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PBW BASES AND MARGINALLY LARGE TABLEAUX IN TYPES B
AND C

JACKSON CRISWELL, BEN SALISBURY, AND PETER TINGLEY

ABSTRACT. We explicitly describe the isomorphism between two combinatorial realiza-
tions of Kashiwara’s infinity crystal in types B and C. The first realization is in terms
of marginally large tableaux and the other is in terms of Kostant partitions coming from

PBW bases. We also discuss a stack notation for Kostant partitions which simplifies that

realization.
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1. INTRODUCTION

The infinity crystal B(oco) is a combinatorial object associated with a symmetrizable
Kac—Moody algebra g. It contains information about the integrable highest weight repre-
sentations of g and the associate quantum group U,(g). Kashiwara’s original description of
B(oo) used a complicated algebraic construction, but there are often simple combinatorial
realizations. Here we consider two such realizations in types B, and C,. The first is the
marginally large tableaux construction of [4, 5]. The second uses the Kostant partitions
from [10], which are related to Lusztig’s PBW bases [9] (see also [12]). In [3] and [11],
isomorphisms between these two realizations are studied in types A, and D,, respectively.
Our main result is a simple description of the unique isomorphism between these two real-
izations of B(oco) for types B, and C,,. We also give a stack notation for Kostant partitions
of these types motivated by the connection to multisegments in type A,, described in [3].
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Bik =i+ + o, 1<i<k<n
Vik =0 + o1+ 200 + 20041 + -+ 20, 1<i<kE<n

Bik = € — €k+1, 1<i<k<n-1
Bin = €i, 1<i<n
Yik = €i T €k, 1<i<k<n

TABLE 2.1. Positive roots of type B,,, expressed both as a linear combination
of simple roots and in the canonical realization following [2].

Bik =i+ + o, 1<i<k<n
Yik =i+t ap g tagtag1+-tap, 1<i<k<n

Bik = € — Ek+1, 1<i<k<n
Yik = €i T+ €k, 1<i<k<n

TABLE 2.2. Positive roots of type C),, expressed both as a linear combination
of simple roots and in the canonical realization following [2].

2. BACKGROUND

Let g be a Lie algebra of type B, or C,,. The Cartan matrix and Dynkin diagram are

2 -1 0 00 0 2 -1 0 00 0
“12 -1 00 0 “12 -1 00 0
0 -12 -« 0 0 0 0 —1 2 00 0
By (ay) = o Cntlay) =
00 0 2 -1 0 00 0 2 -1 0
00 0 “12 -1 00 0 -1 2 -2
00 0 0 -2 2 00 0 0 -1 2
B,: © : O C,: © : O
a a2 Qn—1 Qn aq a2 AOn—1 Qn .
Let {a1,...,a,} be the simple roots and {ay, ..., .} the simple coroots, related by the
inner product <0z}/,0zi> = a;j. Define the fundamental weights {w1, ..., w,} by (o, w;) = d;;.

Then the weight lattice is P = Zw;®- - -@Zw,, and the coroot lattice is PV = Zay @ - -DZa,).
Let ® denote the roots associated to g, with the set of positive roots denoted ®*. The list
of positive roots in type B, is given in Table 2.1, and the list of positive roots in type C,
is given in Table 2.2. The Weyl group associated to g is the group generated by s1,..., sy,
where s;(A\) = A — (o, \)ay; for all A € P. There exists a unique longest element of W
which is denoted as wy. For notational brevity, set I = {1,2,...,n}.

Let B(o0) be the infinity crystal associated to g as defined in [7]. This is a countable set
along with operators e; and f;, which roughly correspond to the Chevalley generators of g.

Here we use two explicit realizations of B(oo) but do not need the general definition.
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2.1. Crystal of marginally large tableaux. Recall the fundamental crystals given below.
B,: [1|— - ] —— o] ——[r] . ——[1]
Cp: [1]—— ] m] s — [T

Define alphabets, denoted J(B,,) and J(C},), to be the elements of these crystals with the

natural orderings

(2.1)

JBp): {1<--+<n—-1<n=<0<n<n—1<---=<1},and

JCp): {I1<--<n—1<n<n<n—-1=<---=<1}.

Definition 2.2. The set of marginally large tableaux, 7 (c0), is the set of semistandard
Young tableaux 7' with entries in J(B,,) or J(C),) which satisfy the following conditions.
(1) The number of in the i-th row of T is exactly one more than the total number
of boxes in the (i 4+ 1)-th row.
(2) Entries weakly increase along rows.
(3) All entries in the i-th row are <7.
(4) If T is of type B, then the @ does not appear more than once per row.

Definition 2.2 implies that the leftmost column of 7' contains , , cee ,

in increasing order from top to bottom. We call the in row ¢ shaded bozres. The number
of shaded boxes in each row is one more than the total number of boxes in the next row.

Example 2.3. In type Bs, each T € T (c0) has the form

111 1/1---1/111---1/1---1 1|2...2|3...3|0|§...§|§...§|T...T‘

2(3.--310/3.---3/2.--2

T —

Wl [N =
wl N =

3|0

The notation indicates any number of (possibly zero). Also, the @ in each row
may or may not be present.

Definition 2.4. Fix T'€ T(c0) for 1 < j<mnmn—1and k> j € J. Let ﬂj denote a box
containing k in row j of T'. Define the weight of the box by:

—Bjra ifk#0, — vk i k#7,
Type By, :  wt <j) = { _]Bfnl if E=0 wt (]) - { —Q/Ejkn if k= j

Define the weight wt(7") of T" to be the sum of the weights of all the unshaded boxes of T'.

Note that the unique element of weight zero, denoted T4, is the tableau where all boxes

are shaded. For example, in types B3 and Cj,
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1]1]

Ty =

|C».’>l\')H
[\

Definition 2.5. Let T' € T (00).
(1) The Far-Fastern reading of T, denoted readpg(7’), records the entries of the boxes

in the columns of T' from top to bottom and proceeding from right to left.
(2) The Middle-Eastern reading of T, denoted readyg(T'), records the entries of the
boxes in the rows of T" from right to left and proceeding from top to bottom.

Definition 2.6. Let 7' € T (c0) of type B, or C,, and set read(T') = readyg(7’) or
readpg (7). Consider the fundamental crystals from (2.1). For each i € I = {1,2,...,n},
the bracketing sequence br;(T") is obtained by replacing each letter in read(7T") with )P(9,
where p is number of consecutive i-arrows entering and ¢ is the number of consecutive
i-arrows leaving the corresponding box in the fundamental crystal.

After determining br;(T"), sequentially cancel all ()-pairs to obtain a sequence of the form

)+ )(--- ( called the i-signature of T'. The i-signature is denoted as br§(T).

Definition 2.7. Let T' € T(oco) and i € I. Define 0 as a formal object not in 7 (c0).

(1) If there is no ‘)’ in br{(7") then set ¢;7" = 0. Otherwise let be the box in T
corresponding to the rightmost ‘)’ in br§(7"). Define ¢;T" to be the tableau obtained
from T by replacing the r in with the predecessor in the alphabet of T (oc0). If
this creates a column with exactly the entries 1,2, ..., then delete that column.

(2) Let be the box in T corresponding to leftmost ‘(” in br§(7"). Define f;T" to be
the tableau obtained from 7" by replacing the ¢ in with the successor of £ in the
alphabet of T (c0). If occurs in row ¢ and ¢ = 4, then also insert a column with
the entries 1,2,...,4 directly to the left of .

Example 2.8. Let T € T (00) for g of type Bs where

1

—_

1]2]o][3]2]1]T]

]l

1
= 5

Wl | =
Wl | =
[}
w
o

W I

By Definition 2.6, we have

w
ol
w

readyp(7)=112302111111111220 32222

brg(T) = ) ) ) (( ) ) ((
brs(T) = ) ) )
so by Definition 2.7, we obtain
esT — ; ééé Zl)) 1 %%1|2|0|§[§|T|T|
3]10[3
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and
tafafa[afafa[aa]1]2]o]3]2]1]T]
f3T = [al2]2]2]2]3]0]2|2 :
3/0[(3|3

Example 2.9. Let T € T (c0) for type C3 where

[e=1
Q
(=5

tafafe[afafaa]1]2]3]3][3]2]T]
T = Re22[3[33]1 :
313[3

By Definition 2.6, we have

readyp(7)=1233311111111113332222333
brs(T) = ) (( ) ) ( ) ) (
br§(T) = ) ) (

so by Definition 2.7, we obtain

1[afafa]afe]a]1]2]3]3][3]2]1]
esT = [2]2]2[3[3[3]1
3|3
and
tafafe[afafa[aa]1]2]3]3]3]2]T]
3T = alal2]2]2[3[3]311 :
3/3|3]3
Theorem 2.10 ([5]). Using readpg(T) and the operations defined in Definition 2.7, T (00)
is a crystal isomorphic to B(00). ]

It turns out that using readyg in place of readpg is more convenient for us, and we can

do this because of the following:

Proposition 2.11. Let T (c0) be the set of marginally large tableauz of type By, or C,.
Then the crystal structures on T (00) using either readpy or readyg are identical.

Proof. Fix T € T (o0) and i € I. By the definition of e; and f;, we must show that the
leftmost ‘(’ and the rightmost ‘)’ in br(7T") correspond to the same box for the two different
readings. We need only consider the positions of the , , , , and @ (if
i =mn and T is of type B,). By Definition 2.2, these all occur in the first ¢ + 1 rows.

The unshaded boxes are read in the same order under the two readings (since there
cannot be two in the same column, and if one box is to the left of another it is also weakly
below it). Thus the two bracketing sequences are identical until the first shaded is read.
We will call that part of the sequences the prefix. After that, the sequences are as follows,
where we use /; ; to denote the number of in row ¢ (and if i = n, £;1; 7 is taken to be 0):

Middle-Eastern: - - - (5” (£i+1,iTl )5i+1,z‘+1’
Far-Eastern: --- (Zi’i”iﬂ,m_f%l,iﬂ O-().
~——

Lig1,i41
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Since £; ; > {iy1,i+1, after cancellation these parts of the sequences contain only ‘(’ and the
leftmost ‘(” corresponds to the rightmost in row .

Thus if the prefix has an uncanceled ‘(’, then this remains uncanceled in both complete
bracketing sequences, and corresponds to the same box for both. If the prefix does not
have an uncanceled ‘(’, then in both readings the leftmost uncanceled ‘(" comes from the
rightmost in row . Furthermore, the sequences only have an uncanceled )’ if this comes

from the prefix, in which case it corresponds to the same box in both. [ |

2.2. Crystal of Kostant partitions. Here we review the crystal structure on Kostant
partitions from [10]. As explained there, this is naturally identified with the crystal of
PBW monomials as given in [1, 9] (see also [12]) for the reduced expression

wo = (5182 Sp—28n—15nSn—2 - 51) - * (Sn—28n—15n5n—2)Sn—15n.

Let R be the set of symbols {(8) : 8 € ®T}. Let Kp(oco) be the free Z>¢-span of R. This is
the set of Kostant partitions. Elements of Kp(co) are written in the form ot = - 5)c% cs(8).

Definition 2.12. Consider the following sequences of positive roots depending on ¢ € I for
type By, or Cp,. For 1 <i<n —1, define

D8 = ®F = (Bri, Brizt1s V1is V1itds - -+ s Bitiis BicLi1s Yie1is Vie1it 15 Bii)s
®F = (Bins Brn—1:Y,m: Brms - -5 Bt Bntin—1 Yn—1,m Br—1.m> B )
DY = (Y11, Bl 1 Vo Y1Ls - - s Ve L1y Br—1n—1, Yn—Lms Y—Ln—1> Ynn)-
Let o € Kp(oo). Define the bracketing sequence S;(a) by replacing the roots in ®2 or

with left and right brackets as follows:
In type B, and C,, with 1 <1i < n, set

Si(@)= ) ) (oo () ) oo D)) G () G )e)
— =~ —_—— = =

CB1i CPri—1 “M,i i1 CBi—1,i CBi—1,i—1 “Yi—1,i “vi—1,i41 By

In type B,, with i =n, set

N A S —~ = S~ = —— .
Cﬂl,n 2Cﬁ1,n71 20"/1,n cBl,n canl,n 2Cﬁn71,n71 20"/n71,n Cﬁnfl,n CBn,n

In type C), with i = n, set

= = —— —~—.— —~— =
11 ©Bin—1 ©1n ‘M n—1,n—1 Bn-1,n—1 “In—1,n “In—1,n-1 Sm,n

In each case successively cancel all ()-pairs in S;(a) to obtain a sequence of the form
)+ )(--- ( which we call the i-signature of a denoted by S{(c).
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Remark 2.13. Roughly, left brackets correspond to roots 5 € ®; such that 5+ «; is a root
and right brackets correspond to roots 8 € ®; such that 5 — «; is a root (or 5 = «;) except
when ¢ = n, where some subtleties arise.

Definition 2.14. Let i € I and o € Kp(oo) with av =} 5 ¢3(8) € Kp(o0).
e Define wt(a) = — > 5.9+ c58-

e Define ¢;(a) = number of uncanceled ‘)’ in S;(a).
e Define g;(a) = ¢;(a) + (o), wt(x)).
The following two rules hold except in the case where g is of type C,, and i = n.

e Let 3 be the root corresponding to the rightmost ‘)’ in S¢(ax). Define
eiv = o — (B) + (B — ).

Note that if 5 = «;, we interpret (0) as the additive identity in Kp(co). Furthermore,
if no such ‘)’ exists, then e;a = 0, where 0 is a formal object not contained in Kp(oo).
e Let y denote the root corresponding to the leftmost ‘(* in S¢(cx). Define,

fio = —(7) + (v + ).
If no such ‘(" exists, set fiax = a + ().
If g is of type C,, then e, and f,, are defined as follows.
e Let 3 be the root corresponding to the rightmost ‘)’ in S¢ (). Define e, as follows,
for k€ {1,...,n —1}. If no such S exists, then e,a = 0.
(1) If B ="kn and ¢y, = cg, ,_, + 1, then ey = o — (B) + (Br,n-1)-
(2) If B="knand ¢y, >cg, ., +1, then e, = a — 2(8) + (Vkk)-
(3) If B =k, then epax = a — (B) + 2(Brn—1)-
(4) If B =y, then e,a = a — ().
e Let 7 denote the root corresponding to the leftmost ‘(" in S¢(ex). Define fro as
follows, for k € {1,...,n}. If no such v exists, then fra = o+ (ynn).
(1) vy =Brpn1and ¢y, =cg,,_, — 1, then fra = o — (7) + (Yrn)-
(2) If v = Brpn-1 and ¢y, , <cg, ., — 1, then fra=a —2(v) + (Vrr)-
(3) If v = Yk .k, then froo=a — (7) +2(Ykn)-

Example 2.15. Let Kp(oo) be of type C5 and let e € Kp(o0), where

o =4(B12) +2(71,3) +2(v1,1) + (12,2) + (72,3) + (73,3)-

We consider the action of f3, so we must first compute the bracketing sequence:

Cyin CBiz Cyiz Cyip Cyaa CBap Cyaz Cyaa Cyz
Ss(a) =) (((C ) () ) ()
Ssla) =)  (

Hence fzar = 2(81,2) +2(71,3) + 3(71,1) + (12,2) + (72,3) + (73,3)-
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Example 2.16. Let Kp(oo) be of type C5 and let e € Kp(o0), where

o =2(B12) +2(71,3) +3(71,1) + (12,2) + (2,3) + (73,3)-

To compute fsax we first need the relevant bracketing sequence, which is

Cyin CBia Cyiz Cyin Cyaa CBaa Cyzs Cyao Cyss

S3(a) = 1)) (O ) I (G ) ( )
Si(a) = ))) (
Hence fsa = 2(B12) +4(71,3) +2(71,1) + (12.2) + (92,3) + (73,3)-

Proposition 2.17 ([10]). Using the operators defined in Definition 2.14, the set Kp(co) is
a crystal isomorphic to B(o0). ]

3. THE ISOMORPHISM

Our isomorphism ¥ is given as a reversible algorithm to construct an element of Kp(oo)
from an element of 7 (0c0). We prove that W preserves the crystal structure by using the
fact that under the Middle-Eastern reading the bracketing sequence for marginally large
tableaux factors by row. Throughout we restrict to types B,, and C,,.

Theorem 3.1. Define ¥: T (00) — Kp(oo) by the following process. Fiz T € T (o0) and
let Ry,..., Ry denote the rows of T' starting at the top. Set W(T) = > ", W(R;), where
U(R;) is defined as follows. If T is of type By,:

(1) each pair <, > maps to 2(Bjn);
(2) each @ maps to (Bjn);
(3) if j =n, then each maps to 2(Bnn)-
If T is of type Cy,:
(4) each pair (, > maps to (7v;;);
(5) if j =n, then each maps to (Yn.n)-
For all remaining boxes:
(6) | 7 | maps to (Bj;) + (vj,j+1);
(7) each pair <, >, where j < k <mn, maps to (Bjr) + (Vjet+1);
(8) each unpaired maps to (Bjx—1), for ke {j+1,...,n};
(9) each unpaired maps to (v; k), for ke{m,...,j+1}.

Then ¥ is a crystal isomorphism.
The proof of Theorem 3.1 will occupy the rest of this section.

Example 3.2. Let T be the marginally large tableau of type Bs from Example 2.8. By
Theorem 3.1,

W(T) =2(B11) + (Br2) + (Br3) +2(71,3) +2(11,2) +3(B22) + (Bo,3) +2(72,3) + 4(B1,3)-
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Then
CBy,3 2cﬁl,z 2C’Y1,3 CBrs CBas 2652,2 2072,3 CBs 3
Ss(W(T) = ) (C ) W N) N
Ss(W(T) = ) ) :
so f3W(T) = ¥(T') + (Bs,3), which agrees with

U(f3T) =2(B1,1) + (Br,2) + (B1,3) +2(71,3) + 2(71,2) + 3(B2,2) + (B2,3) + 2(72,3) + 5(B13).

Example 3.3. Consider type C5 and

faafafafa]1]2]2]3]3]3]3][3]3]2]2]
T=Ll22[33]3 .
313
Then L L 3
readyp(7)=2233333322111111133322233
brs(T)= ) ) ( ((( ) ) ( ) (
bry(T) = ) ) (( (,
SO
tafaafae]a]2]2[3]3]3]3][3][3]2]2]
3T = [3]2]2[3[3]3 :
313

We now apply the isomorphism from Theorem 3.1 to T" and f37T to get

U(T) = 4(B12) +2(71,1) +2(71,3) + (92,2) + (12,3) + (13,3), and
U(fsT) =2(B12) +3(v1,1) +2(11,3) + (72.2) + (72,3) + (13,3)-

Note that these are the same Kostant partitions as in Example 2.15. Hence

[3U(T) = U(T) —2(Br,2) + (71,1) = V(f3T).

Denote by e/ and f7 the Kashiwara operators on 7 (co) from Definition 2.7, and eZKp
and fiK P as the operators on Kp(oo) from Definition 2.14.

Lemma 3.4. Fizi € I\ {n} and a row index j. Let T € T(oc0) be such that the only
unshaded bozes occur in row j. If the leftmost (" in bri(T) comes from R;, then fiKp\I’(T) =
v(f7T).

Proof. First consider i € {1,...,n — 1} and row R; for j < i. We are only interested in
boxes which give rise to brackets in br;(R;) or S;(¥(R;)). Following Definition 2.7 these

boxes are the pairs <, > and the , , , and .
A pair (, ) corresponds to no brackets in br;(R;), and to (8j,—1), (75,4) in

U(R;), corresponding to a canceling pair of brackets in Si(\I/(Rj)). So the statement is true

if and only if it is true with these removed. Thus we can assume R; has no such pairs.
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Now, assume row j of T has p, ¢, r, and s boxes of + + 1, i + 1, 4, and 7 respectively:

Rj: Z Z i1 e +1]--- F1|- a1 7 7

N~ A 7/ A g
~~ " ~~ ~"
T q p S

(=

Define W(R;) = 3 5)cr ¢3(B). The general bracketing sequences for both are
br(R) =) O (. and S(W(R)) = ) (Bt ) (Ba,
Case 1: p>gq,r > s and 1 < j <1 < n. By the definition of ¥,
V(Rj) = q(Bjit1 +vjiv2) + (0 = @) (Viir1) + (7 = 8)(Bji-1) + 5(Bji + Vjit1)
= (r = 8)(Bji-1) + 5(Bji) + a(Bjiv1) + (s + 0 — O (vjir1) + ¢(jiiva)-

Calculating the action of fZT on R; gives

fiTRj: A I S PRI | IR TR PP b IR P f A PR B

=
—_

Then
U(fTR;) = q(Bjis1 +Viit2) + (p— = D(vjip1) + (r — s = D)(Bjim1) + (s + 1)(Bji + vjis1)
= (r—s—=1)(Bji-1) + (s + 1)(Bj.i) + ¢(Bji+1) + (s + p — Q) (Vj,i+1) + a(Vji+2)-

We now apply the operator fiKp to W(R;) to show equivalence. In S¢(W¥(R;)) the leftmost

‘(’ corresponds to 3j;—1 so
FPU(R) = (r— s — 1)(Bj-1) + (s + D (Bi) + a(Bjis1) + a(vjiv2) + (5 +p — ) (j.i41)
= U(f] R)).
Case 2: p>gq, r <s,and 1 < j <1t <mn. By the definition of ¥,
U(R)) = q(Bji+1 + Vi) + (0 — @) (V1) + (s = 1) (v54) + 7(Bji + vj,i+1)
=71(Bj) +a(Bji+1) + a(Vjit2) + (r +p— @) (vji+1) + (s = 1) (5,4)-

By the definition of fZT , we have

~
+
—
~

+
=
>
>

fiTRj: A R AN T N P §

Then

U(fTR;) = q(Bjis1 +viive) + (0 — a — D(ji11) + (s — 7+ 1) (754) + 7(Bji + V1)
=7(85i) +a(Bji+1) + a(vjiv2) + (1 + 0 —q—1)(yji1) + (s — 7+ ) (75.4)-
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On the other hand, in S¢(¥(R;)) the leftmost ‘(* corresponds to ;11 so
FEPU(R) = r(Bja) + a(Bjin) + a(vjiva) + (1 +p— ¢ = D(yja11) + (s — 7+ 1)(7)
= U(f] R)).
Furthermore,
bri(R;) =) ("7 (" and  Si(¥(R;)=)" )" (TP,
so both br{(R;) and S{(¥(R;)) have s °)" and r +p — q ‘(.
Case 3: p< g, r > s,and 1 < j < i < n. By the definition of ¥,
U(R;j) = p(Bji+1 + Viiv2) + (@ — p)(Bja) + (r — 8)(Bji-1) + s(Bji + Vji+1)
= (r—$)(Bji-1) + (s + ¢ = p)(Bja) + p(Bjit1) + P(ji+2) + s(Vjit1)-
By the definition of fz-T , we have

fiTRj: A I R PRI | [P IS PP b IR P f A PR B

=
—_

v v ‘])f v
Then
U(fTR;) = p(Bjiv1 + Viis2) + (@ — 0+ 1)(Bji) + (r — s — 1)(Bji-1) + 5(Bji + Vjit1)
=(r—s—=1)(Bji-1) + (s +q—p+1)(Bj:i) +p(Bjiv1) + p(vjir2) + s(Vjit1)-
On the other hand, in S¢(¥(R;)) the leftmost ‘(* corresponds to 3;,—1 so
FEPU(R)) = (r— s — 1D)(Bji-1) + (s +a—p+ 1)(Ba) + p(Bjir1) + p(vjiv2) + s(vji41)
= U(f/ R)).
Case 4: p<gq, r <s,and 1 <j <1< n. By the definition of ¥,
U(R;) = p(Bjiv1 +vjiv2) + (@ =) (Bji) + (s =) (vja) +7(Bji +vjit1)
= (r+q—p)(Bji) +p(Bjir1) + p(vjir2) +r(vjir1) + (5 = 1) (V54)-

If » = 0, then f; will act on the rightmost in R; of T (see Case 6 for details on this
situation). When r > 0, by the definition of fz-T , we have

fiTRj: AN I A PN | P PSP e | ERR N vl B R B

v v v v
r—1 q+1 p

Then
U(fT(R)) = p(Bjit1 + Vjir2) + (q—p+ D)(Bji) + (s — 7+ 1)(v4,4) + (r — 1)(Bji + jiv1)
= (r+q—p)(Bji) +p(Bji+1) + p(Viir2) + (1 = D(vji+1) + (s =7+ 1) (75,4)-
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On the other hand, in S¢(¥(R;)) the leftmost ‘(* corresponds to ;11 so

FPU(R)) = (r+q = p)(Bja) + p(Bjars) + p(vjira) + (r = V(1) + (s — 7 + 1) (1)
= U(f] R)).
We now establish the result for i € {1,...,n — 1} and row j = i. The general bracketing
sequences for both are given here:
bri(R;) =)* (") (", i (W(R;)) = )i

Following Definition 2.14, since there is no ‘(" in S;(¥(R;)) the action of fZ-K P will always be
to add (5272)
Case 5: p > q,and 1 < j =1 < n. If p > ¢, then the leftmost ‘(’ comes from an

SO fiT R; sends an to a . Since p > ¢ this does not change the number of
([ 1] [F7T]) ains, so (ST Re) = W(R:) + (Bi) = £1PW(R).

Case 6: p<gq,and 1 < j =1 <mn. Ifp<ygq,then the leftmost ‘(" comes from a
SO fiT R; sends an to an . Since p < ¢ this does not change the number of

<, > pairs, so U(fJ R;) = U(R;) + (Bis) = fiKp\If(Ri). ]

Lemma 3.5. Fiz a row index j € I. Let T € T(00) be such that the only unshaded boxes
occur in row j. If the leftmost (" in bry (T) comes from Rj, then fXey(T) = U(f7T).

Proof. Consider f,, and T to be of type B,,. We need only consider the , @, and

boxes, since a pair (, > corresponds to no brackets in br, (R;), and to (3j,—1),

(Vjm) in W(R;), which gives a canceling pair of brackets in S, (¥(R;)). Assume row j of T

has p boxes, z @ boxes, and ¢ boxes:

~ ~ M~ - ~ _/
q z p

The bracketing sequences are:
brn(Rj) = )210 ) (7 (2q : Sn(\I/(T)) _ )CBJ.JL (2Cﬁj’n71 )2c—yj’n (CBJ.JL.

Casel: p>q,z=0,and 1 < j < n.
By the definition of W,

V(Rj) = 2¢(Bjn) + (0 — Q) (Vjin)-

If ¢ = 0, then f,, will act on the| n [in R,, of T' (see Case 5 for more details in this situation).
If ¢ > 0 then, by the definition of f;],

3|
3|

fZRj: ni---|n|O0




PBW BASES AND TABLEAUX 13

Since p > ¢ there is one less (, >, one more @, and one more unpaired , o)
V(S Rj) =2(¢ = D)(Bjn) + (Bjn) + (0 — 4+ 1) (),
= (2¢ = D(Bjn) + (2 = ¢+ D(jin)-
On the other hand, in S5 (¥(R;)) the leftmost ‘(* corresponds to 3, so
FaPU(R;) = (24 = D) (Bjn) + (0 — ¢+ D(3jn) = V(] Ry)-
Case 2: p<q, z=0, and 1 < j < n. By the definition of ¥,
V(R;) = (¢ = p)(Bjn-1) + 2p(Bjn)-

By the definition of £/, we have

T
q—1 1 D

The number of (, > pairs is unchanged, there is one less unpaired and one more
@, SO
V(f) Rj) = (q=p = D(Bjn-1) + (Bjn) + 2(p) (Bjn)
=(@—p=DBjn-1) + 2p+1)(Bjn)-
On the other hand, in S5 (¥(R;)) the leftmost ‘(* corresponds to ;-1 so
FRPU(R)) = (g —p—1)(Bjm—1) + 20+ 1)(8j;) = ¥(f] Ry).
Case 3: p>q, z=1,and 1 < j <mn. By the definition of ¥,
U(R;) = (2¢+ D(Bjn) + (0 — @) (vjn)-

By the definition of f7, we have

R —
q 0 p+1

There is one less @ and one more unpaired , SO
V(S Rj) = 24(Bjn) + (0 — 4 + 1) (jn)-
On the other hand, in S5 (¥(R;)) the leftmost ‘(* corresponds to 3;,, so
FaPU(R)) = 29(Bjn) + (0 — a + 1) (jn) = Y(f] R))-
Case 4: p<q, z=1 and 1 < j < n. By the definition of ¥,

U(R;) = (¢ —p)(Bjn—1) + 2p + 1)(Bjn)-
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By the definition of £/, we have

3|
3|

szj: ni---|n|O0
~—~—
q 0 p+1

There is one less @, one less unpaired , and one more (, ) pair, so
V(f Rj) = (a=p = 1)(Bjm-1) + (20 +2)(Bjn)
On the other hand, in SS(¥(R;)) the leftmost ‘(* corresponds to B3j,—1 so
FRPU(R;) = (¢ —p—1)(Bjmn—1) + 20+ 2)(Bjn) = U (£, R)).
Case 5: j = n. The bracketing sequences are

bra () = 2 )7 (* (%, Su(W(B,)) = )

Since there is no ‘(" in S, (V(Ry)), KP will add (Bn.n) to ¥(Ry,).
If z = 1, then the leftmost ‘(’ in br,(R,,) comes from the @ so fT(R;) sends the @ to
. According to ¥ we then have that

Wl Bn) = W(Ra) + (Bun) = [P W(Rn).
If z =0, then the leftmost ‘(’ comes from an so fI' R, sends an to an @ Again
W(f Bn) = U(Bn) + (Bun) = [P0 (R).
Now, consider T" to be of type C,,. Assume row j of T has p boxes and ¢ boxes,

The bracketing sequences are:
bra(R) = )P (¢, S (W(Ry)) = )%703 (Fort) i (.
Case 6: p > g, and 1 < j < n. By the definition of W,
U(R;) = q(vj3) + (0 = D) (Vim)-

If ¢ = 0 then f,, will act on the in R, of T (see Case 9 for more details in this situation).
When ¢ > 0 by the definition of f,Z— we have

3
3

fTRj=| n |-+ | n

~~ ~~
qg—1 p+1

There are two more unpaired and one less (, ), SO

V(T R)) = (4= D(55) + (0 = a+2) ().
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On the other hand, in S(¥(R;)) the leftmost ‘(’ corresponds to v; ; so
FaPU(R)) = (¢ = 1)(v55) + (0 — 4+ 2)(75.0) = U (f] Ry).
Case 7: ¢ >p+1, and 1 < j < n. By the definition of ¥,
V(R;) = (q = P)(Bjn-1) +P(v5)-

By the definition of £/, we have

3|
3|

f[Rj: ni---|n

qYl p‘fl
There is one more (, > pair and two less unpaired , o)
V() Ry) = (4= —2)(Bjn—1) + 0+ 1)(755).

On the other hand, in S¢(¥(R;)) the leftmost ‘(* corresponds to 83j,—1 so

FaPU(R;) = (a4 = p = 2)(Bjn-1) + (0 + 1)(155) = V(] Ry)-

Case 8: g =p+ 1, and j < n. By the definition of W,
V(R;) = (¢ = p)(Bjn-1) + P(75j)-

By the definition of f7, we have

3|
3|

f;er: ni|---|n

qYl p‘fl
Since ¢ — p = 1 the number of <, > pairs is unchanged. There is one less and one
more , S0
V(fTRj) = (¢=p =D (Bjn-1) + (i) + p(35)-
On the other hand, in S5 (¥(R;)) the leftmost ‘(* corresponds to 3j,—1 so
FRPU(R)) = (g = p = D(Bjn-1) + (vin) +0(v55) = V(] R)-

Case 9: j = n. The only positive root that can be in W(R,,) is (v ), so there is no ‘(’ in
S, (¥(Ry)) and, by Definition 2.14, FiP adds a (Yn,n). The leftmost ‘(" in bry,(T") comes from

an , so fT sends an to an . Hence U(f R,) = V(R,) + (Vo) = fEPU(R,). ™

Proof of Theorem 3.1. It suffices to show that for all i we have fiKp\I’(T) = U(f7T). By

the definition of the bracketing sequences and of ¥, we have
br;(T) factors as br;(Ry)br;(Rz)---br;(R,), and
S;(U(T)) factors as S;(V(R1))S;(¥(R2)) -+ Si(¥(Ry)).
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Suppose that the leftmost ‘(" in br§(7") comes from row R;. There will always be an
uncanceled bracket coming from row ¢ so we may assume j < i. By applying Lemma 3.4
or Lemma 3.5 to each R;, the leftmost ‘(" in S;(¥(T')) comes from S;(¥(R;)), and also
U(fTR;) = f;{p\If(Rj). The result follows. ]

4. STACK NOTATION

This work extends results from [3, 11] in types A, and D,, to types B,, and C,,. The type
A, result can be described using the multisegments from [6, 8, 13] which are a diagrammatic
notation that makes the crystal structure apparent. In [11] this was extended to type D,
by introducing a stack notation for Kostant partitions in which the crystal structure can
easily be read off. We now define a similar stack notation for types B,, and C,,.

In type B,, we associate positive roots to “stacks” with

m

137
=S =

ﬁj,k = Vem =

forl<j<k<nand1</<m<n.

In type C,, we associate positive roots to “stacks” with

m
n
k 1 n—1 n—1
Bik=":, Yem = 7y Yhh = : ;
J : h h
¢

for1<j<k<n,1<lf<m<n,and 1 <h<n.

Then the sequences of roots ®; from Definition 2.12 are exactly those positive roots where
we can either add or remove an ¢ from the top of the corresponding stack and still have
either a valid stack, an empty stack, or in type C,, with i = n where we have two valid stacks
side by side. Once the stacks are ordered as in Definition 2.12, the bracketing sequence is
created by placing a left bracket for each i that can be added to the top of a stack, and a
right bracket for each ¢ that can be removed from the top. Note that if both happen then
the root corresponding to the stack appears twice in Definition 2.12, in which case the ‘)’
is placed over the left copy and the ‘(” over the right copy. If there is a leftmost uncanceled
‘(" the crystal operator f; adds an i to the top of the corresponding stack (or, in the case of
i = n in type C,, may combine two stacks together and attach an n at the top). Otherwise

fi creates a new stack consisting of just i.
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Remark 4.1. Being able to add or remove an i from the top of a stack is different from
being able to add or remove an «a; from the corresponding root. For instance, in type Bs, if
B = a1+as+2ag, then B—aq is a root, but there is no 1 at the top of the stack corresponding

2
to B3, so B is not in <I>J13. Similarly, in type Cs, although 3 is a stack, @y + 2a2 + a3 is not
1

. . 3
in <I>1C because the stack for 2aq + 2a9 + a3 is % %, not

HNWN

Example 4.2. Consider type C5 and a € Kp(co) given in stack notation by

33 3 3
a=21222373 3, 2 3.

279 279
L1791 11112283

The corresponding 3-signature is

FEE U SN O RO BT
S3(a) = cccHy)y ¢ ) ) )
S§() = (

Thus the action of f3 on a adds a 3 to top of a 2. This gives
9 9333 3 3 4

_ 2
a = 2 2 9 979 9279 3.
fs 1191111112283

Example 4.3. Consider type C3 and a as in Example 2.16. In stack notation,
3 3 3 5 3
R E A
Recalculating the 3-signature using stac
3 3 3 45 o
i1 i1 1t 11
Sga)= ) ) ) ) )y ¢ C C ) ) )
Ssla)=) ) ) (

. 3 . .
Since the leftmost ‘(” comes from a 22, we should add a 3 to the top of this stack, which

notation gives
3 3 3 3 3
3 3 3
2 2 22 2 22 3
1 1 11 1 11 22 2 22

=N

gives % % That is not the stack of a single root, but should be thought of as two copies of

3 T .
2, which is the stack of a root. The result is

3333 3 3

_ 22 3 3

a= 2 22 9 279 2% 3

fs 1191111111222
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