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Abstract

This thesis provides new statistical connections between noncircularly-
symmetric central and circularly-symmetric noncentral underlying complex
Gaussian models. This is particularly interesting since it facilitates the anal-
ysis of noncircularly-symmetric models, which are often underused despite
their practical interest, since their analysis is more challenging.

Although these statistical connections have a wide range of applications
in different areas of univariate and multivariate analysis, this thesis is framed
in the context of wireless communications, to jointly analyze noncentral and
noncircularly-symmetric fading models. We provide an unified framework
for the five classical univariate fading models, i.e. the one-sided Gaussian,
Rayleigh, Nakagami-m, Nakagami-g and Rician, and their most popular gen-
eralizations, i.e the Rician shadowed, n-, x-u and x-u shadowed. Moreover,
we present new simple results regarding the ergodic capacity of single-input
single-output systems subject to x-y shadowed, x-p and n-p fadings.

With applications to multiple-input multiple-output communications, we
are interested in matrices of the form W = XX’ (or W = X'X), where X is
a complex Gaussian matrix with unequal variance in the real and imaginary
parts of its entries, i.e., X belongs to the noncircularly-symmetric Gaussian
subclass. By establishing a novel connection with the well-known complex
Wishart ensemble, we facilitate the statistical analysis of W and give new

insights on the effects of such asymmetric variance profile.
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Resumen

Esta tesis proporciona nuevas conexiones estadisticas entre los modelos
Gaussianos complejos no-circularmente simétricos centrales y circularmente
simétricos no centrales. Esto es particularmente interesante, ya que facilita el
andlisis de modelos no-circularmente simétricos, que a menudo son infrauti-
lizados a pesar de su interés practico, ya que su andlisis es mas dificil.

Aunque estas conexiones estadisticas tienen una amplia gama de aplica-
ciones en diferentes dreas del andlisis de variable aleatoria y de mltiples
variables aleatorias, esta tesis se enmarca en el contexto de las comunica-
ciones inaldmbricas, para analizar conjuntamente los modelos de desvanec-
imiento no centrales y no-circularmente simétricos. Proporcionamos un
marco unificado para los cinco modelos clasicos de desvanecimiento, es de-
cir, los modelos Gaussiano unilateral, Rayleigh, Nakagami-m, Nakagami-q
y Rician, asi como sus generalizaciones mas populares, es decir los modelos
Rician con ensombrecimiento, 7-/, k-t y £-f1 con ensombrecimiento.

Para comunicaciones con multiples antenas, esta tesis se interesa por ma-
trices de la forma W = XX (0 W = XX), donde X es una matriz Gaus-
siana compleja con varianzas desiguales en las partes real e imaginaria de
sus entradas, es decir, X pertenece a la subclase Gaussiana no-circularmente
simétrica. Estableciendo una nueva conexién con el conocido conjunto com-
plejo de Wishart, se facilita el analisis estadistico de W, a la vez que damos

una mayor comprension de los efectos de este perfil de varianza asimétrico.
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Chapter 1

Introduction

Complex Gaussian random variables (RVs) are widely used to model ran-
dom fluctuations in many different areas, such as optics [1], nuclear physics
[2], signal processing [3], principal component analysis [4], and wireless com-
munications [5], to name a few. In all of these areas, it is often assumed (usu-
ally implicitly) that these RVs are circularly-symmetric, i.e. with equal vari-
ance in their real and imaginary parts. This assumption actually simplifies
the analysis of a multitude of problems.

However, there are many other cases where the circularity assumption
is even inappropriate. In optics, the roughness of transmitting or reflect-
ing surfaces affects unequally the variances of the real and imaginary parts
of the scattering far-field, which can no longer be modeled with circularly-
symmetric Gaussian RVs [6], [7]. In nuclear physics, the study of nuclear
energy-level spacings requires the analysis of noncircularly-symmetric (or
improper) Gaussian random matrices [8]. In signal processing, the imbal-
ance between the in-phase and quadrature (I/Q) branches due to I/Q mis-
matches makes the received signal improper [9]. In wireless communica-
tions, noncircularly-symmetric underlying Gaussian models are convenient
when a heavy shadowing or a strong ionosphere scintillation are present in
mobile-satellite and inter-satellite communications [5]], [10], [11].

Despite the vast number of applications, the analysis of noncircularly-

symmetric models is far more scarce than that of circularly-symmetric ones.
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Considering an imbalance between the real and imaginary parts presents a
significant challenge as classical RV properties are often not applicable.

In this context, the main focus of this thesis is to simplify the analysis
of models arising from noncircularly-symmetric Gaussian RVs in a wireless
communication context. Specifically, we are interested in establishing new
statistical connections between noncircularly-symmetric fading models and
the more tractable circularly-symmetric ones. These will be employed to
study the performance of single-input single-output (SISO) and multiple-
input multiple-output (MIMO) systems subject to fadings that consider a
power imbalance between the in-phase and quadrature channel components.

In SISO scenarios, a particular noncircularly-symmetric fading model
has found its niche among classical fading models: the Nakagami-¢q (Hoyt)
model. This model arises when studying the envelope of a complex baseband
received signal Z = X +jY, where X and Y are zero-mean real Gaussian RVs
with different variances 0% and o}, respectively. When ¢% = 0%, | Z|* follows
an exponential distribution (central chi-squared distribution with 2 degrees
of freedom), or equivalently, |Z| is Rayleigh-distributed. When ¢% = 0 or
oy = 0, |Z|* follows a central chi-squared distribution, or equivalently, |7
is one-sided Gaussian-distributed [12]]. The distribution of | Z| is well-known
[13], [14] and is commonly given in terms of the parameter ¢ which gives the
ratio between the typical deviation of the real and imaginary parts such that
q € [0,1]. Then, ¢ = 0 corresponds to % = 0 or o} = 0 (one-sided Gaussian)
and g = 1 corresponds to 0% = o3 (Rayleigh).

This intermediate model finds applications in very different wireless com-
munication scenarios to model the diffuse component or scattering, oftenly
referred to as small-scale propagation effects [15]. In mobile communica-
tion systems, the Nakagami-¢ model is considered for error-rate performance

analysis [16], outage analysis [17], statistics of noise spikes occurring in
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limiter-discriminator FM receivers [18]], and mobile satellite channel mod-
eling when there is a heavy shadowing [11]. In inter-satellite communication
systems, the Nakagami-q is employed when a strong ionosphere scintillation
is present [5]. In general, the Nakagami-¢ model is suitable for those scenar-
ios where the propagation conditions are more severe than Rayleigh, since
the Nakagami-q distribution includes all the intermediate cases between the
Rayleigh (¢ = 1) and the one-sided Gaussian (¢ = 0) models.

The statistical characterization of such model has been extended over
more than sixty years [5], [10], [11]], [13], [14], [16]-[19]. Actually, we still
tind recent contributions [19]-[23], even for its fundamental statistics; e.g.,
the cumulative distribution function (cdf) was given in closed-form for the
tirst time in 2009 [19]. This justifies that a very recent work was interested
on simplifying the analysis of such noncircularly-symmetric model. In [23]],
a novel connection is established between this model and the well-known
Rayleigh model. Key of this approach is to adopt a “condition and average”
method which allows to connect the statistical properties of the Nakagami-
¢ model with those of the Rayleigh model, and to leverage existing results
for such model. However, the connection does not always allow to give a
further insightful analysis, since the Nakagami-¢ model is expressed as an
equivalent Rayleigh model whose average power follows a non-classical dis-
tribution given in [23]].

The scientific community has also been interested by the natural general-
ization of the Nakagami-¢g model: the n-i fading model. The 7-x model is a
general model only for non-line-of-sight (NLOS) scenarios and can be seen as
a Nakagami-¢ model with more degree of freedoms, i.e., a sum in power of
210 Hoyt RVs. With its two shape parameters n and ; which allow a better fit
between measurements and theoretical results, the model can subsume the
Nakagami-g, one-sided Gaussian, Rayleigh, and Nakagami-m models.

In general, the statistical characterization of the n-u fading model poses
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some challenges. For instance, the -1 cdf expression involves a complicated
special function, the confluent Lauricella function @f), which is not available
in standard packages and needs a script to be computed [24]. Moreover, there
is no tractable analysis of the ergodic capacity of systems subject to the n-p
fading in the literature. The ergodic capacity of such systems was only given
in a very complicated form involving infinite sums of Meijer G-functions [25].

In the context of MIMO communications, the study of the Nakagami-¢q
fading model requires the statistical characterization of a particular Wishart-
type random matrix, defined as W = XX (or W = X'X), where X is a zero-
mean noncircularly-symmetric complex Gaussian matrix, i.e., with unequal
variance in the real and imaginary parts of its entries. These matrices have
been referred to as the cross-over ensemble between the Laguerre unitary
ensemble (LUE) and the Laguerre orthogonal ensemble (LOE) [26]. When the
variances of the real and imaginary parts of the entries of X are equal, W is
a central complex Wishart matrix (LUE); when one of these variances is zero,
W is a central real Wishart matrix (LOE). Similar intermediate ensembles
between the unitary and orthogonal groups have been a subject of interest
in the context of (non Wishart-type) Gaussian ensembles, i.e. GUE and GOE,
with applications to the study of energy-level spacings in nuclear physics [8].

Despite its cross-disciplinary interest, this intermediate ensemble is still
an open problem of the literature. Although the cross-over ensemble be-
tween GUE and GOE has been analyzed in tractable form [27], previous
works have shown how challenging it is extending those results to the case
of Laguerre ensembles [26], [28].

The complexity and scarcity of results in [26]], [28] are mainly due to the
challenge posed by the asymmetric variance profile, which renders classical
random matrix properties no longer applicable. In particular, results for the
extreme eigenvalue distributions are not available thus far, even for a 2 x 2

matrix X, and the implications of this real-imaginary variance asymmetry
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remain largely unknown. It seems then necessary to explore other strategies
to tackle the characterization of such noncircularly-symmetric Wishart-type
matrices.

Classically, the analysis of these noncircularly-symmetric models for
NLOS scenarios, both for SISO and MIMO applications, has been always
separated from that of circularly-symmetric models for LOS scenarios, since
there is no clear connection between those two sets of models which have
arisen very differently. As a result, the analysis of the n-u fading model
has been always presented apart from that of its circularly-symmetric LOS
brother, the x-;; fading model [29]. A similar remark can be given for the
statistical characterization of noncircularly-symmetric Wishart-type matri-
ces. Previous approaches have not considered a connection with the simpler

complex Wishart ensemble, since it does not seem possible in principle.

1.1 Focus of the Thesis

Among the vast literature related to fading models, the main focus of the the-
sis is to connect the analysis of a set of noncircularly-symmetric fading mod-
els with the analysis of the more tractable circularly-symmetric ones, both
in SISO and MIMO contexts. The approach here presented needs to revisit
a recently proposed and very general fading model for the univariate case
(with SISO applications), the x-; shadowed model, as well as the statistical
properties of the well-known complex Wishart ensemble for the multivariate
case (with MIMO applications). In both cases, the derivations are based on a
collection of new statistical properties, which are presented in Chapter
Specifically, Chapter |3| briefly reviews the classical fading models, and
some of their generalizations, as well as it presents a deep analysis of the

-yt shadowed underlying model. Chapter |4 presents a general and unified
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framework for all fading models presented in Chapter 3, which makes fea-
sible to connect a set of noncircularly-symmetric models with that of very
popular circularly-symmetric models. Moreover, the ergodic capacity analy-
sis of these very different fading channels is unified with a simple formula-
tion. Finally, Chapter 5| connects the noncircularly-symmetric Wishart-type
ensemble with the well-known complex Wishart one, which facilitates the
analysis of such matrices, as well as it gives further insights on the behav-
ior of largest eigenvalue distribution when there is a power imbalance in the

underlying Gaussian model.

1.2 Dissertation Overview

In this thesis, we have addressed the performance analysis of SISO and
MIMO systems that considers a power imbalance between the in-phase and
quadrature components of the received signal subject to fading. We have
simplified the analysis of such noncircularly-symmetric fading models in
both SISO and MIMO scenarios. We have also presented a strong unifica-
tion of a vast number of fading distributions for SISO scenarios, leading to
different contributions to the literature.

The main contributions of this thesis can be split into two categories: the
ones derived from the analysis of SISO scenarios, and the ones corresponding
to the analysis of MIMO scenarios.

In the context of SISO systems, we show that a particular LOS model,
whose diffuse component is modeled with a circularly-symmetric Gaussian
RV and its LOS component randomly fluctuates, is mathematically equiva-
lent to a NLOS model with noncircularly-symmetric diffuse component. This
has an important relevance in practice in the context of SISO performance
analysis, since we can unify a multitude of classical and generalized fading

models.
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Moreover, we have simplified the ergodic capacity analysis of such vast
set of models with a high signal-to-noise ratio (SNR) regime approach. The
explicit solution involves a higher order hypergeometric function, which has
been derived by taking the derivative of a Gauss hypergeometric function.
Key of this approach is using first a well-known transformation, usually
referred to as Euler relation, which makes easier to perform the derivative
and then allows to identify the higher order hypergeometric function. This
new result was essential to give a simple unification of the ergodic capacity
analysis of the x-y and n-;x models, as well as the Rician shadowed, Rician,
Nakagami-m, Nakagami-q, Rayleigh and one-sided Gaussian fading models.

In the context of MIMO systems, we have studied in depth the statistical
properties of Hermitian matrices of the form W = XX (or W = X'X),
where X has unequal variance in the real and imaginary parts of its entries.
We have connected the statistical characterization of such matrices with that
of the well-known noncentral complex Wishart matrices. By exploiting this
novel method, we have provided, for the first time, exact expressions for the
extreme eigenvalue distributions, as well as an asymptotic expansion (deep
in the left-hand tail) for the largest eigenvalue distribution of W.

Although the exact expressions are not simple, the simplicity of the
asymptotic expression for the largest eigenvalue distribution here derived is
quite remarkable, particularly when considering the complexity of the joint
eigenvalue distribution derived in [26].

With these new expressions, we have studied the performance analysis
of MIMO systems that employ the well-known beamforming principle [15]
and are subject to Nakagami-q (Hoyt) fading, bringing new insights into the

outage probability and outage data rate of such systems.
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1.3 Additional Related Contributions

During the course of my Ph.D. studies, we develop other contributions which
are not included in this thesis in order to preserve a consistent guiding
thread. Their respective details can be found in the published papers listed
in the next section.

The additional contributions include:

e Performance analysis of SISO systems subject to x-;1 Extreme (k-4-E)

fading.

— New cdf of the x-;-E fading envelope in terms of the Marcum Q-
function. This allows to compute the probability density function
(pdf) from it and derive an asymptotic expression of the right-

hand tail distribution.

- New method for generating x-;-E samples. From the new cdf ex-
pression, an inversion-based algorithm is applied for generating a

set of k-;1-E samples.

- Ergodic capacity analysis in both low and high-SNR regimes. The
expression in the high-SNR regime only involves the Exponential
Integral function as special function. The slope of the capacity as
a function of the logarithm of the average SNR is lower than the
unit value for a finite product - . This is in contrast to the unified
ergodic capacity analysis presented in this thesis, where the slope
is equal to the unit value regardless of the parameter of each fading

model.

e Joint parameter estimation for the Two-Wave with Diffuse Power

(TWDP) fading model.

— Estimation of the parameters K and A of the TWDP model from

the sample moments of the received signal.
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— Analysis of the performance of the proposed estimators for K and
A. To that end, the asymptotic variance was computed, and com-
pared to the Cramer-Rao Bound, which determines the minimum
achievable variance of any unbiased estimator. Also, the effect of

a finite number of observations was studied in details.

1.4 Publications

The following is a list of publications in refereed journals and conference
proceedings produced during my Ph.D. candidature. In some cases the con-

ference papers contain material overlapping with the journal publications.

1.4.1 International Journal Papers

e [30] L. Moreno-Pozas, E. J. Lopez-Martinez, S. L. Cotton, ]J. E. Paris, and
E. Martos-Naya, “Comments on "Human body shadowing in cellular
device-to-device communications: channel modeling using the shad-
owed k-p fading model"”, IEEE |. Sel. Areas Commun., vol. 35, no. 02,
pp- 517-520, Feb. 2017.

e [31] L. Moreno-Pozas, F. ]J. Lopez-Martinez, J. F. Paris, and E. Martos-
Naya, “The x-;1 shadowed fading model: unifying the x-;1 and -y dis-
tributions”, IEEE Trans. Veh. Technol., no. 12, pp. 9630-9641, Dec. 2016.

e [32] ]. Lopez-Fernandez, L. Moreno-Pozas, F. J. Lopez-Martinez, and E.
Martos-Naya, “Joint parameter estimation for the two-wave with dif-

fuse power fading model”, Sensors, vol. 16, no. 7, Jun. 2016.

e [33] E ]. Lopez-Martinez, L. Moreno-Pozas, and E. Martos-Naya,
“Novel results for the x-/1 extreme fading distribution: generation of
white samples and capacity analysis”, IEEE Commun. Lett., vol. 19, no.

9, pp. 1580-1583, Sep. 2015.
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We must clarify that the main publications which gather the main con-
tributions of this thesis referring to the analysis of SISO wireless systems are
[30] and [31]. Also mention that the main contributions of this thesis referring
to MIMO systems were developed in collaboration with Matthew R. McKay.
The corresponding paper has not been included in this list since it has just
been submitted to an IEEE journal for possible publication.

Finally, papers [32] and [33] correspond to the additional work developed
during the Ph. D. studies and presented in Section [I.3]

1.4.2 International Conference Papers

e [34] ]. Lopez-Fernandez, L. Moreno-Pozas, F. J. Lopez-Martinez, and E.
Martos-Naya, “Moment-based parameter estimation for the two-wave
with diffuse power fading model”, in 2016 IEEE 83rd Vehicular Technol-
ogy Conference (VTC Spring), Sep. 2016.

e [35] L. Moreno-Pozas and E. Martos-Naya, “On some unifications aris-
ing from the MIMO Rician shadowed model”, in 2016 IEEE 83rd Vehic-

ular Technology Conference (VTC Spring), May 2016, pp. 1-5.

1.4.3 National Conference Papers

e [36] L. Moreno-Pozas, F. ]J. Lopez-Martinez, J. F. Paris, and E. Martos-
Naya, “The Nakagami-q fading distribution: a particular case of the Ri-
cian shadowed model”, in XXXI Simposium Nacional de la Unién Cienti-

fica Internacional de Radio, URSI, Sep. 2016 (best student paper finalist).
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Chapter 2

New Univariate and Multivariate

Statistical Properties

This chapter presents new statistical properties on the theory of random vari-
ables and finite-dimensional complex random matrices. These new results
provide the essential tools for establishing the statistical connections between
a multitude of random models. These will allow to unify the performance
analysis of SISO and MIMO systems operating under a wide set of fading
environments, including those which consider a power imbalance between
the in-phase and quadrature components of the received signal.

To that end, necessary preliminary results and definitions are first intro-
duced. Some classical distributions of the literature are revisited, as well as
some properties of determinant and pfaffians.

This chapter is organized as follows. Firstly, we introduce the general
notation that will be used throughout this thesis in Section Secondly,
we present some definitions and preliminary results associated with the uni-
variate analysis of this thesis in Section Then, we give the corresponding
definitions and preliminary results which will be helpful regarding the mul-
tivariate analysis of this thesis in Section Finally, the main results of this
thesis are exposed in Sections 2.4/and
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2.1 General Notation

All vectors are defined as column vectors and designated with bold lower

case. All matrices are given in bold upper case.

Notation for common sets

j imaginary unit, V-1
Re, Im Real and imaginary parts.
R,C Real and complex numbers.
Z,N Integers and natural numbers.
R*, Z* | Positive real numbers and integers excluding 0.

Notation for common functions

log,e | Natural logarithm, Euler’s constant.
max, min Maximum and minimum.
sup, inf Supremum and infimum.
lim Limit.
v For all.
= Defined as.

Notation for probability and asymptotics
Pr(-) Probability.
E[] Expectation operator.
~ Statistically distributed as.
fx(x) Pdf of the RV X.
Fx(x) Cdf of the RV X.
N(m,,o0?) Real Gaussian RV with mean m, and variance o2.
CN(m,,o?) Complex Gaussian RV with mean m, and variance o?.
o(+) f(z) =o(g(x)), g(x) > 0, states that f(z)/g(x) — 0,as x — oc.
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Matrix-vector notation

Rmxn Cmxm Real and complex m x n matrices.
R™,C™ Real and complex m x 1 vectors.
{X}i; (i, j)th element of the matrix X.
tr(X) Trace of the matrix X.
etr(X) Shorthand for %),
det(X) Determinant of the matrix X.
Pf(X) Pfaffian of the matrix X.
L, n x n identity matrix.
0, n X n matrix of all zeroes.
0,,5m n X m matrix of all zeroes.
()T, ()7 Transpose, conjugate-transpose.
diag(ay,...,a,) | Square diagonal matrix with ay, ..., a, on the diagonal.
X >0 Positive-definite matrix X.
X>0 Positive semi-definite matrix X.

2.2 Preliminaries of Univariate Analysis

The following sections provide some basic definitions and preliminary re-
sults, which will be useful when dealing with the univariate statistical anal-

ysis presented in this thesis.

2.21 Special Functions

Here, we introduce the special functions that are used throughout this thesis.
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The Gamma Function

The Euler’s integral of the second kind, also referred to as gamma function,

is defined as [37, eq. (6.1.1)]

'(z) = /000 t=te~tdt (2.1)

with Re(z) > 0. Alternative representations, special cases and other proper-

ties can be found in standard textbooks [37], [38].

The Digamma Function

The digamma function is defined in terms of the first derivative of the gamma

function I''(-), such as [37, eq. (6.3.1)]

Y(z) = (2.2)

with Re(z) > 0. The reader is referred to the same standard textbooks for

alternative representations and other properties.

The Incomplete Gamma Function

The incomplete version of the integral in (2.1) is known as the incomplete
gamma function. There are two definitions of the gamma function. Firstly,

the lower-incomplete gamma function is defined as [37, eq. (6.5.2)]

b
’y(z,b)—/ t*le~tdt (2.3)
0

with Re(z) > 0 and b € RT. Secondly, the upper-incomplete gamma function

is defined as [37, eq. (6.5.3)]

F(z,a):/ t*le tdt (2.4)



2.2. Preliminaries of Univariate Analysis 15

with Re(z) > 0 and a € R*. Again, we referred the reader to the same

textbooks for alternative representations and other properties.

The Pochhammer Symbol

The Pochhammer symbol can be defined in terms of the gamma function

such as [37, eq. (6.1.22)]
I'(z+n)

(=103 @5)

The Pochhammer symbol is useful to define the next function.

The Generalized Hypergeometric Function

The generalized hypergeometric function of one scalar argument is defined
as

= (a1)y .. (ap), 2
e, Qb b)) = -— 2.
pfq(alv y Ap; blv ) q7x) Z bl)r--~(bq)r 7"!7 ( 6)

where (a), is the Pochhammer symbol, a; € Cand b; € C*\Z".

r=0 (

Among the multitude of hypergeometric functions properties, we must
mention the well-known Kummer’s relation or transformation, as well as

the Euler’s relation or transformation:
1Fi(as by z) = e 1 Fi(b — a; by —2), (2.7)
o F1(a,byc;2) = (1 — Z)C_a_b oFi(c—a,c—byc;z). (2.8)

The Incomplete Beta Function

The incomplete beta function is defined as [38) eq. (8.391)]

B.(a,b) = /O ) (1 — )bt (2.9)

with a, b € R**.
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We can relate this function with the Gauss hypergeometric function, such

as

B.(a,b) = % WFila, 1 —bya+1;2). (2.10)

The modified Bessel Function of the First Kind

The vth order modified Bessel function of the first kind with v € {R > —1}
can be defined as [37} eq. (9.6.18)]

_ ﬂ ! 42 1/7% +2zt
L) = )/_(1 2y~ etotgy (2.11)

(
73T v+ 1

N |+

Particularly, this function can also be expressed in terms of the Bessel hy-

pergeometric function ¢ F;(+; -) [37, eq. (9.6.47)], such as

2

L(x) = — (%)” oFi (u 41 ZZ) 2.12)

where —v ¢ N*.

The Marcum ()-Function

The generalized Marcum )-function is defined as [39]

a

@m(a,b) = /OO x (f)m_l e’#fm,l(ax)dx (2.13)
b

wherea € RT,b € R < oo, and m € Z*. When m = 1, we find the standard
Marcum Q-function.
The Marcum @Q-function is used, e.g., to express the cdf for the noncentral

chi-squared distribution [12} eq. (2-1-124)].
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The Nuttall Q-Function

The Nuttall Q-function is defined as [40]

a2

Qm.nla, b):/ xme_%ln(ax)dx (2.14)
b

wherea €e R, 0 € R < oo,and m,n € Z™.

When m+n —or, equivalently (m —n)—is odd, we can express the Nuttall
Q-function in terms of finite sum of generalized Marcum @-functions and
modified Bessel function of first kind, such as [41, eq. (8)]

k+1

Quizirin(a,b) = cra™™>Q, 4 (a,b)
= (2.15)

k
o252
+ e J2rb Z Pkm(bQ)arfleH*T‘JrlInJrril(ab)
r=1

where

k! k+n
= ot — 2.1
i (l—l)!(k—l+1> (2.16)

and P, (b%) is a polynomial of order k — r in b%, namely

k—r
Pep(6%) =) djg b (2.17)
=0
with
o ik=1=9( k+n
dip, =287 g1 ) . 2.1
9k (r—1)! <k:—r—j) (2.18)

2.2.2 Some Statistical Distributions

Here, we review some classical statistical distributions that will be used to
connect some noncircularly-symmetric random models with a wide set of

circularly-symmetric ones.
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Uniform Distribution

The pdf of a RV X uniformly distributed in [a, b] is given by

ﬁ, a<x<b
fx(z) = (2.19)
0, otherwise.

Gaussian (Normal) Distribution

The pdf of a Gaussian or normally distributed RV X with mean m, and vari-
ance o2, i.e. X ~ N(m,,0?) is given by [12, eq. (2-1-92)]
1 _@omg?

fx(x) = e 22 . (2.20)

2mo

Central Chi-Squared Distribution

Let Y = X? where X ~ N(0,0?). Thus, the pdf of Y is given by [12, eq. (2-1-

105)]

1 y

oY) = e,y 20 (221)
Yo

Central Chi-Squared Distribution with n Degrees of Freedom

LetY = >, X?, where X;, i = 1,...,n are independent and identically
distributed (i.i.d.) N(0,02). Thus, the pdf of Y is given by [12, eq. (2-1-110)]

1 oy

A 27,y >0 (2.22)

on2n/2 %n

fr(y) =

Gamma Distribution

Let W be a RV which statistically follows a gamma distribution with shape

parameter o and rate parameter 3, i.e, W ~ I'(a, 3), then its pdf is given by

fw(w) = ﬁwa—le—ﬂ% (2.23)
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where a, 8 € RT. If W ~ I'(m/2,2/0?), then W follows a chi-squared distri-

bution with m degrees of freedom.

Noncentral Chi-Squared distribution:

Let Y = X? where X ~ N (m,,0?). Thus, the pdf of Y is given by

1 Yy m?c €T
) = g o (V) yz0 e

2myo o?

Noncentral Chi-Squared Distribution with n Degrees of Freedom

LetY = 3" X7, where X;, i = 1,...,n are independent N (m;, 0?). Thus,
the pdf of Y is given by [12, eq. (2-1-118)]

1 n—2 3 y+52

fy(y)z—(s%) DT I (ﬂ%) y >0 (2.25)

where the noncentrality parameter s* is

=) m (2.26)
=1

and 7,(-) is the vth order modified Bessel function of the first kind.
We must note that, although the set of central and noncentral chi-squared
distributions is usually defined with o = 1, we have used here the unnormal-

ized definitions presented in the standard textbook [12].

2.3 Preliminaries of Multivariate Analysis

The following sections provide some basic definitions and preliminary re-
sults, which will be useful when dealing with the multivariate statistical anal-

ysis presented in this thesis.
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2.3.1 Determinants

The determinant operator applied to square matrices is commonly found in
the analysis of random matrix models. It can be defined as follows:

Let X be an n x n matrix. Then,

n

det(X) = (=P [[{X} s, (2.27)

{8} k=1

where 8 = {84, ..., 3,} isa permutation of {1, ..., n} with sign (—1)P*¥®), and
the sum is over all such permutations.
We must highlight the following lemmas, involving integrals of determi-

nants.

Lemma 2.1 [42] Let X and Y be two n x n matrices whose (i, j)th entries are,
respectively, {X}, ; = fi(w;) and {Y }; ; = g;(w;), where fi, and gi, k = 1,...,n,

are functions defined on RY, and wy > ... > w,. Then, for b > a > 0

=1

/ " / " det (X) det (V) ﬁwi — det(A) (2.28)
a a

n—fold

where A is another n x n matrix whose (i, j)th entry is

b
{A}m:/ fi(x)g;(x)d. (2.29)
|

Lemma 2.2 [43] Let X be an n x n matrix whose (i, j)th entries are {X};; =
fi(w;), where fi, k = 1,...,n, are functions defined on RY, and wy > ... > w,,.

Then, for b > a >0

/b e /b det(X) ﬁwi = P{(B) (2.30)

n—fold
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where P1{(-) is a pfaffian, the properties of which can be found in next section, and B

is an n x n matrix whose (i, j)th entry is given by

b b
(B}, = / / fi@)f; ()sen(y — )dedy. (2.31)

|

The first lemma, which involves a n-dimensional integral of a product

of two determinants, is useful when studying the extreme eigenvalue statis-
tics of unitary ensembles [44]-[47]. The second result, which involves a n-
dimensional integral of a single determinant, is useful when analyzing the
extreme eigenvalue distributions of orthogonal ensembles [47], [48]]. We here
are interested in both results, since we will deal with an intermediate ensem-

ble between the orthogonal and unitary ones.

2.3.2 Pfaffians

Pfaffians have been extensively studied in [49] and in [43]. We here present a
brief summary of their properties, as well as the computation of pfaffians in

the context of this thesis.

Definition and Properties

Usually pfaffians are defined for skew-symmetric matrices of even di-
mension as follows