View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by UNL | Libraries

University of Nebraska - Lincoln

DigitalCommons@University of Nebraska - Lincoln

Faculty Publications, Department of

Mathematics Mathematics, Department of

6-17-2015

SOME RELATIONS BETWEEN THE CAPUTO FRACTIONAL
DIFFERENCE OPERATORS AND INTEGER-ORDER DIFFERENCES

Baoguo Jia
Sun Yat-sen University & University of Nebraska-Lincoln, mcsjbg@mail.sysu.edu.cn

Lynn Erbe
University of Nebraska-Lincoln, lerbe@unl.edu

Allan Peterson
University of Nebraska-Lincoln, apeterson1@unl.edu

Follow this and additional works at: https://digitalcommons.unl.edu/mathfacpub

b Part of the Applied Mathematics Commons, and the Mathematics Commons

Jia, Baoguo; Erbe, Lynn; and Peterson, Allan, "SOME RELATIONS BETWEEN THE CAPUTO FRACTIONAL
DIFFERENCE OPERATORS AND INTEGER-ORDER DIFFERENCES" (2015). Faculty Publications, Department
of Mathematics. 153.

https://digitalcommons.unl.edu/mathfacpub/153

This Article is brought to you for free and open access by the Mathematics, Department of at
DigitalCommons@University of Nebraska - Lincoln. It has been accepted for inclusion in Faculty Publications,
Department of Mathematics by an authorized administrator of DigitalCommons@University of Nebraska - Lincoln.


https://core.ac.uk/display/215160518?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://digitalcommons.unl.edu/
https://digitalcommons.unl.edu/mathfacpub
https://digitalcommons.unl.edu/mathfacpub
https://digitalcommons.unl.edu/mathematics
https://digitalcommons.unl.edu/mathfacpub?utm_source=digitalcommons.unl.edu%2Fmathfacpub%2F153&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/115?utm_source=digitalcommons.unl.edu%2Fmathfacpub%2F153&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.unl.edu%2Fmathfacpub%2F153&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.unl.edu/mathfacpub/153?utm_source=digitalcommons.unl.edu%2Fmathfacpub%2F153&utm_medium=PDF&utm_campaign=PDFCoverPages

Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 163, pp. 1-7.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

SOME RELATIONS BETWEEN THE CAPUTO FRACTIONAL
DIFFERENCE OPERATORS AND INTEGER-ORDER
DIFFERENCES

BAOGUO JIA, LYNN ERBE, ALLAN PETERSON

ABSTRACT. In this article, we are concerned with the relationships between
the sign of Caputo fractional differences and integer nabla differences. In
particular, we show that if N — 1 <v < N, f:Ng_ny1 — R, VI, f(t) >0,
for t € Not1 and VN1 f(a) > 0, then VN~1£(t) > 0 for t € N,. Conversely,
if N—1<v <N, f:Ny_nyy1 — R and VVf(t) > 0 for t € Ngyu,
then V¥, f(t) > 0, for each t € Nyq1. As applications of these two results,
we get that if 1 < v <2, f:Ny1 — R, VX, f(t) > 0 for t € Noq1 and
f(a) > f(a — 1), then f(¢) is an increasing function for ¢ € Ny_1. Conversely
if0<v<l, f:Ng_1 — R and f is an increasing function for ¢ € N, then
VY. f(t) 20, for each t € Nyy1. We also give a counterexample to show that
the above assumption f(a) > f(a — 1) in the last result is essential. These
results demonstrate that, in some sense, the positivity of the v-th order Caputo
fractional difference has a strong connection to the monotonicity of f(t).

1. INTRODUCTION
If a is a real number, then we use the notation
N, :={a,a+1,a+2,...}.
If f:N, — R, then we define the nabla (backwards difference) operator by
V() =f@t) - f(t=1), t€Napa.

Discrete fractional calculus has generated a lot of interest in recent years. Some of
the work has employed the delta (forward) or nabla (forward difference) operator.
We refer the readers to [3] [7, [I, 13, [I1], for example. It seems, however, that more
work has been developed for the backward or nabla difference operator and we refer
the readers to [8, [12]. There has also been some work to develop relations between
the forward and backward fractional operators, AY and V¥ [4] (see also [13]) and
fractional calculus on time scales [7]. Anastassiou [2] has introduced the study of
nabla fractional calculus in the case of Caputo fractional difference.

This work is motivated by the paper by Dahal and Goodrich [9]. They obtained
some interesting monotonicity results for the delta fractional difference operator.
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In this paper, we prove the following corresponding results for Caputo fractional
differences.

Theorem 1.1. Assume that N —1 <v < N, f:Ny_nyt1 — R, VL. f(t) > 0 for
t € Nyg1 and VN71f(a) > 0. Then VN71f(t) >0 fort € N,

Theorem 1.2. Assume N —1 <v < N, f:N,_ny1 — R, and VNV f(t) > 0 for
t € Ngy1. Then VY. f(t) >0, for each t € Ngy;.

As applications, we have:

Corollary 1.3. Assume that 1 <v <2, f:Ny,_1 = R, VX f(t) >0 fort € Nyt
and f(a) > f(a—1), then f(t) is an increasing function fort € Ngo_;.

Corollary 1.4. Assume 0 <v <1, f:Ny,_1 — R and f is an increasing function
fort € N,. Then V¥. f(t) >0, for each t € Ngi1.

We also give a counterexample to show that the above assumption f(a) > f(a—1)
in Corollary is essential.

2. CAPUTO FRACTIONAL DIFFERENCE

The following definitions appear in [I3, Chapter 3]. First we define the nabla
fractional sum of f: N,1; — R based at a.

Definition 2.1. Let f: Nyy1 — R be given and v > 0, then the nabla fractional
sum of f based at a is defined by

t
VA0 = [ i p(s) )V, (2.1)
fort € N,, where by convention V" f(a) = 0.

Next we define the Caputo fractional difference in terms of the nabla fractional
sum.

Definition 2.2. Assume f:N,_nyi+1 — R and p > 0. Then the p-th Caputo nabla
fractional difference of f based at a is defined by

Vi f(t) = v, OV £(t)
fort € Noi1, where N = [u], [-] the ceiling of number, m € N.

Let T' denote the gamma function, then the rising function t™ is defined by
7 T@t+r)
NGO
for those values of t and r such that the right hand side of this last equation makes
sense. We also use the convention that if the numerator is well defined and the
denominator is not well defined, then ¢" := 0. We define the u-th degree Taylor
monomial based at a by

(t—a)"
H,(t =
R TS
We will use the following power rule (see [I3 Chapter 3]):
vHu(th t) = - /A*l(t07 p(t)), (2'2)

where ty € N,.
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Then (see [I3, Chapter 3]) if f: Ngp1 — Rand N —1 < pu < N, N € Ny, then
the u-th nabla fractional difference is given by

¢
VSO = [ Hoa(tp9)](5)7s, (2.3
for t € N,, where by convention V¥ f(a) = 0.

Theorem 2.3. Assume that f : Ng_n11 — R, and VE. f(t) > 0, for eacht € Ngyq,
with N —1 < pu < N. Then

k—1 i N—p—2
ARFCEEDY [(kF(N“L_llj = |9 fa+i-1)

(2.4)
+ Hy—pr(a+ka)VV f(a),

for k € Ny (note by our convention on sums the first term on the right hand side
is zero when k =1).

Proof. If t = a + 1 we have
0< V. fla+1) =V, V=TV f(t)

a+1
— [ Hyoala+ 1p(e) VY0V

=Hy_p1(a+1,a)VN fla+1)
=VVfla+1)=V¥ " fla+1) = VYV f(a),

where we used Hy—,,—1(a+1,a) = 1. Solving for VN1 f(a+1) we get the inequality
VN fa+1) > VN f(a)

which gives us the inequality (2.4)) for ¢t = a + 1. Hence the inequality (2.4)) holds
fort =a+ 1.
Next consider the case t = a + k for k > 2. Taking t = a + k, kK > 2 we have

from we have
0 < V5. f(t)
=V, NN (1)

- / Hu—ea(t, p(5)) VY f(5) Vs

a+k
— [ Hxopa(at b pl) T )7

k
= ZHN,M,l(a—l—k‘,a—&—i— VY f(a+1)
i=1
k
= ZHN_M_l(a—l—k‘,a—l—i— 1) [V fa+d) = VN fla+i—1)]
i=1
k
= ZHN_M_l(a—l—k‘,a—l—i— DV f(a +14)

i=1
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k
=Y Hy pa(a+ka+i—1)VN " fla+i—1)

i=1
k—1

=V fla+k)+ > Hy_pa(a+ka+i—1)VVN" fa+1i)
i=1
— Hy_p—1(a+k,a) VN7 f(a)
k
_ ZHN—M—1(G+]€,G+¢— DV fla+i—1),

i=2
where we used Hy_,—1(a + k,a+k — 1) = 1. It follows that

k—1
0<VN " fla+k)+ Y Hy pala+kati—1)VV" fa+1i)
=1
k—1

—Hy_p1(a+ka)VV "' f(a) =Y Hy yoala+ka+i) V' fa+ 1)
=1

= V¥ fla+ k) = Hy-pa(a+ ko) VYV o+ i)
k—1
- [HNfufl(a +ka+i)
=1
— Hy—pya(a+kya+i— 1|V fa+1i).

It follows that

0< V¥ fa+k)— Hy_p1(a+k,a)VVN 1 f(a)
- kil VeHn_p—1(a+k,8)|szaris VY fa+ 1)
=1
VN f (a4 k) — Hy—pi(a+ k,a) VY f(a)
+ kz_:lHN_M_g(cH- kya4i—1)VN"Lf(a+1)
= V;V:jlf(a +k)— Hyn_p1(a+k,a)VV "1 f(a)
—(k—i+1)N-n2

+Z[ 7 R |9V fa+ ).

i=1

Solving the above inequality for VN ~! f(a + k), we obtain the desired inequality
(2.4). Next we consider for 1 <i <k —1,
(k—i+1)N=#2  T(N—p+k—i—1)
I'(N—pu—1) Tk—i+DI(N—p—1)
N — —i—2)...(N—pu-—
:( w+k—1 2)- (N —pu 1)<0
(k—1)!
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since N < p+ 1. Also

p =T
Hy_p-1(a+k,a) = TN —p)
CT(N—p+k—1)
RN — 1)
(N—p+k=2)...(N=p)

= &k —1)! > 0.

From Theorem [2:3] we have the following result.
Theorem 2.4. Assume that N —1<v < N, f:Ny_nt1 = R, VL. f(t) > 0 for
t € Nyyy and VVN"1f(a) > 0. Then VN=1f(t) >0 fort € N,.

Proof. By using the principle of strong induction, we prove that the conclusion of
the theorem is correct.

By assumption, the result holds for + = a. Suppose that VN=1f(¢t) > 0, for
t=a,a+1,...,a+k—1. From Theorem [2.3|and (2.4)), we have VN~ f(a+k) >0
and the proof is complete. ([l

Taking N =2 and N = 3, we can get the following corollaries.

Corollary 2.5. Assume that 1 <v <2, f: N1 — R, V4. f(t) >0 fort € Nyt
and f(a) > f(a—1), then f(t) is increasing for t € Ny_1.

Corollary 2.6. Assume that 2 <v <3, f: Ny—o — R, V4. f(t) >0 fort € Nyt
and V2 f(a) >0, then V f(t) is increasing for t € N,.

In the following, we give the inverse proposition of Theorem

Theorem 2.7. Assume that N —1 <v < N, f :Ny_nyi1 — R, VVf(t) > 0 for
t € Nyy1, then VY. f(t) >0, for each t € Nyy;.

Proof. From ([2.1)), taking ¢t = a + k, we have

VA () = VNN f(h) (2.5)
_ / Hy— 1 (t,p(5)) VY £(5)Vs (2.6)

k
=Y Hy_p-ala+ka+i—1)VYf(a+1i). (2.7)

i=1
Since
(k—i+1)N-n=t
L(N —p)

_ F(kﬂ-N—Z—.M) (2.8)
(N —pw)T'(k—i+1)
(cp+h+N—i). . .(N—p+ 1N —p)

= N > 07
(k—)!
where we used p < N, from (2.5) and (2.8) we get that V. f(t) > 0, for each
te Na+17 O

Hyn_y—1(a+ka+i—1)=
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Taking N =1 and N = 2, we get the following corollaries.

Corollary 2.8. Assume that 0 < v < 1, f: Ny,_1 — R and f is an increasing
function for t € Na. Then VY. f(t) >0, fort € Noi1.

Corollary 2.9. Assume that 1 < v < 2, f : N,_; — R and V2f(t) > 0 for
t € Nyp1. Then VY. f(t) > 0, for each t € Ngqq.

In the following, we will give a counterexample to show that the assumption in
Corollary “f(a) > f(a—1)” is essential. To verify this example we will use the
following simple lemma.

Lemma 2.10. Assume that f"”(t) > 0 on [a,00). Then V4.f(t) > 0, for each
t€Ngy1, withl <v <2.

Proof. By Taylor’s Theorem,

f(a+i+1):f(a+i)+f’(a+i)+#, gelatiatit+1],  (29)
fla+i—1)= fla+i)— f'la+i)+ f”(;]z), nelati—1,a+1 (2.10)

fori =0,1,...,k — 1. Using (2.9) and (2.10), we have
Vifla+i+1)=fla+i+1)—2f(a+i)+ fla+i—1)

FUE) + 7 () (2.11)

= — 2 Z 0-
From (2.11)) and Corollary we obtain VY. f(t) > 0, for each t € Ny41, with
1<v <2 O
Example 2.11. Let f(t) = —v/t, a = 2. We have f”(t) > 0, for t > 1. By

Corollary we have V4. f(t) >0

Note that f(a—1) = f(1) = —1 > f(a) = —v/2. Therefore f(x) does not satisfy
the assumptions of Corollary In fact, f(t) is decreasing, for t > 1.
We conclude this note by mentioning a representative consequence of Corollary

Corollary 2.12. Let h : Ngy1 X R — R be a nonnegative, continuous function.
Then any solution of the Caputo nabla fractional difference equation

Vey(t) = h(t,y(t)), te€Ngp, l1<rv<2 (2.12)
satisfying Vy(a) = A > 0 is increasing on Ny_1.
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