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Abstract 

The purpose of this project is to create a two-day workshop to better prepare middle 

and high school teachers to teach probability and statistics as required by the Common Core 

State Standards (CCSS), which have broadened the mathematics curriculum to include in depth 

understanding of probability and statistics.  Many teachers are not prepared to address 

probability and statistics concepts.   Research has demonstrated a need for greater professional 

development and resources for teachers in this area.   The two-day workshop will allow 

teachers to review their knowledge and enhance their understanding of statistics by 

emphasizing student-centered teaching examples.   Technology and/or software will be used in 

connection with the problems.  The goal of the workshop is to provide professional 

development for teachers by helping them to be better qualified and more confident in their 

ability to teach statistics at the middle and high school level.  
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Introduction 

The recognition that important decisions are being made in a wide variety of disciplines 

based on data is causing a reevaluation of the need for statistics education.   The education 

industry is scrambling to create resources to meet the needs of middle and high school teachers 

to teach statistics.  For many professionals, taking mathematics courses in a traditional 

university setting is not a realistic alternative.  Professional development can offer another 

alternative for teachers to review, learn and update their knowledge of statistics.  This paper 

will examine the need for a basic understanding of statistics and probability for all, give a brief 

and recent history of the mathematics practices and standards, demonstrate the need for 

statistics education for teachers, and describe the statistics workshop for middle and high 

school teachers.   

New and Urgent Need for Statistics Education for All 

As the importance of data increases, being able to understand statistics and probability 

is becoming an essential life skill.  While mathematicians and statisticians have long understood 

the importance of statistics and probabilistic thinking, never has the broader society as widely 

understood the need, including influential political and business leaders.  Today, every industry 

uses data science to make decisions and drive policies.  In 2013, Mayer-Schonberger, an Oxford 

Internet Institute professor, and Cukier, data editor at The Economist, authored a highly 

influential book, Big Data: A Revolution that will Transform How We Live, Work, and Think.   

New York Times book reviewer, Kakutani (2013) noted:   

Cukier and Mayer-Schonberger argue that big data analytics are revolutionizing the way 
we see and process the world…they give readers a fascinating-and sometimes alarming-
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survey of big data’s growing effect on just about everything: business, government, 
science and medicine, privacy and even on the way we think (p. C1 in print, para. 8 for 
online link). 

There is a lot of hope and excitement regarding big data; proponents of big data argue 

that it will make us healthier, safer, smarter and more efficient.  There is a growing number of 

jobs in statistics and data science.  Google Chief Economist Hal Varian is widely quoted as saying 

that “the sexy job in the next 10 years will be statisticians. People think I’m joking” (Davenport 

& Patil, 2012, para. 25). 

The use of statistics and the explosive expansion of data science is exciting, but it is 

important to recognize its limitations. One danger is data’s seemingly unrestrained influence on 

decision making and policies. Data should not be valued over people.  The effects of policies 

driven by big data are just emerging.  Harvard Business Review contributors, McAfee and 

Brynjolfsson (2012) state, “Big data’s power does not erase the need for vision or human 

insight” (para. 19). In the past, knowledge of a profession and how to use data were separate 

entities, but now it is a merging skill set.  Waller and Fawcett (2013) contend finding the 

balance of the two is key to moving any given domain forward.  

There is promise of making a brighter future with the use of statistics and data, and 

now, more than ever, there is responsibility to do it in an ethical way.  Consumers can be taken 

advantage of by the barrage of claims from daily headlines.  Human rights can be violated, such 

as informed consent and privacy.  In 2014, Facebook studied how positive and negative 

newsfeeds influenced nearly 700,000 users (Goel, 2014).  Checking the “I Agree” box to use 

software hardly qualifies for the informed part of informed consent; there is no full disclosure. 

While the Facebook study meets the gold standards for a large, double blind, controlled, and 

http://www.nytimes.com/2014/06/30/technology/facebook-tinkers-with-users-emotions-in-news-feed-experiment-stirring-outcry.html
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randomized experiment, it violated the law of informed consent, had the potential to cause 

harm1, and attempted to influence what we think.   

Collecting and analyzing big data to improve the quality of life and the environment is a 

benevolent goal. The potential to solve problems assumes that the data collected is accurate, 

but the pressure to lie or mischaracterize information and events is real.  Growing reports 

indicated that administrators and politicians pressure professionals in the medical, public 

safety, and education fields to falsify data.  In Chicago, officers reported that they were asked 

to reclassify incident reports to show neighborhoods were getting safer (Bernstein & Jackson, 

2014).  Educators in Georgia went to jail for changing the answers to standardized tests (Fantz, 

2015).   

Statistics education for the masses is a key component to ensure individuals are treated 

with integrity and do not become hardened by today’s complex and exponentially fast paced 

world.  Therefore, it is imperative for the public to have some sense of how their individual 

daily actions, such as use of social media, software, and apps on any electronic device, influence 

the world around them.   The clicks and swipes of our fingertips send data through thin air and 

fiber optics.  It is then measured by computers and used by humans, which, in turn, affects all 

our senses and what we think.   Society now calls for statistics education for all!  

Brief and Recent History of Mathematics Practices and Standards 

                                                           
1 We do not know if anyone was mentally or physically harmed by this study.  Is it possible that of the 689,003 participants, one was suicidal or 
depressed and sensitive to a negative newsfeed? Maybe.  In fact, the findings of the study show the mood of the user was affected by the 
biased newsfeed.  What gives Facebook the right to ruin someone’s day?   
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In 2010, President Obama’s administration made public the Common Core State 

Standards (CCSS), which were intended to provide a globally competitive and uniform 

curriculum across the country.  The genesis of CCSS was the push for national standards from 

the National Governors Association in the early 1990s.  At that time, there were significant 

concerns about American students’ preparation to enter college or the workforce (Wiki, 2016).  

Corporations, universities and professional organizations played a role in developing the 

standards and practices over the years.   

The mathematical standards and practices included in the Common Core State 

Standards for Mathematics (CCSSM) are primarily derived from the National Council of 

Teachers of Mathematics (NCTM) guidelines.  Leinwand, Brahier, and Huinker (2014), 

professors on a writing team for NCTM, show the historical progress of the improved math 

curriculum:    

In 1989, the NCTM launched the standards-based education movement in North 
America with the release of Curriculum and Evaluation Standards for School Math, an 
unprecedented initiative to promote systemic improvement in math education.  Now, 
twenty-five years later, with wide spread adoption of college and career readiness 
standards, including adoption in the U.S. of the CCSSM by forty-five states… provides an 
opportunity to reenergize and focus our commitment to significant improvement in 
mathematics education (p. 1). 

NCTM structured its approach to mathematics education in four categories: standards, 

practices, principals, and processes.  Standards detail the content to be studied.  Practices 

describe how the content should be taught. Principles2 are overarching themes to guide 

decision making and mathematical processes3 describe the applications of knowledge.  CCSSM 

                                                           
2 NCTM principles are equity, curriculum, teaching, learning, assessment, and technology. 
3 NCTM processes are problem solving, reasoning and proof, communication, connections and representation. 
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offered a more condensed version that is set out in a set of detailed standards and practices.  

Table 1 compares NCTM and CCSSM standards and practices (relating to middle and high school 

statistics and probability). 

Table 1  

NCTM and CCSSM Standards and Practices 

NCTM Standards CCSSM Standards NCTM and CCSSM Practices 
1. Formulate questions, design studies, and 

collect data about a characteristic shared 
by two populations or different 
characteristics with one population.  

Develop understanding of statistical 
variability. 
 

Make sense of problems and persevere in 
solving them. 
 

2. Select, create, and use appropriate 
graphical representations of data, 
including histograms, box plots, and 
scatterplots. 

Summarize and describe distributions. 

 
Reason abstractly and quantitatively. 

 

3. Understand the differences among 
various kinds of studies and which types 
of inferences can legitimately be drawn 
from each.  

Use random sampling to draw inferences 
about a population. 
Draw informal comparative inferences 
about two populations. 

 

Construct viable arguments and critique the 
reasoning of others. 

 

4. Understand the differences among 
various kinds of studies and which types 
of inferences can legitimately be drawn 
from each. * 

Investigate chance processes and develop, 
use, and evaluate probability models. 
Investigate patterns of association in 
bivariate data. 

 

Model with math. 

 

5. Know the characteristics of well-designed 
studies, including the role of 
randomization in surveys and 
experiments. * 

Interpreting Categorical and Quantitative 
Data* 

 

Use appropriate tools strategically. 

 

6. Understand the meaning of measurement 
data and categorical data, of univariate 
and bivariate data, and of the term 
variable. * 

Making Inferences and Justifying 
Conclusions* 

 

Attend to precision. 

 

7. Understand histograms, parallel box 
plots, and scatterplots and use them to 
display data. * 

Conditional Probability and the Rules of 
Probability* 

 

Look for and make use of structure. 

 

8. Compute basic statistics and understand 
the distinction between a statistic and a 
parameter. * 

Using Probability to Make Decisions* Look for and express regularity in repeated 
reasoning. 

 

 

 

 

*High school standards 
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Table 2 lists the statistics and probability topics recommended by NCTM in order for 

secondary teachers to be proficient.   

Table 2. 

NCTM Content Recommendations in which Secondary Teachers Should Be Proficient 

1. Statistical variability and its sources and the role of randomness in statistical inference
2. Creation and implementation of surveys and investigations using sampling methods and statistical designs, statistical inference 

(estimation of population parameters and hypotheses testing), justification of conclusions, and generalization of results
3. Univariate and bivariate data distributions for categorical data and for discrete and continuous random variables, including

representations, construction and interpretation of graphical displays (e.g. box plots, histograms, cumulative frequency plots,
scatter plots, summary measures, and comparisons of distributions

4. Empirical and theoretical probability (discrete, continuous, and conditional) for both simple and compound events 
5. Random(chance) phenomena, simulations, and probability distributions and their application as models of real phenomena and

to decision making
6. Historical development and perspectives of statistics and probability including contributions of significant figures and diverse

cultures

In addition to CCCSS, another main driver in the national discussion on mathematics has 

been the broader discussion regarding Science, Technology, Engineering, and Mathematics 

(STEM) programs.  The National Science Foundation (NSF) began funding projects based on the 

NCTM standards in the early 2000s, which contributed to the articulation of STEM-based 

curriculum. Elaine J. Hom (2014), LiveScience.com contributor, described STEM as “a curriculum 

based on the idea of educating students in four specific disciplines — science, technology, 

engineering and mathematics — in an interdisciplinary and applied approach” (para. 1).  STEM 

solves real-life problems and encourages open ended exploring in a collaborative team effort. 

It incorporated an Engineering Design Process (EDP), which like the NCTM and CCSSM 

mathematical practices, begins by defining a problem, develops and tests a possible 
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model/solution, and then redesigns or reflects on the model. It is cyclic and iterative; failure is 

part of the process. Table 3 contains an image of the EDP developed by middleweb.com. 

 

 

 

Table 3 

Engineer Design Process 

 
 

Table 4 contains a chart created by a science educator and blogger, Robbins (2013), 

summarizing how STEM is applied to different disciplines.   

Table 4 

STEM Practices 
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In addition to CCSS and STEM proponents, another important voice regarding the need 

for improved statistics education is the American Statisticians Association (ASA).  ASA has 

prepared Guidelines for Assessment and Instruction in Statistics Education (GAISE).  The GAISE 

framework includes different terminology – identifying recommendations and goals for 

universal statistics education rather than standards, practices, and principles and processes). 

However, their Four Step Statistical Process reflects the scientific method, EDP, and 

mathematical processes discussed above in connection with other standards.  Table 5 presents 

a summary of GAISE. 

Table 5. 

GAISE Summary 

Recommendations Goals, abbreviated 
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1. Be critical consumers 
 

2. Focus on conceptual understanding. 
 

2. Know when statistics is useful for the investigative process 
 

3. Integrate real data with a context and a purpose. 
 

3. Represent data and interpret graphs and numerical summaries 
 

4. Foster active learning. 
 

4. Understand variability 
 

5. Use technology to explore concepts and analyze data. 
 

5. Understand randomness 
 

6. Use assessments to improve and evaluate student learning.  
 

6. Gain experience with statistical models 
 

 7. Use statistical inference 
 

 8. Draw conclusions using statistical software 
 

 9. Aware of ethical issues regarding statistical practice 
 

 

As suggested by the discussion above, there are many professional organizations and 

government panels having important discussions on preparing students for 21st century 

mathematics. Although they share a common desire to promote mathematics education, each 

group arranges the mathematical content and teaching methods in different formats, which 

can make the discussion somewhat difficult to navigate.  Fortunately, there are common 

themes through each of the suggested frameworks.  There appears to be broad consensus on 

appropriate content, the need to develop students’ intuition about the content and to offer 

opportunities to explore problem solving and analysis.  

Demonstrate the Need for Statistics Education for Teachers 

Many middle and secondary mathematics teachers were overwhelmed with the new 

statistics standards from the common core.  Many teachers have had limited, or no, exposure 

to statistics courses in college.  For those who have some exposure, it has often been a long 

time since they had have taken a class. Gould and Peck (2004), statistics professors at 
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University of California, Los Angeles and California Polytechnic respectively, demonstrated the 

need for statistics education for mathematics teachers and researched ways to increase their 

statistical content knowledge.  They referred to secondary teachers’ “lack of statistical literacy,” 

and stated that the “the need for qualified teachers is growing.”  Cannon (2016), statistics 

professor at Cornell College in Iowa states, “One of the positive aspects of the Common Core 

curriculum is its focus on data and data analysis. However, many of our teachers have limited 

training in statistics.  They are being asked to teach information that they have not been 

exposed to themselves” (para. 5).  

The ASA released Mathematical Education of Teachers (MET) II in 2012, an updated 

report of MET I (2001), which detailed what mathematics teachers need to know and how to be 

prepared.  The MET II included the 2010 common core state standards and emphasized the 

need for statistics education.  The Statistical Education of Teachers (SET) followed with more 

details regarding standards, pedagogy, examples and resources geared specifically for statistics 

(Franklin, et. Al, 2015).   

Both reports, the MET II and SET, demonstrated the need for teacher training as well as 

offering recommendations for addressing the problem.  The reports emphasized a collaborative 

effort between professional statisticians and mathematicians in education to bring middle and 

secondary mathematics teachers skills up to par.   

[The MET II] urges greater involvement of mathematicians and statisticians in teacher 
education so that the nation’s mathematics teachers have the knowledge, skills, and 
dispositions needed to provide students with a mathematics education that ensures 
high school graduates are college- and career-ready as envisioned by the Common Core 
State Standards (p. xi). 
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The MET II contended that teachers need expert skill in understanding statistics.  

Students need to go beyond the computation methodology and learn the methodology of 

structural arguments in composing a survey or study.  Teachers need to be able to do more 

than identify computational errors.   

Teachers need the ability to find flaws in students’ arguments, and to help their 
students understand the nature of the errors. Teachers need to know the structures 
that occur in school mathematics, and to help students perceive them (p. 2). 

 

Workshop Description 

The goal of the workshop is to instill confidence and prepare middle and high school 

teachers to better address the challenge of teaching statistics.  Teachers will understand the 

policies driving the curriculum changes and will be exposed to current information from 

professional organizations driving curriculum changes.  The workshop will provide opportunities 

for teachers to review and learn statistics through student-centered examples.  Software and 

technology that is relevant to teaching in the classroom and utilized in the workforce will be 

incorporated into each problem.  The workshop is outlined in a PowerPoint (see Appendix A).   

Table 6 shows the statistical concepts, mathematics problem and technology that are 

integrated together for this workshop.   

Table 6 Workshop Statistical Concepts 

Statistical Concepts Math Problem Technology/  
Software 
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Representing Data Graphically and 

Numerically 
How Many Years Does a Penny Stay in 

Circulation? 
 

See Appendix B 

TInspire 
 
 
See Appendix C 

Experimental Design What is the Readability of the 
Gettysburg Address? 

 
See Appendix D 

Google Sheets 
 
 
See Appendix E 

Normal Distribution Who is a More Elite Athlete? 
 

See Appendix F 
 
 

What is Standard Normal with TInspire?  
See Appendix G 

 
 
 
 
 
Geogebra 
 
See Appendix H 

Linear Regression Does More Education Translate to 
Higher Salaries? 

 
See Appendix I 

Excel Worksheet 
 
 
See Appendix J 

 

The student-centered examples are based on the concept of Student-Centered Learning 

(SCL) which supports the STEM model, as well as incorporating traditional teaching styles and 

philosophies.   

Educators will need to make significant instructional shifts to help students reach 
standards that emphasize not only application of mathematical procedures, but also 
deep understanding, problem solving, critical thinking, and communication… student-
centered learning consists of an array of complementary approaches to teaching and 
learning that draws from multiple theories, disciplines, and trends in the field of 
education (Walters, et al., 2014, p. 5). 

In SCL, students use their prior knowledge and reasoning skills to answer the how and 

why questions.  The study by Walters et. al, found that students exposed to SCL reported being 

more engaged and interested in the subject matter.  They also had higher PISA assessment 

scores (2014). 

Walters et. al provides a transcript between a teacher and student that demonstrates 

student-centered questioning. In the transcript, the student thinks aloud answering her own 

https://www.nmefoundation.org/getattachment/Resources/Student-Centered-Learning/An-Up-Close-Look-at-Student-Centered-Math-Teaching/An-UpClose-Look-at-Student-Centered-Math-Teaching-(1).pdf?ext=.pdf
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questions and perseveres through the problem with minimum guidance by the teacher. The 

teacher’s comments prompt the student to continue to answers their own questions through 

logic and visually picturing the problem.    

NCTM also encourages teachers to use instruction that emphasizes students intuition in 

identify problems, thinking of ways to solve them, then modeling solutions.  NCTM refers the 

type of questioning that supports this type of instruction as “focusing,” as opposed to 

“funneling” (2014).  Both questioning methods are valuable; focusing questions are more 

conducive to the STEM model and CCSS mathematical practices.   In funneling questioning, the 

teacher begins with probing questions, followed by higher level questions. Student answers can 

be computational or superficial because there is not enough time for responses, (NCTM, 2014).  

Focusing questioning students are pushed to clarify there ideas and identify where the 

mathematics is in the problem.  Table 7 shows the different types of questioning.   

 

Table 7 NCTM Funneling and Focus Questions. 
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The workshop will explore the examples intuitively, as well as through the use of a 

variety of software and technology.  The examples and steps on how to use the technology and 

software are in Appendices B through J.  It was considered focusing on one tool, such as, the 

TInspire®, rather than a little exposure on several software applications.   However, it is 

important for educators to see the similarity of many of these programs so that exploring 

software will not be overwhelming.  This will allow teachers to work more with 21st century 

mathematics.   
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Conclusion 

There is much for today’s middle and high school teachers to navigate through including 

keeping up to date on curriculum, mastering new software and technology, and implementing 

new teaching methods.  This workshop was designed to help prepare middle and high school 

teachers to teach statistics.  By reviewing and teaching key statistical concepts with current 

trends in teaching methods, and the use of popular software and technology, teachers will be 

better equipped for today’s data-driven classroom.  This paper examined the new and urgent 

need for statistics education for all, gave a brief and recent history of the mathematics practices 

and standards, demonstrated the need for statistics education for all teachers, and described a 

statistics workshop for middle and high school teachers.  
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National Council of Teachers of Mathematics, Principles to Actions Ensuring Mathematical Success For All, 

2014, Steven Leinwand, Daniel J Brahier DeAnn Huinker RobertQ Berry III, Frederick L. Dillon, Matthew R 

Larson, Miriam A Leiva, W. Gary Martin, Margaret S Smith 

 
 

Names ______________________________________________________________________ 

Representing Data 

Materials: 20 pennies per group, Double sided tape, Poster Board 

Question:  How many years does a penny stay in circulation? 

Part I.  Collect and Represent the Data in at least two different formats.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Q1. Describe some of the pros and cons of the different ways to display data.   
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National Council of Teachers of Mathematics, Principles to Actions Ensuring Mathematical Success For All, 

2014, Steven Leinwand, Daniel J Brahier DeAnn Huinker RobertQ Berry III, Frederick L. Dillon, Matthew R 

Larson, Miriam A Leiva, W. Gary Martin, Margaret S Smith 

 
 

Q2.  What is your preferred way to display data? Explain. 

Part II.  After you collect your data, place your penny in the class Penny Poster in the front of the classroom 

to create a dot plot.   

Part III.  Analyze the Data, SOCS 

SOCS Your Sample, n=20 Class Sample, n=  

Shape   

Outliers   

Center   

Spread   

  

Q3.  State at least three things do you notice or wonder about the age of the pennies. 

 

 

 

Q4.  Compare and contrast your sample and the class sample. 

 

 

Part IV. Conclusions 

Q4.  What are some conclusions you can draw about the age of the pennies? 

 

 

Q5.  What are the limitations of this study? 

 

 

Q6.  Can you generalize the above conclusions to the entire penny population?  Justify your answer. 
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National Council of Teachers of Mathematics, Principles to Actions Ensuring Mathematical Success For All, 

2014, Steven Leinwand, Daniel J Brahier DeAnn Huinker RobertQ Berry III, Frederick L. Dillon, Matthew R 

Larson, Miriam A Leiva, W. Gary Martin, Margaret S Smith 
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Technology Notes for TI nspire  

(How Many Years doe a Penny in Circulation?) 

Question: How many years does a penny stay in circulation? 

1. Compute Descriptive Statistics 

Select 1. New Document, 2. List and Spreadsheets 

Enter the data Column A (Option: Name Column A “year” by selecting the top cell) 

 

 

 

Enter in cell B1: = 2017 − 𝑎1  (Instead of typing a1, select the a1 cell), press Enter  

 

 

 

Select B1 to highlight, hover arrow over bottom right corner of cell until plus sign appears, click, and drag 

down until cell b20.  (2017-a# will repeat). Click another part of the page to remove highlight from column B. 

 

 

 

Select Menu, 4. Statistics, 1. Stat Calculations, 1. One Variable Statistics, OK 

 

 

 

Enter in X1 List: 𝑏[ ], Select OK. 

 

 

 

Results: 

          

 

 

 

 

 

 

 

 
Note: For more advanced use, 

become familiar with the 

commands, = 𝑂𝑛𝑒𝑉𝑎𝑟(𝑏[],1) 
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For Results in more reader friendly format: 

Select “age” cell, or cell at the top of column B, Press ctrl, sto→, and type age 

 

Press cntl, +page, 1: Add Calculator. 

 

Press Menu, 6: Statistics, 1: Stat Calculations, 1: One variable Statistics, Select OK, Enter in X1 List: age Select OK, 

   

Results: 

 

2.  Represent the Data 

Select and Highlight “age” column by clicking on the right line of the cell, Select Menu, 3: Data, 9: Quick Graph  

 

Results: Change the graph type.  Click on graph, Select Menu, 1: Plot Type, and then 2: Box Plot or 3: Histogram 

   

   

 

To Undo Split Screen:  

Doc, 

5: Page Layout,  

8: Ungroup 
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More Results in Split Screen:       

 

Results on a New Page: 

Press ctrl, +page, 5: Data & Statistics, Enter.  

 

Click to add variable, Select age, Enter.  For more graph types, Press Menu, 1: Plot Type, 2: Box Plot or 3: 

Histogram.  

  

 

Box Plot Histogram, Frequency Chart Relative Frequency Chart 
(change 4:Scale to percent) 

   
 

Handy Tips: 

Ctrl Z  Undo 

Ctrl Menu  Right Click 

Ctrl Arrow Move between tabs 

Doc, 5: 5: Delete a tab 

Doc, 5: 8:  Undo Split Screen 
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Names ______________________________________________________________________ 

Sampling 

Question:  What is the readability of the Gettysburg Address? 

Directions: Average word length is one of several measurements to help determine the readability of a 

passage.  Find the average work length of the Gettysburg Address, a historic and world famous speech 

by Abraham Lincoln given at the Cemetery for Gettysburg in an attempt to give meaning to the events 

that took place one of which being over 50,000 causalities.   

The Gettysburg Address 

 

Part I.   

1. Select a random sample of 5 random words from The Gettysburg Address and circle them.  

Represent the data in a table (A) and dot plot (B).  

Table (A) 

n = 5 1 2 3 4 5 

Word      

# of letters      
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Box Whisker (B), n =5  

 

 

(Based on the graph, estimate the mean.)  

Indicate the following: 

Observational units:       

Variable: Continuous or Discreet  

Type of Variable:  categorical/numerical Sample   

Your sample mean (average):  �̅� =  

 

2. At the front board, make a class dot plot (C), put your sample average on a dot plot with the rest 

of the class 

Dot Plot (C) 

 

 

 

 

 

(Based on the class sample dot plot, estimate the mean) 

Now, compute the class sample mean (use Google Sheets), �̅� =  

 

3.  The population average (mean), 𝜇 is ________________.  Plot the population average on your 

Dot Plots (B) and (C).  Note the population, N, of the Gettysburg Address is 268 words.  

 

4.  What are your observations about the sample means compared with the population mean?   

 

 

a. Were the sample means was accurate?  

 

 

b. Was one of the sample means more accurate than the other?  If so, why do you think? 
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c. List some ways to improve your sampling so the sample mean(s) will be more accurate.   

 

 

 

 

 

 

Part 2.  

5. Use a computer to generate 5 random numbers between 1 and 268.  It is ok to have a repeating 

number.  Use The Gettysburg Address numbered word chart to find the corresponding word to the 

computer generated random number.   

 

n = 5 1 2 3 4 5 

Generated 
Random 
Number 

     

Word      

# of letters      

 

Your Sample Average (mean), �̅� :  

 

6. Combine your sample average, �̅� , with the class on dot plot on the front board. (D).  

 

 

 

 

 

 

 

7.  By changing our sampling method change the results of our class sample mean?  What 

conclusions can you make about sampling? 

 

The central limit theorem states that the sampling distribution of 

the mean of any independent, random variable will be normal or 

nearly normal, if the sample size is large enough, 𝑎𝑠 𝑛 → ∞. 
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Statistics for Middle 
and High School 

Teachers
A Resource for Middle and High School Teachers to 

Feel Better Prepared to Teach the Common Core 
State Standards (CCSS) relating to Statistics. 



Welcome!

• Pick up a binder and Tinspire calculator
• Fill out name tags
• Find our online classroom at Schoology.com 

• Class code: 
• Begin Survey Monkey

• Introductions
• Name
• Education experience
• A hobby or interest



Workshop Goal:  Prepare 
Middle and High School 

Teachers to Teach 
Statistics

• Review and Learn Statistics through 
Student-Centered Problems

• Represent and analyze data with the 
software and technology

• TInspire
• Excel
• Google Sheets
• Khanacademy.com 
• Wolfram Mathematica
• Desmos.com
• Geogebra.com 



Workshop Outline

• Mathematics Curriculum and Practices Today
• Representing Data
• Experimental Design
• Normal Distribution
• Linear Regression



Mathematics Curriculum and Practices Today
• (CCSS) Common Core State Standards 
• (NCTM) National Council of Teaches of Mathematics
• (STEM) Science Technology Engineering and Mathematics

• Concept began in meetings sponsored by the National Science Foundation (NSA)
• (GAISE)  Guidelines for Assessment and Instruction in Statistics Education

• By American Statisticians Association (ASA)
• Connection

• The CCSS derived from the NCTM standards which were developed in 1989 and 
updated in 2000.  The NCTM standards were praised in the education and science 
industries.  The National Science Foundations funded projects based on these 
standards.  STEM came out of meetings held by the National Science Foundation 
and started showing up in the early 2000’s. 



CCSSM-Probability and Statistics

Standards

• Develop understanding of statistical variability.

• Summarize and describe distributions.

• Use random sampling to draw inferences about a 
population.

• Draw informal comparative inferences about two 
populations.

• Investigate chance processes and develop, use, 
and evaluate probability models.

• Investigate patterns of association in bivariate 
data.

• Interpreting Categorical and Quantitative Data*

• Making Inferences and Justifying Conclusions*

• Conditional Probability and the Rules of 
Probability*

• Using Probability to Make Decisions*

8 Mathematical Practices

• Make sense of problems and persevere in solving 
them.

• Reason abstractly and quantitatively.

• Construct viable arguments and critique the 
reasoning of others.

• Model with mathematics.

• Use appropriate tools strategically.

• Attend to precision.

• Look for and make use of structure.

• Look for and express regularity in repeated 
reasoning.



NCTM – Data Analysis and Probability

• Summary of Standards and Principles 
• Formulate questions  that can be addressed with data and collect, organize, 

and display relevant data to answer them
• Select and use  appropriate statistical methods to analyze data
• Develop and evaluate  inferences and predictions that are based on data
• Understand and apply  basic concepts of probability

NCTM-Detailed Data Analysis and Probability Standards

http://www.nctm.org/Standards-and-Positions/Principles-and-Standards/Data-Analysis-and-Probability/


STEM-Practices

• US National Science Foundation
• A curriculum based on the idea 

of educating students in four 
specific disciplines — science, 
technology, engineering and 
mathematics — in an 
interdisciplinary and applied 
approach. Live Science

STEM image

http://www.livescience.com/43296-what-is-stem-education.html
https://bmhsprofessionaldevelopment.wikispaces.com/MCCSC+STEM+Practices


Big Idea of 
STEM: Design, 
Model, Test, Re-
Design

Middleweb.com
Stem Chart

http://www.middleweb.com/23308/teaching-stem-summer-planning-pays-off/
http://www.middleweb.com/23308/teaching-stem-summer-planning-pays-off/
https://teachscience4all.org/2013/06/11/stem-practices/


What STEM 
Looks Like in 
Other Domains

Stem Chart

http://www.middleweb.com/23308/teaching-stem-summer-planning-pays-off/
https://teachscience4all.org/2013/06/11/stem-practices/


GAISE-Recommendations and Goals for Universal Statistics Education
6 Recommendations 

1. Teach statistical thinking.
A. 4 Step Statistical Process

i. Formulate a question that can 
answered by data

ii. Design and implement a plan to 
collect appropriate data

iii. Analyze the collected data by 
graphical and numerical methods

iv. Interpret the analysis in the 
context of the original question

2. Focus on conceptual understanding.
3. Integrate real data with a context and a 

purpose.
4. Foster active learning.
5. Use technology to explore concepts and 

analyze data.
6. Use assessments to improve and evaluate 

student learning. 

9 Goals, abbreviated
1. Be critical consumers
2. Know when statistics is useful for 

the investigative process
3. Represent data and interpret 

graphs and numerical summaries
4. Understand variability
5. Understand randomness
6. Gain experience with statistical 

models
7. Use statistical inference
8. Draw conclusions using statistical 

software
9. Aware of ethical issues regarding 

statistical practice



Why is it 
important for 

today’s 
student to 

have a  more 
in depth 

understanding 
of statistics?

• Data Driven Society
• Goal of collecting and analyzing data is to 

make us healthier, safer, more productive 
and efficient

• Data backfires when it is a priority over 
people

• Education-Increased standardized 
testing in the classroom disenfranchises 
students

• Medical-Physician recording data in real 
time interferes with patient relations

• Daily Headlines about Research
• Data guides policy and decisions in every 

industry



Teaching Methods           Student Centered Learning (SCL)

Nellie Mae Education Foundation

https://www.nmefoundation.org/getattachment/Resources/Student-Centered-Learning/An-Up-Close-Look-at-Student-Centered-Math-Teaching/An-UpClose-Look-at-Student-Centered-Math-Teaching-(1).pdf?ext=.pdf


NCTM-Questioning Pattern
Funneling
• Teacher begins with probing questions, 

followed by higher level Q’s
• Students answer superficially because 

there is not enough time for responses 

Focusing

• Teacher strives to push students 
to clarify ideas and make math 
visible



Student Centered Learning • Students report being more engaged 
and interested

• Student score higher on PISA (Program 
International Student Achievement) 
type questions (NME Foundation)

• OECD.org (Organization for Economic 
Cooperation and Development)

• Blend of teaching styles
• Aligns with STEM

http://www.nytimes.com/2016/12/06/upshot/what-america-can-learn-about-smart-schools-in-other-countries.html?smprod=nytcore-iphone&smid=nytcore-iphone-share&_r=0
http://www.oecd.org/education/singapore-tops-latest-oecd-pisa-global-education-survey.htm


Big Picture of Statistics

• From Pre-school (Counting M&M’s) to 
Graduate School (Modeling and Integrating a 
Curve)



Graphical Representation of Data

• Table
• Dot Plot
• Stem-Leaf
• Box Plot
• Histogram
• Curves

Khan Academy resource: 
Comparing Data Displays

Image Source: Learn Zillion

https://www.khanacademy.org/math/cc-sixth-grade-math/cc-6th-data-statistics/cc-7th-compare-data-displays/v/comparing-dot-plots-histograms-and-box-plots
https://learnzillion.com/lesson_plans/7300-choose-the-best-graph-for-a-data-set-using-measures-of-center#lesson-tab
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Stem and Leaf 
morphs into a 
Histogram



Stem-Leaf

Stem Leaf
22 8
23 1, 2, 5, 6, 7
24 3, 4, 7, 9, 9
25 0, 3, 5, 8, 8, 9
26 2, 2, 3, 5, 9

Key 22|8 is SAT score 228

Larson/Farber 4th ed. 19



Data

Numerical, 
Quantitative

Discrete Continuous

Categorical, 
Qualitative

Nominal Ordinal

{0, 1, 2, 3 … }
𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 𝑎𝑎𝑎𝑎 𝑖𝑖𝑎𝑎𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑎𝑎𝑖𝑖



Distribution of Data
Dot Plots     Histograms     Frequency Polygons     Curves

Where is the bulk of the data?(Funnel!) What to you notice about the graph? (Focus!)

What percent of the data is less than 30?

What is the probability that a randomly selected unit is less than 30, 𝑃𝑃 𝑋𝑋 < 30 ? 



Common Distributions, Probability Density Functions (pdf’s)

Discrete

Continuous



Modeling Data with Distributions*

Source: NYU

http://people.stern.nyu.edu/adamodar/pdfiles/papers/statprimer.pdf


Probability Distributions

• Each Distribution (histogram or curve) is defined by a function, a model

• Discrete Data, take the sum of the model: ∑𝑖𝑖=1𝑛𝑛 𝑝𝑝𝑖𝑖 � 𝑥𝑥𝑖𝑖

• Continuous, integrate the model: ∫𝑎𝑎
𝑏𝑏 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑥𝑥

• Example Distribution: 𝑁𝑁~ 𝜇𝜇,𝜎𝜎
• Parameters mean, 𝜇𝜇, and standard deviation, 𝜎𝜎. 

• Equation for the normal curve: 𝑓𝑓 𝑥𝑥 =
• Its continuous, so integrate to find the area under the curve,

�
𝑎𝑎

𝑏𝑏
𝑑𝑑𝑥𝑥

• The area under the curve represents the probability for  that event
𝑎𝑎 𝑏𝑏



Relative Frequency

25

• 𝑦𝑦 − 𝑎𝑎𝑥𝑥𝑖𝑖𝑎𝑎 represents percent or 
proportion instead of actual 
count

• Same shape as Frequency 
Histograms



Cumulative 



Pareto



Describe how the data is distributed (SOCS) 

• Shape
• Outliers

• An observation that outside the pattern or distribution

• Center
• Spread

Source: Mathworld Wolfram

http://mathworld.wolfram.com/Outlier.html


Shape

Source: Descriptive statistics. Available from http://www.southalabama.edu

http://www.southalabama.edu/


Identifying Outliers 

Histogram Linear Regression

Source: Mathworld Wolfram

http://mathworld.wolfram.com/Outlier.html


Computing Outliers
• 𝑄𝑄𝑄 − 1.5(𝐼𝐼𝑄𝑄𝐼𝐼)
• 𝑄𝑄3 + 1.5(𝐼𝐼𝑄𝑄𝐼𝐼) Box Whisker Plot



Descriptive Statistics

Center
• Mean
• Median
• Mode

Spread – Variability, Dispersion 
• Standard Deviation
• Variance
• Range
• Interquartile Range



Statistics Notation

Data

• Mean
• Standard 

Deviation
• Number of data 

points
• Characteristic 

being measured

Population

• 𝜇𝜇
• 𝜎𝜎

• N

• Parameter

Sample

• �̅�𝑥
• 𝑎𝑎

• n

• Statistic



Formula for Mean
Same Formula



Formulas for Standard Deviation
Different Formula

Sample 

•𝑎𝑎 = ∑𝑖𝑖=1
𝑛𝑛 (𝑥𝑥𝑖𝑖−�̅�𝑥)
𝑛𝑛−1

Population

•𝜎𝜎 = ∑𝑖𝑖=1
𝑁𝑁 (𝑥𝑥𝑖𝑖−𝜇𝜇)

𝑁𝑁

• Variance

•𝜎𝜎2 = ∑𝑖𝑖=1
𝑁𝑁 (𝑥𝑥𝑖𝑖−𝜇𝜇)

𝑁𝑁



Why is the Standard Deviation of the Sample 
divided by (n-1)?*
• Dividing (n-1) instead of n

• Gives an unbiased, more accurate estimate, of the population. 
• A larger value

• If you divide by n, 
• Then you will get a smaller value and likely to underestimate the standard 

deviation, distance from the mean.

Note: Population Mean and Sample Mean are the same formula because the Sample Mean will always be within your sample.

Khan Academy, why (n-1)? Khan Academy, Simulation for more intuition on (n-1). 

https://www.khanacademy.org/math/statistics-probability/displaying-describing-data/sample-standard-deviation/v/review-and-intuition-why-we-divide-by-n-1-for-the-unbiased-sample-variance
https://www.khanacademy.org/math/statistics-probability/displaying-describing-data/sample-standard-deviation/v/simulation-showing-bias-in-sample-variance


Intuition behind Standard Deviation, Variability
(Variation or Spread)
• Make a Dot Plot of Shoe Size on the board
• Unimodal or Bimodal?

• Narrow data to women’s shoe size

• Compute the sample mean, �̅�𝑥, and label on dot plot
• Draw the distances from each data point to the mean

• Square each distance
• Compute the average of the distances
• Take the square root



SPREAD-Variability



Statistics for Middle 
and High School 

Teachers
A Resource for Middle and High School Teachers to 

Feel Better Prepared to Teach the Common Core 
State Standards (CCSS) relating to Statistics. 



Welcome!

• Pick up a binder and Tinspire calculator
• Fill out name tags
• Find our online classroom at Schoology.com 

• Class code: 
• Begin Survey Monkey

• Introductions
• Name
• Education experience
• A hobby or interest



Workshop Goal:  Prepare 
Middle and High School 

Teachers to Teach 
Statistics

• Review and Learn Statistics through 
Student-Centered Problems

• Represent and analyze data with the 
software and technology

• TInspire
• Excel
• Google Sheets
• Khanacademy.com 
• Wolfram Mathematica
• Desmos.com
• Geogebra.com 



Workshop Outline

• Mathematics Curriculum and Practices Today
• Representing Data
• Experimental Design
• Normal Distribution
• Linear Regression



Mathematics Curriculum and Practices Today
• (CCSS) Common Core State Standards 
• (NCTM) National Council of Teaches of Mathematics
• (STEM) Science Technology Engineering and Mathematics

• Concept began in meetings sponsored by the National Science Foundation (NSA)
• (GAISE)  Guidelines for Assessment and Instruction in Statistics Education

• By American Statisticians Association (ASA)
• Connection

• The CCSS derived from the NCTM standards which were developed in 1989 and 
updated in 2000.  The NCTM standards were praised in the education and science 
industries.  The National Science Foundations funded projects based on these 
standards.  STEM came out of meetings held by the National Science Foundation 
and started showing up in the early 2000’s. 



CCSSM-Probability and Statistics

Standards

• Develop understanding of statistical variability.

• Summarize and describe distributions.

• Use random sampling to draw inferences about a 
population.

• Draw informal comparative inferences about two 
populations.

• Investigate chance processes and develop, use, 
and evaluate probability models.

• Investigate patterns of association in bivariate 
data.

• Interpreting Categorical and Quantitative Data*

• Making Inferences and Justifying Conclusions*

• Conditional Probability and the Rules of 
Probability*

• Using Probability to Make Decisions*

8 Mathematical Practices

• Make sense of problems and persevere in solving 
them.

• Reason abstractly and quantitatively.

• Construct viable arguments and critique the 
reasoning of others.

• Model with mathematics.

• Use appropriate tools strategically.

• Attend to precision.

• Look for and make use of structure.

• Look for and express regularity in repeated 
reasoning.



NCTM – Data Analysis and Probability

• Summary of Standards and Principles 
• Formulate questions  that can be addressed with data and collect, organize, 

and display relevant data to answer them
• Select and use  appropriate statistical methods to analyze data
• Develop and evaluate  inferences and predictions that are based on data
• Understand and apply  basic concepts of probability

NCTM-Detailed Data Analysis and Probability Standards

http://www.nctm.org/Standards-and-Positions/Principles-and-Standards/Data-Analysis-and-Probability/


STEM-Practices

• US National Science Foundation
• A curriculum based on the idea 

of educating students in four 
specific disciplines — science, 
technology, engineering and 
mathematics — in an 
interdisciplinary and applied 
approach. Live Science

STEM image

http://www.livescience.com/43296-what-is-stem-education.html
https://bmhsprofessionaldevelopment.wikispaces.com/MCCSC+STEM+Practices


Big Idea of 
STEM: Design, 
Model, Test, Re-
Design

Middleweb.com
Stem Chart

http://www.middleweb.com/23308/teaching-stem-summer-planning-pays-off/
http://www.middleweb.com/23308/teaching-stem-summer-planning-pays-off/
https://teachscience4all.org/2013/06/11/stem-practices/


What STEM 
Looks Like in 
Other Domains

Stem Chart

http://www.middleweb.com/23308/teaching-stem-summer-planning-pays-off/
https://teachscience4all.org/2013/06/11/stem-practices/


GAISE-Recommendations and Goals for Universal Statistics Education
6 Recommendations 

1. Teach statistical thinking.
A. 4 Step Statistical Process

i. Formulate a question that can 
answered by data

ii. Design and implement a plan to 
collect appropriate data

iii. Analyze the collected data by 
graphical and numerical methods

iv. Interpret the analysis in the 
context of the original question

2. Focus on conceptual understanding.
3. Integrate real data with a context and a 

purpose.
4. Foster active learning.
5. Use technology to explore concepts and 

analyze data.
6. Use assessments to improve and evaluate 

student learning. 

9 Goals, abbreviated
1. Be critical consumers
2. Know when statistics is useful for 

the investigative process
3. Represent data and interpret 

graphs and numerical summaries
4. Understand variability
5. Understand randomness
6. Gain experience with statistical 

models
7. Use statistical inference
8. Draw conclusions using statistical 

software
9. Aware of ethical issues regarding 

statistical practice



Why is it 
important for 

today’s 
student to 

have a  more 
in depth 

understanding 
of statistics?

• Data Driven Society
• Goal of collecting and analyzing data is to 

make us healthier, safer, more productive 
and efficient

• Data backfires when it is a priority over 
people

• Education-Increased standardized 
testing in the classroom disenfranchises 
students

• Medical-Physician recording data in real 
time interferes with patient relations

• Daily Headlines about Research
• Data guides policy and decisions in every 

industry



Teaching Methods           Student Centered Learning (SCL)

Nellie Mae Education Foundation

https://www.nmefoundation.org/getattachment/Resources/Student-Centered-Learning/An-Up-Close-Look-at-Student-Centered-Math-Teaching/An-UpClose-Look-at-Student-Centered-Math-Teaching-(1).pdf?ext=.pdf


NCTM-Questioning Pattern
Funneling
• Teacher begins with probing questions, 

followed by higher level Q’s
• Students answer superficially because 

there is not enough time for responses 

Focusing

• Teacher strives to push students 
to clarify ideas and make math 
visible



Student Centered Learning • Students report being more engaged 
and interested

• Student score higher on PISA (Program 
International Student Achievement) 
type questions (NME Foundation)

• OECD.org (Organization for Economic 
Cooperation and Development)

• Blend of teaching styles
• Aligns with STEM

http://www.nytimes.com/2016/12/06/upshot/what-america-can-learn-about-smart-schools-in-other-countries.html?smprod=nytcore-iphone&smid=nytcore-iphone-share&_r=0
http://www.oecd.org/education/singapore-tops-latest-oecd-pisa-global-education-survey.htm


Big Picture of Statistics

• From Pre-school (Counting M&M’s) to 
Graduate School (Modeling and Integrating a 
Curve)



Graphical Representation of Data

• Table
• Dot Plot
• Stem-Leaf
• Box Plot
• Histogram
• Curves

Khan Academy resource: 
Comparing Data Displays

Image Source: Learn Zillion

https://www.khanacademy.org/math/cc-sixth-grade-math/cc-6th-data-statistics/cc-7th-compare-data-displays/v/comparing-dot-plots-histograms-and-box-plots
https://learnzillion.com/lesson_plans/7300-choose-the-best-graph-for-a-data-set-using-measures-of-center#lesson-tab
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Stem and Leaf 
morphs into a 
Histogram



Stem-Leaf

Stem Leaf
22 8
23 1, 2, 5, 6, 7
24 3, 4, 7, 9, 9
25 0, 3, 5, 8, 8, 9
26 2, 2, 3, 5, 9

Key 22|8 is SAT score 228

Larson/Farber 4th ed. 19



Data

Numerical, 
Quantitative

Discrete Continuous

Categorical, 
Qualitative

Nominal Ordinal

{0, 1, 2, 3 … }
𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 𝑎𝑎𝑎𝑎 𝑖𝑖𝑎𝑎𝑖𝑖𝑂𝑂𝑂𝑂𝑂𝑂𝑎𝑎𝑖𝑖



Distribution of Data
Dot Plots     Histograms     Frequency Polygons     Curves

Where is the bulk of the data?(Funnel!) What to you notice about the graph? (Focus!)

What percent of the data is less than 30?

What is the probability that a randomly selected unit is less than 30, 𝑃𝑃 𝑋𝑋 < 30 ? 



Common Distributions, Probability Density Functions (pdf’s)

Discrete

Continuous



Modeling Data with Distributions*

Source: NYU

http://people.stern.nyu.edu/adamodar/pdfiles/papers/statprimer.pdf


Probability Distributions

• Each Distribution (histogram or curve) is defined by a function, a model

• Discrete Data, take the sum of the model: ∑𝑖𝑖=1𝑛𝑛 𝑝𝑝𝑖𝑖 � 𝑥𝑥𝑖𝑖

• Continuous, integrate the model: ∫𝑎𝑎
𝑏𝑏 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑥𝑥

• Example Distribution: 𝑁𝑁~ 𝜇𝜇,𝜎𝜎
• Parameters mean, 𝜇𝜇, and standard deviation, 𝜎𝜎. 

• Equation for the normal curve: 𝑓𝑓 𝑥𝑥 =
• Its continuous, so integrate to find the area under the curve,

�
𝑎𝑎

𝑏𝑏
𝑑𝑑𝑥𝑥

• The area under the curve represents the probability for  that event
𝑎𝑎 𝑏𝑏



Relative Frequency

25

• 𝑦𝑦 − 𝑎𝑎𝑥𝑥𝑖𝑖𝑎𝑎 represents percent or 
proportion instead of actual 
count

• Same shape as Frequency 
Histograms



Cumulative 



Pareto



Describe how the data is distributed (SOCS) 

• Shape
• Outliers

• An observation that outside the pattern or distribution

• Center
• Spread

Source: Mathworld Wolfram

http://mathworld.wolfram.com/Outlier.html


Shape

Source: Descriptive statistics. Available from http://www.southalabama.edu

http://www.southalabama.edu/


Identifying Outliers 

Histogram Linear Regression

Source: Mathworld Wolfram

http://mathworld.wolfram.com/Outlier.html


Computing Outliers
• 𝑄𝑄𝑄 − 1.5(𝐼𝐼𝑄𝑄𝐼𝐼)
• 𝑄𝑄3 + 1.5(𝐼𝐼𝑄𝑄𝐼𝐼) Box Whisker Plot



Descriptive Statistics

Center
• Mean
• Median
• Mode

Spread – Variability, Dispersion 
• Standard Deviation
• Variance
• Range
• Interquartile Range



Statistics Notation

Data

• Mean
• Standard 

Deviation
• Number of data 

points
• Characteristic 

being measured

Population

• 𝜇𝜇
• 𝜎𝜎

• N

• Parameter

Sample

• �̅�𝑥
• 𝑎𝑎

• n

• Statistic



Formula for Mean
Same Formula



Formulas for Standard Deviation
Different Formula

Sample 

•𝑎𝑎 = ∑𝑖𝑖=1
𝑛𝑛 (𝑥𝑥𝑖𝑖−�̅�𝑥)
𝑛𝑛−1

Population

•𝜎𝜎 = ∑𝑖𝑖=1
𝑁𝑁 (𝑥𝑥𝑖𝑖−𝜇𝜇)

𝑁𝑁

• Variance

•𝜎𝜎2 = ∑𝑖𝑖=1
𝑁𝑁 (𝑥𝑥𝑖𝑖−𝜇𝜇)

𝑁𝑁



Why is the Standard Deviation of the Sample 
divided by (n-1)?*
• Dividing (n-1) instead of n

• Gives an unbiased, more accurate estimate, of the population. 
• A larger value

• If you divide by n, 
• Then you will get a smaller value and likely to underestimate the standard 

deviation, distance from the mean.

Note: Population Mean and Sample Mean are the same formula because the Sample Mean will always be within your sample.

Khan Academy, why (n-1)? Khan Academy, Simulation for more intuition on (n-1). 

https://www.khanacademy.org/math/statistics-probability/displaying-describing-data/sample-standard-deviation/v/review-and-intuition-why-we-divide-by-n-1-for-the-unbiased-sample-variance
https://www.khanacademy.org/math/statistics-probability/displaying-describing-data/sample-standard-deviation/v/simulation-showing-bias-in-sample-variance


Intuition behind Standard Deviation, Variability
(Variation or Spread)
• Make a Dot Plot of Shoe Size on the board
• Unimodal or Bimodal?

• Narrow data to women’s shoe size

• Compute the sample mean, �̅�𝑥, and label on dot plot
• Draw the distances from each data point to the mean

• Square each distance
• Compute the average of the distances
• Take the square root



SPREAD-Variability



Estimating Standard Deviation from a Graph

Image

http://vtc.internshala.com/course/content.php?topic_id=37&module_id=5&course=analytics101&demo=true


Computing Standard Deviation by Hand
𝒙𝒙 (𝒙𝒙 − �𝒙𝒙) (𝒙𝒙 − �𝒙𝒙)𝟐𝟐

𝒏𝒏 =
�𝒙𝒙 = �(𝒙𝒙 − �𝒙𝒙)𝟐𝟐 =

𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒏𝒏𝒗𝒗𝒗𝒗 = 𝜎𝜎2

=
∑(𝒙𝒙 − �𝒙𝒙)𝟐𝟐

𝑎𝑎 − 1

𝒔𝒔𝒔𝒔𝒗𝒗𝒏𝒏𝒔𝒔𝒗𝒗𝒗𝒗𝒔𝒔 𝒔𝒔𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒔𝒔𝒗𝒗𝒅𝒅𝒏𝒏 = 𝜎𝜎

= ∑(𝒙𝒙−�𝒙𝒙)𝟐𝟐

𝑛𝑛−1



Question 1. How many years does a penny stay in 
circulation?

• Make a list of ideas to go about how to answer this question. 
• What is a good sample size?
• How you gather the pennies for the study?
• See Representing Data Worksheet.



Representing 
Data



How many years does a penny stay in 
circulation? (Teaching Notes) 
• Funnel and Focus Questions
• STEM approach
• Data

• Dot Plot
• Histogram, Frequency Chart

• Put borderline data values in right bin
• Relative Frequency Chart
• Box Plot on TInspire



Part 2: Experimental 
Design

How do you know if claims in 
news headlines are true?

What would discredit a study or 
poll?

Image Source: SlidePlayer

http://slideplayer.com/slide/3999595/


Question 2: What is the “readability” of the 
Gettysburg Address?  
• Make a list of ideas to go about how to answer this question



Detect the bias in the sampling and surveying 
examples and explain why it is biased. 
• Standing outside McDonald’s asking every third person, how many 

servings of vegetables the ate today?
• A researcher nodding and smiling while asking a patient if they feel 

better after treatment?
• An MSNBC internet poll
• Asking, do you enjoy drinking alcohol?
• Do teenage moms deserve government paid daycare? 
• What was your ACT score?
• A University requesting alumni to email back their job status. 



How to Reduce Sampling Bias? 
• Simple Random Sampling (SRS)

• Each element has equal chance
• Even the most advanced computer 

random number generator is not a 
pure random number

• Unbiased Survey Questions
• Neutral, not leading or loaded 

questions
• Systematic Random Sample

• Every 10th person
• Convenience Sampling

• Convenient sample because of 
accessibility or proximity

• Voluntary Response Sample
• Self selected sample

• Response Bias
• Subject answer untruthfully or 

misleading

• Stratified Random Sample
• Randomly selecting from each 

homogenous group
• Example: Select a few families from 

each group, i.e. Urban, Suburban, 
and Rural settings

• Ensures every part of the 
population is represented

• Difficult when population is large
• Cluster Sample

• SRS several clusters, assuming each 
cluster is representative of the 
population

• Example: Assume Urban, 
Suburban, and Rural families are 
represented in each cluster, then 
selecting a few clusters

• More convenient than Stratified, 
reduces cost while increasing 
efficiency



Image Source

http://keydifferences.com/difference-between-stratified-and-cluster-sampling.html


Be a Skeptic!  

• Who was the author of the study?
• Who published the study?
• Were opposing views represented?
• How big was the sample?
• How was the sample obtained?
• Let me see the data.
• What was the hypothesis?
• The U.S. National Science Foundation defines three types of research 

misconduct: fabrication, falsification, and plagiarism, (Wiki, 2016).

https://en.wikipedia.org/wiki/Scientific_misconduct


Gold Standards of Experimental Design
• Sample is

• Random
• Controlled
• Large

• Double Blind
• Neither researchers or subjects know which subjects are in the experiment or 

control groups

• Placebo



What does Controlled mean?

• Experimental (Treatment) and Control Group (Baseline)
• Groups must be as close to identical as possible, very similar

• Otherwise the treatment being tested could be explained by something else, 
such as a confounding variable. 

• Tests only one variable



Marlboro Man
• “Smoking Causes Lung Cancer,” Phillip 

Morris Co. finally admitted in 1989 after 
decades of denial! (NYT, 1999). 

• Tobacco Industry and independent studies 
showed smoking caused lung cancer as 
early as 1946.  

• How did the tobacco industry dispute 
these claims for 50 years?

• Argued the control and treatment groups 
were not similar

• Could be explained by sex, genetics, air 
pollution, viruses, etc. 

• It was an observational study, not a 
randomized controlled study

• A randomized controlled study on the effects of 
smoking would be unethical

• A study of identical twins was the main 
factor that led to the tobacco industry  
admit their product caused lung cancer.  

http://www.nytimes.com/1999/10/13/us/philip-morris-admits-evidence-shows-smoking-causes-cancer.html


Controlled Study 

Population is randomly 
assigned group

Control Group

Treatment Group

Conclusion:  There is 
CAUSATION.  The 

independent variable 
causes the dependent 

variable

Observational Study

Population self selects 
group

Exposed Group

Unexposed Group

Conclusion: Variables are 
ASSOCIATED/CORRELATED. 
There is an ASSOCIATION or 

CORRELATION between 
variables. 



Facebook Case-Violation of Informed Consent?
• In 2014, FB did a controlled randomized study on nearly 700,000 Facebook users without 

informing them. 
• One group viewed more positive posts and one group viewed a more negative feed to see if 

it influenced them.  
• What’s the big deal? No one was hurt!  
• But, it was harmful because it was unethical and broke the law. 
• Facebook may have had permission to collect data
• But, they did not disclose that users were participating in a study and what the study was 

about.  The Facebook users were not informed!  
• Also, it is possible someone did get hurt.  Of those 700,000 users, maybe just one viewing 

the negative news feed was prone to depression or suicide and the negative news feed was 
too much to handle. 

• Even if there was no physical harm from the study, Facebook attempted to influence the 
minds of 700,000 people.  That is dangerous because it is so powerful.  And, it turns out, the 
Facebook’s study showed positive and negative news feeds influenced the users posted 
accordingly.  



Tuskegee Syphilis Case

• Wiki Tuskegee
• Informed consent, a human right 
• US Public Health Service wanted to 

study the natural progression of 
syphilis

• Untreated and lied to rural African 
American for 40 years

• Untreated subjects, their spouses, 
and offspring were harmed which 
included death.  

https://en.wikipedia.org/wiki/Tuskegee_syphilis_experiment


Variables-A quantity or quality that varies
• Independent

• Believed to affect dependent variable
• Dependent

• Researcher is interested in
• Extraneous

• Little to no influence on experiment
• Any variable other than the dependent and independent variable 

• Confounding 
• Interfere with study 

• Control 
• Kept the same in each trial
• Moderator 

• Increase or decrease relationship between independent and dependent variables



Q3: Who is the most elite athlete?

• Cross Country Runner
• Swimmer
• Bicyclist

Iron Man Stats

http://www.coachcox.co.uk/2016/10/09/ironman-world-championship-2016-age-group-results-analysis/


Part 3: What is Normal?
• Normal Distribution 𝑁𝑁~ 𝜇𝜇,𝜎𝜎
• Mathematics Vision Project (MVP)

• Properties
• Unimodal
• Symmetric
• Tails extend to infinity
• Area under the curve, [0, 1]
• Area represents the 𝑃𝑃𝑂𝑂𝑃𝑃𝑏𝑏𝑎𝑎𝑏𝑏𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦, 0 ≤ 𝑝𝑝 𝑥𝑥 ≤ 100%
• Determined by it’s mean and standard deviation

Estimate standard deviation with                 
points of inflection

http://www.mathematicsvisionproject.org/uploads/1/1/6/3/11636986/sec3_mod8_stat_te61914.pdf


Why is the Area under the curve 1? 
• Area is 1 for all distributions
• Easy to see on a Uniform 

Distribution
• Try values for a and b

• 100% of the events are 
represented under the curve



Estimate mean and standard deviation from graph. 

𝑁𝑁1~( , )

𝑁𝑁2~( , )

𝑁𝑁3~( , )

𝑁𝑁~( , )

𝑓𝑓1

𝑓𝑓1
𝑓𝑓2

𝑓𝑓2

𝑓𝑓3

𝑓𝑓3

𝑓𝑓4

𝑓𝑓4

Image source

http://work.thaslwanter.at/Stats/html/_images/Normal_Distribution_PDF.png


Challenge! 
• Draw two normal curves, 𝑦𝑦1and 𝑦𝑦2 such that 𝜇𝜇1 < 𝜇𝜇2 and 𝜎𝜎1 > 𝜎𝜎2.



Example: Estimating mean and standard deviation

• Find the average age and standard deviation of a Pearl Jam fan. 



Empirical Rule

Example: The average highway speed is given by 
𝑁𝑁~ 60, 5 . What % of drivers drive slower than 55 
mph? 

Image

https://en.wikipedia.org/wiki/68%E2%80%9395%E2%80%9399.7_rule#/media/File:Empirical_Rule.PNG


The Empirical Rule

Image source: 
Pearson, 2010



The Empirical Rule

Image source: 
Pearson, 2010



The Empirical Rule

Image source: 
Pearson, 2010



Compare Box Whisker Plot and Normal 
Distributions percentiles

Image source: Wiki

https://commons.wikimedia.org/wiki/File:Boxplot_vs_PDF.png


𝑁𝑁~ 60, 5

If twenty students were in the class, how many received a 65% or better?

If a student was chosen at random, what is the probability he would have 
earned below a C?  𝑃𝑃 𝑋𝑋 < 70 =



Example: What is 92% a more impressive score for your 
math or history class?

𝑀𝑀𝑎𝑎𝑖𝑖𝑀 𝑁𝑁~ 68, 4

• Find the z score of each:  

𝐻𝐻𝑖𝑖𝑎𝑎𝑖𝑖𝑃𝑃𝑂𝑂𝑦𝑦 𝑁𝑁~ 73, 7



Standard Normal  

• 𝑋𝑋~𝑁𝑁 𝜇𝜇,𝜎𝜎
• 𝑍𝑍~𝑁𝑁 0, 1

• Z-score 𝑥𝑥−�̅�𝑥
𝑠𝑠

or 𝑥𝑥−𝜇𝜇
𝜎𝜎

-3             -2            -1             0             1              2              3
-3𝜎𝜎 -2𝜎𝜎 -𝜎𝜎 𝜇𝜇 𝜎𝜎 2𝜎𝜎 3𝜎𝜎



Find the standard normal score for a B, 80%, 
given that 𝑁𝑁~ 70, 10 .
• Z-score 𝑥𝑥−�̅�𝑥

𝑠𝑠
or 𝑥𝑥−𝜇𝜇

𝜎𝜎



Central Limit Theorem (CLT)
• Khan Academy CLT
• All sample distributions (shapes) approach a Normal Curve as 𝑎𝑎 →∞

• Sample means have a Normal Distribution if n is large, generally n>30, 
even if the original distribution is not normal

• Sample is random and independent, equal chance of being selected
• Uniform distribution

𝑎𝑎 →∞

https://www.khanacademy.org/math/statistics-probability/sampling-distributions-library/sample-means/v/central-limit-theorem


Rolling a Die example
• Random and Independent

• Probability of each event is equal



Sample Mean Distribution, 𝑎𝑎 = 4
• 25 Samples, each sample has 4 trials

……

• Plot the Sample Means, �̅�𝑥′𝑎𝑎
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Sample Mean Distribution as n gets large, 𝑎𝑎 ≥ 30.
• 25 Samples, each sample has 30 trials

Sample Means, �̅�𝑥′𝑎𝑎



Plot Sample Means, 𝑎𝑎 ≥ 30.
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Population Sample, n=4 Sample, n=30

Average 3.5 3.833333333 3.534666667
Standard 
Deviation 1.707825128 1.459078205 1.670559199

Compare Stats and Distributions of Sample Means as n → ∞…
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What is Normal?



Statistics on Geogebra

•



Big Picture, part 4: Linear Regression

• Add example
• Explain stats by hand, intuitive approach

• Correlation coefficient
• Coefficient of determination
• Least Squares 



Are Temperature and Shooting Associated?

Month Chicago Average High Chicago Shootings
January 32 300
February 36 190
March 46 310
April 59 305
May 70 405
June 81 425
July 84 425
August 82 500
Septembe 75 350
October 63 410
Novembe 48 395
December 36 80 0
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Chicago Shootings 2016



Find a Line of Best Fit: 
Least Squares Method

Which is the best model to fit the 
data?

r, residuals



How well does the model fit the data?
How much VARIATION?

Correlation Coefficient, 𝑂𝑂
• −1, 1
• Strength of (x, y) relationship

• Strong if close to ±1

• +1

• −1

• Weak if close to 0

• 𝑥𝑥 𝑎𝑎𝑎𝑎𝑑𝑑 𝑦𝑦 have (strong/weak) 
(positive/negative) correlation.

• 𝑥𝑥 𝑎𝑎𝑎𝑎𝑑𝑑 𝑦𝑦 (are/are not) associated.

Coefficient of Determination, 𝑂𝑂2

• 0, 1
• 0 means the model explains none 

of the variability around the mean
• 1 means the model fits the data 

perfectly
• Closer to 1 means more useful the 

model
• % of variation is 𝑦𝑦 that can be 

explained by variation in 𝑥𝑥
• % of the 𝑦𝑦 can be predicted by 𝑥𝑥
• If just �𝑦𝑦 is used to predict 𝑦𝑦, then 

we are saying 𝑥𝑥 does not 
contribute information about 𝑦𝑦



Approximate the 
Correlation 
Coefficient based 
on the graph and 
classify at Strong, 
Moderate, or 
Weak



Why not compute r2 by hand?!
x y
3 7
6 6
8 2

y = -0.9474x + 10.368
R² = 0.812

0

1

2

3

4

5

6

7

8

0 1 2 3 4 5 6 7 8 9

y

x

y

x y
3 7
6 6
8 2

Average 5.666667 5

x y (x-x bar) (y-y bar)
3 7 -2.66667 2
6 6 6 6
8 2 8 2

x y (x-x bar) (y-y bar) (x-x bar)*(y-y bar)
3 7 -2.66667 2 -5.333333333
6 6 0.333333 1 0.333333333
8 2 2.333333 -3 -7

x y (x-x bar) (y-y bar) (x-x bar)*(y-y bar)
3 7 -2.66667 2 -5.333333333
6 6 0.333333 1 0.333333333
8 2 2.333333 -3 -7

Average 5.666667 5 Sum= -12

x y (x-x bar) (y-y bar) (x-x bar)*(y-y bar)
3 7 -2.66667 2 -5.333333333
6 6 0.333333 1 0.333333333
8 2 2.333333 -3 -7

Average 5.666667 5 Sum= -12
St Dev 2.516611 2.645751

𝑂𝑂 =
−12

(3 − 1)(2.52)(2.65) = −.90

𝑂𝑂2 = .812



Question 4: Are Education Attainment and 
Salaries Associated? (Need to add Excel Tech notes)



Favorite Tech/Apps

• Wolfram Mathematica
• Khan Academy
• Geogebra
• Desmos
• TI Inspire
• Excel
• Google Sheets



Data is the Answer to Everything!

• FALSE!
• But it could help if it is

• Unbiased
• Random
• A correct model is selected to represent the data
• Then data could help us search for the answers and truths.

• Even with best efforts by well respected institutions, random data is 
difficult to obtain.
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National Council of Teachers of Mathematics, Principles to Actions Ensuring Mathematical Success For All, 

2014, Steven Leinwand, Daniel J Brahier DeAnn Huinker RobertQ Berry III, Frederick L. Dillon, Matthew R 

Larson, Miriam A Leiva, W. Gary Martin, Margaret S Smith 

 
 

Names ______________________________________________________________________ 

Representing Data 

Materials: 20 pennies per group, Double sided tape, Poster Board 

Question:  How many years does a penny stay in circulation? 

Part I.  Collect and Represent the Data in at least two different formats.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Q1. Describe some of the pros and cons of the different ways to display data.   

 

 

 

 

 



Appendix B 
 

National Council of Teachers of Mathematics, Principles to Actions Ensuring Mathematical Success For All, 

2014, Steven Leinwand, Daniel J Brahier DeAnn Huinker RobertQ Berry III, Frederick L. Dillon, Matthew R 

Larson, Miriam A Leiva, W. Gary Martin, Margaret S Smith 

 
 

Q2.  What is your preferred way to display data? Explain. 

Part II.  After you collect your data, place your penny in the class Penny Poster in the front of the classroom 

to create a dot plot.   

Part III.  Analyze the Data, SOCS 

SOCS Your Sample, n=20 Class Sample, n=  

Shape   

Outliers   

Center   

Spread   

  

Q3.  State at least three things do you notice or wonder about the age of the pennies. 

 

 

 

Q4.  Compare and contrast your sample and the class sample. 

 

 

Part IV. Conclusions 

Q4.  What are some conclusions you can draw about the age of the pennies? 

 

 

Q5.  What are the limitations of this study? 

 

 

Q6.  Can you generalize the above conclusions to the entire penny population?  Justify your answer. 
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National Council of Teachers of Mathematics, Principles to Actions Ensuring Mathematical Success For All, 

2014, Steven Leinwand, Daniel J Brahier DeAnn Huinker RobertQ Berry III, Frederick L. Dillon, Matthew R 

Larson, Miriam A Leiva, W. Gary Martin, Margaret S Smith 
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Technology Notes for TI nspire  

(How Many Years doe a Penny in Circulation?) 

Question: How many years does a penny stay in circulation? 

1. Compute Descriptive Statistics 

Select 1. New Document, 2. List and Spreadsheets 

Enter the data Column A (Option: Name Column A “year” by selecting the top cell) 

 

 

 

Enter in cell B1: = 2017 − 𝑎1  (Instead of typing a1, select the a1 cell), press Enter  

 

 

 

Select B1 to highlight, hover arrow over bottom right corner of cell until plus sign appears, click, and drag 

down until cell b20.  (2017-a# will repeat). Click another part of the page to remove highlight from column B. 

 

 

 

Select Menu, 4. Statistics, 1. Stat Calculations, 1. One Variable Statistics, OK 

 

 

 

Enter in X1 List: 𝑏[ ], Select OK. 

 

 

 

Results: 

          

 

 

 

 

 

 

 

 
Note: For more advanced use, 

become familiar with the 

commands, = 𝑂𝑛𝑒𝑉𝑎𝑟(𝑏[],1) 
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For Results in more reader friendly format: 

Select “age” cell, or cell at the top of column B, Press ctrl, sto→, and type age 

 

Press cntl, +page, 1: Add Calculator. 

 

Press Menu, 6: Statistics, 1: Stat Calculations, 1: One variable Statistics, Select OK, Enter in X1 List: age Select OK, 

   

Results: 

 

2.  Represent the Data 

Select and Highlight “age” column by clicking on the right line of the cell, Select Menu, 3: Data, 9: Quick Graph  

 

Results: Change the graph type.  Click on graph, Select Menu, 1: Plot Type, and then 2: Box Plot or 3: Histogram 

   

   

 

To Undo Split Screen:  

Doc, 

5: Page Layout,  

8: Ungroup 
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More Results in Split Screen:       

 

Results on a New Page: 

Press ctrl, +page, 5: Data & Statistics, Enter.  

 

Click to add variable, Select age, Enter.  For more graph types, Press Menu, 1: Plot Type, 2: Box Plot or 3: 

Histogram.  

  

 

Box Plot Histogram, Frequency Chart Relative Frequency Chart 
(change 4:Scale to percent) 

   
 

Handy Tips: 

Ctrl Z  Undo 

Ctrl Menu  Right Click 

Ctrl Arrow Move between tabs 

Doc, 5: 5: Delete a tab 

Doc, 5: 8:  Undo Split Screen 
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Names ______________________________________________________________________ 

Sampling 

Question:  What is the readability of the Gettysburg Address? 

Directions: Average word length is one of several measurements to help determine the readability of a 

passage.  Find the average work length of the Gettysburg Address, a historic and world famous speech 

by Abraham Lincoln given at the Cemetery for Gettysburg in an attempt to give meaning to the events 

that took place one of which being over 50,000 causalities.   

The Gettysburg Address 

 

Part I.   

1. Select a random sample of 5 random words from The Gettysburg Address and circle them.  

Represent the data in a table (A) and dot plot (B).  

Table (A) 

n = 5 1 2 3 4 5 

Word      

# of letters      
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Box Whisker (B), n =5  

 

 

(Based on the graph, estimate the mean.)  

Indicate the following: 

Observational units:       

Variable: Continuous or Discreet  

Type of Variable:  categorical/numerical Sample   

Your sample mean (average):  �̅� =  

 

2. At the front board, make a class dot plot (C), put your sample average on a dot plot with the rest 

of the class 

Dot Plot (C) 

 

 

 

 

 

(Based on the class sample dot plot, estimate the mean) 

Now, compute the class sample mean (use Google Sheets), �̅� =  

 

3.  The population average (mean), 𝜇 is ________________.  Plot the population average on your 

Dot Plots (B) and (C).  Note the population, N, of the Gettysburg Address is 268 words.  

 

4.  What are your observations about the sample means compared with the population mean?   

 

 

a. Were the sample means was accurate?  

 

 

b. Was one of the sample means more accurate than the other?  If so, why do you think? 
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c. List some ways to improve your sampling so the sample mean(s) will be more accurate.   

 

 

 

 

 

 

Part 2.  

5. Use a computer to generate 5 random numbers between 1 and 268.  It is ok to have a repeating 

number.  Use The Gettysburg Address numbered word chart to find the corresponding word to the 

computer generated random number.   

 

n = 5 1 2 3 4 5 

Generated 
Random 
Number 

     

Word      

# of letters      

 

Your Sample Average (mean), �̅� :  

 

6. Combine your sample average, �̅� , with the class on dot plot on the front board. (D).  

 

 

 

 

 

 

 

7.  By changing our sampling method change the results of our class sample mean?  What 

conclusions can you make about sampling? 

 

The central limit theorem states that the sampling distribution of 

the mean of any independent, random variable will be normal or 

nearly normal, if the sample size is large enough, 𝑎𝑠 𝑛 → ∞. 
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Technology Notes for Google Sheets  

(What is the readability of the Gettysburg Address?) 

Open Google Sheets 

1. Sign into gmail or create a google account.  

2. Select Square icon in top right corner.  

3. Select Sheets . If not displayed, select “More” at the bottom, select “Even more form Google”, then select 
Sheets.  

4. Select Blank   .  

 

Find the mean, 𝒙𝒙�, of the class sample, 𝒏𝒏.  

1. Enter data in column A…Heading and highlight    are optional  

  
2. In an empty cell (under data), type “ = Average( A2:A20)” or “ = Average(ℎ𝑖𝑖𝑖𝑖ℎ𝑙𝑙𝑖𝑖𝑖𝑖ℎ𝑡𝑡 𝑑𝑑𝑑𝑑𝑡𝑡𝑑𝑑) “, press enter

 

 

 

 

 

 

 

Google Sheets notes: 

Sample standard deviation = Stddev(ℎ𝑖𝑖𝑖𝑖ℎ𝑙𝑙𝑖𝑖𝑖𝑖ℎ𝑡𝑡 𝑑𝑑𝑑𝑑𝑡𝑡𝑑𝑑) 

Population standard deviation = Stddevp (ℎ𝑖𝑖𝑖𝑖ℎ𝑙𝑙𝑖𝑖𝑖𝑖ℎ𝑡𝑡 𝑑𝑑𝑑𝑑𝑡𝑡𝑑𝑑) 
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3. Highlight data, Select Insert, then Chart, then Histogram, click on Insert 
 

  

 

Generate Random Numbers 

1. Optional: Open a new sheet within your existing worksheet by selecting the plus sign, +, at the bottom left corner 
of the page.  

2. In cell A1, type  “= Randbetween(1, 268)”, press Enter. Select cell A1, Hover arrow on bottom right corner of cell 
until a + appears, and Drag down until you have 5 random numbers.   

3. Highlight data, Right Click to Copy, Select an empty cell, then Paste Special, select Paste Values Only. (This will stop 
from random numbers from recalculating.  

   
4. Enter the means of the random samples from the class.  

a. Then repeat steps from previous section to mean, standard deviation and make a histogram.  

 

 

Explore Chart Features  

Click on any part of the chart to change 
the title, font, color and many more 
settings.   
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Name __________________________________________________________ 

Who Is the Most Elite Athlete? 

Q.  Who is a more elite athlete, a cross country runner, a swimmer, or bicyclist?   

1. What are some ways this question can me answered?

History of the Ironman 

The athletes at the 1977 O’ahu Perimeter Relay designed the Ironman Triathlon to determine the most elite athlete. It included three events, a 2.4-mile swim, 112-

mile bike ride, and 26.2 mile run.  Let us begin analyzing data from these events. 

2. Make some observations about the probability density functions, pdf, for the 2015

World Championship Ironman in Hawaii.

Shape 

Outliers 

Center 

Spread  

5% 10% 25%   50% 
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Note: Relative frequency chart 

 

2016 Ironman World Championship 

3.  Decide which of the following a greater athletic triumph is, support your answer.  

 

A.  Finishing the swim portion of the race in 1:30 or the bike part in 5:00? 

 

 

B. Finishing the bike part in 5 hours or finishing the run in 5 hours?   

 

C. Finishing the swim in 2 hours or finishing the whole race in 12 hours?  

 

 

4.  If a triathlete completed the swim in 1:30, the bike in 6:00, in how much time would he have to complete the run to finish in the top 25%?   

 

If a randomly chosen runner was selected, what is the likelihood they would finish in that time? 
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5.  Are Americans or Europeans better athletes? 

 

 

 

Ironman Stats 

North America 

Europeans 

http://www.coachcox.co.uk/ironman-statistics-by-race/
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Name __________________________________________________________ 

What is Normal? 

Guided Notes: Everything You Need to Know About Being Normal 

Graphing Perspective.  Label the key parts of the Normal Curve: 

 

 

 

 

 

 

 

 

 

 

Notation:              ~(           ,             ) 

 

Properties 

   

   

      

     

   

 

      

 

  �̅� 

± 3 𝜎′𝑠 

2 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑖𝑛𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 ∗ 

𝐸𝑚𝑝𝑖𝑟𝑖𝑐𝑎𝑙 𝑅𝑢𝑙𝑒: 68%, 95%, 99.7% 

 

              % 

              % 

                              

              % 
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Central Limit Theorem (CLT) 

State in your own words and draw a picture to show what you mean. 

 

 

 

 

 

 

Examples 

1. Approximate the mean and standard deviation from the graph,   𝑁 ~(              ,             ) 

 

2. Label mean and standard deviations of the average highway speeds, given, 𝑁 ~(  60 , 5  ). 
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3.  Men’s shoe sizes are normally distributed given 𝑁 ~(  10 , .5  ).  

a) Label the graph with the mean and standard deviation. 

 
 

 

 

b) What percent of men have a shoe size larger than size 11? 

 

 

 

c)  If there were 45 men in this room, estimate how many would have a shoe size greater than 11.  

 

 

 

d)  If a man were randomly selected, what is the probability his shoe size is between size 9 and 10, 

𝑃(9 < 𝑋 < 10) =       ? 
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4.  The average entry-level engineering salary is approximately  𝑁 ~(  $63,000, $4500). 

 

 

 

a) What is the probability that a starting salary would be greater than $70,000 𝑃(𝑋 ≥ $70,000)? 

 Shade in the area on the graph. 

 

 

 Compute the Z score, 
𝑥−�̅�

𝑠
=

              −            

 
 

 

 

 

 Use the Normal Distribution Table to find the 𝑝 − 𝑣𝑎𝑙𝑢𝑒. 

0

2

4

6

$0 $10,000 $20,000 $30,000 $40,000 $50,000 $60,000 $70,000 $80,000 $90,000

Entry-Level Engineering Salaries
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Note: (1 − 𝑝 − 𝑣𝑎𝑙𝑢𝑒) will give the area to the right of the z value. 

 

 

 

 

 

 

 Now use the TInspire 

Steps 

1. Add Calculator, Press Menu, 6. Statistics, 5. Distributions, 1. Normal CDF 

Lower Bound:   70,000 

Upper Bound: Very big number such as 1,000,000 

𝜇: 63,000 

𝜎: 4,500 
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 Use the TInspire to look at the area on the graph 

Steps 

4. Add Lists and Spreadsheets, Select the shaded cell “A=”, Press Menu, 4. Statistics, 2. 

Distributions 2. Normal Cdf  

Lower Bound:   70,000 

Upper Bound: Very big number such as 1,000,000 

𝜇: 63,000 

𝜎: 4,500 

Check Mark Draw Box 

Select OK 

Note: For better viewing: Select Doc, 5. Page Layout, 8. Ungroup 

 

 Use the TInspire to answer what do the top 1% of entry-level engineers earn? 

Steps 

1. Add Calculator, Press Menu, 6. Statistics, 5. Distributions, 3. Inverse Normal 

Area:   99%, .99 

𝜇: 63,000 

𝜎: 4,500 
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Introductory Statistics on Geogebra 

This project will explore Introductory Statistics topics using tools in Geogebra to analyze data.  

To get started… 

1. Search Geogebra online and download.

2. Create an account (optional)

3. Open Geogebra if not automatically opened

4. Select  on the right side of screen. Select Spreadsheet to view. 

Please note: More views are available by selecting View at the top of the screen, such as Algebra, CAS, etc.  

5. Enter Data in spreadsheet. Dataset is from US Department of Education. Please note:  You can also

highlight, copy, and paste any dataset online from most formats, i.e. Excel, Google Sheets, or lists.

Year UW Sex 
Offense 

IL Sex Offenses Duke S 
Offenses 

2001 14 14 8 

2002 14 9 10 

2003 13 12 6 

2004 14 10 10 

2005 14 8 10 

2006 8 6 7 

2007 7 9 5 

2008 5 7 5 

2009 4 5 13 

2010 9 7 12 

2011 24 5 7 

2012 15 10 12 

2013 29 12 6 

2014 26 11 14 

http://ope.ed.gov/campussafety/#/
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Multivariate Analysis 

Highlight columns B, C, and D and Select Histogram icon  

Select Multivariable Analysis.   

In Data Source dialogue box select  and check “Use Header as Title” 

Select Analyze. 

Select the arrow    in the Data Analysis Box.  Note that Show Outliers is optional. 

Select ∑ 𝑥 to display statistics. 

Select export arrow  , and Select “Copy to Graphics View” 

Change Color of Box Plots.  Click on any one of the Box Plots, Select Object Properties, and Select Color.    

Optional: In Data Analysis dialog box, Select Statistics to do a variety of tests, such as T tests, ANOVA, and 

compare any university from the  
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One Variable Analysis 

Highlight one of the columns of data, select the Histogram icon, and Select One Variable Analysis.  

In the Data Analysis dialog box, click the down arrow button next to Histogram  

 

and explore some of the different graphics such as dot plots, stem leaf, etc.  After looking at few different 

graphics go back to Histogram.   

 

Drag the slider                        to change the number of classes, or width of the bins.  Select the arrow,  

Note the Classes and data on the class boundary will be put in the left bin.  Note the Cumulative option.  

Check mark Relative Frequency and then Select Export Arrow .  

 

Use the graph to approximate the percent of years were more than 20 offenses were reported.  This could graph 

could also approximate the probability that a randomly selected year would have more than 20 offenses 

reported, 𝑃(𝑥 ≥ 20) =   

 

Let’s say our data is continuous and we fit a normal curve to the data….Go back to the Data Analysis window. 

Check mark Normalized and Normal Curve and export   .  

 

From the top of the main screen, Select View, Select Algebra.  Again, Select View, Select Input Bar.   
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In the Algebra window, Click on the letter representing the histogram to hide the histogram.  Note: f(x) is the 

equation of the curve. 

    

  

Example:  Based on the US Department of Education’s data set regarding sex offences on campus, what is the 

probability that more than 25 sex offenses will be reported, 𝑃(𝑥 > 20) by 

 

 

                                                                                    ∫  
∞

20
     

 

Calculate by entering the following in the Input bar: Intergral[f(x), 20, 100] 

 

 

Integrate the whole function to demonstrate the area is 1 by entering: 

Input: Integral[f(x), small number, large number] Try Intergral[f(x), -10, 50]. Note: Selecting too extreme values 

may stall the software.   
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Explore the Graphics: Double Click on Curve, Select Object Properties, Select Basic, in the Caption Bar: Wisonsin. 

Select Color and change to Red.   

Compare distribution from Duke and Illinois. 

Go back to Spreadsheet, Highlight Column B for Illinois.  Again Select Histogram and One Variable Stats.  Setting 

for a Normalized Curve are probably still set, but if not select the arrow  and again Check Mark Normalize 

and Normal Curve.  (Uncheck Histogram since we will just compare curves.) Select export arrow      , Select 

Copy to Graphics View.   Again, Double Click on curve, Select Object Properties, Select Basic, in the Caption Bar: 

Illinois. Select Color and change to Orange. Repeat for Duke.  

   

Make a note about the center and spreads for each school.  What are your thoughts about the data?  What can 

you conclude? 
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Optional Enrichment 

Calculate ∫ 𝑓(𝑥) − 𝑔(𝑥)
?

?
                                 Input: IntegralBetween[f(x), g(x), Lower Bound, Upper Bound] 

Approximating Overlapping Coefficient (OVL)  

Example:  Consumer Application of an OVL for better understanding 
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Example: Use two ways to find the area under the Overlapping Part of the Curves.  One way will be to fit a 

polygon to the area and the second way will be to take the integral for the difference between the 2 curves.  

Optional: Get new data, find a dataset online that interests you from 2 different populations. 

Enter the datasets in the spreadsheet and run the One Variable analysis on each. Export and Cope to Graphics 

View normalized curves.   

To approximate overlapping area, select Polygon and try to closes match the vertices to the curve.   

Select Area Tool. 

What is the approximate area? (Should be between 0 and 1)  

Now let’s use the formula to see how closely our polygon matches the area.  Here’s the math behind calculating 

the OVL… 
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Select 2 points at the intersection of the 2 curves. 

Select Intersect Tool  

Use the x values as the Lower bound and Upper bound when computing the OVL: 

Polygon area and Taking the Integral should match or be very close! 
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Example to try on your own:  Select 3 cities to run a statistical analysis as we did above and fill in the chart 

below. 

City 𝜇 𝜎 𝑃(𝑋 > 70) 𝑃(50 < 𝑋 < 70) 

The T test is one test used to help determine that the data could be from two different populations.  Do the 

statistics from the different cities support that idea?   

T-test Between Cities 

Difference= 
P=  t= 
SE=    df= 

Difference= 
P=  t= 
SE=    df= 

Difference= 
P=  t= 
SE=    df= 

Difference= 
P=  t= 
SE=    df= 

Draw the normal distribution curves for at least two selected cities.  What is the probability the weather will be 

the same no matter which city you live in?  (Find the Overlapping Coefficient, OVL) 
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Name __________________________________________________ 

Does more education translate to higher salaries? 

Part I.  Enter data on available technology and run a linear regression analysis.  An Excel spreadsheet example is 

below.  Technology steps are included on the last page. 

Education Attainment Number of Years in School* Weekly Earnings 

Less than high school 10 493 

High School Diploma 12 678 

Some college 13 738 

Associate's Degree 14 798 

Bachelor's Degree 16 1137 

Master's Degree 18 1341 

Professional Degree 19 1730 

Doctoral 21 1623 

Data Analysis Results – What does this all mean?! 

*Please note that numerical values

are assigned to the categorical data, 

Number of Years in School are 

assigned with Education Attainment. 
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Part II:  Correlation Coefficient, 𝒓. 

Summary Output 

Draw lines on the graph that represent the Correlation Coefficient, 𝑟. 

What does 𝑟 represent? 
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Y

Predicted Y

Regression Statistics 

Multiple R 0.970817912 

R Square 0.942487419 

Adjusted R Square 0.932901989 

Standard Error 119.5117274 

Observations 8 
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Write the formula for 𝑟. 

Why is 𝑟 squared and what is it called?  

Given the 𝑟 and 𝑟 − 𝑠𝑞𝑢𝑎𝑟𝑒 value, what can be said about the data? 

Give an example of an incorrect conclusion about the data.  

Example: Use the following data to run a Regression Analysis each city.  What are your observations regarding the 

data?   

Month Chicago 
Average High 

Chicago 
Shootings 
2016 

January 32 300 

February 36 190 

March 46 310 

April 59 305 

May 70 405 

June 81 425 

July 84 425 

August 82 500 

September 75 350 

October 63 410 

November 48 395 

December 36 80 

Month Boston 
Average High 
Temp (F) 

Boston 
Shootings 
2016 

January 36 4 

February 39 2 

March 45 3 

April 56 1 

May 66 2 

June 76 6 

July 81 1 

August 80 5 

September 72 4 

October 61 8 

November 51 6 

December 41 



Education Attainment Number of Years in School Weekly Earnings
Less than high school 10 493
High School Diploma 12 678

Some college 13 738
Associate's Degree 14 798
Bachelor's Degree 16 1137
Master's Degree 18 1341

Professional Degree 19 1730
Doctoral 21 1623

Education Attainment Number of years in school Weekly Earnings
Less than high school 10 493
High School Diploma 12 678

Some college 13 738
Associate's Degree 14 798
Bachelor's Degree 16 1137
Master's Degree 18 1341

Professional Degree 19 1730
Doctoral 21 1623
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SUMMARY OUTPUT

Regression Statistics
Multiple R 0.970817912
R Square 0.942487419
Adjusted R Square 0.932901989
Standard Error 119.5117274
Observations 8

ANOVA
df SS MS F Significance F

Regression 1 1404381.182 1404381.182 98.32499983 6.07764E-05
Residual 6 85698.3179 14283.05298
Total 7 1490079.5

Coefficients Standard Error t Stat P-value Lower 95% Upper 95%Lower 95.0%Upper 95.0%
Intercept -755.9286608 188.6569305 -4.006895792 0.007063304 -1217.55554 -294.3018 -1217.556 -294.3018
X Variable 1 118.5807259 11.95864923 9.91589632 6.07764E-05 89.31896538 147.8425 89.31897 147.8425

RESIDUAL OUTPUT PROBABILITY OUTPUT

Observation Predicted Y Residuals Percentile Y
1 429.8785982 63.12140175 6.25 493
2 667.0400501 10.95994994 18.75 678
3 785.620776 -47.62077597 31.25 738
4 904.2015019 -106.2015019 43.75 798
5 1141.362954 -4.362953692 56.25 1137
6 1378.524406 -37.52440551 68.75 1341
7 1497.105131 232.8948686 81.25 1623
8 1734.266583 -111.2665832 93.75 1730
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