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CHAPTER I

INTRODUCTION

1.1 Statement of the Problem. This investigation was undertaken

to describe noise interference due to the radiated field of a thunder-
storm in terms of its second-order statistics. To illustrate the need
for a second-order statistical description, consider the problem of de-
signing a smoothing filter to extract a wanted signal from a mixture of
signal and noise., Let the corrupted signal x(t) be denoted by the sum

of a wanted signal s(t) and unwanted noise n(t),
x{t) = s(t) + n(t)

There are several possibilities concerning the nature of both inputs
s(t) and n(t). For example, if s(t) is known exactly, there is no
problem; if n(t) is known exactly, it is trivial to obtain

s{(t) = x(t) - n(t). At the other extreme, if there is no a priori in-
formation at all about s(t) and n(t), there is no hope of extracting
s{t). Clearly, the interesting cases are those in which there exists
some uncertainty about the inputs but not too much. For inputs des-
cribed by this last case, then, n(t) and s(t) are assumed to be member
functions of a stochastic process. Let the output signal of the filter
be denoted by ;(t). The optimality criteria for the design of the

filter is to minimize

E{[s(t) - ;(t)]z}



Let h(t) denote the impulse response of the filter and write the mean--

squared-error as

©

E{[s(t) - [ x(t - a) h(a) da]?}

- 00

Using the orthogonality principal, it can be shown (17) that a minimum

results if
R, (T) = {m R (T - @) h(a) da

or if
Ssx(f) = Sxx(f) « H(j2nf)
Assuming n(t) and s(t) are uncorrelated, then1

SSX(.f) : SSS(f)

Sxx(f) - Sss(f) + Snn(f)

H(j2nf) =

A solution to the problem described above, then, does rely upon
one's knowledge of the power spectral density of the noise, namely
Snn(f). Since the power spectral density makes use only of second-order

statistics, the filtering problem motivated a study of the second-order

statistical properties of thunderstorm noise.

1It is pointed out that H(j2nf) can be made physically realizable
by adding constraints upon the solution. However, for the purposes of
illustration, this seems unnecessary.



1.2 Existing Solutions. There have been many studies of the

spectra of atmospherics and the results are surveyed by Horner (12) and
Uman (24). These studies were conducted in two different ways: (1)
the Fourier transform was computed for short segments of storm data,
i.e. one return stroke, a stepped-leader, etc.; and (2) the electro-
magnetic signature was measured with a number of narrow band receivers
and the spectrum was plotted directly as a function of time. The con-
census of the investigators seems to be represented by the study of
Arnold and Pierce (2). They found peak amplitudes of the frequency
spectra for stepped-leader radiation, K-change radiation and return-
stroke radiation at 20, 8 and 5 KHz, respectively, with corresponding
relative peak amplitudes of 1:2:10. The spectral analysis reported
above has been done using either deterministic or semitheoretical tech-
niques. Arnold and Pierce develop the latter approach by considering
an empirical spectrum resulting from (1) above, and then modify the
spectrum using a statistical smoothing factor obtained theoretically.
There have been numerous investigations of the first-order proba-
bility density function of thunderstorm noise and its envelope. Horner
(12) reports that the first-order probability density function of the
amplitude of broadband storm noise is log-normally distributed. Horner
(12) also reports that the density function of narrow band envelopes is
either log-normal or Rayleigh distributed depending on center frequency
and bandwidth. To the author's knowledge, statistical descriptiéns of
the amplitude of thunderstorm noise have been confined to first-order

probability density functions.



1.3 Present Contribution. The contribution offered in this study

is a statistical description of the thunderstorm, as a source of noise
interference, during periods of intense sferic activity. The data seg-
ments under study exhibit the type of sferic activity existing in the
presence of an intense build-up preceding a discharge, or occurring
while a discharge is in progress. The statistical characterization is
formulated through the estimation of time averaged autocorrelation and
power spectral density functions. It is believed that this description
will be a useful contribution toward the design of filters to minimize -
thunderstorm interference in a mean-square-sense.

A brief outline of the study begins with the discussion in Chapter.
IT concerning the calibration of the data gathering instrumentation and
illuminating some of the limitations placed on the study. In Chapter
III, the phenomenon of the lightning discharge is discussed, and an
approximate model is developed to illustrate the effects of propagation
and the frequency response of the measurement system. The essence of
the study is contained in Chapters IV and V. In Chapter IV, three seg-
ments of 0.75 second duration are investigated to determine whether ox
not the assumption of wide sense stationarity is valid. Proceeding
from the assumption of wide sense stationarity, the text of Chapter V
investigates the credibility of estimating the time averaged autocorre-
lation and power spectral density functions by time averaging over each
data segmeht. For the interested reader, a mathematical treatment of -
this technique of estimation is offered in Appendix A along with the

computerized implementation given in Appendix C.



CHAPTER 11

INSTRUMENTATION

2.1 Introduction. This chapter discusses the technique of data

gathering and subsequent processing of the electromagnetic field signa-
ture. The sensing apparatus is mounted on board a D-18 twin engine
Beechcraft airplane. A description is offered of the measurement elec-
tronics, the flight pattern used by the aircraft while gathering data

and the technique of analog to digital conversion.

2.2 Data Gathering. The vertically polarized electromagnetic

field is sensed through the use of a five foot vertical whip antenna
mounted atop the fuselage of the airplane. The signal flow path is
shown by the block diagram illustrated in Figure 1. The signal at the
antenna terminals is first fed through a cathode follower which acts as
a buffer between the antenna and the preamplifier. The output of the-
preamplifier is, then, fed through a second cathode follower stage
which acts as a buffer between the preamp and the main amplifier. After
the signal hasvbeen amplified by the main amplifier, it is recorded on
magnetic tape. For the interested reader, a detailed circuit descrip-
tion of the measurement electronics is offered in Appendix D.

Once the measurement system had been assembled, the next logical
consideration was the calibration of the system. Because this measure-
ment apparatus was expected to record field changes in the LF(0-300 KHz)

band, the problem of calibration was an extremely difficult one to
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Figure 1. Block Diagram of the Data Gathering Instrumentation



solve. The essence of the problem was that of calibrating an antenna

in this frequency range. The problem was further complicated by the
fact that the calibration had to be done with the antenna afixed to the
aircraft, thereby taking into account the perturbing influence of the
airframe geometry. Ideally, one would want to measure, while in flight,
the system response, as a function of frequency, to a known field gen-
erated by a previously calibrated antenna. Before developing an elabo-
rate calibration capability, the question arose, could one settle for a
relative measurement as opposed to an absolute measurement? It was con-
cluded that for the purposes of this study a relative measurement would
be more desirable than an absolute measurement. Specifically, since
this study is concerned more with the structure of the second-order sta-
tistics as a function of the various data segments than it is with the
absolute amplitude on any particular segment, the task of calibrating in
an absolute sense presented an unnecessary complication. A calibration
curve was obtained by applying a constant amplitude sinusoidal signal
across the first cathode follower input terminals of Figure 1. The sys-
tem response was measured as the frequency of the sinusoid was varied.
Hence, there resulted a plot of the absolute value of the Fourier trans-
form of the system impulse response as a function of frequency. This
curve is shown in Figure 2. The frequency response plot describes the
instrumentation response in a composite sense. Specifically, it takes
into account the measurement system characteristics and the response of
the replay electronics with a 32:1 time base expansion of the recorded
storm signature. Because it was thought that this calibration techniqué
may have altered, in a significant way, the capacity coupling between

the antenna and the airframe, and presented an invalid frequency
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response curve, a second calibration technique was implemented. This
technique involved no physical attachment to the input of the measure-
ment system. It consisted of operating a spark generator in the vicin-
ity of the aircraft. The spectrum of the radiated field of the spark
was known a priori to be flat over the range 1-100 KHz. Because the
current in successive sparks varied significantly, the calibration in-
struments displayed fairly erratic behavior; however, by smoothing, a
curve almost identical to that of Figure 2 was obtained. The exception
was a slightly more rapid fall-off in frequency above 10 KC. It is be-
lieved that the curve of Figure 2 is the more accurate of the two be-
cause of the inconsistency of the source in the spark generator method;
however, because of the near agreement it is concluded that the antenna
characteristic is flat over the spéctrum of interest.

The data gathering is done by flying the airplane in an elliptical
path in the horizontal plane at an altitude of five to six kilometers
centered some thirty kilometers from the storm cell. Generally the
flight path is executed by flying in one direction for ten minutes,
making a 180° turn and flying in the opposite direction for ten minutes.
This then modifies the elliptical path proportional to wind velocity
and the resulting drift of the storm cell itself, the objective here
being one of maintaining the path as near constant as possible with re-

spect to the storm cell.

2.3 Analog to Digital Conversion. Because the recording bandwidth

capability increases proportional to tape speed, the data recording is
done at a tape speed of 60 inches per second for a duration of one min-
ute every five minutes. To convert the data to digital form for com-

puterized reduction, a data processing assembly has been designed. The



10

processing assembly consists principally of a Sangamo Model 4744 mag-
netic tape replay unit, an EECO 761A analog-to-digital (A/D) converter,
an HP-2115A computer and an HP-3030 9 track digital tape transport.
The analog data tape is recovered by the replay unit and is fed into
the A/D converter. The digitized data from the A/D converter is then
transmitted to a memory buffer in the HP-2115A computer. Concurrently,
another memory buffer in the computer is transmitting the previous
block of digital data to the HP-3030 tape transport. The internal
timing logic of the computer interchanges the functions performed by
the two memory buffers so that the analog data can be digitized contin-
uously. Because the highest allowable sampling rate is 25 KHz, without
skipping analog data, the analog data tape is replayed at a speed of
1 7/8 inches per second. This results in a 32:1 time base expansion
and, correspondingly, the Nyquist sampling rate is reduced by a factor
of 32. Because the computational time required for data reduction is a
function of the number of samples characterizing a particular segment
of data, it was deemed necessary to sample at as slow a rate as possible
without producing excessive aliasing errors. Using this criteria, a
sampling rate of 20 KHz was chosen, implying an unaliased bandwidth ca-
pability of 320 KHz in the original data. In view of Figure 2 this
sampling rate seemed reasonable. In addition, memory buffer blocks of
2000 sample points each were used, each block containing 1/32 millisec-
ond of real time data. To offer some insight into the quantity of data
being handled, typical records of 3/4 second require 480,000 sample
points to characterize the segment.

The word format used by the HP-2115A is 16 bits, where bits 0-14

represent the number in integer binary form and bit 15 is the sign bit.
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A program has been developed for use on the IBM 360/50 to convert the.
sample points into a 32 bit format where bits 0-23 represent the number
in integer binary form, bits 24-30 are the base ten exponent in decimal
and bit 31 is the sign bit. Hence, there results a real, floating
point format. This final step then generates a third data tape from
the one produced by the HP-3030. Once the third tape is generated, the
data are ready for the reduction process described in Appendix A, using
the program of Appendix C. |

In summary, two areas of special significance discussed in this
chapter are reemphasized. The first is the overall frequency response
of the measurement system. Because the passband, or 3 db points, is
from 6.5 to 30 KHz, it will be this portion of the thunderstorm noise
spectrum which will receive greatest attention in the discussions of
later chapters. It should be pointed out that this restriction is not
as severe as it may seem at the onset. As reported in Chapter I, it is
generally accepted as fact that the spectral content of a lightning
discharge peaks between 5-10 KHz, and the electromagnetic field spectrum
is reduced by a factor of approximately 10 at 20 KHz (2). Hence, in
spite of the fact that there currently exists limited communication
activity in this frequency band, the study concentrates on that portion
of the spectrum where the amplitude of the measured thunderstorm signa-
ture is large with respect to the internally generated noise in the
sensing instrumentation.

A second area of particular significance is the quantity of samples
which must be used to characterize the data segment. For example, to
~ replay 3/4 second of data requires 24 seconds of real time, and as men-

tioned previously 480,000 sample points are recorded on the HP-3030
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tape reel during the replay. Following conversion of this tape to a
tape with 32 bit words, the program described in Appendix C computes

the second-order density function. The result is printed in thirty

9 x 9 matrices, one matrix for each value of 1. Additionally, the pro-
gram computes the autocorrelation function for thirty different values
of v and uses this result to compute the power spectral density function
in 64 increments of 1 KHz. The actual CPU time involved is, typically,
1 hour and 30 minutes. Hence, the data handling portion of this study
presented a problem of tying up the IBM 360/50 for sustained computing

periods.



CHAPTER III
LIGHTNING AND PROPAGATION MODEL

3.1 Introduction. Since lightning discharges produce the most

dramatic features of the electromagnetic signature recorded during a
thunderstorm, an account isvgiven of the sequence of events occurring
during a discharge. A model describing the propagation of the changing
electric field is then derived, and incorporating empirical data, the

noise power spectral density is predicted.

3.2 The Lightniqg Process. The probable distribution . of thunder-

cloud charges as reported by Uman (24) is shown in Figure 3. The solid
black circles indicate locations of effective point charges, typically

P = +40 coulombs, N = -40 coulombs and p = +10 coulombs. These charged
regions are created in a manner not completely understood at this time
by the turmoil of wind, water and ice in the presence of a gravitational
field and a temperature gradient. One way in which these charges are
neutralized is the cloud-to-ground lightning discharge, or flash, which
consists of one or more strokes, each stroke being preceded by a leader
streamer.1 The leader process propagates from the cloud-to-ground and
is followed immediately by the luminous return stroke propagating back

up the ionized channel. There are generally three to four strokes per

1The sequence of events and parameters quoted in this text regard-
ing the lightning flash are those reported by Uman (24).

1%
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flash. The streamer preceding the .first return stroke is termed the
stepped-leader. The stepped-leader process begins with a local electri-
cal breakdown between the N and p regions of the thundercloud. The re-
sulting strong concentration of negative charge at the cloud base pro-
duces an electric field which causes a negatively charged column to de-
scend toward the earth. The streamer is called a stepped-leader because
it descends in a typical step of 50 meters and thenApauses for approxi-
mately 50 usec before proceeding downward again. Its average velocity

is about 1.5 x 105 m/sec and it carries approximately 100 amperes near

ground.

ALTITUDE, KM

Figure 3. Probable Distribution of
Thundercloud Charges
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When the negative column is near the earth's surface, the resulting
high electric field causes upward-moving discharges from the ground
toward the leader tip. As one of these discharges contacts the stream-
er, the tip becomes grounded while the remainder of the leader has a
distributed negative potential back up the leader channel. The return-
stroke process carries the ground potential back up the leader channel,

7 km/

propagating up the ionized channel at a typical velocity of 5 x 10
sec and carrying currents in the order of 20 KA.

Upon the completion of the first return stroke, the.top of the
channel is left positively charged with a strong electric field existing
between the top of the channel and the remaining negative charge in the
cloud. Positive streamers, called J-streamers, advance upwards and out-
wards reaching pockets of negative charge and establish negative ‘recoil-
streamers within the cloud., The field changes due to these negative
recoil streamers are called K—chénges. When the positive charge has
been neutralized, a negative charge may collect at the top of the chan-
nel with sufficient density to start a second leader toward the ground.
This second leader is called a dart leader and differs from the stepped-
leader in that it propagates toward the earth in one continuous movement.
A typical velocity for the dart leader is 2 x 106 m/sec. The second
return stroke then propagates back up the ionized channel established
by the dart leader. The dart leader-return stroke process continues
until the negative charge can no longer sustain a new leader.

Intracloud discharges generally occur between an upper positive
charge center and a lower negative charge center. A stepped-leader of
the type occurring in ground discharges propagates between the two

charge centers. There appear to be relatively weak return strokes
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occurring as the leader contacts charge pockets of polarity opposite to
that of the leader.
An approximate model will now be developed, showing how these

strokes are reflected in the data recordings.

3.3 Electric Field and Propagation Model. Consider the current

filament shown in Figure 4.

sy ysl1? Nau Miles

zZ= IG.OOO feei
) -

 Figure 4. Coordinfite System for the
Propagation Model

Assume that the filament carries a current given by

_ -at -Bt -yt
I= Io(e -e ) + I1 e

where



17

= 2.0 x 104/sec

o =
5

B =2,0 x 10"/sec

vy =1.0 x 103/sec

I0 = 30 KA

I1 = 2.5 KA

Further, the length of the filament is assumed to grow at a rate given

by

where

8 x 104 km/sec

<
H

3Ix 104/sec

<
n

Using these parameters, the magnetic vector potential X can be written

as

L1 an
A, =2 L
Z 4w L T ’
t-r t-r t-r
o - u IL' (1 [e'Ot("'—c ) i e'B('—"‘c )] T e"Y("—_c )} ﬂ
z am ! o 1 T ’

where L is the length of the channel at time t-r/c and the lower limit
introduces the effect of terrain reflection. Since r = r’(z-h)2 + y2,
the integral can be broken up into three separate integrals of the same

form given by



e Exp[2 /(z-0)% + y¥]
-L /(z_h) 2, y"z

dh

Let h be measured from Z, and expand the exponential in Taylor series

form,

(% /h2+y2)2 (% h2+y2)3
¥ 71 ¥ 3T

The integral now appears

L-z RN NS BRSOk

f '{———1—-—+£+ + + + ..
C

2! 3! 4!
-L-2z ,/ h2+y2

Define the function f(%a as follows:

£ = tnth + V1lyh) + e &% 5

.1 [h ¥ 2+y2 + y2 enth + v h2+y2)]

2

+
~
|2
N’
w
~~
wl:r
+
~<

2 - 4
. % [h ,,/(}12+y2)3 + _y_32 h v h2+y2 + ézLJLn(h + h2+y2)]

5 3.2 L-z
51 'h 2h 4
+ (&) .g..!. [.5_+ _.3..L+ y h] + ...}

18

. }dh.



Hence

A = {Io[e‘°‘t £ - e Bt f(%)] I eVt £5}

The magnetic field intensity can now be determined by the following

relation,
"= %-(V X K)

By observing that since P is in the Y-Z plane, the vector identity

1¢ =v-1x can be used to obtain
9A
B = M=oy

Using,

a
of (=)

1 a2 1 1 h
S L — .+ (3 575 | Y

= . s —
d h + /}i2+y2' 1/h2+y2 v h2+y2

+

2y n(h + v h2+y2) + y2 1 . Y ]+ (%93 %T 2yh
h + /h2+y2 1/h2+y2

3
+ (%)4 -—‘11' % [3yh ¥ h2+y,2 + 3yh v h2+y2 + 3y2h 1
’ /.2, .2
h™+y

+

o3 4
2 anho+ o/ 0Pyh) ¢ 2 1 N A
h + ‘/h2+y2 |/h2+y2

3 L-z
51 4h 3
b () ET.[ Sy + 4y~h] + ...:}

L-z

the magnétic field intensity can then be computed from
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& B, X
H = - l_é{I [e-mt 3f££l - 7Rt Bf(c)] + 1, Yt Bf(c)}
¢ 4 70 oy oy 1 3y
The electric field intensity is determined from
E=Ll [ (vxi) at
€
0
and from the definition of (V x.ﬁ), the EZ component is
1 109
E = — | =— H) dt
27 % [ 555 O HY
Expansion of the inegrand results in
& 8. X
E = - 1—-.!'l {1 [e°°rc P - Pt Bf(c)] + 1, e Yt Bf(c)} dt
z 4neo y 0 oy oy 1 oy
2,0 2,..8 2,..Y
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The expression for Ez is approximated using a formula offered by

Hildebrand (9),

2 5

- h IV
[ f(x) dx = (£, + 4, * £)) - g5 £ (8) (xy < & <x,)

w|=

where f(x) is an arbitrary function which is Riemann integrable with
respect to X, this expression being essentially Simpson's rule. Let

the sample separation be 5 psec and x, = rO/c, taking into account a

0

finite propagation interval and compute,
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A computer program was written to carry out this simulation. The
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power spectral density is shown in Figure 5 before the effects of atmos-
pheric attenuation are taken into account, and after these effects are
considered. The propagation characteristic of the atmosphere used
here, is reported by Horner (12) and was obtained empirically by study-
ing the spectra of the same atmospheric recorded at widely spaced sta-
tions. Theoretically, the phenomena of low frequency propagation have
been explained in terms of waveguide modes of propagation in the -space
between the earth and the ionosphere. Propagation is dependent upon.
the height of reflection in the ionosphere and on the electrical proper-
ties of the ionosphere -and the ground. Models of the waveguide mode of
propagation are generally based on the assumption that the ionosphere
and the surface of the earth are smooth, sharp boundaries and that the
earth's magnetic field can be neglected. A survey of these studies is
offered by Horner (12), pp. 148-149. Finally in Figure 6 the effects
of the instrumentation are accounted for. These two figures represent
the essence of the problem in studying a phenomenon such as thunderstorm
noise, namely that of discerning the field generated by the storm cell
from the signal which is recorded by the measurement apparatus. Clearly
the electromagnetic.field experiences a number of perturbing influences
before reaching the sensing instrumentation. After reaching the meas-
urement system, the signal is further modified by the system response.
Ideally, if one could characterize all these influences, the process
could be reversed, and there would result.a pure and unperturbed des-
cription of the thunderstorm electromagnetic field.

In summary, the central thought in this chapter has been that of
demonstrating how the recorded data is related to the actual magnetic

signature of a thunderstorm. Modifications taken into account were
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first of all, a reflection from the earth's surface using image theory
in the field equation for magnetic vector potential. Secondly, the
signature was altered in accordance with the effects of atmospheric
attenuation as reported by Horner (12), and it appears that this effect
is negligible above 7 KHz. Finally, the field is modified by taking
into account the calibration curve of the data gathering instrumenta-
tion. The thoughts developed above, then, will be reconsidered in the

discussion of the results of data reduction.



CHAPTER IV

AN INVESTIGATION OF SFERIC STATIONARITY

4.1 Introduction. It would appear that the study discussed in

this chapter provides an a priori justification for the stationary ap-
proach used in the data reduction of Chapter V. Actually, the data were
first reduced, and the results indicated that the stationary assumption
might be justified. The three data segments which are investigated in
this chapter, then, were selected through a cut-and-try application of
the data reduction technique; however, the natural order of logic, as

in a mathematical proof, dictates that the stationary argument precede
the discussion of stationary data reduction. The study of sferic sta-
tionarity is based on the assumption of a shot noise model. The data
are analyzed to determine whether or not this model reasonably describes

the storm signature.

4.2 Statement of the Stationary Hypothesis. Stated in its simp-

lest terms, the hypothesis being tested is that the sferic trigger mech-
anism can be modeled by a Poisson impulse process, whose parameter is
independent of time. The investigation is separated into a two step.
inquiry: first, is the Poisson impulse model a reasonable description;
and secondly, if the conclusion to the first part is in the affirmative,
is the Poisson parameter constant over the interval of interest? Before
embarking upon the study of the data themselves, a model will be devel-

oped which illustrates the hypothesis in greater detail. Then, it will

2A
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be demonstrated how the investigation of the data will be carried out.
Consider the block diagram shown in Figure 7. The signal z(t) is
the sferic triggering mechanism and s(t) is the signal recorded by the
instrumentation discussed in Chapter II. The network h(t), then, repre-
sents the waveform of the sferic, its modification by propagation, and
the effects of the measurement system. The problem is one of relating
the statistics of s(t) with those of z(t), and as a preliminary step in
the -study, this will bé done on a theoretical basis. 1In this way, the

full extent of the hypothesis under test will be illustrated.

VI S S AN L

Z(t) . S(t)

Figure 7. Simplified Block Diagram

First, the statistics of z(t) are formulated. Let z(t) be a se-

quence of impulses which is characterized mathematically as follows,

z(t) = Z §(t - t,)
1

Further, it is hypothesized that for any interval (tl’tz)’ the proba-

bility of finding k impulses in that interval is

t t

[ a)de |f ap)dt
t

1 Y

k!

P{k in (tl,tz)} = e
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This is the Poisson probability density function with parameter A(t).
If the average incidence of impulses varies as a function of time, then
A(t) will be a function of time and the process, z(t), is called a
Poisson impulse process with a nonuniform density in the rate of occur-
rence. If the average incidence of impulses is the same for every
(tl,tz) in the time interval of interest, then A(t) is time invariant
and the process z(t), exhibits wide sense stationarity. Specifically,
a process is said to be wide sense stationary if its mean value is a
constant and its autocorrelation, R(tl,tz), depends only on t, -~ t

1 2’

i.e.
E{z(t)} = u = constant
E{z(t) z(tz)} = R(t; - t,)

To show that z(t) is wide sense stationary for constant A on the inter-
val (tl,tz), consider its mean and autocorrelation as given by

Papoulis (17).
E{z(t)} = A(t)
Rzz(tl,tz) = A(tl) A(tz) + A(tz) G(tl - t2)
If X is time invariant, then

E{z(t)} = A

12
Rzz(tl’tZ) = A7 + Aé(tl -,tz)

These statistics will be used to determine the statistics of s(t)..
s(t) is related to z(t) by h(t), and it is characterized mathe-

matically by
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s(t) = Z h(t - t,)
1

To formulate the statistics of s(t), assume that h(t) is an ideal band-

pass filter whose impulse response is,

The Fourier transform of h(t) is as shown in Figure 8. The bandpass
assumption seems reasonable in view of the instrumentation characteris-
tic described in Chapter II, i.e. no DC component. Thus, s(t) is called
shot noise, and for nonuniform A(t), its mean and autocorrelation are
given by Papoulis (17),

w

[ At - 1) h(r) dr

- 00

E{s(t)} = A(t) *h(t)

R (t;5t,) = [A(t)) *h(tDT[A(t,) *h(t,)] + [A(t,) h(t; - t,)] *h(t,)
where * denotes convolution. If X is time invariant,
E{s(t)} = AH(0)

=]

R, (1) = A°H2(0) + A [ h(r + B) h(g) d8

-00

Since H(0) = 0, then
E{s(t)} = 0

[+°]

Re (1) = A / h(t + B) h(B) dB

-00

Thus, if it can be shown that z(t) is a Poisson impulse process with

uniform density and that h(t) is a linear time invariant system, a case
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is developed justifying the reduction of thunderstorm data, s(t), using

procedures applicable to stationary analysis. Specifically, RSs would

be a function of one variable 1 = |t1 - t2| and not two variables,
(tl,tz).
‘_H(jw)
11
, > W
“Wo-Q  ~Wyta wo-a weta

Figure 8. Idealized Bandpass Filter

An alternate statistic which can be used in testing for constant A
is the waiting time between impulses (For a detailed derivation of the
following development, the interested reader is referred to Hogg and
Craig (10), pp..91;92.). Let w denote the time between impulses as in

Figure 9, such that

If the wi's are mutually independent, with uniform density, then

A

£ (0) =2e’ “ utw)

Thus,
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This implies that
Aw = -4nfl - Fw(w)] w>0

and if -4n{l - Fw(w)] is plotted as a function of w, the result will be

a straight line with a slope of A, if A is constant.

W) W W3 —~f—— W

NI I I

Figure 9. Waiting Time Between Impulses

To conduct the test of the stationary hypothesis, the data are sub-
divided into a multiplicity of segments. Each of the three thunder-
storm records are 0.75 seconds in duration, and each has been quartered
to form four segments of 187.5 milliseconds. Each of these segments
has been further subdivided into six strips of 31.25 milliseconds. The
original reason for this particular squivision was to reproduce the
data on 8 x 10 glossy prints from 35 mm film; it resulted that this also
produced convenient segments for the investigation of stationarity.

The essence of the problem in conducting this investigation is

that of identifying the separate impulses in a burst of sferic activity.



32

For example, a typical segment of data is shown in Figure 10. Consider
Pulse #1, lasting typically 250 microseconds. It seems particularly
attractive to assert that this pulse resulted from one triggering im-
pulse. Pulse #2 is typical of the record of a continual burst of ac-
tivity lasting usually 2 to 3 milliseconds. It does not seem as likely
as for Pulse #1 that there exists a single triggering impulse. If an
arbitrary threshold were established such that for every excursion the
data makes above the threshold, an impulse is assumed to have occurred,
then the impulses are not too dense to be credible for a pulse of type

#3; however, for Pulse #2 an unreasonable result would be obtained.

~PULSE No. 1 iPULSE No. 2 iPULSE No. 3
- IU‘I -
T

g o

Figure 10. Typical Segment of Thunderstorm Data

It appears desirable to treat all three pulse types as having each
resulted from single triggering impulses. Although some impulses will
not be accounted for, (i.e. Pulse #3 may have resulted from three trig-
gering impulses close in time) the preponderance of the data is composed

of pulses like Pulse #1, and hence, the percentage error will be small.
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As a check on the validity of this argument, the pulse widths will be
recorded along with the estimates of A. An implication of this view-
point ‘is that estimates of A, based on a pulse count, will almost cer-
tainly reflect a somewhat lower density than that which actually exists.
One estimate of A will be generated on each record of 0.75 seconds

of storm data. This will be computed from

_ humber of pulses
T =0.75 sec )

> >

Using i and the Poisson density function, a theoretical plot of the
pulse distribution can be made for the constant A case. In addition,
for every 187.5 millisecond segment, an empirical density function will
be plotted by counting the number of pulses in each 31.25 milliseconds
of the data.. The empirical density function will be compared with the
theoretical density function to test the Poisson hypothesis.

As a check on these two measurements, i.e. the pulse width and
number of pulses, a third and final measurement is to be considered.
It is the waiting time between pulses. This second estimate of A can
be obtained from an empirical distribution of the waiting time by plot-
ting -2n[l - Fw(w)] as a function of w. If this results in a straight
line, then X is constant and equals the slope of the linef This compu-
tation will be carried out for every 187.5 milliseconds of storm data.
Hence, four curves will result for each record. It should be pointed
out that the measurement of waiting time is made as illustrated in Fig-
ure 10. This is a convenient method of measurement because, first of
all, the quiet periods are very well defined and, secondly, this avoids
the quandry of where the impulse occurred (i.e. where within the burst)

or even if a multiplicity of impulses occurred. Because the waiting
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times are not referenced to points in time, rather, separated by the
pulse widths, it is expected that the resulting estimate of X will be
higher in value than that which actually exists. Certainly, it will be
larger than the estimate produced by counting pulses.

Summarizing, the investigation of .stationarity proceeds from the
premise ‘that a large number of the pulse widths are short with respect
to the measurement interval. Using these pulses, A is estimated in two
ways and an empirical density function is estimated. These estimates.
are then used to see if (1) the process can be modeled by a Poisson
triggering mechanism and (2) if the Poisson trigger has a constant

parameter.

4.3 Results of the Study.  The three measurements mentioned above

were.taken from the analog data of Record #1 and are shown graphically
in Figures 11 through 16. Overall, 164 pulses were identified and, of
these pulses, approximately 75 percent had a width of one millisecond
or less. Because of this relatively narrow pulse width, the 31.25 mil-
lisecond base .period seemed reasonable. The pulse widths as a function
of the 187.5 millisecond quartiles of Record #1 are shown in Figure 11,
If the 164 pulses were uniformly spread over the record, one would ex-
pect a Poisson distribution with A = 219/sec. For this A and t = 31.25
milliseconds, the Poisson density function would peak at 6 pulses.
Shown in Figure 12 is this plot in solid lines as compared with the
dotted histogram obtained empirically. The first th?ee segments are
suggestive of a Poisson density function peaking at 7 pulses while the
fourth segment indicates a peak around 4 or 5 pulses. From these plots,
it is concluded that the Poisson model may be valid; however, the con-

stancy of A is suspect. In an effort to resolve this point, attention
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is directed to Figures 13 through 16. These are plots of -tn[l - Fw(w)]
as a function of waiting times for the four segments of Figure 12. A
straight line fit was approximated for each set of data points, and an
estimate of X was obtained by cemputing the slope of the line. The
straight. line approximation is shown as a solid line in each graph,
while a second line{ shown dashed, was obtained by averaging the four
A's. As expected, the A estimated by this approach is somewhat greater
in value than that estimated by counting pulses. Viewing these four
graphs in a composite sense, it is observed that the straight line ap-
proximations of Figures 13 and 14 are probably the least appropriate.
The data appear linear for waiting times of 6.25 milliseconds or less,
but the slope increases sharply above this point. A plausible explana-
tion of this effect could lie in a change in A within the data segments.
Another possible explanation is that these sharp slopes occur at the
tails of the distribution function, and may thus be statistical fluctua-
tions not unexpected of a small sample size.

Consider the graphs of Figures 15 and 16. Although the straight
line approximations seem to provide a reasonable fit for the data in
thesé segments, there exists a fairly significant difference in the
slope of the lines. This indicates a substantial change in the density
of pulses. Thus, it is believed.that a claim of stationarity based on
these two segments of data, alone, is unreasonable.

Reviewing the data presented in light of the preceeding discussion,
the following is concluded: (1) A Poisson model of the triggering
mechanism seems reasonable, particularly if A = A(t); (2) the case for
constant A, in a strict sense, lacks credibility; however, (3) it

appears that the first three segments of data can be approximated by a

#
’
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constant A, and in spite of the sharp drop in pulse distribution, there
is a large portion of the record over which a stationary Poisson approx-
imation seems reasonable. This conclusion is reached by observing the
apparent credibility of the straight line approximations to the waiting
time data and using the assumption of mutual independence of the waiting
times. Hence, it is believed that stationary methods of analysis will
produce credible results for Record #1.

The corresponding measurements for Record #2 are presented graphi-
cally in Figures 17 through 22. Comparing the distribution of pulse
widths shown in Figure 17 with the corresponding measurements of Record
#1, it is noted that of the 177 pulses identified in Record #2, approx-
imately 75 percent of the widths were 600 microseconds or less. If the
177 pulses were uniformly spread over the record, one would expect a
Poisson distribution with A = 236/sec. If t were taken to be 31.2 mil-
liseconds, this would imply a peak in the Poisson density function at 7
pulses. Shown in Figure 18 is this plot in solid lines as compared with
the dotted histograms obtained empirically. The histograms do not pre-
sent the case for a Poisson distribution as convincingly as does the
corresponding plot for Record #1. This is due primarily to the sub-
stantial variation between the data segments of the number of pulses
and the pulse widths. It is believed that because of the one or two
lengthy pulses found in each of the first three segments, a multiplicity
of triggering impulses are hidden within the pulses. Thus, based on
the graphs of Figure 18, it appears that the results are inconclusive.
However, the quandry can be resolved by a review of the distributions
of waiting times shown in Figures 20 through 22. Generally, the

straight line approximations seem to provide a fairly credible fit to

o

i
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the data, the worst case being the fourth segment. It appears that the
final data segment is exhibiting a nonstationarity of the type found in
Record #1; however, it seems that the straight line fit is nonetheless
reasonable. Because of the relatively close agreement of the slope of
the lines to a median slope, within say + 10%, there appears to be a
fairly credible case for a stationary model. Reviewing the data pre-
sented in a composite sense, the following is concluded: (1) again,
there seems to be a reasonable likelihood that the trigger mechanism
can be modeled by a Poisson distribution, and (2) there appears to be a
reasonable case for an assumption of uniform density, or constant A,
throughout the record. Hence, it is concluded that Record #2 is also
amenable to analysis in a stationary sense.

A final set of measurements for Record #3 are presented graphically
in Figures 23 through 28. A comparison of the distribution of pulse
widths shown in Figure. 23, with the corresponding measurements of the
two previous records, reveals that of the 197 pulses identified in Rec-
ord #3, approximately 75 percent of the widths were 600 microseconds or
less. If the 197 pulses were uniformly spread over the record, one
would expect a Poisson distribution with X = 263/sec. If t were taken
to be 31.2 milliseconds, this would imply a peak in the Poisson density
function at .8 pulses. This plot is shown in Figure 24 in solid lines as
compared with the dotted histograms obtained empirically. Viewing the
histograms, it appears that the Poisson assumption is not altogether
unreasonable; however, a constant A cannot be supported by this evidence
alone. To further investigate the behavior of X, attention is directed
to the distribution of waiting times shown in Figures 25 through 28.

Overall, it is believed that.the straight line approximations in these
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graphs provide ‘a credible fit to the data. It is observed that there
exists a slight reduction in the slope of the data suggested above 6.25
milliseconds as compared with shorter .waiting times. This effect is
particularly predominate on the data shown in Figures 25 and 26. It is
believed that this effect is, again, due either to a nonuniform density
of pulses or a statistical fluctuation of a small sample size. Because
of the.relatively close agreement of the slope of the straight lines to
a median slope, within say + 10%, there again appears to be a fairly
credible case for use of a stationary model. Reviewing the data pre-
sented in a composite sense once again, the following conclusions are
drawn: (1) there appears to be adequate justification to model the
triggering mechanism by a Poisson distribution, and (2) there seems to
be a reasonable case for an .approximation of uniform density, or con-
stant A, throughout the record. Hence, it is concluded that the record

is amenable to analysis using stationary methods.

4.4 Summary and Conclusions of the Investigation of Stationarity.

To the author's knowledge there have been no studies of this type made
on thunderstorm data. There have been studies conducted with regard to
the waiting time between lightning flahses, and there have been investi-
gations of the distribution of waiting time between short term changes.
However, the author knows of no reported attempt to determine whether
or not the thunderstorm signature is stationary over short time ‘inter-
vals. One assumption which seems valid with regard to the short term
changes and appears questionable with regard to the luminous flashes;
is that of mutual independence among the waiting times.

It is concluded that this- study provides reasonable cause to be-

lieve that the.three segments are amenable to stationary analysis.
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Hence, the following conclusions are drawn with regard to the study of
stationarity: (1) a Poisson model for the sferic triggering mechanism
seems reasonable, particularly if A = A(t); (2) with the exception of
segment four of Record #1, the data sets selected have constant A's
within + 10%; and (3) the data can thus be analyzed with the assumption
of wide sense stationarity without serious loss of credibility or

accuracy.



CHAPTER V
RESULTS OF THE DATA ANALYSIS

5.1 Introduction. The data reduction theory developed in Appendix

A was implemented in the form of the computer program of Appendix C in
order to analyze segments of data gathered from two thunderstorms of
fairly homogeneous meteorological content. Specifically, selected data
segments were serially reduced to yield an estimate, in a empirical
sense, of the time averaged second-order density function. From this
density function and based on the plausible assumption of wide sense
stationarity developed in Chapter IV, an estimate of the autocorrelation
function was. computed. Applying the Fourier transform, the.power spec-
tral density function was estimated. A preliminary data reduction study
was undertaken in an effort to determine the length of data segments
amenable to the method of analysis. As a result of the preliminary
study, three data segments of 0.75 second duration were selected for
detailed analysis. Two of the segments were taken from one thunderstorm

and the third segment was taken from a storm occurring three days later.

5.2 Meteorological Description of the Thunderstorms Being Studied.

Using the data gathering instrumentation referred to in Chapter II, the
electromagnetic signature of several thunderstorms occurring in the
Rapid City, South Dakota area were recorded during the Summer of 1969.
A-meteorological description of two representative thunderstorms, as

reported by a meteorologist who was a member of the flight crew
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gathering data, follows (20):

A polar front passed through the area of the Black
Hills, South Dakota on Sunday the 13th of July. That front
then stalled and the mP air behind it became the air which
spawned the hail and tornadoes during the subsequent week.

On Monday, 14 July 1969, storm activity began shortly
after.noon local Daylight time. Hail occurred early in the
life of the storm but sferics remained of low intensity
during that time, increasing rapidly only as the cloud height
built rapidly.

The early stage of -the storm cell was well defined and
cloud growth was readily visible. However, after about an
hour and a half, convection was taking place everywhere along,
a roughly north-south line and fresh cumulus buildups seemed
to merge with the older storm cell. Sferic activity became
quite widespread, although not of great intensity after two
hours. By that time (about 2 p.m. MDT) the storm system had
become quite widespread and was a general area thunderstorm
rather than isolated cells. Cloud tops eventually reached
35,000 feet and higher in some cdses (50,000 feet during
hail at Ellsworth AFB). '

The storm of Thursday, July 17, occurred under condi-
tions similar to those of the preceeding days. Cyclonic
vorticity from the west came into the region at upper levels
(10,000 to 20,000 feet) and triggered activity which used
the surface heating and slightly negative stability to.cause
the storms. During this storm, however, a much more intense
line of activity was evident west and north of the Black
Hills region.

s Hail and funnels were reported during this storm. Cloud
tops went above 35,000 feet and occasionally to 50,000 feet.
To an observer, this storm looked very much like the storm of
14 July. However, the mature and dying phases of this storm
were not as widespread as the earlier storm.

Various segments of storm data from these two thunderstorm records
were -subjected to computer data reduction,; and the results of these

preliminary trials are described in.the next section.

5.3 Preliminary Data Reduction Study. The computer program des-

cribed in Appendix C is actually a fourth generation program. It
evolved as the investigation became more detailedi At the onset of the
study three rather significant questions had to be answered concerning
the handling of data. First of all, one had to determine how long a

segment of data could be handled in a reasonable amount of computer.
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processor time.. If this time were excessive, then an alternate investi-
gative approach had to be sought. A second question, which would play
an important part in resolving the question of computer processor time,
was that of determining how wide the.amplitude windows should be in
computing the probability density function, where the amplitude windows
are slicing widths of the data amplitudes. On the one hand, one would
like windows as small as possible in order to get a 'highly resolved"
probability density function and, hence, reduce the bias in the esti-
mate; however, each additional window imposes additional computer pro-
cessor time and requires additional storage space for the probability
density function. Thus, there was the problem of minimizing computa-
tional time, making most efficient use of computer storage, and making
the amplitude windows as small as possible. A third question which im-
posed a significant impact on the two questions above was, how long a
time lag must be considered in.forming an estimate of the autocorrela-
tion function? Clearly, for.every increment in 1, there must exist a
corresponding estimate of the second-order probability density function.
Hence, the preliminary data reduction study was undertaken to optimize,
in a cut-and-try }nvestigative approach, the computer processor time,
the probability density resolution and the resolution of the autocor-
relation as a function of .

Several initialvcomputational runs were made, using artificially
created data, to certify the performance of the program. For reasons
of economy of.time -and money, no large scale attempt was made at this
point to resolve the problems mentioned earlier, in particular the pro-
cessing time. After verifying the performance of the computer program,

a digitized data tape was generated from the thunderstorm signature
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recorded July 14 during a period of fairly intense sferic activity.

The first 320,000 samples, 0.5 second§ of storm signature, were analyzed
using the computer program. Arbitrarily, time lags of 12.5, 25, 50 and
100 milliseconds were chosen. Reflecting back on the choice of time-
lags, this was a fairly poor selection in view of the frequency response
of the measurement system. Note that the lags correspond to frequencies
of 80, 40, 20 and 10 Hz. Amplitude windows of 2.50 volts centered about
0, + 2.5, +5.0, + 7.5 and + 10 volts were used. This voltage is meas-
ured at the A/D output after replay amplification. The minimum ampli-
tude window width was dictated by the amplitude of the 18.75 KHz sinu-
soid added to the.data. As shown in Appendix B, the effect of the

18.75 KHz can be minimized by making the amplitude window equal to the-
peak-to-peak amplitude of the sinusoid. For these 9 matrices charac-
terizing®the second-order probability density function. The most
striking characteristic of these matrices was that 98% of the probabili-

ty mass was concentrated at the origin or
P{-1.25 < x(t) < 1.25, -1.25 < x(t + 1) < 1.25} = .98

for every 1. The second point of interest was that the program used 52
minutes of processor time. Hence, the following conclusions were drawn:
(1) the poor spread in probability mass was apparently due to a rela-
tively low intensity of sferic activity; and (2) if the processor time
were directly proportional to the number of time lags, then to increase
the sample size of T, the number of amplitude windows may have to be
reduced.

The second generation program was written at this point since

several significant changes were suggested. In the first program, disc
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storage was used to accommodate the anticipated lengthy time lags.
Since the lags used appeared to be much too large, the program was modi-
fied to do all computation in the -high speed memory, doing away with
the access time on the-disc and, hence, reducing the processor time in-
volved. A new digitized data tape was generated from a period of ex-
tremely intense sferic activityi On the next series of runs the ampli-
tude windows were left unchanged but the program waswe£panded to accom-
odate 8 samples of 7, these being 1.56, 3.12, 7.81, 15.62, 156.25,
781.25 useconds.and 1.56, 3.12 milliseconds. This run indicated a more
desirable spread in the probability mass, typically 75 to 80% of the
mass ‘being concentrated at the origin. The data segment used for this
trial was, again, 0.5 second in duration. The processor time used was
25 minutes. The following conclusions were drawn as a result of . the
second generation run: (1) the study -is limited to data segments of 1
second or less due to processor time involved; (2) the data appear to
become essentially uncerrelated somewhere between 156.25 and 781.25
useconds; (3) data segments of extremely intense sferic activity should.
be used to obtain a reasonable spread in probability mass; and (4) it
appeared that the amplitude data windows were reasonable and a further
widening to reduce the number of windows did not seem necessary or
desirable.

A third generation program was written at this point to conduct a
comparative investigation of several data segments from both storms..
Specifically, the first two trials involved only two segments of 0.5
seconds duration, and 5; was desired to investigate the behavior of the
second-order statistics over,representative samples from both storm

records. Six data segments of 0.5 seconds to 1.5 seconds duration were
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selected from each of the two storm records. These twelve data segments
represented periods of extremely intense sferic activity. The program.
was modified to consider six data segments at a time, hence, two runs
being necessary. Time lags of 0, 1.56, 3.12, 7.8, 15.6, 23.4, 31.25

and 39 .useconds were considered. Thus, eight 9 x 9 matrices had to be
generated for each of the six data segments, and then the autocorrela-
tion function computed. The processor time used in these runs were 1
hour and 23 minutes for the six segments of the first storm, and 1 hour
and 47 minutes for those of the second storm. The results indicated
that when the autocorrelation function was normalized to the average
measured power, the functions were nearly identical in spite of consid-
erable variance in the distribution of probability mass. The probabil-
ity mass concentrated at the origin ranged from 50% to 78%. Because of
the close agreement of the autocorrelation functions out to lags of.

39 useconds, it was hypothesized that this similarity existed for all
time lags. To further investigate this, the autocorrelation function
had to be computed for time lags out to the point that x(t) and x(t + 1)
became uncorrelated. It was.concluded earlier that this occurred some-
where between 156.25 and 781.25 useconds., One data segment of 0.75
;econds duration was arbitrarily selected and by cut-and-try application
of the computer program, it was found that the process became essential-
ly uncorrelated after 230 useconds. Further, the autocorrelation could
be characterized by 30 points corresponding to v = 0, 7.8, ..., 227
useconds in increments of 7.8 useconds. Because of the close resem-
blance observed in thevestimates among the twelve records studied, it
appeared reasonable to refine the investigation to a representative

sample of three., Hence, it was decided to investigate three segments
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of 0.75 second duration, two segments from the first storm and the third
from the second storm. At this.point a fourth generation computer pro-
gram resulted from the modification of the existing program. The new
program considered data segments of 0.75 second duration and computed
probability densities for 30 increments of T. This resulted in thirty
9 x 9 matrices, 30 sample points of the autocorrelation function and a
power spectral density out to 64 KHz in increments of 1 KHz. Processor
time involved was 1 hour and 33 minutes for each data segment.
Summarizing the results of the preliminary data reduction study,
four important problems were solved. The first three problems were
those mentioned at the beginning of this section, namely, (1) how long
a segment of data could be handled? It was encouraging to find this
result, 0.75 second, consistent with the theory of Appendix A; (2) how
wide should the amplitude windows be? The encouraging result here was
that the compromise was no greater than it turned out to be. Specifi-
cally, it would have been desirable to estimate a highly resolved prob-
ability density function, but from the standpoint of processor time -and
the interfering sinusoid some resolution had to be sacrificed; and (3)
how long a time lag must be considered? "The reletively short time lag
was a fortunate result because, now, all computation could be done in
high speed memory without having to use the disc and incurring high
access times. The fourth problem solved was that of focusing the scope
of the investigation. Specifically, the second-order statistics of
three data segments appeared to be representative of those studied
‘earlier, ane it was determined to conduct a detailed investigation of

these three.
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5.4 Analog Content of Three Data Segments Selected for Study.

The first two data segments, Record #1 and Record #2 were taken from
approximately the mid-point of the magnetic tape recording of the storm
on July 14. These segments were separated in time by approximately
five minutes. The motivation for the selection of these two records
was first, that they were both 0.75 seconds in duration, and secondly
they would indicate Variations in the statistics on one member function.
It was conceivable that while each segment, separately, might appear to
be wide sense stationary, they may vary considerably from segment to
segment. The third segment, Record #3, was taken from the final third
of the recording of the storm occurring July 17. The description of
the analog content, which follows, is a qualitative discussion as
opposed to the quantitative study made in Chapter IV.

Because of its representative nature, the entire signature of
Record #2 is shown in Figures .29, 30, 31 and 321 The data are displayed
with increasing time proceeding from left to right and continuously
from the top line to the bottom line of each figure. The time scale is
5.20 milliseconds per inch. Assessing the sferic activity of this data
segment, there appear to be two sustained strokes, i.e. greater than 30
milliseconds in duration, occurring on lines 1, 2 and 3 of Figure 29,
one sustained stroke on lines 1 and 2 of Figure 30, and a final sus-
tained stroke on lines 1 and 2 of Figure 31. Scattered throughout this:
record there appear numerous short bursts of activity, typically lasting
1 millisecond or less. It is observed that saturation effects in the
equipment are exhibited in the data, particularly in line 3 of Figure
29. Because this effect occurs relatively infrequently, it would appear

to have been inadvisable to reduce the sensitivity of the measurement



Figure 29.

Analog Signature of Segment 1, Record #2
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Figure 32.

Analog Signature of Segment 4, Record #2
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to reduce the incidence of saturation. It may seem an apparent paradox
that lengthy strokes are being discussed from the same data that in
Chapter IV evidenced no pulse widths greater than 16 milliseconds. This
point is resolved by the fact that, in the quantitative study, the con-
tinuous strokes appeared to evidence surges which were separable into a
succession of pulses. A case in point is line 3 of Figure 29. This
line, although{evidencing more or less continuous sferic.activity, was.
nevertheless separated into 8 pulses.

The sferic activity of Record #1 consisted entirely of relatively
short bursts and exhibited no sustained strokes. Figure 32 is repre-
sentative of Record #1 in its entireity. The sferic activity of Record
#3 exhibited two sustained strokes-of approximately 45 milliseconds
duration. The conspicuous characteristic of this record was the high
incidence of extremely short bursts as compared with the two previous
records. This is evidenced in the study of Chapter IV where a prepon-
derénce of burst durations were 300 useconds or less.

A comparison of these analog data with the electromagnetic signa-
ture recording reported by Arnold and Pierce (2), Malan (16), Kitagawa
and Kobayski (15) and Uman (24), indicates two immediately apparent
differences. First, a characteristic peculiar to the data gathering
equipment is the modulated sinusoid appearing during quiet periods.
This signal originates in the aircraft electrical system and is coupled
through the antenna into the measurement system. The carrier frequency
of this signal has been found to be 18.75 KHz. A second difference is
in the saturation effects of the measurement system. In the data
gathered by Arnold and Pierce (2), there is a considerable positive

excursion of the recorded field upon the occurrence of a return stroke,
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as compared to the field changes associated with the leader and junction
streamer processes. It appears likely that the return strokes were the
cause of theroqcasional equipment saturation. Because of the relatively
low incidence of return strokes and the relatively high incidence of
lower amplitude rapid changes, it is believed that the elimination of

near return strokes is not catastrophic.

5.5 Detailed Investigation of ‘Three Segments of Storm Data. It

seems appropriate at this point to discuss in general the development

of this section and to relate some of the.considerations given in this
particular investigative approach. First, each record will be discussed
separately in the context of its spread in "probability mass' and its
autocorrelation and power spectral density functions. Then, the auto-
correlation and power spectral density functions will be averaged to
form an estimate of the time averaged autocorrelation and power spectral
density functions of the process.

Obviously, there is no intention of offering the time averaged den-
sity function as a characterization of the storm process in an ensemble
sense, Why, then, was this estimate computed in the first place?
Essentially for two reasons, (1) at the onset of the study, the outcome
was fairly uncertain, and because the second-order density function con-
tains more statistical data than the autocorrelation function, it was
computed to give the scope of the investigation greater breadth; and
(2) although there exists the quantitative study of sferic activity in
Chapter IV and the visual assessment in the preceeding section, the
computation of the empirical.second-order density function, in a serial
sense, enables one to make a comparative study of the distribution of

sferic amplitudes. As shown in Appendix A, it is possible that two
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segments of data have identical autocorrelation functions but exhibit
different sferic contents. Thus, the results of the time averaged den-
sity function estimate should be interpreted as a description of the
particular data segment and not necessarily as a description of the pro-
cess in an ensemble sense. A histogram of a typical marginal density
estimate is shown in Figure 33. It is noted that even for these seg-
ments exhibiting extremely intense sferic activity, 70 to 80 percent of
the probability mass is concentrated at the origin. Shown in Figure 34
are contours of constant probability. The autocorrelation function in-
dicates the rate at which the ellipse approaches a circle, but it tells
nothing at all about the comparative shapes. These representative plots
are presented for reference in the later discussions of the individual
records. The study of Chapter IV indicated that an assumption of wide
sense stationarity was admissable on each of these three records sepa-
rately, but it should be pointed out that this does not imply that the
assumption holds in an ensemble sense. It is possible that each of
these records could be used to define distinct processes which have en-
tirely different autocorrelation functions. The results of the prelimi-
nary study indicate that this is not the case; however, this is the
question to be answered in this portion of the study. Specifically, do
the time averaged autocorrelation functions, estimated by time averaging
over member functions, maintain close similarity over the range of 1
under consideration?

Results of the data reduction of Record #1 indicated that 77.83%
of the probability mass was concentrated at the origin for 7 =0 and
this value diminished to 63.05% for T = 227 useconds. For comparison

with the probability mass spread of later records, it was noted that
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< P{x(t) = 0, x(t + 23.4 useconds) = 8.94} > = ,001

with 66.84% of the mass at the origin. Little more can be added at

this point about the spread in probability mass, but in the discussion
of the results of the remaining two records, some remarks can be made
concerning the sferic activity of this record in comparison with the
activity of those records. The autocorrelation function of Record #1

is shown in Figure 35 and the corresponding power spectral density is
shown in Figure 36. The curves have been normalized to the average re-
ceived power of the data segment in order to provide a basis for compar-
ison among the.three records. The autocorrelation function indicates
that the data are essentially uncorrelated for time lags greater than
approximately 230 pseconds. Effectively, this implies that the lower
frequency limit of the measured data is 4.35 KHz, and in view of the
calibration curve presented in.Chapter II, it seems reasonably certain
that this effect is attributable to the measurement system frequency
response as opposed to the actual radiated spectrum of the thunderstorm.
The power spectral density function indicates. .the existence of frequency
components as low as,zero. This is apparantly due to the approximation
of the autocorrelation curve by its sample values. Specifically, the
power spectrum shows a- zero component whose amplitude is .3108 x 10_5,
and the area under the autocorrelation curve is .2980 x 10_5. Hence,
this computation evidences the existence of a. zero frequency density in-
the power spectrum and also serves as a Cross check on the result ob-
tained by Fourier transforming the sampled autocorrelation function. A
second computation which seems worthwhile is that of obtaining the area
under the power spectral density function. This was done, and the re-

sult indicated that this curve, out to 64 KHz accounts for 100% of the
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average power of the process, as predicted by the estimated autocorrela-
tion function. This number at first appears incredible, but by recall-
ing that the frequencies above.64 KHz are folded back into the spectrum
(aliasing), this answer is .a reassuring cross check of the computed
spectral amplitudes. Because of the rapid fall off of the power spec-
tral density, it is believed that the aliasing effect is reasonably
bounded with acceptable error. To reduce the aliasing error, one must
sample ¢(t) at a higher rate which would involve correspondingly more
lengthy processor times, Owing to the deteriorated high frequency re-
sponse of the measurement system, it was concluded that the added cost
would not be a worthwhile expenditure. Viewing the curve of the power
spectral density, it is observed that a peak occurs at 10 KHz and the
interfering 18.75 KHz appears as a bulge in the .curve. There also oc-
curs ‘a slight rise in the curve at 60 KHz. The peak at 10 KHz is con-
sistent with established results reported in the literature. The rise
in the curve at 60 KHz is predicted by Taylor (23), however, he gives
no account for it in a phenomenological sense.

The data reduction of Record #2 indicated that 74.82% of the prob-
ability mass was concentrated at the origin for t = 0 and this value
diminished to 61.16% as t increased. Corresponding to Record #1, it

was observed that
< P{x(t) = 0, x(t + 23.4 useconds) = 9.24} > = .001

with 62,18% of the probability mass at the origin. Interpreting this
in the context of the intensity of sferic activity, it appears that be-
cause of the decreased mass concentration at the origin with little

apparent shift in the .probability sample point, there were slightly
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more sferics with moderate amplitudes in Record #2 than Record #1.
This is in close agreement with the study of Chapter IV, since Poisson
parameters of 331/second and 330/second were estimated for Records #1
and #2, respectively, The autocorrelation function of Record #2 is
shown in Figure 37 and the corresponding power spectral density is shown.
in Figure 38. Again, the curves have been normalized to the average
received»power. The autocorrelation function indicates that the data
are essentially uncorrelated for time lags greater than approximately
225 useconds. It appears that the. comments regarding the low frequenpy
response of the measurement system are applicable here also. A visual
comparison of the autocorrelation of Figures 35 and 37 reveal striking
similarity. The power spectral density function indicates a zero fre-
quency component of ., 3775 x 10_5 while the area under the autocorrela-
tion function is .4053 x 10_5. Again, there exists reasonably good
agreement between the two computational methods. The area under the
power spectral density curve was computed and found to be unity, again
verifying the transformed values. The amplitude of the power spectral
density exhibits a peak at approximately 9 KHz, a bulge around 18 KHz
and a hump at 34.5 KHz.. The peak value at 9 KHz and the bulge at 18 KHz
was expected, but the existence of the hump at 34.5 KHz was a surprising
result. Since it did not appear in the power spectral density function
of Record #1, it would seem that its presence could be attributed to
the occurrence of the sustained strokes found in Record #2 and which
were not found in Record #1.

A review of the data reduction of Record #3 reveals that-83.62% of":
- the probability mass was concentrated at the origin for v = 0 and this

value decreased to 71,79% for T = 227 seconds. Corresponding to the
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previous records, it was observed that
< P{x(t) = 0, x(t + 23.4 useconds) = 6.99} > = .001

with 73.69% of the probability mass at the origin. In order to inter-
pret this spread in mass properly, it must be added that the output.
gain of the tape replay unit was lower for this record than for the two
preceeding records. This was necessary becasue of the increased ampli-
tude of several sfereics in the data. Because of the relatively poor
spread in probability mass, it appears that this event did not occur.
with a relative frequency to warrant the reduction in gain. Comparins
the sferic . activity of this record with that of the first two records,
it is recalled from Chapter IV that a Poisson parameter of 369/second
was predicted. Since, this is in fairly close agreement with the param-
eters predicted for Records #1 and #2 and since the autocorrelation
functions, estimated for v = 23.4 useconds for Records #1, #2 and #3
are -.45216, -.49229 and -.16669, respectively, one would expect that
if the Poisson model holds in an ensemble sense, the sferic intensity
has been reduced by approximately the square root of three (reference
pages 113 and 114, Appendix A). It should be pointed out that this
reasoning is valid even though the replay gains for the records were
different. If the. contour of constant probability is changed from .00l
to .0003; then the probability sample point should be in fairly close

agreement with the first two records. Computation reveals that
< P{x(t) = 0, x(t + 23.4 useconds) = 9.03} > = .0003

This result then supports the belief -that the Poisson model holds in an,

ensemble sense. Hence, combining these facts, then, leads to the
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conclusion that the sferic activity was similar to Records #1 and #2,
but that the replay gain was set too low. The autocorrelation function
of Record #3 is shown in Figure 39 and the corresponding power spectral
density is shown in Figure 40. These curves have also been normalized
to the average received power. The autocorrelation function indicates.
that the data are approximately uncorrelated for time lags greater than
230 useconds. A visual comparison of the autocorrelation function of
Figures 35, 37 and 39, again, reveal striking similarity. The similar-
ity ovaigureé 35 and 37, since they are both from the same member
function of the ensemble, suggest that a sample average might be a
credible description for one storm. However, the similarity of the
third autocorrelation function, from a different member of the ensemble,
suggests the possibility that a sample average of the time averaged
autocorrelation and power spectral density functions could be computed
from this sample of size three with some degree of credibility in an
ensemble sense. Turning attention to the power spectral density func- .
tion, it is observed that a zero frequency component of .2941 x 10_5
exists as compared to the area of ,3298 x 10—5 under the autocorrelation
function. Again, the area under the power spectral density curve was
computed and found to be unity. Inspection of the power spectral den-
sity curve reveals a peak at 8 KHz, a pronounced 18.75 KHz component
and a hump at 34.5 KHz. This record evidenced the sustained stroke
activity found in Record #2 and also exhibits the 34.5 KHz component
which would tend to reenforce the earlier discussion accounting for its
presence.

Averaging the ordinates of Figures 35, 37 and 39, there results

the estimate ¢(r)7¢(03 of <R(r)/R(O)>T shown in Figure 41. The sample
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variance, normalized to the sample mean, is plotted in Figure 42 as a
function of v. Admittedly, a sample size of three may not present an.
extremely convincing basis for an argument of convergence of the esti-
mate, but on the other hand, it was surprising to discover the striking
similarity in the autocorrelation functions. The point at v = 227
useconds might exhibit greater percent variance than one would like
(although its actual magnitude is small), but the remaining points tend
to support a conclusion that this averaged estimate is a credible des-
cription of the time -averaged autocorrelation of the . three records in
an ensemble sense. The average of the power spectral density functions

is shown in Figure 43.

5.6 Summary and Conclusions of the Detailed Investigation. Before

summarizing the results obtained, it seems appropriate at this point to
illuminate the limitations imposed on. the study at the onset. One lim-
itation is an effective measurement bandwidth of 6 KHz to 30 KHz, taking
into account the 32:1 time base expansion referred to in Chapter II. A
second limitation results from the interference of the 18.75 KHz signal
coupled into the measurement system from the aircraft electrical system.
Thus, storm noise amplitudes which are approximately 18 db below satura-
tion level are masked by -the sinusoidal signal. A third limitation is
the saturation of the measurement system, presumably caused by a near.
return stroke. It is thought that none of these three limitations are
catastrophic. The frequency bandwidth restricts the study to the VLF
spectrun. The minimum resoiution restriction requires that the investi-
gation concentrate on data segments exhibiting intense sferic activity,
and the saturation of the measurement system is believed to occur rela-

tively infrequently so that the study, realistically, concentrates.on
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the more frequently occurring leader and junction streamer field
changes.

Summarizing the study of the time averaged second-order density
functions, it appears that while they do reveal valuable information
about the spread in the amplitude of the sferics, there is no supporting
evidence apparent that indicates a time averaged second-order density
function is a credible description of the process in an ensemble sense:
The empirical density function reveals knowledge first of all, concern-
ing the setting of the output gain of the magnetic tape replay unit.

For example, if the probability that the product x(t)x(t + T) assumes
extremum values is relatively high, say .05, this would imply that the
gain setting is .too high and many of the sferics are exceeding the peak
allowable input of the .analog to digital converter. While this effect
is observable through the use of .an oscilloscope, it is impossible to
visually estimate the rate of occurrence. On the other hand, if the
probability that the product x(t)x(t + 1) is heavily concentrated within
the lower seven amplitude windows and is zero for the + 10 volt windows,
then .the replay gain is too low. Hence, in this respect the empirical
second-order density function is essential. Secondly, having once set
the gain for a particular record, the second-order density function re-
veals knowledge concerning the relative sferic intensity between two
records on one data.tape. This relieves some of the necessity of having
to transfer the,data_from magnetic tape to an analog plot and then
visually assessing the relative sferic intensity. In both of these
examples of the use of the second-order empirical density function, it
should be observed that the function actually describes one member

function of the .process in a serial sense contrary to the usual
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connotation in an ensemble sense. In order to justify the time averaged
second-order density function as a description of the process in an en-
semble sense, one would have to present a credible argument for strict
sense stationarity of at least degree two and further establish ergo-

dicity of the second-order density function. This would imply that
f(xl,xz;t +eg, t+T+e) = f(xl,xz;t, t + 1)

for every €. Then one would have to compute the mean squared error of
an averaged estimate as a function of X1 Xy and T, assuming that the.
estimate was formed in accordance with the theory of Appendix A. Based
on the evidence of some nonstationarity in all three records studied,
the author can see little hope of presenting a credible argument for a
strict sense stationary approximation much less ergodicity. Hence, it
is concluded that an attempt to model the process in terms of a time
averaged second-order density function is not a worthwhile endeavor.
Summarizing the results of the study of the autocorrelation and
power spectral density functions, it appears that there is cause to
believe a credible approximation of the time averaged autocorrelation
and power spectral density functions of the process has been estimated,
at least for those intervals in which intense sferic activity is oc-
curring. It should also be pointed out that these estimates have been
normalized to the average received power in order to provide a basis
for comparison between the data segments. Also, since the data were
gathered at approximately 30 kilometers distance from the storm cell,
the curves would have to be modified in accordance with known atmos-

pheric propagation effects in order to describe the storm process at

points more distant from, or nearer, the storm cell.
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Because the autocorrelation and power spectral density functions
are a Fourier transform pair and one uniquely specifies the other, a
discussion of either function implicitly deals with the other function
also. Since there have been several reported studies made of the spec-
tra of lightning discharges, it seems reasonable then to consider the.
power spectral density in the remaining portion of this summary.

Comparing the time averaged power spectral density estimate with
the spectral content computed by Taylor (23), it is observed that the
low frequency content offered here falls off much morelrapidly than he
predicts, and the high frequency content reported here does not fall
off as rapidly as he predicts.. Specifically, Taylor predicts a low
frequency rise going as /??Eﬁﬁgﬁzy'from 1 KHz to 5 KHz and then a fall
off as 1/frequency from 5 KHz to 50 KHz with a slight hump at 60 KHz
and then falling again between 60 KHz and 64 KHz. Extrapolating this
result to the power spectral density curve, one would expect a rise
proportional to frequency and a fall going as 1/(frequency)2. Actually,
the low frequency response falls off approximately five times faster
than Taylor predicts. It is believed that this is primarily attribu-
table to the low frequency response of the measurement system. Arnold
and Pierce (2) report peak amplitudes of the frequency spectra for
stepped-leader radiation, K-change radiation, and return-stroke radia-
tion at 20, 8 and 5 KHz, respectively. Because of the saturation of
the measurement system occurring during return strokes and the corres-
ponding loss of the 5 KHz component, it seems reasonable that, here,
the spectral density will peak around 8 KHz. This compares with a 9
KHz peak estimated by the time averaged power spectral density. It is

believed, too, that the stepped-leader and K-change radiation occurring
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in the measured data account for the less rapid fall off with high fre-
quency as compared with Taylor's study. Thus, the power spectral den-
sity function seems reasonably consistent with the work of other inves-
tigators with the exception of the hump at 34.5 KHz. There exists no
reference to this component in the literature surveyed. At first it
was thought that this component was due to a reflected wave from the
earth or from the ionosphere, but its absence in Record #1 would lead
one to the belief -that its source is in the discharge mechanism of the
storm. A review of the three records indicate that Records #2 and #3
exhibited two or more sustained discharges while Record #1 was composed
exclusively of short bursts. Hence, it is speculated that the sustained
type discharges promote the radiation of this component although the
exact cause for this phenomenon is unknown.

As a result of the data analysis, the following conclusions are
drawn: (1) because of the striking similarity in the three estimates
of the time averaged autocorrelation and power spectral density func-
tions, it is concluded that the sample average of these functions is a
reasonable characterization of the three records in an ensemble sense;
(2) based on the preliminary study it appears that these three records
are ‘a representative sampling of those data segments evidencing intense
sferic activity of the type occurring immediately before a discharge or
while a discharge is in progress; and (3) based on'the two conclusions
above, it appears reasonable to assume that the sample average of the
time averaged autocorrelation and power spectral density function esti-
mates is a representative description of the process for segments evi-

dencing extremely intense sferic activity.



CHAPTER VI
SUMMARY AND CONCLUSIONS

6.1 Summary. A review of this study reveals that the investiga-

tion is separable into two major areas. First, there is an investiga-
tion of the degree of stationarity and‘secondly, there is an investiga-
tion of the time averaged second-order statistics of the process. In
order to attach any signifi;ance to the study of time averaged second-
order statistics, in particular the autocorrelation and power spectral
density functions, the process had to be shown to approximate the. wide
sense stationary condition. It was clear from the onset that the
sferics are not time independent in-a global sense; however, it appeared
possible that the process might be stationary during the time periods
evidencing intense .sferic activity, i.e., in a local sense. Hence, the
validity of this hypothesis was investigated on three data segments of
0.75 second duration. Essentially, the premise was made that the sferic
triggering mechanism could be modeled by a Poisson impulse process, and
that by identifying sferic bursts in the data record with triggering
impulses, one could estimate the Poisson parameter. If the parameter
could be shown to be independent of time, then there would exist reason
to believe -that the assumption of wide sense stationarity was credible.
Conducting the test, it was concluded that because of the relatively
high incidence of short sferic bursts compared with the length of

separable segments of each data record, the study was composed of a

QA
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reasonably large sample size, and hence, yielded credible results. The
most vulnerable point in the investigation of stationarity is that of
identifying individual bursts within each data segment. Admittedly,
this involved highly subjective judgement, but in as far as humanly
possible, the judgment was uniformly applied.

After the investigation indicated wide sense stationarity was a
credible assumption, it appeared that the study of the time averaged
autocorrelation and power spectral density functions was a reasonable
investigative -approach in the search for a description of .thunderstorm
interference. In order to estimate the time averaged autocorrelation
and power spectral density functions, an estimate of the time averaged
second~-order density function was made by time averaging in a serial
sense over each record. Hence, for each record segment a probability
density function was obtained in an empirical sense. Inferences could
be made from this density function regarding the data segments in a
serial sense, but no inferences beyond the first and second moments
could be credibly made about the process in an ensemble sense. From
the effort to determine stationarity, it appeared that the second-order
density function did provide a mechanism for the comparative assessment
of sferic intensity among the data records analyzed. Using each esti-
mate of the density function, the time averaged autocorrelation function
was.estimated. The Fourier transform of the autocorrelation function
was taken to produce an estimate of the time averaged power spectral
density function.

As a preliminary study, the time averaged autocorrelation function
was estimated for time lags out to 39 usecond; from twelve data seg-

ments. The result of the analysis revealed that the estimates bore
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close resemblance. Because of the close resemblance among the several
estimates, it was.decided to refine the study to three representative
data segments and consider time lags out to 227 useconds, or the point
at which the process essentially became uncorrelated. Estimates of the
time averaged autocorrelation and power spectral density functions from
two data segments of 0.75 second duration each, and separated-in time
by five minutes, revealed striking similarities after being normalized
to the average power of the corresponding segments.. Analysis of a third
segment of 0.75 second duration from a.thunderstorm occurring three days
later, resulted in time average autocorrelation and power spectral den-
sity function estimates which exhibited the same general characteristics

of the estimates made from the first two data records.

6.2 Conclusions. As a result of the study of stationarity it has

been concluded that (1) a Poisson model for the sferic triggering mech-
anism seems reasonable, particularly if X is taken as a slowly varying
function of time; (2) with the exception of the final quarter of the
first data segment, the three data sets selected have constant Poisson
parameters within + 10%; and (3) the data can thus be analyzed with the
assumption of wide sense stationarity without serious loss of credi-
bility.

Proceeding from the assumption of wide sense stationarity, the
study .of the time averaged autocorrelation and power spectral density
function estimates, reveals the following conclusions: (1) because of
the striking similarity in the three estimates.of the time averaged
autocorrelation and power .spectral density functions, it appears that
the sample average of these estimates is a reasonable characterization

of the three records in an ensemble sense; (2) based on the results of
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the preliminary data analysis, it appears that these three records are
a representative sampling of those data segments evidencing intense
sferic activity of the type occurring immediately before a discharge or
while -a discharge is in progress; and (3) thus, it appears reasonable
to assume that the mean of the time averaged autocorrelation and power
spectral density estimates is a representative description of the pro-
cess in an ensemble sense, for segments evidencing extremely intense-
sferic activity.

In a composite sense, it is believed that the study has culminated
in an approximate description of the autocorrelation and power spectral
density functions, which may be-useful in the design of filters for the
purpose of minimizing thunderstorm noise interference in a mean square
sense. The applicability of the characterization offered in this study,
in a practical sense, suffers three constraints., First, it is re-
stricted to the VLF spectrum owing to.the frequency response of the
measurement system. Secondly, the description has been normalized to
the average received power to provide a basis for comparison. The
normalization was necessary because of the variation in intensity of
sferics, although distance from the storm remained fixed. In order to
utilize the curves in an absolute sense, one would have to make some
estimate of the average received power. Third, the data were gathered
at a distance of thirty kilometers from the storms. If the curves were
to be used for other distances, one would have to modify the curves in

accordance with known propagation characteristics.

6.3 Recommendations for Further Study. The frustrations and
successes experienced in this study suggest three areas of proposed in-

vestigation. It is believed that a similar study over a broader portion
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of the frequency spectrum would be extremely worthwhile because it ap-
pears that the primary source of noise interference in the LF spectrum
is thunderstorm noise, This study describes the process over only 20%
of this portion of the spectrum. A second area of suggested investiga-
tion arises from the need for an estimate of the average radiated power
during periods of intense sferic activityi It is believed that a sta-
tistical description as a function of distance from the storm would be
useful in a practical sense. Perhaps this statistic could also be re-
lated to the meteorological content of the storm. A third area is sug-
gested from the study of the time averaged density function estimates.
It is believed that if the 18.75 KHz interference were eliminated from
the recorded data, one could conduct a study of the fine structure of
the sferic signal and perhaps gain some knowledge of the process in-a

phenomenological sense.
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APPENDIX A

MATHEMATICAL THEORY OF THE DATA ANALYSIS

A.1 Introduction. This appendix deals with the problem of esti-

mating the second-order statistics of a random process by a time average
taken over an arbitrary member function. The principal advantage in
considering an estimate based on time averaged data is that data records
can be treated in a serial format as opposed to the generation of sam-
ples in an ensemble sense. Computationally speaking, this feature is

of extreme importance. The development of this appendix begins with
three general theorems concerning the estimation of the time averaged
second-order probability distribution function, autocorrelation function
and power spectral density. This theoretical discussion is then spec-
ialized to the particular problem of the application to thunderstorm

data analysis and subsequent implementation into a computer program.

A.2 Theory of Time Averaged Estimates. The second-order statis-

tics which are of interest in this study are defined as follows: the

probability distribution function,

F(x,x,5t,t + 1) = P{X(t) <xp, X(t+ 1) f_xz} R

X

the probability density function

82F(x t,t + T)

1°%2°

Bxlaxz

f(xl,xz;t,t + T) =

N1
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the autocorrelation function,

o

R (tit + 1) = f w X X, £(x) % 5t,t + 1)dx,dx, = E{X(t)X(t + T)} ,

-0 -

and the power spectral density function,
S(t,w) = [ R (t,t + e 7% dr

Using the definitions given above, three theorems are presented
concerning the estimétion of these second-order statistics based on a
time average taken over an arbitrary member function of the ensemble.
Consideration is first directed toward estimating the time averaged

second-order distribution function.

Theorem A.2.1. Let the process Yi(xl;t) and Zi(xz;t + 1) be de-

fined on a member function xi(t) of the random process X(t) as follows,

1 if x (8) < x

Yi(xl;t) =

0 if xi(t) > X

1 if xi(t + 1) f_xz

Zi(xz;t + 1)

0 if xi(t + 1) > X,

w

If the average product of these two derived processes exists for

arbitrary Xy and X5



103

1 IT
lim == '
T 2T -T

Yi(xl;t) Zi(xz;t + 1)dt

then the averaged product is an unbiased estimate of the time averaged

second-order distribution function such that,

E{lin 5= jT

E{lin Yo (x5t Zg (x5t + 1)dt}

lim < F(x,,Xx,;t,t + 1) >
Torco 1°72° 7 T

< F(xl,xz;t,t + 1) >
where the symbol <> denotes.an average over all t,
Proof. Consider the time average

T
. 1
G.(X,,X,3;T) = lim == f Y. (x,3t) Z.(x,3t + T)dt
11072 Toseo 2T 1 1 iv2

For fixed X1, X and 7, Gi(xl*XZ;T) is a random variable which maps the

2

ith event from the sample space onto the real line between [0,1]. Fur-

ther, its expectation over the ensemble is

T
= mf1im Lo . .
E{G, (x;,x,;1)} = E{lim 5= ) Y (x;5t) Z, (x5t + 1)dt}
1 1 T -T
1 T
= lim == f E{Yi(xl;t) Zi(xz;t + 1) }dt
T -T 1
1 T
= lim 2= [ P{X(t) < xg, X(t + 1) < x,ldt
T -T

< F(xl,xz;t,t + 1) >

Thus the estimate Gi(xl’XZ;T) is unbiased.
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This theorem, then, provides one technique for forming an estimate
of the time averaged second-order probability distribution function.
Interpreting this theorem, it says the following: If X1 X, and 1 are
fixed but otherwise -arbitrary, then the value of Gi(xl,xz;T) depends
solely on which member function of the process it was computed from.

It changes with parameters X5 X and t. Thus, a collection of sample

2
values of Gi(xl,xz;T) are generated by performing the time average oper-
ation over member functions of the ensemble of X(t). It should be clear
that these samples are distributed about the mean given in Theorem A.2.1.
Although any one Gi(xl,xz;T) is an unbiased estimate of

< F(xl,x t,t + 1) >, the estimate will be improved by forming an.

23
average in the sense of a sample mean. For example, if the samples are

uncorrelated, then
VAR{Gi(xl,xz,T)} -.H-VAR{Gi(xl,xz,T)}

for a sample of size n. This, then, is how the estimate would be imple-
mented: (1) generate a number of individual estimates, Gi(xl,xz;T);

and (2) compute an estimate of < F(xl,x t,t + T) > using the sample

23
. . !
mean of the.Gi(xl,xz,T) S.
A relevant question at this point is, under what conditions is

< F(xl,x t,t + 1) > a useful representation of the process in an en-

25

semble sense? Clearly, < F(xl,x t,t .+ 1) > will be a complete descrip-

23
tion in the event F(xl,xz;t,t + 1) is independent of t. Stating this

more precisely, a necessary and sufficient condition for the process to
be described by its time averaged second-order probability distribution

function is that the process be strict sense stationary of order two

and the sample size contributing to the estimate be unlimited. This
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condition is said to exist if-

F(xl,x t,t + 1) = F(x t+e,t+ T+ g)

for every e and n approaching infinity.
Next, the mixed partial derivative of the YZ product can be used

to obtain the time averaged autocorrelation function.

Theorem A.2.2. Let Yi(xl;t) and Zi(xz;t + 1) be defined on an
arbitrary member function of the process X(t) as in Theorem A.2.1. If

for each i, the mixed partial derivative

2 X .
37 < Yi(xl,t) Zi(x2’t + T) >

8x18x2

exists for every X1 X, and T and the process has finite nonzero

average power

1 T 2
0<lim 3= [ X(t)dt <
T -T
then .the function
© © 82 < Yi(xl;t) Zi(xz;t + 1) >
qt’xx(ﬂ - !m {m *1%2 3x13x2 dxldXZ

is a nontrivial, unbiased estimator of the time averaged autocorrela-

tion function such that,
Iii{cbxx(T)} = <R (t,t +71)>

Proof. It will first be shown that ¢xx(T) is the time average of

the product X(t)X(t + 1):
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© o0 2 T

5 1
6. (1) = [ [ xx —=——{lim == [ Y.(xy;t)Z,(x,;t + T)dt}dx, dx
XX o e 172 8x18x2 Toreo 2T T i1 iv72 1772

2

© _ T 87[Y,(x,3t)Z,.(x,;t + T)]

=[ J xlxz{lim %T ) 11 5 ;x 2 dt}dx,dx,
) T -T 172
© ® _ T 8Y.(x;;t) 0Z. (x4t + 1)

=[ x,X,{lim %T' J 18 1 —— g dt}dx dx,
—o - T-seo -T X X2
1 xpxpaim b g

= X, x,{lim = S[x,~X(t)]8[x,-X(t + T)]dt}dx, dx
SR G Rt 7 g 1 2 172

T 0 ®
=lim 2= [ {f [ X X,8[x;-X(£) 18 [x,-X(t + 1) 1dx dx,}dt

T -T -» -w
1 T
= lin 5z [ x()x(t + 1)dt
T -T

Let T = 0. The condition of finite nonzero average power, then, implies

0<¢ (0)<w

Since ¢xx(0) :_¢xx(T) for every T, the . estimate is nontrivial and,
furthermore, finite. Taking the ensemble expectation over the sample

space results in,

T
ST |
E{¢, (1)} = E{%iﬁ 57 {T X(£)X(t + 1)dt}
1
= lim 5= [ E{X(t)X(t + 1)}dt
T->0 -T
1 fT
= lim 2= R__(t,t + 1)dt
Toseo 2T it XX

< Rxx(t,t + 1) >
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The development on the right hand side of the equality simply states
that the expected value of the time average is the time average of the
expected value. This statistic, namely < Rxx(t’t + 1) >, is the ex-
pected value of ¢xx(r), the latter being the expectation of the product
in. terms of an estimate of the time averaged second-order probability
density function.

This theorem demonstrates the equivalence of the derived process
method with the familiar technique of lagged products. An interpreta-
tion of this theorem is analogous to the discussion of Theorem A.2.1.
Using the mixed partial derivative of the results of Theorem A.2.1, or
equivalently the average lagged product, a collection of autocorrelation
functions can be generated and then averaged for an improved estimate
in the ensemble sense.

Again, the question arises, under what conditions is < R(t,t + 1) >
a useful representation of the process in an ensemble sense? The time
averaged autocorrelation function will be a complete description if
R(t,t + 1) is independent of t. Hence, for the sample mean of the time
averaged autocorrelation function to be a valid description of the pro-
cess in an ensemble sense, the process must be wide sense stationary
and the sample size leading to the mean must be unlimited.

Using the estimate of the time avgraged autocorrelation function,
its Fourier transform is.an estimate of the time averaged power spectral
density. Furthermore, this estimate.is related to the deterministic

Fourier transform of X(t).

Theorem A.2.3., Let ¢xx(1) be an estimate of the time averaged

autocorrelation function. If the function ¢xx(w) exists on a member

function as follows,
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- ~jwTt
2 () .{m b (T)e ™ dr
then @xx(w) is an unbiased estimate of the time averaged power spectral
density function such that,
E{Qxx(w)} =< S(t,w) >

and it is related to the deterministic Fourier transform of X(t), say

F(@), by
f@ = 1in gp [y

Proof. The first part of the theorem follows by taking the expec-

tation of @xx(w),

B(o, ) = B{J 4, (0e7an)

= f E{¢XX(T)}e—ijdT

= [ <R _(t,t +1)>e%ar
XX

o T

= o1 ~jwT
= f lim >T f Rxx(t’t + 1)dt e dt
P ) =T
1 T .= -juwt
=lim 5 [ [ R_(t,t+ e’ drdt
T -T -
1 T
= lin > [ s(t,w)dt
T -T
= < 5(t,0) >

Hence, the estimate is unbiased, and moreover, < Rxx(t,t + 1) > and
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< S(t,w) > are a Fourier transform pair. Proof of the second part of
the theorem is given by Papoulis (18) and an outline of that work is
offered for reference. Let FT(w) denote the Fourier transform of a

member function xi(t) over the finite interval (-T,T),
T —iwt
Fp(w) = [ x, (t)eI%%at
T 1

The average power over the interval (-T,T) for an arbitrary frequency
w is
0 (w) = 2 |Fp(w)]?
The Helly-Bray theorem asserts
. (w) = lim o.(w) = lim == |F.(0)|?
XX Tosoo T Toroo 2T T

The interpretation of this theorem is analogous to that of Theorem
A.2.2. The second part of this theorem will be used to relate the
power spectral density estimate to the investigations made by other re-
search workers in the area of thunderstorm spectra.

From the preceeding discussion of the time averaged autocorrelation
and owing to the uniqueness of the Fourier transform, < S(t,w) > will
be a.valid representation of the process in an ensemble sense if the
process is wide sense stationary. Elaborating on this point, consider

the autocorrelation function R(t,t + T) and define the Fourier trans-

form with respect to t.and T by

-J(wlr-wzt)

Awy,w,) = {m {m R(t,t + T)e drdt

and its inverse transform by,
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© o jlw T-w,t)
R(t,t + 1) = 5 f f A(wl,wz)e 12 dwldw2
(2m) -0 _®
Consider the time average,
1 fT 1 fw f” Juit g fT “Ju,t
5= | R(t,t+1)dt = Alw,,w,)e S= e dtdw,dw
2T ’ ’
LT (2n)2 o e 1°72 2T ‘T 1772
(o] (o] 1 "' T
1 juyT sin w,
< R(t,t + 1) » =. f f Aw, ,w,)e lim ——=— dw. dw
(2w)2 o e 1°72 Torco w2T 1772
o0 o sin w,T jw,T
1 f 1 . 2 1
= = [5= f Alw,,w,) lim ———e— dw,]e dw. .
2m 7 ot2m 7 1°72 Toreo w2T 2 1

From the proof of Theorem A.2.3, it is observed that the portion of the
integrand enclosed in brackets must be identically equal to < S(t,w) >
due to the uniqueness of the inversion integral. If A(wl,wz) is in-

terpreted-as mass density in the w0, plane and since

0 W, #0

then < S(t;w) > is the line mass residing on the Wy axis. This implies

that < R(t,t + 1) > is uniquely described by the line mass on the Wy
axis, and that all masses off this axis play no part in this descrip-

tion. Clearly, if the.line mass on the w, axis is zero, then

1
< R(t,t + 1) > = 0. The condition of finite nonzero average power,
then, ensures that < S(t,w) > is nonzero. Let the process be wide
sense stationary with autocorrelation and power spectral density func-

tions given by R(t) and S(w), respectively. Computing the double

Fourier transform A(wl,wz) results in
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A(wl,w = 2ﬂS(w1)6(w

2) 2)

Thus; for the stationary case, A(wl,wz) is localized on the Wy axis.

If R(t,t + 1) changed slowly as a function of t, then this would imply
thét A(wl,wz) would be concentrated about the wy axis. For this case,
then, < S(t,w) >, exhibiting all the properties of S(w), would be a
quasi-stationary approximation of A(wl,wz).

The three theorems offered in this section provide a mathematical
basis for the technique of estimating a time averaged second-order dis-
tribution function, a time averaged autocorrelation function and a time
averaged power spectral density function. A prime consideration in the
problem of estimation is the interaction of the interval length (-T,T)
and the number of member functions of the ensemble which are considered.
As a practical matter, both of these parameters must be finite, and
clearly they will depend upon the nature of the process itself. The
authqr knows of no analytical way to optimize the selection of these

parameters without a priori knowledge of the statistics which are being

estimated.

A.3 Practical Considerations in Applying the Estimation Theory.

In Section A.2, it was shown that if a process were wide sense station-
ary, then the time average of the autocorrelation and power spectral
density functions are valid representations of the process. In Section
A.2, there ‘are essentially three approaches suggested for use in the
estimation of the time averaged statistics. One method is suggested in
the proof of Theorem A.2.2, namely that of an averaged lagged product,

i.e.
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. 1 T
by () = %12 > {T X(£)X(t + 1)dt

Using this result, then, the method implied in Theorem A.2.3 would pro-
duce an unbiased estimate of the time averaged power spectral density.
This procedure is analogous to the.'"indirect method" outlined by Black-
man and Tukey (6). A second technique is implied in Theorem A.2.3,
namely that of computing the power spectral density function from X(t),

i.e. .
.1 2
¢ _(w) = lim == |F_ (w)|
XX Tow 2T T

Using this result, then, the inverse Fourier transform of ¢xx(w) could.
be taken to produce an estimate of ¢xx(1). This procedure is analogous
to the "direct method" outlined by Blackman and Tukey. The third ap-
proach suggested begins with the estimation of the probability density
function, and then successively computing estimates of the time averaged
autocorrelation and power spectral density functions.

The third method was selected as the investigative approach to be-
used in.this study. It was concluded that by including an investigation
of the time averaged probability density function, ‘a further quantita-
tive measure of the sferic activity could be assessed. In illustration,
it ‘is possible-that two segments of data have identical autocorrelation
functions and yet evidence entirely different sferic activity. Consid-
er the autocorrelation of zero mean shot noise,

[><]

Ron(®) = 2 hiz + )h(e)ds

where A is the density of triggering impulses. Then, let Al = Az/a2



113
where a is an arbitrary constant and hl(t) = ahz(t), for every t. Thus,
Rll(T) = R22(T)

However, the first case differs from the second in that the.impulses
are more numerous but less intense.

The quantitative measure of the sferic activity will be assessed.
by the spread in probability mass. Note that although the time -averaged
distribution function is adequate for computing the time averaged auto-
correlation and power spectral density functions, it is not necessarily
a valid approximation to the distribution function of a wide sense sta-
tionary process. Wide sense stationarity is a necessary but not suffi-
cient condition to ensure validity. Second-order stationarity in the -
strict sense is both necessary and sufficient.

The second-order probability density function is given. by

f(xl,ngt,t +T) =
: Axl Axl sz sz
Py - s X)) x4 Xy - mm s X(E ) <Xy T
lim Ax. AXx
Ax1+0 1772
Ax2+0

Hence, to estimate f(xl,ngt,t + T), an estimate of

_ Axl Axl sz sz
Plxp - 2O 2xp 7 Xy - SX(E D) 2
is formed and the result is divided by Axlez. The estimate is formed

using the method outlined in Theorem A.2.l1 by defining the random pro-

cess,ak(t + k1) as follows,
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Ax

1 if x, - —= < X(t + k1) < X

S
k 2 2

k
ak(t + k1) =

0 otherwise

Consider the produgt»ao(t)al(t + 7) and compute the expectation,

E{ao(t)al(t + 1)} =

AX AX
0 1 1
Y Xy - 5 <X(t+ 1) < X0 o+ ==}

E{a,(t)a, (t + 1)}
. 0'+'%
t,t-+ 1) = lim A
Ax0+0 . 071

Ax1+0

f(x

O’XI;

Now, consider the finite time-average < ao(t)al(t.+ T) > Suppose
X(t) is known only for |t| <T. Ift>0,thent+1>Tfort>T- 1,
and ao(t)al(t + T) can be integrated only on the interval (-T,T - T).

Hence, assume X(t) is specified over (-T,T + 1) and there results
1 T
<ag(t)a (t + 1) >p = 5 {’T oy (t)a, (t + T)dt

This form must be modified, however, because X(t) is sampled at regular
intervals in the computational process. Assume that X(t) differs from
zero only for the time interval (-T,T + T) seconds, and that its Fourier
transform @xx(w) exists only in a frequency interval from -B to B Hz,
then the sampling theorem implies that 2B(2T + t1) distinct samples are
required to describe X(t) completely. (The dual assumption of a time
limited and band limited signal is not theoretically possible; however,

for large time-bandwidth products, this condition is closely



115

approximated.) Therefore, let X(t) be periodically sampled at a rate
of 2B samples per second. This implies a discrete form of the time

average as follows,

e~

< ao(t)al(t + 1) >T = %- uO(tj)ul(tj_+ T)

j=1

where n is the greatest integer equal to or less than 4BT. This expres-
sion will be used to form the estimate, < ao(t)al(t +.7) >
Having formed an estimate, it now remains to investigate its prop-

erties. First the biasedness is studied. Consider,

E{< 0y (o (t + 1) >T} =

1§ %o Axg Axg Axg
m L Py - X)) Sxp t s X - T S Xt v D) < x4 )
3=1
, AXO AXO Axl Axl
=<Plxg - = S X() X+ = X - T SX(E+ 1) Sxp 4 = Py
X, + Axl X. + ﬁfg
1 2 0 2
=</ / £(B),B,3t,t + T)dB dB, >,
Ax Ax

The Taylor series expansion of f(Bl,Bz;t,t + 1) about (xo,xl) can. be

written,

f(Bl’BZ) = f(xosxl) + (Bl'xo)le(xosxl) + (Bz'xl)sz(xo,xl)

(Bl-xo)z 2 (Bz'xl)z
t g Dif(xg.x )+ (By-xp) (Byx Do f(Xg,x)) + ———

2
. sz(xo,xl) N



116

Using the relations,

o iz
2
/ (8-x)dB = 0
éﬂ
X2
-y
(8-x)° ()
/ ' 2 dé = 24
x - A%
)
the following is obtained for Axo = Axl = Ax,
E{< a_ (t)a,(t + 1) >}
0°"%1 T .
= < f(xo,xl,t,t + 1) >T

(8x) 2

AX 2 , 2 ,
+ < EZ'{le(xo’xl’t’t +T) + sz(xo,xl,t,t + 1)} >o t

Hence, the estimate of the time averaged second-order density function
is a biased estimate; however, assuming f(xo,xl;t,t + 1) is a fairly
smooth function so that the second and higher order partials are rela-
tively insignificant, the bias becomes negligible.

To investigate the mean squared error, the variance of the esti-

mate is first computed. Consider

' . n n
E{< ao(t)al(t + ) >%} = ;% E{rz1 ao(tr)al(tr + 1) 521 ao(ts)al(ts + 1)},

Let.A(tr) denote the event,

Ax Ax Ax 4
: 0 0 1 1
{x. - —5— < x(tr) < X. + 5 » X. - -5

A
<

~
ﬁ
+
—

—
A
b

0 0 1
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and let B(ts) denote the event,

Ax

Ax
xy - Tof-x(ts) X% 7 "2’9’" X - --2—1-_<_X(ts YT Ixp 4 "2‘1‘}
Hence,
- 2 1 ¢ 0§
E{< ag(t)a;(t + 1) >7} = = ] Z P{A(t,),B(t)}
n- r=1 s=1
1 n n ‘
== 1 1 P{B(tS)IA(tr)}P{A(tr)}
n- r=1 s=1
1 v . »
== rzl < P{B(t)[A(t )} > P{A(tr)}

<< P{B(t) |A(t)} > P{A(t)} >
But P{B(t) |A(t)} = 1 for every t; therefore,

E{< ay(t)a (t + 1) >2} =

' AXO AXO Axl Ax
<PIxp - 2 X(0) Sxp s Xy - SX(E 4 1) x>
and,
VAR{ < ao(t)al(t + 1) >T} =

Ax0 Axo Axl Ax
<Plg - IX() Lxp * g X - SX(E D <xp >y
Ax Ax Ax Ax
- 0 0 1 1, .2
TS Plxg -7 X)) Xy s Xy - T S X(E ) x4 g

The mean squared error can now be written as
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B([< ag(t)ay(t + 1) >p - < £0xg,xst,t + 1) 217} =
VAR{< ay(ta; (t + 1) >}
+ BU[E< a(t)ay (t + ) >0} = < £(xg,x 58,0 + 1) >21%)

It is noted that the second term on the right is the average squared
bias in the estimate. If it is accepted that the bias term is negli-
gible, then the normalized mean squared error is defined to be

2 VAR{< ao(t)al(t + 1) >T}

e = 5 .
< ao(t)al(t + T) >r

An estimate of the minimum sample record length in seconds required to
achieve a desired error €2 when B is the bandwidth in Hz occupied by
X(t), assuming a uniform power spectrum within B, offered by Bendat and

Piersol (3) is

1

2

T = 5
e“B < ao(t)al(t + 1) >p

T

Thus, for a normalized mean squared error,‘ez, of .01, a probability
resolution of .001 and a frequency bandwidth of 300 KHz, computation
reveals that a data segment of 0.167 seconds is requiredﬂ

Following several trial computational runs, Ax was selected to
prpdﬁce'nine increments in the amplitude range of a(t). The amplitude
window widths were 2.5 volts centered about 0, + 2.5, + 5.0, + 7.5, and
i_lOfO volts.

Once < ao(t)al(t + T) > has been determined, the autocorrelation

function is computed using
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'

b (M =1 T xx, < (o (t + 1) >p
- X, X,

The collection of ¢XX(T)'S are used to estimate the time averaged auto-

correlation function as follows,

He~1s

Sl

<R (t,t+1)>= ¢, (1)

i=1

Using each of the.¢xx(1)'s, the Fourier transform is taken to obtain an

estimate of the power spectral density functionm, Qxx(w)‘

A.4 Additional Errors Incurred in the Power Spectral Density

Estimate. In addition to the errors incurred in the estimation of the-.
time averaged autocorrelation function, there are several remaining
sources of error associated with the power spectral density estimate.
There are essentially two sources of error to be considered, the first
of which is due to aliasing. It has been mentioned previously that be-
cause the frequency bandwidth is B Hz, X(t) is sampled at a rate of
2BHz. To illustrate why this is necessary, let fs be the sampling fre-
quency. This implies that the spectrum of X(t) is folded about fs/2,
and if there are frequen¢y components higher than fs/2, they appear to
be low frequency components.. This effect is shown graphically in Fig-
ure 44. The dots are sample points of a signal, shown by the solid
line, whose frequency is.greater than fs/2, This set of data points
could also represent a signal, shown by the dashed line, whose frequency
is below fs/2, By sampling at.a rate of 2BHz, the effects of aliasing
are negligible. For a detailed treatment of this error, the.reader is
referred to Blackman and Tukey (6), pp. 31-33. A second source of error

is due to leakage effects shown graphically in Figure 45. This error is
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Figure 45. An Example of the Leakage Effect
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due to the fact that the data record must be limited in time. If the
one-sided Fourier transform were taken of the cosine wave, f(t), there
would result a single impu;se at wg; however, because the record has
been truncated, its transform is not isolated but generates a series of
spurious peaks called sidelobes. The objective is to localize the con-
tribution of a given frequency by reducing the amount of ''leakage"
through the sidelobes. The usual approach consists of applying a lag
window to the.autocorrelation function, which has lower sidelobes in
the frequency domain than the rectangular lag window,i Specifically,
one would like to concentrate the main lobe of W(w) near w = 0, keeping
the sidelobes as low as possible. In order to concentrate the main
lobe, W(t) must be as wide as possible. In order to reduce the.side.
lobes, W(t) must be smooth and slowly changing. .Since W(t) must vanish

for |t| > T,,, a compromise must be reached. A simple and convenient

M
compromise recommended by Blackman and Tukey (6) is represented by the

Hanning lag window

1 oot
5-(1 + COS T—J |T| < TM
M
Dw(r) =

0 <] > Ty,

This lag window function, then, will be used in the computation of

o (w).

XX

Once the @xx(w)'s are estimated using the Fourier transform of the

modified ¢xx(r)!s, then the estimate of < S(t,w) > is formed using

Ines13

a 1
< S(t,w) >T = I @i(w)

i=1



APPENDIX B

EFFECT OF SINUSOIDAL COMPONENT UPON THE ESTIMATE OF

HISTOGRAMS AND VARIANCE

B.1 Introduction. Reference has been made in the text of -this

study to the presence of an 18.75 KHz component in the recorded analog
data; The purpose of this appendix is to investigate what effect.the
sinusoid has upon the empirical probability density function and the
estimate of variance. In the following development, it is assumed that
the analog data consists of the algebraic sum of a.random process and a
sinuspidal component whose phase is a random variable. Further, it is
assumed that these two components are uncorrelated. This model is then
used to investigate the influence of the sinusoid upon the estimate of
variance for different amplitude window widths in the empirical proba-

bility density function.

B.2 Composite Density Function of the Sinusoid and the Random

Component. Let the analog data be denoted by W(t) such that
W(t) = X(t) + Y(t)

where X(t) is a random process,.and:
Y(t) =-A sin(wot + )

Further, let

122
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1
T lo] < =

f¢(¢) =

0 otherwise
Consider the autocorrelation function of W(t),

E{[X(t) + Y(£)][X(t + 1) + Y(t + )]}

wa(t,t + T)

E{X(t)X(t + ©)} + E{Y()Y(t + ©)}

The equality on the right side results from the assumption that X(t)
and Y(t) are uncorrelated. Using a result derived by Papoulis (17),
one can obtain,

2

_ A
wa(t, t+1) = Rxx(t,t + T) + —5 €O0s w,T

The corresponding power spectral density is

S (w) =8 (w) + 531 [§(w + wy) + 8(w - wy)]

w X 2 0 0
Hence, the presence of the sinusoid introduces a periodic component in
the autocorrelation function and adds spectral components at *uge In
order to reduce the effect of the sinusoid on the estimate of the time
averaged autocorrelation and pewer spectral density functions, it was
observed that the analog data were fairly inactive over 60% to 80% of
the recording, Thus, it appeared reasonable to insert a threshold
about the base line of the data, and thereby obtain a corresponding
reduction in the effect of the sinusoid.

The upper plot of Figure 46 shows an approximate marginal proba-

bility density function of X(t) as deduced by a smoothing of the histo-

grams reported in Chapter V. In order to quantify this density function
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Figure 46. Plot of Marginal Probability Density of X(t)'
Compared With Approximate Density
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and, also, to maintain computational simplicity, it is assumed that the
density can be characterized by the lower plot of Figure 46. Here, the
mass concentrated about the origin is described by an impulse with a
weighting coefficient of .8. The remainder of the mass density is
assumed to fall off linearly away from the origin out to peak ampli-
tudes of + 10 volts.

Papoulis (17) shows‘that~fY(y) is given.by

—— Iy®)] <A
n/ a%y% (1)
£,07) = 9
\S otherwise

This distribution is shown in Figure 47, for A = 1 volt. Further, if
it is assumed that X(t) and Y(t) are independent, the probability den-
sity function of W(t) can be .determined by convolving fx(x) and fY(y).

Carrying -out this computation results in,

/‘

-nséo [(‘*"'10)51“-1(““0) + v’l-(w+10)2 + 12T‘ (w+10)] -11 < w < -9

5%5 (w+10) -9 <uw<-1

- — [ sin™ w + V1-w? - %—- 10] + 4%

2
£(w) =1 7500 /ljw—z

g%a-(10+w) l<w< 9

—t= [(-10)sin” " (-10) + /1-(0-10)° - 3 (0-10)] 9 <w < 11

b: elsewhere.

A plot of this function is shown in Figure 48. It is interesting to
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Figure 47. Density Function of
Y(t) = cos(wot + ¢)

observe that, for this particular distribution of X(t), Y(t) has no
influence on the distribution of W(t) in the intervals (-9,-1) and
(1,9); however, in the intervals (-11,-9) and (9,11), Y(t) flattens and
spreads the mass of X(t). The greatest effect of Y(t) is exerted about
the origin. Here, Y(t) flattens the impulse and spreads the mass toward
the amplitude extremum of the sinusoid. Hence, it appears that the
major effect of the sinusoid is to subvert small signal resolution. For
example, if one were to attempt to quantize the probability mass of X(t)
in the interval (-.5,15), using the density of W(t), the result would

be considerably lower than the true value. Correspondingly, the pre-

dicted density in the intervals (-1.5, -.5) and (.5,1.5) would be
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Figure 48. Density Function of W(t) = X(t) + Y(t)

considerably higher than the true value.

Since the study of the text is primarily concerned with the esti-
mation of second-order statistics through the use of histograms, a com-
parative analysié will be made of the variance estimates for different
bar widths of the histogram. From this investigation, it is hoped that
some conclusions can be drawn concerning the selection of optimal bar
widths. To conduct the comparative analysis of the variance estimates,
the strategy will be to, first, compute the probability distribution
function of W(t). Secondly, the domain of the distribution function

will be subdivided in accordance with assumed bar widths. Third, the
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values of the distribution at the division points will be subtracted to

determine the probability that W(t) falls in any one particular bar.

Finally, the variance will be computed using

0% = ] wl PIH(E) = w, )}
i

where ws is the midpoint of the bar.

Computation of the probability distribution function of W(t) re-

sults in the following expression,

£(w) =4

7~
0 w < =11
e (A1 w+10)%+ YsinTt (wr10)+ S(0+10)/1- (wr10)2
7500 2 3 7
+ %{%-+(w+10)2]} -1l < w < -9
2
1 w 3
500 L7 + 10w + 49.5] + 5555 ozwe-l

2 '{l-wzsin_lw 12 si —lw + é-le-wz - 57w

~ 7500 4 4
837m 163
-5 * 3000 liw<d
1 w? 1837
500 [100 - = - 9.5] + 5550 lzuw=<?
1,1 2 1., -1
;356'{5{(w—10) + EﬂSIH (w-10)
3 / 7 o 2 5.. 1997
+ 2(0-10)/1-(w-10)7 - Z[(w+10)% - 3]}+ 5= 9 <w< 11
1 11 < w,

N <

Amplitude window widths of .88, 2.0 and 4.4 were used to compute an

estimate of the variance of X(t). The results of these computations
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are shown in Table I. Reviewing the data contained in Table I, for
twenty-five windows of width .88, the estimate of variance is in error
by 16.3%. Correspondingly, when the window width is equal to the peak
amplitude excursion of the sinusoid, the error in the estimate is 5%;

however, if the window width is made larger, say 4.4, the error is

13.3%.
TABLE I
COMPARISON OF VARIANCE ESTIMATES AS A FUNCTION OF
HISTOGRAM BAR WIDTH
Parameter. X(t) .88 2.0 4.4
Variance 3.333 3.8862 3.5000 3.7760
% 13.3%

Error 00 e 16.3% 5.0

The comparison of the estimates of variance, then, lead to the.
conclusion that the optimal window width, to be used in minimizing the
error of the variance estimate, is equal to the peak amplitude excursion

of the sinusoid.

B.3 Considerations in Setting the Minimum Amplitude Window Width.

As stated earlier, the objective in setting the minimum amplitude window
width is to minimize the effect of the sinusoid.on the autocorrelation
and power spectral density estimates. It seems reasonable that the

level should be set sufficiently high to mask the sinusoid during
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periods of inactivity but not so high as to mask a significant portion
of the data during active periods. This would imply that the minimum
width should be set at the peak value of the sinusoid. The study just
conducted leads one to the same conclusion.

A final consideration involved here is one developed in Appendix A;
namely, the greater the amplitude window width, the greater will be the
bias in the estimate of the density function. Thus, one would want to
choose as small an amplitude window as possible.

This discussion, then, culminates in the following conclusion:

For the problem of estimating a probability density function from the
gathered thunderstorm data, one would want to set the amplitude window
width as near the peak amplitude of the sinusoid as possible in order

to minimize ‘the error in the estimate of the autocorrelation function.



APPENDIX C

SAMPLE COMPUTER PROGRAM FOR THE DATA ANALYSIS USING

THE IBM 360/50

C.1 Introduction. This appendix documents the computer program

used to implement the data reduction technique developed in Appendix A
on the IBM 360/50. A discussion of how the program carries out the

computation is included along with a listing of the program itself.

C.2  Computer Implementation of the Daté:Reduction Technique. A
flow chart of the sample computer program is“shown in Figure 49. The
function of the main program is to receive sampled thunderstorm data,
order the data in a matrix, call subroutines and output the resulting
estimates of the time averaged second-order statistics. The main pro-
gram begins by quantizing the first twenty rows of the data input block.
An unlisted READ statement advances the input tape reel to the data seg-
ment to be analyzed. Then, the data are read into the computer and
given the variable name DATBLK. This variable name denotes a 120 x 100
matrix. The data on the input tape reel are in blocks of 2000 samples,
and the program reads the first block into the bottom twenty rows of
DATBLK. The main program then calls up subroutine DATCON. This sub-
routine classifies each data point in the bottom 100 rows of DATBLK ac-
cording to the predetermined amplitude windows. Each amplitude window
has a width of 2.50 with center points at -10, -7.5, -5, -2.5, 0, 5,

7.5 and 10. If the sample point value is in the range -8.75 to -11.25,
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SKIP 454
RECORDS

READ.
DATBLK(M,M1)
M1=1,100; M=101,120

DATCON

DATBLK(K,L)= DATBLK(K!,L)
K=1,20; L=1,10
(] ,
I=1
]
READ

DATBLK(M,M1)
Ml =1,100, M=21,120

DATCON

A

—

= 1
A:30 2
|
AcA+l
DATBLK(K, L) = DATBLK(KI,L)
 —

K=1,20; L=1,100

OUTPUT ¢(T),5(w)
fx;,x2, t,t+7)

Figure 49. Flow Chart for the Sample Computer
' Program .
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then that element of DATBLK is replaced by a value of 1. Similarly, if
the sample point value is in the range -6.25 to -8.75, the element of
DATBLK is replaced by the number 2. The numbering scheme assigns the
values 3, 4, 5, 6, 7, 8 and 9 to the windows centered at -5, -2.5, 0,
2.5, 5, 7.5 and 10, respectively. Hence, this subroutine returns DATBLK
to the main program with the bottom 100 rows modified by the classifi-
cation process. The main program, then, moves the bottom twenty rows
to the top twenty rows of the DATBLK matrix.

The first 20 rows of DATBLK are, now, quantized and the iterative
data input begins. The loop described in the following is executed 47
times for 3/4 second of thunderstorm data. Since the data blocks must
be read in one block at a time, rows 21 through 40 of DATBLK are first
read, followed by rows 41-60, 61-80, 81-100 and 101-120. Subroutine
DATCON is called, and the input data are classified and returned to the
main program. The main program is now ready to initiate the updating
of the counting registers. For this particular program, thirty incre-
ments of T were chosen. Thus, to count the number of times X(t) fell
in one interval and X(t + 1) fell in another interval, thirty, 9 x 9
counting registers are required. At this point, the main program enters
a loop which is executed thirty times. The loop first assigns a value
to the variable A which keeps track of the particular increment in T.
Consider the 24th execution of this loop. Since T has been chosen to
increment in 5 sample steps starting at zero, this implies a shift of
115 samples. The main program sets A = 24 and calls subroutine UPDATE.
To tell the subroutine where to find X(t + 1) in the DATBLK matrix, the
variables DELTAT and DELTAF are used. DELTAT tells the subroutine how

many columns to advance and DELTAF specifies how many rows to advance.
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For this particular case, then, DELTAT(24) = 15 and DELTAF(24) = 1.

The counting registers are given the variable name TAU and are 30 x 9 x
9 arrays. The register used on this pass is TAU(24,X,X). To advance
the count in this register, DATBLK is treated column by column and row
by row over the first 100 rows. For example, let D1 denote the value
of an arbitrary element of DATBLK:. This implies that X(t) fell in the
D1 amplitude window. Let Cl denote the value of the element which is
15 columns to the right and one row down from the D1 element. This im-
plies that X(t + 1) fell in the Cl amplitude window. Thus, for this
pair of points, the element TAU(24,C1,D1) is advanced by one count.
After updating a particular register, the subroutine returns control to
the main program. The main program, now, shifts the bottom 20 rows of
DATBLK to the top 20 rows, and the loop begins again.by reading 10,000
more sample points from the tape reel.

After the data segment has been read in its entirety, then the
main program uses the counting registers to generate estimates of the
time averaged second-order probability density function, the autocorre-
lation function and the power spectral density. For this purpose sub-
routine DOIT is called. A discrete estimate of the probability density
function is formed by dividing each element of TAU by the total number
of sample points. The resulting value is < ao(t)al(t + 1) > in

Appendix A. The autocorrelation estimate is formed using

¢xx(T) = Z Z X)X, < ao(t)al(t + T) >
*2 %

where thevxi's are the center points of the amplitude windows. The

estimated autocorrelation function is modified by the Hanning lag
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window, shifted in time and the Fourier transform taken using the Fast
Fourier Transform library subroutine. This, then, is the power spectral
density estimate.

After these estimates have been formed, control returns to the
main program which outputs the estimates on the teleprinterﬂ The sample

computer .program is listed in Table II.
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TABLE I1I

THE DATA ANALYSIS PROGRAM

//RLIS 408 (10174.450—54—7505105"FR.L.JOHNSDN'rNSGLEVELII
// EXEC FORTGCLG
//FORT .SYSIN OD *

(e Es Nz NeNglnl

(2 AR

(X g AU

10

15
40

45

55

60

70

75

80

82

THIS IS A PROGRAM TO ESTIMATE THE TIME AVERAGED SECOND~ORDER
PROBABILITY DENSITY FUNCTION, AUTOCORRELATION AND POWER SPECTRAL
DENSITY FUNCTIONS OF THUNDERSTORM NOISE DATA RECORDS CONS!ST!NG
OF 4804y000 SAMPLE POINTS

SYSTEM INITIALIZATION

INTEGER A+DELTAT,DELTAF
COMMON/SET1/A,DATBLK(120,100)DELTAT(30) 4DELTAF(30) yNOSAMP(30),
ITQU(3009o9)oR(BOl.RN(SOloS(65)

INITIALIZATION OF THE DATA INPUT BLOCK

D0 2 K=1,454

READ (1)

CONTINUE

READ (1) ((DATBLK(MyM1)yM1=14100)yM=101,120)
CALL DATCON

DO 5 K=1,20

K1=K+100

00 5 L=1,100

" DATBLK(K,yL)=DATBLK(K1,sL)

CONTINUE

ACTUAL START OF THE. ITERATIVE DATA INPUT
DO 55 I=1447

I1=21

1J=40

D0 10 K=1,5

READ (1) ((DATBLK(MyM1)M1=14100),M=I1,14)
II=11+420

1J=1J+20

CONT INUE

CALL DATCON

A=]

IF (A.GT.30) GO TO 45

CALL UPDATE

A=A+1

GO .70 15

DO 55 K=1,20

K1=K+100

DO 55 L=1,100

DATBLK{K,L)=DATBLK(K1l L)

CONTINUE

CALL DOIT

FORMAT (1H1)

WRITE (6+60)

FORMAT (1HO* AUTOCORRELATION®,SXy *NORMALIZED R*, 10X,
1'POWER SPECTRUM®)

WRITE (6,70)

DO 80 I=1,30

FORMAT (514.5.5X.El§.5'4X.El435’2X'[3'1X"KHZ"
K=[-1

WRITE (6975) ROIDRN(I}¢S(I)4K

X=0,0

DO 82 I=31,65

K=]-1

WRITE (6575) XeXySC(I)yK



83

84

100
85
90

95

215

225

230
220

232

235
240
245

. 250
215

TABLE-II (Continued)

WRITE (6,60)
K224
DO 95 K=1,30
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FORMAT (11X,*TIME AVERAGED SECOND-ORDER PROBABILITY DENSITY ESTIMA

LTE FOR A LAG 0F'0Fl4.90le'HICROSECONDS')
K1=K~1
TS=(5040/32,0) %5,0%K1
FORMAT (1HO)
IF (K.LE.K2) GO TO 100
WRITE (6,60)
K2=K2+4
WRITE (6483) TS
DO 90 KK=1,9
FORMAT (9F13.7)
WRITE (6,85) (TAU{KyKKoKKK) 9KKK=149)
WRITE {6+84)
WRITE (6484)
CONTINUE
CALL EXIT
END
BLOCK DATA
COMMON/SET1/A,DATBLK(120,100) DELTAT(30) +DELTAF(30)4NOSAMP(30),
1TAU(3099+9)+R(30),RNL30),5(65)
INTEGER A,DELTAT,DELTAF
DATA DATBLK/12000%0.0/+DELTAT/095¢10015920925930+35940+¢45450+55
1609659709 759809859904959095910915920025930935940045/9DELTAF/040,
1090909090909 090909090409090909090909lolylylolylylolylyl/y
LNOSAMP/30%0/,R /30%0.0/+4TAU/2430%0,0/
END

DATA CONVERSION SUBROUTINE
SUBROUTINE DATCON

COMMON/SET1/A, DATBLK(120,100) ,DELTAT(30),DELTAF(30),NOSAMP{30),
1TAU(30¢949)¢R{30)yRN{30) +5S(65)
INTEGER A,DELTAT,DELTAF

DO 275 K=21,120

DO 275 L=1,100

If (DATBLK{K,L))215,220,225
Y¥=0,0-DATBLK(K,L)

W=0

GO TO 230

Y=DATBLK{K,L)

W=1

IF (Y.GT.125) GO TO 232 N
DATBLK{K,L)=5

GO TO 275

IF (ABS{Y-250).LE.125) GO TO 235
IF (ABS(Y-500).LE.125) GO TO 240
IF (ABS{Y-750).LE.125) GO TO 245
IF (ABS(Y-1000).LE.125) GO TO 250
DATBLK(K, L )=4+2%W

GO 70 275

DATBLK(KyL)=3+4*W

GO To 275

DATBLK(KyL)=2+6%W

GO TO 275

DATBLK(K,L)=1+8%W

CONTINUE
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410

415

[aNaNa]

500

51

a0
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TABLE II (Continued)

RETURN
END

THIS SUBROUTINE UPDATES THE COUNTING REGISTERS
SUBROUTINE UPDATE '
COMMON/SET1/A,DATBLK(1204100) ,DELTAT(30)4DELTAF(30) NOSAMP(30),
1TAU(30+94+9) 4RU30)sRN(30)4S(65)

INTEGER A.DELTAT,DELTAF

INTEGER C1,D1

DO 415 M=1,100

DO 415 N=1,100

MO=M#DELTAF(A)

NO=N+DELTAT(A)

IF (NO.GT.100) GO TO 410

Cl=DATBLK{(MO,NO)

D1=DATBLK{M,N)

TAU(A,C1,01)=TAU(A,Cl,D1)¢]

GO TO 415

MO=MO¢ 1

NO=NO-100

G0 TO 401

CONTINUE

NOSAMP(A)=NOSAMP(A)+1

RETURN :

END

THIS SUBROUTINE COMPUTES THE ESTIMATE OF THE TIME AVERAGED
SECOND—~ORDER STATISTICS

SUBROUTINE DOIT

DIMENSION DATA(1024) ,TRAN(2,513) ,WORK(2,1024)+N(1),RO(30)
COMMON/SET1/A,DATBLK(120,10001,DELTAT(30) +DELTAF(30),NOSAMP(30),
1TAU(3099+9),R{30),RN{30),S5(65)

EQUIVALENCE (DATA,TRAN)

INTEGER ByCyZ

DATA N(1)/1024/

ESTIMATE THE TIME AVERAGED SECOND-ORDER DENSITY FUNCTION
DO 500 Z=1,30

DO 500 B=1,9

DO 500 C=1,9

TAU(Z+B,CY=TAU(Z+B,C)/(NOSAMP(Z)*10000)

CONTINUE

ESTIMATE THE TIME AVERAGED AUTOCORRELATION FUNCTION
DO 511 Z=1,30 :
E=-12.5

R(Z)=0,0

DO 511 B=1,9

E=E+2.5

D=-12.5

DO 511 C=1,9

D=D¢2.5

EXP=E*D*TAU(Z,+8,C)

RIZ)I=R(Z)+EXP

CONTINUE

MODIFY THE AUTOCORRELATION ESTIMATE BY THE HANNING LAG WINDOW,
PERFDRM A TIME SHIFT AND ESTIMATE THE POWER SPECTRAL DENSITY
FUNCT ION
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520

525
530

535

- 545

TABLE II (Continued)

DO 515 21=2,30

RN(Z)=R{Z)/R(1)

RN(1)=1,0

DO 520 Z=1,30
RA=3,1415926536%(2~-1)/29.0
RO(Z)=(1.0+COS{RA))I*0.5%RN(Z)
DATA{512)=1.0

DO 525 1=2,30

J2=1+511

J3=513-1

CON=RO(I)

DATA{J2)=CON

DATA(J3)=CON

DO 530 I=1,482

DATA(1)=0.0

DO 535 1=542,1024

DATA(I)=0.0

CALL FOURTUDATA4Ns1ls~1+04WORK,1024)
J3=1

DO 545 J2=1,65
S(J2)=SQRTUTRANILyJI) **2+TRAN(2,J3) %%2)%( ,250/32000,0)
J3=J3+8 ’
RETURN

END

//GD.FTOLFQOOL OD UNIT=(TAPE9++DEFER),

7/
/7
//
M7
7/
1/
//
/77
//
/7
M
//
7/
7/
/7
7/
7/
/7
/7
/7
//
//
/7

VOL=SER=RJOHO6sDSNAME=WBDAFL10,
DISP=0OLD¢DCB={RECFM=V,BLKSIZE=8008,LRECL=8004)
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APPENDIX D
CIRCUIT DIAGRAMS OF THE DATA GATHERING ELECTRONICS

D.1 Introduction. The purpose of this appendix is to document

the circuit diagrams of the data gathering electronics referred to in
Chapter II. Included with the diagrams is a generalized discussion of
the considerations involved in the design of the electronics and selec-

tion of the instrumentation.

D.2 Details of the Measurement Instrumentation. The vertically

polarized electromagnetic field is sensed through the use of a five foot
vertical whip antenna mounted atop the fuselage of a D-18 twin engine
Beechcraft airplane. The signal at the antenna terminals is then fed
through the preamp/cathode follower circuit shown in Figure 50. The
first stage VI, is a cathode follower acting as a buffer between the
antenna and preamplifier stage, V2. Owing to the low input impedance

of the commercially developed broadband amplifier shown in Figure 51, a
second cathode follower stage, V3, is included between the preamplifier
and the main amplifier. The main amplifier consists of three amplifier
stages cascaded on an integrated circuit chip. The amplified output
signal is fed through two emitter follower stages and then recorded on
magnetic tape. The motivation for two emitter follower stages is to
enhance the versatility of -the circuit board, allowing for example, a
detector stage to be inserted between Ql and Q2, if desired. Commenting

on the broader aspects of the measurement electronics, it should be

14N
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pointed out that because the instrumentation is subject to continuing
vibration while measurements are being made, solid state devices were
utilized as opposed to vacuum tubes in an effort to reduce internally
generated noise and to conserve space and weight. This approach was ex-
tended to the selection of commercial equipment as well as to the elec-
tronics designed and fabricated locally. One exception is the use of
nuvistors in the preamp/cathode follower circuit owing to their high
gain and low noise figure.

The saturation effects observed in the analog data and described
in Chapter V, are attributed to saturation of the preamplifier. A re-
view of the analog data leads to the belief that this effect is caused
by near return strokes. Treating the antenna as a voltage source and
assuming that it can be modeled as a low impedance source, compared
with the 10 megohm input of the measurement system, it appears that the
.01 ufarad capacitor and the 1 megohm resistor compose a differentiator
circuit. This network, then, plays a large role in determining the

recovery time of the preamplifier.
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