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CHAPTER I
INTRODUCTION

Mathematics is often called the oldest science, but
it might also be called the most modern of sciences. In many
aspects it is so modern that practiecal uses have not been
found. While "pure" mathematicians develop new ideas and
concepts with small attention to possibilities of practical
applications, the applied scientist regularly discovers uses
which may never have been considered by the originator.

One very old idea in mathematies which is today finding
new importance is the calculus of finite differences. Closely
related to the infinitesimal calculus, the calculus of finite
differences is said in Van Nostrand's Scientific Encyclopedia
to have been understood by Newton and Leibniz. The first book
on the subject was written by Brook Taylor in 1715.

Developmental work was done by Daniel and Jakob Ber-
noulli, Euler, Sterling, and many others. George Boole pub-

lished A Treatise on the Calculus of Finite Differences in

1880. Milne, Thompson, Fort, and Jordon are a few more recent
writers. Finite differences have traditionally found uses in
approximate integration and differentiation, interpolation,

and summation of finite series. Difference equations have the
same relation to the calculus of finite differences as differ-

ential equations have to differential calculus. With the
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development of computers and numerical methods of solutions,
the difference equation is taking on renewed interest. Modern
application of mathematics to the field of social science has
likewise found difference equations particularly suited to its
needs.

A variety of sources is available for those interested
in either applications or theoretical background of difference
equations. Many universities are offering graduate courses,
and some are offering undergraduate courses, in difference
equations. Still, to the majority of undergraduate students,
difference equations are probably thought to be another name
for differential equations. The purpose of this paper is thus
to help those who are unfamiliar with difference equations to
become better acquainted with them by giving a brief summary
of the types of difference equations, a discussion of the
methods of solution, and a few applications to practical prob-
lems. This will include some explanation of notation and a
summary of important relationships found in the calculus of
finite differences. The reader should have some knowledge of
differential equations if he is to attain complete understand-
ing of this material, but he would not need any background in

the caleculus of finite differences.



CHAPTER II

NOTATIONS AND DEFINITIONS USED IN THE
CAICULUS OF FINITE DIFFERENCES

General background. The familiar calculus is concerned
with the manipulation of continuous variables, or variables
which may take on changes or increments of any desired size;
and with a limiting process whereby the change in increment
size becomes ever smaller or approaches as closely as desired
to zero. 1n contrast, the calculus of finite differences is
associated with variables which are defined or known only at
discrete, evenly spaced intervals. For instance, a psychology
experiment may obtain information on repeated trials of a rat
being conditioned to a stimulus; or an agronomist may obtain
yields of a plant variety in successive years, in which cases
the information is defined only in relation to these particular
trials., Similarly, an economist may obtain census information
every five years such that his data is discrete and evenly
spaced although he may logically assume that the variable being
studied had made a continuous change throughout the period.
Many electrical and mechanical problems can bébroken down into
repeated sets of identical components which are advantageously
studied by finite difference methods.

Notation. In the study of finite differences the inde-

pendent variable is represented as x, and f(x) represents a



function of x or the values which the dependent variable
assumes as the independent variable, x, changes by definite
intervals. Since the variable x is only defined at discrete
points, f(x) is only defined at values of f(x + h), f(x +2h),
to £f(x + nh) where h is some constant spacing and n is zero
or some whole number. That is, the dependent variable
changes as x changes by various multiples of h. The value
of h can be chosen as any constant amount since its size
serves only to determine the scale, so it is convenient to
choose its value to be 1. Many notations have been used by
writers, but a popular one is to use U; to represent ficz)s
the dependent variable. [(ll)p. 6] This has the disadvantage
of implying a continuous function which suggests to some wri-
ters the use of yy. The k intimates discrete values but can
give the'impression of being a constant which it is not.
Using the former notation, if the function is x?, Ux=x?

(x +1)2 =% +2x+1

L ity flxrs 1)
and

Ux +

,=(x+2)2 =2 +hx+h
with the method of finding succeeding values obvious.

The change in a function corresponding to an increase
in the independent variable is represented byuADx and is the
difference between the new and the original value. Thus

AUX=UX+1-UX

is called the first forward difference. Forward difference is

used since the difference could be



PUy = Uy - Uy sy
or

dU_=sUz-U-x

2 2

which are called backward and central differences respectively.

The second difference 1s defined as the change in the
first difference or

AzUx = AW0y) = Ugyg4y = Uged) = Ogyq = Uyp)

= Ux42 - x4y + Uy

Likewise, the third, fourth..., and nth differences are repre-
sented as A3Ux, A&Ux,...jxnUx with the nth difference equal to
the first difference of the (n-1l)st difference:

AT, = AP T
The expansion of this in terms of successive values of the

original function is related to the binomial expansion or

An‘Ux 2 Ugyn = 8 Upypnqy + ng_{%']'-l' Bl o 7 -5

Ex ngn-l)---gzg U + e +T
i P e P x+1 X
with numbers added to the subscript x corresponding to the
power, and signs alternating as when the binomial has opposlte
signs. For example,
3g = 5 -

Use of operators. Considerable use is made of operator

notation énd thé fact»fhat the operators satisfy most of the
laws of algebra. Thus, the delta just introduced is treated
as an operator. This and other operators in common use are

indicated below:



(1) AU, = Upi1 = Uy
(2) EUX = Ux+l
(3) _=4 0
X §&; X
(&) kUX = 1<.‘UX

It is seen that the operator, E, serves to translate
the function 1 unit to the right, or is the value as x is in-
creased one increment. The,operator, D, is the usual deriva-
tive of x taken at one of the spaced intervals, and k is any
constant multiplied times the variable. As with the delta
operator, successive application of all the operators is in-
dicated by the power notation. Thus E2 serves to translate
the function 2 units to the right or

E2=U

As long as the symbols are interpreted as operators

X+2

their multiplication is distributive with respect to addition.
Further, operators are commutative with respect to multiplica-
tion and addition when operatiﬁg on constants, and associative
with respect to addition and multiplication. [(11) p. 16]

The operators are related by:

(5) AU, = EU, - U, by substituting (2) into (1)
or

(6) A=E-1
With the symbolic form of Taylor's series
(7) E=e" =e = e

and



where Ln indicates the principle value of the natural
logarithm. Then

(90 A=eP -1
Many useful interpretations are gained from these operators,
such as interpolation formulas, and differention and integra-
tion of tabulated functions.

The factorial function. A useful function called the

factorial function is -introduced in the calculus of finite
differences. It is found to play the same role in finding
differences as a function raised to a power does in differen-
tial caleulus. The factorial function is defined as [(6) D.
262])

(10) @)= x(x-1) (x=2) <+ (x-m+1) = [(x+1)
M x-m+1)

where x is real and continuous and m is rational.
eid @m) _

3 =

. 1 = [M(x+1)
x+1l) (x+2) ... (x+m) (x+m-1)

The Gamma function,", as defined by suler [(9) p. 339) is the
definite integral 0

11 Mwn) = fxn'l e™X dy | n>o
It permits some summa;.ions which would not be possible using

the factorial definition alone.



CHAPTER III

DIFFERENCE EQUATIONS

Definition, types, and properties. A difference

equation is defined by Richardson Ell) Pla 96] as, "An equa-
tion which expresses a relation between an independent vari-
able x and successive differences or successive values of a
dependent variable Uy ..." An example is:

(12) ag A% Up - ag AUy + ap Uy = 23
where the a; are constants or functions of the independent
variable x. Due to equalities of'operators this may be writ-
ten as

39 (Ugyp = x4y + Uy) = a3 (Ugyy = Uyp) + a5 Uy = a3
or

ag Ugsp = (22, + a3) Uyyy + (ay + a7 + ay) Up = ag
By substituting new coefficients this becomes

(13) By Ugyp = Py Uyyg + Py Uy = b3 =0
or equivalently

(14) by B U - by BU_+D, U_= by =0
By similar methods any combination of differences and the
function may be expressed in terms of sums of the successive
values of the function or the value of the function at various
intervals. The form of equation (13) is the most convenient
and commonly used form of the difference equation.

Difference equations are classified and studied accord-

ing to standard classifications of order, degree, and
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homogeneity. If an equation written in the form of successive
values as (13) contains U, and successive values out to By
the equation is said to be of order m. Equation (13) is of
the second order. An example of a third order equation is

(14) UX+3 +20. .5 - Ux+l - 2'Ux =6
It is instructive to note here that an identical equation
would bhe .

(15) Ux+1 + 2Ux - U 2U 5 = 6

x-1 =~ “x-

since if the equation is to hold for all x, we can think of
the x in (14) as being diminished by 2. Otherwise stated,

the equation specifies a relation among successively spaced
values of the independent variable regardless of the starting
point within the specified interval. A more complete defini-
tion of order, then, would be to say it is the algebraic
difference of the final and initial increment. The use of
"successive™ above does not mean to imply that all intermediate
values must be included. An exanple is

(16) Ux+3 -Uy =%
which 1s a fifth order eguation.

The degree of an equation relates to the power of the
dependent variable and its successive values. 1f all such
variables are to the first power and no products between the
variables are present, the equation is of first degree, nor-
mally referred to as linear. Linear equations are the most

frequently encountered, are most easily solved, and have re-

ceived the most study.
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Equations are further classified as homogeneous if the
only terms involved are terms of the dependent variable or
its differences or successive values. That is,

(17) a_ U +ag Ux+n-l + ese + a3 U

is a homogeneaus 6 x+4n n-1 “x+1
/linear equation of order n if Rx is zero. If BX is a function

R AR =R
n x X

of x the equation is non-homogeneous.

Solutions and solution methods. Uy is called a solu-

tion of a difference equation if substitution of the value into
the equation makes it an equality for all values of x. Solu-
tions of two general types are found, explicit solutions and
step by step solutions. [36) Pi 2351 Explicit solutions may
be in a finite series form or in a closed form. It is proven
in the literature that an explicit solution may always be
found when the equation is linear with constant coefficients
and the independent variable (Rx in equation 17) is zero or
one of the standard forms a¥X or ebx, siin. ¢x, COS BXy oFr X-
(r = 0,1,2,...) or combinations of their products or sums.
Further, if the function is defined at consecutive values,
the most general solution will contain exactly '"n" arbitrary
comstants, where "n" is the order of the equation. Second
order equations of certain special forms with variable coeffi-
cients have explicit solutions by methods analogous to those
of differential equation such as integrable combinations, sub-
stitution, and separable equations.

Step by step solutions may be found to a large number
of equations not otherwise solvable. This type of solution has

found conéiderable application in the' solution of differential
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equation problems and, particularly, partial differential
equation boundary value problems. By substituting an anal-
ogous difference equation for the differential or partial
differential equation, an iterative formula may be derived
whereby values may usually be found to any desired accuracy.

Explicit solutions. Methods for obtaining explicit

solutions are analogous to those used in differential equa-
tions. The methods will be discussed according to types of
equations to which they are applicable. One classification
of types is:

1. First order linear equations,

2. Linear equations of nth order with constant co-
efficients, and

3. ©Special forms and simple difference equations.

First order linear eguations. Methods are available

for solving completely linear equations of the first order
either with constant or variable coefficients. Simple first
order equations such asAUx = AX which are expressed as a
difference (or which may be put in this form by substitution
or rearrangement) are solved by summation or the reverse pro-
cess of differencing. ?hese formulas for summation or anti-
differences are developed in the calculus of finite differences
and may be found tabulated in those references or in handbooks

such as Cogan and Norman's Handbook of Calculus, Difference

and Differential Equations. EJ) Tables 14.%] Included in

this handbook is a table of Stirling numbers which is useful

in transforming powers of x into factorial powers, previously
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mentioned. PFactorial powers obey analogous rules in differ-~
ences and antidifferences as simple powers do in differentia-
ting and integrating. Compare

(18) Ax(@) = nx(®-1) 5  p. B = T

(19) Aax + b)(n) = an(ax + b)21 to

Dy (ax + B)® = an(ax + D)*™L

It is shown [(2) o AL 6]3 that powers of x may always be ex-
pressed as factorial powers with the coefficients found by
using Stirling numbers.

To solve the equation

bU, = x3
express x3 as x(1)+ 3 x(2)+ x‘3) El) Table 5.%], the table
lists the value of each coefficient, so that

AT_ = x4 3 @)y £(3)
Taking the antidifference of each term by using (18) gives

= x(2) 4 3§£§) + x(“) +C

g
which by use of the equallties listed in Table 5.7 of the

handbook becomes
= $(-x + ) + (2% - 3x° + x3) + $(~6x+ 11x2 - 6x3 + x&)
and collecting terms gives
Ux=x2—£+xl++c
T 2 '
A check shows it is indeed the solution:
= -8 2 _ 3 3
AU, =T, - T -‘*(x+l)u jh:-%(x+l) + $(x)
+ 3(x + 1)h 3t vo-6=
Solutions may be obtained by a variety of methods. If

the first order equation has constant coefficients, it
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obviously is included under the theory of those of nth order
equations to be discussed later and may be solved by those
methods. A method somewhat easier to apply in this case,
however, is outlined by Goldberg [;5) D. 65]. Taking the
general equation with constant coefficients.

Upq - AU, =B x =0,1,2,¢¢-

x+1
where A and B are constants, we can rewrite it as

(20) U = A Ux + B

x+1
We assume A # O since the equation with A = O would be simply
solved as Uy = B.

If we suppose that U, is known, then taking x = o and
substituting in (20)

U =AT, +B
Then with x =1

T A Ul FRER=2A (A U0 + B) + B

2:
or
U, =22T_ +3B (L+A4)
2 o
and with x = 2
Uy =AU, +B = A3UO+B(1+A+A2)

Continuing with x =k - 1

Uy = Ak N B WL + & + e Rt Ak'l), =0y 1,224

- that is

Ty = a% P o+ B Lrw 2+ ...+ 4%, x =0, 1, 2...
The quantity in parenthesis is a finite geometric

series which has the sum, as shown in many standard calculus

books, of
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2 il LA~
1 +A+A°+ ... + A ={"1-4 if A N1
\ X iR =1
The solution to (20) may now be written as
(21) A*U_ +B 1R 1f A X1
Ux = x =0,1,2...
(22) Uo + Bx BN AR S

The proof is completed by Goldberg by directly substi-
tuting this solution back into the equation to give an
identity. That the solution is unique is proven by letting
Uo be an arbitrary constant, C, and thus putting it in the
patterh of a previously proven theorem.

Solving an equation such as

Ugyy = 30y + 2 ( x = 0,1,2,..
with the initial condition U, = %+, now is routine substitution.
From (20) and (21) A = 3 and B = 2, and

U, = 3% + 2237
which gives
S s B
5(3)* - 1 % = 0 Es 2%k

U

X
or

Ux

Variable coefficients. The general linear first order

]

equation with variable coefficients in the form
where A and By are functions of x with Ay # 0 is solved by
Richardson [(11) p. 103]. Consider first where By = O the
homogeneous equétion. If x = 0, then

Ul = AO UO
and with x=1,2,3...k-1, respectively,
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Uy =4 03 =4, 4 T,
U3 & A2 s = Ab Al A2 Uo
U =

k = Brog Upag 0o &5 A 4 oe0 4

x = Yo A58y A1 S
If we let the value of Uo be an arbitrary constant, C, and

or

i
!

express the continued product using the symbol Tt

) x=1
Ao'Al A2 o0 X—l = xgo AX
the solution may be written as
sl

(@3 B 50, A

Since a product may be expressed as the sum of the logarithm
of the factors, this may alternately be written as
x=1
(2%) 1log Uy = log C + £§b log Ax
The equation
Upqd - 30, . ©

solved by this method has Ax = 3.
Then from (23)

x-1
UX == XTzfo 3 = € (30303-..3)’
where the number of factors is x. Hence, we have
- (X
Uy, =C3
To check

e (= BT = gaT: 3

and J x‘
Upyy - 30y = C3%.3 - 363% = 0

For any value of C this is an identity and thus a solution.
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The solution of the nonhomogeneous equation

(25) Ugsr = B¢ Up = By
where B, # O makes use of the homogeneous solution by means
of what is called the associlated homogeneous equation or re-
duced equation. First assume the solution, U,

(26) Ux = ZX VX
where the functions Z, and V. are to be determined. The
method used here Ell) P. 105] is to show that if Z, can be
found so that it is a solution of the reduced equation, then
V. can be determined. Substituting Uy = Z,V, into (25) it

X
becomes

(27) 2, v - Ax Zx Vx =45

x+1 x+1 X

From the definition

Wy = Vo - Vx

we may substitute AVx + Vy for Vo4 in (27) giving

Zx+l (AVx + Vx) - AX Zx VX = Bx
This is rearranged to give

Yy <Zx+l - Ay Zx) + 2y Avx = Bx
Let

, x-1

(28) Zx = igo -
then Zx is a solution of the homogeneous or reduced part of
the original equation (25), and the part in the parenthesis
must identically equal zero. Then this gives

Zx+l£vx = Bx
Solving this for Avx and taking the antidifference or in-

definite sumy we have



(29) V. =A"1 By +¢C
& x+1

The complete solution then is

= i -1 Bx
(30) UX = ZXVX = CZx -+ ZX A Z;:I

Since divislon by zero 1s not allowed the solution Z,, hence
Zy41, must be nonzero.

To summarize: first find the solution to the reduced

x=-1 . -
L Ay, find V; by taking the anti-

equation given by Zx = i

difference,

VX = A-l Bx +¢
X+1

then multiply to give
UX = ZXVX

The equation
Uger = g =2

used as an example earlier, has the reduced equation
Ugs1 = 30x =0

This has the solution

zx=’-‘1§—l3=3x
From (29)
S
VX=A §-m+c
and
Ve = 2/3A°1 (/F +c

From table 14%.10 of Cogan and Norman we get
Ve =2/3 « g (W/3F +cC
which simplifies to
= 21X
Vo =, -£1/3)F +.6



Hence, the general solution is

U = 2¢Vx = -(D* (1/3)* +3X + ¢ = 3% - 1

If we take Uy = I as an initial condition as in the
solution by the previous method,

By == 3%Qwac
Solving for C gives

¢=5

U, = 53)% - 1

as before.

" and

18

Another example illustrates the method where AX and Bx

are actually variables. Solve [}ll) i 102] the equation

WA
Ugyy = (x+1) U, =2 (x-1)
Here
Ax=x+1
and
B =2% (x= 1)

From (28) we have

_ x=1
Zy = i3 (x + 1)
but
Ao =1, A1 = 2, A2 = 3, eee Ax-l =X
hence
Zx =x !
and

Zx+l = (x+1)!

From (29) comes

_ A=l 2%(x-1)
Vx =07 SinT *©

Here the finite integral is not one of the tabulated forms.
It may be found by a method of undetermined coefficents and

undetermined functions [le) o) 323 as illustrated. We wish



19
to find Vx such that
AVX = Wi
where
2% (x-1)
Wk =i x+1)!

Assume Vx contains some arbitrary function, f(x), so that

fo) 2
Vard =5 Er]
59
then

Substituting values into the equation gives
£(x+1) 2% _ £(x) 2% = 2X(x-1)
Ax+1)! x! x+1)1

2f(x+1) - (x+1) f(x) = x-1

or

since it must be an identity. The right hand side of this
equation is of the first degree in x, so it is evident that
f(x) must be a constant if the left hand side of the equation
is to be of the first degree in x. This gives us

f(x) =k

f(x+l) =k
and substituting in the preceding equation,

2k - (xtl)k = x -1
from which k = -1

Then =1 2% ,
Vx= x!  + C

Since the general .solution is
U = Zx?x

then -1.0%
‘ =k - .zl +0x ]

d
K
n
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A check of this solution in the original equation

gives:

Upp = (2% + c(x+1)1

~(x+1)U, = (x+1)2% -C(x+1)!
and

Ugyy - (x+l) U = 2% (-24x+1) + (x+1)1 (C-C) = 2%(x-1)
This shows the solution is correct.

Nth order linear egquations with constant coefficients.

The general method for solving linear equations of nfh ordex;
is found in many publications. The homogeneous equation is
first solved by use of an auxiliary equation giving the general
solution. The nonhomogeneous equation is solved by finding
the solution of the associated homogeneous equation, called
the complementary solution, and adding a partieular solution
to give the general Isolution.

The general linear homogeneous equation with constant
‘coefficients is written as

(30) a, Ux+n + a; ﬂx+n-1 +eee an g Ux+l + 8, Ux =0
where the ay are constants. By assuming a solution of the
type Ux =‘§x and substituting into the equation, it becomes

aoﬂx+n+algx+n-l+.“ s 15x+l+an€x=o
and factoring out the common factor 63‘ it is

= (a.o'ﬂ’:I + aj gn-1 4 ... + a1 B+ a) =0

Assuming 5 X gifferent from zero for any finite value of x,

an_

since this would give a trivial solution, the term in the par-
enthesis must be identically zero. This i1s a linear algebraic

equation in @™ (called the auxiliary equation) and has n
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solutions (counting repeated roots). If the roots are real
and distinct and designated £1, fo, ... f, then the equation
has the general solution

U, =0Cy f1*+ ngzx + 036" + o0 +C @ F

It is evident that if each term here is a solution
(that is, it makes the equation identically zero), then the
sum of them is also zero. That it is indeed the general solu-
tion is not so obvious. The proof is not difficult, but is a

little lengthy. It is given by Goldberg E(E) D. 128] for the

case n = 2 with the general proef indicated as following the

same pattern.

If there are some repeated roots, say 61,1, 6’r2, Er3’
fry, - fn where the subscripts r;, rp, and ry indicate a
thrice repeated root, then the general selution is

- . X x

Uy -@r (C; +Cr x + C3 ) +3,+ + oo +5n
The derivation of this result due to Seliwanoff is indicated
in Richardson [le) p. 115]. In the case of conjugate complex
roots,ﬁ?l = a +cb andt?z = a - cb, the Euler relations may be

used to write the roots in the more standard form

sz‘Fx (Acos @ x+ B sind x)
where b
= 1fal 2 = -1 2
| ‘p—da + b and § = tan™" 3
Repeated complex roots and combinations are written in an ob-

vious manner.
The general linear nonhomogeneous equation with con-

stant coefficients is written as

(31) a, Ugpyp + 83 Ugyn-3 + oo + an.1 Uxsl + 3n Ux = By
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where Rx may be either a constant or a function of x. The
general solution is the sum of the complementary and particu-
lar solution to the reduced or associated homogeneous equation
(when Rx is taken as zero.) The complementary solution is
found as just indicated for homogeneous equations. Various
methods may be used to find the particular solution, a solu-
tion which makes the complete equation an identity. Some of
these are variation of parameters, the method of operators,
and the method of undetermined coefficients.

Undetermined coefficients. The most useful of these is

probably the method of undetermined coefficients. Briefly,
the procedure is:

1. Assume a solution containing the types or families
represented by the variable term Rx. The families are 5x, cos
g x + sin # x, or x'.

2. If the family is represented by the homogeneous
solution, multiply it by x*¥, where n is one greater than the
greatest power of xT in the homogeneous solutioni

3. Substitute the assumed solution into the original
equation and equate like coefficients to give an identity.
Repeating, the complete solution, then, consists of the sum of
the complementary solutions and the particular solution. Con-
stants are determined from the initial or final conditions.

An example will help clarify the procedure:

(32) Upyp = 7 Upyg + 12Uy = x + 3%

The auxiliary equation is

62 - 78 +12 =0
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which has roots

51 = 3, 62 =k,
This is obtained by substituting the assumed solution #¥ into
the equation. More simply, we may notice equation (32) may
be written

E2 - 7E + 12 = x + 3%
due to the equivalency of operators. The reduced equation may
then be written

L(E) =0
where L(E) 1s a general linear equation in E.
Then the auxiliary equation is

L) =0
The complementary solution is

Ug, = C1 3% + Cy ¥¥
Since one of the complementary solution terms is contained in
the nonhomogeneous part of the original equation (3%), we will
choose a particular solutien, |

pr=a+bx+0x3x
Substituting this into (32) gives

a +b (x+2) + C (x+2) 3%*2 _ 7 [a+b(x+l) ¥ C(x+1)3X+]3

+ 12 [a+by + Cy 35]= x+3%

Collecting terms and rearranging, we have

[a+2b - 7a - 7b + 123] +x b - 7b + 120] + 3% [2¢:32 -

7¢-3] + x-3% [C+32 - 7C.3 + 126] = x + 3%

and equating like coefficients since it must be true for all

x gives
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6a - 5b =
6b =
-3¢ =1

b= %; a = 383 and C =-%.

The particular solution is

pr = §g + % - % 3X

and the general solution is
Uy ='Uxe +'pr
Ox = ég * % = % 3% +C; 3% + ¢, 14X
If initial conditions are specified by physical or

other conditions, the constants Cl and C, are determined from

these conditions. In this example take

U =0
and
Ul =1
Then
1 0 0.0 o o, 5 =5
= e 2 = _1 31 Jt 1 XD

Solving these two equations simultaneously gives x
01=-'lg; Cz=%g
This is a specific solution to the equation (32) which satis-
fies the initial conditions that the funetion equal zero when
= 0 and equal one when x = l.

A check that this actually is the solution is as follows:
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e §g + % (z+2) - % (x+2) (3)¥*2 - %f (8357 %g(h)x+2
=%+ F+3-deana? - Payma? « Boora?
= %% +gx - 3x.3% - l_g_l 3% + 25.4%

=7 Ugs1 = -7[3‘2 + 3(x4l) - F(x1)3TH - L3)=1 ZgaxL

B b o

60 412 x - & 3% - ;§Q.3X +1 fhx

1}

12Uy = g + 22 L

Adding these together gives
L 60 il 12
_ - + - +
Ui = Mo +12Ux-(§ez> Zg '3%>+x(3 % 3

18 1 - 180
+x35(-3 +7 - W) + 3% C‘Sl*ig" ‘8‘)
X aL

- A X X - X
Ux+2 7Ux+l + 12'Ux 0 +x + 3% + 0k x + 3%,

This is an identity which was to be proved.

Generating functions. A method of solving difference

equations using what is called generating functions is de-
scribed by Goldberg |(5) p. 1853. This is one of many trans-
formation methods for solving such equations. The function
Y(s), in some real interval including zero, of the series in s,
(33) ¥(s) =y, +y1 5 +¥ 2 + ... + Vi s£ + ...
is defined as the generating function for the sequence Yor Y19
Yoy oo designated as {yk). Then the sequence of ¥o = ah A dL-
cee Yy T 1 has for its generating function
Y(s) =1 +5s + 52 + ... + K +... = %:g
as can be demonstrated by performing the division. Again by

division, or other methods of infinite series,
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ak
=92 =1/ 8% + 352 + eee + (k +1) K & ...

This is the generating function for the sequence with the
general term (k + 1).

In a similar manner, a small table of general terms
{ Y} with their generating terms ¥(s) is established. From
the definition of ¥(s) it is readily seen that by rearranging
(33) the generating function for {Yk+13’ {Yk+2}"" , can be
found if it is known foréﬁg. Thus

(34) Zlﬁ%:ZQ =¥y + Sy, + V3 82 + ... + Vi1 S5+ -en
is obtained as the generating function for {yk+l3 by trans-
posing y, and dividing by s.

This transformation has the property of transforming
the difference equation into a linear algebraic equation
which may be solved for Y(s) by standard algebraic procedures.
The reverse transformation then gives the actual solution.

It has as advantage over some transformations in that its
close relationship to the desired solution often allows some
analysis of the solution before, or even when the reverse
transformation cannot be performed.

The application of the procedure is quite simple when
a table of transforms is available. The steps are:

1. Replace each variable in the equation by its trans-
form.

2. Solve the resulting equation for ¥(s). This is
usually simplified by use of partial fractions.

3. Perform the inverse transform to give the solution
ice _
The following example, previously solved, will demon-

strate the procedure.
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_ - 2

UX+ s 7UX+l + 12Ux =X + 3
From the Tables of transforms 4.1 and 4.2 in Goldberg{ES) De

19Q] this is transformed into

Y - Lo - Y -
(s) . 0 y1 S _ 7[ (s) S Yo + 12 Y(s) = l-:) +
1

(1I-35)

Solving for Y(s) gives
5 s3 s2
) (17, + 1267 = 5 + ey ¢+ Vo * 18+ 7S

Y(S) - S3 e §2 +
(1-s)= (1-hks) (I-3s5) (I-3s)2 (I-Ls)

1= + ¥l S
(1-%s) (1-3s) (I<kg) -€1<33)

Using the initial conditions of the problem

Up =0 =7,

and

Ul:l:yl

the second term from the right is zero and the last one is

S
(1-%s) (1-3s)
By partial fractions the equation is further simplified to

1 s=1 1 1 21

—

Y(s) = _ 6+ +_ 9 + Ik 4 A +
(I=s) 1-s)< (1-%s) (1-3s) (1-3s)

28-2 1 + 1 + =1
(l-3s§2 TSy T TIoksy | (3-38)
By combining like terms we have
1 s=1 6s-2 -19 19
12

Y(s) = & + + + +
(1-5) (1-35)2 31~3s$2 (1-3s) 1-4s

Since the table of transforms is incomplete, this pre-

sents some difficulty in performing the inverse transformation.
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The inverses of the first, fourth, and fifth teras are:

1l -1 . 1
z I% .3x 5 and _g Lx

By expanding into series andarranging into combinations of
sums and products, the second and third terias can be shown
to be generating functions for
-5% + gx and -¥ (39- £ (39
resvectively.
Adding these to the other 3 terms, the solution becomes
_J_,X X .x x .19 %
UX-—36+6—33—%-3 +9 oLl‘
which i1s the same solution arrived at previously bv undeter-

mined coefficients.

Dirichlet series transform. Tomlinson Fort [3%) P 64%}
has suggested a transform method of solving linear difference
equations with constant coefficients using the Dirichlet
series transform. The transformation, D a(t%’, is defined,

where t is an integer, as
o0
f(s) = Dga(t)} =2 oSt a(t), m=1l, s>1
t=0

A table of transforms has been developed by Fort.
This table will be used as neesded for an exauple, bnt it will
not be reproduced here. The method is similar to the one used
in solving differential equations by Laplace transforms. BEach
element in the equation is replaced by its transform giving a
linear algebraic equation in f(s), the transforn of the un-

known. The resulting equation is solved for f(s) after which




30

Uy, = -2.3% + % A 4 5 0¥

Substituting this into the original equation to checl the
solution gives:
Upsp = —2(3)X*F2 4 % (L) X+2 4 % (0)¥+2
= ~18+3% + 24X 4 20X
“TUp 41 = -7E2(3)x+1 + 3 ¥l +3 (2)’“‘_1—_’
= 42.3% - Lo.uX _ 7.0%
12U, = -24.3% + 18.4% + 6-0%
Adding gives
U o =70, g + 120 = 3%(-18 + 42 -2k)
+ 4X(2h -~ 42 +18) + 2%(2 - 7 + 6)

or
_~ »X
Ugqp = 7Ugql + 1205 = 2

This 1s the identical equation required to complete the check.

Special methods, the classical ruin problen. In study-

ing the "classical ruin problem," Feller (}3) D. 315) uses
the method of particular solutions to solve the difference
equation,
(35) 4z =D qz+1 +q qz-1 l<z<a -1
This is a departure from our standard notation, wihich would be
Ux =D Uxs1 +d Ux-1
but is justifiable due to the wide usage of p and g in
probability problems. Here q, is the probability of the gan-
bler's losing all (ultimate ruin) and p, is his probability
of winning. His probability of winning or losing on each
trial is represented by p and g respectively, z represents

his present fortune and a his anticipated gain. The equation
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is deduced from the fact that after the first trial, the gam-
bler's fortune is either z - 1 or z + 1. To obtain boundary
conditions it is noted that if z = 1, the first trial may
lead to ruin, and if z = a - 1, the first trial may result in
victory. This suggests the conditions thab

Qo =1, and q, = O e

two particular solutions, q, = 1 and g, =:<p) , are
verified by trial as

1l =p-l +q-l

(@ 2@ +a®" = ad)” + 5@’

since it is known that

and

+ — ]

pz qz

Multiplying each solution by arbitrary constants, A
and B, and adding them the formal solution is

q)z
= + =

(36) q, = A B(p
The constants A and B are determined from the boundary condi-
tions which give the two equations

¥

= 0=A+3B (%)a

That is

22 @)
Gl

=
(3~

A+ B

B =

The solution satisfying the boundary conditions is thus
FORSYTH LIBRARY .
FORT HAYS KANSAS i/ Tz COLLLGL
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& @)
= 3 =

(37) 4q, (%) 1

To prove that this is the unique solution, it must be
shown that all solutions are of this for:a. If an arbitrary
solution 1s assumed, the constants A and B can be chosen such
that (36) is an equation for the two values z = o and z = 1,
since this represents two unknowns with two equations. But
from the equation it i1s seen that any value is determined if
the two adjacent values are known. Thus the solution is unique.

The probabilities p and q are parameters. The above
argument is not valid when p = q = &+ since then only one par-
ticular solution has been found. 1In this case it is seen that
a second particular solution is q, = z. Substituting

z = p(z+1) + q(z-1) = ¥(z+1) + 3(z-1) = z
The formal solution is then

(38) g, = A + Bz.
The constants to satisfy the boundary conditions must satisfy
the equations

1=A+0; A=1
-1
A +Ba; B =73

0

1

This gives

(39) q,=1-3%
These results are summarized by saying that d, is the

gambler's probability of ultimate ruin, or losing all his

money, when he begins with a capital, z; plays against an ad-

versary with unlimited capital; and plays uwntil he either
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loses all or increases his capital to the amount a. If q, is
his probability of losing, then 1 - qz must be his probability
of winning.

The tacilt assumption made here in the initial differ-
ence equation is that the wager for each bet or trial is 1
unit compared to the capital. If the capital is §$10, then
the bet is $1. If capital is 90 cents, bet is 1 cent.

To see how this is applied, let us assume a player
starts with $90 and wishes to make $10 to give him a total
of $100. He is playing where the odds are against him such
that he has 4 chances in 10 of winning on each trial. What
are his chances of reaching his total goal?

In the solution we note that z = $90, a = $100, p = 0.k,
and q = 0.6. Equation (37) gives dy, his chance of losing,

and 1 - q, is his chance of win-ing. Substituting in (37)

G )

Az (:g>100 1

1 - q, =0.017.

= .983
and
His probability of winning $10 before losing $90 is, then,

0.017.
Step by step methods. Step by step methods of solution

of difrerence equations are in general solved by one of two
ways, depending on tne conditrons of the probien. The sinmple
equation

Ux+2
with the conditions that Uy = 0 and U; = 1 could be solved by

+UX+l +UX=X
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steps by substituting the conditions into
U = 10 - Ux + X

X+2 X+1

then
U2 = -1 -0 40 = -1

U3 =1-1+0=0
U# =-0-(-1) +0 =1
Un3= - Upn - Un-3 +n
from which eitner the specific value wanted could be obtained
or the general solution deduced.
If, however, the conditions had been boundary conditions
such as Uy = O, and U, = O, the substitutzon wo:ld l..wve given
Up = =-Up +0 +0 =-Uy
U3 = - Up -T7 +1
U1+=-U3-U2+Ul
U ' = - Un—2 - Un-3 +n =20
The method of solution would have naturally led tc a systeu
of m simultaneous linear equations in 1 unknowns. The solution
would then involve solving these equations, vhich in practice
is usually accowplished by matrix methods.
Equations requiring such solutions often arise in con-
junction with partial differential equations. The definition

of the derivative of a function U,

(40) du _ lim ulx+h) - u(x)
dx h-so h

is compared to the difference definition,
(41) Uy = U(x+h) - U(x)

returning here to the general constant difference of h instead
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instead of 1. If (41) is divided by h and the limit taken as

h approaches zero, it is equal to (40). This suggests that if
we take h quite small in (41) the difference will apvroximate
the derivative.

This is the type of approximation used in solving
boundary problems in partial differential equations by numer-

ical methods. The partial derivatives

9U _ lim U(x+hy) = U(xy y)
ax = h-»o h

9%y _ 1lim U(x+he V) =2U(xa y) + U(x-he y)
. 2 =" =

9x2 ~ h»o ial
are replaced by
1 .
A, U =% Ulxthy y) - Ulxg ¥)

and 1
Axx U =g Ej‘(X+h’- v) -2U(x1 y) + U(X—h,_ Yﬂ

The parabolic type of partial differential equation,
so called because of its similarity to the equation of a
parabola,[(l?,) D. 51:2]

2
97U _ QU
Jx2 gy

is approximated by
by U =4y U

or

1
%2 [U(x+h,_ y) -2U(xg y) + U(x-hg y)] =k Y}J(xl y+k)
Uiz v

which may be simplified to 5
n? h
Ux+hy ¥) - (2- ) Uxy y) + UCx-hy v) =k Ul y+o)
the ratio , 11%2 is taken as a constant (often as 1) so that

the change in x is the same as the change in y. This equation
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can be thought of in terms of points on a graph or rectangular

net, as indicated in Figure 1.

Yy
(n, yl+k)
(xR 9) | (wph,y)
,f (49)
t
< h— =
figure 1

If three of the four points are known, then the fourth
can be determined. If can be seen that if this process were
started, say at the bottom boundary, it could be continued
until all points of the rectangular net or lattice were known.
If the accuracy were not satisfactory, the spacings could be
made smaller. The specific solution could be made general by
fitting a general equation to the data. There are numerous
methods of actually carrying out this process including sub-
stituting higher order difference equations as approximations
to the differential equation, different mesh shapes, and special
techniques for finding the point value approximations. Hilde-
brand [16) p.2@ﬂ describes one of these techniques called the
relaxation method. It is essentially a process of trial and
error averaging and weighing or giving more value in the aver-
age to the central point being computed. This tends to speed

up the process of finding the best value.




CHAPTER 4
AN ELECTRTICAL PROBLEM BY DIFFERENCE METHODS

Since a considerable amount of theoretical physics is
required to set up the partial differential equations of most
practical problems, an example is taken from Sokolnikoff and
Redheffer [313) Do Slé}. They have derived a differential
equation for an electrical transmission line problem and have
then found a solution by Fourier series. It 1s interesting
to compare this solution to one obtained by difference equa-
tion methods.

The problem is one of a submarine cable L miles in
length. The voltage at the source is 12 volts, and, under
steady state conditions, 6 volts at the recelving end. At
time t = O the receiving end is grounded, but the source re-
mains constant. The problem is to find the voltage at any
time and distance from the source, (V(x, t), subject to the
boundary conditions

v(, t) = 12, V(IL, t) =0, and tZO.

The derivation of the problem classifies this as one
most closely approximated by the parabolic type partial

differential equation
2
20 _ 4° 2%
a2t ~ ax

Here
U =$L, the current (amperes) or
“{V, the voltage (volts),

and
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= (re)~%
where R is the resistance (ohms per mile), C is the capaci-
tance (farads per mile). The solution is equivalent to that
of the one-dimensional heat flow problem and is shown to have
the solution in Fourier series

t2)  V(x, t) =12 - 12F

(f XISlnn}c ((RCZE

sin L

The approximate dlfference equation is, as previously

shown,
h2 ]
(%43) U(x=h, y) - (2 - goy U(x, v) + U(x-h, y)
= _h2 U(x, y+k)
I 2)

If we nake a particularly convenient choice of spacing [36) D
98é] such that the relationc.aip is

h2 = 292 k

the term 2 - = O

_hs
o 2%
Substituting the variable t for y and rearranging (43), it
becomes

U(x, y+k) = %[?(x+h, y) + U(x-h, iﬂ
This relation can be taken to mean that within the prescribed

boundaries, each point, x, is the average of the dlagonally

neighboring points below.
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figure 2

From figure 2, point 2 is the average of points 1 and 3.

This network represents a graph of the values of the function
with values to be found at each intersection. TIn this prob-
lem each point is the voltage at x miles along the cable at
time t seconds.

From the boundary conditions it is seen that when x = O
the voltage is 12 volts at all tiues. The steady state condi-
tions show that the voltage drop is linear from 12 to 6 when
t = 0. Finally, when x = L, at the receiving end of the cable,
and t2>0, the voltage is at zero. It is convenient to choose
6 division points in the x direction naking the voltazes at
successive points along the x boundary 12, 11, 10, 9, 8, 7,
and 6. The left boundary, when X = O, is 12 at all points, and
the right boundary is zero at all points except when t = 0.

The computation is straightforward according to the foraula

Vy = 3(Vy + V3)
from figure 2 except for one adjustment. There can be consid-
ered a discontinuity in the lower right hand corner where in
thinking of moving along x the valueis 6, but in moving down

the right boundary, the value is zero except at the exact
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point. Hilderbrand [}6) D. 28€} suggests a correction here of
using an average of the two values for cornputing the rest of
the values. UNote the 3 in parenthesis which was used in com-

puting the other terus.

The distance, L, is obviously divided into 6 divisions,

giving
6h = L
h =L

Since the spacing was asswied such that
h? = 242 k

and
c@:gzl;

then 12 RC
k= =—=5
72

Some asswiaed values may make this more meaningful.

Let
L = 60 niles,
R = .1 ohns per mile,
and
C = 10 pflm = 1 x 1077 farads per mile.
Then
h = 10 niles
and

k = 50 micro-seconds
These values can be substituted into (42) to give actual
values at points of the approximate solution. For instance,
the voltage at 30 miles out after 250 microseconds is given

from figure 3 as 7.9 volts. This is the point wheare
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. 226
k = 50 = 5 spaces

and
h = %% = 3 spaces

The actual value here by calculation
ob

V(30,250) = 12 - 6 + > %% (-cos nf)
1

n=
e~ (10°) (445)2 (250 x 1070) o, L

= 6.1 approximately

1

Since the factor sin EIE is zero when n = 2, and the factor
of e to a power is less than .0l when n = 3.

This value is not agreeably close to th~ one obtained
by difference methods. Further investigation o1’ be neces-
sary to explain the discrepancy. A different ratio of h and

k would perhaps improve the approximation, since convergence

is sometimes affected by their ratio.




CHAPTER V
SUIMMARY

Difference equations have applications in solving
problems in the social sciences, physical sciences, and in
nunerical solutions to differential eguations. Solutions
obtained are explicit or of a step by step approximation.
Hethods of solutions may always be found to first order linear
equations. Linear equations of higher order than one with con-
stant coefficients are solvable under most conditions. They
are solved by finding a complementary solution through use of
the auxiliary equation and adding it to a particular solution.
Particular solutions may be found by various methods, but the
method of undeter.:ined coeficirents is most useful. Various
transform methods such as generating functions and Dirichiet
series transforms may be used to solve linear equations with
constant coefficients.

Approximate solutions to differential equations are
often found by replacing the differential equations by an
analogous or equivalent difference equation. The difference
equation gives a method for successive calculations to obtain
the approximate solution.

Chapters I and II give some of the bhackground of differ-
ence equations and the calculus of finite differences. Al-

though much of the theory was developed quite early, the
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applications are more recent. The analogies between differ-
ence equations and differential equations are extensive, and
a study of one aids understanding of the other. The use of
operator notation not only simplifies notation, but makes
possible expanded solutions.

Chapter III illustrates the classification of equations
according to order, degree, and whether homogeneous or nonhouo-
geneous. Solutions to first order linear equations are first
found by summation or antidifferencing where the equations
are simple. A formula is developed which is useful for find-
ing the so.ution to first order linear equations tiiat are
either homogeneous or nonhomogeneous and which have variable
or constant coefficients. ZIZxamples help clarify the procedure.
Equations of order greater than one must have constant coeffi-
cients or be of special form to have a solution.

Homogeneous equations of nth order with constant co-
efficients are solved by finding the solution to an auxiliary
algebraic eguation. Methods for solving nonhomogeneous equa-
tions are then given with the particular solution being found
by undetermined coefficients, generating functions, and
Dirichlet series transforms.

The "classical ruin problem" illustrates one of the
special methods of finding solutions, one called the method
of particular solutions.

Step by step methods are shown by finding the approxi-

mate solution to a differential equation. If the equation is
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sufficiently well behaved, solutions may be found to any de-
sired accuracy, but the work is often laborious. This is one
of many numerical methods in use today.

A specific application of this procedure is piven in
finding an approximate solution to an electrical transnission
line problen. The solution is compared to an exact one found
by Fourier series.

The social scientist is making the greatest use of
difference equations today as he develops more theory to
translate social problems into mathematical terms. The success-
ful worker in this field in the future will ne=zd . "road under-
standing of difference equations.

The applied scientists find uses for difference equa-
tions, but often in altered form or converted to formula work
which requires little understanding of the background. The
future use of difference equations appears to ke in these two

areas.
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