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First, the global regularity of 2D incompressible generalized Euler-Boussinesq equa-
tions has been studied. We establish the global existence and uniqueness of solutions
to the initial-value problem when the velocity field is “double logarithmically” more
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CHAPTER 1

Introduction

The study of fluid dynamics is of great interest from both the mathematical as well as
the physical point of view. A number of mathematical models have been proposed to
describe the natural phenomena like atmospheric & oceanic flows, geophysical flows,
and electrically conducting flows. Two commonly used models are the Boussinesq
system of equations and magnetohydrodynamic equations.

Boussinesq system of equations is widely used to model large scale atmospheric &
oceanic flows such as tornadoes, cyclones, and hurricanes. It describes the dynamics
of fluid under the influence of gravitational force. This system is one of the well known
models that describes the geophysical flows as well as other astrophysical situations
where the stratification of the medium and the rotation of the earth play a dominant
role.

The magnetohydrodynamic equations model electrically conducting fluid in the pres-
ence of magnetic field. These equations have been used to study various natural
problems in geophysics and astrophysics. Mathematical analysis of the magnetohy-
drodynamic equations is extremely difficult due to the coupling between the velocity
field and the magnetic field. In fact, whether the solutions of two-dimensional ideal
MHD equations exist for all time or they blow-up in finite time is an outstanding
open problem. Because of this difficulty, many regularized models have been pro-
posed. In this dissertation, we will focus on one of such two-dimensional models, so
called Lans-a magnetohydrodynamics model.

This dissertation is primarily focused on the global regularity issues of logarithmically



supercritical two-dimensional Boussinesq equations and magnetohydrodynamics-a
model. More precisely, in this dissertation we would like to answer the following
interesting questions for the above system of nonlinear partial differential equations.
Given a general smooth initial data, does there exist a solution on some time interval?

Is it unique? Can the solution be extended for all time?

1.1 Boussinesq Equations

1.1.1 Background

The two-dimensional Boussinesq system of equations is a system of nonlinear partial
differential equations that plays a very important role in the study of Raleigh-Bernard
convection. This system acts as a lower dimensional model of the three-dimensional
hydrodynamic equations. In fact, it is analogous to the 3D incompressible Euler
and Navier-Stokes equations for axisymmetric swirling low away from the symmetric
axis, and it retains some key features of the 3D incompressible flow such as the vortex
stretching mechanism. Thus, the qualitative behavior of the solutions for the two sys-
tem of equations are expected to be identical. Better understanding of the 2D Boussi-
nesq system may support some indications towards the regularity of 3D flows. The
global regularity of two-dimensional Euler equations has been resolved [50]. However,
the global regularity or finite time singularity for the three-dimensional Navier-Stokes
equations is the most challenging open problem in fluid dynamics [50]. In fact, this
is one million dollar prize problem announced by Clay Mathematics Institute [30].
Various efforts have been made by mathematicians, physicists, and engineers, but the
mystery is still there. The global well-posedness of the 3D Navier-Stokes equation
is extremely difficult because of the presence of vortex stretching term. There are a
large volume of literature that provide the partial answer of the well-posedness of 3D
incompressible flows.

The standard velocity formulation of the 2D Boussinesq equations with fractional



dissipation and fractional thermal diffusion is given by

)
Ou+u-Vu+v(—A)*u = —Vp + fey,

V-u=0, (1.1)

kﬁtﬁ +u-VO+ k(—=A)P0 =0,

with the corresponding vorticity w = V x u satisfying

(
Ow~+u-Vw+v(—A)*w = 0,,0,

0+ u- VO + k(—A)P =0, (1.2)

u=Vip, Ay =w,
\

where (z,y) € R? ¢t > 0, u = (ui(z,y,t), us(z,y,t)) denotes the 2D velocity field,
p = p(x,y,t) the pressure, § = O(x,y,t) the temperature in the content of thermal
convection and the density in the modeling of geophysical fluids, ¢ = ¥(z,y,t) the
stream function, v > 0 the viscosity, £ > 0 the thermal diffusitivity, a € (0, 1] and

B € (0,1] are real parameters, and e, is the unit vector in the zy-direction.

1.1.2 Existing results and open problems

The Boussinesq equations with full dissipation and full thermal diffusion, v > 0,
k > 0, with &« = 8 = 1, was first studied by Canon and DiBenedetto [6] in 1980.
They found a unique, global in time, weak solution and improved the regularity
of the solution when the initial data is smooth. In the case of inviscid Boussinesq
system of equations, v = 0 and k = 0, the global regularity issue of (1.1) is an
outstanding open problem in mathematical fluid mechanics. In order to fulfill the
gap between two extreme cases, the intermediate cases, when v = 0 or kK = 0 or
the dissipation in horizontal direction only, or in the vertical direction only, have
recently attracted considerable attention ([1, 2, 8, 12, 33, 36, 45, 72]). The main idea

to study such anisotropic equations is to weaken either the dissipation or diffusion



than a critical case and the regularity still holds. The global (in time) regularity,
when v > 0 and Kk = 0, or v = 0 and K > 0 with @« = 1 and 5 = 1 have been
established by Hou-Li [36] and Chae [12] independently. Global well-posedness for
the anisotropic Boussinesq system with horizontal dissipation or thermal diffusion was
first studied by Danchin and Paicu [25] and then further studied by the authors in
[45] with more elementary approaches and milder assumptions. The global regularity
issue with vertical dissipation and thermal diffusion has been resolved by Cao and
Wu [8]. According to our knowledge, it is currently unknown if the global regularity
still holds with vertical dissipation or thermal diffusion only. Recently, the result of
global existence of smooth solutions to (1.1) is generalized to the cases when a = %
or = % The global regularity result for the case v > 0, Kk =0, « = 1/2 or v = 0,
k > 0, 5 = 1/2 have been obtained by Hmidi, Kerani and Rousset [35]. In 2011,
Miao and Xue [52] established global well-posedness for the rough initial data when
v>0,k>0with0<f <a<1/2and a+ > 1/2. The authors in [21] also
found unique global in time smooth solutions for the sufficiently smooth initial data
when «, 5 € (0,1/2) and 5 > ﬁ The global regularity of 2D Boussinesq system
with supercritical cases (i.e. v > 0,k = 0, < 1/2 O0rv = 0,k > 0,8 < 1/2)
is still unknown. In this direction, a few progress has been made by Hmidi [32],
Chae &Wu [13] and Jiu, Miao, Wu, & Zhang [37]. Hmidi [32] relaxed the critical
dissipation needed for global well-posedness by a logarithmic factor. More precisely,

he considered the following Euler-Boussinesq system;

(

ou+u-Vu=—Vp+ ey,
V-u=0,

(1.3)
00 +u-VO+kLO =0,

u(z,0) = ug(x), 0(x,0)=0(x),

\



where £ = L) with |D| = v/—A. The operator L is defined by Fourier

log®(e*+|D|

multiplier or by a nonlocal operator with a convolution kernel. Hmidi successfully

resolved the global well-posedness for (1.3) when a = [0, 5].

Chae and Wu [13] studied the generalized Boussinesg-Navier-Stokes system with a
velocity field that is logarithmically more singular than the one determined by the

vorticity through the 2D Biot-Savart law [50]. In fact, they studied the following

systein;

)
ow+u-Vw+ Aw = 9,,0,

@9 +u- Vo = O,
(1.4)

u= V= (=0,,0,), A =A"log"(I — A)w,

u(z,0) = ug(x), 0(x,0)=0(x),

(
where 1 = v(x,t) is a scalar function of z = (z1,72) € R and t > 0. ¢ > 0 and
v > 0 are real parameters, A = v/—A, and A? are Fourier multiplier operator defined
through Fourier transformation Ao f(& = |&° f (&). The global well-posedness for
(1.4) has been resolved for the special case when ¢ = 0 and v > 0. It is worthy
to mention that the global regularity result for (1.4) remains unknown for the more

singular case when o > 0.

1.1.3 Statement of problems and results

The 2D Boussinesq equations have recently attracted considerable attention. Con-
sequently, many important results on the global well-posedness issue concerning the
partial dissipation case have been established. Our main intention is to explore how
far one can go beyond the critical dissipation or diffusion and still prove the global
regularity for the Euler-Boussinesq equations and Navier-Stokes- Boussinesq equa-

tions.



With the motivation of the recent work of Chae and Wu [13] and Chae, Constantin
and Wu [14], we first study the regularity issues of the generalized Euler-Boussinesq
equations with a singular velocity [41]. More precisely, we focus on the existence and

uniqueness of the solution of the following initial value problem (IVP):

(

Ow +u-Vw = 0,0,

u=V=ty), A=A P\w,
(1.5)

00 +u-VO+ A0 =0

w(x,0) =wy(z), 6(z,0)=06h(x), =eR2

\
where u = u(z,t) is a velocity field, 8 = 0(x,t), w = w(x,t) and ¥ = ¢ (x,t) are scalar

functions, and V+ = (=0,,,8,,) and o > 0 is a real parameter.

We will focus on IVP (1.5) with a very general class of symbol P(&) for the operator

P(A) that is assumed to satisfy the following condition.

Condition 1.1 The symbol P(|£]) assumes the following properties:
1. P is continuous on R* and P € C*°(R?\ {0});
2. P is radially symmetric;
3. P = P(|¢]) is nondecreasing in |£|;

4. There exist two constants C' and Cy such that

sup |(I—A,)" P(2]n])| < € P(Cy2)

271<n|<2

for any integer j and n =1, 2.

We remark that the fourth condition for P is very similar to the main condition

in Mihlin-Hérmander Multiplier Theorem [61]. For notational convenience, we also



assume that P > 0. Some special examples of P are

P(€) = (log(1+1¢[*)"  with v >0,
P(¢) = (log(1 +log(1+[¢]*))"  with v >0,
P(&) =[¢)° with 8 >0,

P(¢) = (log(1 +[¢[*)[¢]”  with v >0 and 3 > 0.

The goal here is to examine for what operator P obeying Condition 1.1, (1.5) is
still globally well-posed. We note that when P(A) is not the identity operator, (1.5)
involves a velocity field that is more singular than the standard velocity determined
through the Biot-Savart law [50]. The first major result (Theorem 3.1) asserts that
if P(¢) obeying Condition 1.1 satisfies two more conditions, namely, P(2¥) < C'vk

for a constant C' and any large integer k£ > 0, and

| o
r = o0.
1 rlog(l+7r)P(r)
Then the IVP (1.5) with ¢ > 0 and (wp, ) € B} (R?) for ¢ > 2 and s > 2 has a

unique global solution pair (w, ). As a consequence of this result, we establish the

global well-posedness of (1.5) when P is a double logarithmic, namely

P(¢) = (log(1 +log(1 + [¢[*)))"  ~ € [0,1]. (1.6)

As we mentioned earlier that the main difficulty is to deal with the vortex stretching
term 0,,0, direct energy estimates do not yield the desired estimates. The idea is to
combine the equation for w and the equation for the Riesz transform of 0. First, we

apply the Riesz transform to the 6 equation to obtain
0RO +u-VRO+ARH = —[R,u- V)b, R=A10,,.
Then we combine it with the w equation and obtain

0G+u- VG=—[R,u- V|0, G =w+ R0. (1.7)



Although (1.7) hides the vortex stretching term 0,,60, we need to obtain suitable
bounds for the commutator. With the commutator estimates and the regularity of 6,

we obtain the global bound for ||w|| L, ||6’||Bo,P2 and consequently for ||w||f~. Finally,

we establish the desired global bounds for |wl|ps  and [|f]|ps  for s > 2. In the
first step, we obtain the global bounds for ||w||B§,oo and ”0”35,00 for 6 in the range
% < f < 1 by using the regularity of G in (1.7) and a logarithmic interpolation in-
equality bounding ||Vul|ze in terms of ||w||zenze~ and ||w||B§,oo' In the second step, we
take advantage of the regularity obtained in the first step and establish the bounds
for the Besov index (3; in the range 1 < 31 < 2 — %. A repetition of this step allows

us to reach any index s > 2. Since the solution class is very regular, the uniqueness

part can easily be obtained. The details are provided in chapter 3.

Our second work here is to study the global well-posedness of the Navier-Stokes-
Boussinesq equations with logarithmically supercritical dissipation [42]. This work is
motivated by the recent work of Chae and Wu [13] and Hmidi [32]. Attention here is

focused on the following initial-value problem (IVP):

(

Ow +u - Vw + Lw = 0,,0,

8t9 +u- Vo = 07
(1.8)
U = vaa A¢ = w,
w(z,0) = wo(x), O(x,0) = 0y(z),
where L is a nonlocal dissipation operator defined by
) —
i@ = pv. | L2700 yay (1.9)

T —yl?
and m: (0,00) — (0,00) is a smooth, positive, and non-increasing function that

satisfies



(i) there exists C; > 0 such that

rm(r) < C4 for all r < 1;

(ii) there exists Cy > 0 such that

rim’(r)] < Com(r)  for all r > 0;

(iii) there exists 8 > 0 such that

rPm(r) is non-increasing.

L can be equivalently defined by a Fourier multiplier, namely

-~

LF(€) = P(ENf(E). (1.10)

Throughout the chapter 4, we assume that £ satisfies both (1.9) and (1.10) with
P(¢]) = m(%) obeying the conditions stated above. Our main result is a global
well-posedness theorem for the IVP (1.8) when L is slightly supercritical. More
precisely, we prove that if £ satisfies (1.9) and (1.10) and a(&) = a(|¢]) = |£]/P(|€])

is positive, non-decreasing and satisfies

lim M—0, Vo >0, (1.11)

=G

with the initial data (ug,6p) in the class
uo € H'(R?), wy € LYR?) N B, (R?), 6, € L*(R?) N BY (R?),
then, (1.8) has a unique global solution (u, #) satisfying, for all ¢ > 0,

CELFM. wELFIINLIRL, . 0€ PN L H L

co,1

As a special consequence of this result, we will establish the global existence and

uniqueness of classical solutions of (1.8) with logarithmically supercritical dissipation,

Zule) = P(eyace) = — 1

= mﬂ(f) for any v > 0.



We now explain the main difficulty that one encounters in the study of the global
regularity of solutions to (1.8). Due to the vortex stretching term 9,, 0, a simple energy
estimate will not lead to a global bound for ||w||z2 unless Lw is very dissipative. To
overcome this difficulty, we consider a new quantity w — A719,,6 to hide d,,0. Then

the combined quantity G = w — R.0 with R, = £L719,,, satisfies
0:G+u-VG+ LG =[R,,u-V]o.

After obtaining a general bound for the commutator [R,,u - V], we get the global
bounds for ||G||ps for ¢ € (2,4). In order to show a global bound for ||G||;« and
|lw||pe with ¢ > 4, we first obtain a bound for the space-time norm of ||G'||ZtrBs1

q,

and consequently HGHL%BO,al. Making use of bound ||0|| 2 in terms of ||Vul|piz

1 p0,a
LtBoé,l

2, which, in

algebraically, we establish global bounds for ||w|| L1800, and for ||| 1150

turn, are sufficient for the global bound ||w||z« for any ¢ > 2. These global bounds
guarantee a global solution. To show the uniqueness, we consider the difference of
two solutions (u™, M) and (u®,6?) and show that the difference must vanish by
controlling the velocity difference in ngo and the difference ) — M) in B, if. The

details are provided in chapter 4.

1.2 Lans-a Magnetohydrodynamics System

1.2.1 Background

Electrically conducting fluids under the influence of magnetic field arise in important
applications including plasma physics, geophysics and astronomy. Among many oth-
ers, magnetohydrodynamics (MHD) flows are typical because of the more complex
dynamics of the flow due to coupling of Maxwell’s equations governing the mag-
netic field and the Navier-Stokes equations (NSE) governing the fluid motion via
the Lorentz force and Ohm’s law. The MHD equations are related to engineering

problems such as plasma confinement, controlled thermonuclear fusion, liquid-metal

10



cooling of nuclear reactors, and electromagnetic casting of metals. The standard form

of the incompressible MHD equations is

;

Ou+ (u-V)u+Vr—vAu= (b- V)b,

Ob+ (u-V)b—nAb= (b-V)u, (1.12)

\V cu=V-b=0 (u,b)(z,0) = (ug,bo)(z).

Where u(z,t) denotes the velocity vector field, b(z,t) the magnetic vector field and 7
the pressure scalar field, v the kinematic viscosity and n the magnetic diffusivity. A
class of global weak solutions with finite energy and a class of local strong solutions
for the system (1.12) in 2D and 3D have been successfully resolved by the authors
in [26]. The smoothness and uniqueness of such weak solutions is an outstanding
problem for 3D.

An extension of the NSE, called Lans (Lagrangian-averaged Navier-Stokes)-a model
(also known as the viscous Camassa-Holm equations), was introduced by the authors
in [18]. This system is well-known for its remarkable performance as a closure model
of turbulence in infinite channels and pipes as their solutions give excellent agreement
with empirical data for a wide range of large Reynolds numbers. The authors in [19]
also proposed the Leray-a model, the system (1.13) without Zi:l vr Vg, and showed
that it also compares successfully with empirical data from turbulent channel and pipe
flows for a wide range of Reynold numbers.

The Lans-a« MHD system with fractional dissipation and fractional diffusion is given

by

v+ (u- Vv + o uVu + V(r + $16?) + vAPo = (b- V)b,

10+ (u- V)b — (b- V)u~+nA>2b =0, (1.13)

(v = (1—-a?*A)u, V-u=V-b=0, (v,b)(z,0) = (vo, bo)(z).

Where v(z,t) denotes the fluid velocity field, u(x,t) the filtered velocity, b(z,t)

the magnetic vector field, and 7 the pressure scalar field. Here v, n > 0 are the

11



kinematic viscosity and magnetic diffusivity constants respectively and the fractional

Laplacians A" defined through the Fourier transform by

—_ ~

A f(&) = g™ f(€), 1=1.2, (1.14)

with their powers r; > 0 and « denotes the length-scale parameter representing the
width of the filters.

We may consider the a models as a numerical regularization of the underlying equa-
tion, which makes the nonlinearity milder, and hence the solutions of the modified
equation are smoother. As a models are some sort of regularizing numerical schemes,
they inherit some of the original properties of MHD equations. For the details of

other a models including the Lans-a MHD we refer to [48].

1.2.2 Literature review

In a three-dimensional periodic domain, Linshiz and Titi [48] proved the existence of
the unique weak solution pair to the system (1.13) at v, » > 0 and r; = 75 = 1. They
also established the relation of the Lans-a MHD model to the MHD equations by
proving some convergence result as o — 07. In fact, they showed that a subsequence
of solutions of the Lans-« MHD equations converges to a certain solution (a Leray-
Hopf solution) of the three-dimensional MHD equations. Later in 2011, the authors
in [85] showed that when v, n > 0 and r; = ro = 1, the global well-posedness result
remains valid even in four-dimensional case [83]. In [29], the authors showed that for
the system (1.13), given (v, by) € H?(R?), the solution remains in such a space for all
time in two cases: ¥ >0, n=0,r =1orv=0,n>0, r, = 1. Similar results on a
closely related system is also shown in [86]. Very recently, Zhao and Zhu [82] proved
the global regularity result in the case v, n > 0, ry = ry = %, n = 2,3 to the system
(1.13). It is worth noticing that Yamazaki [76] gave an affirmative solution to one
problem as remarked in Remark 1.1 of [82]. In particular, the author in [76] showed

that the solution to the system (1.13) remains smooth for all time for any r +7ry =1

12



with 71, ro € (0,1) in case n = 2. For n = 3, the authors in [78] improved the result
of Zhao and Zhu [82]. In fact, they proved that the system (1.13) has a unique global
smooth solution in the case r{ +ry = %, n = 3 with % <7ry < % Many other related
interesting results have been obtained ([11, 28, 43, 80, 84, 87]).

In the case a = 0, the system (1.13) can be identified with the generalized MHD sys-
tem which has been studied intensively by many authors ([10, 38, 65, 69, 71, 75, 79]).
When o = 0, r; = 5 = 1, the system (1.13) reduces to the standard MHD equations.
Mathematical analysis of the global regularity issue of the standard MHD equations

can be found in [7, 9, 75, 77, 88] and references therein.

1.2.3 Statement of problems and results

The 2D MHD equations and Lans-a MHD equations have attracted many mathe-
maticians, physicists and engineers and many results concerning the global existence
and uniqueness in the partial dissipation case have been established. Our goal is to
weaken the dissipation or the diffusion and still establish the global well-posedness
for the 2D Lans-a MHD system. Motivated by the work of Wu [71], we focus on the

global regularity of the solution of the following initial value problem:

/

v+ (u- Vv + 0 v Vug + V(r + $161?) + vL20 = (b- V)b,

O+ (u-V)b— (b V)u+nL2b =0, (1.15)

v=_1-a?A)u, V-u=V-b=0, (v,b)(x,0) = (vg, bp)(x).

\

Where v(z,t) denotes the two-dimensional velocity vector field, u(z,t) the filtered
velocity, b(x,t) the two-dimensional magnetic vector field and 7 the pressure scalar
field. Here v, n > 0 are the kinematic viscosity and magnetic diffusivity constants
respectively. Finally, a denotes the length-scale parameter representing the width of
the filters.

Global regularity results in the logarithmically supercritical regime was initiated by
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the author in [62] and [63] and inspired many others to extend these results to different
models ([14], [32], [58], [71], [74], [75]). Our attention will be focused on (1.15) with a
very general class of symbols m(§) for the multiplier operator £ defined through the

Fourier transform by

L€ =m(e)f(€), m(€) > —=~.

The first result (Theorem 5.1) asserts that for » > 0, n = 0 and ¢ : Rt — R* a

radially symmetric, non-decreasing function such that g > 1 and satisfies

/:o g(7) d;-n(T)T %

then for any vy, by € H*(R?), there exists a unique classical solution pair to the
system (1.15).

Our proof is inspired by the work in [71]; however, the proof in [71] does not seem
to go through due to the fact that we are interested in the endpoint case while the
results in [71] required both v, n > 0. We have made some appropriate modifications
on the proof of [75] to achieve our first result.

The second result (Theorem 5.2) we have proved says for v =0, n > 0 and g : RT —

R* a radially symmetric, non-decreasing function such that g > 1 and satisfies

o dr
| e

then for any vy, by € H*(R?), there exists a unique classical solution pair to the
system (1.15).

In contrast to the classical MHD system, ||v||z2 is not conserved for the solutions to
(1.15). Moreover, due to the structure of (1.15), namely (b- V)b and (b- V)u, which
do not allow a simple commutator estimate, the a priori estimates for this system
must be done in several steps. For the Lans-a MHD system, upon ||v||zz-estimate,
although (u - V)v vanishes, Zi:l v Vuy does not. This is precisely the problem

stated in Remark 1.2 in [78]. To achieve our second result, we obtain a key estimate
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of ||£b]| 2 (see Proposition 5.4.2). We believe that the method we have used to prove

second result has further applications to other systems.

1.3 Organization of the Dissertation

This dissertation is organized as follows. The second chapter is dedicated to introduce
standard notations, some definitions, functional spaces such as Besov spaces and gen-
eralized Besov spaces, and frequently used inequalities that we require for our study.
The main work of this dissertation will be presented in chapters 3, 4, and 5.

Chapter three is divided into multiple sections. Section 3.2 is focused on establishing
the global a priori bounds for the solution pair (w,#) for the generalized 2D Euler-
Boussinesq equations with a singular velocity. In fact, global a priori bounds for

|wl| e La, HQHLtIBO,p2 and ||w|[ze L~ are obtained. Section 3.3 deals with the global

bounds for |lw|[;  and [|0]|p; _ in two steps. In the first step, we obtain the global

bounds for HwHBgm and HQHB{,{M in the range % < f < 1. The second step takes
advantage of the regularity obtained in the first step and establishes the bounds for
HwHBg}w and H@HB&O in the range % <P <2-— %. A repetition of this step allows us
to reach any index s > 2. Section 3.4 is devoted to show the existence and uniqueness
of our main theorem (Theorem 3.1) of the third chapter.

Fourth chapter deals with the generalized 2D Navier-Stokes-Boussinesq equations
with supercritical dissipation. It is divided into seven sections. First two sections are
preliminaries and section 4.3 establishes a global a priori estimates for |G|/ 2 and

consequently for ||w|| 1. Sections 4.4, 4.5 and 4.6 are dedicated to the global reg-

By
ularity results. In particular, we establish the global bounds for||G||1« with ¢ € (2,4)
followed by ||G”Z;B;1 with ¢ € [2,4) and the global bounds for ||W||L}B§gj1 and ||w||zq
for any g > 2. Section 4.7 presents the proof for the uniqueness of Theorem 4.1.

Fifth chapter is devoted to study the logarithmically extended global regularity results

on two-dimensional Lans-o« MHD system. This chapter is divided into different sec-
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tions and subsections. Section 5.2 focuses on establishing the global a priori bounds
for the case ¥ = 0 and = 1 whereas section 5.3 presents higher regularity results for
Theorem 5.1. Section 5.4 is dedicated to a priori estimates in the case when v = 1
and n = 0. In subsection 5.4.1, we present our key estimates ( || £b]|%,-estimate) that
is essential to establish the global a priori bounds for Theorem 5.2. Section 5.5 details
the higher regularity and Section 5.6 provides the proofs of Theorem 5.1 and Theorem
5.2.
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CHAPTER 2
Preliminary

This chapter briefly presents some definitions, facts, and useful inequalities that we
require for our study. We also introduce a very powerful set of function spaces
called Besov spaces. With the notations and definitions of Besov spaces, we present

Littlewood-Paley decomposition, Bony’s para-products and commutator estimates.

Definition 2.1 Let 1 < p < 0o and Q C R" be a domain. L () is the space of

Lebesgue measurable functions f(x) on Q such that
/ |f(z)|Pdx < +00, for any compact V C 2
v

Remark 2.1 Ifp = oo, [, |f(z)[Pdx is replaced by esssup,cy |f(z)| < oco.

Definition 2.2 (LP-space) Let 1 < p < oo. LP(2) is the space of functions such that

([1f@)P)7, if 1<p<oo
11l o) =

esssup,eq | f(x)], if p= o0

is finite.

Definition 2.3 (I? space) The space I consists of sequence {x, }22, such that > > | |z,|P <

0.

Definition 2.4 (Convolution) Let f and g be two Lebesgue measurable functions in

R™. If f(z —y)g(y) is integrable for almost every y then,

(fxg)(x) = . flx —y)g(y)dy
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Definition 2.5 (Weak derivative) Let @ C R™ be a domain and let o be a multi-

index. Let u € L}, (Q), we say v is a-weak derivative of u, denote v = D%u if

/uDO‘Qde = (—1)“'/2}@50[:)3, for any ¢ € C5°(2)
Q Q

Definition 2.6 (Sobolev Space W P(Q)) Let k > 0 be an integer and 1 < p < oo.
WHP(Q) consists of locally integrable functions f satisfying D®f exists for all |a| < k

and || Df||L» < 400 for |a| < k. More precisely,

1

" (St 1Dy i 1<p < o0
Wkp(Q) =

esssupq <, [ D fllz=), if p=o0

Definition 2.7 (Distributions) D(R™) denotes the set of smooth functions with com-
pact support (C°(R™)) with a convergence notion.

or € D(R™) is said to converge to ¢ € D(R™) if
1. There exists K (compact set in R™) such that supp ¢ C K.
2. maxyek|or(x) — d(z)] — 0 as k — oo.
Distributions, denoted D'(R™), consists of all functionals f on D(R™) satisfying

1. < M1 4+ Aoy >= A1 < f,01 > +Xa < f,02 > for any A\, Ao € R, ¢1, ¢ €
D(R™).

2. If o — ¢ in D(R™), then < f,pp >—>< f, ¢ >.

Definition 2.8 (Schwartz Space, S(R™)) S(R™) consists of smooth functions ¢ sat-

1sfying

I6llkm = sup (14 |2])*|D¢| < 00

z€R",|a|<m

Definition 2.9 (Tempered Distributions S'(R™)) S'(R™) consists of all linear contin-

uous functionals on S(R™).
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Definition 2.10 (Inhomogeneous Sobolev Space H*(R™)) For any s € R, the inho-
mogeneous Sobolev space H®(R™) consists of tempered distributions u such that a(§)

1s locally integrable and

1

m:{4ﬂ+KWWW%T<%

[[ul

Definition 2.11 (Homogeneous Sobolev Space H*(R™) For any s € R, H*(R") con-

sist of u € 8" such that 4 € L;,. and

wo= ([ i) <o

We have the following properties;

[l

1. Ifs=0, H* = H® = L2
2. If s = k,where k is a positive integer H* ~ W2,
3. If s >0, H C H*.

4. If s <0, H* C H*

2.1 Besov Space

This section provides the definitions of Besov spaces and related facts. In addition,
it also introduces dyadic decomposition of unity as well as the Littlewood-Paley de-
composition. We start with several notations.

We denote by S(R™) the usual Schwarz class and S’(R") the space of tempered dis-

tributions. We define Sy to be the following subspace of S.
50={¢€S: o(x) 2" de =0, |7|:(),1,2’...}
R4
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Its dual & is given by
S,=8/Sy =8P

where P denotes the space of multinomials. In other words, two distributions in &’
are identified as the same in S| if their difference is a polynomial. For j € Z, we
define

Aj={¢eR: 271 <jgl <2}

Then the Littlewood-Paley decomposition asserts the existence of a sequence of func-

tions {®,};cz € S(R™) such that
suppﬁj C Aj, EI;](f) = $o(277¢) or Dj(z) = 27"Py(2x),

and

o . if & e R\ {0},
3 a6 - 1 £ e R™\ {0}

=0 0, if&=0.
Therefore, for a general function ¢ € S, we have

[e.e]

D0 (D€ = () for g R\ {0}

In addition, if ¥ € &y, then

o0

37 B;(€)i(§) =9(€) for any £ € R™.

That is, for ¢ € Sy,

j=—o0

As a consequence, for any f € S

Z Qjxf=7f

j=—o0

in the sense of weak-* topology of §(. For notational convenience, we define
Ajf:q)j*f7 jEZ
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Definition 2.12 (Homogeneous Besov Space é;’q) ForseR and 1 <p,q < o0, the

homogeneous Besov space é;jq consists of f € S with the norm defined by

(5 2 1Ay 1P17)* for g < o0

sup; 2js[fRn |Ajf|p]5 for ¢ = oo

/]

s, = 12718 F ool =

s finite.

We now choose ¥ € S such that

Then, for any ¢ € S,
Vwtp+ Y Bjxtp =1
j=0
and hence
Vs f4d By f=f
§=0
in & for any f € §’. To define the inhomogeneous Besov space, we set
0, if j < -2,
Ajf=19 Uxf, if j =—1,
O« f,  ifj=0,1,2---.
Definition 2.13 The inhomogeneous Besov space B, , with 1 < p,q < oo and s € R

consists of functions f € S’ satisfying

g

AL fllze + (50 2% fun |2, FIP17)T for q < oo

. 1
A1 fllLr + 8UPp<jcoo QJS[fRn A fP]p - for g = o0

/1

Bs, = 127114, fll o llie =

s finite.

The Besov spaces 103;7(1 and By with s € (0,1) and 1 < p, ¢ < oo can alternatively be

defined by the norms

If1

" :(/ Wﬂx+ﬂ—f@meﬁ)W,

t
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x — f(@)|le)? e
s, =+ ([ 0= L )

|t|n+sq

When g = 0o, the expressions are defined in the usual way.

Definition 2.14 Fort >0, s € R and 1 < p,q,r < o0, the space-time spaces E;B%qu

and Z{B;’q are defined through the norms
s, = 1270 Flloollo,

1l g, = 12770 o e

These spaces are related to the classical space-time spaces L{é;q, LiB; , via the
Minkowski inequality.
Many frequently used function spaces are special cases of Besov spaces. The following

proposition lists some useful equivalence and embedding relations.

Proposition 2.1.1 The relation between the Besov spaces and other spaces and fre-

quently used embeeding relations are given by

1. For any s € R,
HOS ~ é;727 HS ~ B;72.

2. Forany s € R and 1 < q < o0,

S

. 2 o .
Bq’min{q,Q} — W — B%max{qg}.

o

In particular, Bg,min{q,z} — L9 — B%f;’max{qz}.

3. For any s >0

S OS
Bp,q C Bp,q

4. For s; < 59

S9 S1
prq C prq
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5. If1<q <gqp <0

B C B B® C B?

2150 p,q2’ P,a1 P,q2

6. If 1 <p1 <pp <00,1 <1 <1y < oo and sy > sg,51,52 € R, satisfy

n n
§1]— — = §9g — —
b1 P2

Then
B;iﬁ <Rn) = B;;"’Q (Rn)’ B;i,ﬁ (Rn) = B;;Tz <Rn)
(-1

7. Let p and q € [1,00], and p < q then, é;l (R™) is continuously embedded in
LI(R™).

8 Ifp € [0,1), then EEI(R") is continuously embedded in Cy, where Cy is the

space of bounded continuous functions that vanish at oo.
9. Let p € [1,00], then LP(R") is continuously embedded in B%g,oo(]R”).

10. For p € [1,2], L? is continuously embedded in 10324).

o

11. Forp € [2,00], By, is continuously embedded in LP(R™); For p € (1,2], LP(R™)

15 continuously embedded in égg.

2.2 Generalized Besov Space

This section first introduces a very general class of operator P(§) for the Fourier
multiplier operator P(A), that is defined through the Fourier transform J@ f(é) =
P(&)f(€). Tt then presents the definition of the generalized Besov space by using some

properties of this operator.

Definition 2.15 For p,q € [1,00] and s,y € R, the generalized Besov space By is
defined by

/]

e = 127°(L+ )" 1A fll e llis < 0o
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Definition 2.16 Let P = P(|z|) : (0,00) — (0,00) be a non-decreasing function
satisfying Condition 1.1 and

P
lim M:0, Ve> 0.

|z|—o00 ‘I|€
Fors e R and 1 < p,q < 0o, the generalized Besov spaces l%;f and B;f are defined

through the norms

/]

1l = 12 P2) A s < oo,

By = 127 P(27) HAijLleq < 00,

As in the case of Besov spaces, we can similarly define the space-time generalized

Besov spaces.

Definition 2.17 Fort >0, s € R and1 < p,q,r < oo, the space-time spaces Z;é;;f;

and Z;”B;f are defined through the norms

1Az e = 127 PONA; fllgro s,

A1z, msr = 1127 PO)NA;f || zgzoll
These spaces are related to the classical space-time spaces Ly é;:;p and L:B;f via the
Minkowski inequality.
We will need a Bernstein type inequality for fractional derivatives. These type of
inequalities trade integrability for derivatives and the proof can be found, for example,

in [47]. The following proposition provides Bernstein type inequalities for fractional

derivatives.

Proposition 2.2.1 Let > 0. Let 1 <p < g < o0.
1) If f satisfies
supp f C {€ €R™: [¢] < K27},

for some integer j and a constant K > 0, then

1

I(=2)"F oy < L2270 £ oggny.
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2) If f satisfies
supp f C {€eR": K12 <|¢| < K27}

for some integer j and constants 0 < Ky < Ko, then

' itin(l_ 1
Cq QZO‘JHfHLq(Rn) <N (=A)* fllzany < Co g tinG, q)HfHL”(R")’

where Cy and Cy are constants depending on o, p and q only.

2.3 Para-products

This section presents the basic tool of the para-differential calculus which is Bony’s
decomposition. Of course, we will use the dyadic decomposition in the frequency
space as well as the characterizations of Besov spaces.

The idea is as follows. Given two tempered distributions f and g, we write

F=Y_Ajf and g=) A
J J
The product, when it exists, may be written as
fg=> AifAg.
j?k
Bony’s decomposition, distinguishes three parts in the product fg: the first one is
related to the terms where the frequencies of f are large compared with those of g,
the second one concerns the terms where the frequencies of g are large compared with

those of f and finally the third part where the frequencies of f and g are of the same

size. More precisely, we have the following definitions.

Definition 2.18 The bilinear operator Ttg is called the para-product of g by f and
is defined by

ng = Z Z Aka]g

J k<2
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The symmetric bilinear operator R(f, g) is called the remainder of the product fg and
is defined by
R(f,9)= > AjfAg.

li—kl<1

Hence from the definition of the para-product and remainder operators, we have

fg=Trg+T,f + R(f,9)

We need to note that the paraproduct is always defined for two compactly supported
distributions and the regularity of T;g is mostly determined by that of g
We now introduce a useful notation for the partial sum or low frequency cut-off .S;.

For an integer j,

j—1
> A

Sj =
k=—1
Thus, for any f € &',
j—1
Sif =Y Auf.
k=—1

The Fourier transform of S f is supported on the ball of radius 2/. With this notation,

we have the following definition.

Definition 2.19 (Paraproduct decomposition) The product of two distributions f and

g 1s defined as
Fog= 81 f g+ A fSig+ > A fAg,
j i g

where

AJZA]—I_’_A]_’_A]-FI? j:0a1a27"'
We now point out several simple facts concerning the operator A;:
AA, =0, if [j—Fk|>2:

J
S; = Z Ay — 1, as j— oo;

k=—o00
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Ap(Sj—1fA;f) =0, if [j—k|l >4

The following lemma from [14] provides the fundamental estimates for ||A;Vu|| > and

1Sx Ve 1.

Lemma 2.1 Assume that the symbol Q) satisfies Condition 1.1 and that u and w are

related through
u=VAT'Q(N)w.

Then, for any integer 7 > 0 and N > 0,

ISyVaullr < CpQ(Co2") [|Sywlrr, 1 <p < o0,

1A;Vulle < CQIC2) ||Ajwllre, 1<q< o0,

where C, is a constant depending on p only, Cy and C are pure constants.

2.4 Commutator

The main difficulty to show a global a priori bounds for the solution to 2D Boussinesq
system arises due to the vortex stretching term 0,,60. To hide this vortex stretching
term, we introduce the notion of commutator. The trade-off is that we need to
obtain suitable bounds for the commutator. We will establish in this section some

commutator estimates.

Definition 2.20 The commutator of two functions f and g is defined as

[f.9l=fg—gaf

In particular, for three functions f, g and h, it can be expressed as

[f; glh = flg(h)] — glf(h)]

In the subsequent chapters, we will use an estimate for the commutator [R,u - V]0 =
R(u-VO)—u-V(RO), where R = A~19,,. We first state a fact given by the following
lemma due to [13] and [34].
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Lemma 2.2 Consider two different cases: 6 € (0,1) and § = 1.

1. Let 6 € (0,1) and q € [1,00]. If |z]°h € L}, f € B and g € L™, then

q?oo

1 (fg) = f(hx @)llea < Cllllhlloo 1fllgy _llgllze,

where C'is a constant independent of f,qg and h.

2. Let 6 =1. Let q € [1,00]. Let ry € [1,q] and ry € [1,00] satisfying % +

Then

[ (fg) = f(hx g)llca < Clllelhllor [V fllza llgl 22,

We now state and prove the commutator estimate.

L1

Proposition 2.4.1 Let R = A7'0,, denote the Riesz transform. Assume that the

symbol P satisfies Condition 1.1 and

Pl

for any e > 0, |§1‘iinOo W = 0.
Assume that u and w are related by
u=VEATIAP(N)w
with o € [0,1). Then, for any p € (1,00) and r € [1, 0],
IR 10llsg, < Cllolliallflgr + C llolen 0]
and, for any r € [1,00], ¢ € (1,00) and any € > 0,
IRy w- V10|l sy, < Cllwllre + [lwll )01 pge + CllwllLa [10]] e

for some constant C'.

Proof. [Proof of Proposition 2.4.1] By the definition of B?

p7’r‘7

S =

IR u-V10llsy, = LZ 1A;[R, w- V10|72

-1
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First we decompose A;[R,u - V|6 into three parts using the notion of paraproducts:
A][R,U . V]@ = Jl + J2 + J37

where

J1 = Z A]‘(R(Sk_lu . VAkH) — Sk_lu : VRAkH),
Jk—jl<2

Boo= > N(R(Agu- VSp_10) — Agu- VRS,10),
lk—l<2

Js o= Y N(R(Agu- VAW) — Agu- VRA)
k>j—1

with Ay = Ap_y + Ay + Agi1. The Fourier transform of S,_ju - VAR is supported
in the annulus 2* A, where A denotes a fixed annulus. R acting on this term can be
represented as a convolution with the kernel hy(z) = 2"%h(2Fz) with n = 2, where h

is a smooth function with compact support. That is,

R(Sk,ﬂL : VAkH) — Sk,lu : VRAkH

= hy * (Sp_1u - VARO) — Sp_1u - V(hy * Agf).
Therefore, according to Lemma 2.2,
[ Tillze < Clllalhjllor [[VSj—yull oo VA0 e (2.4)
Applying Lemma 2.1, Bernstein’s inequality and the equality
Nl = 277 llelh(@)ll = C27,
we obtain

1Al < €27 P27)]|Sj-1wlzr 1 A;0]|

A

C27 P(2) [|lwllzr 140 -
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Similarly,

[ Jallr < C27727 P(2)||Ajwl| o [|[VS;-10]|

< C2 0 PR Al 3 2" Al

m<j—1

2(1=o)m p(2J
< Claple Y S 2P 180l

m<j—1
The estimate of ||.Js]|z» is different. We need to distinguish between low frequency and
high frequency terms. For the high frequency terms, we do not need the commutator
structure. For 7 = 0, 1, the terms in J3 with £ = —1,0, 1 have Fourier transforms con-
taining the origin in their support and the lower bound part of Bernstein’s inequality
does not apply. To deal with these low frequency terms, we take advantage of the
commutator structure and bound them by Lemma 2.2. More precisely, for j = 0,1

and k= —1,0,1,

1A;(R(Agu - VAY) — Aju - VRALY)|| 1o

< C|IVAgul[e [Axb]lr < Cllw||ze 10]] -
For higher frequency terms, we first apply Bernstein’s inequality to obtain

sl < C > P[R(Agu- Ao +C Y 2| Agu- RAW| 1o

k>j—1 k>j—1
< C Y YFVAwul e | Ak
E>j—1
< C Y 27FAw| 27 P(28) | A|
E>j—1

Thanks to ¢ € [0,1) and the assumption on P in (2.1), we obtain, by Young’s

inequality for series convolution,

1
IR u-Vblgg, = C [Z U Allze + Ml 2llze + 1l J5][20)

j=—1
= Cllwllze [0l gor + Cllwllze [[0]]r-
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This completes the proof of (2.2). We now prove (2.3). We shall only provide those

estimates that are different from the previous ones. As in (2.4), we still have
[ Tillzee < Cllzlhyllor [V Sj-vull Lo [[V A0 e

But ||VS;_1ul|z~ is bounded differently here. By Lemma 2.2 and the assumption in
(2.1), we obtain, for o € [0,1) and for any € > 0,

IVSjullie < VA ullie + Y ARVl

0<m<;j—2

< Cllwla+ Y 27" PE™) [|Anwl|r

0<m<j—2
< Cllwllzs +C 20V |w]| e
Consequently,

1]l < C (wllze + lwll )2+ V]| Az .

The bounds for J; and .J3 can be obtained by simply setting p = oo in the correspond-
ing bounds for ||J2||r» and ||J3||L» above. This completes the proof of Proposition

2.4.1. [

Proposition 2.4.2 Let a and R, be defined by a(|§]) = P|(£\£|) and R, = L7'0,,.

Assume

pE2,00), qge[l,0], 0<s<.

Let [Ro, u|F = Ro(uF) — uRF be a standard commutator. Then

[[Ra, u] F|

sz < C(lullg_IIF|

2+ [lullz [1F] ),

55
B

where C' denotes a constant independent of a and R,.

Proof. [Proof of Proposition 2.4.2] Let j > —1 be an integer. Using the notion of

paraproducts, we decompose A;[R,, u]F into three parts,
Aj[Ra,u]F = I1+Iz+[3,
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where

[1 = Z Aj(Ra(Sk,lu . AkF> — Sk,lu . RaAkF),
|k—j|<2

L = ) N(Ra(Agu- Sii F) = Ay RoSir F),
|k—j|<2

Iy = > Nj(Ra(Agu- ApF) = AR, - AcF).
E>j—1

When the operator R, acts on a function whose Fourier transform is supported on an
annulus, it can be represented as a convolution kernel. Since the Fourier transform

of Sp_1u - AL F is supported on an annulus around the radius of 2%, we can write
hk * (Sk_lu . AkF) — Sk_lu . (hk * AkF),
where hy, is given by the inverse Fourier transform of i& P=2(|¢]) ®5(€), namely
. -1 4 v
hi(w) = (6P (€) Br(©)) (@),

Here &)k(f) € C5°(R?), &)k(f ) is also supported on an annulus around the radius of
2% and is identically equal to 1 on the support of S,_;u - ALF. Therefore, recalling

(4.9), we can write

i€ P (€]) By (6) = z'%éo@%) a(l€).
Therefore,
) = 2% ho(2:2) % a¥(2),  ho(z) = (%éo@)) |
By Lemma 2.2,

Illze < Cllal’ byl Simrull gy NAGF 2

< C27a(2) 1S5 rullgy A F .
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I, in L? can be estimated as follows.

2]l e

IA

€2 a(2) 9, 1Pl 18,5

IA

C2%a(®) Y 1AnF = 1Azullg

m<j—1

_ CQ—Sja—l(Qj) Z 9(s=8)(j—m)

m<j—1

a*(2)
a?(2m)

26=0ma2(2™) | A F || oo 1A ullss -

The estimate of ||I3]|r» is different. We need to distinguish between low frequency
and high frequency terms. For j = 0,1, the terms in I3 with & = —1,0,1 have
Fourier transforms containing the origin in their support and the lower bound part
of Bernstein’s inequality does not apply. To deal with these low frequency terms, we
take advantage of the commutator structure and bound them by Lemma 2.2. The

kernel h corresponding to R, still satisfies, for any r; € (1, 00),
[z hllzr < C.
Therefore, by Lemma 2.2 and Bernstein’s inequality, for j = 0,1 and £ = —1,0, 1,

||A](Ra(Aku . AkF) — Aku . RGAkF)HLp S C |||£U|h||Lr1 ||VAku||Lp ||AkF||LT2

< Ol |Flze.

where % + % = 1. For the high frequency terms, we do not need the commutator

structure. By Lemma 2.1 and Holder’s inequality,

slle = || Y Aj(Ra(Biu- M)l < Y Ca(@) | Agull e [|AKF]| o
E>j—1 o k>j—1
<Ca(@) > 2% Agul| e [|ARF| 1
k>j—1

o . . a2 2j _
<Or A @) gy 3 200 LR 2Ok A
k>j—1

I3 = Zk;Zj—l Apu - RaAkF admits the same bound. Therefore, by the definition of
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generalized Besov space norm,
1

1
+b§%%mem]
2

[[Ra, u] F|

By S [Z 2%9a(27) || L [|%,
~

+biwﬂﬂmmamﬁwmm» +Clullzs |F e

j>—1

The first term on the right is clearly bounded by

q

Cllullgs . [Z 200N a21(27) | A F |

= O lully, I1F] ey o
~—
Due to s < §, (1.11) and a convolution inequality for series,
1
. . q
[Z 2027 | < Cllullgs  NF N pes o
271 ’ 0,9
Thanks to 0 < s, (1.11) and a convolution inequality for series,
1
[Z 2% at(2)Usallzo | < Cllullps  IFI s -
2_1 ’ ,q
This completes the proof of Proposition 2.4.2. [ |

2.5 Frequently Used Inequalities

To estimate the certain norms of a function, we often use the following inequalities.

Lemma 2.3 (Holder’s Inequality) Let 1 < py,--+ ,pp < 00, with pil +oee 4 Ii =1

and assume that f, € LP* for k=1,--- ,m, then

1fifo e fnllir < TL N fillone:
k=1

An extension is given by

_ 1 1 1
Ifgller <A fllzollgllea  with —=—+4~.
r p g
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Lemma 2.4 (Minkowski Inequality) For 1 < p < oo
1

(J | swvaf )< [(f !f(fﬂ,y)lpdxydy.

More generally, for 1 < q¢<p<o0

[ fllzce < I fllzoze-

Lemma 2.5 (Young’s Inequality for Product) Let a and b be non-negative real num-

bers. For1<p,q<oocmd%+%:1,

alP b
ab < —+ —.
p q

Lemma 2.6 (Young’s Inequality for Convolution) If f € LP, g € L, 1 < p,q,r < o0

and]l)Jr%:qu%, then fxg e L" and

1f*gllr < N leellgllze-

Lemma 2.7 For 0 <p < oo and a, b > 0,
(a+b)P < 2P(a? 4+ bP).

Lemma 2.8 (c¢f. [15]) Let f be divergence-free vector field such that Vf € LP,

p € (1,00). Then

p2

p—1

IVllr < eIV X fllze

Lemma 2.9 (¢f. [39]) Let f € WP N L2 ge W NLY, §>0,1 < p, < o0,

1 1 _ 1 —
1<Qk§007p—k+a—p,k—1,2 Then

1f9llvsr < (1f lvpon lgllza + 11l 2oz llgllyioms )-

Lemma 2.10 (c¢f. [40]) Let f, g be smooth such that Vf € LP*, A*"1g € LP2

ANsfelrs ge LP pe (1,00), :i+i:pi3+pi4, pa, p3 € (1,00), s > 0. Then

1
p P10 p2

1A*(f9) = fAGlle S IV Il A glles + 1A Fllzes gl zra)
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Lemma 2.11 (Gagliardo-Nirenberg Inequality) For 1 < q,r < oo, and given integers

a and [ satisfying 0 < a < 3, we have for a smooth function f:R" — R
1A fllze < CIA FIgall FIIZ
where (%—%) :aG]—g) +(1—a)t
Lemma 2.12 (Calderon-Zygmund Inequality) For the Riesz transform R, we have
IRfle < || fle, for 1< p< 0.

This inequality does not hold for p = co. However, when supp( f) does not contain

the origin, the inequality holds for the case p = 0o as well.

Lemma 2.13 (Brezis-Wainger Inequality)(cf. [5]) Let f € L*(R?) N W*P(R?) where

s € R such that p € [2,00), % < s. Then

[fllzoee) Ssp (I 2@y 4 (£ 1m0 2y loga (2 + | flwer@2)) 4+ 1)
Lemma 2.14 (Gronwall Inequality)

1. (Differential form) Let f(t) be a non-negative continuous function on an interval
[0,T] with
f(t) < g(t)f(t) + h(),

where g(t) and h(t) are non-negative and continuous on [0,T]. Then
¢ t

f(t) < exp (/ g(s)ds) [£(0) +/ h(s)ds] ¥V te]0,T].
0 0

2. (Integral form) If f, g and h > 0 are continuous on [0,T], h is differentiable,

and
o) <o)+ [ F)gs)ds, te[0.T]

then

g(t) < h(0)ezp ( /0 t f(s)ds) + /0 t 1(s) [mp / t f(T)dT] ds, tel[0,T].
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Lemma 2.15 (Osgood Inequality) Let a(t) > 0 be a locally integrable function.

sume w(t) > 0 be a continuous and nondecreasing function on (0,00) satisfying

/:oﬁdr:oo.

Suppose that p(t) > 0 satisfies

t
) <at [ alsulp(s))ds
to
for some constant a > 0. Then if a =0, then p=0; if a > 0, then
t
~0(p(t) + 2a) < [ alr)dr

to

where
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CHAPTER 3
Generalized 2D Euler-Boussinesq Equations with a Singular Velocity

This chapter studies the global ( in time) regularity problem concerning a system
of equations generalizing the two-dimensional incompressible Boussinesq equations of

the form
4

o +u-Vo—37

j=1 UjVUj = —Vp + 0827

V-v=0, u=A"P(A)v, (3.1)

00 +u-VO+ Aj =0,
\

where v = v(x,t) and u = u(z,t) are 2D vector fields depending on z = (z1,15) € R?
and t > 0, p = p(x,t) and 0 = O(x,t) are scalar functions, e, is the unit vector
in the zo-direction and o > 0 is a real parameter. Here the Zygmund operator
A = (=A)2, A? and the Fourier multiplier operator P(A) are defined through the

Fourier transform, namely

—_ -~ —_— ~

A7f(E) = [€]7F(€) and  P(A)f(E) = P(IE]) £(£)-

We remark that (3.1) can be reformulated in terms of the vorticity w =V x v as

(

Ow + u - Vw = 0,,0,

u=V+ty, Ap=APAw, (3.2)

8,0 +u- VO + A0 =0,

where w = w(z,t) and ¢ = 1(x,t) are scalar functions and V+ = (=0,,, 0,,). We will

mostly work with the vorticity formulation (3.2) rather than the velocity formulation
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(3.1) together with the initial conditions

w(z,0) = wo(x), O(x,0)=6b(z), z€R%: (3.3)

The generalized FEuler-Boussinesq system in (3.1) or (3.2) reduces to the gener-
alized 2D Euler equations studied by [14] when 6§ = 0. Furthermore, (3.1) or (3.2)

generalizes the 2D incompressible Boussinesq equations given by

¢

o+ u - Vu~+ vA®u = —Vp + Oey,

V-u=0, (3.4)

0,0 +u-VO+ rkAO =0
\

with the corresponding vorticity w = V x u satistying

(

Ow + u - Vw + vA®w = 0,,0,

Qu=Viy, Ay =uw, (3.5)

80 +u - VO + kAP0 =0,
\

where v > 0, k > 0, a € (0,2] and g € (0, 2] are real parameters. Clearly (3.2) with
o =0 and P(A) = [ is simply (3.5) with v = 0 and § = 1, where I denotes the
identity operator.

We point out that w in (3.2) is not same as the vorticity given in (3.5). We start with

vorticity w given in (3.2) and inversely defined the velocity by
u=VrATTAP(A)w

The main goal of this chapter is to examine for what operator P obeying Condition
1.1, (3.1) or (3.2) is still globally well-posed. The following theorem, which is the

main theorem of this chapter, provides the answer of this question.

Theorem 3.1 Let 0 = 0. Assume the symbol P(|£|) obeys Condition 1.1 and

P(2") < CVEk  for a constant C and any large integer k > 0, (3.6)
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o 1
dr = oo. .
/1 rlog(1l + 1) P(r) e (37)
Let ¢ > 2 and let s > 2. Consider the IVP (3.2) and (3.3) with wy € B;  (R?)

and 0y € BS (R?). Then the IVP (3.2) and (3.3) has a unique global solution (w,0)

satisfying, for any T >0 and t < T,
w e C0,T); B (B?), 6 C(0,T]; B () N LH(0, T B (R?).  (35)
An example of P(|¢]) that verifies Condition 1.1, (3.6) and (3.7) is the double

logarithmic function

P([¢]) = (log(1 +log(1 + [€]*)))7, v € [0,1]. (3.9)

As a special consequence of Theorem 3.1, the global well-posedness of (3.2) with

P(|¢]) given by (3.9) is given in the following corollary.

Corollary 3.1 Let ¢ > 2 and let s > 2. Let wy € B} (R?) and 6y € B} (R?).
Assume that o = 0 and P(|¢]) is given by (3.9). Then the IVP (3.2) and (3.3) has a

unique global solution.

When 6 = 0, the result in Corollary 3.1 reduces to one of the theorems for the
generalized 2D Euler in [14]. On the other hand, when P is the identity operator, we

reproduce the global well-posedness for one of the critical Boussinesq equations [34].

3.1 Global a priori Bounds for ||w||zere, [|0];150.r and [Jw]|Lxpe~
t 00,2

This section establishes the global bounds for ||wl|zera, ||0]| ;150 and [Jw||psere. In
t 00,2

order to obtain these bounds, we have to set ¢ = 0 and assume P satisfies Condition

1.1 and also (3.6), eventhough some of the intermediate results in this section hold

for o > 0 and P satisfies milder conditions.

The following proposition provides a logarithmic type interpolation inequality that

bounds ||Vul| .
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Proposition 3.1.1 Assume that the symbol Q satisfies Condition 1.1 and (3.6).

u and w be related through

u=VIATIQ(N)w.

Then, for any 1 < q<oo, f>2/q, and 1 < p < o0,

_29
IVl < C 1+ [wle) + C llwllr log(1 + [lwll gz ) Q (||w||q32) ’

BY &

where C'’s are constants that depend on p, q and B only.

Proof. [Proof of Proposition 3.1.1] For any integer N > 0, we have

N-1 e’}

IVl < 1AVl + Y 186Vl + Y 1Ak Vul| .
k=0 k=N

By Bernstein’s inequality and Lemma 2.1, we have

IVulpe < Clwlr +CNQEY) |wllze +C Y (25 VA 1.
k=N

By Lemma 2.1,
IVullre < Cllwlle +CNQEY) wlz= + C Y (25)5 Q)| Ayl 1o
k=N

By the definition of Besov space B?

q?oo,
1Al < 27 ol

Therefore,

oo

IVullie < Cllwllis + CNQEY) [wllim + Cllwllzs 3256 Q2.

k=N

Due to % — 8 < 0 and (3.6), we can choose € > 0 such that
2 N eN
e+-—0<0 and Q(27V) <2,
q
Especially, we take € = %(ﬁ — %) to get
18
||VU||L00 S C ||W||Lp + CNQ(QN) ||(,u||Loo —+ C ||W||Bé¥,oo (QN)(q 2).
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If we choose N to be the largest integer satisfying

1
N < 5 logy (14 wllg_ ).
2 q
we then obtain the desired result in Proposition 3.1.1. [ |

We now prove two lemmas that are needed to prove the main result of this section.

Lemma 3.1 Let 0 € [0,1). Assume that the symbol P satisfies Condition 1.1 and
(2.1). Let (w,0) be a smooth solution of (3.2). Then, for any q € [2,00) and for any

t>0,

C Jg 16 o dr
’ )

lwo(®)llzs < C (lwollza + 16ollza) e Il e (3.10)

where C'’s are pure constants.

Proof. [Proof of Lemma 3.1] We start with the equations satisfied by G and R#,

0.G+u- VG =—[R,u- V|0,

RO+ u-VRO+ ARO = —[R,u-V]b. (3.11)
By the embedding Bg}Q — L% for ¢ > 2 and Lemma 2.4.2
t
lw®)llee < [|Gollze + HR%HLH?/ IR, w- V10| Ladr
0

t
< (Golles + [R8oles +2 [ R V16l dr
O |

IA

t
1Gollza + H90HLq+C/O [Ilw(T)lqu(W(T)IIB;{; + 1160l o) | dr,

which implies (3.10), by Gronwall’s inequality. [ |

The second lemma makes use of the dissipation in the #-equation,

(

8,0 +u- VO -+ A0 =0,

u=V+ty, Ap=APAw, (3.12)

0(x,0) = Oy(x).

\
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Lemma 3.2 Let o € [0,1). Assume that the symbol P satisfies Condition 1.1 and
(2.1). Let q € (1,00). Then, any smooth solution (w,0) solving (3.12) satisfies, for

each integer j > 0,
20| 286 e < 2797|8000 + C P(2) H9oHLoo/ lw(T)l[LadT,  (3.13)
0
where C' is a pure constant.

Proof. [Proof of Lemma 3.2] Letting j > 0 and applying A; to (3.12), multiplying by

A;0]A;0]97% and integrating over R?, we obtain, after integrating by parts,
1d q q—2 q—2
5%”A]‘9HL‘1 + AJ6|A]0| AAJQ dr = — AJQ|A]0| A](U : VQ) dx.
Due to the lower bound (see, e.g., [17, 70])
/AjemjeyﬂAAje de > C2| A6,
and the decomposition of [A;, u - V|6 into five parts,

Aj(U'V9)2J1+J2+J3+J4+J5

with
Jl = Z [Aj, Sk_lu . V]Ake,
li—k|<2
o= > (Seu— Sju) - VAAL,
lj—k|<2

J3 = SjU'VAj@,

J4 == Z Aj(Aku-VSk_lé?),
l7—k|<2

T o= > Ajf(Awu-VALW),
k>j—1

we obtain, by Holder’s inequality,

1d : _
5£I|Aj9\|%q + O (18501170 < 10017 (1 Tallze + 1 allze + [l Jallze + 1[5 ] 2a) -
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The integral involving J5 becomes zero due to the divergence-free condition V- S;u =
0. The terms on the right can be bounded as follows. To bound ||Ji||z«, we write

[A;, Sk—1u - V]AgH as an integral,
8, Sicsu- VI = [ @0~ 5)(Sicsu(y) — Sicru(o) - VAB()dy,
where ®; is the kernel associated with the operator A;. By Lemma 2.2 and the
inequality
19 () |7 1 < 2770 || @g ()] 7 | < C27907),

we have

1 illze < > 1@l o [1Sk-rul iz IV ARG o

li—kl<2

< C Y 278 ul g 28] Ak .

li—k|<2

Recalling that A'™u = VXA7IAP(A)w and applying Lemma 2.1, we obtain
ISk-1ullpi=e < CIIATSpqullze < C P(2) [|Sp-1wllze < C P(2) [lw]|za.
Therefore,
[illee < C27 P(2) [|wl|za ]| Aj0]| 2o
By Bernstein’s inequality,
Ihalle < > 18w — Seequll o VA0 e < ClIAul| 27| A6 Lo

lj—kl<2

< C|VAjulle]|A;0] L~

< C27P2)[|Ajwlrel| A0l

We remark that we have applied the lower bound part of Bernstein’s inequality in

the second inequality above. This is valid for j > 0. Similarly,

[Jalle < C Al La]|VSj—10] e < Ol A ul|2a27[|S;0]| Lo

< ClIVAullallfll~ < C27 P(27) [|Ajw] 1all6]] -
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Using o € [0,1) and the condition on P in (2.1),

Islle < C > 29| Al al| Agb] 1o

k>j—1

< C Z 27V Agul Lo [| Akf| L
k>j—1

< 27 Y 207N PF) || Ayl ol| A6
ki1

< C27P(2) [|w|za|0l] -
Collecting the estimates above, we obtain
d J Jjo J
185 0llLe + C2 A0 10 < C27 P(27) [[w]|al|Oo| -
Integrating with respect to time yields
18,620 < e[| Aj00]|ze + C277 P(27) H90||Lo<>/ =P lw(r)| e dr
0
We further take the L'-norm in time to obtain
. ‘ . t
212800 Ly re < 1A;00]|Le + C27 P(2) IIQOIILN/ lw(7) | Lodr,
0
which is the desired result. This completes the proof of Lemma 3.2. [ |

With these two lemmas, we are now ready to prove a proposition that provides the

global bounds for||w|| e 4, HQ”L%B&IZ and [|w||pge oo

Proposition 3.1.2 Let 0 = 0 and q > 2. Assume the symbol P satisfies Condition
1.1 and (3.6). Let (w,0) be a smooth solution of (3.2) with wy € B; , and 0y € B .

q?oo

Then, for any T >0 and 0 <t < T,
lo@lize < CT), NOllgor, < CT), flw@lz~ < C(T)

for some constant C' depending T' and the initial norms of wy and 6.
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Proof. [Proof of Proposition 3.1.2] The proof uses the bounds in Lemmas 3.1 and 3.2

with ¢ = 0. By the definition of BY, ~.2 and the embedding BO H s BYY

00,27
1
t [ N—1 2
o, < [ LZ( )2, euLw] i+ [ ZP (2|08 .
=1
Thanks to the condition on P in (3.6),
10050, < t00llz=N + D PEOIA 12 (3.14)
Jj=N

Since ¢ € (2,00) and P satisfies (3.6), we choose € > 0 such that
2 Y2 9—je
“ltet=<0, (P22 <1,
q
By Bernstein’s inequality and Lemma 3.2 with o = 0,

ZP AV ‘9||L1L°° < ZP(Qj)2j5||Aj9”Lt1Lq

j2N >N
< O (P22 (|16l + 18oll oo lll 12 £a)
j>N
(21
< ¢ 3" PG o + 160l oo ]l 1210)
j>N

IN

Ctes2
C'[0ol|2a + C Nt +‘7)||90||L°°||W||Lt1Lq-

Inserting the estimates above in (3.14) and choosing N to be the largest integer

satisfying
_ log(1 + [l 100

TS

+1

leads to

t
160,35, < C Wollomre + € [6nlimt 1og (14 [ (e lndr).
o 0
It then follows from this estimate and (3.10) with o = 0 that

191l L1 go.r, < Ctlog(L 4 C't) + CL0] 1 gorr, (3.15)
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where C’s are constants depending on ||fo||z« and [|6y||z~. This inequality allows us

to conclude that, for any T'> 0 and t < T,
16113 go.r < C(T, Jlwol| 2o, 100l Lan o) (3.16)

In fact, (3.16) is first obtained on a finite-time interval and the global bound is then
obtained through an iterative process. Finally we prove the global bound for ||w/||p.

By (3.13) with o = 0 and (3.6), we have, for any integer 7 > 0 and any € > 0,
t
$0 80 < Mol + Cloolie [ o(lzdr <OT). 1)
0
Since ¢ € (2,00), we can choose € > 0 such that
2
2¢ + - —-1<0.
q
By Bernstein’s inequality,

1]

b, € 0 2T AM] 1 < € sup P40
j2-1 =

It then follows from (3.17) that, for any ¢t < T,
160115, < C(T). (3.18)

Starting with the equations of G and R#, namely (3.11), and applying Lemma 2.4.2,

we have, for any ¢ > 0,
t
|Gllzee + [[RO|L~ < [|GollLee + [Rbo]| Lo + 2 / R, w- V10| po  dr
0 :
< [[Gollze + [ROo]| Lo

+/0 ((Nlwllza + llwl[z )10

B;o,l + HWHL‘IHQHLq)dT

t
< [|Gollze + [ROo]| Lo +/0 Gz~ + 1RO )01l 5, , dT

t
T / (ol 6]

By Gronwall’s inequality, (3.18) and the global bound for ||w|| e, we have

B, +|lwlzall0]|ze) d-

[wllzee <Gz + [[RO|| o < C(T).

This completes the proof of Proposition 3.1.2. |
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3.2 Global Bounds for |w|

B;.. and [|0]

s
Bq,oo

This section is devoted to establish the global bounds for ||w|

s and [|0]|ps . It can
be achieved in two steps. In the first step, we obtain the global bounds for ||wl| B
and HQHBQW in the range % < B < 1. The restriction of § in this range is due to one
of the para-products decomposed from the nonlinear terms. The second step takes
advantage of the regularity obtained in the first step and establishes the bounds for

HwHBfloo and H@HB&O in the range % <pf<2-— 3. A repetition of this step allows us

to reach any index s > 2. The following proposition provides the detail.

Proposition 3.2.1 Assume that 0 = 0 and the symbol P(|{]) obeys Condition 1.1,
(3.6) and (3.7). Let ¢ > 2 and let s > 2. Consider the IVP (3.2) and (5.3) with
wo € B} (R?) and by € B (R?). Let (w,0) be a smooth solution of (3.2). Then

(w,0) admits a global a priori bound. More precisely, for any T >0 and t < T,

[(w(#),6(2))]

B$ o < C(S, ¢, T, || (w07 90)|

Bg»oo)7
where C'is a constant depending on s,q, T and the initial norm.

Proof. [Proof of Proposition 3.2.1] Let j > —1 be an integer. Applying A; to the
equation of G, namely (3.11), multiplying by A;G|A;G|?7% and integrating over R?,

we obtain, after integrating by parts,

1d )
LG = — [ AGIAGI - V) dr

_ /Ajm,u VIO AGIAGl? da.
Following the notion of paraproducts, we decompose A;(u - VG) into five parts,

Aj(U-VG):J1+J2+J3+J4+J5
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with

Jl = Z [Aj, Sk;_ﬂL : V]AkG,
li—k|<2

JQ = Z (Sk_lu — S]U) : VAjAkG,
li—k[<2

Jg = SjU‘VAjG,

Joo= > Aj(Agu- VS G),
li—k|<2

o= > DA VAG).
E>j—1

By Holder’s inequality,
ld q q—1
a%"AjG|’L‘I < [1A;GIza™ ([ Allze + 1 2lle + [[all e + 1 5]l e + 16l 2e)

where Js = Aj;[R,u - V]f. The integral involving J; becomes zero due to the
divergence-free condition V - Sju = 0. The terms on the right can be bounded

as follows. To bound ||.J1||zq, we write [A;, Sy_ju - V]A,G as an integral,
(A, Sk—1u - VIALG = /CIDJ-(:L’ — ) (Sk—1u(y) — Sk—1u(x)) - VALG(y)dy,

where ®; is the kernel associated with the operator A;. By a standard commutator

estimate ([14, 70]).

[ille < C Y IV Skorull | AkG -

li—kl<2

By Holder’s and Bernstein’s inequalities,
[2llze < CIVAjull~ [[A;Gl| Lo

We have especially applied the lower bound part in Bernstein’s inequalities (see Propo-
sition 2.2.1). The purpose is to shift the derivative V from G to u. It is worth pointing
out that the lower bound does not apply when j = —1. In the case when j = —1, J,
involves only low modes and there is no need to shift the derivative from G to u. Jo

is bounded differently. When j = —1, J; becomes

J2 = —So(u) . VAlAflG = —A,lu . VAlAflG,
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whose L?-norm can be bounded by
[J2]lze < CllA-ul[p [[AZ1Gle < Cllw]lze |Gl Lo
For Jy and J5, we have, by Bernstein’s inequality,

[Jalle < C > Akl ||V Sk1 Gl o

j—kl<2
< C ) VAl Y 2" ARG e,
lj—k|<2 m<k—1
1Jslle < C Y 2 || Agu] e || AkG| o
k>j—1
S C Z 2j_k||VAkU||Loo ||£kG||Lq
k>j—1

Furthermore, for any g € R,

|Jillpe < C Z HVUHLOOTB(HU26(k+1)HAkGHLq
lj—k|<2
< OV |Gly IVulls Y 2°00
i —k[<2
< C2780+ ||G||Bff,oo V| e,

(3.19)

(3.20)

(3.21)

where C' is a constant depending on [ only. It is clear that ||J2||L« admits the same

bound. For any # < 1, we have

||J4HL‘1 < CHVUHLOO Z Z gm—k 9—=B(m+1) 9B(m+1) HAmGHLq

li—k|<2 m<k—1

< O|Vullp= IGllgs . D>, Y 2mrofmsd

li—k|<2 m<k—1

— (278G+ ”G”ng IV o Z 9B(i—k) Z o(m—Fk)(1-5)

lj—k|<2 m<k—1
< 02PN |Gl s [Vl

where C' is a constant depending on S only and the condition f < 1 is used to

guarantee that (m — k)(1 — ) < 0. For any 5 > —1,

15llee < ClVul|pe 270FD 3 208 980D | A, G

k>j—1
< €2 |Gl gy Vo

20



Js|le = [|Ai[R,u - V]0|| L« can be estimated as in the proof of Proposition 2.4.2,
j
HJGHLq <C (HC“'HL‘? "“’le)zej"Aj6|’Lq

for any fixed ¢ > 0, where C' is a constant depending on e. For the purpose to be
specified later, we choose

e>0, fH+e<l.
Collecting these estimates and invoking the global bounds for ||w||L«nz~, We obtain,

for any —1 < g < 1,

d | |
184Gl < C27P0 VGl IVullz + C 27145014 + C.

Let 5 = 6+ ¢ < 1. By applying the process above to the equation for § and making
use of the fact that

/Aj@’Aj@‘q_QAAJH dx Z 0,
we obtain
18,6l < 2P g s [Tl
dg = By b=
Integrating the inequalities in time and adding them up, we obtain
t
Xt)<C+X(0)+ C / (1 +||Vu(r)|| )X (7) dr. (3.22)
0
where we have set

X(0) = 1G®) gz +10@)] 55

By Proposition 3.1.1, for any % < B,

2q

IVal~ < c<1+||w||Lp>+0||w||LmP(||w||;g;) log(1+ )

< C(1+|lwlw) + C |w|= P (X(t)qs%) log(1+ X (t)).

Inserting this inequality in (3.22) and applying Osgood’s inequality, we obtain desired

bound, for ¢t < T,
lo(®)llsg.. < NG5 +160)] 5 =X (1) < C(T).
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We now proceed to show that, for any t < T,

|w()|| gs < C(T) for any $, satisfying 1 < f; <2 — %.
q,o0

In order to get this global bound, we first obtain the global bound for [|6(t)]| ;6, from

the equation for § and then use it to get the global bound for [|G/| 5, -

As we have seen from the previous part, J; is the only term that requires § < 1.

In the process of estimating [|0(t)[| ;5, , the corresponding terms Ji, Ja, Js can be
q,o0

bounded the same way as before, namely
1 Tillzas 1 Tallzas (1 5]lze < €275 04D ]| oy (V]| e
HL”Lq is estimated differently. We start with the basic bound

[ Tille <C Y VAl Y 2™ A0 1o

lj—k|<2 m<k—1

Since (1 + % < 2, we can choose % < B <1 and € > 0 such that
2
b1+ —+e<2B.
q
By Berntsein’s inequality and Lemma 2.1,

2k 2k
VAl < C27 |[VAu| e < C29 P(29)||Arw]|La

< Az < C2EH
Clearly, for any g < 1,

> ALl = 270 Y 2ROt A gL,

m<k—1 m<k—1
< Ol

Therefore, according to (3.24) and the global bound in the first step,

il < 2P0 g [16]]55,, 2075+ < QoG
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Collecting the estimates in (3.23) and (3.25), we have
d 1) G+
aHAjHHLq <C2 HQHBQ{X, IVul[L~ + C 2 :

Bounding ||Vu|[z~ by the interpolation inequality in Proposition 3.1.1 and applying
Osgood inequality lead to the desired global bound for [|f)]| 55, . With this bound at
q,00
our disposal, we then obtain a global bound for ||G/|| ;s by going through a similar
q,o0

process on the equation of G. Therefore, for any ¢t < T,
leoll o < 100l + Gl pen. < CCT).

If necessary, we can repeat the second step a few times to achieve the global bound

for w and ¢ in B;  for any s > 2. This completes the proof of Proposition 3.2.1. W

3.3 Existence and Uniqueness of Theorem 3.1
This section provides the existence and uniqueness of Theorem 3.1.

Proof. [Proof of Theorem 3.1]

Due to the high regularity in the class w € C([0, T]; B . (R?)), 6 € C([0,T]; B . .(R*)N
L'([0,T7; B; 11 (R?)) of solutions (w, #), the uniqueness of solutions is obvious. We will
focus on establishing the existence of solutions. The first step is to obtain a local (in
time) solution and then extend it into a global solution through the global a priori

bounds obtained in the previous section.

The local solution can be constructed through the method of successive approxi-

mation. That is, we consider a successive approximation sequence {(w™, ()} solv-
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ing

(
w® = Sawo, o) = Sab,
u™ = VEATIP(A) w™,
O oy gunt) = g, gintD) (3.26)

9,00 M . v+ LAY+ —

W (z,0) = Spiowo(z), 0T (2,0) = Spi260().

\
In order to show that {(w(™, 6™)} converges to a solution of (3.2), it suffices to prove

that {(w™,0M™)} obeys the following properties:

(1) There exists a time interval [0,7}] over which {(w™,#)} are bounded uni-

formly in terms of n. More precisely, we show that
(@™, 0|55 . < C(Ty, [|(wo, 00)ll 55...),
for a constant depending on 7 and the initial norm only.

(2) There exists Ty > 0 such that w™*Y —w(™ and §™+H — 9™ are Cauchy sequence

in Bg;, namely

||w(n+1) _ W(n)HB;;é < C(Ty) 27", HH(TL+1) _ g(n)Hngé < C(Ty) 27"
for any ¢ € [0, T3], where C'(T3) is independent of n.

If the properties stated in (1) and (2) hold, then there exists (w, ) satisfying, for
T = min{Tl, TQ},

w(-,t) € By

q,007?

0(-,t)e B, for 0<t<T,

W) s w(t) i Bl 0W(,6) = 6() in Bl

q,00)

It is then easy to show that (w, #) solves (3.2) and we thus obtain a local solution and

the global bounds in Sections 3.1 and 3.2 allow us to extend it into a global solution.
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It then remains to verify the properties stated in (1) and (2). Property (1) can be
shown as in Sections 3.1 and 3.2. To verify property (2), we consider the equations
for the differences w™Y) — w™ and A+ — §(™) and prove it inductively in n. The
bounds can be achieved in a similar fashion in Sections 3.1 and 3.2. We thus omit

further detail. This completes the proof of Theorem 3.1. |
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CHAPTER 4

Logarithmically Supercritical Boussinesq-Navier-Stokes Equations

4.1 Introduction

This chapter deals with the establishment of the global regularity of the two dimen-
sional Boussinesq-Navier-Stokes equations with logarithmically supercritical dissipa-

tion. We consider the initial value problem (IVP) of the form

(

ou+u-Vu+ Lu=—Vp+ e,

00 +u- VO =0,
(4.1)

V-u=0,

u(z,0) = ug(x), 6(z,0) = 0y(x),

\

where u : R?> — R? is a vector field denoting the velocity, § : R? — R is a scalar
function, e, is the unit vector in the xy direction, and £ is a nonlocal dissipation

operator defined by

f(z) = f(y)

R2 |$ - ?J|2

Lf(z) = p.v. m(lz —yl|)dy (4.2)
and m: (0,00) — (0,00) is a smooth, positive, non-increasing function, which obeys

(i) there exists C7 > 0 such that

rm(r) < Cy for all r» < 1;

(ii) there exists Cy > 0 such that

rim'(r)] < Com(r)  for all r > 0;
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(iii) there exists 8 > 0 such that

rPm(r) is non-increasing.

As pointed out in [23], £ can be equivalently defined by a Fourier multiplier, namely

~

L1 = P(EDI©) (4.3)
for P(|¢]) = m(é) when P() satisfies the following conditions:

1. P satisfies the doubling condition: for any ¢ € R2,

P(2|¢]) < epP(l€))

with constant cp > 1;

2. P satisfies the Hormander-Mikhlin condition (see [61]): for any & € R

€™ 10 P(I)] < crP(€])

for some constant ¢y > 1, and for all multi-indices k € Z¢ with |k| < N, with

N only depending on cp;

3. P has sub-quadratic growth at oo, i.e.

1
/O Pl eldle] < oo
4. P satisfies

(A P(E]) = i P(§)IEI™

for all |¢| sufficiently large.

Throughout the rest of this paper we assume that £ satisfies both (4.2) and (4.3)

with P(|¢]) = m(%) obeying the conditions stated above. Some examples of m(r)
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are given below:

1
m(r) = — for r > 0 and « € (0, 1], which yields £ = A®;
B 1
~rlog¥(e+1/r)
B 1
~ rloglog(e? +1/r)

forr > 0,7 > 0;

m(r)

for r > 0,

We remark that (4.1) can be reformulated in terms of the vorticity w = V x u as

follows:

;

Ow +u-Vw+ Lw = 0,0,

8t«9 +u- Vo = 0,
(4.4)

u=Vty, AY=uw,

w(z,0) = wo(x), O(x,0)=6y(z),

\

where V+ = (=0,,,0,,) and ¢ denotes the stream function. Our main result is a
global well-posedness theorem for the IVP (4.1) or (4.4) when L is slightly supercrit-

ical. More precisely, we have the following theorem.

Theorem 4.1 Consider the IVP (4.1) and assume that L satisfies (4.2) and (4.3)
with P(|¢]) = m(%‘) obeying the aforementioned conditions. We further assume that

a(&) = a(|€]) = €|/ P(|€]) is positive, non-decreasing and satisfies

lim M—O, Vo> 0. (4.5)

gloo €7
Let ¢ > 2 and let the initial data (ug,0y) be in the class

uo € H'(R?), wp € LYR*) N B, (R?), 6, € L*(R%) N B2, (R?),

where wy = V X uq is the initial vorticity. Then (4.1) has a unique global solution

(u,0) satisfying, for allt >0,

we LPH', weLPL'N LB 6 € L°L* N L BY N LIBY,.

co,1
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As an application of Theorem 4.1, we establish the global existence and uniqueness

of classical solutions of (4.1) with logarithmically supercritical dissipation,

Lu(€) = P(E))a(¢) = m

Corollary 4.1 Consider the IVP (4.1) with L given by (4.6). Assume that (ug, 6y) €

u(§) for any v > 0. (4.6)

H*(R?) x H*(R?) with s > 1. Then IVP (4.1) with L given by (4.6) has a unique
global solution (u,0) € L>([0,T]; H*T(R?) x H*(R?)) for any T > 0.

We now explain the main difficulty that one encounters in the study of the global
regularity of solutions to (4.1). Due to the “vortex stretching” term 0,6, a simple
energy estimate will not lead to a global bound for ||w||z2 unless Lw is very dissipative.
To overcome this difficulty, we consider a new quantity w—A~'19,,6 to hide d,,6. Then

the combined quantity

G=w—-R., with R,=L"'0,, (4.7)
satisfies

0G+u-VG+ LG = [Ry,u- V. (4.8)

The trade-off is now to deal with the commutator [R,,u - V]0 instead of 0,,6.

4.2 Preliminary Estimates

This section provides several estimates to be used throughout this chapter. We recall

that £ denotes the operator defined by both (4.2) and (4.3). In addition,

aeh) = =m0, (49)

PN

The first two lemmas provide lower bounds involving £. These bounds are useful

when we estimate the LP-norms of the solution.

Lemma 4.1 Let L be the operator defined by (4.2). Then, for p > 1,

F@I 2 (@) (L (2)) > %£(|f|”).
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Proof. By (4.2),

f=
pe [ LT 12—yt

and thus

)" = [f@) P2 f () f (y)

m(|lz —y|)d
" (17— yl)dy

F@P2f (@)L (@) = pv. / .

By Young’s inequality,

H@P @) £0) < 1w < =@ + 17w

Therefore,
|f (@) P72 f () Lf (2)
1 f@)|P = (p=D|f(@)|P = |f(y)|P
Ly, RO DU WPy,
1 P
> ~L(fP).
This completes the proof of Lemma 4.1. [ |

Lemma 4.2 Let L be the operator defined by (4.2). Then, for p > 2,

[ir2senar=2 [letass

Proof. The p = 2 case is trivial. For p > 2, let § = § — 2. By Lemma 4.1,

/ FPRR(Lf)dr = / FHI

> 1152 eqst)
- 5/\cz<m2>

This completes the proof of Lemma 4.2. |

The following lemma is a generalized version of the Bernstein type inequality associ-

ated with the operator L.
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Lemma 4.3 Let j > 0 be an integer and p € [2,00). Let L be defined by (4.2) and
(4.3). Then, for any f € S(RY),

PO s <C [ 10,5728, £ L8, da, (4.10)
Rd
where C'is a constant depending on p and d only.

Proof. The case when p = 2 simply follows from Plancherel’s theorem. Now we
assume p > 2. The proof modifies the corresponding ones in [17, 32]. Let N > 0 be

an integer to be specified later. Clearly,
IAA; 1)z < ISNAUAF1)]lz2 + [[(1d = Sn)A(A; £12)|2 = L + L.
By the standard Bernstein inequality, for s > 0,
Iy < C27N 18,418 gy
Applying Lemma 3.2 of [17], we have, for s € (0, min(§ — 1, 2)),
18518515 < CIA I 185 Ly < C2) 7]

Therefore,

I < 027 NI+ | A F12,.

By Lemma 2.1,
I = || SNALT2LE(|Af15) |2 < C2Y (P(2M)) 72 [1L2(1AF15)] 2.
Combining the estimates leads to
AU F1)ze < C2 MDA f|1F, + C2Y(P(2Y) 3 L3 (1A 1)l e
By the generalized Bernstein inequality for A in [17],

212,f 12 < CIAIAIZ)] 2.
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Therefore,

P[Aifll7y < C27 PN F|Iz, + C2V(P2Y) 72 (1L2 (1A12)] 2.

We now choose j < N < j 4+ Ny with Ny independent of j such that

. 1
2 WN=ds <
=9

(4.10) then follows from (4.11). This completes the proof of Lemma 4.3.

4.3 Global Bound for ||w||

0,(:1,71
By

(4.11)

This section establishes a global a priori estimates for ||G|| 2 and consequently for

[wl] go.a-1-
32:2

Proposition 4.3.1 Assume that the initial data (ug,0y) satisfies the conditions in

Theorem 4.1. Let (u,0) be the corresponding solution and let w = V X u be the

vorticity. Let
G=w—-R., R.=L"0,.

Then, for anyt > 0,
t 1
|G+ [ 1£4G(r)IRs dr < Bt
0

and consequently
o)1 < BUO)

where B(t) is integrable on any finite-time interval [0,T].

Proof. Trivially u and 6 obey the following global a priori bounds

10(t)[|L2nzee < [|00llL2nLee,  Jult)][ze < [|uollz2 + t][0o]| L2

It is easy to check that G satisfies
G +u-VG+ LG =[Ry,u-V]o.
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Taking the inner product with G leads to

Ld

2dt||GH%z +/G£Gd:c:/GV~[Ra,u]9dx. (4.15)

By the Holder inequality and the boundedness of Riesz transforms on L?,

‘/GV [ Ra, u)dz| < | L2G| 12 | £72A[Ra, w012

Inserting this estimate in (4.15) and applying Young’s inequality, we obtain
d 2 12 -1 2
G2 +IL2G L2 < [I£72A[Ra, ulfZ2. (4.16)

1l a.
22
2,2

By the definition of the norm of generalized Besov space, |L72Af|, < |If ||B

Applying Proposition 2.4.2 with § > % and p = ¢ = 2, we obtain

||[Ra,u]9||32%é% < Cllullps ||9||Bi,25, 2 + Clull L2 0] 2.
Since u = VA~ 1w,
lullgg = sup 27 [|Azull 2 < A yul g2 + sup 2% |A; VAT W 2
’ Jj=-1 Jj=0

< ullzz + s 20 WAl 2 < lufzz + o]
JZ

0,a—1-
By,

> < ||f||p~. Therefore,

a”
> 4

For ¢ > %, ”0”3%7‘5

0,2

1
I£72 AR, ulfll 2 < [[Rasulfll Ly g < Cllullzz [0l z2aze + [[w]] oo 0] 2o (4.17)
2,2 >
We can bound the [|w]| ,o..-1 by
2,2
oll gt < NG5 + 1Rl s < NG + (9] (1.18)

Since ||u||z2 and ||@]| L2~ are bounded by (4.13), we combine (4.16), (4.17) and (4.18)

to obtain the desired result. This completes the proof of Proposition 4.3.1. |
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4.4 Global Bound for |G|/« with ¢ € (2,4)

This section establishes a global a priori bounds for |G|z« with g € (2,4).

Proposition 4.4.1 Assume that the initial data (ug, 6y) satisfies the conditions stated
in Theorem 4.1. Let (u, ) be the corresponding solution and G be defined as in (4.12).

Then, for any q € (2,4), G obeys the global bound, for any T >0 and t < T,

t N . 2 t
GOl +C [ [|esieh] aat v o [617, dr< o, @)
0 0 Li+e

where C' is a constant depending on q only and B(t) is integrable on any finite time

interval. A special consequence is that, for any small € > 0,
@l < BC). (4.20)
Proof. Multiplying (4.14) by G|G|?7? and integrating with respect to x, we obtain
1d ) —2
_EHGH%CI + [ G|G|T°LGdx = — | G|G|"°V - [R,,ul0 dz.
q

By Lemma 4.2,
/G|G|q‘2£de > c/|c%(|a|%)|2dx.

Set € > 0 to be small, say, for ¢ € (2,4),

(1+¢) (1—2) <%.

Thanks to the condition in (4.5) and by a Sobolev embedding,

L2 = D IAL2(GIE)]%

j>-1
= ) 207 (2)]|A;(G12)]3
j=-1
> ¢ 209 A (G113
j>-1
= ClA=5(G]%)]13

> CG]* 4 -
L1+e
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For ¢ € (2,4), we choose s > 0 such that

2 1
1 1-2) =2
s> €, s—l—(+e)< q) 5 €
By Holder’s inequality,
[ GIGI - Rt < IGIGI™ g [Rav .
By Lemma 4.4 below,

IGIGI" 2|l < CIGI* 2, IIG]
j==

—2
gertaa-2) = ¢ HGHQL% HGHFI%“’

In addition, due to the condition in (4.5),

IG1%

A3 ©

= 3 9 AGI < 3 Pa 2 2)|AGIE < £3(G)]2.

j>-1 j>-1

By Proposition 2.4.2, recalling s > € and u = VA~ w,

||[Ra’u]9||lj{175 S C||U||é%;+e

Ollpey + Cllullc2 [10]] 2

< Cllwll o1 10l +C |2 [[0]] 2-
2,2
Putting the estimates together, we obtain
1 d q 1 g\ 2 q
——GlL. +C [ 1L2(1G]2)" do + CIG]? 2
qdt LTFe
-2 1
< OG5 1£2(G)] 22 (lel 0.1 101 o +CHUIIL2||9||L2> :
Lite Bys

Applying Young’s inequality to the right-hand side, noticing that ¢ € (2,4) and
resorting to the bounds in Proposition 4.3.1, we obtain (4.19). (4.20) follows from

the inequality
@l g, < NGllg;e, + Rabllg,, < IGlla +110]] o
This completes the proof of Proposition 4.4.1. [ |
We have used the following lemma in the proof of Proposition 4.4.1.
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Lemma 4.4 Letq € (2,00), s € (0,1),0 < e(¢q—2) <2 and f € Len [ -0+,

Then

I1£1772 f]

frs < CHqu

< CHfH” N

=240 (4.21)

m
Proof. This proof modifies that of [35]. Identifying H* with égg and by the definition

of B3 ,, we have

I1A177% £1I5

/Hlflq 2fa+y) - 172 f()12
i

|y|>+2s

Thanks to the inequality

1772 f @ +y) = 1172 f @) < € (172 +y) + 111772 @) 1f (@ +y) = f@)],

we have, by Holder’s inequality

L1972 fla+y) = £ f @)l <C||f|| ||f(w+y) f@)20,
where
_ X
P g 2)
Therefore,
Hlf\”f!HSSCHfH HfIBS :

Further applying the Besov embedding inequality

B, <C ”f“ﬁerlf%’
we obtain (4.21) and this completes the proof of Lemma 4.4. |
4.5 Global Bound for [|G||;, 5. with ¢ € [2,4)

This section provides a global a priori bound for ||G|[z;p. with ¢ € (2,4). This
q,
bound serves as an important step towards a global bound for ||w|y . with general

€ [2,00).
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Proposition 4.5.1 Assume that the initial data (ug, 0y) satisfies the conditions stated

wn Theorem 4.1. Let
re(l,oo], sel0,1), qe€(24).
Then, for anyt > 0, G obeys the following global bound
IG5z, < B, (122

where B s integrable on any finite-time interval.
Proof. Let j > —1 be an integer. Applying A; to (4.14) yields

OA;G+ LAG=—-Aj(u-VG) — Aj[Rq,u- Vo
Taking the inner product with A;G|A;G|972, we have

1d L

QEHAJGH‘}J - /AJG]AJGP LA;G = J, + Jo, (4.23)

where

= - / Aj(u-VG) AGIAGI2, (4.24)
Jy = — /Aj[Ra,u V10 A;GIA;G2.
According to Lemma 4.3, for j > 0, the dissipation part can be bounded below by
/AjG|AjG|q_2£AjG > CP(2)]|A;G|%,. (4.25)
By Lemma 4.5 below, J; can be bounded by

. 2 m—i 2
[Tl < 02ﬂ(€+q)‘|w||é‘;go [[\AjG|]Lq—I— Z ol J)qHAmGHLq

m<j—2

+ 30 20D AG ] 125611 (4.26)

k>j—1
where we have taken € to be small positive number, especially

s—1+3e<0.
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To bound Js, we first apply Hélder’s inequality and then employ similar estimates as
in the proof of Proposition 2.4.2 to obtain
[T < 1A [Ra, u- V10| A Gl

< C(2%a2) |0l g,

Oll + lullezllOlie) 18G5 (427)

Inserting (4.25), (4.26) and (4.27) in (4.23) and writing the bound for [|w(?)|| < by

B(t), we obtain

d _ . .
Z1AGle + 02 a(2) 4G l1e < C27 a(2) B(Y)

+ DB (18,6 e+ Y 2D AG

m<j—2

+ Z 2(j—k)(1—§) HAkGHLQ]-

k>j—1

Due to (4.5), a(27) < 29. Integrating in time yields

12,G#)llze < e A;G(0)| o + €277 B()

t .
+C DB / e~ 2N (1) dr,

0
where, for notational convenience, we have written
L(t) = [HAJ-GHLq + Y 2D A G| + > 9U-kK)(1-2) Hmmm].
m<j—2 k>j—1

Taking the L" norm in time and applying Young’s inequality for convolution lead to

18,Gllzze < €270 | A;G(0)]| o + € 277072 B(1)

+C YD B ||L

rLr-
Multiplying by 2’¢, summing over j > —1 and noticing s — 1 + 3¢ < 0, we obtain

IGliz;s, < CIGO)

B;,,ll/r(lfe) + C E(t) + Kl + KZ + K?n (428>
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where

j(— e+2) js
Ky=C Y 250D B(t) 27| ;G| g 1,

j>-1

K,=C Z 2j(—1+2e+§)§(t) ojs Z 2(m_j)§HAmGHL§Lq>
> m<j—2

Ky = C Z 2j(*1+26+%) é(t) 2js Z 2(J'*k)(1f§) ||AkG||L{L‘1-
j>—1 k>j—1

Since —1 + 2¢ + % < 0, we can choose an integer N > 0 such that

ool —

The sums in K;, Ky and K3 can then be split into two parts: 7 < N and 7 > N.
Since ||G||L« is bounded, the sum for the first part is bounded by C B(£)2°. The

second part of the sum over 7 > N is bounded by %HG ||Zg Bs - Therefore,
n sN 3
Ky, Ky, K3 < C B(1)2*" + gHGHZngl-
Combining these bounds with (4.28) yields the desired estimates. This completes the
proof of Proposition 4.5.1. [ |
We now provide the details leading to (4.26). They bear some similarities as those

in [13], but they are provided here for the sake of completeness.

Lemma 4.5 Let Jy be defined as in (4.24). Then we have the following bound

il < C2J(+q)HWHE;;;[HAJ‘GHLQ+ Z 203 || A G| e

m<j—2
. _2 -
DIl 1Vt P Nt
k2j—1

Proof. Using the notion of paraproducts, we write

Aj(u-VG) = Jiu + Jig + Jiz + Jig + Jis,
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where

Jii= >[4, Skau- VIALG,

li—k[<2

J12 = Z (Sk_lu — S]u) VA]AkG,
lj—k|<2

J13 = Sju : VAjG,

J14 = Z AJ(Aku . VSk,1G>,

li—kl<2

Jis = > Nj(Agu- VALG).

k>j—1
Since V - u = 0, we have
/ Tl A Gl72ALG da = 0.
By Holder’s inequality,
[ RIAGI A6 < 1l AGIE
We write the commutator in terms of the integral,
I = [ @@ =) (Sivut) = Secruls) - TAGL) dy

where ®; is the kernel of the operator A;. As in the proof of Lemma 3.3, we have,

for any 0 < e <1,

Iillze < 2l 9 @)z [1Sj—rull gre [V AGG I

By the definition of ®; and Bernstein’s inequality, we have

j(e+2 —€
[Jiille < C2CFD |||z To(2)|| 1 1Sj-1wll <.

A;G|| e

< C2j(€+%)\lw||§;;o

[aviclijze
Again, by Bernstein’s inequality,

[Si2llee < CllAjullLe]| VA;G| L

< CYD w e

|A;G| L4
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[Nallze < ClAullel|V S G|

I

et 2 m—j)2
O g Y 2" IANG s

m<j—2

(ea2 By (1-2 e
sl < €2 N7 20RO AT A 1l | AkG ) 1o
k>j—1
1 2 i _2
CYD s, D2 270 MG

k>j—1

IN

Combining the estimates above yields

‘6 2 miz
Il < CPFa wl e [llAjGnm > 2" ALG Lo

m<j—2
+ 30 20O A ] 125Gl
k>j—1
This completes the proof of Lemma 4.5. [ |

4.6 Global Bounds for ||cu||L%Bo,a1 and ||w|z for any ¢ > 2

This section shows that, if the initial data wg is in L?, then the solution w is also a
priori in LY at any time. This is established by first proving the time integrability

l|lwl| LiBoe - More precisely, we have the following proposition.

Proposition 4.6.1 Assume that the initial data (uo,6y) satisfies the conditions as

stated in Theorem 4.1. Then we have the following global a priori bounds. For any

T>0andt<T,
lw@lzpoe, < CT), 0@ oz < C(T), - fJw(B)l|ze < C(T),
where C(T) are constants depending on T and the initial norms only.

In order to prove this proposition, we need the following fact.

Lemma 4.6 Let T' > 0 and let u be a divergence-free smooth vector field satisfying

T
/ |Vul L dt < oc.
0
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Assume that 0 solves

Let a : (0,00) — (0,00) be an nondecreasing and radially symmetric function satisfy-

ing (4.5). Let p € [1,00]. For anyt >0,

t
805 < ollgs + 150szap) (1+ [ 1t

This lemma can be proven in a similar fashion as that of Lemma 4.5 in [13]. A

crucial assumption is that a satisfies (4.5).

Proof. [Proof of Proposition 4.6.1]

We can write by using Proposition 4.5.1 that, for t < T,
1G]l Lo, < C(T).

More precisely, if we choose s € [0,1) satisfying s > % for ¢ € (2,4) and set € > 0

satisfying € + % — s < 0, then

IGllyns, = 3 a@)IAC] i~ < 3 a(2)24 4,6 ]|1s

j>—1 Jj=—-1
< Z a(2j)2—5j 2]'(e+§fs)2js||AjG||Lq <C ||G| B:
j=z—1

where we have used the fact that a(27)27% < C for C independent of j. Furthermore,
lwll o, < NG ypoa, + 1RaOl 1y poa -

By the definition of the norm in ngl and recalling that R, is defined by the mul-

tiplier a(|§\)%, we have
[Rabllgor = a2 A ARie + 3 a(2) AR 1
’ >0
< Clbollze + ) a*(27) |4;0]
Jj=0

< Cllfollzz + (101l

0,02 -
Boo,l
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By Lemma 4.6,

t
e < Cloulge (14 [ I7ulimt)

< Cllooll g (14 lellzye + Illzme )

t 00,1

< ClOolgoaz (1+ lullzgze + Il o, ) (4.20)

Therefore,

ollgsn, < 11, +C (160l + Wl )
t t
+C||90|\Bg§f/0 Iipe= dTJFCHQOHngf/O ]l L1 g, dT-

By Gronwall’s inequality, HCUHL%BO,al < C(T), which, in turn, implies that, by (4.29),

[6(t)] . < C(T).

Now we prove the bound for ||w||zs. From the equations of G and R0,

lwllee < [|Gllza + [[Rab| Lo
t
< ||G0||Lq+||Ra90||Lq+2/ 1[Ras 0 - V10|10 dr
0
t
< [Golles + [Rbllen +2 [ R 916l dr
i |

Following the steps as in the proof of Proposition 2.4.2, we can show that
[Ravu- V16l5p, < Cllsllze 1015, + C 160l ]2

Gronwall’s inequality and the bound ||6|| Lipte, < C(T) then imply the bound for

||lwl||za. This completes the proof of Proposition 4.6.1. |

4.7 Uniqueness and Proof of Theorem 4.1

This section proves the uniqueness of solutions in the class stated in Theorem 4.1 and

sketches the proof of Theorem 4.1. First we state and prove the uniqueness theorem.
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Theorem 4.2 Assume that the initial data (ug,6y) satisfies the conditions stated in

Theorem 4.1. Then, the solutions (u,0) in the class

we L=(0,T]; HY), we L>([0,T]; L) N LLBY"

00,17

0 € L>([0,T], L* N By, {4.30)
must be unique.

Proof. Assume that (u M) and (u®,0®) are two solutions in the class (4.30).

Let p™) and p® be the associated pressure. The differences
satisfy

o+ v - Vu+u-Vu® + Lu= —Vp+ fe,,
9,0 +ut) - VO +u- VI =0,
By Lemmas 4.7 and 4.8 below, we have the following estimates
lu(llsy,, < 1lwO)llsg,, + ClOlLmp; e

+C/ ()22 (lu e + lwPllpo,, + [u® 22 + 0Pl ) dr

and

t
0Ol < 10O+ C [ 10 gz (i + 1y, )
t
O [l 162, .
0 ,

In addition, we bound ||u||z2 by the following interpolation inequality

lull e < C fullgg_ log (1 ol )

Tllg _

together with ||ullg < [JuV|| g + [[u®||g1. These inequalities allow us to conclude

that

Y(t) = [lu@)llsg,, +1100)] 510
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obeys

t
Y(t) <2Y(0)+ C / Dy(1)Y (1) log (1 + Do(1)/Y (7)) dr, (4.31)
0
where
D, = ||9(2)||ng1 + (||| 22 + HW(I)HBSOJ + | 2 + HW(Q)HBQO,N
Dy = [[u®M g + [[u®? |

Applying Osgood’s inequality to (4.31) and noticing that Y (0) = 0, we conclude that
Y (t) = 0. This completes the proof of Theorem 4.2. |

We now state and prove two estimates used in the proof of Theorem 4.2.

Lemma 4.7 Assume that v, u®, w, p and 6 are defined as in the proof of Theorem

4.2 and satisfy
ou+uY - Vu+u-Vu® + Lu= —Vp + fe,. (4.32)
Then we have the a priori bound

lu@lsy,, < w0y, + CllOll e p; e
+C/ ()l (22 + o llso, | + a2 + lw® g ) d£4.33)

Proof. [Proof of Lemma 4.7] Let j > —1 be an integer. Applying A; to (4.32) and

taking the inner product with Aju, we obtain, after integration by parts,

thHA ul) %o + |1L2 A% = i + Jo + T, (4.34)
where
J = —/AjuAj(u(l)-Vu) dx,
Jy = —/AjuAj(u-Vu(Q))d:U,

J3 = /AJU Aj(eeg) dx
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By Plancherel’s theorem,
122 Ajul)2. > C20a~1(27) [|Aul 22,

where C' = 0 in the case of j = —1 and C' > 0 for 5 > 0. The estimate for J; is easy

and we have, by Holder’s inequality,
5] < 1A gullze A6z < 20 (2) | Ajullze 6] 10

To estimate J;, we need to use a commutator structure to shift one derivative to u().

For this purpose, we write
Aj(’d(l) . VU) = =]11 + J12 —+ J13 -+ J14 + J15, (435)
where

J11 = Z [Aj, Sk,lu(l) . V]Aku,

li—k|<2

J12 = Z (Sk_lu(l) - Sju(l)) : VAjAku,

li—k|<2

J13 = Sju(l) . VAju,

J14 = Z A](Aku(l) . VSk_lu),

li—k|<2

J15 = Z Aj(Aku(l) : Vﬁku)

k>j—1
Since V - uM) = 0, we have

/J13 Ajuda: =0.

J11, J12, J14a and Ji5 can be bounded in a similar fashion as in the proof of Lemma

4.5 and we have

1Tallze, [zl < € (a2 + o llpo, Az,

| halle < C QDo + oD m,) Y 2" Al e,

m<j—1

I Dsllze < C (Wl +lwPllpe ) D 27 1 Avulle.

k>j—1
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To estimate J5, we write

Aj(u- Vul®) = Jo + Jog + Jos, (4.36)

where

ng = Z Aj(Sk,1U . VAku(Q)),

lj—kl<2

T = Y Aj(Au- VS u?),
li—kl<2

J23 = Z AJ(A]CU : Vﬁku@))
k>j—1

Therefore, by Hélder’s inequality,

1 aallze < C flullze [V Au® |,
1 22llze < C Nl A ull 2 (a2 + [l [0, ),

I aslloe < C (e + 0@ lm,) S 27| Agulze.

k>j—1

Inserting the estimates above in (4.34), we obtain

1d . A A .
§£||Aju||Lz + C’QJa_l(QJ) |Aul| 2 < CQJa_l(ZJ) ||6||B£;a + K(t), (4.37)

where

K(t) = C (W]l + oW, + 1u® Iz + lw® |0, )I1Azull2

+C ullzz 1V 2@ | o + (@2 + o Dllpo ) D 2" Amull 2

m<j—1

+C (V2 + oWl + ez + 0@ lse ) D7 27 [ Asul e
k>j—1

Integrating (4.37) in time and taking sup,-_;, we obtain (4.33). This completes the

proof of Lemma, 4.7. [ ]

Lemma 4.8 Assume that 0, vV, u and 0@ are defined as in the proof of Theorem

4.2 and satisfy

0,0 +uV Vo4 u- VIR = 0. (4.38)
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Then we have the a priori bound

t
66 sge < 10O sy + € [ 18Oy Cla®lae + 1wV g, dr

t
LC / la() 22162 o dr- (4.39)
0 oo,1

Proof. [Proof of Lemma 4.8] Let j > —1 be an integer. Applying A; to (4.38) and

taking the inner product with A;60, we obtain

1d
§E||Aj9||%2 = Ky + K, (4.40)
where
K = - / AOA;(uV - V) de,
Ky = —/AjeAj(u-ve@))dx.

To estimate K, we decompose A;(uM)- V) as in (4.35) and estimate each component

in a similar fashion to obtain

Kl < ClAMIZ: (a2 + o)

+C 18,0l|z2 27a™ (27) [10]] 5 10 (a2 + [l I go_,)-

To estimate Ko, we decompose A;(u - VOP?) as in (4.36) and bound the components

in a similar fashion to have
Kol < C1A8] fulle2a™ @) 02 o
Combining these estimates, we find

d o
1850l < C2a(2) 0]l e (P llzz + o5, )

+C ull 220 (27) 6] o

Integrating in time, multiplying by 277a(27) and taking sup,>_;, we obtain (4.39).

This completes the proof of Lemma 4.8. [ |
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We now sketch the proof of Theorem 4.1.

Proof. [Proof of Theorem 4.1] Thanks to Theorem 4.2, it suffices to establish the
existence of solutions. The first step is to obtain a local (in time) solution and
then extend it into a global solution through the global a priori bounds obtained in
the previous section. The local solution can be constructed through the method of

successive approximation. That is, we consider a successive approximation sequence

{(w™ 6™} solving
(

w® = Sawo, o) = Sabo,
Q) ™M Tt 4 £+ = 9, gt

(4.41)
0,0V 4 ™ . vt =

w(n+1) (x’ 0) e Sn+2w0(l')’ 0(77,4—1) (-1', O) - Sn+290(x)'

\

To show that {(w™,0M™)} converges to a solution of (4.4), it suffices to prove that

{(w™,0™)} obeys the following properties:

(1) There exists a time interval [0,7}] over which {(w™,#™)} are bounded uni-

formly in terms of n. More precisely, we show that

||w(n)||L§°(L2r1Lq)mL%B&‘Tl S C(T1>a ||9(n)|| S O(T1)7

2
L3°(L2nBY S )NLEBYY

where C'(T7) is a constant independent of n.

(2) There exists 75 > 0 such that w™+?) — ™ is a Cauchy sequence in LB
and 0+ — 9 is Cauchy in L%Bo_oly’la“, namely
Hw(n+1) — w(n)’|L?OBC;171 < C(Ty) 27", ||9(n+1) — 9<n)”L§B;ﬁ“ < C(Ty) 27"
for any t € [0, T3], where C(T3) is independent of n.

If the properties stated in (1) and (2) hold, then there exists (w, #) satisfying

we LE(LPNLYNLIBY,, 6e L(L* N BY) N LB

00,19 00,17
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w™ —w in L¥B 0" =0 in LB

00,17

for any t < min{7},T>}. It is then easy to show that (w,#) solves (4.4) and we thus
obtain a local solution and the global bounds in the previous sections allow us to
extend it into a global solution. It then remains to verify the properties stated in (1)
and (2). Property (1) can be shown as in the previous sections (Section 4.3 through
Section 4.6) while Property (2) can be checked as in the proof of Theorem 4.2. We

thus omit further detail. This completes the proof of Theorem 4.1. [ |
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CHAPTER 5
Lans-a Magnetohydrodynamics System

5.1 Introduction

As a numerical regularization of MHD equations, various magnetohydrodynamics-a
models have been proposed in [48]. One of the commonly used one is Lans-ov magne-
tohydrodynamics (MHD) system. This chapter studies the global regularity issue of
Lans-o MHD system when the dissipation or the diffusion is weakened by a logarith-

mic factor [44]. Attention will be focused on the system of the form

O + (u- VYo + S5 0 Vug + V(7 + 30]?) + vL%0 = (b- V)b,

(5.1)
Ob+ (u-V)b— (b-V)u+nL =0.
together with
v=(1-0a*A)u, V-u=V-b=0, (v,b)(z,0) = (vo, bo)(z). (5.2)

Where v(z,t) denotes the two-dimensional velocity vector field, u(z,t) the filtered
velocity, b(x,t) the two-dimensional magnetic vector field and 7 the pressure scalar
field. Here v, n > 0 are the kinematic viscosity and magnetic diffusivity constants

respectively and the Fourier operator £ is defined through the Fourier transform by

F6 =m0, me s K
L&) =m(&) (&), (é)Zg(| ik (5.3)

and « denotes the length-scale parameter representing the width of the filters.
The author in [29] obtained the global regularity results of the system (5.1) in case

v>0n=0¢g=1and v =0,7>0, g =1 Our main purpose of this chapter
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is to extend the global regularity results of the system (5.1) logarithmically. More

precisely, we prove the following theorems.

Theorem 5.1 Suppose v > 0, n = 0 and g : Rt — R" is a radially symmetric,

non-decreasing function such that g > 1 and satisfies

> dr
/e NG o0

Then for any vy, by € H*(R?), there ewists a unique classical solution pair to the
system (5.1), (5.2).

Theorem 5.2 Suppose v = 0, n > 0 and g : Rt — R" is a radially symmetric,

non-decreasing function such that g > 1 and satisfies

&0 dr
/ oW > (5:5)

Then for any vy, by € H*(R?), there exists a unique classical solution pair to the

system (5.1), (5.2).

Throughout this chapter, we use the notation A S, B, A =4, B to imply that
there exists a non-negative constant ¢ that depends on a, b such that A < ¢B,
A = ¢B respectively. We write fractional Laplacians A := (—A)%, vorticity and
current density by

w:=Vxuv, j:=Vxb

For the simplicity, we set v =n=a = 1.

5.2 A priori Estimates for Theorem 5.1

We first obtain the basic energy conservation at v = 1, n = 0. Taking L*-inner

products on (5.1); with v and (5.1)s with b and integrating in time, we obtain

T
sup ([fullzz + IVl + [bl2) (1) + /O (I£ullZ> + [1LVullZ2)dr— (5.6)

te[0,7

< (lluollZ> + VuollZ2 + llbollZ2),

where we have used (5.2).
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5.2.1 |[v]|3, + ||[Vb]|3,-estimate

Proposition 5.2.1 Suppose v =1, 71 =0 and g : Rt — R* is a radially symmetric,
non-decreasing function such that g > 1 and satisfies (5.4). Then the solution pair to

the system (5.1), (5.2) in [0,T] satisfies

T
sup ([[v]l7: + [[V0][72)() +/ [Lo]|Z72dr S 1.
tel0,7] 0

Proof. We denote by A(t) = e + (||v||32 + || VD||3.)(t) and take L*-inner products
n (5.1) with (v, —Ab), sum, integrate by parts and use (5.2), (5.6) and Hdlder’s

inequality to obtain

1
Ollvllze + 1VBIIZ2) + 1 Lol (5.7)

2
= /—kaVuk-v—i-(b-V)b-v—(b-V)u~Ab+(u-V)b-Ab
k=1

2
= —/kaVuk-U—i—(b-V)u-b~l—/Vb-Vb-Vu+Vb-Vu~Vb—Vu-Vb-Vb

S Vulle<A(t).

Using Littlewood-Paley decomposition, Bernstein’s inequality, Plancherel theorem,
(5.3) and the fact that g is non-decreasing: we obtain for some M > 1 to be deter-
mined subsequently

Vul[e < ZHANUIILOO

k>—1

S 2

ot g( *)
S gM) Y ALYl + Y 2 9(2’“)HAk£vHL2-

2k<M 2k>M

HAkVuHng 25+ > 27*

2k>M

(2)

We also used the fact that ||Aul|z2 < ||v]|z2. Finally, by applying Hélder’s inequality,
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we obtain

1 1
Vullpe S g(M) Z 1? Z | ALV w3 (5.8)
2’“§M 2’€§M
1 1\ 2 1
- > o > 272k > ALY

2k>M 2k>M 2k>M
< 9DV LVul 2 + M2 Lo] 2.
Using (5.7) and (5.8), applying Young’s inequality and choosing M = cA(t) for suffi-
ciently large ¢, we have

%@A(tHHEUH%z S <g(CA(t))\/ln(CA(t))H‘CVUHLQ+(CA(t))_%H£UHL2> A(t)

s L o (gteaw)mEADI1+ 1£uE:) A0)

Thus, by absorbing the dissipative term, we obtain
QA(t) +[[Lo[172 S g(cAl)V/In(cA) (1 + || LVul[72) A(t) (5.9)
which implies for any t € [0, 7],

cA(t) dr t T
/ o 5/ (1+ | £Vu2)dr g/ (1+ | £Vu|2)dr <1
c In(1)7 0 0

A0 9(7)/

by (5.6). This implies that

sup A(t) S1 (5.10)
te[0,7

by (5.4). Now, integrating (5.9) in time over [0, 7], using (5.6) and (5.10) completes

the proof of Proposition 5.2.1. [ |

5.2.2 |w|3, + |Ab]|7,-estimate

Proposition 5.2.2 Suppose v =1,7n=0 and g : R* — R* is a radially symmetric,
non-decreasing function such that g > 1 and satisfies (5.4). Then the solution pair to

the system (5.1), (5.2) in [0,T] satisfies

T
sup (J|w[|72 + [|Ab]I72) (%) +/ [£Lw[72dr S 1.
te[0,T) 0
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Proof. Taking a curl on (5.1);, we get
dw + (u-Vw+ L = (b- V)j. (5.11)
Taking L?-inner products of (5.11) with w, we have
sl + 1ot = [ V)= h (5.12)
Applying A? on (5.2), and taking L2-inner products with A%b leads to
%@HAszLQ _ —/A2((u LV)b) - A% + /A?((b V)u) A% =TI + [, (5.13)
First, we estimate

L < [Jblls 1Vl e llwll 5 (5.14)

by Holder’s inequalities. Further we estimate
k(3
ol 5 S D2 2 Dg@|Aitw] s S 0w (5.15)
k>—1
due to Littlewood Paley decomposition, Bernstein’s inequality, (5.3) and Hélder’s

inequalitiy, Thus, we deduce by (5.14) and (5.15)

Lwl|?
< B |88 2ol < PEIEE Lz, (5.16)

due to Sobolev embedding of H'(R?) — L8(R?), (5.6), Proposition 5.2.1 and Young’s
inequality.

Next, we estimate

I, = —/[A2((u-V)b)—u-VA2b].AQb (5.17)
S (IVull = [|AVl| 5z + [|A%u] 4] V] ) | A2 2
S IVl | ABZ2 + IIAZu 2l 2| VBl 2 | AB 2,
S (14 [Vullo) (eolZe + 1 Ab]22)
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by Holder’s inequality, Lemma 2.10, Gagliardo-Nirenberg inequality, Proposition 5.2.1

and Young’s inequality. Now we use Littlewod Paley decomposition to estimate

IVullpe < ALVl + D 1AVl L (5.18)
k>0
S 1+ 2702 AvLAu|
k>0
S 1+ (Lo e

by Bernstein’s inequality, Plancherel theorem and Hélder’s inequality. Thus, by (5.17)
and (5.18), we get

I S (1+[1Lo]72) (lwlZe + | AblZ2) (5.19)
Finallly,

I S (IVulle A% 2 + [[bll 2o [|A*Vul| 22) [ A%D]| 2 (5.20)

AN

(14 [[Lvl|z2)[|A%D]| 72

([0l 2 4 1[0l 11 1ogo (2 + ([0 1r2) + 1) [[w][ 2| AD]| 22

S (lwllZe + [[AD[J72) (L + [[Lo]72) logy(2 + [|w[|72 + [|AD]|72)

by Hélder’s inequality, Lemma 2.9, (5.18), Lemma 2.13, (5.6) and Young’s inequality.

Applying (5.16), (5.19) and (5.20) in the sum of (5.12) and (5.13), we obtain after

absorbing,

Olwllzz + 1Ab]IZ2) + | £l (5.21)

S (IwllZe + [ABI[L) (1 + | £ol[72) logy(2 + wlZ> + [ Ab]Z2)

By Proposition 5.2.1, this implies sup,c (o 7(|lwl|72 + [|Ab]|7.) is bounded and further

taking the L'-norm in time on (5.21) completes the proof of Proposition 5.2.2. |
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5.3 Higher Regularity for Theorem 5.1

To obtain the higher regularity, we apply A* on (5.1);, A% on (5.1), take L-inner

products with (A%v, A%b) respectively to get

1
O IAM Iz + [[A%BI[72) + [1EA 2 (5.22)
2

_ / A4 ((u- Vo) — - VAR - Aty — 3 / A (0 V) - Ao

k=1

— /[A5((u -V)b) — u - VA®b] - A5b

5
+/A4((b -V)b) - Ao+ /A5((b - V)u) - A% = ZHL’
i=1
First we estimate

115 5 (IVulle [A[|z2 + 1A% 2l Vol o) A% 2 (5.23)
1 1 5 1
S ((IVullze + lwllzo)l[A% 2 + A%l 2 [ A%ull 7 [ Vol 2 IA ] F2) [ A% 2

~

< 1+ [[AM]]7

where we have used Holder’s inequality, Lemma 2.10, Sobolev embedding of H?(R?) —
L>(R?), Gagliardo-Nirenberg inequality, (5.6), Proposition 5.2.2 and Young’s inequal-
ity.

Next, by Holder’s inequality, Lemma 2.9, Sobolev embedding of H?(R?) — L>*(R?),

Gagliardo-Nirenberg and Young’s inequalities, we obtain

111, S (IVullpe A%z + o]l za | A% o) | A% 2 (5.24)
7 1 1 5
S (A2 (IVullze + lwllze) + [l Z A ] 2 A% 22 | A 7)Aol 2

<14 A7,
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Next, by Holder’s inequality, Lemma 2.10, Sobolev embedding of H?(R?) — L>*(R?),

Propositions 5.2.1 and 5.2.2, Gagliardo-Nirenberg and Young’s inequalities, we have

115 S ([Vull oAl 2z + Vbl o | A%l ) | A% 2 (5.25)
1 5 1 1
S (Bl (IVullze + llwllze) + 1A ull 22 [ A%l 2 [ VO] 22| AD] £2) |A%D] 2

[

S L4 [ A%|)72 + [|AD]|7-.

Next, by Holder’s inequality, Lemma 2.9, Sobolev embedding of H?(R?) — L>(R?),
Propositions 5.2.1 and 5.2.2, (5.6), Gagliardo-Nirenberg and Young’s inequalities, we

get

111, (A2 [ VOl s + (1] e [[AB]| 2) [ A% 2 (5.26)

1 5 1 1
S (Al IAD 2 I VDI 21 AD] 22 + ([1Bllz2 + [|ABI|z2)[IA%D] z2) A"l 2

S 1+ A% + [IA%D]IZ.

Finally, by Holder’s inequality, Lemma 2.9, Sobolev embedding of H?(R?) — L>*(R?),

Propositions 5.2.1 and 5.2.2, Gagliardo-Nirenberg and Young’s inequalities, we obtain

1115 S (A% 2| Vullzoe + [[bllzee [|A%]|2)[|A”D]| 2 (5.27)
S (I8l ze (IVullzz + llwllze) + ([Bllz2 + [[Ab][22) [A%0]|L2)[|A®D]| 2

Y

S AL + A% 2.

Inserting the estimates (5.23), (5.24), (5.25), (5.26) and (5.27) in (5.22), Gronwall’s
inequality implies

sup ([[A|72 + |A°B]72)(1) S 1.
te(0,7)

5.4 A priori Estimates for Theorem 5.2

This section establishes a global a priori bounds for the solution pair (v,b). In con-
trast to the classical MHD system, ||[v||z2 is not conserved for the solutions to (5.1).

Therefore, we first establish the basic energy conservation for the pair (u,b). Taking
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L2-inner products on (5.1) at ¥ = 0, n = 1 with (u,b) and integrating in time we

obtain

T
sup ([lullz + [[Vull. + Hblliz)(t)Jr/o 1£B][72dr (5.28)

t€[0,T]
< (luollz> + VuollZ> + llbollz2)
For the rest of this section, we set B(t) := e + ||£b||72(t) and E(t) := e + (||lw||7> +
IAb[Z2)(E)-

5.4.1 | Lb||3,-estimate

The ||v||3.-estimate established for Theorem 5.1 will not go through in this case with-
out dissipation because of the term Zizl v Vug - v. This is precisely the problematic
term remarked by the authors in [78]. To overcome this difficulty, we take advantage
of the vorticity formulation of (5.1). However, we cannot estimate ||w|/z2 without
improving our estimate on b due to the term (b-V)j. We prove the following propo-

sition:

Proposition 5.4.1 Suppose v =0, n=1 and g : RT — R* is a radially symmetric,
non-decreasing function such that g > 1 and satisfies (5.5). Then the solution pair to

the system (5.1), (5.2) in [0,T] satisfies

T
sup |ycb|yiz(t)+/ 22| 2adr < 1.
0

te[0,T
Proof. Taking L2-inner product on (5.1), with £2b and applying Hélder’s inequality
and Lemma 2.9, we obtain
1 : .
SONCUIE: + 1£707: < (Idiv(e @)z + [[div(b @ w)l|2) [ £°0] 12 (5.29)

S (lullzol|Ab] ps + [[Awl] r2][Bl] oo ) [|£%B]] 2
We first note that by (5.28) and by the Sobolev embedding of H'(R?) — L%(R?),

lullze < fluflar S 1.
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Now by Bernstein’s inequality, Plancherel theorem, Hélder’s inequality and (5.3), we

have for some M > 1 to be determined subsequently.

2* 2**2’€
SO S AND|l2g(28) + D S 1 ARAb 126 (2%) (5.30)

| AD|| 3
=, 92 = 2
< g(M) S 25|ALbl e + T 27F | AL 2P (25)
2k<M 2k>M

< g(M)M3/In(M)||Lb|| 12 + M~ 5(|£2b]| 2.

On the other hand, with the same argument, we can bound

2
ol < > g( )IIAkamg + oy 2 IIAkang (2°)  (5.31)

2k<M 2k>M

S 9(M)/In(M)|Lb]| > + Mﬁllﬁ%l\m

Inserting the estimates (5.30) and (5.31) in (5.29), there exists a constant ¢y such

that

1

SOILHIE: + 1672 (532)

colg(M)M /(M) | £0] 2 1£%0] 2 + M 1223
M)V £0] 2 1£20] 2 + M3 [1£2]32).

IN

We choose M = ¢B(t) for sufficiently large ¢ so that

1£2b]1%

T (5.33)

co (MHIL23 + ML ) <
Moreover, by Young’s inequality, we get

1 £2b 22 2
cog (V)21 Dbl 2122802 < VL g2 yarf m(any o, (5.3)

1£26][7
8

cog(M)/In(M) || Lb]| 2| £7b]| > <

Inserting (5.33), (5.34) and (5.35) in (5.32) and absorbing the diffusive term, we

+ cg? (M) In(M) || Lb||2.. (5.35)

obtain

win

O, B(t) + ||1£2b])3: < g*(cB(t) In(cB(t))B(t) B3 (t). (5.36)
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Thus, by integrating and applying Hélder’s inequality and (5.28), we have

/ T / et lepl)bar ST ([ e+ bl <
- < e+ ||Lb SdTNT3(/ e+ ||L£b dr) <1
¢B(0) g*(7)In(7)T 0 L 0 L2

By (5.5), we obtain the bound on sup,c( 1y [[£0]|72(t) and hence integrating (5.36) in

time completes the proof of Propsition 5.4.1. |

5.4.2 |jwl||3: + |Ab]]3.-estimate

The regularity obtained in Proposition 5.4.1 for b is logarithmically worse than H'-estimate.
However, it is enough to obtain higher regularity due to the nice structure of the vor-

ticity formulation of (5.1);. We now prove the following proposition:

Proposition 5.4.2 Suppose v =0, n=1 and g : R* — R* is a radially symmetric,
non-decreasing function such that g > 1 and satisfies (5.5). Then the solution pair to

the system (5.1), (5.2) in [0,T)] satisfies

T
sup ([lwl]|Z2 + [|ABI[Z2)(2) +/ ILAD|[2d7 < 1.
0

t€[0,T7]

Proof. The vorticity formulation of (5.1); is given by
Ow ~+ (u-Vw = (b-V)j. (5.37)

Taking L2-inner product on (5.37) with w leads to

1 .
Sl = / (b-V)je. (5.38)

We apply A on (5.1),, take L2-inner product with Ab and sum to (5.38) to obtain

1
5Ollwlize + 1AD]172) + [ LAD] (5.39)

:/(b-v)jw—/A((u-V)b)-Ab+/A((b-V)u)-Ab

:Z]Vi

=1
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By Holder’s and Young’s inequalities, IV; can be bounded by
IVi < bl IVl z2llwllzz S (bl (IV3]172 + lw]|72)

Now, we estimate

2k ) 2—2k23k L
Bl <D WHAkang(? )+ > W’\Akamg(Q )
zkgMg 2k>M g
S (M) Y ALYz + (Z 2‘2’“) (Z 2‘2’“94(2’“)> [CAD| 2
2k<M 2k>M 2k>M

S g(M)y/In(M) + M| LAD|| 12

by Bernstein’s inequality, Plancherel theorem, (5.3), Hélder’s inequality and Propo-

sition 5.4.1. Therefore,
Vi < g(M)\/In(M)E(t) + M| LAD| 2 E(t). (5.40)

We use Holder’s inequality, Gagliardo-Nirenberg inequality, Leema 2.10 and (5.28) to

estimate

IV,

/[A((u -V)b—wu-VAD - Ab
S (IVulls|[Ab]lzs + [[Aul| 22| V] o) [| Ab] s

5 1 1 1 2 12
S IVullzallwl 210N Es + IV ull 72 [l 221117 | AbI|

~

AN

1 1 12
lwll 21 8B 11 Zs + [l 221 2D

where we estimate

25 2ok 2~ ok k

1Abls S ) WHAkAbHL?g 2+ > WHAkAbHLZg(? )
2k§Mg 2k>M g

(NI

AN

P(M)M5 Y | AL 2 + (Zz’é‘> (Zzi’“gm) |LAD] 12

2k< M 2k>M 2k>M

< g (M)M3/In(M)|| L] 12 + M~ 21 || LAD|| 2

92



by Bernstein’s inequality, Plancherel theorem, (5.3) and Hélder’s inequality. Thus,

by using Lemma 2.7, we have
1 1 2 1 _1
lwollZ2AbIZs S llwll 29" (M)M3 In(M)|| L2672 + [lw]| 72 M~ 52 [ LAD||7.

On the other hand, by Bernstein’s inequality, Plancherel theorem, (5.3) and Hélder’s

inequality, we obtain

k

23
IAbls S mHAkN?HBQQ(?k)TL >

2k <M 2k> M

9% ok

N|=

AN

3 3
GOMM Y AL = + (Z 2) (Z 2—21%4(2%) |£AD] .
2k<M 2k>M 2k>M

< ()M /(M) L2 12 + M7 LAD]
Thus, by using Lemma 2.7 again, we get

b ianl % < lolbo® (s 81 21 % + lwllh -t canl

[wllZ2llAb s S llwll 7297 (M)M 7 (In(M))7[|L7b]| f2 + [lwl 72 M ™3| LAD]| .

Collecting the estimates above, we obtain

IV < ||wl|Bag (MM In(M)|| L2122 + |[w]| 8. M 2 || LAD| 2, (5.41)

~

4
7

1 o 6 12 1 1 12
Hwll 7297 (M)M7 (In(M))7 [ £20]| 2 + [lwl|72M 7 [ LAD|| .

Finally, we estimate
V3 < (186 s [Vl s + [[b]l 2o [ A%ul | 22) | Ab]| s
by Hélder’s inequality and Lemma 2.10. As above, we have the bound of
IFullzs N A S ol o ()M (M) IL20]32 + ol 2 M~ | LA

We now estimate by Gagliardo-Nirenberg inequality and (5.28)

5 9 9
D[l e [[A%ull 2 [ Ab] 2 S 1Bl 72wl 22 AbIIFa S llwllze [ AbI 7
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where we estimate

k

23 2ok
1Ab]s <Y W”AkAbHLQQ 2+ > =

2k<M 2k>M

2_*2

N

1 1
< gZ(M)M% Z HAkﬁszLQ‘i‘ <Z 9- 14’“) (Z 9~ 10k 4 ) |LAb]| 12
ok <M 2k >N 2k > M
< GP(M)M5/In(M)|| L] g2 + M~ || LAD| 2

by Bernstein’s inequality, Plancherel theorem, (5.3) and Hélder’s inequality. Thus,

by Lemma 2.7

111 o | A%ul| 2 [| Al 2

1 9 1 9
< lwllzeg ™ (M)M? (In(M)3 || £2b]| 7, + ||wl]| 2 M2 || LAD|| L.

~Y

Collecting the estimates above, we obtain

Vs S |lwllfg* (MM In(M)[[£26][72 + w72 M 2 | LA 7 (5.42)

~

9 9
Hwllz2g™ (MM (In(M)) ]| £20]) 7, + [|w]| 2 M2 || LAD| 7.

Inserting the estimates (5.40), (5.41), (5.42) into (5.39), we have shown that there

exists ¢ > 0 such that

O,E(t) + 2||LAD|2,

< colg(M)\/In(M)E(t) + M~ | LAD|| 2 E(t)
+ET12(t)g4(M)M% In(M)|[ 2|22 + E® (£) M~ 12| LAD| 2

24

(oS 4 8 2 1 _1 L
+E()g T (M)M7 (In(M))7 || L%] L2 + B+ (6) M3 || LAD] [

+VE[D) g (M)M? (In(M)) T [|£2b]| 7, + /E(0) M| LAb| ).

Taking M = cE(t) for sufficiently large ¢ so that after absorbing, we have
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OE(t) + ||LAD|)7 (5.43)
S 9(cE(1)/Im(cE®) B(t) + E® (t)g" (cE(t)) (cE(1))5 m(cE(®)||£2]3
FEH(t)g7 (B (1) (cE(1)* (In(cE(1))) |7
+VE[D)g? (eB(1)(eE(t)? (n(cB (1)) £2b] 72 + 1
S g'(eB () m(cE®)(1+ [|£2]132) B(t).
The bound on supycz(f|w||2. + |Ab|2.) then follows from (5.5) and Proposition

5.4.1. Taking L'-norm in time on (5.43) completes the proof of Proposition 5.4.2. W

5.5 Higher Regularity of Theorem 5.2

While obtaining the higher regularity estimate for Theorem 5.1, we haven’t used the
dissipation. We only used the uniform bound of sup,c(o 71 (||w]|7> + [|Ab[|7.). Thus, in

the similar way, we can obtain the higher regularity estimates for Theorem 5.2.

5.6 Proofs of Theorem 5.1 and Theorem 5.2

The local existence and niqueness of the solution pair (v, b) to (5.1) if (vg, by) € H*(R?)
may be shown following the work in [50] on the Navier-Stoke’s equation. Due to the
high regularity of the solution pair (v,b), the uniqueness of the solution is obvious.
We will focus on establishing the existence of solutions.

Let us first define the mollification J.f of f € LP(R?), 1 < p < oo by

i@ =< [ (") fwan e

where p(x) is a radial function satisfying

ple) e €0 pz0. [ pio—1.
R2

It is standard technique to establish the global existence of the unique solution by

using the properties of mollifiers and Picard theorem to the following regularized
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system of (5.1):

(

00 + Te((Tew) - V(Tv)) + oy T((Teof V (Tew)) + Ve + T2L = T((Tb) - V(T
0ub* + Te((Jeus) - V(TbY)) + T2L2 = +T((Teb) - V(Tews)),

Vour=V-bc=0, v°=(1—-A)u.

We further write

€

u
,Ue
v | Wl = e+ s 0% | T
be
and
atyE = Fe(@/E)a
y(2,0) = yi(x) = (vo, bo) (x)
where
pyy = | T FIAI VT Ykt PI((TwiV (Jeu) + PIN(T) - VIb] = T2L2S
e\y )=

~T[(Teuw) - V(Tb)] + T(Tb) - V(Tew)] = T2L

in which P is the Leray-projection onto the divergence-free vector fields. By the a
priority estimates we have already obtained, one can show that {#°} is cauchy in
C([0,T]; L?). Finally, by using the Alaoglu’s theorem, we obtain the existence of the
solution to the system (5.1). This completes the proof of Theorem 5.1 and Theorem
5.2.
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