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OSCILLATION OF SOLUTION TO SECOND-ORDER
HALF-LINEAR DELAY DYNAMIC EQUATIONS
ON TIME SCALES

HONGWU WU, LYNN ERBE, ALLAN PETERSON

ABSTRACT. This article concerns the oscillation of solutions to second-order
half-linear dynamic equations with a variable delay. By using integral averag-
ing techniques and generalized Riccati transformations, new oscillation criteria
are obtained. Our results extend Kamenev-type, Philos-type and Li-type os-
cillation criteria. Several examples are given to illustrate our results.

1. INTRODUCTION

Consider the second-order half-linear dynamic equation with a variable delay

(r() (=2(1)")" + a0 f@(r(1) =0, t>to, (1.1)

where the independent variable is in a time scale T. Since we are interested in the
oscillatory behavior of solutions near infinity, we assume that sup T = co. Recall
that a solution to is a nontrivial real function z(t) such that x(t) € C,[b, 00),
and 7(t) (z2(t)) " € C1,[b, 00) and satistying (L)) on [c, 00), where ¢ > b is chosen so
that 7(t) > b for t > ¢, and C,4 is the space of real-valued right-dense continuous
functions (see []). Throughout this paper, we shall restrict attention to those
solutions of which exist on some half line [¢,00) and satisfy sup{|z(t)| : ¢ >
d} > 0 for any d > c¢. For simplicity of notation in the lemmas, theorems, and
examples that follow, we use [tg,00) := [tg,00)r N T and (z(c(t)))” = (z°(t))" =
(27(1))°.

The oscillation theory of difference and functional differential equations has
been developed extensively during the past several years. We refer the reader
to [2], 6l (10 9] 13| 14} [16] 17, 18 211, 23| 24] 25| 27] as well as the references cited
therein. Recently, there has been an increasing interest in studying the oscillation of
dynamic equations on time scales [T, Bl [ [7], [8] 111, 12} 15} 19} 20| 22} 26| 28] 29}, [30].
The oscillation problem for and its various particular cases has been studied
extensively. An important tool in the study of oscillatory behavior of solutions is
the integral averaging technique which goes back as far as the classical results of
Wintner [25] and Hartman [10] giving a sufficient condition for oscillation of the
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linear differential equation of the form
2" (t) +qt)z(t) =0, teR. (1.2)

Another technique to study the oscillation problem involves the Riccati transfor-
mation n
x
wlt) =) s,
which is used to reduce the higher order equations to the first order Riccati equation
(or inequality) (see [I3| [16]). The result of Wintner [25] was improved by Kamenev
[13] in 1978, and one of the main results is as follows.

t e R, (1.3)

Theorem 1.1 (Kamenev-type oscillation criteria). Fquation (1.2)) is oscillatory,
if
1 t
lim sup " / (t —s)"q(s)ds = o0,  for somen > 1. (1.4)

t—o0 to

Theorem |1.1| has been extended by several authors. In 1989, Philos [16] obtained
new results on oscillation by replacing the kernel function (¢ —s)™ by a general class
of functions H(t, s). The following is the main result by Philos.

Theorem 1.2 (Philos-type oscillation criteria). Let Do = {(t,s) : t > s > tg, t, s €
R} and D = {(t,s) : t > s > tg, t, s € R}. Suppose that there exist functions
H € C(D,R) and h € C(Dy,R) which satisfy the following three conditions:

(i) H(t,t) =0 fort>ty, H(t,s) > 0 for all (t,s) € Do;

(ii) Hs(t,s) <0 for all (t,s) € Dy;

(iil) —Hs(t,s) = h(t,s)\/H(t,s), for all (t,s) € Dy.
If

limsup# /t [H(t,s)q(s) — 1h2(1f s)|ds = oo (1.5)
t—o0 H(ta tO) to ’ 4 ’ ’

then 1s oscillatory.

Theorems [I.1] and [T.2] cannot be applied to the Euler differential equation
A
2" (t) + t—Qx(t) =0, teR, (1.6)

where A > 0 is a constant. In fact, (1.6)) is oscillatory if A > 1/4 and nonoscillatory
if A <1/4. In 1995, Li [14] considered the linear differential equation

(rt)z' () +qt)z(t) =0, teR. (1.7)

To improve the oscillation criteria of Philos [I6] and Yan [27], Li [14] used the
generalized Riccati transformation
z'(t)

w(t) = fI)(t)r(t)(x &

This has also been used to study other types of equations in [24]. Here it is assumed
that ®(t) > 0 and ¢(t) are differentiable functions. Using these ideas one is able
to obtain some new sufficient conditions for oscillation which can be applied to
equations which cannot be treated by the results using the Riccati transformation
(1.3). As is pointed out in Li [I4], by using the generalized Riccati transformation
(1.8), Kamenev-type oscillation criteria can be applied to the Euler differential
equation . The following is the main result by Li [14].

+q5(t)), teR. (1.8)
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Theorem 1.3 (Li-type oscillation criteria). Let Do = {(t,s) : t > s > to, t, s € R}
and D = {(t,s) : t > s > tg, t, s € R}. Let H € C(D,R) satisfy the following two
conditions:

(i) H(t,t) =0 fort >tg, H(t,s) >0 for all (t,s) € Dy;

(ii) Hs(t,s) <0 for all (t,s) € Dy.
Suppose that h € C(Dy,R) is a continuous function with

—Hs(t,s) = h(t,s)\/H(t,s) forall(t,s)€ Do.

Assume that there exists a function g € C[ty,c0) such that

/t a(s)r(s)h%(t,s)ds < co  for all t > tg, (1.9)
limsup 7 /t [H(t, $)v(s) — ia(s)r(s)hQ(t, s)] ds = oo, (1.10)

where a(s) = exp{~2 [* g(€)dE} and ¢ (s) = a(s){q(s) +r(s)g*(s) — [r(s)g(s)]'}.
Then is oscillatory.

In 1996, Rogovchenko [I7] proved that Theorem holds without assumption
(1.9). For the case involving a delay, we use the modified Riccati transformation

w(t) = ®(t)r(t) (gjf& + qS(t)), teR. (1.11)
In 2008, by using the generalized Riccati transformation

2 () \ 7
w(t) = @(t)r(t)(( x(g)) + qS(t)), teT, (1.12)

with ¢(t) = 0, Hassan [11] considered the second-order half-linear dynamic equation
without delay

A
(r(t) (a:A(t))”) +q(t)z(t) =0, teT, (1.13)

where v is the quotient of odd positive integers, r(t) and ¢(t) are positive rd-
continuous functions on T.

In the following, we will consider the second-order nonlinear dynamic equation
with a variable delay on time scales. We will employ the generalized Riccati trans-
formation

2 (t)

w(t) = (b(t)r(t)((x(T(t)Qw +6(t), teT. (1.14)

Our goal here is to establish oscillation criteria for under very mild conditions.
That is, we do not assume that any of the following conditions:
e v>1,seee.g. []26];
o 72(t) >0, see e.g. [28];
Jo T(t)g(t)At = o0, see e.g. [T];
T:=7(T)CT,and 0 o7 =T 00, see e.g. [526].

Rather we assume that
(H1) v > 0 is a quotient of odd positive integers;
(H2) 7 € Crq(T,R) is strictly increasing, 7(¢) < ¢t and lims—, o 7(t) = o0;
(H3) ¢ € Crq(T,R) is nonnegative for ¢ > to and not identically zero on any
half-line of the form [t,, 00);
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(H4) f € C(R,R) satisfies f(x)/x¥ > L for some positive constant L and all
x # 0;
. o0
(H5) 7 € Cra(T,R") satisfies [, (

1/v
T(ls)) As = oo; or

0o 1/
(H5") 7 € Cra(T,RY) satisfies [, ( L ) As < o0.

r(s)

In other words, by careful observation and calculation, we will show that we can
obtain similar results without introducing the term ¢(t) in or (L.14). Our
results extend, improve and unify a number of other existing results and handle
some cases which are not covered by known criteria.

In the next section, we shall give several important lemmas, which will be used
to prove our main results. In Section 3, we shall establish several new oscillation
criteria for . Finally, in Section 4, by means of several examples, we illustrate
our results.

2. PRELIMINARY RESULTS ON TIME SCALES

The following lemmas will be needed in the proofs of our results. Lemma 2]
can be found in [5 §]. Lemma can be found in [4, Theorem 1.14]. Lemma
is similar to Zhang and Wang [28, Lemma 2.3].

Lemma 2.1. Assume condition (H1) holds and z7(t) € C},([b,00)r,R). Then
(@7 (@) (2R (), 0<y <,
V()T 02, v =1

Lemma 2.2 (Mean Value Theorem). Let f be a continuous function on [a,b] that
is differentiable on [a,b). Then there exist n, § € [a,b) such that

raie < =T pagy)

<ﬁ@ﬁz{

Lemma 2.3. Let ¢(u) = agu — bo(u — o) tV/7 where v > 0 is a quotient of odd
positive integers, ag and cg € R, and by > 0. Then 1(u) attains its mazimum value
at u* = co + (%) , and
+1
b lar®Y — v ag
max 1 (u) = P(u”) = aoco + CES e

The proof of the above lemma is simple, it can be obtained directly through a
change of variables from Zhang and Wang [28, Lemma 2.3]. We omit it.

3. MAIN RESULTS

Theorem 3.1. Assume that conditions (H1)—(H5) hold. Also assume that there
ezists a function ® € C},(T,R") such that

tmsup {La() /t ~ (s)As+ /t t [L®(s)a(s) - - fl(;)fiis()s);(l))v} As} = oo,

(3.1)
where ®2(s) = max{®2(s),0} and r*(s) = max{r(&)|r(s) < & < 79(s)}. Then
1s oscillatory.
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Proof. Suppose to the contrary that has a nonoscillatory solution on [tg, 00).
Without loss of generality, we may assume that x(t) > 0 for ¢ > ¢o. From condition
(H1), we shall only consider this case, since the substitution z(t) = —x(t) transforms
into an equation of the same form. Then there exists t; > ty such that
z(7(t)) > 0 when t > ¢1. In view of (L.1)), conditions (H3) and (H4), we immediately
get

(r() (2 (1)) = —a() f(x(r(1))) < —La(t) (2(r(1)) <0 fort >t (3.2)

So 7(t)(z2(t))" is eventually of one sign. We assert that (¢)(z®(¢))Y > 0 for t > t;.
To see this, we suppose not. Then there exists a ty > t; such that 7(t2) (22 (t2))Y =
a < 0and r(t)(z2(t)Y < aforall t > ty. If a = 0 and r(t)(z2(t))Y = 0 for all
t > ty, from condition (H3) and (3.2)), we have f(z(t)) = 0, which contradicts the
fact that f(z) > 0 for > 0. Therefore it follows that o < 0. From condition (H5)

we have
t 1 1/v
z(t) < x(te) + ozl/v/ <> As — —o0 as t— oq,
to T(S)
which contradicts the fact that z(¢) > 0. Thus we have
() >0, 22t >0 and (r(t)(@2(®))" <0 fort>t.  (3.3)
Define
T2 () \7
t)=Q(t)r(t fort > T > t;. A4
w(t) = 2Wr(0)(5g5)  frtzTzn (3.4)

From , and , we see that
@A) > L / ()27 (1 () As > La (1)) / " g(s)hs.
It follows that
.’EA
() = w00 i)

Now, by the product rule and the quotient rule, from (3.2)), (3.4) and (3.5), we
obtain

)7 > Lo(t) /Oo W(s)As >0 for t>T. (3.5

e (z :’I)T)W (2 {(:c CZI)T)'Y} ’
[r(z?)"]A - oA O[(z 0 7)]A
)} (zoT)Y + [r(z?)7] [(z oTo)Y - @or)(zo TJ)’Yi|
NS T (s o) 1A (GRS i (3.6)
>~ q+§w - (moT)"/(;L-OTU>'y
o}, ) lwor))s
= (I)ij;w -° (xoT)V(xoTo)Y

By Lemma 2.1 we obtain
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Fix t € T". If o(t) > ¢, by Lemma[2.2] we obtain
(il' ° T)A(t) _ (.”L' ° TU)(t) — ((L‘ ° T)(t)

o(t)—t
_ (@or?)(t) — (@or)(t) a (3.8)
T e - )

> 2 (&)T2(1),

where £ € [7(t), 7°(t)). If o(t) = t, by condition (H2), we obtain o(7(t)) =
T(o(t)) = 7(t) and

(xor)2(t) =2/ (1(t)7'(t), (3.9)
Using (7). @) and (B9) in (B), we have
oA GG or )y et @rt g
WA < —Ldg+ —tw7 — A V(anT)V(xfff)l N -
Ho ’y@ [r(w ) ] (zoT) = ()T N> 1
(ZOT)'Y(mOTU)’Y ) = (310)
oL ydTA 7[7"(;”,,)11 (wor )J 28, 0<y <1,
= —LOq+ e =0 A e
Yo7 (woro)7+T gor ¥ (€, y=1

From (3.3) and condition (H2), it is easy to see that (z o 77)(t) > (x o 7)(¥).
Therefore, for v > 0, from (3.10), we obtain

e [r(=2)7]"
A + 0 _ A A
w™ < —LPg + v o7 (xoﬂf)“/ﬂx &), (3.11)

where £ € [7(t), 7°(t)). From and condition (H2), we have
r(€) (z2(9)" = r(r7 (1) (22 (7 (1)) = (o (1) («2(a(?)))” -

Therefore,
Yy oo
22 2 (re®) (2 @))") @), (3.12)
where 7*(t) = max{r(&)|7(t) < £ < 77(¢)}. Using (3.12) in (3.11)), we have
~y+1
it [r(zA)'y]T o
A _ T+ o A #\—1/v
w™ < —Ldqg + oo yeT [4(1307')74'1 ] (r*)
oL 7 41
= Lbgt Wt @A ()1 (3.13)
do do
P4 x a1
_ 7L(I)q + (I)i-gwo' ,Y(I)TA(T*)*I/"/(@J)—% (wg)771
Let
A y+1
ag = q,%, by = @72 () T(@7) T, e =0. (3.14)
From Lemma 2.3 (3.13) and (3.14), we have
* ‘I)A y+1
wA§7L<I>q+ r(2) fort > T.

G+ @ra)
Integrating the above inequality from 7" to ¢, we obtain

' r(s) (@2 (s))" "

w(t) < w(T) - / [L&(s)q(s)

. CES IO IE)
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From (3.5, we have

00 t r*(s As v+1
@@A'ﬂmm+éjm@m@—w+$ﬁﬁi£m@ypm<mﬂ.

Taking the lim sup on both sides of the above inequality as ¢ — oo, we obtain a
contradiction to condition (3.1)). This completes the proof of Theorem (3.1 O

Let ®(t) = t, then ®*(¢) = 1 and Theorem yields the following result.
Corollary 3.2. Suppose that conditions (H1)—-(H5) hold. If

li?isolip {Lt /too q(s)As + /t: [Lsq(s) — o I)WII((i)A(S))7 SW]AS} = 00,

where r*(s) = max{r(&)|7(s) <& < 719(s)}, then (1.1) is oscillatory.

Remark 3.3. Theoremis new, since we have the term ®(t) [ ¢(s)As in (3.1)).
It should be noted that the term ®(t) [ g(s)As in (3.1)) is important, and Theorem
[3.1] can be applied to different equations which cannot be covered by the results

established in [I} (3,5, 7, 8, (10} [T1], (13} (T4} [T5}, 16} (17, [19, 20} 22} 23], 24} 25} 26, 28}, 29].
We shall illustrate the importance of this term in Example

Theorem 3.4. Suppose that conditions (H1)—(H5) hold. Let Do = {(t,s) : t > s >
to, t, s € T} and D = {(t,s) : t > s > to, t, s € T}. Moreover, suppose that there
exist functions H € C(D,R), h € C(Dg,R), and ®(t) € C,(T,RT), such that the
following three conditions hold:
(i) H(t,t) =0 for allt > tog, H(t,s) > 0 for all (t,s) € Dy;
(ii) H has a continuous and non-positive partial derivative on Dy with respect
to the second variable;

(i) —[H(t,s)®(s)]2 = h(t, s)[H(t,s)®(s)]75T, for all (t,s) € Dy.
If

t 7"* )R 1 s
lim sup / [LH(t,s)CIJ(s)q(s) - (s)h7 (2, o) }As =00, (3.15)

t—o00 H(t7t0) to ("}/ + ].)FYJrl(TA(s))'Y
where r*(s) = max{r(€)|7(s) <& < 79(s)}, then is oscillatory.

Proof. Suppose to the contrary that z(t) is a nonoscillatory solution of (1.1]). Define
w(t) as in (L.14), where ¢ € C!,(T,R). We see that

A
z2(t)
w(t) = e(tr(t) ((
z(7(t))
In a manner similar to the proof of Theorem we can prove the inequality
A

Y+¢@)zwwﬁm@ for t>T>t. (3.16)

W € LB B+ T A () (@) (W7 (r60)7)
(3.17)

Multiplying (3.17) (with ¢ replaced by s) by H(t, s), integrating with respect to s
from T to ¢ for t > T > to, using the following integration by parts formula (see

H),
b b
/f(t)gA(t)At=[f(t)g(t)]ﬁ—/ F2(197 ()AL, (3.18)
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and rearranging the terms, by condition (i) and (iii) we find that

/Htsfb(Lq—(mé) ) As

/ H(t,s)w=(s)As + H(t,s)Z—iw(’As
t M e
/T [( @y e Jas
t A
= At [+ [ ([0 + o) 3]

H(t,s)y®r2 a1
- MOy ] As
(r)t/ 7 (27) ™ }

= H(t,T)w(T) +/T [— M(H(t,s)@)vllw”

H(t,s)y®r? CES!
e = (W — (rgp®)°)™ }As.
Fix t > T, and set
h(t,s)

7 (r) 1/ (@)

Then, by Lemma and , we have
t
/T H(t, 5)0(s) (Lq(s) — (r(s)6(s))*) As

H(t,s)ydr?

apg = —

~

< HET)) + [ [~ 0(6)60)7 Rt 5) (1 5)8(5) 7
r*(s)hYTL(t, s) .
e
From and condition (iii) we obtain
H(t, T)w(T)

~ r*(s)hYTL(t, s)
(e (3

> [ [ (1~ 00%) + () hte, )0, )2) 7 -

o a_ R s)
/T [H - ()% = (0 (0, 9)2)° = - Eir
‘ *(8)h7+1(t78)

t ()R, s)
[LH(LS)@I 4 Ay

From (3.16)) and condition (ii) it is easy to see that

/T[LH(t,S)‘I’(S)Q(S) (v+ 1) Ay

=H(t,T)®(T)r(T)$(T) + /

T

}As.

(H(t,8)®(s)) 77, by= ——21"_ ¢y =(r¢®)°.

)v

(3.19)

(3.20)

(3.21)

]As

|As < Ht, Dw(T) - o(D)r(T)o(T)]
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< H(t,to)[w(T) — S(T)r(T)o(T)].
It follows that for t > tg,

/to (Lo 2606

2)
' y+1 s
:/ [LH(tvs)‘b(S)q(s) (s, s)

to (y+ 1) (A

+ /t [LH(t, s)®(s)q(s) — M} As

T (y+ 1) (A

}As

~

}As

T
< Hitoto) [ LO(s)alo)As + Hlt,to) (1) — (Tr(T)H(D)

to

That is,

1 ¢ r*(s)h7 (¢, s)
7H(t,t0) /to [LH(t, $)P(s)q(s) — m} As

< / La(5)q(s)As + w(T) — S(T)r(T)(T) < oo,

to
which is a contradiction to (3.15)). This completes the proof. ([l

From the proof of Theorem it is easy to see that the term ¢(¢) appearing in
is not important, and we can obtain the same result without ¢(t). Suppose
¢(t) = 0. Then replacing inequality by 7 we can prove the Theorem
which improves Theorem [3.4] when h(t, s) is oscillatory or h(t,s) > 0.

Theorem 3.5. Suppose that all conditions hold as in Theorem[3.4 Also assume
that

f P (5)(h(1,9)™
h?isogp Tt / [LH(t, $)P(s)q(s) — - 1)’Y+1(TA(S))’Y]AS = 00,

where 7*(s) = max{r(&)|7(s) < & < 77(s)} and h_(t,s) = max{—h(t,s), 0}. Then
15 oscillatory.

If T =R, we have r*(t) = r(7(¢)). In a manner similar to the proof of Theorems

and we can prove the following results for (1.13]).

Theorem 3.6. Suppose that T = R and r(t) > 0 hold. Also, assume that there
exists a function ®(t) € CY(R,R*") such that

o0 ¢ r(r(s L)
imoup {20 [~ atopas + [ [poya) - TP

where ®, (s) = max{®P(s),0}. Then (1.13)) is oscillatory.

Theorem 3.7. Suppose that conditions T =R and r(t) > 0 hold. Let Dy = {(t, s) :
t>s>ty,t,s €T} and D = {(t,s) : t > s > tg, t, s € T}. Moreover, suppose
that there exist functions H € C(D,R), h € C(Dg,R), and ®(t) € C*(R,R"), such
that the following three conditions hold:
(i) H(t,t) =0 for allt > to, H(t,s) > 0 for all (t,s) € Dy;
(ii) H has a continuous and non-positive partial derivative on Dy with respect
to the second variable;

Ji} ==
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(i) —[H(t,s)®(s)]" = h(t, s)[H(t,s)®(s)] 7T, for all (t,s) € Dy.
If

lim sup $/ {H(t, 5)®(s)q(s) — rr(s)(h-(t S))’H—l}ds = oo, (3.22)

too H(t,t0) Jy, (v+ 1)
where h_(t,s) = max{—h(t,s), 0}, then (1.13)) is oscillatory.

Remark 3.8. From Theorems [3.1} 3:4] and [3.5] we can present different explicit
sufficient conditions for the oscillation of by appropriate choices of ®(s) and
H(t,s). For instance, we may choose ®(s) to be 1, s, etc.; we may choose H (¢, s) =
(t—s)*, or H(t,s) = [R(t) — R(s)]¥, for t > s > ty, where k > 1 is a constant, and
R(t) = [} 1/r(s)As for t > to.

Remark 3.9. If we take T=R, r(¢) =1, f(z) =z, 7(t) =t, vy =1, H(t, s) =
(t—s)* and ®(s) = 1, then Theorem reduces to Theorem If we take T = R,
f(z) ==z, 7(t) =t,v=1and ®(s) = 1, then Theorem [3.7 reduces to Theorem [L.2
If we take T =R, f(x) =z, 7(t) =t, v =1, then Theorem reduces to Theorem
It is particularly interesting that we can get condition from condition
(3.22]). We can see this from the following proof. Since T =R, f(z) = z, 7(t) = t,
v =1, and ®(s) = a(s) = exp{—2 [* g(£)d¢}, from and condition (iii) of
Theorem we obtain

s ot [ [ w(onto) - HP L

~ limsup - (tl’ - t: [H(t.5)aq — ra }f((tf’s“;) - %T(S)Hsa'@
A,

= limsup - (tl’ = /t t [H(t. 5)aq - 4m1§((t’i’;) + a(s)r(s)g(s) H,

+ (H(t, s)arg)’} ds

1 ¢ 1 H2(t,s)
=1 - H t 2 n _ - s\
M ) / [#19afa-+ 7" = 0)'} = groe

—a(to)r(to)g(to)-

Therefore, our results unify Li-type oscillation criteria.

| s

Remark 3.10. Theorem [3.-4]improves the corresponding results established by Yan
[27], Sahiner [19], Wu et al [26], and Chen [5]. Also, when T'= N it improves the
oscillation results in Thandapani et al [21].
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As we have seen before, we can obtain different corollaries from Theorem [3.7] by
choosing different ®(¢). Next, we consider the case when (H5’) holds. We remark
that since the crucial step in obtaining Theorem is to show that eventually
positive and eventually increasing solutions of do not exist, then we have an

analogue of Theorems [3.1] and

Theorem 3.11. Suppose that conditions (H1)-(H4) and (H5’) hold. Let ®(t) be
defined as in Theorem such that (3.1) holds. Assume further that

/t:o de)as=co and /too {ﬁls) /t a(u) A Y ps = oo (3.23)

Then every solution of (1.1|) oscillates or converges to zero.

Proof. Suppose to the contrary that has a nonoscillatory solution on [tg, 00)T.
Without loss of generality, we may assume that z(¢) > 0 for ¢ > tg. In view of
Theorem we see that x°(t) is eventually negative or eventually positive. If
22(t) is eventually positive, we are then back to the proof of Theorem and
we obtain a contradiction to condition . If 22(t) is eventually negative, then
lim; o z(t) = M > 0. We claim that M = 0. If not, then z(¢t) > M > 0. From
(H3), there exists t; > to such that f(t,x(7(t))) > q(t) (z(7(t)))” > q(t)M7, for
t > t1. Therefore, from , we have

(r(t) (xA(t))”)A = —f(t,2(r(t) € —q(t)MY <0, fort>t.
Integrating the above inequality from ¢; to ¢, we obtain
) (20)" < r(e) (o 0) =307 [ o
t
In view of , it is possible to choose t5 sufficiently la;ge such that for all ¢ > t,,
r(t) (xﬁ(t))’Y < _? /tt q(u)Au. (3.24)
2

Therefore

2(t) < —21% {% /tt q(u)Au] l/v.

Integrating both sides of the last inequality from ¢3 to ¢, we obtain
M [fr1of 1/~
AER TR Ly iy Ry L W
z(t) < z(t3) 27 ), Les) /t2 q(u)Au s

So it follows from (3.23) that x(t) is eventually negative, a contradiction. This
completes the proof. ([l

In a manner similar to the proof of Theorems [3.11] we can prove the following
result.

Theorem 3.12. Suppose that conditions (H1)—(H4) and (H5’) hold. Let H €
C(D,R), h € C(Dg,R), and ®(t) € C},(T,RT) be defined as in Theorem such
that (3.15)) holds. Assume that

/: q(s)As =00 and /: {Tls) /t: q(u)Au} Y As = 00,

Then every solution of (1.1) oscillates or converges to zero.
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4. EXAMPLES
Let us consider the following examples to better understand our results.

Example 4.1. Consider the second-order half-linear dynamic delay equation

(20)) + 2 @) =, ()

to(t)
where A > 0 and 0 < v < 1 is a quotient of odd positive integers.

Here L =1 and r*(¢t) = r(t) = 1. For arbitrary time scale T, we take ®(t) = t.
Since

(i)A _ > 1 o=t 1 e -
v o (t) oY (t) o(t)—t o (t) o(t)—t (4.2)
0 yeltow).

= o) tor(t)
Therefore, from Corollary and (4.2]), we obtain

li?lsogp {Lt /too q(s)As + /Tt {qu(s) — T 1)71:((?A(5))7 S’Y}AS}

- h?isogp {t/t soj(s)AS—’_/T {0'7)\5) (v + 1)'V+11(7'A(s))7 SW}AS} (43)

= li?is:jp {%tli’y + /T [U'Y?S) B (v+ 1)“Y+11(7'A(s))ﬂy 37} AS}'
(

If T=R and 7(t) =t — 7 for 7 > 0, then conditions (H1)-(H5) are satisfied. For
0<vy<1landX>~v/(y+1)""!, we have

t
o sup {%tl_v */T Lﬁ(s) T+ 1)%11(#(5))757]&8}
t
=t {2077+ [ 5 - e}
- “?:izfp{% 1 i7<A_ & +11)v+1)}’51_7 B 1i7(A_ (7+11)v+1>T1_7

. 1 Y 1— 1 Y 1—
=1 — (A=) — A— T = 0.
maw T (0 ) = 0 Gy >~

(4.4)

Hence is oscillatory when 0 <y < 1 and A > ~/(y+ 1)

Note that when T =R, v =1 and 7(¢) = ¢, from we see that is also
oscillatory provided A > 1/4, which is the sharp condition for the Euler differential
equation to be oscillatory. When T = R and 0 < v < 1, from Example
we obtain A > ~/(y + 1)+, However, to the best of our knowledge, the results in
[T, 2, B, B 6], (7, 8, @), 10}, 01, 13, 14} 15 16l 17, 18], 19l 201 21 221 23] 24, 25, 26, 27
28, 29] yield A > 1/(y + 1)+

Next, we consider the quantum time scale T = ¢~ = {¢" : n € N}, where ¢ > 1,
q€R,and 7(t) = £ for 7 = ¢™, m € Nand m < N, then conditions (H,) — (Hs)
are satisfied. Noting that

(L)A: G T B i O
tY o

() ter(t)  ov(t)  tror(t) ot) —t
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1 t " Mo(t) —t)

oY (t) o (t) o(t)—t
1 tytr 1 1=y

— = t t
ey O"Y(t) t,yo_,y(t) O_,Y(t)a 776[,0( )]7
from (4.3) we obtain
A DY 1

li St / — A
liii‘ip{w " Lﬂ(s) (y + D7 <¢A<s>>”sv} }

A A b '
> 1 e AU At — A
2l { T4 = 200 ||~ i) 29

. AP otoa t A rall

- h?ls;fp{§/T (7) AS+/T [m(s) (v + 1)7+1sv]A5}
. A [f1—~n EroX T

- llfli‘.fp{§/T av<s>A8+/T e

t
I / [ A TW Ja
= limsu — $ = 00.
o’ Jr Lyo(s) T (TS
Since o(s) = gs, (4.1) is oscillatory when A > v(q7)7 /(v + 1)**1. However, to the

best of our knowledge, the results in [T}, 2] Bl [5, [6] [7, [8] @ 10, 1T, 13} 14, 15l 16, 17
18, 19, R0, 211, 22, 23, 24] 25, 26, 27, 28], 29] give the estimate A > (q7)7/(y+ 1)L,

Therefore, our results improve the corresponding results in these references, even
for 7(t) = t.

Example 4.2. Consider the second-order dynamic delay equation
(;x (t)) + Sa(r(t) =0, (eT. (4.5)
Note that in the case T = R, and 7(¢) = ¢, we see that A = 1 which is the sharp
condition for (4.5 to be oscillatory, and x(t) = 1/t is a solution when A = 1. Here
we take ®(s) = s%, and H(t,s) = (t — 5)%. From Theorem we obtain
¢
“(s)(h(t,s))rt!
lim sup / {H(t, 5)®(s)q(s) — (s)( +(1’S» }As
t—oo H(t,T) Jr (v+ 1) (72 (s))
¢ 2
A t—2
= limsuptfz/ {(t - 3)232—3 - %} As.
oo T 3 T(s)TA(s)
If T =R and 7(t) = ¢, then conditions (H1)—(H5) are satisfied. By (4.6]) we obtain

! A 1
. -2 a2 92t
limsupt /T [(t s) S (t —2s) S]ds

(4.6)

t—o0
¢
A 1 1 1
zlimsupt_2/ (t—S)Q*—(t—5)2*+28(t—8)*—82*}d8
t—o0 T L S S S S

4.7

R (4.7)

= limsupt —(t—9) —|—2t—3s]ds
s

t—oo T -

¢
rA—1
= 1imsupt_2/ 2422 Nt (A — 4)3} ds = co.

t—o00 L S
From Theorem (4.5) is oscillatory for A > 1. Moreover, Our results are estab-
lished for arbitrary time scales.
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