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Large two-atom two-photon vacuum Rabi oscillations in a high-quality cavity
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We predict a large cooperative effect involving two-atom two-photon vacuum Rabi oscillations in a high-
quality cavity. The two-photon emission occurs as a result of simultaneous deexcitation of both atoms with
two-photon resonance conditiof; + w,=~ wa+ w,, Where wy,w, are the atomic transition frequencies and
w4y, are the frequencies of the emitted photons. The actual resonance condition depends on the vacuum Rabi
couplings. The effect can be realized either with identical atoms in a bimodal cavity or with nonidentical atoms
in a single-mode cavity.
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I. INTRODUCTION H, = H+eia)t +H gt (1)

High-quality cavities have led to the study of a new re-
gime of radiation matter interaction viz. the study of strongly Then second-order perturbation theory leads to the following
interacting systems. Several new phenomena such as vacuwxpression for the rate of two-photon emission:

Rabi splittings[1—4], collapse and revival of Rabi oscilla-
tions [5], trapping state$6], and systems such as microma-

sers[7,8] have been studied. More recent applications on RC:Z—W (91.92/H.10:. €201 €2 H. ey, ;)

high-quality cavities are in the context of quantum computa- h? fi(w; - w)

tion [9]. Most of these works concern the interaction of the H.le e a-H.le e |2

individual atoms. Earlier cooperative effects such as optical ~ + 91,02|H. €1, g7)(e1,0zH.Jey &) Swy + wy— 20).
bistability involving a large number of atoms have been in- iw, ~ w)

vestigated[10]. A large part of these studies concerns the (2)

situations where the atomic transition frequency is almost

equal to the cavity frequency. In this paper we report aNote that surprisinglyR.=0, as the two-photon matrix ele-

unusual cooperative effect mvolvmg two atoms in a nonresohent vanishes Wheﬂ)1+w2:2w as there are two paths for

nant cavity. This cooperative effect arises from the S|multa-Wo_photon emission which interfere destructively. It has

neous deexcitation of two atoms such that the sum of th n arqued that nonzero two-photon emission can result if
energies of emitted photons is equal to the sum of the excp€€n argued that nonzero two-photon emission can resu
e include interatomic interactiorj§2,13 which, however,

tation energies of the atoms. We demonstrate that in a higﬁ’y ) : . . T
quality cavity the two-atom two-photon resonant effect could®'® important only if the interatomic sgparatlon is less than a
be large, thus opening up the possibility of a variety of ncm_wavelength. A remar_kab_le dgmonstratlon of such t.wo—photon
linear, i.e., multiphoton cooperative phenomena in nonresocooperative effects is given in a recent wqfld] using the
nant cavities. For this purpose the recent development on tH&ethods of single-molecule spectroscopy. Similar results ap-
trapping of an atom inside the cavif{1] should be espe- Pply to the case of two-photon emission by identical atoms
cially useful. We bring out the origin of such large two-atom [Fig. 1(b)] if the photons of frequencies, and w, are emit-
two-photon Rabi oscillations. ted

We start by noting that in a two-photon emission process
the two-photon resonance between the excited $tatand @ )
the ground statég) would occur at a frequency given by oy _ le e, >
weg= 2w, Wherewe, is the atomic transition frequency and 18> ®
is the frequency of the photons emitted. The process pro- o N
ceeds via intermediate statéi$, which are away from a —— lne>
single-photon resonance. Now consider an interatomic pro- Y 1’
cess involving two atoms with distinct transition frequencies
w; and w, such thatw; - » and w,—w are large so that indi- —g 48 S
vidual emissions are not important. However, as shown in v | . Oy
Fig. 1(a), one can consider a two-photon emission process ——tr& Y lg.g >
such thatw;+w,=2w. Clearly this would be a cooperative

process as it involves two atoms. In addition, it should alsg " '®- 1- TWo ways for two-atom two-photon emissid@) cor
) o - Tesponding to two possible intermediate stagesy,) and|g;,e,) in
be important as it is a resonant process. Let us then exami o : ; . :
e system of nonidentical atoms interacting with a single-mode

megranhsm_on prob_ab|l|ty for Sl.Jt;:Ih ;WO'EhOtOn e_m|SS|;)n. Lhetvacuum andb) in the system of identical atoms interacting with
+ be the interaction responsible for the emission of a phog, .o odes of the vacuum.

ton defined by the interaction Hamiltonian which is written
in the form
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In this paper we examine such two-photon emission pro- V2
cesses in a cavity. It is advantageous to use a cavity for the +C5(1)[0, D} + gy, g ca(t)
study of such a fundamental process as one would not be
constrained by the requirement of small interatomic separa- +C(1)[0, 2} (7
tion. We demonstrate how high-quality cavities can lead to a ) i
large two-photon Rabi oscillation involving two atoms. Note Different terms in the wave functio(v) correspond to no-
that vacuum Rabi oscillations in the context of a single atonPhoton emission, one-photon emission, and two-photon
interacting strongly with vacuum inside a single-mode reso€Mission. The photon emission can take place in either
nant cavity have been studied extensiv§ly-4]. We also mode. A very interesting aspect of the stdi@ is its en-
note that the two-photon micromaser in a single-mode cavityangled nature. This provides a method of producing en-
has been realize8]. In this paper we consider two different angled states, say, entanglement of two-cavity mqdé
cases of two-photon vacuum Rabi oscillatiofig:two iden- 1€ time-dependent amplitudegt) are determined by
tical atoms interacting with vacuum in a two-mode cavity _ _
and (ii) two nonidentical atoms in a single-mode cavity. ¢, = —ig1V2¢, —igyy 2¢,,

The paper is organized as follows. In Sec. Il we consider

the case of two identical atoms interacting with two modes . o= .= )
of a cavity and discuss two-photon vacuum Rabi oscillations €2 =1AC; ~191V2C, ~ 92V2C4 ~ 2i9;Cs,
when the photons are emitted in different modes under reso-
nance condition. In Sec. Ill we consider the case of two
nonidentical atoms interacting with a single mode of the cav-
ity. We present both approximate and analytical results. In
Sec. IV, we confirm that the two-photon vacuum Rabi oscil- 4= i(A + 8)c, — g2, — igyV2¢s,
lations survive in the limit of small damping in a high-
quality cavity. Finally in Sec. V, we present conclusions and )
future outlook. C5= 2IAC5 — 2ig;Cy,

1,1 +c5(1)[2,0)

ég =j 5C3 - igz\J”EC:L - igl\,‘“’EC4 - 2ig2061

Il. TWO IDENTICAL ATOMS INTERACTING Ce = 21 5Cg — 2i9,Cs. (8)
WITH VACUUM IN A BIMODAL CAVITY
The complete solution of Eq8) has 6 eigenvalues corre-
sponding to those where there will be a 15 peak spectrum. In
order to understand the nature of the two-atom two-photon
resonance we present numerical as well as approximate
analysis which can capture the physics of the cooperative
o process. We consider the case when detunings to the cavity

H=fwala+hophb+ >, ﬁ{;o(le.)(ell —loi{gl) +|eXgl  field are much larger than the couplings, ilal, |8/>g., 9,

i=1,2 but |A+ 4 is small and the condition for two-photon reso-

We consider two identical two-level atoms, with transition
frequency wg, interacting with two modes of the vacuum
having frequencies, and wy, in a cavity as shown in Fig.
1(b). The Hamiltonian for the system is

Ul

nance isA+6=0. In such a case the cooperative two-photon
X (g1a+gob) +|g)(el(g;a + gaT)] (4)  process should dominate and single-photon processes would
be insignificant. The results of numerical integration of Eq.
wherea anda’ (b andb') are annihilation and creation op- (8) are plotted in Fig. 2. In the case whep+ g, a novel

erators for the firstsecong mode of the cavity and; andg, ~ 'ésonance is achieved. The probability of two-photon emis-
are the coupling constants. In a frame rotating with fre-Sion at resonance is quite high. The resonance is shifted from

quencyw,, the Hamiltonian4) becomes the positionA +6=0. This shift is due to the strong coupling
to the vacuum field in the cavity. Fog,/g;=1.5 andA
H=-#kAaa-#Asb’b+ >, AlleXgl(g;a+ gob) +|gi)}el =-5g; maximum two-photon emission probability is ap-
i=1,2 proximately 0.9 and the interaction time required for achiev-

ing maximum probability is given bg;t= 6.

Having established numerically that the two-photon reso-
nance can be large in cavities, we present an approximate
A=wy=ws 0=wg— wp. (5) analysis to demonstrate it. Under the abovementioned condi-
We consider the special case of two-photon emission, i.et'o.ns for Fwo-photon resonance we can eliminate fast oscil-

S . . _lating variables,,c3,C5,c and effectively reduce the dynam-
the case when the initial state of the atom-cavity system is._ . L .
ics in terms of slowly oscillating variables; and c;. A
14(0)) = |e,,€,,0,0). (6)  simple treatment where one sets=C3=C5;=Cs=0 does not
yield the physics of the two-atom two-photon emission. We
Considering all possible states of the system in evolution, théhus relegate the procedure for eliminating fast variables to
state of the system at tintecan be written as the Appendix. The reduced form of E) is written as

X (gya’ +gyb"],
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The solution of Eq(9) gives

4G VAG? + 0%t
|C4(t)|2 462 + stmz 2 ) (10)
with
G=2 ( A + ° )
il A?+2g7  &+293)"
Q=A+5+2(gz—g2)( - ) (11
Po\A-2g] F-2g))

Note that in the limitg;=g, and A+6=0, the probability

0.8
0.7
- -ose
L dos FIG. 2. (Color onling Two-
atom two-photon emission prob-
ability |c4(t)|? in a system of iden-
e tical atoms interacting with
vacuum in a two-mode cavity for
- 10.3 0,/9:=1.5 andA/g,=-5.0.
0.2
0.1
69192 At
ci(t)?= n2 Sinf—. 12
| 4( )| 52A2 2 ( )

The usual second-order perturbation theory cannot lead to
interatomic two-photon resonance. One has to consider
higher-order terms ig; andg,. However, then the excitation
itself would be negligible. Therefore one needs high-quality
cavities. The probability of cooperative emission of two-
photons in different modes is a periodic function of time. In
Fig. 3(a), we plot the maximum value ¢€,(t)|? as a function

of 6 and in Fig. 3b) as a function of time, for fixed values

of gy, g, and A. At two-photon resonance the probability
corresponding to two-photon emission in one of the two
modes is much smaller than the probability of two-photon
emission in different modes. From Eq4.0) and (11) it is
clear that the two-photon resonance occurs ftd
+4(g3/A+g3/ 8)=0. Thus the interaction with the cavity
modifies the condition of two-photon resonance. This is seen
quite clearly in Fig. 8a). We note the connection of the
resonance frequend to the one-photon Stark shifts. It is
well known that the shift in the frequency of a two-level
atom in the presence of a field with photons is given by
2g2(n+1)/A which is equal to 4?/A for n=1. Thus the
change ag /A+g /) is equal to the frequency shift of both
the atoms due to the presence of a single photon. We have
checked using the full solution of the Schrodinger equation

amplitudec, for two-photon emission tends to zero, as boththat the resul¢10) is quite good. However, it should be borne

Q) and the numerator in Eq10) become proportional to

in mind that the exact result is not periodic and exhibits rapid

(A+). Thus when couplings to the modes are the same, thgariations though the envelope agreeing with the redii
two-photon emission probability has no resonance. In thisThe abovementioned approximate results are valid for larger

case the transitions frone;,e,,0,0 to [g;,0;,1,1) via
states (1/v2)(le;, 0 +|g,&))[1,00 and (1/v2)(|g;,e,)

values of detunings but for larger values of detunings a large
interaction time is required to reach the maximum of two-

+|ey, gz) |O 1) interfere destructively. We further note that to atom two-photon transition probability. This should be pos-

order9192 the two-photon resonance does not occur:

sible with the recently developed method of trapping atoms
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FIG. 3. The maximum value of the two-atom
0.6 1 i two-photon emission probabilityc,(t)[?> in the
system of two identical atoms interacting with
vacuum in a two-mode cavity is plotted with re-
i I spect to(a) detuning é and (b) time for g,/g;
=1.5 andA=-10g;. The solid line corresponds to
the approximate result and the dotted line corre-
sponds to the exact numerical result.
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in a cavity [11]. The other possibility is to work under the [ih(t)) = c1(t)|ey,€,,0) + Co(t)]€1,02, 1) + C5(1)| 01, €5, 1)
conditions of Fig. 2.

+¢4(1)[91,92,2), (16)

IIl. TWO-PHOTON EMISSION BY TWO NONIDENTICAL h h . ffici .
ATOMS IN A SINGLE-MODE CAVITY where the expansion coefficierds satisfy

In this section we analyze a system of two nonidentical ) . .
atoms interacting with a single-mode vacuum field in a cav- €1= 7102627 101Cs,
ity [Fig. 1(@]. Consider two nonidentical two-level atoms
with excited statese,),|e,) and their ground stateg;),|d,) _
interacting with a single-mode cavity field of frequeney C,=i8c, —igq1V2c, — ig,Cy,
The Hamiltonian of this system is

w w ~ = A s “‘JE o
H= ﬁ[f(elxell ~190¢0:)) + = (le2) ezl ~[g2)azD G T 1RGN T
+ wa*a] +7ig(le(gala+a'lgr)(ey)) 4= i(A + 8)c, — 9112, — igo\2¢s. (17)
+hgy(|ex)(gola+ a'go)(e,)), (13

The two-photon resonance condition for this system would
where wi(w,) is transition frequency for the firgsecond ?he A+|5T.O' F?rEco;lpllngsgl,gz much smaller thanA|,|d],
atom,a anda' are annihilation and creation operators for the € solution of Eq(17) gives
field, andg;(g,) is the coupling constant to the cavity mode

with the first(second atom. In a rotating frame the Hamil- 4 > & At
tonianH can be written as Cy(t) =-— g}% inEsin— + (higher-order terms
H =~ 2A|g:){(G1| = %8|92)(ga| + Aiga(ler)(aila+allgi)(ey) (19
+higa(le)(gla+allgy)(e)), (14)

The first term in Eq(18) represents independent emission by
each atom. Clearly, to lowest order @3g, no two-photon
resonance occurs. Such a resonance can come from the terms
of higher order. Assuming that\| and|d| are large bufA

Let us consider an initial state/(0))=|e;,e,,0) with both  + 4| is small, we eliminate fast oscillating variablesandc,
atoms in the excited state and cavity in the vacuum state. Thi@ a way similar to the previous case and E&j7), in terms

state of the system at tintecan be written as of slowly oscillating variables reduces, to

A=wi—w, 6=w,~w. (15
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FIG. 4. (Color onling Two-atom two-photon
emission probabilitylc,(t)|? in a system of non-
identical atoms interacting with vacuum in a

10.4

le, 01

""" {0.3 single-mode cavity forA/g;=-5.0 andg,/g;
=2.0.
0.2
0.1
2.8 3.2
?‘)/g1
2 2 _ A S IV. EFFECTS OF CAVITY DAMPING
o 9, % . |
Cr=—i| =+ JC+idON2| — 5t |G : : ;
A A+2g7 &+2g; Before concluding we examine the effect of cavity decay

on two-atom two-photon vacuum Rabi oscillations. We do a
s calculation based on a master equation. Let &nd 2, be
—+ —2>Cl the rate of loss of photons from the first and second modes,
A+297 6+29; respectively. The density matrix of the system of two atoms
295 Zgg interacting with two mode field in the cavity will evolve
+ i(A +6+ e + —>c4. (19 according to the master equation

Ca= i9192\5<

: i
We find the approximate result for the two-photon emissionP =~ g[HvP] — ra(@'ap - 2apa’ + pa'a) - wy(b'bp - 2bpb’
probability

+ pb'b). (22)
4G/2 . '4G/2+Q/Zt . . . .
lca)? = —5——3Si , (20)  The density matrix for this system can be expressed in terms
4G+ Q 2 of all the states which are generated by the combined effect
) of H and dissipation. Because of the cavity decay, many
with more states are involved in the dynamics. For example, for
A s identical atoms interacting in a bimodal cavity, the relevant
G,:\Eglgz( 2 2+ 2), states ar@11e21010>1 |gl!e21010>1 |glie21110>1 |gl!e21011>1
A+2g &+ 20, €1,62,0,0, le1,0,1,0,  [€1,6,,0,D, 01,6,,0,0,
|91192!011>1 |91192!110>! |gl!9210!2>! |91192!1|1>1 and
¢ & |91,9,,2,0. For this system the density matrix is expressed
Q':A+5+3<—1+—2). (21) as
A 6
1 i+ i i+ K ik
For largeA| andLﬂ, Eq.(20) shows two-photon resonance at p= > 2> > > plik.iikD
A+6+3(g2/A+g5/8)~0. Further such two-atom two- i"j"ij=0k'=0k=0 =0 1=0
photon resonances appear fgi# g, which disappears i, KK (23)

when g;=g,. In the latter case the antisymmetric state
(|g1,€,1)—|e;,09,,1))/V2 is decoupled frome;,e,,0) and  Herei,i’ (j,j’) represent states of the firsdecond atom
|91,0,,2). We present numerical results in Fig. 4. The graphwith the convention0) corresponding to the excited state
shows two-photon resonance fgy+# g,. It is clear that the and|1) corresponding to the ground state, the indikels’
position of resonance is shifted frot+§=0. This shift in  (I,I”) represent the number of photons in the fiigecondl

the position of resonance is due to larger valueg,adindg,  mode. Thus the dissipation requires considerable numerical
and depends on the ratip/g;. There is a large enhancement work. Results for two identical atoms in a bimodal cavity are
in the probability of two-photon resonant emission in a high-shown in Fig. 5. We show results for optical cavities with
quality cavity. It is expected that such effects can be studied)/x=30 in Fig. §b) and for currently realizable cavities
by placing the system used by Hettiehal. [14] in a cavity.  (g/x=10) in Fig. 5c). The two-atom two-photon vacuum
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0.4 0.2
FIG. 5. Periodic behavior of
two-atom two-photon emission
N N probability [c,(t)|? for identical at-
= = oms interacting with vacuum in a
2 £ bimodal cavity for 6=3.53;, A
=-50,, 0,=1.53,;, and cavity
damping constants(a) k,=xp
% 2 4 6 s 10 %0 2 4 86 8 10 :o.ciod(b) #a=Kp=0.031, (€) xa
(@) 9.tn (b) 9,t/n (©) ovn =5=0.1gs.
Rabi oscillations survive in the limit of small dampimg « 14) = 01,05, 1,0, E;=-(A+6),
=~ 30 but for larger dampingg/ x=10) die fast. Similar re-
sults are found for two nonidentical atoms in a single-mode 5)=01,02,2,0, Es=-2A,

cavity.

16) =01,02,0,2, Eg=-24.

The resolvent foH, is the function
We have reported large two-atom two-photon vacuum

Rabi oscillations in two systems, one having two identical
atoms in a two-mode cavity and another having two noniden-
tical atoms in a single-mode cavity. We have shown that for

asymmetric couplings(g, #g,), the probability of two- wherez is complex. IfP; is projection operator for the eigen-

photon emission is quite large but for symmetric couplingsStates ofHo

(91=0,), the two-photon emission probability is very small. P =liXi|, i=1,2,...,6. (A3)
Further, we have shown that the condition of two-photon
resonance in the case of strong atom-field interaction id Ne resolvenGG, can be expressed as
modified from its free-space fornA+5=0). These two- P

. . . |
photon transitions involving two atoms can be used for gen- Go(2) = > —
erating and detecting different types of entanglement be- i 27 E
tween two field modes and two atorfiss].

V. CONCLUSIONS

1
God =

Hy' (A2)

(A4)

The resolvent for the full Hamiltoniahl is

ACKNOWLEDGMENTS G(2) = 1
z

-Hy-eV’
G.S.A. thanks V. Sandoghdar and G. Rempe for discus- 0
sions on the two-atom two-photon resonance.

1 1
= 1+eV ,
zZ-Hg z-H

APPENDIX =Gy(1 +€VG). (A5)

Our procedure for eliminating fast oscillating variables is From Eq.(A5) the resolvent for the full Hamiltoniakl can
extended form of the procedure discussed in RET]. The  be expressed in the power serieseais
Hamiltonian(5) can be written as

G=D, €"Gy(VGy)". A6

H=Ho+ eV, 2 €1Gy(VGy (A6)

where For small values o, G(z) has singularities in the complex
Ho= - Aa'a- sb'b plane in the neighborhood of poles of functi@y, i.e., ei-

genvalues ofH,. Further eigenvalueg; and E, are very
close to each other under the conditidrr 5~0 and other
evV= E fille)(gil(g:1a + gob) +|g)(el(g;a" + gob")]. eigenvalues are largely separated. We consider a corftour,
1=1,2 in the z plane that encloses eigenvaluesand E, only and
(A1) leaves others outside as shown in Fig. 6. We define a new

. . . rojection ratoP,
The eigenstates and corresponding eigenvalueg,are projection operato as

|1) = |e;,e,,0,0, E;=0, Pr=P1+Py,
1
2)=2""4e,,0) +]91,€)[1,0, Ep=-A, “oim f G(2)dz. (A7)
13) =27Y2(e,,0,) + |01,€,))|0,1), Ez=-36, HereP, andP, are the projection operators for eigenstates of
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‘ residues az=E; andz=E,. Further as in our caseP,VP;,
eP,VP,, andeP,VP, equal to zero, there is no first-order and
W third-order terms. The second order term is
r A@ =P,VQ,VP, + P,VQ,VP, + P,VQ,VP, + P,VQ,VP;,
FIG. 6. The contour in the complex plane shielding two eigen-
valuesE; andE, and leaving others outside. Q = E L (A12)
G E-E
i#1,4=] i

full Hamiltonian H corrgspondlqg to the (_algenvalues |nS|de-|-he fourth-order term is
the contour. The effective Hamiltonian will have the form

He = (P1+ PHPL(Py + Py). h8)  aw= L z( P, Pa )vz PP
2|’7T r Z_El Z_E4 i¢1,4Z_Ei Z_El

From the definition of the resolvent we have
P P, P P
(z-H)G=G(z-H) =1, +— ey —J—>v2 —kv<—1

z-Ey 14278 G142 B \Z-E
HPy = ijg zG(2)dz. (A9) » ot )dz. (A13)
2|7T r Z_E4

- ; For simplification we use the condition for resonance §
Subs_,ututlng ‘h‘? value OG(Z.) from Eq._ (A6) nto Ed. (A9) =0, i.e.,E;=E,4. Thus the fourth-order term is
and interchanging summation to the integration we have

1 1 P P
HPr =2, — ¢ zG|(VGp)"dz Al10 AW = — z( 14 _4>
: EHZM-JEF GolVGo) (A10) 2im) \z—-E; z-E;
The effective Hamiltonian can be expressed as <V P VS P. v Py V( P,
” i¢1,4z_ El j¢1,4z_ E] k¢1,4z_ Ek Z— El
Hept = E1P + EqPy+ >, 'AM, 5
n=1 + 4 )dz (A14)
zZ— El
e} 1 ) ]
An) = (P, + P4)Z ﬂﬂg 2Gy(VGy)"dZ(Py + Py). Integrating Eq(A14) we have the fourth-order term
n=1 r

AW = (P +P)VQVQVQV(P +P,).  (Al5)

All

( ) Using the values oE,, E,, Eg, E4, Es, Eg, andV the effective
Inside the contouf’, Gy has singularities a; andE, only ~ Hamiltonian expressed in basis ,e,,0,0 and|g;,9,,1, 1)
so the integral in Eq(A11) is nothing but the sum of the is

207, 205 491, 4%, 2010, _ 2010, 4919; 40105
o= A s NS A s A3 8 (AL6)
T 200200, 49l | 4003 (a+g 20 20 40lg 4 |
A s AT S 5 A AT

With some algebraic manipulation and consideriagand g, up to fourth order effectively the Hamiltonig®) reduces to

2g§A+2g§5 s ( A L, 9 )
A?-2g; 8- 205 B\ a2i2og T P2

A 5 2g5A 2936 )
-2 + ~(Aa+s- -
glgz( A2+2¢2 P+ 2g'§) ( A2-29% 8- 205

Hesf = (A17)

It should be noted here that as two-atom two-photon resonance appears at large interaction time in dispersive limit, the terms
in the effective Hamiltonian up to forth order are important to predict the correct evolution. Using the effective Hamiltonian
(Al17), Eq. (8) reduces to Eq(9).
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