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Abstract

We analyze special class of bipartite states — so called Bell diagonal states. In particular we provide
new examples of bound entangled Bell diagonal states and construct the class of entanglement witnesses
diagonal in the magic basis.
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Introduction

In recent years, due to the rapid development of quantum information theory [I] the necessity of classifying
entangled states as a physical resource is of primary importance. It is well known that it is extremely hard
to check whether a given density matrix describing a quantum state of the composite system is separable
or entangled. There are several operational criteria which enable one to detect quantum entanglement
(see e.g. [2] for the recent review). The most famous Peres-Horodecki criterion is based on the partial
transposition: if a state p is separable then its partial transposition (1® 7)p is positive. States which
are positive under partial transposition are called PPT states. Clearly each separable state is necessarily
PPT but the converse is not true. We stress that it is easy to test wether a given state is PPT, however,
there is no general methods to construct PPT states.

In [3] (see also [4]) we proposed a class of bipartite states which is based on certain decomposition
of the total Hilbert space C*® C¢ into direct sum of d-dimensional subspaces. This decomposition is
controlled by some cyclic property, that is, knowing one subspace, say Y, the remaining subspaces
¥1,...,24-1 are uniquely determined by applying a cyclic shift to elements from 3. Now, we call a
density matrix p a circulant state if p is a convex combination of density matrices supported on >,. The
crucial observation is that a partial transposition of the circulant state has again a circular structure
corresponding to another direct sum decomposition Yo @ ... ® X4_1. Interestingly, also realignment
[5] leaves the circulant structure invariant. This class was generalized to multipartite systems [6]. Its
separability properties were analyzed in [7].

The class of circulant states contains a subclass of states which are diagonal in the basis of generalized
Bell states in C? ® C?. The corresponding rank-1 projectors define d>-dimensional simplex known in the
literature as magic simplex. Several properties of Bell diagonal states were analyzed [8], 9 10, 11, [12].
In the present paper we perform further studies of this special class of bipartite states. In particular we
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provide new examples of bound entangled Bell diagonal states and analyzed the class of entanglement
witnesses diagonal in the magic basis.

2 Circulant states for two qudits

Consider a class of states living in C? ® C? constructed as follows: let {eo,...,eq—1} denotes an orthonor-
mal basis in C? and let S : C¢ — C% be a shift operator defined as follows

Sey, = eg41, (mod d) . (1)

One introduces d d-dimensional subspaces in C?% @ C%:

Yo :Span{€0®€0,...,6d_1®6d_1} , (2)
and

Yo=I®S"%, n=1,...,d—1. (3)
It is clear that ¥, and ¥, are mutually orthogonal for m # n and hence the collection {¥g,..., X431}

defines direct sum decomposition of C%® C%
ClopCl=y®...08, . (4)

To construct a circulant state corresponding to this decomposition let us introduce d positive d x d
matrices a(® = [agl)] ;n=0,1,...,d —1. Now, define d positive operators p, supported on ¥, via the
following formula

d—1 d—1
= ) ey@STey ST = Y al) e @einjin (5)
i,j=0 4,j=0

Finally, we define the circulant density operator
p=po+pi+...+pi-1 - (6)
Normalization of p, that is, Tr p = 1, is equivalent to the following condition for matrices a(™

Tr (a(°> +aV —i—...—i—a(d_l)) =1.

The crucial property of circulant states is based on the following observation [3]: the partially transposed
circulant state p displays similar circulant structure, that is,

(d®T)p=po® ... S pPa-1 (7)
where the operators p,, are supported on the new collection of subspaces in which are defined as follows:

o = span{eo ® ex(0), €1 @ €x(1)s - - »€d1 ® Ex(a_1)} » (8)



where 7 is a permutation defined by
w(k) ==k, (modd) . 9)

It means that
m(0) =0, (1) =d—-1, ...,7(d—1)=1.

The remaining subspaces in are defined by a cyclic shift
Sp=008%, n=1,...,d—1. (10)
Again, the collection {io, ey id_l} defines direct sum decomposition of C%® C¢
ClRC=0®...054 1 . (11)

Moreover, operators p, are defined as follows

d—
Z P ey @™ eniiyn(y ST = Z ;" €ij ® entiybn,m(i)in » (12)
7=0 i,7=0
with
d—1
@ = 37 o o (s (mod d) , (13)
m=0

where II is a permutation matrix corresponding to m, that is
Hkl = 5k,7r(l) ) (14)
and A o B denotes the Hadamard product of d x d matrices A and B.

Theorem 1 A circulant state p is PPT iff @™ >0, forn=0,1,...,d— 1.

It is clear that any circulant state p gives rise to the completely positive map A : My(C) — My(C)
defined as follows
p=(d@ AP} , (15)

where PJ denotes the maximally entangled state in C%® C?, that is,

d—
1
P = p Z erl @ epy . (16)
1=0

One easily finds the following formula for the action of A:

ekl Z akl ek—i—n I4+n - (17)



We call A a circulant quantum channel if A is unital, i.e. A(I) = L. It implies the following condition
upon the collection of positive matrices a(™:

d—1d-1
Z Z a](gg)ek-i-n,k—i-n =1I. (18)
k=0n=0

Note, that a dual map A# defined by Tr(pA(X)) = Tr(X A (p)), is defined as follows
d—1
A#(ekl) = Z al(z)ek-i-n,l-i-n ) (19)
n=0

i.e. it is defined by the collection of a(™T. Tt is well known that if A% is unital, then the original map A
is trace preserving. Note, that in general A is neither unital nor trace preserving. In the next section we
shall consider a special class of circulant states which give rise to unital and trace preserving circulant
quantum channels.

Example 1 A circulant state of 2 qubits has the following form
ao1

bor -
. 20
™ (20)

apo
boo
bio

aio ail

where for a more transparent presentation we introduced matrices a := a(®) > 0 and b := o) > 0. Note,

that a circulant state (31) is usually called X-state in quantum optics community [14]. One easily finds

for the partial transposition

- ao

bo1

buin - ’
an

agy
r -~ boo
bio

(21)

aio

where the matrices @ = [a;;] and b= [ZU] read as follows

- ago  bo1 = boo ao1
a= , b= . 22
< bio ai ) ( ajg b1 > (22)
Hence, p defined in (B1)) is PPT iff N
@>0 and >0, (23)

and hence

agoarr > |bo1*,  boobi1 > |ao1|? (24)



Example 2 A circulant state of 2 qutrits has the following form

apo ao1 ap2
boo bo1 | bo2
oo | cot 02
co | c11 c12
p= a10 aii a2
b1o bi1 | bi2
bao bo1 | bao
c0 | C21 €22
aso ao1 a2

where a := a® >0, b:=a® >0 and ¢ := a? > 0. One easily finds for the partial transposition

agy N ag1 apy
boo bo1 bo2
o0 Co1 Co2
b1o b11 b12
PF = cio| - cn C12
a1 ar a12
€20 Co1 €22
axpy N a1 az
b2o ba1 ba2
where the matrices @ = [a;4], b= [gw] and ¢ = [¢;;] read as follows
app co1  bo2 B boo @01 Co2
a = cio b1 a2 |, b= apo cn b2 |, ¢ =
boo az1  C22 c20 bo1 as

For more examples see [3]. Interestingly, circulant structure is preserved under realignment.

Proposition 1 The realignment of the circulant bipartite operator

R(A) = Z Rgl)eij X €itn,j+n

d—1 n)
n
A= g ;i €ij @ €itn,jt+n ;s
n7i7j:0
reads
d—1
n,t,7=0
where '
R(n) = a(]_

v

i)

i+n,g "

bo1
ai
21

ap2
c12
bao

(25)

(26)

(27)

(29)

(30)



Example 3 The realignment of p defined in (31I) leads to

apo boo

- a
R(p) = | ——.
byt -

b1o
aot

ail

Hence in this case one has

RO) _ < a0 boo ) R — < aio  bio )
bii air )’ bor apr )

Example 4 The realignment of p defined in (25]) leads to the circulant structure with

. apo  boo  coo X aip bio cio , az bap
RO — ci1 air bi , RY = ¢y an; by , R® = co1 Qo1
bao 22 a2 bo2 o2 ap2 bi2 ci12

and it my be easily generalized arbitrary dimension d.

3 Generalized Bell diagonal states
Consider now a simplex of Bell diagonal states [8, 10} 1T], 12] defined by
d—1
p="> PunPon ,
m,n=0

where py,, > 0, Zm,npm” =1 and

Pron = (1@ Uppn) P 10 U},) ,
with U,y being the collection of d? unitary matrices defined as follows

Upner = NS¢ = /\mkekJrn ,

with
A\ = e27ri/d )

C20
bo1
a2

(32)

(33)

(37)

The matrices Uy, define an orthonormal basis in the space My(C) of complex d x d matrices. One easily

shows
Tr(UpnUy) = d 6mrOns -

(38)

Some authors [13] call U,,, generalized spin matrices since for d = 2 they reproduce standard Pauli

matrices:
Up =1, Upn =01, Uyg=1toz, U1 =03 .

(39)



Let us observe that Bell diagonal states (34)) are circulant states in C? ® C?. Indeed, maximally entangled

projectors P,,, are supported on X, that is,
Hn:P0n+---+Pd—l,n 3

defines a projector onto X, i.e.
%, = I,(CeC?) .

One easily shows that the corresponding matrices a(™ are given by
o™ = FD™ fr* 7

where H is a unitary d X d matrix defined by
€
Vd

and D™ is a collection of diagonal matrices defined by

Hy = AR

D}ZZ) = PknOkl -

One has
=
al(:ll) = d pmn)‘m(k_l) )
m=0
and hence it defines a circulant matrix
o™ — f(n)
Kl k—1 >

where the vector fr(,ff ) is the inverse of the discrete Fourier transform of Pmn (1 is fixed).
Consider now partial transposition of Bell diagonal states. One has the following

Theorem 2 If d is odd all matrices 3™ are unitary equivalent

o = gng(0) gin ’

form=0,1,...,d—1. If d is even one has two groups of unitary equivalent matrices:

G(2k) — gkg(0) gtk ,

and
’d’(2k‘+l) — Sk’d(l)s‘fk 7

fork=0,1,...,d/2 —1.
Therefore

Corollary 1 Bell diagonal state is PPT if

o a9 >0 ford odd,

(40)

(41)

(42)



o a9 >0and aM >0 ford even.

The corresponding completely positive map A : M, (C) — M, (C) is defined by the following Kraus
representation

d—1
AX)= D" ponUnn XU, . (50)
m,n=0
where Py, > 0 and Zmn Pmn = 1. One has A(I) = zmn Pmn I = I, which proves that A is unital. Note,
that the dual map
d—1
AMX) = > PonUfn XU | (51)
m,n=0

is unital as well. Hence, A defines unital and trace preserving quantum channel (doubly stochastic
completely positive map).

4 Special cases

In this section we analyze special classes of Bell diagonal states.

4.1 d=2
For 2-qubit case one obtains the following density operator

a™ = ( Tn Yn > , (52)

Yn Tn

where

1 1
Tpn = §(p0n +p1n) y Yn = §(p0n - pln) 5 (53)

for n = 0,1. The state is PPT if and only if
I [ L e T (54)

The above conditions imply well known result that 2-qubit Bell diagonal state is PPT (and hence sepa-
rable) if and only if

Pmn < (55)

4.2 d=3
For d = 3 the Bell diagonal state is defined by the collection of 3 matrices

Ty 2n  Zn
a™ =1z, n 2 , n=0,1,2, (56)
Zn Zn Tn



where 1
Tp = g(pOn + Pin + p2n) 5 (57)

and

1 _
Zn = g(pOn + )\pln + )\p2n) . (58)

Now, the PPT condition reduces to the positivity of a(®)

To 22 21
Zi( = Zo X1 20 >0, (59)
zZ1 Zo X2

which is equivalent to the following conditions
ToT1 > |ZQ|2 s (60)

and
zox1Ty + 2Re 202120 > x0|20| + 21 |21]? + 22| 2] . (61)

Hence, even for d = 3 the PPT condition is by no means simple. It might considerably simplify if we
specify z,, and z,. Assume for example that zp = 0. Then (60)(61) imply

ToT1Ty > $1‘2’1’2 + $2‘22’2 . (62)

4.3 d=14

For d = 4 the Bell diagonal state is defined by the collection of 4 matrices

Tn Zn Yn Zn
o™= | T EnoUn o, 20,1,2,3, (63)
Yn 2Zn Tp Zn

Zn Yn Zn Tn

where
1
Tp = Z(pOn + Pin + Pon + p3n) 5
1
Yn = Z(pOn — Pin + Pon — p3n) 5 (64)
1 ) .
Zn = Z(pOn + 1P1n — Pon — Zp?m) .

Bell diagonal state of two qutrits is PPT iff

To Z4 Y2 21 T1 20 Y3 22

_ Z4 X z _ Zo « Z

70) — 4 T2 A Yo >0, and 71 — 0o T3 22 Y1 >0 (65)
Y2 21 To Z4 Ys 22 T1 20
Z1 Yo Z4 X2 Z2 Y1 Zo I3



4.4 Special form of p,,,

Consider now special examples of Bell diagonal states by specifying the structure of probability distribu-
tion pn. Let

Pmn = OmkTn > (66)
with mg + ... 4+ mg_1 = 1. It gives rise to
d—1
n=0

For example if d = 2 and k = 0 one obtains

0
1 . 1
2 . T
o

0
1

(68)
I

0

This state is separable if and only if g = w1 = 1/2. One easily generalizes this observation as follows

Proposition 2 Bell diagonal state ([67) is separable if and only if

: (69)
MY = oo = Tge1 = = .
0 d-1=
Another characteristic class corresponds to
Pmn = qmPn , (70)
i.e. Pmn represents the product distribution. One has
d—1
p= PuPu=p&.. ®pi1, (71)
k,1=0
where
d—1
Pn = Pn Z qmPrn (72)
m=0
Note, that matrices a(™ are related as follows
o™ =pra, (73)
where the matrix a reads i
1« _
Wk = AE=D g (74)
m=0

Proposition 3 Bell diagonal state (71]) is separable if and only if

1
Po Pd—-1 d ( )



4.5 Generalized lattice states
Consider now a family of unitary operators acting on N copies of C%
Umn = Uming ®...Q® UmNnN ) (76)

where m = (my,...,my) and n = (ny,...,ny). It is clear that U, defines a family of D? = 4>V
unitary operators in in CP = C4®~_ Note that

Tr(UmnU}}) = D SmOn - (77)

Now, let |1,Z)75> denote a maximally entangled state in CP @ CP defined by

%J:S:%Zek@ek, (78)
k

where
e =€ X ... Qe - (79)

One defines a family of maximally entangled states by

|7;Z)mn> = (H® Umn)|¢[—§> . (80)

d)
N)
): for any subset I C L

consisting of D? points.

(d)
(N)

These states are parameterized a point (m,n) in the N-dimensional lattice LE

Now, a generalized lattice state is defined by a collection of points from LE?@

one defines 1
Pr=Tg > Pan, (81)

(m,n)el

where Py = [¥mn)(¥mn| and |I| stands for the cardinality of I. Clearly, 1 < |I| < ]Lgl\;)] = D2 Let us
observe that the above construction generalized a class of lattice states presented in [I5] 16, [17]. Lattice
states of Benatti et. al. correspond to d = 2. In this case U,,, are defined in terms of Pauli matrices (see

formula ([39)).
5 Bound entangled Bell diagonal states

5.1 Two qutrits
Consider the following family of Bell diagonal states

Pe = Ne(POO + elly +€_1H2) , €2 0 ) (82)
where the projectors IIj are defined in (0] and the normalization factor reads

B 1
Cl4e4et

£

11



It corresponds to (cf. formulae (64) and (GS))

N, N, N,
xO:?E, xlzfs, xnga_l, (84)
and N
ZQZ?E, Z1:ZQZO. (85)

Hence, conditions (60)—(61I]) are trivially satisfied showing that (82]) defines a family of PPT states. Now,
it is well known [21] that p. is separable if and only if ¢ = 1. Hence, for € # 1 it defines a family of bound
entangled state in C?>® C3. The entanglement of p. can be detected by using a realignment criterion
[5]. In the next section we show that it can be detected also by the Bell diagonal entanglement witness.

Note, that asymptotically

. 1 . 1
limpe = 2Tl lim pe = =10, (86)

that is, one obtains separable states defined by normalized separable projectors onto 9 and X1, respec-
tively.

5.2 Two qudits
Consider a family of states in C% @ C? defined by [I8, 20]

d—1
1
= Zeij(@A;fja (87)
7ij=0
where d x d matrices
€ij fori #j,
Al =13 eoo +ayen + Y0 e+ byea—1,4-1 fori=j=0, (88)
SI=1AZ, ST fori=j#1
with ] 1
a7:a(72+d_1)7 b728(7_2+d_1)7 (89)
and the normalization factor reads
Ny=d>-2++*+~72. (90)

It gives the following spectral decomposition

d—2

1

Py = E <dP00 + a«/r[l + Z 11, + b’de—1> . (91)
=2

12



In particular for d = 3 one obtains the following matrix representation:

I T e P |
Gy .
by | -
1 7 1
Py = N 1 - : -1 . -1 = F(?)POO + a,YH1 + b»YHQ) R (92)
v . Cay| o v
Gy .
N e
T T P N |

with ay = 1(v? +2), by = £(y72 +2) and the normalization factor N, = 7+~ + 72,

6 Bell diagonal entanglement witnesses

Interestingly many well known entanglement witnesses displaying circulant structure are Bell diagonal.
It is well known that any entanglement witness W can be represented as a difference W = W, — W_,
where both W, and W_ are semi-positive operators in B(C% ® C%). However, there is no general method
to recognize that W defined by W, — W_ is indeed an EW. An interesting class of such witnesses may be
constructed using their spectral properties [22 23]. Let ¢, (o = 0,1,...,d? — 1) be an orthonormal basis
in C?*®C? and denote by P, the corresponding projector P, = |4){1)s|. Now, take d? semi-positive
numbers A, > 0 such that A\, is strictly positive for o > L, and define

L d>—1
Wo=> AlPo, Wi=) AP, (93)
a=0 a=L

where L is an arbitrary integer 0 < L < d? — 1. This construction guarantees that W is strictly positive
and all zero modes and strictly negative eigenvalues of W are encoded into W_. Consider normalized
vector ¥ € C?@C? and let s1(¢) > ... > s4(1)) denote its Schmidt coefficients. For any 1 < k < d one
defines k-norm of ¢ by the following formula

k
Il = s3(w) . (94)
j=1

It is clear that
[l < lle < ... < Yl - (95)

Note that |[1)||1 gives the maximal Schmidt coefficient of ¢, whereas due to the normalization, ||1]|3 =
(¢|¥) = 1. One proves [22] the following

Theorem 3 Let Zi;é [Yall2 < 1. If the following spectral conditions are satisfied

A >pp, a=L,....d—1, (96)

13



where

L—-1 2
)\a e
Ly = Za:O ||71Z) ||Z (97)

-1 ’
1 =2 =0 [[¥allz
then W is an k-EW. If moreover S =_ [Yallfiy <1 and

Mk+1>)\a7 O[:L,...,d2—1, (98)
then W being k-EW is not (k+ 1)-EW.

Let us observe that if 1) is maximally entangled then

k
2 — —
el == (99)
Consider, therefore, the family of Bell diagonal states t,,,. On has the following

Corollary 2 If L < d and
M>p1, a=0L,....d%—1, (100)

L

with p = ﬁ za;é Ao, then W = Wy — W_ defines Bell diagonal entanglement witness.

Example 5 Consider well known entanglement witness in d = 2 represented by the flip operator

1
F= . (101)
1
Note that
F =PFPy+ P+ Py — P, (102)
which proves that F' is Bell diagonal and possesses single negative eigenvalue.
Example 6 A family of EWs in C? ® C? defined by [24]
a - |- =1 |- -
b
c
. . . c . . . . .
Wla,b,c] = -1 - |- a -] - -1 , (103)
. b .
b
. . . . . . . C .
-1 - |- =1 |- - a

with a,b,c > 0. Necessary and sufficient conditions for Wa, b, ¢] to be an EW are

1.0<a<?2,

14



2. a+b+c>2,

3. ifa <1, then bc> (1—a)’

A family Wa,b, c| generalizes celebrated Choi indecomposable witness corresponding to a = b = 1 and

c = 0. One finds the following spectral representation
Wla,b, ] = (a — 2)Poo + (a + 1)(Pro + Pao) + bIl1 + Iy ,
which shows that W{a, b, ¢] is Bell diagonal with a single negative eigenvalue ‘a — 2’.

Example 7 Consider a family of EWs defined by [20]

1 . . . —1 . . . —1
1+p - |- . m i
. Al . . . A
A A A
Wy, = | -1 1 - -1 |,
% L+p| p
1 ] 1 1+p -
AA - D
-1 -1 1

with A, u > 0. Note that Wy = W][1,1,0]. One obtains for the spectral decomposition
W)MM = —3Fy + 2y + Iy + 3Py + 3APys .

Let v > 0. One shows [20] that for

1 -2

A<
249727

and

1—92-A2+77%
2+ ~2

W . defines an indecomposable EW due to Tr(W) ,p,) < 0.

p<

)

(104)

(105)

(106)

(107)

(108)

Example 8 Entanglement witness corresponding to the reduction map A(X) = ITrX — X in My(C).

One has

1

W:d

IQI-Pf =

SRR

d—1
> Pu-—Pu,
k=0

which shows that W is Bell diagonal with a single negative eigenvalue (1 — d)/d.

Example 9 A family of EWs in C? ® C?¢ defined by [I8, 20]

d—1

d,k

Wd,k: E eij@Xij s
i,j=0

15

(109)

(110)



where the d x d matrices X Zk are defined as

k . .
Xd’k _ { (d — k — 1)6“ + Zf:l SZ €4 SZ fOT 1=17, (111)

! —€ij fori #£j,

It is well known [18] that W, defines an indecomposable EW for k =1,2,...,d —2. For k =d —1 it
reproduces the witness corresponding to the reduction map. Note that for d = 3 and k£ = 1 it reproduces
Wla,b,c] with a =b=1 and ¢ = 0. On easily finds the following spectral representation

!
Wi = (d—k)lo + Z I — dPyo (112)
=

showing that Wy is Bell diagonal and the single negative eigenvalue corresponds to the maximally
entangled state Py.

7 Conclusions

We analyzed a class of bipartite circulant states which are diagonal with respect to generalized Bell
(magic) basis. Such states are characterized by an elegant symmetry which considerably simplifies their
analysis. We analyzed several examples of bound entangled states and provided corresponding entangle-
ment witnesses which are Bell diagonal.
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