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Introduction

Computational Fluid Mechanics is today one of the most essential tools for the simulation
of a multitude of phenomena that take place in our environment. The flow that occurs
after a dam break, the circulation of bodies in the water, the behaviour of atmospheric
currents, the evolution of a pollutant discharge, erosion and the transport of sediments,
tsunamis, among others, are phenomena whose study has a considerable interest since
they affect the human being in a decisive way. To reduce the hazards associated with
these phenomena such as hurricanes or tsunamis, the prediction is an essential part, and
the evaluation of their possible consequences are important goals to be marked since they
can help save many lives and reduce material and economic damage. Unfortunately, it
is difficult and expensive to perform laboratory studies using scale size models to study
such phenomena, due to the global scale of those.

An alternative is to compute numerical simulations of the fluids involved. Tackling
such problems requires, in the first place, to trace the theoretical aspects of the physics
underlying.  Second, it involves developing numerical models that provide reliable
predictions of the problems raised and sufficiently in advance to allow the process of
decision-making.

According to the theme that concern this thesis, in order to simulate the impact that
a tsunami may produce on a coastal zone, it will be necessary to develop models that
provide satisfactory results in the propagation of tsunami waves in the ocean, its evolution
through the continental shelf towards the nearshore and its impact on the coast. In this
context of geophysical flows, these processes have the characteristic of having vertical
information that can be negligible compared to the horizontal ones. This circumstance
makes it possible to simplify significantly the mathematical formulation of the models to
be used for their simulation.

To do that, the three-dimensional Navier-Stokes equations are considered, which are
the most general equations of fluid mechanics. These equations may be written in the
dimensionless form and simplified under some assumptions:

e the vertical dimension of the domain H is small compared with respect to the
wavelength L, that is

H
M1:f<<1;



4 Introduction

Figure A.1: Fluid across a one-dimensional channel.

e the pressure of the fluid is assumed to be hydrostatic;
e horizontal viscosity terms are neglected.

Under this hypothesis, and after a process of depth-averaging in the vertical direction,
one can arrive to a system of non-linear PDE that is called the Nonlinear Shallow-Water
Equations, SWE from now on, that reads for one-dimensional domains as

Oh+ 0p(hu) =0, x € I CR, t >0,

(0.0.1)
O (hu) + 0, (hu2 + %ghQ) = gho,H — 7,

where h(z,t) is the positive water height at each point x € I, I a given interval, and time
t. u(x,t) is the depth averaged velocity in the x direction. g represents the gravitational
constant and H(x) is the still water depth. It is also interesting to define the function
n(x,t) = h(z,t) — H(z) that describes the free-surface of the fluid measured from the
still-water level (see Figure A.1). 7,(x,t) parametrizes the bottom friction effects. In the
literature one could find different parametrizations of the friction effects and in this thesis
a Manning friction law is used given by

2

7 = gh%}f' (0.0.2)

where n is the Gauckler-Manning coefficient [185]. The system is completed with

the corresponding initial conditions and, in the case of bounded domains, with the
corresponding boundary conditions.

In fluid dynamics, dispersion of water waves generally refers to frequency dispersion,

which means that waves of different wavelengths travel at different phase speeds. Water
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Figure A.2: Comparison of experiments data (red) and simulated ones with SWE at
different times during the inundation part.

waves, in this context, are waves propagating on the water surface, with gravity and
surface tension as the restoring forces. As a result, water with a free surface is generally
considered to be a dispersive medium. However, it is well-known that SWE do not take
into account effects associated with dispersive waves.

Figure A.2 illustrate this fact showing snapshots of the evolution of a wave over a
plane beach. There one can see how the SWE (in blue) tends to predict faster velocity
for the front of the wave when compared with laboratory data (in red). The Stokes linear
theory (or Airy wave theory) explain this situation since it states that the speed of wave
propagation, or more precisely the phase velocity Ca;y, as a quantity that is given in
terms of the typical depth H and the local wavenumber k as

tanh(kH)

Cfliry = gH ]{]H )

whereas the phase velocity of the system (0.0.5) is given by
C%WE =gH.

The previous relation, which is also called a linear dispersion relation, reveals the
dispersive character of the linear water wave theory and that SWE cannot take into
account effects associated with dispersive waves. This also explains why the computed
numerical simulation in Figure A.2 is shifted, since the speed propagation of the
system (0.0.5), Csw g, is faster than the given by the linear theory, Ca;,.



6 Introduction

Concerning mathematical models able to simulate dispersive water waves, a great
effort has been made in recent years in the derivation of relatively simple mathematical
models for shallow water flows that include long non-linear water waves, such as Tsunami
water waves. The history of non-linear dispersive modelling goes back to the end of the
XIX*™ century.

In 1834, while conducting experiments to determine the most efficient design for
canal boats, J. Scott Russell discovered a phenomenon that he described as the wave of
translation. This type of waves move at constant celerity maintaining the same shape. The
observations can be found in a technical report for the fourteenth meeting of the British
Association for the Advancement of Science (1845) [221]. Nowadays, in fluid dynamics,
this type of waves are called Russell’s solitary waves or solitary waves. J. Scott Russell
spent some time making practical and theoretical investigations of these waves. The
problem was that the new observations seemed at contrast with Isaac Newton’s and Daniel
Bernoulli’s theories of hydrodynamics. George Biddell Airy and George Gabriel Stokes
had difficulty to accept Scott Russell’s experimental observations because the existing
water-wave theories could not explain Scott Russell’s observations.

It was only later when the first successful theoretical treatment was carried out by
Joseph Valentin Boussinesq in 1872 [19], that Russell’s observations on solitary waves
were accepted as true by some prominent scientists within his lifetime. Afterwards, J.
Boussinesq in 1877 [19] proposed the Korteweg de Vries equation, re-derived later by D.
Korteweg & G. de Vries (1895). Then, a new generation of 'pioneers’ (F. Serre (1953) [227],
C.C. Mei & Le Méhauté (1966) [189] and D. Peregrine (1967) [210]) derived modern non-
linear dispersive wave models.

One of the most commonly used models that became popular was the system derived
by Peregrine [210] in 1967. Equations of motion are derived for long waves in water of
varying depth. The equations are for small amplitude waves but do include non-linear
terms. They correspond to the Boussinesq equations for water of constant depth. There
are two important parameters associated with long waves. One is the ratio of depth to
wavelength pq, and the other is the ratio of amplitude to depth po. The Peregrine equations
were derived under the assumptions of weakly non-linear weakly dispersive waves, that is

<1, po = pf.
The system reads as:
Oh+ 0. (hu) =0, z€ I CR, t >0,
1 1 1 (0.0.3)
O (hu) + 0, (hu2 + §gh2) = gho, H + §H28mt (uH) — éHgﬁmtu — T3

An asymptotic analysis in the limit kH — 0 shows that the dispersion relation is exact at
order O(kH)* for the Peregrine system when compared with Airy theory, and therefore
it makes a great model for the simulation of long-waves.
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As computational power increases, Boussinesq Type Models ([1], [19], [144], [184],
[202], [210], [148], [255], [256]) become more accessible. This means that one can use
more sophisticated models in order to accurately describe reality, despite the higher
computational cost. Two main challenges can be highlighted as overcomed:

e The development of fully non-linear weakly dispersive system derived under the only
assumption of uy & u? (see for example [144], [168]).

e The improvement of the linear dispersion relation of the derived systems and thus
extending the range of validity where models can represent well dispersive water
waves. This is, extending the range from moderate to intermediate-deep waters and
shallow waters.

The second item above has attracted the attention of the scientific community and
can be simply illustrated by a large number of journal papers published on the subject.
Attending to the behaviour of the waves, a classification on shallow, intermediate and
deep waters is established. Primarily, the second item focus on intermediate waters,
that occurs when the typical wavelength L is bounded by 2H and 20H, being H the
typical depth. Within this range, it can be demanded much more information on the
vertical structure that must be retained when deriving mathematical models. High order
Boussinesq equations can offer better dispersive properties. The counterpart is that
extremely complex systems with high order derivatives arise (fifth order derivatives in
[135]), requiring an equally complex numerical scheme when solving numerically. The
complexity increases even more for two space dimensions problems.

However, Madsen and Sorensen (see [184]) fully understanding this problem, found
a smart approach for improving dispersive properties without increasing the order of
the derivatives appearing in the momentum equation. They propose a system that has
received significant attention from the scientific community.

Alternatively, the development of non-hydrostatic pressure models for coastal water
waves has been the topic of many studies over the past 30 years. Non-hydrostatic models
are capable of solving many relevant features of coastal water waves, such as dispersion,
non-linearity, shoaling, refraction, diffraction, and run-up. The central hypothesis in the
derivation consists in splitting the pressure into a hydrostatic and a non-hydrostatic part
(see Casulli [52]). In this thesis, the non-hydrostatic pressure system derived by Sainte-
Marie et al. in [21] was numerically approximated. This system can be derived after
a standard depth-averaging process from the Euler equations and assuming a constant
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vertical profile for the horizontal velocity. The system reads as

( O,h+ 0y(hu) =0, z€ I CR, t >0,

Oy (hu) + 0, (hu? + $gh® + hp) = (gh + py) 0. H — T,

S 0.0.4
Oy (hw) + 0y (uhw) = py,  pp = 2p 004)
w — Wy

Dot + h/2

= 0, Wy = —U&EH

\

Since the derivation process of the system is similar to the one followed for the SWE, the
definition of the variables involved coincides with the ones described in system (0.0.5).
The variables w and p are the depth averaged vertical velocity and the depth averaged
non-hydrostatic pressure respectively. w, and p, account for the vertical velocity and
the non-hydrostatic pressure at the bottom, being p, = 2p. The last equation in (0.0.8)
accounts for the depth integrated incompressibility condition. The best advantage that
presents this non-hydrostatic pressure system is the absence of higher order derivatives and
even it has a linear dispersion relation that is similar to the one given by the system (0.0.7).

In this spirit of PDE system with dispersive abilities derived from the assumption
of a non-hydrostatic pressure, several works have been developed. To improve the
dispersive properties of the systems, the primary trend consists in the use of a multi layer
depth averaging approximation. The idea is, given the increasing computational power
available, to make systems closer and closer to three-dimensional solvers, i.e. capable
of also adequately describing the vertical structure of the flow, leading to distinctive
improvements in the non-linear dispersive properties of the model.

In [124], E.D. Fernédndez-Nieto et al. derived a class of multi layer non-hydrostatic
pressure system that reduces to the system described in (0.0.8) when the number of layers
is set to one. When the number of layer is higher than one, the mathematical model
remains extremely simple, in the sense that there are no high derivatives. Moreover, it
is shown that when the number of layers tends to infinity, the celerity of the multi layer
system tends to the corresponding celerity given by the Airy theory. Due to this reason
the non-hydrostatic pressure systems have been considered in this thesis. In particular,
one of multi layer systems derived in [124], has been considered in this thesis as the central
framework to design numerical schemes to simulate dispersive water waves. Moreover, in
this thesis, a novel two-layer non-hydrostatic pressure system with enhanced dispersive
properties was proposed in [118] and numerically approximated.

Concerning the nature of the dispersive PDE systems presented above, it is well known
that the system (0.0.5) consists on a hyperbolic PDE system. However, the nature of
the system (0.0.7), among others Boussinesq and non-hydrostatic systems, differs from a
hyperbolic system, and responds instead to a mixed hyperbolic and elliptic problem. Some
discussion and theoretical results about existence and uniqueness can be found in [167].
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Due to the mixed hyperbolic-elliptic nature of Boussinesq and non-hydrostatic systems,
the complexity of the corresponding numerical schemes increases. For example, the
incompressibility equation in (0.0.8) adds an extra restriction that makes the system
a hyperbolic-elliptic problem. This restriction makes that explicit schemes cannot be
applied to the system, since they may have a strong stability condition, or even worse it
may result in an unconditionally unstable scheme. Therefore, implicit schemes must be
applied and several works can be found in literature (see for example [4], [112], [163], [180],
[217], [259] among references therein). Numerical methods applied to non-hydrostatic
pressure systems, and even Boussinesq-type systems, typically use a splitting operator
(see e.g. [168]) or a projection-correction type schemes (see [4], [63], [112], [118]). Usually,
it combines finite volume methods for solving the underlying hyperbolic part in a first step,
and finite differences or finite elements for solving the elliptic or non-hydrostatic/dispersive
terms in a second step, usually by using staggered grids.

However, there is a nearly recent and alternative strategy to simulate dispersive water
waves with hyperbolic PDE systems. In [188], Ricciuto et al. proposed a first-order
system approach for general one dimensional advection-diffusion-dispersion equations.
Similarly, in [147] Brocchini et al. obtained a set of dispersive and hyperbolic depth-
averaged equations using a hyperbolic approximation of a chosen set of fully nonlinear
and weakly dispersive Boussinesg-type equations.

In the same vein, in this thesis a novel first-order hyperbolic depth-averaged system,
that can be seen as a modification of the model (0.0.8) for two space dimensions presented
in [21], is proposed by Escalante et al. in [111]. The novel hyperbolic system is obtained
using a hyperbolic reformulation of the original governing PDE (0.0.8) by coupling the
divergence constraint of the velocity with the remaining conservation laws at the aid of an
evolution equation for the depth-integrated non-hydrostatic pressure, similar to the so-
called hyperbolic divergence cleaning introduced in the generalized Lagrangian multiplier
approach (GLM) of Munz et al. [196], [83] for the Maxwell and the magnetohydrodynamics
(MHD) equations. In this work, a formulation is suggested in which the divergence errors
of the velocity field are transported at a finite speed that is related to the maximum
eigenvalues of the governing PDE system. The augmented hyperbolic system maintains
the momentum equations for the horizontal and vertical velocities and still satisfies an
energy balance equation, as the original system [21]. Therefore, the final governing PDE
system proposed in this dissertation is a system of hyperbolic balance laws and is thus
amenable for an explicit discretization via high order numerical schemes.

Higher order methods are desirable due to their improved dissipation and dispersion
properties compared to simple second order TVD finite volume schemes. This is
particularly important for the accurate propagation of solitary waves over long distances,
as it will be also shown later in the numerical results section. In this thesis, two
alternatives to discretize the considered PDE systems with high order schemes are chosen:

e High order finite volume methods based on polynomial reconstruction operators.
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e High order Discontinuous Galerkin schemes (DG).

Concerning finite volume methods applied to hyperbolic problems, shock-capturing
abilities can be exploited. The main difficulty of this technique from a mathematical point
of view as well as from the numerical analysis resides in the presence of nonconservative
products, which makes difficult the definition of weak solutions. Many interesting
problems related to geophysical flow and in particular some of the equations discretized
in this dissertation fall into this framework. Then, the nonconservative products are
interpreted as Borel measure in the sense introduced by Dal Maso, LeFloch and Murat
in [72]. For systems, a family of paths should be chosen. A general framework to
numerically solve such systems was introduced by C. Parés in [205], called the path-
conservative methods. The choice of this family of paths should be based on the physics
of the problem: for instance, it should be based on the viscous profiles corresponding to
a regularized system in which some of the neglected terms (e.g. the viscous terms) are
taken into account. Unfortunately, the explicit calculations of viscous profiles is in general
a difficult task. Some hints of how paths can be chosen is discussed in [38].

The family of generalized Roe schemes introduced in [248] constitutes a particular
case of path-conservative numerical method for nonconservative hyperbolic PDE systems.
Although the schemes of this family are robust (see, for instance, [14], [30], [208],
[205]), they also present, as their conservative counterpart, some drawbacks as their
implementation requires the explicit knowledge of the eigenstructure of the intermediate
matrices. Sometimes their analytic expression is not available, making Roe schemes
computationally expensive. Also, they do not satisfy in general an entropy inequality, as
a consequence, an entropy-fix technique has to be added to capture the entropy solution
in the presence of smooth transitions (see [154]). It is also well known that the use of
incomplete Riemann solvers as Rusanov, Lax-Friedrichs, HLL, etc. allows one to reduce
the CPU time required by a Roe solver which resolves all the characteristic fields (see,
for instance, [106]). Although when combined with piecewise constant approximation
Roe solvers give in general a better resolution of the discontinuities than incomplete
Riemann solvers when combined with high order reconstructions the resolution may be
indistinguishable. Therefore high order methods based on incomplete Riemann solvers
may be more efficient than high order Roe methods.

In this thesis, we use a class of computationally fast first order finite volume solvers:
Polynomial Viscosity Matrix (PVM) methods introduced by Castro et al. in [40]. This
class of incomplete simple Riemann solvers can be applied for general nonconservative
hyperbolic systems, defined in terms of viscosity matrices computed by a suitable
polynomial evaluation of a Roe linearisation, that overcome these difficulties. PVM
schemes can be seen as the natural extension of the one proposed in [84] for balance
laws, and, more generally, for nonconservative systems. Moreover, PVM schemes can be
extended to high order by following the ideas developed in [25] and to two-dimensional
systems following [41], based on a polynomial reconstruction of states.

Another class of high order numerical methods considered in this thesis are the
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Discontinuous Galerkin finite element methods which go back to the work by Reed
and Hill [214], but it has become particularly famous for the solution of hyperbolic
conservation laws thanks to a well-known series of papers by Cockburn and Shu and
coworkers, see [68], [67], [66], [69]. In particular, in this dissertation ADER-DG schemes
has been adopted, which has been introduced in [97], [93], [91] and which goes back to the
family of ADER finite volume schemes by Toro and Titarev [237], [244], [238], [241]. The
ADER methodology is based on the approximate solution of the generalized Riemann
problem at element interfaces and naturally leads to fully-discrete one-step schemes of
arbitrary order of accuracy in both space and time. Due to the well-known Godunov
theorem, any better than first order accurate linear scheme is oscillatory and therefore
not suitable for the discretization of problems with discontinuities or strong gradients
in the solution. Following the ideas introduced in [98], [261], the high order ADER-DG
method is supplemented with a suitable a posteriori subcell finite volume limiter. The
main idea here is to use first an unlimited high order ADER-DG scheme, which produces
a so-called candidate solution at the end of each time step. This candidate solution is
then checked a posteriori against some physical and numerical detection criteria, such as
positivity of the solution, the absence of floating point errors and satisfaction of a relaxed
discrete maximum principle (DMP). If a cell does not satisfy all these conditions (a so-
called troubled cell), the discrete solution is discarded and locally recomputed, starting
again from a valid solution at the old-time level, but using now a more robust scheme on
a finer subgrid within the troubled cells. This approach corresponds to an element-local
check-pointing and restarting of the solver, but using a more robust and more dissipative
scheme after the restart. This new concept of a posterior: limiting has been introduced
for the first time in the context of finite volume schemes via the MOOD approach, see
[64], [88], [89], [173]. For the recomputation of the troubled cells, in principle, any robust
finite volume scheme can be used. Here, the family of path-conservative finite volume
schemes are employed, which has already been successfully used for the solution of shallow-
water type systems in a series of papers, see e.g. [112], [44], [206], [40], [26], [205], [46].
In particular, a robust well-balanced and positive preserving for the water height PVM
path-conservative HLL-type Riemann solver [152], [90] is used.

Furthermore, the use of a numerical method that solves correctly stationary solutions
is mandatory when the system studied involves perturbations of a steady state, whose
amplitude is of the order or bigger than the truncation error of the method. This is the case
of a tsunami wave propagating at the ocean: its initial amplitude is small (although the
length wave is huge) and it is not always possible to refine the mesh so that the truncation
error of the method is lower than this amplitude. In this context a difficulty arises
related to the numerical computation of stationary solutions: standard methods that
solve correctly systems of conservation laws can fail in solving nonconservative systems
when approaching equilibria or near to equilibria solutions. In the context of shallow
water equations Bermidez and Vazquez-Cendén introduced in [14] the condition called
C-property: a a scheme is said to satisfy this condition if it solves correctly the steady-state
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solutions corresponding to water at rest. This the idea of constructing numerical schemes
that preserve some equilibria, which are called in general well-balanced schemes has been
studied by many authors. The design of numerical methods with good properties for
conservative or nonconservative problems (systems of balance laws) is a very active front
of research: see, for instance, [6], [16], [15], [18], [37], [55], [56], [82], [139], [140], [141],
[145], [146], [172], [174], [199], [209], [211], [212], [215], [222], [234], [248], [258], [162], [85],
[86], [247], among others.

The simulation of geophysical flows leads to the resolution of problems in significant
computational domains, e.g. an oceanic basin when a tsunami simulation, or for significant
integration times such the simulation of currents induced by a tidal. In both cases,
the simulations present a significant computational effort and as a consequence, efficient
implementations are needed to solve these problems in reasonable times.

Frequently, these numerical simulations demand a large computational effort due
mainly to big computational domains, the complexity of numerical solution schemes or
real-time calculation requirements. Therefore parallel versions of accurate and efficient
numerical solvers for high-performance platforms are needed to be able to deal with these
simulation scenarios in reasonable times.

Modern Graphics Processing Units (GPUs) are highly programmable and massively
parallel devices which can be used to accelerate considerably numerical PDE computations
in a cost-effective way [22], [159], [251]. They offer hundreds or thousands of processing
units optimized for massively performing floating-point operations in parallel and have
proven to be useful in the acceleration of numerical schemes which exhibit a lot of
exploitable fine-grain parallelism. GPU computing consists of using GPUs together with
CPUs to accelerate the solution of compute-intensive science, engineering and enterprise
problems. Since the numerical simulation based on PDEs presents a lot of exploitable
parallelism, there has been an increasing interest in the acceleration of these simulations
using GPU-based computer systems.

There is a widespread use of CUDA-based platforms to accelerate numerical solvers
for PDEs [76], [75], [28], [80]. In the PhD thesis [74] and references therein, de la Asuncién
et al. show the adaptation to GPU of the finite volume numerical scheme introduced in
[27] to solve the 2D shallow water system. In these references, authors intend to make
easier the exploitation of CUDA-enabled platforms to accelerate PDE-based numerical
simulations, by providing the suitable CUDA C programming foundations. For this
purpose, the authors explain the adaptation to GPU of the finite volume numerical scheme
to solve the 2D shallow water system. The CUDA implementation of a first order two-layer
shallow water system solver is addressed in [75]. There also exists proposals to implement,
using CUDA-enabled GPUs, high order schemes to simulate one-layer systems [47], [131]
and to implement first-order schemes for one and two-layer systems on triangular meshes
[28]. In [80], several finite volume numerical schemes to solve one-layer shallow water
system on structured meshes are tuned to exploit the GPU execution model and efficiently
implemented using CUDA C. The distributed implementation of numerical solvers for
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cluster of CUDA-based GPUs has been also tackled [78], [77], [79].

The aforementioned numerical solvers implemented on GPU exhibits a computational
pattern which is very frequent in the numerical algorithms to solve PDEs and that has
been widely used throughout this dissertation. However, a difficulty arises: some of
the numerical methods proposed in this dissertation are no longer explicit methods, and
relatively big linear systems have to be solved. To do that, we propose some iterative and
massively parallel linear solvers to have efficient GPU implementations.

Outline of the thesis:

The outline of this dissertation is the following:

e In Chapter 1 a general overview of the state of the art of the modelling of dispersive
systems for the simulation of dispersive water waves is introduced. Two prominent
families of dispersive systems can be found nowadays: Boussinesq-type and non-
hydrostatic pressure systems. Although in this thesis we will focus on the second
class of dispersive systems, two of the most representative and used Boussinesq-
type systems are shown in this chapter, and some relations and rewritings as first-
order non-hydrostatic pressure PDE systems are established. The multi layer non-
hydrostatic pressure system derived by Fernandez-Nieto et al. in [124] is chosen
as the main dispersive model framework for this dissertation. This choice is based
on its simplicity and on its good dispersive relation properties which have been
introduced and also computed for all the considered systems.

In this chapter, two novel non-hydrostatic pressure systems, are described: a new
two-layer non-hydrostatic pressure system with enhanced dispersive properties; and
a new hyperbolic relaxed PDE system that converges to the well-known one-layer
system (0.0.8). For both systems, the dispersive properties and its eigenstructure
are thoroughly studied.

At this point, we stress that detailed small-scale wave breaking flow physics is not
described by the introduced models, but only the net effect of wave breaking on
energy dissipation. This means that we include the breaking mechanism in the
depth-integrated equations via a simple sub-scale viscosity model, with a given
breaking criteria. To do that efficiently, some breaking mechanism is also proposed.

Finally, some ideas on the computation of solitary wave for the given systems as
well as some comparison are shown.

e In Chapter 2, the theoretical background required for the design of numerical
schemes for both one and two dimensional non-conservative hyperbolic systems are
stated. Regarding finite volume schemes, the concept of path-conservative scheme
and well-balanced scheme, as well as the extension of the numerical schemes to
high order, based on the reconstruction of states are given. In particular, the
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PVM methods introduced in [48] are described. As an alternative to the high
order finite volume based on the reconstruction of states, the finite element ADER
Discontinuous Galerkin methods are described supplemented with a suitable a
posteriori subcell finite volume limiter (see [98], [261], [64]).

In Chapter 3 the numerical schemes proposed for the given non-hydrostatic pressure
systems are fully described. There, different approaches and strategies can be
highlighted. On the one hand, we have designed second order finite volume
numerical schemes based on a two-step projection-correction technique. At the
first step, an explicit finite volume numerical scheme is used for the underlying
hyperbolic and hydrostatic part of the system, under a usual CFL condition. Then,
in a second step non-hydrostatic terms are taken into account and approximated
employing central finite differences. This will involve the inversion of a Poisson-
like operator and hence the implicit nature of the numerical scheme. At this step,
we have considered both staggered and non-staggered grids for the non-hydrostatic
pressure and vertical velocities. On the other hand, a fully explicit and arbitrary
high order Discontinuous Garlerkin numerical scheme is proposed for the novel
proposed hyperbolic relaxation PDE system, supplemented with a posteriori subcell
finite-volume limiter. To allow simulations in real time or faster, an efficient GPU
implementation of the numerical method has been carried out in the two-dimensional
case and some hints and guidelines on their implementation are given in Appendix E.

In Chapter 4 the aforementioned numerical schemes for each one of the systems has
been applied to idealized academic benchmarks such as the propagation of solitary
waves, as well as to more challenging physical situations that involve wave runup
on a shore including wave breaking in both one and two space dimensions. In
all cases the achieved agreement with analytical solutions or experimental data
is excellent, thus showing the validity of both, the proposed mathematical model
and the numerical solution algorithm. Experimental data include a wide variety of
scenarios: propagation, shoaling, run-up and induced dispersive waves by rigid solid
landslides. Finally, some computational times for the two dimensional test cases are
shown to evince the sought after efficiency.

As revealed during the simulation of waves induced by rigid landslide numerical
tests, they might be dispersive. In Chapter 5 we measure the influence when con-
sidering a non-hydrostatic pressure applied to the simulation of bedload transport.
To do that, a new and ongoing work is recalled where a two-layer shallow water
type system is proposed to describe bedload sediment transport for strong and
weak interactions between the fluid and the sediment. A numerical scheme and
some validation and academical tests are shown, providing promising results and
good behaviour in low transport rate regimes as well as in many other situations.

e The thesis is rounded-off by some concluding remarks given in Chapter 6.
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Introduction (in Spanish)

La mecanica de fluidos geofisicos estudia el comportamiento a gran escala de los flujos de
la Tierra, tanto en fase liquida (océanos) como gaseosa (atmdésfera). El hecho de que la
vida no hubiera podido desarrollarse sin atmosfera ni océanos, explica el tremendo interés
que suscita en los cientificos el conocimiento de los mecanismos que intervienen en los
procesos geofisicos.

Por otro lado, la prediccion de desastres naturales como huracanes, tifones, avalanchas,
tsunamis... y la evaluacién de sus posibles consecuencias son propositos a tener en cuenta,
de cara a disminuir los posibles dafnos humanos y materiales.

El flujo que se produce tras la rotura de una presa, las corrientes de agua en el mar,
la distribucion y propagacion de un vertido en el mar, la erosién, deposicion y transporte
de sedimentos, etc... son fenémenos de un enorme interés. Para estos fendémenos, es
fundamental la prediccién y evaluaciéon de sus posibles consecuencias. Una opcion, es
la de realizar estudios de laboratorio mediante modelos a escala para estudiar dichos
fenémenos. Sin embargo, esta opcién puede resultar costosa y poco flexible, en el sentido
de que cualquier modificacién en los modelos sujetos a estudio, incrementaria ain mas el
coste de dicho estudio. Otra posibilidad es la considerar simulaciones por ordenador de
los fluidos y procesos involucrados.

Para ello, es necesario conocer los principios fisicos que estan detras de los fenémenos
que se pretenden estudiar. Una vez planteados los problemas, éstos pueden ser complejos
e inabordables si se pretenden resolver de forma exacta. Para ello, se trata de desarrollar
modelos numéricos que proporcionen aproximaciones fiables de los problemas planteados
con la suficiente antelacién para permitir una posible toma de decisiones.

Acorde al contexto que concierne a esta tesis, para poder simular el impacto que
un tsunami pueda producir en una zona costera, serda necesario desarrollar modelos que
provean resultados satisfactorios para la propagacion de ondas de tipo tsunami en el
océano y su evolucion desde el talud continental hasta el impacto en costa. En este
contexto de fluidos geofisicos, estos procesos tienen la caracteristica de tener informacion
vertical que puede despreciarse, en comparacion con la informacién horizontal. Esta
circunstancia hace posible que se pueda simplificar la formulacién matematica de los
modelos usados para su simulacién.

Para ello, las ecuaciones tridimensionales Navier-Stokes, las cuales son las ecuaciones
mas generales de la mecanica de fluidos, con consideradas. Estas ecuaciones pueden ser
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escritas en su forma adimensional y simplificadas bajo ciertas hipotesis:

e la dimensién vertical del dominio H es pequena en comparacién con respecto a la
longitud de onda caracteristica L que se presente representar. Esto es:

H
m=f<h

e se asume la hipdtesis de que la presion del fluido es hidrostatica;

e los términos de viscosidad horizontal son despreciados.

Bajo estas hipotesis, y tras promediar las ecuaciones en su dimensién vertical, se llega
a un sistema no lineal de Ecuaciones en Derivadas Parciales (EDP) comtinmente conocido
como las ecuaciones de aguas someras, o segun la literatura anglosajona, Shallow-Water
Equations (SWE), que en dominios espaciales unidimensionales se escriben como sigue:

Oh + 0p(hu) =0, x € I CR, t >0,

(0.0.5)
O (hu) + 0, (hu2 + %gh2> = ghO,H — T,

donde h(z,t) representa el espesor de la columna de agua en cada punto = € I, siendo
I un intervalo, y t el tiempo. wu(x,t) es el promedio de la vertical de la velocidad
horizontal. g representa la constante del campo gravitacional y H(x) la topografia. Es
también interesante definir la funcién n(z,t) = h(x,t) — H(x) que describe la superficie
libre del fluido en cada punto = y cada instante de tiempo ¢ (ver Figura A.1). 7,(x,t)
parametriza los efectos de friccién con el fondo. En la literatura pueden encontrarse
distintas parametrizaciones para los efectos de friccién. En esta tesis se usara una ley de
friccion de tipo Manning dada por la expresién
2
Ty = gh%);d, (0.0.6)
donde n es el coeficiente de Gauckler-Mannin [185]. El sistema es completado con
las correspondientes condiciones iniciales, y en caso de dominios acotados, con las
correspondientes condiciones de contorno.

En dindmica de fluidos, es bien sabido que la propagacién de las ondas en el agua es un
fenomeno dispersivo. Esto quiere decir que ondas de distinta longitud viajan con distinta
celeridad. Sin embargo, es bien sabido que las ecuaciones de aguas someras (SWE) no
tienen en cuenta estos efectos dispersivos.

La Figura A.2 ilustra este hecho, mostrando capturas de la evoluciéon de una onda
aproximandose a una playa. Aqui puede observarse como las ecuaciones de aguas someras
(en azul) tienden a sobrestimar el tiempo de llegada de la onda a costa cuando se compara
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con datos de laboratorio (en rojo). La teoria lineal de Stokes (o la teorfa de Airy) explica
esta situacion ya que establece que la velocidad de propagacion, o celeridad C4;ry, como
una cantidad que viene dada en términos de la profundidad tipica H y del nimero de
onda k,
tanh(kH)

kH
mientras que la celeridad del sistema (0.0.5) viene dado por

Czliry - gH

C%WE =gH.

La relacion anterior, la cual se denomina relacion de dispersion lineal para la celeridad,
sugiere el caracter dispersivo de la teoria lineal y pone de manifiesto que las ecuaciones de
aguas someras no pueden tenerse en cuenta para simular los efectos asociados a las ondas
dispersivas en el agua. Este hecho también explica porqué la soluciéon numérica calculada
en la Figura A.2 se ve desplazada, ya que la velocidad de propagacion del sistema (0.0.5),
Cswe, es més rapida que la dada por la teoria lineal C 4y .

En lo que respecta a los modelos matemaéaticos para simular ondas dispersivas en el
agua, un gran esfuerzo se ha realizado en los ttimos anos en la derivacién de modelos
matematicos relativamente sencillos para fluidos someros, validos para la simulaciéon de
ondas con longitudes grandes, como las ondas de tipo tsunami. La historia de los modelos
no lineales para la simulacién de ondas dispersivas se remonta a principios del siglo XIX.

En 1834, mientras se disenaban experimentos para determinar el modo mas eficiente
de disenar canales en rios, J. Scott Russel descubrié un fenémeno que el denominé como
ondas de traslacion (“wave of translation”). Este tipo de ondas se mueven a velocidad
constante, preservando ademas su forma. Las observaciones pueden encontrarse en un
“technical report”, escrito con motivo del 14 meeting de la asociacion “British Association
for the Advancement of Science” en 1845 [221]. A dia de hoy en dindmica de fluidos, a
este tipo de ondas se les denomina “solitones”. J. Scott Russell pasé un tiempo realizando
investigacioens tedricas y practicas de este tipo de ondas. El problema era que sus nuevas
observaciones parecian contradecir a las mas asentadas teorias de Isaac Newton y Daniel
Bernoulli en hidrodindmica.

No fue hasta mas tarde, cuando el primer resultado tedrico exitoso fue llevado a
cabo por Joseph Valentin Boussinesq en 1872 [19], que las observaciones de Russel sobre
los solitones fueron aceptadas por la comunidad cientifica. Tras esto, J. Boussinesq en
1877 [19] propuso las ecuaciones de Korteweg de Vries, re-derivadas mas tarde por D.
Korteweg y G. de Vries (1895). M4ds tarde, una nueva generacién de “pioneros” (F. Serre
(1953) [227], C.C. Mei & Le Méhauté (1966) [189] y D. Peregrine (1967) [210]) derivaron
nuevos modelos no lineales para ondas dispersivas.

Uno de los modelos mas usados y populares fue el sistema de EDPs derivado por
Peregrine [210] en 1967. Las ecuaciones de momento son derivadas para ondas de longitud
grande y con batimetria no plana. Aunque las ecuaciones son para ondas de amplitud
relativamente pequenas, incluyen términos no lineales. Ademas, se corresponden con las
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ecuaciones derivadas previamente por Boussinesq, cuando se considera una batimetria
constante. Hay dos parametros relevantes asociados a ondas de longitud grande. Uno es
el ratio entre la profundidad y la longitud de onda p1, y el otro es el ratio entre la amplitud
y la profundidad ps. Las ecuaciones de Peregrine fueron derivadas bajo las hipotesis

i <1, pp = pf.
El sistema se escribe como sigue:

Oh+ 0, (hu) =0, z€l CR, t >0,

X ' ' (0.0.7)
Oy (hu) + 0, (hu2 + ighQ) = ghO, H + §H28mt (uH) — 6H3(9mtu — 7.

Un andlisis asintotico en el limite kH — 0 muestra que la relacién de dispersiéon lineal
para la celeridad es exacta hasta orden O(kH)?* para el sistema de Peregrine comparado
con la teoria lineal de Stokes. Esto, hace que el modelo sea apropiado para simulacion de
ondas con longitud de onda grande.

Mientras la capacidad de calculo de las modernas computadoras crecia, los modelos
de tipo Boussinesq ([1], [19], [144], [184], [202], [210], [148], [255], [256]) se volvian mé&s
accesibles desde el punto de vista computacional. Por tanto, se podia empezar a usar
modelos mas sofisticados que describian mejor la fisica del problema. Los dos principales
retos que surgieron fueron:

e El desarrollo de modelos “fully non-linear weakly dispersive”, los cuales se derivan
bajo la hipdtesis s & p? (véase por ejemplo [144], [168]).

e La mejora de la relacién de dispersion lineal de los modelos considerados. De este
modo, se podia extender el rango de validez, es decir, el rango donde los modelos
pueden describir de forma precisa la fisica del problema.

El segundo punto anterior, ha atraido la atenciéon de la comunidad cientifica durante
los ultimos anos. Atendiendo al comportamiento de las ondas, se encuentra la siguiente
clasificacion: aguas someras, aguas intermedias y aguas profundas. Especialmente el
segundo punto mencionado, se centra en la mejora de la relacion de dispersion lineal
para aguas intermedias, que tiene lugar cuando la longitud de onda tipica de las ondas a
representar, L, se encuentra aproximadamente entre 2H y 20H, siendo H la profundidad
media. En este rango, puede ser muy importante la informacién vertical que se desprecia
cuando se derivan por ejemplo, las ecuaciones de aguas someras. Por tanto, en la
derivacion de modelos para estos rangos de validez, debe prestarse atencion a la estructura
vertical de las ecuaciones.

Los modelos de alto orden de tipo Boussinesq pueden ofrecer excelentes propiedades
dispersivas. El punto negativo, es que los sistemas son extremadamente complejos,
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presentando a su vez derivadas de alto orden (por ejemplo, derivadas de hasta quinto
orden aparecen en [135]). A su vez, dichos sistemas requieren de un esquema numérico
igualmente complejo cuando se aproximan. La complejidad se incrementa atin mas cuando
se consideran dominios bidimensionales.

No obstante, Madsen y Sorensen (véase [184]) encontraron una inteligente solucién al
probema. Los autores propusieron una aproximacion que mejoraba de forma sustancial las
propiedades dispersivas del modelo de Peregrine, sin incrementar el orden de las derivadas.
Ellos propusieron un sistema que a dia de hoy se ha convertido en uno de los mas conocidos
y empleados.

De manera alternativa, el desarrollo de los modelos de presion no hidrostatica ha
sido también objeto de numerosos estudios cientificos durante los 1ltimos 30 anos. Los
modelos no hidrostaticos son capaces de modelar muchos de los aspectos de interés en el
ambito de ingenieria costera. Estos modelos pueden tener en cuenta los efectos dispersivos,
efectos no lineales, shoaling, refraccién, difraccién, inundacién... entre otros. La principal
hipotesis empleada durante su derivacién consiste en dividir la presién total del fluido y
considerarla como la suma de dos contribuciones: hidrostética y no hidrostatica (véase
Casulli [52]). En esta tesis, el sistema de presién no hidrostatica derivado por Sainte-
Marie et al. en [21] se considera para su aproximacién numérica. Este sistema puede ser
derivado tras un proceso estandar de integracion en vertical de las ecuaciones de Euler,
y asumiendo un perfil constante para la velocidad horizontal. El sistema puede escribirse
como sigue:

( O,h+ 0y(hu) =0, z€ I CR, t >0,

Oy (hu) + 0, (hu? + $gh?® + hp) = (gh + py) 0. H — 7,

0.0.8
Or (hw) + 0y (uhw) = py, Py = 2p (0:08)
w — Wy
n =0, = —ud. H.
\ Oyu + h2 0, wy u0.

Como el proceso de derivacion del sistema es similar al seguido para las ecuaciones
de aguas someras SWE, la definicién de las variables coincide con las descritas para el
sistema (0.0.5). Las variables w y p son la velocidad vertical promedio y la presién
no hidrostéatica promedio respectivamente. De igual modo, w, y p, denotan la velocidad
vertical en el fondo, y la presién no hidrostética en el fondo. La tltima ecuacién en (0.0.8)
tiene en cuenta la condicién integrada de incompresibilidad. La principal virtud de este
sistema no hidrostatico radica en su simplicidad, dada la ausencia de derivadas de orden
superior. Ademas, el sistema anterior posee una relacion de dispersién lineal que es similar
a la del sistema (0.0.7).

Dentro del espiritu de los sistemas de EDPs no hidrostaticos con propiedades
dispersivas, pueden encontrarse muchos trabajos. Con el objetivo de mejorar las
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propiedades dispersivas del sistema, la principal tendencia que puede encontrarse consiste
en el uso de modelos promediados multicapas. La idea es, en vista del reciente incremento
de capacidades de los sistemas de computacion, derivar sistemas que se encuentren cada
vez mas y mas cerca de los resolvedores tridimensionales. Esto es, modelos que sean
capaces de retener mas informacion vertical para poder describir de un modo més preciso
la estructura vertical del fluido. De este modo, se llega a una mejor descripciéon del
comportamiento no lineal y de las propiedades dispersivas del experimento de estudio.

En el trabajo [124], E.D. Fernandez-Nieto et al. derivaron una familia de modelos
multicapas con presion no hidrostatica. Esta familia de modelos contiene al sistema
descrito en (0.0.8) cuando el nimero de capas es igual a uno. Cuando el nimero de capas
es mayor que uno, el modelo matematico permanece igual de sencillo, en el sentido de que
no posee términos con derivadas de orden superior a uno. Otra de sus principales virtudes,
radica en el siguiente teorema que fue formalmente demostrado en [124], que establece que
cuando el numero de capas tiende a infinito, la celeridad del sistema linealizado tiende a
la correspondiente celeridad que establece la teoria lineal de Stokes. Debido a esta razon,
este sistema de presién no hidrostatica ha sido considerado en esta tesis como el marco
central de modelos para el diseno de esquemas numéricos para simular ondas dispersivas.
Mas atn, en esta tesis un nuevo modelo de presién no hidrostatica bicapa con mejoradas
propiedades dispersivas es propuesto y aproximado numéricamente en [118].

En cuanto a la naturaleza de los sistemas de EDPs dispersivos presentados aqui, es bien
sabido que el sistema (0.0.5) es hiperbdlico. Sin embargo, la naturaleza del sistema (0.0.7),
entre otros sistemas de tipo Boussinesq y de presiéon no-hidrostatica, responde mas bien a
sistemas mixtos hiperbolicos-elipticos. Algunos resultados de tipo tedricos sobre existencia
y unicidad de soluciones pueden encontrarse en [167].

Debido a la naturaleza hiperbdlica-eliptica de los sistemas de tipo Boussinesq y de
presion no hidrostatica, la complejidad de los correspondientes esquemas numéricos para
su discretizacién aumenta. Por ejemplo, la condicién de incompresibilidad en (0.0.8)
anade una restriccion extra que hace del sistema un problema hiperbdlico-eliptico. Esta
restriccion hace que los esquemas numéricos explicitos no puedan ser aplicados, ya que
pueden requerir de una condicion de estabilidad fuerte, o incluso peor, puede hacer que
los esquemas numéricos resultantes sean incondicionalmente inestables. Por tanto, deben
tenerse en cuenta para su discretizacién esquemas de tipo implicitos (véase por ejemplo [4],
[112], [163], [180], [217], [259]). Los métodos numéricos aplicados a los sistemas de presién
no-hidrostéatica, e incluso a los sistemas de tipo Boussinesq, usualmente usan una técnica
de tipo “splitting” (véase e.g. [168]) o una técnica de tipo proyeccién-correccion (véase [4],
63], [112], [118]). Estos esquemas numéricos generalmente combinan resolvedores de
volimenes finitos para resolver el sistema hiperbdlico subyacente en un primer paso, y
diferencias finitas o elementos finitos para resolver el problema eliptico en un segundo
paso, haciendo uso de mallas decaladas (“staggered grids”).

Sin embargo, hay una reciente y alternativa estrategia para la simulacién de ondas
de tipo dispersivas, mediante el uso de sistemas hiperbdlicos. En [188], Ricciuto et al.
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propusieron un sistema de primer orden para problemas generales de tipo adveccién-
difusién-dispersién. En [147] Brocchini et al. obtuvieron un conjunto de ecuaciones
integradas hiperbdlicas usando una técnica de aproximacion de tipo relajacion.

Siguiendo una linea parecida, en esta tesis se propone un nuevo sistema integrado de
primer orden hiperbdlico, que puede verse como una modificacién del sistema (0.0.8)
para dominios bidimensionales presentado en [21]. Este nuevo sistema es propuesto
por Escalante et al. en [111]. EIl nuevo sistema hiperbdlico es obtenido haciendo uso
de una reformulacién hiperbélica de las ecuaciones originales (0.0.8). La condicién
de divergencia se acopla con el resto de leyes de conservacion del sistema, siguiendo
ideas similares a las aplicadas en [196], [83] para las ecuaciones de Maxwell y las
ecuaciones de la magnetohidrodindmica (MHD). En este nuevo trabajo propuesto, una
nueva formulacién es introducida, donde los errores de la divergencia del campo de
velocidades son transportados hacia el exterior del dominio a velocidad finita, relacionada
con el maximo de los autovalores del sistema de EDPs. El sistema hiperbolico aumentado
continua satisfaciendo una ley de balance de energias. De la hiperbolicidad del nuevo
sistema, se obtiene que esquemas numeéricos explicitos y de alto orden pueden desarrollarse
de manera eficiente y sencilla.

Los esquemas de alto orden son convenientes debido a sus buenas propiedades
mejoradas de disipacién y dispersién, en comparaciéon con los esquemas usuales de
segundo orden TVD de tipo volimenes finitos. Esto es particularmente importante
cuando se pretende simular la propagacion de solitones a grandes distancias en tiempos
de integracién altos, como se mostrara en esta tesis en la seccién de resultados numéricos.
En esta tesis, se consideran dos alternativaspara la discretizacién de alto orden de los
sistemas de EDPs estudiados:

e Métodos de volumenes finitos de alto orden basados en la reconstruccion polinémica
de estados.

e Esquemas de alto orden de tipo Discontinuos Galerkin (DG).

En cuanto a los esquemas de tipo volimenes finitos para problemas hiperbdlicos, la
principal dificultad que aparece desde un punto de vista matematico asi como numérico,
reside en la presencia de productos no conservativos, los cuales dificultan la definicién de
solucion débil. Muchos problemas relacionados con los fluidos geofisicos y en particular,
algunas de las ecuaciones discretizadas en esta tesis, caen en este marco. Los productos no
conservativos son interpretados como medidas de Borel en el sentido introducido por Dal
Maso, LeFloch y Murat en [72]. Para sistemas de EDPs, una familia de caminos debe ser
elegida. Un marco general para resolver numéricamente estos sistemas fue introducido por
C. Parés en [205], con la introduccién de los esquemas numéricos camino-conservativos.
La eleccion de una familia de caminos deberia estar fundamentada con la fisica del
problema. Algunas notas sobre como la familia de caminos debe ser elegida pueden
verse en [38]. La familia de los esquemas de Roe generalizados introducidos en [248]
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constituye un caso particular de esquema numérico camino-conservativo para sistemas no
conservativos de EDPs. Aunque los esquemas de esta familia son robustos (véase por
ejemplo [14], [30], [208], [205]), éstos también presentan, asi como su correspondiente
parte conservativa, algunos problemas ya que en su implementacién es necesaria la
descomposicion espectral de una matriz de Roe. En algunos casos, no puede obtenerse
una expresién analitica, haciendo del esquema de Roe una opcién computacionalmente
ineficiente. De igual modo, estos esquemas no satisfacen en general una desigualdad de
entropia, y como consecuencia deben tenerse en cuenta técnicas de tipo “entropy-fix”
para capturar las soluciones entrépicas en presencia de transiciones suaves (see [154]). Es
también sabido que el uso de resolvedores de Riemann incompletos, tales como Rusanov,
Lax-Friedrichs, HLL, etc. permite reducir el coste computacional requerido por un
resolvedor de tipo Roe. Aunque cuando se consideran en voliimenes finitos aproximaciones
constantes a trozos, los esquemas de Roe proporcionan, en general, una mejor resolucion
de las discontinuidades en comparacién con los resolvedores de Riemann incompletos,
cuando estos ultimos se combinan con una reconstruccién de alto orden, las diferencias
pueden resultar indistinguibles. Es por eso que los resolvedores de Riemann incompletos,
combinados con técnicas de reconstruccion de alto orden, pueden resultar mas eficientes
que métodos de Roe de alto orden.

En esta tesis, usamos una clase de volimenes finitos de primer orden eficientes: los
métodos PVM (“Polynomial Viscosity Matrix”) introducidos por Castro et al. en [40].

Esta clase de resolvedores de Riemann incompletos, puede aplicarse para sistemas no
conservativos hiperbodlicos, y estdn definidos en términos de matrices de viscosidad, las
cuales se calculan mediante la evaluacion polinémica de una matriz de Roe. Los esquemas
de tipo PVM pueden verse como la extension natural de aquellos métodos presentados
en [84] para sistemas de leyes de conservacion a sistemas no conservativos. Mdas ain, los
esquemas de tipo PVM pueden extenderse a esquemas numeéricos de alto orden, siguiendo
las ideas presentadas en [25] y a sistemas bidimensionales siguiendo [41], basadas en
reconstrucciones polinémicas de estados.

Otra clase de esquemas numéricos de alto orden considerados en esta tesis, son
los esquemas de elementos finitos de tipo “Discontinuous Galerkin” (DG), introducidos
originalmente por Reed y Hill [214]. Esta clase de esquemas se han dado a conocer para la
resolucion numérica de sistemas hiperbédlicos de leyes de conservacion, gracias a una serie
de trabajos publicados por Cockburn, Shu y colaboradores, véase [68], [67], [66], [69)].

En particular, en esta tesis los esquemas de tipo ADER-DG introducidos por
Dumbser en [97], [93], [91] han sido adoptados. A su vez, éstos trabajos parten de
los correspondientes a la familia de esquemas numéricos de volumenes finitos ADER,
introducidos por Toro y Titarev [237], [244], [238], [241]. La metodologia ADER esta
basada en la aproximacion de la soluciéon de problemas de Riemann generalizados en las
interfaces de los volumenes de discretizacién, lo cual lleva a esquemas numéricos de un
solo paso y orden arbitrareo tanto en espacio como en tiempo.

Debido al conocido teorema de Godunov, cualquier esquema lineal de orden mayor que
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uno es oscilatorio y, por lo tanto, no es adecuado para la discretizacién de problemas con
discontinuidades o gradientes fuertes en la solucion. Siguiendo las ideas introducidas en
(98], [261], los esquemas de alto orden ADER-DG se acompanan de una técnica limitadora
a posteriori de tipo volimenes finitos en subceldas.

La idea principal consiste en usar primero un esquema de tipo ADER-DG de alto orden
sin limitar, el cual produce una denominada solucién candidata al final de cada paso de
tiempo. Esta solucion candidata se verifica a posteriori contra algunos valores fisicos y
criterios de deteccion numéricos, como la positividad de la solucién, la ausencia de errores
de punto flotante, etc y se comprueba si satisface cierto principio discreto del supremo
relajado (DMP). Si una celda no cumple todas estas condiciones, la solucién discreta es
descartada y localmente recalculada, comenzando de nuevo desde una solucion valida en
el antiguo nivel de tiempo, pero utilizando ahora un esquema més robusto en una sub
malla mas fina dentro de las celdas con problemas. Este nuevo concepto de limitacién a
posteriori se introdujo por primera vez en el contexto de los esquemas de voliimenes finitos
a través del enfoque MOOD, véase [64], [88], [89], [173]. Para el re-calculo de las celdas
con problemas, en principio, se puede usar cualquier esquema de volumen finito robusto.
Aqui, se emplea la familia de esquemas de volimenes finitos camino-conservativos, que
ya se han utilizado anteriormente con éxito para la solucién de sistemas de tipo de aguas
someras en una serie de trabajos, véase por ejemplo [112], [44], [206], [40], [26], [205], [46].
En particular, se usara un esquema camino-conservativo robusto, bien equilibrado y que
asegura la positividad de la columna de agua de tipo PVM [90].

Ademas, el uso de un método numérico que resuelva correctamente las soluciones
estacionarias es de vital importancia en algunos casos, como por ejemplo el sistema de
aguas someras. En el caso de una onda de tsunami que se propaga en el océano, su
amplitud inicial es pequena (aunque la longitud de onda es enorme) y no siempre es
posible refinar la malla para que el error de truncamiento del método sea menor que esta
amplitud. En este contexto, surge una dificultad relacionada con el calculo numérico de las
soluciones estacionarias: los métodos estandar que resuelven correctamente los sistemas de
leyes de conservacion pueden fallar al resolver sistemas no conservativos cuando se acercan
a equilibrios o cercanos a las soluciones de equilibrio. En el contexto de aguas someras,
Bermudez y Vézquez-Cendén introdujeron en [14] la condicién llamada propiedad-C: Se
dice que el esquema satisface esta condicion si se resuelven correctamente las soluciones de
estado estacionario correspondientes al agua en reposo. Esta idea de construir esquemas
numéricos que conservan algunos equilibrios, que en general se llaman esquemas numéricos
bien equilibrados, ha sido estudiado por muchos autores. El diseno de métodos numéricos
con buenas propiedades para problemas conservativos o no conservativos es un frente de
investigacion muy activo: véase, por ejemplo, [6], [16], [15], [18], [37], [55], [56], [82], [139],
[140], [141], [145], [146], [172], [174], [199], [209], [211], [212], [215], [222], [234], [248],
[258], [162], [85], [86], [247], entre otros.

La simulacion de flujos geofisicos conduce a la resoluciéon de problemas en grandes
dominios computacionales, por ejemplo, en una cuenca oceanica cuando se realiza
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una simulacion de tsunami o grandes tiempos de integracién, como la simulacion de
corrientes inducidas por una marea. En ambos casos, las simulaciones presentan
un gran esfuerzo computacional y, como consecuencia, se necesitan implementaciones
eficientes para resolver estos problemas en tiempos razonables. Por lo tanto, se necesitan
versiones paralelas de resolvedores numéricos precisos y eficientes para plataformas de
alto rendimiento para poder tratar estos escenarios de simulacién en tiempos razonables.

Las modernas unidades de procesamiento grdfico (GPU) son dispositivos altamente
programables y masivamente paralelos que se pueden usar para acelerar calculos numéricos
(véase [22], [159], [251]). Estos dispositivos ofrecen cientos o miles de unidades de
procesamiento optimizadas para realizar de forma masiva operaciones en coma flotante
en paralelo, y han demostrado ser eficaces en la aceleracion de esquemas numéricos que
exhiben una gran cantidad de paralelismo.

Existe un uso generalizado de las plataformas basadas en CUDA para acelerar
resolvedores numéricos para EDPs (véase [76], [75], [28], [80]). En la tesis doctoral [74],
se muestra la adaptacion a GPU del esquema numérico de voliimenes finitos introducido
en [27] para resolver el sistema de aguas someras en dominios bidimensionales. En estas
referencias, los autores pretenden facilitar la explotacion de las plataformas habilitadas
por CUDA para acelerar las simulaciones numéricas basadas en EDPs, proporcionando
las bases de programacion CUDA adecuadas. Para este proposito, los autores explican
la adaptacion a arquitecturas GPU de los esquemas numéricos de voliimenes finitos para
resolver el sistema de aguas someras 2D. Asi mismo, se aborda la implementacion CUDA
de un resolvedor para el sistema bicapa de aguas someras en [75]. También existen
propuestas para implementar, usando GPUs, esquemas de alto orden para simular el
sistema de aguas someras en [47], [131] y para implementar esquemas de primer orden
para los sistemas de una y dos capas en mallas triangulares [28].

Los resolvedores numéricos antes mencionados implementados en GPU exhiben un
patrén computacional que es muy frecuente en los algoritmos numéricos para resolver
EDPs y que ha sido ampliamente utilizado a lo largo de esta tesis. Sin embargo,
surge una dificultad: algunos de los métodos numéricos propuestos en esta tesis no son
métodos explicitos, y los sistemas lineales que surgen tienen que ser resueltos de un modo
eficiente y paralelo. Para hacer eso, proponemos algunos resolvedores lineales iterativos
y masivamente paralelizables para tener implementaciones GPU eficientes.

Resumen abreviado de la tesis:
El resumen abreviado de esta tesis es el siguiente:

e En el Capitulo 1 se presenta una visiéon general del estado del arte del modelado,
y se introducen los principales sistemas dispersivos estudiados en esta tesis. En la
actualidad se pueden encontrar dos grandes familias de sistemas dispersivos: los
sistemas de tipo Boussinesq y los sistemas de presién no hidrostdtica. Aunque
en esta tesis nos centraremos en la segunda clase de sistemas dispersivos, en este
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capitulo se muestran dos de los sistemas de tipo Boussinesq més representativos y
usados, y se establecen algunas relaciones y reescrituras como sistemas de EDPs
de presién no hidrostatica de primer orden. El sistema de presion no hidrostatica
multicapa derivado por Ferndndez-Nieto et al. en [124] se elige como el principal
marco de sistemas dispersivos para esta tesis. Esta eleccion se basa en su simplicidad
y en sus buenas propiedades de relacién de dispersion que previamente se han
introducido y calculado para todos los sistemas considerados.

En este capitulo, también se describen dos nuevos sistemas de presion no hidrostatica:
un nuevo sistema de presiéon no hidrostatica de dos capas con propiedades de
dispersién mejoradas; y un nuevo sistema de EDPs hiperbdlico que converge al
sistema de una capa (0.0.8). Para ambos sistemas, las propiedades dispersivas y su
estructura espectral se estudian con detalle.

Llegados a este punto, hacemos hincapié en que los modelos introducidos no
describen la fisica subyaciente en uno de los procesos que suceden cuando una onda
se acerca a costa: la ruptura de la onda o “breaking of the wave”. Esto implicara
que debamos incluir un mecanismo de tipo breaking en las ecuaciones consideradas.
Esto se hard a través de un modelo de viscosidad sencillo, con un criterio de breaking
dado, que detectard cuando y qué ondas son de tipo breaking. Asi mismo, algunos
mecanismos de breaking novedosos se proponen que mas tarde se validaran a través
de comparaciones con datos experimentales.

Finalmente, se muestran algunas ideas para el calculo de solitones para los sistemas
dados, asi como algunas comparaciones.

En el Capitulo 2, se establecen los resultados tedricos requeridos para el diseno
de esquemas numéricos para sistemas hiperbdlicos no conservativos en una y dos
dimensiones. En cuanto a los esquemas de volumenes finitos, se da el concepto de
esquemas camino-conservativos y esquemas bien equilibrados, asi como la extensién
de estos esquemas numéricos a orden superior, basados en la reconstruccion de
estados. En particular, se describen los métodos de tipo PVM introducidos en [48].
Como alternativa a los métodos de volumenes finitos de orden superior basado en
la reconstruccion de estados, se describen los métodos ADER-DG complementados
a su vez con un limitador de tipo volimenes finitos a posteriori adecuado (ver [98],
64]).

En el Capitulo 3 los esquemas numéricos propuestos para los sistemas de presién no
hidrostatica dados se describen completamente. Alli, se pueden destacar diferentes
enfoques y estrategias. Por un lado, hemos disenado esquemas numéricos de
volimenes finitos de segundo orden basados en una técnica de proyeccién-correccién
de dos pasos. En un primer paso, se utiliza un esquema de voltimenes finitos
explicito que discretiza la parte hiperbdlica e hidrostatica subyacente del sistema,
bajo una condicién de CFL habitual. Luego, en un segundo paso, los términos no



hidrostaticos se toman en cuenta y se aproximan por medio de diferencias finitas
centradas. Esto implicard la inversiéon de un operador de tipo Poisson y de ahi la
naturaleza implicita del esquema numérico. En este paso, hemos considerado mallas
decaladas y no decaladas para la presién no hidrostatica y las velocidades verticales.
Por otro lado, se propone un esquema numérico de tipo DG completamente explicito
y de alto orden arbitrario para el nuevo sistema de EDPs hiperbdlico propuesto,
complementado con un limitador de volimenes finitos a posteriori. Para permitir
simulaciones en tiempo real, una implementacion eficiente en GPU de los métodos
numéricos es llevado a cabo para todos los sistemas bidimensionales, y algunas
directrices sobre su implementacién son dadas en el Apéndice E.

En el Capitulo 4 los esquemas numéricos antes mencionados para cada uno de los
sistemas se han aplicado a test de referencia académicos tales como la propagacion
de solitones, asi como a situaciones fisicas méas desafiantes que implican ondas en
una zona de costa incluyendo el rompimiento de olas en una y dos dimensiones
espaciales. En todos los casos, las comparaciones realizadas con soluciones analiticas
o con datos experimentales son excelentes, lo que demuestra la validez del modelo
matematico propuesto y del algoritmo para su resolucion numérica. Los datos
experimentales incluyen una amplia variedad de escenarios: propagacion, shoaling,
ondas dispersivas inducidas por deslizamientos submarinos de sélidos rigidos, entre
otros. Finalmente, algunos tiempos computacionales para los test bidimensionales
muestran la eficiencia buscada.

Tal como se revelé mediante las comparaciones con los datos de laboratorio del test
que simulaba ondas inducidas por deslizamientos submarinos rigidos, éstas pueden
ser dispersivas. En el Capitulo 5 medimos la influencia al considerar una presion
no hidrostatica aplicada a la simulacién del transporte y arrastre de sedimentos.
Para ello, se introduce un trabajo nuevo y que actualmente sigue curso en el que
se propone un sistema de dos capas de aguas someras para describir el transporte
de sedimentos. Asi mismo, se muestra un esquema numérico y algunas pruebas
académicas y de validacion, que ofrecen resultados prometedores.

Por tultimo, en el Capitulo 6 se presentan las conclusiones de la tesis y algunas lineas
de trabajo futuro.
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Chapter 1

Dispersive water waves modelling
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When modelling and simulating geophysical flows, the Non-linear Shallow-Water
equations, from now on SWE, is often a good choice as an approximation of the Navier-
Stokes equations. Nevertheless, SWE do not take into account the effects associated
with dispersive waves. In recent years, a great effort has been made in the derivation
of relatively simple mathematical models for shallow water flows that include long non-
linear water waves. As computational power increases, Boussinesq type models and non-
hydrostatic pressure models ([1], [19], [21], [52], [144], [148], [184], [202], [210], [255], [256],
[231], [259]) become more accessible. This means that one can use more sophisticated
models to accurately describe reality, despite the higher computational cost. They are
capable of solving many relevant features of coastal water waves, such as dispersion, non-
linearity, shoaling, refraction, diffraction, and run-up.

This chapter is organized as follows. In Section 1.1, a general overview is presented
on the state of the art of the main dispersive systems used during the last years. The
genuine system derived by Peregrine and the improvement proposes by Madsen-Sgrensen
are two of the most representative Boussinesq type systems. A general formulation based
on a novel quasi two layer non-hydrostatic pressure system, that collects some of the
main Boussinesq type systems, it is also discussed. After that, a class of multi layer non-
hydrostatic pressure system derived by E.D. Ferndndez-Nieto et al. in [124] is presented.
Later, the particular case when the number of layers is set to one, that corresponds to the
system derived originally by Jacques Sainte-Marie et al. in [21] is described. Likewise, a
simplification of the one layer system, previously introduced by Yamazaki et al. in [259]
is described. Finally, some basic definitions about the main linear dispersive relations of
general interest are given.

In Section 1.2 a new two layer non-hydrostatic pressure system derived by C. Escalante
et al. in [118] it is described. The system depends on three different free-parameters
that are optimized to improve the dispersive relation of the system and can be seen
as a modification of one of the models presented in [124] with a correction in the non-
hydrostatic pressure profile.

The main drawback when approximating numerically the described dispersive/non-
hydrostatic pressure systems is that one has to invert an elliptic operator. This will leads
to a restrictive CFL condition for explicit schemes, or even worse, to an unconditionally
stable scheme (see [164]). Therefore, implicit schemes must be considered with the
consequent loss of efficiency. In Section 1.3 a new and recent technique by C. Escalante et
al. in [111] is introduced and it is applied to the incompressible non-hydrostatic system
derived by Sainte-Marie et al. in [21]. The incompressibility equation of the original
system proposed in [21] is replaced by an artificial compressibility equation, where errors
are transported to the domain boundaries with the maximal admissible speed ¢ following
the so-called Hyperbolic Divergence Cleaning ideas applied in magneto-hydrodynamic
(see [83]). The resulting first-order system formally tends to the proposed in [21] when
¢ — 00, and it is shown that the system is hyperbolic.

In Section 1.4 some of the main linear dispersion properties of the presented dispersive
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and /or non-hydrostatic systems are derived and compared.

In Section 1.5 a discussion on simple wave breaking mechanisms is carried out. At
this point, it should be noted that detailed small-scale wave breaking flow physics is not
described by the considered model, but only the net effect of wave breaking on energy
dissipation. This means that a breaking mechanism is included in the depth-integrated
equations via a simple sub-scale viscosity model, with a breaking criterion similar to the
one proposed in [219] that allow the dissipation in regions where needed.

Finally in Section 1.6 some aspects concerning solitary waves will be introduced. In
this section we provide some basic definitions, as well as analytical solitary wave solutions
for the system introduced by Sainte-Marieet al. For some other PDE systems where it is
not an easy task to find analytical solitary wave solutions, we give a numerical procedure
to compute them.

1.1 A general overview on dispersive water waves
modelling

The fundamentals of Boussinesq type models are exhibited here, which aims at highlight-
ing the fundamental principles of the modelling, as well as the characteristics of the chosen
equations.

The systems that will be considered in this thesis can be formulated for the case of
one space dimension as

U +0,F(U)+ BU)o,U =GU)o,H+SU)+T,

(GF)
7U,0.U,H,0,H) =0,
or for the case of two space dimensions as
wU+V-FU)+BU)-VU=GU)-VH+SU)+T,
(GF-2D)

I(U,VU,H,VH) = 0,

where in the case of two space dimensions the unknown U(x,t) contains the conserved
variables and is defined in Q x [0, 7], 2 being a domain of R%. U takes values in an open
convex set O of RY; F = (F|, F}) is a regular function from O to RY x R that contains
the physical fluxes; B = (By, By), a regular matrix function from O to My x My(R)
that contains the nonconservative terms; G = (G1,G2), a regular function from O to
RY x RY that contains the geometric source terms that accounts the effects of the bottom
topography H which is a known function from O to R; S is a regular function from O to
RY containing the source terms that may include friction terms. This formulation allows
to represent in a compact form the systems described in this thesis: Boussinesg-type
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systems and non-hydrostatic pressure systems, where 7 is an operator that contains the
dispersive /non-hydrostatic pressure terms depending on

T =T(U,VU,H,VH) for Boussinesq-type systems,

T =T(U,VU,P,VP,H,VH) for non-hydrostatic pressure-type systems.

For the case of non-hydrostatic pressure systems, P(x,t) accounts for the non-hydrostatic
pressure unknowns and is defined in £2x [0, 7). This family of systems can not be expressed
as a system of balance laws. For example, although P(x,t) is one of the variables of the
system, it can not be found an equation in the form 0,P(x,t)+ ... = 0. Instead, an extra
set of equations that relates P with U are needed. This conditions are expressed by the
vector operator Z. This set of extra equations contain the incompressibility condition. It
relates spatial derivatives of the horizontal velocities, with the vertical velocities that at
the same time, are linked with the non-hydrostatic pressures via some vertical momentum
equations.

In the subsequent subsection, two of the most popular Boussinesqg-type PDE systems
will be presented, as well as some of the non-hydrostatic pressure PDE systems that
will be discretized in this thesis. Also, some mathematical properties of interest will be
analysed.

1.1.1 The non-linear shallow water equations

The non-linear shallow water equations constitute a system of non-linear hyperbolic PDEs.
They are derived from the Euler equations assuming a constant vertical profile on the
horizontal velocity within the fluid layer, that is also assumed to be incompressible,
inviscid and homogeneous.

They are valid for problems in which vertical dynamics can be neglected compared
to horizontal effects. As it will be shown, they can not represent dispersive water waves,
since the dispersion relation is quite far away from the linear theory for intermediate
waters.

The governing equations for one space dimension can be written as a system of
conservation laws with geometric source terms that reads as:

1
O (hu) + 0, (hu2 + §gh2) = ghO0. H — 7y,

where the unknowns (%, hu) takes values in an open convex set of R?

O = {(h,hu) € R*, h >0},
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h = h(xz,t) being the water depth, H = H(z) the known still water depth. The surface
elevation measured from the still-water level is denoted by n = h — H. Furthermore, ¢
denotes time, g is the gravitational acceleration and w is the depth averaged velocity in the
x direction. The bottom friction is included in the equations via an usual Manning-type
friction formula for the bottom shear stress that reads

n2 |u
T» = ghu h4|/3” (1.1.1)
where n,, is an empirical bottom friction coefficient (see [185]).
This system can be written as in the general compact form (GF), defining
h q 0
U= FU =12 1 GU) =
) q ) )
q ot §9h2 gh
0 (SWE)
SU) = - , B(U)=0,
Th
T=0 TI=0,

g = hu being the discharge.

Energy balance of the system

An extra conservation law related to the conservation of the energy is verified. The smooth
solutions (h,u) of (SWE) satisfies the additional balance law

@E+@G«E+%W»:>wm (1.1.2)

where (2 ) I
E= %)+gm; ). (1.1.3)

is defined as the mechanical energy.
Note that the contribution to the right hand side

2
Mo ]
—um, = —u’gh /3 <0,
. n2 |ul . . . . .
since gh l:j* B> 0, and this stablish that the friction term with the bottom is the only

term in the equations that dissipates energy in a smooth solution. When n,, = 0, then
the equality (1.1.2) provides a new conservation law verified by the smooth solutions.
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Eigenstructure of the system

Let us define
Jp = 0F/0U

the Jacobian of the flux F' with respect to the conserved variables U :

0 1
Jp = , C =gh.
C? —u? 2u
The eigenvalues of the matrix Jp are

)\1,2 =ut \/E

A set of linearly independent eigenvectors is given by
vi= (1)), i=1,2.

The system is strictly hyperbolic if and only if C' > 0 and |u| # c.

Governing equations in two space dimensions

The non-linear shallow water equations for bidimensional domains can be written in the

general compact form (GF-2D), defining

h Gz qy
2
a 1 5 Q2 Gy
U=|al|, RO)=|7 T3], BRO=| -5
04 @ 1
4=y By | 1 12
Qy h h+2gh
0 0 0
GU)=|gh|, G()=|0], SO)=-|n.|, B
0 gh Tb,y
T=0 I=0,

(SWE-2D)

where ¢, = hu, g, = hv are the horizontal discharges, u(z,y) and v(x,y) being the
depth averaged velocities in the x and y direction respectively. 7,, and 7, contains the
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Manning-type friction formula for the bottom shear stress that reads

e [l )] [

(1.1.4)

Th,x

Similarly to the 1D case, for the shallow water equations no extra incompressibility
condition is needed, and thus Z = 0.

1.1.2 Boussinesq-type systems

In order to retain non-linear dispersive effects from the Navier-Stokes equations, informa-
tion on the vertical structure of the flow should be included when a new model is derived.
The Boussinesq-type wave equations take into account this idea and have prevailed due
to their computational efficiency.

The main idea is to include non-hydrostatic effects due to the vertical acceleration of
the fluid in the depth-averaging process of the equations. For instance, one can assume
that both non-linearity and frequency dispersion are weak and of the same order of
magnitude.

Since the early works of Peregrine [210], several improved and enhanced Boussinesq
models have been proposed over the years. One may use different approaches to improve
non-linear dispersive properties of the model: considering a Taylor expansion of the
velocity potential in powers of the vertical coordinate and in terms of the depth-averaged
velocity [184] or the particle velocity components (u,w) at a chosen level [202]; including
two scalars representing the vertical profile of the non-hydrostatic pressure [160]; using
a better flow resolution in the vertical direction with a multi layer approach [176], [178],
[257].

In the next subsection two of the most representative Boussinesq type systems
proposed by Madsen-Sgrensen [184] and Peregrine [210] will be described. The systems
can be written for two space dimensions as in (GF-2D).

The underlying system resulting when 7, that contains the dispersive terms, are
suppressed coincides with the hyperbolic system (SWE-2D) with bottom friction. As
in (SWE-2D), h = h(z,y,t) accounts for the water depth; H = H(z,y) for the known
still water depth; n for the surface elevation and u and v for the depth averaged velocities
in the x and y direction respectively.

In what follows, the Peregrine and the Madsen-Sgrensen systems will be described.
This systems will be described by (GF-2D) with U, F, B, S,Z defined as in (SWE-2D).
They only differ in the definition of the operator 7 = T (U, VU, H,VH).

Peregrine system (1967)

Let us start by introducing the pioneering system derived by Peregrine in [210] which is
the dispersive system that has become the most popular. Equations of motion are derived
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for long waves in water of varying depth. The equations are for small amplitude waves but
do include non-linear terms. When a constant bathymetry is considered, they coincide
with the Boussinesq equations [19].

The core of the general procedure to derive the Peregrine system and also in general,
to derive a Boussinesqg-type system can be summarized as follows (dimensionless variables
used):

e Derivation from Euler equations, under the assumption of an irrotational flow:
(u7 v, ’ll)) - v¢7 v2¢ - 07
where (u, v, w) are the velocity components.

e Makes an asymptotic Taylor expansion and truncation of the potential flow:

i(2 — )" [020], + - (1.1.5)

6= 0p— (= — =) (026, + o

where the odd terms in the Taylor expansion are cancelled by using the assumption
of irrotational flow.

e Assume the kinematic boundary conditions at the bottom and surface.

e Apply the established power series for the velocity potential in combination with
the depth-integrated continuity and momentum equations (Peregrine) or kinematic
and dynamic surface boundary conditions.

In the derivation, there are two important parameters associated with long waves. One is
the ratio of amplitude to depth p;, and the other is the ratio of depth to wavelength ps.
The Peregrine equations were derived under the assumptions of weakly non-linear weakly
dispersive waves, that is

1 < 17 ILLQQM%7

that corresponds to truncation up to second order in the asymptotic Taylor expansion
introduced in (1.1.5). The system for two space dimensions can be written in the compact
form (GF-2D) by setting in (SWE-2D) T as

0 0
T_ = 1 ., (PER)
Trer(U, VU, H,VH) SHPON (V- (Hu)) = cHON (V- u)
where u = (u,v) . For Boussinesq-type systems Z = 0, although it will shown that some
of the studied Boussinesq-type systems can be rewritten as a non-hydrostatic pressure
system via an incompressibility condition.
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Madsen-Sgrensen (1992)

Madsen and Sgrensen derived a series of interesting papers on dispersive water waves
modelling and procedures that later were assumed to be as standard in dispersive water
waves modelling.

From the derivation of the Peregrine system, it is clear that a better description
of dispersive waves can be achieved by considering a higher order truncation in (1.1.5).
However, this leads to a complex system with sums and products of high order derivatives.
Madsen and Sgrensen, fully understanding this problem, found a smart approach for
improving dispersive properties without increasing the order of the derivatives appearing
in the momentum equation. In brief, they applied a linear operator

L=1+¢BH*V(H)
to the Peregrine system, and they used as well as the linear long-wave approximation
O (hu) + gHV (n) ~ 0, u = (u,v)

which transforms time derivatives of hu, u being the depth-averaged velocities, into spatial
derivatives in the free surface 1. Some higher derivatives and product of derivatives of
the bottom are neglected (see details in [184]). Therefore, extra dispersive terms are
obtained, proportional to the free-parameter B, which was chosen to match the [2,2]
Padé approximation of the dispersion relation. These extra terms, however, only contained
third-order derivatives such as the original weakly dispersive Peregrine system.

The system for two space dimensions can be written in the compact form (GF-2D) by
setting in (SWE-2D) T as

0
0
T - = ¥1 ) 1= 07 (MS>
Tus(U, VU, H VH)
)

where
H 1 1
1= 38,5 {(33 + 1) H (Opy(hu) + Oyy(hv)) — 0. H ((’%(hu) + §8y(hv)) - 8yH§8x(hu)]
+ BgH? [H (Ouean + Ovyyn) + OpH (20521 + Oyym) — Oy HOwyn]
H 1 1
g = 38,5 {(33 + 1) H (0yy(hv) + Opy(hu)) — 0, H (%(hv) + §8x(hu)) - ﬁxH§8y(hv)]

+ BgH? [H (Oyyy + Ouayn) + Oy H (2040 + Oan) — O HOuyn)] .
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1.1.3 A first order formulation for Boussinesq-type systems

One of the main objectives of this dissertation was to deal with relatively simple PDE
systems that can simulate dispersive water waves efficiently. As it can be seen the
Boussinesg-type systems are, in the best-case scenario, systems that contain third order
derivatives (O.4¢). This will lead to complex numerical schemes, specially when high
order derivatives appear in the governing equations. To avoid that, one of the efforts
made during this thesis was to write some of the Boussinesq-system as an augmented first
order PDE system.

In this subsection, a novel contribution is presented, up to our knowledge, on this
dissertation: a procedure to express the equations derived by Peregrine as a first order
system of PDEs. The same procedure can also be applied to other Boussinesq systems
such as as [1], [184], among others. To illustrate this, let us consider the system (GF-2D)
along with (PER) written as a new reformulated augmented first order PDE system

( Oth + 0, (hu) + 0, (hv) =0,
1
O (hu) + 0, (hu2 + égh2 + Hp, + Hp2> + 0, (huv) =

(gh +2p1 + 3p2) 0. H — 7oz,
1
Oy (hv) + 0, (th + igh2 + Hp, + Hp2> + 0, (huv) =

(gh+2p1+3p2> ayH_Tb,ma (]_]_6)

Oy (Hwy) = 2py,
O (Hwq) = 2p;y + 3pa,

HYV -u +w; —w, =0,

(| HV - u+ 2(wy —wp) =0
pi, w;, © = 1,2 being some arbitrary variables described later depending on
u=(u,v), w,=-u-VH,

and 7, ,, T, accounts for the friction terms defined in (1.1.4).
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Remark 1.1.1. The considered PDE system (1.1.6) only contains first order derivatives
as requested.

Remark 1.1.2. Attending to a dimensional analysis of the new auxiliary variables
defined, it holds:
2
m m .
[pz] = ?7 [wl] = ;7 = 1727

where [f] represents the physical dimension of a given wvariable f. Thus, p; can be
interpreted as a non-hydrostatic pressure and w; as a velocity for v =1, 2.

In Remark 1.1.4 a complete reinterpretation, as well as a comparison with other
non-hydrostatic pressure systems, is carried out. This constitutes a link between one of
the pioneering Boussinesq-type systems with modern non-hydrostatic pressure systems.

1.1.4 Non-hydrostatic pressure systems. A multi layer approach

In this section one of the multi layer non-hydrostatic pressure models of the family
introduced and described by Ferndndez-Nieto et al. in [124] is presented. The final
model has some improvements concerning the Boussinesq systems. It is worth to mention
that the multi layer approach leads to a first order PDE system. The governing equations
satisfy an extra energy conservation law. This is a property that usual Boussinesq-type
systems do not satisfy. Another feature to emphasize is that when the number of layer
increases, the linear dispersion relation of the linear model converges to the same of Airy’s
theory. These properties and, in particular, the last one, make multi layer non-hydrostatic
pressure systems an ideal framework to simulate dispersive water waves.

The governing equations of the multi layer pressure system derived in [124] are
obtained after a process of depth averaging, similar to the derivation process of the shallow
water equations. To improve the accuracy, non-material interfaces that separate the fluid
into layers with different velocities and pressures are assumed. To do that, some hypothesis
on the velocity and pressure profiles are supposed. This will leads to a hierarchy of multi
layer systems, depending on the assumption of a linear or quadratic vertical profiles. The
main procedure to derive the equations can be summarized as follows:

The fluid domain is split in the vertical into L layers.

The Euler equations are depth averaged within each layer.

The total pressure is decomposed into a sum of hydrostatic and non-hydrostatic
pressure.

The horizontal velocity is assumed to have a piecewise constant vertical profile
within each layer.
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Figure 1.1: Schematic diagram describing the multi layer system

e Due to the above hypothesis on the horizontal velocity, the vertical velocity as well
as the non-hydrostatic pressure has a piecewise linear vertical profile within each
layer.

e Assume kinematic boundary conditions at the bottom and surface.

The derivation process can be found in [124]. Nevertheless, the derivation for the special
case of two layers will be described in this thesis in Subsection 1.2. The governing
equations for one-dimensional domains are described in the following.

Given a positive water height h(z,t), it is considered a number of layers L > 1 and a
convex combination (ly);,; such that

L
lo €10,1], ) lo=1.
a=1

Then it is defined
L
ha(z,t) = loh(z,t) = h=>_h,.

a=1

As depicted on Figure 1.1, the flow is split along the vertical axis into L > 1 layers
denoted by

Lo(z,t) ={z: zac1pp(x,t) <2 < Zayipl(e,t)}, a€{l,...,L}
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where

Zavip=—H+ ) hg,
B=1
H(x,t) being the bathymetry that can vary in space and time, so that
—H = 212 < 232 < ... < Zpy1/2 =M= h — H, ha(ilf,t) = ZaJrl/g([E,t) — Za,1/2($,t),

where 7 is the unknown water surface elevation. For the sake of clarity, middle points of
layer L, are denoted by

5 = Za+1/2 + Za—1/2
(6% 2 .
It is shown in [124] that the values of the variables u,w and p, at the virtual interface
Za41/2 are given by
u _ Uy + Ua+1 w _ Wq + Wa+1 _ Pa + Pa+1
a+1/2 9 a+1/2 9 Pa+1/2 5
For a given function (z,z,t) — f(x,z,t), in the case that it is discontinuous at the
interface 2,41/, let us denote
f;r+1/2(x,t) = lim f(x,z,t), foj+1/2(xut) = lim f(I,Z,t),

2=zq11/2(25t) 2=rzq11/2(25t)
Z>Za+1/2(x7t) Z<Za+l/2(x7t)

as well as f, = f(z, —H(x,1),t), fy(z,t) = f(z,n(z,1),1).
The governing equations for a € {1,..., L} reads

( L

Oh+ 0, (htt) = 0, &= lntla,

a=1

1

O (hatta) + Os (hatig + 5

gh? + hapa) + Uat1/2lav1/2 — Ua—1/2la—1/2

+ 0r2a-1/2Pa-1/2 — OzZat1/2Pat1/2 = GhaOc H

8t (hawa) + az (hauawoz) + wa+1/2ra+1/2 - wa—l/QFa—l/Q = Pa-1/2 — Pa+1/2,

w

axua+

:0’

;+1/2
hey2

wi—Jrl/Z + atH - ua-i—laarzaJrl/Z + Z 35,; (hﬁuﬁ) = O’
\ B=1

(NH-L)
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where u,,w, and p, are the horizontal and vertical depth averaged velocities as well as
the depth-averaged non-hydrostatic pressure respectively at the layer L, (z,t).
Note that

w;rl/z — Woiryp = OuZat1/2 (Uat1 — Ua) ,
is a jump condition that a weak solution which is discontinuous at z = z441/2(,t) must

verify. The hypothesis on the total pressure of vanishing at the free surface as well as the
kinematic boundary condition at the free surface leads to

Pr+1/2 = O, U)Z_H/2 = at’f] + ULaxT].

Terms I'y41/2 accounts for mass transfer and appears as a contribution of the surface
integral during the depth averaging process:
L
Tatijp= Y O (hs(us —1)).
B=a+1
The last two equations describe some extra conditions that transcribe the free
divergence constraint.
The governing PDE satisfies an extra energy conservation law. Let us denote the
mechanical energy to the semi-discrete level
2 2
WT% + ghaZa.

If (h,tua, Wa, pa) are smooth solutions to (NH-L), then it holds

Ea:h'a

L L
8t Z Ea + 81 (Z Un (Ea + gha (77 - Za) + haPoz)) = (gh + p1/2) atH

1.1.5 One layer non-hydrostatic pressure systems

The multi layer pressure system introduced above has some attractive mathematical
properties concerning with the linear dispersion relations. As it was mentioned, it
can be shown that when the number of layers tends to infinity, the celerity or phase
speed dispersion relation converges to the one given by the linear theory. However, in
practice and when the system is applied to simulate complex events that include large
computational domains, the computational time grow too quickly when considering 3 or
more layers.

Following the spirit of this dissertation of considering relatively simple systems to
simulate dispersive water waves, some special cases will be examined. The first one
is related to the case of considering one layer, that corresponds to the system deduced
in [21] by Sainte-Marie et al. firstly. After, a simplification of this one layer system derived
in [259] by Yamazaki et al. is considered. This system, which is relatively simple will
be one of the non-hydrostatic pressure systems that have been discretized and validated
along this dissertation in the subsequent chapters.
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The one layer case (Sainte-Marie et al.)

A special case of the previously described multi layer non-hydrostatic pressure is when
the number of layers is set to one. This is the case of the non-hydrostatic pressure system
that was derived previously by Sainte-Marie et al. in [21]. The governing equations for
one space dimension read

( 0h + 0, (hu) = 0,
1
O (hu) + 0, <hu2 + égh2 + hp) = (gh + py) 0. H — T,

8t (h’ll)) + a:r <th) = Db, Dy = 2p7

w — Wy
h/2

O,u + =0, w,=-0H—ud,H,

where h = h(z,t) is the water depth and H = H(x) is the known still water depth. The
surface elevation measured from the still-water level is denoted by n = h—H. Furthermore,
t denotes time, g is the gravitational acceleration; u is the depth averaged velocity in the
x direction; w is the depth averaged vertical velocity; w, denotes the vertical velocity at
the bottom that it was obtained from a no-penetration boundary condition and takes into
account the dependence on time of the bathymetry H. 7, denotes the friction with the
bottom given by (1.1.1). Finally p denotes the depth averaged non-hydrostatic pressure
and p, denotes the non-hydrostatic pressure at the bottom. Note that in the vertical
direction, the following relation holds

Py = 2p.
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This system can be written in the general compact form (GF), defining

h q 0
2
q 1
U=|a |, FO)=|7% T3, cw)y=|e|,
Gufw
w 0
g h
0
SU)=—|n|, BW) =o,
NH-1L
0 ( )
0
TU,0.U,p,0up, H 0, H) = — | hOyp+ pd: (2n —h) |,

Z(U,0,U, H,0.H) = h0rqu — qu0: (271 — h) + 2q,, + 2h0: H,

¢u. = hu, q, = hw being the horizontal and vertical discharges respectively. The
incompressibility condition Z has been multiplied by h? in order to express the system in
terms of the conserved quantities h, ¢, and q,,.

A simplified one layer non-hydrostatic pressure system (Yamazaki et al.)

Under a similar hypothesis to the one assumed by Sainte-Marie et al. in [21], Yamazaki
et al. derived in [259] a relatively simple non-hydrostatic pressure system. The equations
are derived after a process of depth averaging from the Euler equations. Thus, a linear
vertical profile is assumed for the non-hydrostatic pressure and vertical velocity, as well
as a constant vertical profile for the horizontal velocity. The difference resides in a
simplification carried out with the convective terms on the vertical velocity equation which
are neglected. Thus a simpler system arises. This simplified system has been numerically
solved in [112] (see Subsections 3.1 and 3.2 ), and validated through laboratory and field
experiments in [157],[182] (See Chapter 4 ).
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The governing equations for one space dimensions of the system derived in [259] read

( O,h + 8, (hu) =0,

1
Oy (hu) + 0, (hu2 + §gh2 + hp) = (gh+py) 0. H — 1,

Po
8tU) - ﬁ? Py = 2p7

axu_f_w—wb

\ o =0, w,=-0H —u0d,H,
whereas in the description of the variables of the system (NH-1L), h = h(x,t) is the
water depth and H = H(z) is the known still water depth. n = h — H denotes the
surface elevation measured from the still-water level. Furthermore, ¢ denotes time, g
is the gravitational acceleration; u is the depth averaged velocity in the x direction; w
is the depth averaged vertical velocity; w;, denotes the vertical velocity at the bottom
that it was obtained from a no-penetration boundary condition and takes into account
the dependence on time of the bathymetry H. 7, denotes the friction with the bottom
given by (1.1.1). Finally p denotes the depth averaged non-hydrostatic pressure and p,
denotes the non-hydrostatic pressure at the bottom. Note that in the vertical direction,
the following relation holds

Py = 2p.

This system is of interest due to its simplicity on the vertical velocity equations. In
this thesis, this PDE system is considered and discretized on a staggered mesh for the
vertical velocity as well as for the non-hydrostatic pressure in Subsections 3.1 and 3.2.
Due to that, although this system can be written as in the general formulation (GF) and
in a similar manner as in (NH-1L), it is convenient to introduce the following rewriting
of the system:

( QU + 0,F(U) = G(U)d,H + S(U)+

_l_ T(U’ axU7 p7 8Ip’ H7 axH)’
dow = 2%, (YAM)

| Z(U,0,U,H,0,H,w) =0,
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where
h hu 0
U = ) F(U) = q2 1 ) G(U) = )
q ot §9h2 gh
0 0
S(U> = - ) T(U, 81U7p7 8;[;]9, H7 8xH) = - )
Ty hazp + paﬂf) (277 - h)

Z(U,0,U, H,0, H,w) = hO,q — q0, (2n — h) + 2hw + 2h0, H,
and ¢ = hu denotes the discharge.

Remark 1.1.3. Let us notice that the vertical momentum equation of the system (YAM)

3,511) = %,

can be written by using the mass equation O;h + 0, (hu) =0, as follows

O (hw) + 0, (uhw) = % + hud,w,

and thus, the system (YAM) can be written as
( 8th -+ ax (hU) = O,

1
Oy (hu) + 0, (hu2 - égh2 + hp) = (gh + py) O, H — 7,

(1.1.7)

&Eu%—w_wb

— =0 = —0,H —uo,H,
\ h/2 ) Wp t U

Energy balance of the systems

Similar to the multi layer non-hydrostatic pressure system described in Subsection 1.1.4,
an extra balance law related to the conservation of the energy is verified. The smooth
solutions (h,u,w,p) of (NH-1L) satisfy the additional balance law

OE + 0, (u (E + gh® + hp)) = (gh + py) O H — um, (1.1.8)
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where

2 2
_H
E=hnt ;w + gL ;

(1.1.9)

is the mechanical energy. In absence of friction with the bottom as well as for 9;H = 0,
the above balance law becomes a new conservation law for the smooth solutions of the
system.

On the contrary, due to the simplification made with the convective terms during the
derivation of the system (YAM), then it holds

OHE + 0, (u(E + gh* + hp)) = (gh + py) O, H — ur, + huwd,w, (1.1.10)

where E is defined as in (1.1.9). Thus, it can not be found a similar extra energy
conservation law for the system (YAM) in absence of friction and for 0,H = 0.

Eigenstructure of the underlying hydrostatic system

Let us define for the systems (NH-1L) and (YAM) the underlying hydrostatic system that
results from removing the non-hydrostatic contribution 7 along with the incompressibility
condition Z. It is easy to check that both hydrostatic systems coincide with the
system (SWE) previously defined. Thus, the underlying hydrostatic system for both
non-hydrostatic pressure systems coincides and is strictly hyperbolic (see Section 1.1.1).

Governing equations in two space dimensions of the system (YAM)

The extension of the system (YAM) for bidimensional domains can be written as

( QU +V - F(U)=GU) V(H)+ SU)+

+7(U,VU,p,Vp,H VH),
p

Orw =25, (YAM-2D)

| Z(U, VU, H,VH,w) = 0,
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where

h 0o Qy
2
g 1 5 Q2 Gy
U=|al|, R@O=|7 T3 RO =| 3 |
44 @ 1
4=y By L 42
Qy h h + 2gh
0 0 0
G1<U): gh s GQ(U)Z 0 s S(U)Z— Tb.x
0 gh Thyy
0
T(U,V(U),H,V(H)) = — | hd,p + pdy (20 — h)

ho,p + po, (2n — h)

I(U,VU,H,VH,w) = hV - q — q -V (20 — h) + 2hw + 2hd,H, q = (42, q,).

¢ = hu, g, = hv being the discharges and 7, ,, 7, account for the friction terms defined
in (1.1.4).

Remark 1.1.4. Let us assume in the rewriting of the Peregrine system as a first order
PDE system (1.1.6) a flat bottom. Then one has

wy = 2wq, p1 = —3pa,

and let us define

W= wy, P:= —2po.
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Then the system reduces to

( O,h + Oy (hu) + 8, (hv) = 0,

1

Oy (hu) + 0, (hu2 + §gh2 + Hp) + 0, (huwv) = =Ty 4,
1

0 (hv) + 0, (th + §gh2 + Hp) + 0, (huv) = —7y,

3
H&t (w) = 5]),

(| HV - u+2w = 0.
Replacing H by h in the third and fourth equations of the above system, it yields
( O,h + Oy (hu) + 8, (hv) =0,

1
8t (]’LU) + @E <hu2 + §gh2 + Hp) + ay (huv) = —Tbx,

1
O (hv) + 0, (hv2 + §gh2 + Hp) + 0, (huv) = —7yy, (1.1.11)
_3p
O (w) =5

| hV -u + 2w = 0.

Let us reinterpret w and p in (1.1.11) as the depth integrated vertical velocity and the
depth-integrated non-hydrostatic pressure by similitude with system (YAM-2D). Also, let
us reinterpret %p as the non-hydrostatic pressure at the bottom. Thus, the system (1.1.11)
only differs from the system (YAM-2D) on the relation between the non-hydrostatic
pressure at the bottom and its depth-averaged value which is:

_3
pb—2p-

Moreover, by substituting the vertical velocity equation in (1.1.11)

atw = ==

2h
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by

O (hw) + 0y (uhw) + 0y (vhw) = gp

then the system coincides with the Green-Naghdi system for flat bottom, that was
firstly written as a non-hydrostatic pressure system in [21]. It can be proved that the
Serre-Green-Naghdi system satisfies an energy conservation law given by:

HE + 0, (u(E+ gh® + hp)) + 0, (v (E + gh® + hp)) =0,

where

u2+v2+§w2 B
g
2 2

E=h

1s the mechanical energy.

Thus, this procedure of converting the Boussinesqg-type system of Peregine into a non-
hydrostatic pressure system can be seen as a way to improve the mathematical properties
of the Peregrine system, since an energy conservation law can be fulfilled when VH = 0,
and to reduce the order of derivatives, since it is written as a first order PDE system.
Furthermore, a link between one of the most popular Boussinesq-type systems and the
non-hydrostatic pressure modelling framework has been established.

1.1.6 Linear dispersion relation

In this subsection, the main concepts concerning the dispersive relations of PDE systems
are presented. In particular, the linear dispersion relation of the phase velocity, the group
velocity, and the linear shoaling. This constitutes a standard study of PDE systems for
dispersive water waves modelling. The two first properties are related to the propagation
of dispersive wave trains, and the latter with shoaling processes. This can occur when
waves arrive at the continental shelf, from intermediate to shallow waters.

To obtain the linear dispersion properties of the systems studied during this
dissertation, the equations are linearised around the lake at rest steady state solution.
An asymptotic expansion

f=fO 4 efO L o), (1.1.12)

is considered, where f denotes a generic variable of the system. The resulting linearised
model for the perturbations, which is obtained after neglecting O(€?) terms, is considered.
After that, A Stokes-type Fourier analysis is carried out looking for first-order solutions

of the form
f(x,t) = foe'@tka), (1.1.13)

where w is the angular frequency and k is the local wave-number. Since the resulting
system is linear, it is possible to find an exact non-trivial solution. This constitutes an
standard procedure to study systems that model dispersive water wavers (see [176], [184],
[226]).
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Phase velocity

The phase velocity of a wave is the rate at which the phase of the wave propagates in
space. This is the velocity at which the phase of any one frequency component of the
wave travels. For such a component, any given phase of the wave (for example, the crest)
will appear to travel at the phase velocity. The phase velocity is defined as C' = w/k.
Following the process detailed above, the phase velocity can be obtained for any given
PDE system studied in this dissertation. It can be compared to the exact phase velocity
given by the linear theory (Airy wave theory):

tanh(kH)

Czliry = gH LH ’

(1.1.14)

where k denotes the local wave-number.

Group velocity

The group velocity of a wave is the velocity with which the overall shape of the wave’s
amplitudes (known as the modulation or envelope of the wave) propagates through space.
The group velocity is obtained essentially taking the derivative concerning the wave-
number £ from the linear dispersion relation

GAiry == CAiry + kakCAirya

and a reference formula can also be obtained
1 < 2kH

GAiry = 5

Linear shoaling

Madsen & Segrensen introduced the linear shoaling gradient 7y as another quantity to
measure the applicability of Boussinesq equations (see [184]):

Ozn o, H

n TH

Here the shoaling gradient ~ is a function of the wave number k and H and it relates the
effect of compactness or shoaling that waves suffers when approaching to the coast. The
shoaling gradient + can be determined using the concept of the constancy of the energy
flux, which is a valid assumption before of the breaking of the wave:

O (N*Cy) =0,

and thus,
0.1 1 0:Cy

n 2 C,
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Given the group velocity, it can be seen that

0.Cy _ g OulkH)

c, kI

where 57 is a function to be determined such that the equality holds. Taking the derivative
of the dispersive relation with respect to x gives
0.k 0. H

PR

where, again, S5 is another function to be determined. Finally, the linear shoaling gradient
of a given system under consideration is given by:

1

Again, a reference formula can be obtained from the linear theory, which is given by:

(1 — kH tanh(kH)) (1 — tanh*(kH))
(tanh(kH) + kH (1 — tanh®(kH)))*

Yairy = kH tanh(kH) (1.1.16)

1.2 A novel two layer non-hydrostatic pressure sys-
tem with enhanced dispersive properties

In [118] a new two layer-averaged system derived from Euler equations was considered
by C. Escalante et al. In this work a two layer depth-integrated non-hydrostatic system
is proposed with improved dispersion relations. This improvement is obtained employing
three free parameters: two of them related to the representation of the pressure at the
interface and a third one that controls the relative position of the interface concerning the
total height. These parameters are then optimized to improve the dispersive properties of
the resulting system. The optimized model shows good linear wave characteristics up to
kH = 10, that can be improved for long waves. The central hypothesis for the derivation
is the assumption of a constant vertical profile of the horizontal velocity within each layer.
This corresponds to the assumption of a shallow water regime as it is usual when deriving
non-hydrostatic multi layer systems.

The proposed two layer system can be seen as a modification of one of the models
presented in [124] with a correction in the non-hydrostatic pressure profile. This will
lead to a system that improves the main dispersive properties of the other two layer non-
hydrostatic pressure systems proposed in the literature (see for instance [71]). Moreover,
it improves the dispersive properties of some multi layer systems with 5 layers (see for
instance [10]). It is worth mentioning that the resulting system is a model which is less
expensive from the computational point of view while keeping good dispersive relations.
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Thus, the final model can be applied to intermediate waters for a wide range of waves for
a kH up to 10.

In the subsequent subsection, part of the work carried out in [118] is described: the
derivation of the subsequent system as well as the mathematical study concerning to the
dispersive properties; the study on the hyperbolicity of an underlying part of the final
system.

1.2.1 Derivation of the system

This model is obtained by setting a non-material interface that separates two layers with
different velocity and pressure. In the deduction of the equations, it is assumed that the
horizontal velocity has a piecewise constant vertical profile, by while the vertical velocity
and the non-hydrostatic counterpart pressure are piecewise linear, the three unknowns
being discontinuous at the interface. For the sake of clarity, the equations are deduced for
one-dimensional horizontal domains, although a similar process can be followed for two
space dimensions.
The Euler system restricted to the (z, z) plane reads

(0,1 + 0w = 0, (1.2.1a)
oyu + 0, (u2 + pT) + 0. (uvw) =0, (1.2.1b)
\atw + 0, (uw) + 0, (w2 —i—pT) = —q, (1.2.1¢)

where x and z denote the horizontal Ox and the vertical Oz axis respectively. This system
is considered for
t>ty, R, —H(z,t) <z <n(x,t),

where 7 is the unknown water elevation, H is the bathymetry that can vary in space and
time, uv and w are the horizontal and vertical velocities. The water height is h =7+ H.
The model is completed with boundary conditions at the free surface

om(z,t) +u(z,n(x,t),t)0n(z, t) —w(z,n(x,t),t) =0, (1.2.2a)

pr((z,n(z,t),t)) = p™™, (1.2.2b)

where p®™ is the atmospheric pressure. At the bottom, no-penetration boundary
condition is imposed

u(z, —H(x,t),t)0.H + w(z, —H(x,t),t) + 0,H = 0. (1.2.3)

The total pressure pr is supposed to be decomposed into a sum of a hydrostatic and
non-hydrostatic part:

pr=p""+g(n—2)+p (1.2.4)
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where p(z, z,t) is the non-hydrostatic pressure. Hereinafter, the atmospheric pressure will
be supposed to be zero and the non-hydrostatic pressure is assumed to vanish at the free
surface

p(z,n(z,t),t) = 0. (1.2.5)

Given a positive water height h(z,t), l1,ly € [0, 1] are considered such that [; + 1y = 1,
and the fluid is decomposed along the vertical axis into two virtual layers of height

ho = loh, a=1,2.

In what follows, a = 1 stands for the lower layer and o = 2 for the upper one (see
Figure 1.2). Let us denote

Li(x,t) ={z:—H(x,t) <z < zp(z,t)}, Lo(x,t) =12 z1(x,t) <z <n(z,t)},
where z;(z,t) = hy — H. z, will denote the level of the middle point of the layers:

Z[—H
2 )

zo(x,t) = il i

For a given function (x, z,t) — f(z, 2,t), let us denote

fre(z,t) = lim f(z,z2,1), fr-(xz,t) = lim f(z,2,1),

z—zr(x,t) z—zr(z,t)

z>zp(x,t) z<zr(x,t)

as well as f, = f(z, —H(x,t),t), fy(z,t) = f(z,n(z,1),1).

As it was mentioned before, to derive the model a given vertical profile on the
unknowns of the problem is assumed. First, a piecewise constant profile of the horizontal
velocity is considered. Denoting u(z,t) and wus(z,t) the horizontal velocities at layers
Li(x,t) and Lo(z,t), respectively. This is the main hypothesis for the derivation of the
model, which corresponds to a shallow water regime. In fact, taking p = 0 in (1.2.4) and
l; =1, the SWE can be deduced in the same way.

From previous assumption and the incompressibility condition (1.2.1a), the vertical
velocity has a piecewise linear profile. Let us recall that, using the notation introduced
before, its limits at the interface level z = z;(x,t) are denoted by wr+. The vertical
velocity at the bottom and the free surface are denoted by wj; and w,, respectively.

Finally, a piecewise linear profile of the non-hydrostatic pressure is also considered.
Thus, it can be determined from atmospheric pressure value, which is supposed to be
zero, and its limits at the interface or bottom. Thus p, = 0, and denote its limits at
the interface level z = z;(z,t) by pr+, and the pressure at the bottom, p,(x,t). It is also
denoted by py(z,t) and py(x,t) the non-hydrostatic pressure part evaluated at the middle
level of the corresponding layer, that is,

pi(z,t) = p(x, z1(x, t), 1), po(x,t) = p(x, z5(x, t),t).
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Figure 1.2: Bilayer setting

From the incompressibility condition (1.2.1a), a weak solution which is discontinuous
at z = z;(x,t) must verify the following jump condition (see [121], [124])

wr+ — wi- = (ug — uy) Oz 21 (1.2.6)

Let us denote by w; and wy the vertical velocity at the middle level of the corresponding
layer, that is,

wy(z,t) = w(x, z1(z, 1), 1), wy(x,t) = w(x, z9(x, t),t).
Then, the incompressibility condition (1.2.1a) inside each layer reads,

W1 — Wy

Oy 2
Ul + hl

-0, (1.2.7a)

Dpus + 221 g, (1.2.7b)
ho
The integration over each layer of the incompressibility equation (1.2.1a), combined
with conditions (1.2.2a), (1.2.3), gives the mass equations at each layer,

athl + (91 (hlul) = — (w[— — (atZ[ + UlamZ])) y (128&)
6th2 + &L« (hg’UQ) = (’LU[+ - (8tz1 + uﬁxz])) . (128b)
Let us define
'~ =wr- — Oz — w10,21,

F[Jr = Wr+ — 8t2’] — UgawZ].
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Using the jump condition (1.2.6), I';+ = I';- and it is defined

I'y= w — 021 — Wt u28xz].
Then equation (1.2.8) becomes
Othy + 0y (hquy) = =Ty, (1.2.9a)
Oths + Oy (haug) =Ty (1.2.9b)

Thus, I'; can be interpreted as an approximation of the mass transfer across the
interface z;. Moreover, by combining equations (1.2.9a) and (1.2.9b) is obtained:

F] = llax (thg) — lgax (hlul) . (1210)

Following the procedure described in [124], and taking into account the piecewise linear
discontinuous profile of non-hydrostatic pressure, the following horizontal momentum
equations are obtained

U1+UQ

am (hlul) + &E (hllbf -+ hlpl) + F[ — pbaxH — p]—axZ[ = —ghlaxn (1211)

U + Us
2
Note that the gradients of p; and ps appear because the assumption of the linear

profile for the pressure inside each layer. The following vertical momentum equations are

also deduced,

Bz (haug) + Ox (haui + hopa) —

F[ +p1+8m21 = —ghgax’l] (1212)

w1 + wWa

81 (hlwl) + (‘L (hlulwl) + 5 F[ +p1— — P = 0. (1213)
896 (hglUQ) + 836 (hQUgMQ) — WF[ — Pr+ = 0. (1214)
In this work the unknowns are
py and py = pr-,

for the non-hydrostatic pressure. To close the system, it is suppossed that

pr+ =Py +Y2p1, N1+ 72 # 0, (1.2.15)
and therefore, due to the assumption on the non-hydrostatic vertical profile:

_ b tpr _ Py + Yepr

2 2 '
The underlying reason to assume this discontinuity for the non-hydrostatic pressure is to
introduce an artificial set of free parameters, which will help to improve the dispersive
properties of the system (see Section 1.2.3).

b1 P2
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Remark 1.2.1. Notice that for v = 0, v, = 1 the original system derived in [124], is
recovered and for vy =1, 75 = 52 the approach

pr+ — pr- = 6(p2 — p1).-
The case v1 + v2 = 0 is avoided (see Subsection 1.3.4 and Appendiz D).

To sum up, collecting all the equations described before, the system reads as:

( Gth + 81» (llhul + lgh’dg) = 0,
Oy (lhhuy) + Oy (hhuf + Lihpy) + 52T — py0p H — proyzr = —glihd,n,
Oy (lihug) 4 0y (Iohus + lahpy) — 52T 1 + (y1py + Y2pr) Ozt = —glahdun,

Oy (hhwy) + 0 (Lihuywy) + “5*2T 1 = py, — py,

(1.2.16)
Oy (lahws) + 0y (lohugwsy) — 15221 = yipy, + Yapr,
w1 — Wy
Oy 2 =0,
U + Lh
W9 — Wi+
g2 TIT _
| e T2 0
where
Wi+ = UanZ] — &B (llhul) — atH,
(1.2.17)

wy = —u10, H — O, H.

The system depends on the parameters (ly,71,72), which need to be chosen. This
will be done following a criterion that improve the dispersive relations of the system.
Note that the proposed system has the same number of variables as when considering a
continuous pressure, that is p;j+ — p;- = 0, that are

h7 Uey Wey PIy Po

and therefore the computational cost of the improved model will be the same than the
original one proposed in [124].
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System (1.2.16) can be written in the general and compact form (GF) for one
dimensional domains with bottom friction terms as

U + 8,F(U) + B(U)O,U = G(U)d,H + S(U)+

+ T7(U,0.U,P,0,P,H,0,H), (NH-2L)
7(U,0.U,H,0.H) =0,
defining
h Ligua + laqu2 0 0
2
Qu 1 2
— 4 — h
Gu,1 h 27 gh )
2
qu,2 1 2
U=\|aqu |, FO)=| 7 t39" |, cu)y=|gh|, SW0)=-]0
qw71 Qu,lsw,l 0 0
Qw,2 Qu,29w,2 0 0
h
where

Qu,a = huau Qu,o0 = hwaa o = ]-a 2

are the horizontal and vertical discharges. The Manning friction term only appears at the
equation concerning to the lower layer and is given by

n2 u
Tip = 9Gu, ZL;'.

B(U) is a matrix function such that B(U)0,U involves the nonconservative products
related to the mass transfer across interfaces that appear in the momentum equations

0 0 0 0 0
0 —12“1;“2 12”1;“2 0 0
P I e e
0 —l2w1;w2 z2w1;w2 00
0 l1w1+w2 —l1w1+w2 00

2 2
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Note that the corresponding equations for the horizontal and vertical momentum at the
layer L, have been divided by [,. The limit case [y = 1, Iy = 0 corresponds to the one
layer model presented in [21]. For the sake of simplicity, [, € (0,1) is assumed.

Finally, the non-hydrostatic terms are given by

0

8:1: (hpl) - pbaarH/ll - plale/ll
P = , T(U, amU’ P, axp’ H, amH) _ ax (hp2) + (leb + 72p[)8x21/l2

(pr — )/l

— (mpy + Y2p1) /12

where
Dby + D1 Y1Pb + V2Pr1
P1 = , P2 = 9
2 2
and

L1h0yquy — 2qu10:21 + 21 + 200 H
Z(U,8,U, H,0,H) = . (1.2.18)
2[1]181(]“71 + l2haa¢Qu,2 - 2(]”’289322 + QQw,Q + 2hat]_—’

Operator (1.2.18) contains the incompressibility condition for each layer, and it is
obtained multiplying equations (1.2.7a) and (1.2.7b) by [;h? and Ilyh? respectively.
Equations (1.2.17) have been used as well. This allows to write the full two layer system
in terms of discharges.

The nature of the continuous problem corresponds to a mix-problem. It consists of
a hyperbolic system with a restriction, given by an incompressibility condition (1.2.18).
Moreover, using the incompressibility condition, the system can be expressed as a set
of three equations (mass equation, u;—momentum equation, us—momentum equation) in
terms on the variables h, H, uy, us in which high order derivative terms, 0,,;, appear. The
expression of the system in terms of velocities is avoided in this thesis since the expressions
are too tedious to write. Moreover, one of the objectives of the proposed dissertation is
to avoid the presence of high order derivatives. However, in the next subsection, the
hyperbolicity of the underlying hydrostatic part is studied.
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1.2.2 Hyperbolicity of the underlying hydrostatic system
Let us define the underlying hydrostatic system of (NH-2L) given by
O,U + 8, F(U) + B(U)3,U = G(U)d, H, (SWE-2L)

where U, F, B and G are defined in (NH-2L) In this subsection, it is shown that
the system (SWE-2L) is hyperbolic for every [; € (0,1), and an approximation of the
eigenvalues is given.

Hyperbolicity
To prove the hyperbolicity, let us consider the system (SWE-2L) in quasi-linear form
U + A0,U = G(U)0,H, (1.2.19)

where A = Jr + B, Jr being the Jacobian matrix of the flux F. The characteristic
polynomial of the matrix A is given by
1
PN\ L) = 5 (ur = A) (ug = A) QA lh),

Q(A,l1) being a third order polynomial on A given by
QN ) = f(N) — R(l),
f()\) == (3U1 — U9 — 2/\) ((U,Q - /\)2 - gh) s R(ll) = llK, K = (Ul - UQ) ((Ul - UQ>2 — 4gh) .

For the sake of simplicity on the notation, the dependence on U is not written explicitly.
Let us study the hyperbolicity of the hydrostatic system. It is easy to check that

Al =11, A2 = Uy

are eigenvalues of the system for every [; € (0,1). It remains to check if the cubic
polynomial Q(A, ;) has three distinct roots.

In the following it is shown that the cubic polynomial has always three different roots
for every [; € [0,1], and in particular for every l; € (0,1) as requested. A sketch of the
proof:

1. Let us remark that Q is a cubic polynomial on A satisfying
Q(—00,l1) = +o0, Q(c0,l;) = —oc.

2. Note that f(\) is a cubic polynomial that does not depend on ;. Moreover, it has
two local extrema given by the roots of f'(A):

2
L up+ug gh U — Usg
= + 4/ = .
A 2 \/3+( 2 )
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3. A sufficient and necessary condition for the existence of three real and distinct roots
of the cubic polynomial Q(A,l;) is that:

f(A7) < R(lh) and f(A") > R(l).
4. Note that when l; = 0, the polynomial Q(\,0) has three roots:

3 _
Az = %, >\4,5 = Uy = v/ gh,

and thus f(A7) < R(0) and f(AT) > R(0).
Similarly, when [; = 1, the polynomial Q(A, 1) has three roots:

— 3
Az = M, >\4,5 =u; £/ gh,

2
and therefore f(A\~) < R(1) and f(A*) > R(1).

Thus, assuming that K > 0, then R(1) > R(l;) > R(0) and therefore
) > R(1) = R(l),
FONT) < R(0) < R(Iy).

Assuming that K <0, then R(1) < R(l;) < R(0) and therefore
FONT) > R(0) > R(l),
FO\) < R(1) < R(Ly).

This concludes the proof.

A first order approximation for the eigenvalues

In the case of |; = %, the eigenvalues can be computed explicitly and are given by:

3
)\475 = + \/gh + —(Ul - U2)2.

AL = U, )\2:U2, A3 = 4

Taking advantage on this fact, two approximations for the eigenvalues of the sys-
tem (SWE-2L) for any [; € (0,1) are given:

e For a first approach, let us denote the eigenvalues that depends on [; as

)\1(l1) = U, >\2(l1) = U2,
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as the known eigenvalues for any /; € (0, 1), and

)\3(11)7 )\4(ll>7 )\5(l1)
as the eigenvalues that are roots of the cubic polynomial Q(\,ly). The following

approximation of the eigenvalues, that gives the exact roots of the cubic polynomial
Q(A,ly) for Iy € {0,1/2,1} is proposed:

A3(l) = A3(ly) = (5 — 2l1) uy + (2[1 — 5) Us,

)\4’5(l1) ~ 5\—4\;([1) = l1u1 + lgUQ + \/gh + 3[1[2 (u1 — U2)2.

e Another approach for the eigenvalues is proposed in the following. Since A(l;) is a
root of Q(A,l;), then

Q(A(h), L) =0,

and deriving with respect to [; it yields

((Ul — U2)2 — 4gh) (Ul - Ug)
(gh — 3uqug + 3 (ug +uz — A1) A(lh))’

N(lh) = 5

Thus, an approximation is given for the eigenvalues that are roots of Q(\, ;) with
the first order approximation

Ni(l) = AN = N(1/2) + No(1/2) (L — 1/2), i € {3,4,5},

that can be explicitly computed, since \;(1/2) are known:

—

B 1 2
Mot o)

'S

> uptu
A3(l1) = A3 = - 2

+ (Ul — UQ) (1 — 2[1)

2 gh+Z(U1—U2>

w

— U tu 3
)\4,5(l1) ~ )\475 = ! 2 + \/gh + Z<U1 — U2)2+

1 gh—l(ul—UQ)Q
+ (ug —us) [l — = 4 +O?
(=) (1 )gh+EWy—wf ()

This procedure is more rigorous than the previous one and lead to a more
sophisticated expressions of the approximated eigenvalues.
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An upper and lower bounds for maximum and minimum eigenvalues

Since the three roots of the cubic polynomial Q(A,[;) in A are determined by the abscissas
of the intersection points between the cubic polynomial f(A) and the line R(ly), then the
maximum and minimum roots of the polynomial Q(\,l;) are in the set defined by the
roots of Q(\,l;) for [; =0 and [} = 1.

The roots A\;(l;) of Q(A, 1) for iy =0 and [; = 1 are:

/\34 = U9 + AV /\5 3U1 — u2)

)\34 = Uy + AV )\5 3U2 — Ul)

Note that the analysis carried out in this subsection is only valid if [; € (0, 1), since for
the particular cases of [; = 0 and [; = 1 the number of equations of the system is reduced,
as well as the degree of the characteristic polynomial P. However, it can be checked that
when [; = 0, the roots of the resulting underlying hydrostatic system are A3 4(0) and for
Il = 1, the roots are A34(1). Therefore, for [; € (0,1) the following inequalities for the
maximum and minimum of the eigenvalues holds

min(|ui| — /gh, |us] —/gh) < min();) < max();) < max(|ui| + v/ gh, |us| + /g

This means that the maximum and minimal speed of propagation of the underlying
hydrostatic system are bounded by the maximum and minimal celerities of each layer.

1.2.3 Linear dispersion relation

In this subsection, the dispersion relations of the integrated two layer system (1.2.16) are
deduced as usual (see Subsection 1.1.6 and references [61], [168],[176], [184], [226]).

Remark that the studied dispersive relations are dependent on the parameters
(l1,71,72). Later the aforementioned (ly,71,72) parameters will be chosen through
examination of the derived dispersive relations following the standard procedure on such
topics (see [176], [184], [226]).

Phase velocity

The equations are linearised around the lake at rest steady state solution, and the
asymptotic expansion (1.1.12) and flat bathymetry are considered. The linearised version
of system (NH-2L) reads
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am(l) + Ham (llugl) + lgugl)) = 0,

1
8tU(1) + gaxn(l)IQ + §A18xp(1) = 07

(1.2.20)
HoO,WW 4+ A, P = 0,
| HA30,UL 42w =0,
bein
g e O e
vo— | wo=| ") o= [T,
) uf? )
10 11 -1/, 1/L L 0
]2 = y Al == y AQ == y A3 ==
0 1 MY —1/la =7/l 20, Iy

Assuming y; + 72 # 0, then after some algebraic manipulations, the system (1.2.20)
can be expressed in terms of n, UM and its derivatives,

@¢U+H@(mﬁﬁuwy):a
(1.2.21)
OUW + gd,n M 15 + EHQAlAglAgﬁmU(” = 0.
A Stokes-type Fourier analysis is carried out looking for first-order solutions of the form
Uy
nWD(x,t) = e’ @k UM (g t) = elwt=ko) (1.2.22)

Uz

where 1) is the wave amplitude, w is the cyclic frequency and k the wave number. By
substituting (1.2.22) into (1.2.21), yield the linear system

LWH LH —C Mo 0
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where C' is the wave celerity defined by C' = w/k and
1
A=-C (12 + (kH)? A1A2‘1A3) .

Looking for non-trivial solutions, the matrix of the linear system (1.2.23) must be singular,
and yields the linear dispersion relation

c? 1+ Ny (kH)?
gH 1+ Dy (kH)? + Dy (kH)"

(1.2.24)

Since lo = 1 — [y, the coefficients Ny, Ny, Do, Dy, D, are solely functions of Iy, v, 72
given by

_ Lils(—y1 — 2 +2(e — 1)l +2)

N
! 4(y1 + 72)

)

p, =t et 20 =D -2t =2 0 G~ %)

A +72) ’ 16(71 +72)
Remark 1.2.2. If the relation v, +~2 = 0 holds, then regarding the linear vertical velocity
equation in (1.2.20), one has that P can not be uniquely expressed in terms of O,W, due
to the fact that Ay is a singular matrix. According to this, it is assumed that v + 2 # 0,
and thus the matriz Ay has an inverse A;*.

Remark 1.2.3. It is of interest the writing of the linearised system in the form given
in (1.2.21). Therefore, the system can be written in terms of h = n+ H, H,uy,us. This
procedure can be generalized and applied to the original system (NH-2L), leading to a
compact formulation free of vertical velocities and non-hydrostatic variables, as well as its
corresponding equations. The counterpart is that higher order derivatives will appear.

Group velocity and linear shoaling

The group velocity G and the linear shoaling gradient v can be obtained from the
linear dispersion relation of the phase velocity (1.2.24) following the guidelines given
in Subsection 1.1.6. The determination of these dispersion relations are performed on
a computer using symbolic calculation. The resulting expression are tedious and will
not be given here. Nevertheless, some figures are shown in Subsection 1.4 for the group
velocity and linear shoaling gradient comparing with the linear theory as well as with the
dispersion relation of other PDE systems.
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Dispersive optimization

For the studied dispersion relations, i.e. wave celerity, group velocity and linear shoaling,
a reference formula can be derived from the Airy theory (see Subsection 1.1.6). Now, the
most accurate set of parameters [;, 7; and 7, , in a sense that will be described later,
will be chosen in this section attending to the previous formulae. For this analysis, a
representation of the overall error, including errors in wave celerity, group velocity and
shoaling, is sought. It is worth to mention that C, Cairy, G, Gairy, 7 and 7ya, are
in fact solely functions of kH, [y, 71, 72. Then for a given s > 0, one can consider the
integral on kH

S 1 (10 = Cainyl | |G — Gairyl
Ayl ::/_( 2 :
(h:71:72) o kH

that accounts for the linear dispersion error given by the described two layer system when
compared with the Airy theory. Therefore this error is minimized defining

|’Y - 7Airy|)
+ dkH, (1.2.25)
| CAiry | | CAiry | |7Ai7"y |

(17,717,757 = arg min [AL(17,77,73)]
(5173)
17€(0,1)
Y1+7v27#0
When simulating dispersive water waves, errors at low wave numbers k are more relevant
than errors at high wave numbers, since the equations are largely used to simulate shallow

water flows. Due to that, as in [178], the sum of the relative errors is divided by kH inside

the integral (1.2.25). Then, the proposed election of (l1 ,75 ),vé )) minimizes properly

the sum of the relative errors of wave celerity, group velocity and linear shoaling, with
respect to the reference formulae in a range of kH € [0, s]. The integral is approximated
numerically via Gaussian quadrature points, avoiding the singularity at kH = 0. The
arg min function is approximated by using an iterative method for non-linear optimization.
Attending to the range of applicability, two set of parameters are obtained. The first

one is
(1P 4 89y = (0.4929, —0.1530,1.1192), R0}

and a second choice for an extended range is
(109 409 2050y _ (0.7194,0.1386, 0.7305). (15 1,4
Similarly, it is also denoted

2L) _(2L) (2L 2L) _(2L) _(2L
(P92 827 = (1/2,0,1), (27,20, 570)
the coefficients corresponding to the original two layer system proposed in [124].

An alternative procedure to the optimal choice of the free-parameters is the following:
as the equations are largely used to simulate shallow water flows, the linear analysis is
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supplemented with an asymptotic analysis in the limit KH — 0. To do that, the resulting
Taylor expansion of the phase velocity (1.2.24) is compared with the one coming from the
Airy theory at order O(kH)*:

Chiry _ 1— 1(kH)2 + O(kH)*
gH 3 ’
2 — _ — —
| o mtre-btnthnt+y =202 - 1Dh) - 2) (kHY + O(kH)"
gH A(y1 + 72)

which coincides for

3(1—1)2 =7 =20 —1)h) —

1.2.26
3(h+1) +1 (1.2.26)

M=

Note that the original two layer non-hydrostatic system derived in [124], which corresponds

1
to the election of I; = 5 and v, = 0, v, = 1, verify at order O(kH)*

C3, 5

o = 16(/ch) + O(kH)*.

Thus, our proposed system can satisfy up to order O(kH)* the Airy theory by setting v,
as in (1.2.26). The parameters [; and 7, are still free parameters, and a similar tuning as
the one explained in this subsection can be made in order improve the linear dispersive
relation for higher values of kH.

The numerical results Shown in this dissertation are computed with the two set
of parameters given by (l(5 ,71 ,Vé )) and (l(15 ,7115),7515)). In Subsection 1.4 some
comparisons are shown.

1.2.4 Governing equations in two space dimensions

Following a similar procedure than the one presented in Section 1.2.1, the resulting x, y, 2
momentum equations as well as the two incompressibility equations inside each layer
derived for two space dimensions can be written in the general and compact form (GF-2D)
for two dimensional domains with bottom friction terms as

(U +V-F(U)+BU)-VU=GU)-VH+ SU)+T,
(NH-2L2D)
I(U, VU, H,VH) =

defining

U= (h, qz1, Qy1, 92,2, 9y,2, Qw1 Qw,Q)a
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+_gh27 +_gh27

T
@ 1 qu,IQy,l @ 1 Qz,2Qy,2 Gz, 19w,1 Q$,QQw,2)
h 2 h 7 h 2 h h h

F1<U) = (llq:p,l + lQQz,Z;

2 2 T

Gonyr Ga | 1 5 Gotye G2 1 5 Qi qy2qw,2)

Toryr 1 | = o2 G2ly2 B2 | 2 op ’ ,
T D A A Aty S

FQ(U) = lle,l + Z2Qy,27

Gy(U) = (0, gh, gh, 0, 0, 0, 0)",
Go(U) = (0, 0, 0, gh, gh, 0, 0)",

S(U) = — (0, Tibxs T1,by) 07 0, 07 O)T

being
q, = (q:z:,aa Qy,a> = (huom hva)a Qu,a = hwom o = 15 2

the horizontal and vertical discharges. The Manning friction term only appears at the
equation concerning to the lower layer and is given by

n2 |(uy, vy n2 |(ug, v

B(U) is a matrix function such that B(U) - V(U) involves the nonconservative products
related to the mass transfer across interfaces that appear in the momentum equations

0 0 0 0 0 0 0
0 —