first lemma gives an expression for the GCP (F*G) A for X ¢ € + where

(py) (py)
FeA Vs given by (4.1) and G ¢ Al 2 s given by

Gx) = glx(t,), - x(t,)) (5.1)

s—a.e. where gt R® - Cisin L_ (R") and 0 = t, < t; < -+ < t_ < T.
Py 0 1 n

(py) (py) .
LEMMA 5.1. Let F ¢ A11 and G ¢ All with 1 < Py < 4w and 1 < Pgy < 4w. Then
for all A ¢ €+,
(F+G)y(y) = B(Aiy(ty), - -y(t,) (5.2)

where
H(Aiwy,-w ) = H(Aw) (5.3)

oty l)ellenf- 3 } o

R =1 J

PROOF. We first note that for A > 0,

(F+G),(y) = J F YA T, g Y"""‘I’Z("")\m(dx) (5.4)
A G,l0T) [ JT ) [ Jr )
R 3! -1 al tj
= )N Y baxe 2y )+ENTE [ B(s)ax(s)
Colo.T] 0 =ty
1 ! -1 4D tj
- 8(2 %y(t)(22) ’(I) hdx,- - +,2 Zy(t )H2A) ’j_fil { h(s)dx(s))m(dx)
=E
1 1
3 Aa)? n [A.a]?
= (3] Qoo Pyt + I )

1
3
Ala

- BT —[—r]%vl,- YT - ji [553—] %)

- exp{- J(vE4---+vE)}av.
j 1 -1
Now let u; = kill(Aka)’ka for j = 1,---,n. Then vi= (Aja) I(uj-uj_l) for j = 1,---,n and

so substituting into equation (5.4) we obtain equation (5.2) for A > 0. But the last
expression in (5.4) is an analytic function of A throughout € + and so equation (5.2) is valid

throughout € + 1

The following theorem gives an interesting relationship involving generalized
convolutions and generalized analytic Wiener integrals.
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THEOREM 5.1. Let F and G be as in Lemma 5.1. Then for all ) ¢ C+,

(T)(FxG),\)(¥) = (T\(F))(y/VZNT,(G)(y/V2). (5.5)
PROOF. By Theorem 2.1, equation (5.5) holds for all A > 0. But the result now follows
because T/\(F), T )‘(G) and T/\(F*G) 5 @ll have analytic extensions throughout € + |

Our next lemma plays a key role in obtaining the existence of the GFFT of the
GCP.

LEMMA 52. For all X ¢ C_; let H(/\;Jv) be defined by (5.3) for f € Lp (R") and

1
g € Lp2(an) with 1 < p; < 2 and 1 < py < 2. Then for all X ¢ €, H()-) ¢ L (R")
where r is given by % = — + — — 1. In addition, if 1 = +o (ie, p1=p2=2), then
H(X;-) € Cy(RY).
REMARK. Again when Re) = 0, the integral in equation (5.3) is of course interpreted in
the mean.

PROOF. If 1 < r < +w, then H();-) ¢ Lr(an) by Proposition 26 in [11, p.317]. If f and
g are both in LZ(IRn) we first note that H(A;-) is in Lw(lkn) since for all w ¢ RY,

[B(W)| < mgvl{tntf[%]nc[%]ma

>,

ol ) )
= |A1%v(m“||ﬂ|2ugu2‘

A standard argument now shows that H();-) belongs to CO(IRn). [ |

In our next theorem we show that the GFFT of the GCP is the product of
transforms.

i+—1— g— Letrbeglvenby =

(py) (py)
THEOREM 52. Let F ¢ A  © and G e A > with 1 < p; €2, 1< py < 2 and
Py +

pi pi ~ 1. Then
(r) (Pl) (Pz)
('1'q (F*G)q)(Y) = (Tq (1"))()'/~/7')(Tq (G)(y/VZ) (5.6)

for all real q # 0.
PROOF. We first note that by Lemma 5.2, (FxG) q is an element of Ar(lr)' Also, we note

that 1 < r < 2 and so by Theorem 4.1, all three of the GFFT’s in equation (5.6) exist.
Equation (5.6) then follows from equation (5.5). |
By choosing specific values of P, and D, in Theorem 5.2 we obtain the following

corollary.

COROLLARY 5.1. i) Let F, G ¢ A). Then for all real q # 0,



30 T. HUFFMAN, C. PARK AND D. SKOUG
a6 m = aNEevna@)eD).

i) Let F ¢ A(") and G € A(?). Then for all real q # 0.

P e )m = aMEeVDaP ENGID).
iii) Let F, G ¢ AI(I%). Then for all real q # 0,

D Es6) )0) = EDENGVDED (@)D

We will finish this section by establishing a Parseval’s relation for functionals F and
G in A1(12)' In our proof we will use the ordinary Parseval’s identity for L2(an); that is to

say
 fg(wdn = | f(u)g(a)du
R" R"
where f(u) = | f(;)e—zﬁ(u’v)d:r is the n—dimensional Fourier transform of f and g is the
I

R
complex conjugate of g.

THEOREM 5.3. Let F and G be elements of 4(?). Then the Parseval’s identity

anf

.
;@@ ) [Bxan)) (1)) [EE2)) m(ax) (5.7)
CO[O,T] q [ﬂ ] q [ﬂ ]

~ Y p{esof. Haage
clom VZ vz

holds for all real q # 0.
PROOF. a) For A > 0, we evaluate the Wiener integral below and obtain that

Z(x,)]gf- 2(x,-)
CO{O,T]F[m]G[ m]m(dx)

B (vi-v -_1)2} .

—

= \of {GIVT ) gNT ) expf- 5 B
R =1 j

2
n
7 -+ -+ n (V-—V i ) -+
= 20y f(v)g(—v)exp{-)\‘z -1 }dv.
RZ =1 J
But since fg ¢ Ll(lkn), the above expression is an analytic function of A throughout € + and
a bounded continuous function of A on C_;_ and so setting A = -ig we obtain that

T e{atsl] o[- ) agan o9
c,l0,m V2 /z
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= (—2q1) 7[ f(V)g(-v eXP{m ) (—VJ;;X-’—}
for all g ¢ R - {0}.
b) We next note, using Lemma 4.2, that (T((lz)(F))(x/JT)(T((lz)(G))(x/JT) is in
Ax(xl)' Then, using Theorem 4.1, we see that for A > 0,
;@@ ) [HE)) 1) () [Axad) m(ax)
CO[O,T] q [m] q [m]

S B
[(vjv; =207 hax]

- Lig2f f()g(Rexplid 3 i1
Co{qﬂ( 7 (e 72 5

t
[(4j-0;_4)-(22) 7] hdx) 2

. _1 + -+
3 D e Y dudvm(dx)

n 2
_ . ¥ 3 -+ - A n m.
= (-iq)"\ "y I{zanf(v)g(u)exp{— 5 jil K:]Ji}

udv.
Aja
Now letting A(F,G,q) denote the left-hand side of equation (5.7) and setting A = —(~iq) in

the above expression we obtain that

: exp[-29 3 [(vyvy )2 I"] +[(“J—“J )2 J]z]dﬁld’ v

2
n
.0 7 203 iq v "
A(F.Ga) = (9% 7 (g@exp{- F = 7L}
[ =1"j
4 12 4 12
1 n [(v'—v'_ )-27m'] +[(u'.u'_ )—2 ﬂ-] >
-exp[—lzg DS S KU T = SR Ll 1Y .
=1 J
Next for j = 1,---,n let =V - v and IJ = -u Then

A(F,G,q) = (Hq)" (lq) % I f[lerJ ngrj] [J)i: Lo 3 z.]

Ja
Next let
2
1 n n r
*(z,, ) = f[ r, ) 1'.]exp{l ) },
' e g
2
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and let wj =1 for j = 1,2,---,n. Then

A(F,Gq) = (—iq)“(iq)’v3(2wﬂAja)“q‘“J | f*(i)exp{—m_glrjwj}ﬁ
mn mn =

B n I
- J g*(Dexp{-2m % Lw.}didw
R® j=13

n _

. v R+ 3+ -+

= (-2qi) 9f f*(w)g*(-—w)dw
RR

= (—2qi)’71nf*<%)g_*(—v*v)d~‘v

R
( )% | f % 3 § 3 3 A_-LW? ’
= (2qi) 7 [ Wipeery w.]g[—. LSRR w.]exp{iq ) }dw
e I S A = T = =1 %j®
% » -+ n (V~—V '_1)2 +
= (2a) "7f T@g(-Vexp{ai T —L It fav
R j=1 J
for all real q # 0, which in view of (5.8) establishes (5.7). |

ACKNOWLEDGEMENT. The third author expresses his graditude to the University of
Nebraska for a Faculty Development Fellowship as well as the hospitality of Idaho State
University where the research was carried out.

10.

11.

REFERENCES

BRUE, M.D. A Functional Transform for Feynman Integrals Similar to the Fourier
Transform, Doctoral Thesis, University of Minnesota, (1972).

CAMERON, R.H. and STORVICK, D.A. An L2 analytic Fourier~Feynman
Transform, Michigan Math. J. 23(1976), 1-30.

JOHNSON, G.W. and SKOUG, D.L. An Lp Analytic Fourier-Feynman Transform,
Michigan Math. J. 26(1979), 103-127.

HUFFMAN, T, PARK, C., and SKOUG, D. Analytic Fourier-Feynman Transforms
and Convolution, Trans. Amer. Math. Soc. 347(1995), 661-673.

HUFFMAN, T., PARK, C. and SKOUG, D. Convolution and Fourier-Feynman
Transforms, submitted for publication.

CHUNG, D.M,, PARK, C. and SKOUG, D. Generalized Feynman Integrals via
Conditional Feynman Integrals, Michigan Math. J. 40(1993), 377-391.

PARK, C. and SKOUG, D. Generalized Feynman Integrals: the .Z(Lz,L2) Theory,

to appear in Rocky Mountain J. of Math.

CAMERON, R.H. and STORVICK, D.A. Some Banach algebras of Analytic Feynman
Integrable Functionals, in Analytic Functions, Kozubnik, 1979, Lecture Notes in Math.
Vol. 798, Springer—Verlag, Berlin, 1980, 18-67.

CHANG, K.S. Scale-invariant Measurability in Yeh—Wiener Space, J. Korean Math.
Soc. 19(1982), 61-67.

JOHNSON, G.W. and SKOUG, D.L. Scale-Invariant Measurability in Wiener Space,
Pacific J. Math. 83(1979), 157-176.

ROYDEN, HL. Real Analysis, Macmillan, 1988.



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




	University of Nebraska - Lincoln
	DigitalCommons@University of Nebraska - Lincoln
	8-8-1995

	GENERALIZED TRANSFORMS AND CONVOLUTIONS
	Timonthy Huffman
	Chull Park
	David Skoug

	tmp.1556045668.pdf.q927V

