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The effect of laser bandwidth on the signal detected in two-color, resonant
four-wave mixing spectroscopy

F. Di Teodoro and E. F. McCormack
Bryn Mawr College, Bryn Mawr, Pennsylvania 19010

(Received 4 November 1998; accepted 8 February 1999

The effect of laser line shape and bandwidth on the signal detected in two-color, resonant four-wave
mixing (TC-RFWM) spectroscopy is determined by means of an initio calculation of the
third-order polarization based on diagrammatic perturbation theory. Modifications to the approach
previously used for the case éffunction laser line shapes are made by introducing a different
treatment of the rotating wave approximation and phase-matching conditions. A three-level
excitation scheme for double-resonance spectroscopy of bound and quasibound states is analyzed.
In the case of Lorentzian laser line shapes, analytic expressions for the signal line profile are
obtained for each excitation scheme. Analytic approximations of the signal line profile are also
obtained in the case of Gaussian laser line shapes1989 American Institute of Physics.
[S0021-960609)01917-F

I. INTRODUCTION attributes have led to successful application of TC-RFWM to
the study of numerous stable and transient spécfes.
As reported by several informative review papErs, Diagrammatic perturbation theoPT) has proven to

resonant four-wave mixingRFWM) is a nonlinear optical be a very effective tool in analyzing the spectra obtained in
technique that, in recent years, has been successfully appliggs-phase TC-RFWM. Analytic expressions for the signal
to a wide variety of investigations in atomic and molecularline profile have been reported for a variety of TC-RFWM
physics including combustion and plasma diagnostic an@chemes used in double-resonance spectroscopy of ound
high-resolution, gas-phase spectroscopy. Four-wave mixingnd quasibourfd molecular states. However, the application
spectroscopy is based upon the interaction of three lasesf DPT has been carried out, so far, by assuming ideal ex-
beams in a medium of interest to produce a nonlinear polaperimental condition$® Saturation effects arising from the
ization via the third-order term of the electric susceptibility utilization of high-intensity lasers are, for example, not ac-
(x®).° The induced polarization is the source of a fourth, counted for by this theory. Neither are nonlinear phenomena
coherent light beam that is radiated from the medium angduch as the formation of nonresonant, laser-induced
detected as the signal. The spectroscopic capabilities of théermal?® acousti¢® or electrostrictivé® gratings consisting
process rely in the dramatic signal enhancement occurringf modulations in the real part of the refractive index that
whenever the frequency of the incident laser beams is res@ccur, in relatively high-density media, as a result of the
nant with a transition in the medium; spectra can be oboptical interference of intense laser bedthsn addition,
tained, therefore, by frequency-scanning the input laseihen the Doppler effect is taken into account, the single-
beams over selected resonances. When two optical fieldaolecule contribution to¢(®), explicitly calculated by DPT,
have frequencies resonant with two different transitions thenust be integrated over the velocity distribution of the ab-
resulting four-wave mixing process is called two-color- sorbing molecules and, as a consequence, the analytic char-
RFWM (TC-RFWM). TC-RFWM can offer distinct advan- acter of the signal line profile is lo&t.Finally, no attempt
tages over linear spectroscopic techniques for studying strug¢ras been made to include in the DPT model the effect of
ture and dynamics of atomic and molecular systems. Indeedinite laser bandwidths.

since the signal generation is based solely upon absorption, Many of these theoretical limitations, however, do not
TC-RFWM can detect any excited state regardless of its derepresent a real problem for the interpretation of the ob-
cay mode(pre- or photodissociation, autoionization, fluores-served spectra provided that the experimental conditions are
cence, and internal energy-conversioRurther, the highly carefully selected and monitored. Indeed, saturation can be
directional and coherent nature of the signal permits efficienavoided as long as the signal is found to be proportional to
rejection of background source emission and scattered laséne intensity of the probe laser and to the squared intensity of
light leading to favorable signal to noise ratios. Also, highthe grating laséf and significant signal to noise ratios have
spectral, spatial, and temporal sensitivity can be obtained fdveen achieved in unsaturated conditidhBurther, perform-

a range of pressures and number densities and low detectiomy TC-RFWM in low-pressure, collision-free environments
limits in the range of 18- 10" molecules cm? per quantum  such as supersonic molecular beams leads to a strong reduc-
state have been observed.distinctive characteristic of TC- tion of the excited-state collisional relaxation rate so that the
RFWM is that, being a doubly-resonant spectroscopiaate of single-molecule decay processasch as autoioniza-
scheme, it is particularly amenable to state seledibhese tion, dissociation, isomerizatiorcan be obtained from the
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observed spectral lines without the need of any modificatiolRFWM in which all optical fields have the same frequency.
to the DPT treatment. In addition, Butenhadt all® have  This analysis consisted of integrating the rate equations for
shown that the nonresonant background signal originatinghe material density matrix with the assumption that the input
from thermal and acoustic gratings and other pressure effectaser fields are incoherent, uncorrelated, and statistically in-
is practically eliminated as a consequence of the low numbetlependent(chaotio Markovian fields characterized by a
density characterizing the molecular beam. Thermal andlorentzian line shape with a bandwidth much larger than the
electrostrictive gratings can be avoided by using input lasecharacteristic widths of all processes governing the dynamics
beams set up to have polarizations orthogonal to onef the material systerff Note that in the TC-RFWM experi-
another’® Also, TC-RFWM geometries can be tailored to ments considered here, however, spectra are obtained by fre-
drastically reduce the first-order Doppler effétt. quency scanning one of the input laser bedthe probe, as
The effect of laser line shape and bandwidth on the sigexplained beloywover selected resonant features, while the
nal profile, however, cannot be easily experimentally circum-analysis in Refs. 32,33 is concerned with the line shape of
vented as gas-phase, TC-RFWM spectroscopy is usually pethe four-wave mixing signal radiating from a medium ex-
formed by utilizing laser-pumped, pulsed dye lasers. Theséited by a fixed frequency, broadband laser. In addition, we
laser sources exhibit a relatively broad line shape determine@resent a markedly distinct computational approach to the
by numerous factors such as pulse-to-pulse variations in theroblem. The contribution of the laser bandwidth to the TC-
pumping-laser intensity, thermooptical effects on the dye celRFWM signal profile is determined by a full frequency-
exposed to the pumping light, cavity longitudinal mode com-domain calculation based on DPT and formulated as an ex-
petition, mechanical instabilities of the cavity, anghen tension of the theory presented in Refs. 23,24. Both
used nonlinear frequency doubling of the final laser outputLorentzian and Gaussian line shapes are discussed with no
in birefringent crystals. These phenomena cause frequend@ssumption on the relative laser bandwidth and transition
chirp and stochastic fluctuations of the phase and amplitud¢idths and the theoretical treatment addresses three-level
of the optical field resulting in typical bandwidths of Systems featuring either discrete or quasibound states.
0.1-0.01 cm?!,8-1618-205 value comparable to molecular The remainder of this paper is organized as follows. In
transition widths in many situations of interest. Also, de-Sec. Il we derive the intensity of the TC-RFWM signal
pending on the characteristics of the pumping laser and th@merging from a three-level system excited by finite-
active medium as well as on the optical resonator design, theandwidth input lasers with a generic line shape. In Sec.
dye-laser line shape may either appear as a sharp peak cdhA 1 the general expression of the third-order polarization is
tered at the selected frequency or, in the opposite extreméecalled; in Sec. 11A2 the geometric aspects of the four-
show a significant, irregularly structured background pro-Wave mixing process involving finite-bandwidth lasers are
duced by amplified fluorescence. Suitable mathematicdfiScussed; and in Sec. IIA3 the application of the rotating
models for the different line shapes are either Lorentzian ofV@ve approximation, which extracts the resonant part of the
Gaussian functions: the choice between the two function§lectric susceptibility, is carried out for an excitation scheme
being dictated by the statistical properties of the ”ght_fe_:aturing thre_e disc_rete statgs. D_etails of the deriva’Fion of the
generating process. A Lorentzian line shape is appropriatéignal beam intensity and direction are presented in Appen-
when all fluctuations and relaxation processes are MarkoviafiX A, while, in Appendix B, we show that the signal is
in nature thereby having exponential temporal autocorrela@ffécted only by the line shape of the probe laser which is
tion and obeying Langevin dynamical equations, while afrequenpy—scanned over a given transition. In Sec. IIB the
Gaussian line shape adequately describes the non-Markovigg/culations of Sec. Il A are adapted to a three-level system
case(frequently termed also “nonimpact limif9) that char- featurlng.a quaS|bqund state. In Sec. Il expllqt expressions
acterizes short-pulse lasers. From a spectroscopic point & the signal profile are obtained by modeling the probe
view, the distinction between the two line-shape models id2S€r liné shape as a Lorentzian and a Gaussian function.
very relevant and may lead to different predictions for theCOMPutational details are shown in Appendix C. Finally, in
signal spectral profile. In the case of Lorentzian line shapes>€C- IV We summarize our results.
resonant photons may be absorbed by the medium from the
wings of the laser line shape resulting in non-negligible in-
coherent contributions to the excitation of a given state even. THEORY
for large center-line detunings from the corresponding tran- .
sition frequency’! Conversely, a laser with a line shape fall- A. Discrete states
ing off faster than a Lorentziaffior example, a Gaussian line The excitation scheme that will be considered in this
shape is expected to appear substantially monochromatic teection is depicted in Fig.(4). The medium of interest ex-
the medium while tuned out of resonance. It is thereforehibits three relevant discrete energy levels corresponding to
important to treat the two cases separately, even though, imound states of atoms or molecules. The three levels are
practice, determining which case applies to a specific laserranged in a “cascade” configuration, which is particularly
can be a difficult task, especially for pulsed lasers. suitable for spectroscopy of highly-excited states such as Ry-
A time-domain analysis of the effect of laser line shapedberg states. Only straightforward computational modifica-
and bandwidth on the RFWM signal profile has been carriedions, however, are necessary to adapt the theoretical treat-
out by Smith and co-worket$>3in the specific case of de- ment developed below to different excitation schemes, a list
generate four-wave mixing, namely, an implementation ofof which is presented in Ref. 23.
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only for |[r|<V, whereV is the volume of the region occu-

n = pied by the medium. Assuming that all incident fields are
It == linearly polarized along a common direction in the labora-
o o o o tory reference frame and that the particles forming the ab-
P § P s sorbing medium have negligible intrinsic dipoles, the only
> & mpem significant component oP®)(r,t) is the one parallel to the
polarization direction of the incident fields and is given by
g @, @, O,
li> li> . ) )
( a ) ( b ) P(a)(r,t): 5 )lzj dklf dsz dk3f dwgf de
v — 00 — 00
FIG. 1. Excitation schemes discussed in the téaft;a three-level system (
with only discrete states andh) a three-level system in which the highest o
level is a quasibound state. X f_ dwx®(ws,w,,01)E(Kg,w3)

><Qi(kz,wz)@(kl,wl)exp(—iwst-i-iks-I‘). (2)

1. Polarization
. . . . . Here, the numerical indices identify the time ordering so that
The optical field at a given point and timet, E(r.t), &(Km,wm) is the space—time Fourier transform of thh

associated with the laser beam detected as the signal Ino‘fil)tical field interacting with the medium and the abbrevia-

TC-RFWM process is, neglecting dispersion, given by thetionSwsz w3+ wy+ wy andk =kg + k,+ k; have been used.
wave equatiofr : . ;
The expression of the third-order, scalar electric suscep-
, 47 PPA(rt) 1 GPE(rt) tibility x®)(w3,,,w;) is obtained by adapting the general
VE(rt)=— 2 @ e (1) expression of Ref. 36 to the excitation scheme of Fig).1
¢ ¢ By assuming that the thermal equilibrium population of all
whereP®)(r t) is the third-order polarization induced in the matter states is negligible except for the lowest stBtewe

medium by the incident fields. The polarization is nonzeroobtain

0
piiN . . ;
x¥(w3,0,,01)=— % gm b o (il wla)y(al ulb)(blule)(c|u|i)G X (ws+ Wyt 01)G X wo+ 1) G (wy)
+G w3+ Wt 01)G A wot 01)G' ¥ 01) + G w3+ wat 01)G P (wy+ w1)G'¥(w1) + G (wz+ Wy
+01)G (ot 01) G (01) — G w3+ Wyt 1) G (W + 01)G P (w1) — G w3+ wot w1)G ¥,
+01)G% (1)~ GP w3+ Wt 01) G (wat 1) G (1) — G w3+ ot ©1)G (Wt 01)G ¥ (w1)],

)

where pioi is the diagonal element of the material density 2. Incident fields

matrix corresponding to the thermal-equilibrium population ) ]

of the stateli) andN is the number density of the medium. The TC-RFWM schemes are often interpreted in terms
The first summation accounts for the six possible permuta®f the formation of and the scattering from laser-induced
tions of w;, w,, and w; while a, b, andc in the second gratings. The interference of two nearly copropagating
summation are matter state indices which may take as valud¥llsed laser beams overlapped at a small crossing angle in a
“i” “ @ or “f” In addition, x is the component of the medium and resonant with an energy transition produces a
single-particle dipole operator along the common po|arizamodulation of the optical properties of the medium that con-
tion direction of the incident fields and, in the square brack-Stitutes a diffraction grating. Thus, a third beam, delayed in
ets, eight triple products of Green propagators account foime with respect to the previous ones, is scattered off such a
the eight possible pathways of the three-step excitation of thiaser-induced grating and the scattered beam is detected as
medium in the four-wave mixing proce¥sEach of these the four-wave mixing signal. According to the nomenclature
Green propagators is given byG*(w)=(w—w,, traditionally used in this description, the first two beams are
+il.p) L, where o=w,, w,tw;, OF w3+w,+w; labeled agyrating beamsand the third beam is labeled as the
filwap| is the energy gap between states and |b) (w,, probe beamThe grating beams, with center-line frequency
=—wp,); and, Iy, is the average decay rate of stafay w4, are tuned upon the transitidih — |e) while the probe-
and|b).® beam, whose center-line frequencyis, is delayed in time
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with respect to the grating beams and frequency-tuned tavave packets. Hence, assuming the same linear polarization
scan over the transitiofe)—|f). for all laser beams and neglecting dispersion, the Fourier-

The incident fields considered in this paper are adiransformed optical fieldsé&(ks;,w3), €(k;,w,), and
equately described as nonmonochromatic, unidirectionat(k,,w;) have the form

25('(1_ a)l/C) ~

SR _|2 _ A 59* 25('(1_ (l)]_/C)
2 (k1—kg1)g(w1— wg,Ag) + -
1

ki

E(ky,wq) =9 8(ky+kg)g(w1+wg,Ay),

25('(2_ (1)2/0) ~ ~ %

T kemke)g(wog Ag)+E9
2 2

25(k3_ (,03/C) ~

. 26(ks— wsl/cC
_ 5(k3—kp)p(w3—wp,Ap)+5p*#
k3 k3

25(k2_ wz/C)
2

E(ky,wy)=E9 8(ko+Kgo)g(wa+ wg,Ag), (4)

&(ks,w3)=EP S(ka+kp)p(ws+wy,Ap),

where£9 and£P are the complex amplitudes of the grating + w,, respectively, with characteristic bandwidthg and
and probe beams, respectively, and the wave ve&igren  A,. The integration ovek,, k,, andks in Eq. (2) may be
=1,2,3) have been written ds,=k.k.,, wherek,, is the  immediately performed by introducing spherical coordinates
magnitude of the wave vector arig, is a unit vector in 1N Momentum space

momentum space oriented along the directiorkgf Fur-

ther, kg1, kg2 are unit vectors parallel to the propagation f dk = Jxkﬁ]dkmf dk,,, (5)
direction of the grating beams akg is a unit vector parallel 0

to the propagation direction of the probe beam. The func-

tions g andp in Eq. (4) represent the spectral profile of the where, againm=1,2,3 and the integral ovds,, is extended
grating and probe beams, respectively. The functigfis;  to the entire solid angle in momentum space. Substituting
T wg,Aq) and p(wsz*w,,A,) are centered at-wy and  Eq. (4) into Eq.(2) and making use of Eq5) yields

PA)(r,t)=

oo oo o] w ~
f dw3f dwzf dwx® (w3, w,,0;)exp(—iwd) Epp(ws—wp,Ap)EX[{iTskp~r)

(277)12

+E g(wrt wg,Ay)

+EP* (gt A)ex;{—iﬁ& -r)”gg (0 A)exp(iﬂk r
37 @p.Sp c b 9lwz— g, A4 ¢ (g2

L W2
X ex —|?kgz~r

As shown in Appendix A, if the input fields were per- wave vectors embedded in each of the input-field wave pack-
fectly monochromatic, i.e., if the functiomsandg in Eq. (6) ets, oriented along a well defined direction but with different
were replaced by-functions centered ow, and wy, re-  magnitudes, combine vectorially in the mixing process as
spectively, the induced polarization oscillating at frequencyillustrated in Fig. 2b). Simple geometry, however, shows
o, could be written as a plane wave propagating along théehat the typical angular dispersion,¢, of the polarization
direction illustrated in Fig. @) and specified by EA10).  wave packet is roughly on the order ofA{+A[)/(wq
Since the input fields have finite spectral bandwidths, how-+ w,) which givesA#<1 for realistic laser sources. The
ever, the induced polarization resulting from E6) should phase-matched TC-RFWM signal beam has the same spatial
be described as a nonmonochromatic wave packet. The funcharacteristics of the induced polarizatigee Appendix A
tionsp andg peak atw, andwy and then fall rapidly to zero and exhibits, therefore, the same angular disperdionThe
outside the bandwidth range, such that the wave packet hasamgular acceptance of the detector used to collect the four-
maximum amplitude at the angle given by E410). Unlike ~ wave mixing signal is far too large to resol¥ed and, as a
the unidirectional input fields, however, it exhibits a geo-result, the observed signal is equivalent to that from a plane
metrical spread around this angle. This spread is because tiaave propagating along the direction given by the angle in

£o . 014 g .01
g(w;—wg,Ag)eX |?kgl-r +E9g(w1+ wg,Ag)ex —|?kgl~r . (6)
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Eqg. (A10). Accordingly, we assume that the spatial charac-case of §-function laser beams, by associating only the
teristics of the mixing process, namely the orientation of the‘center-line” wave vectors @g/C)Rng and (wp/c)Rp with
laser-induced grating and the direction of the light scatterethe grating and probe beams, respectively. This allows us to
off from this grating, can be adequately described, as in theewrite Eq.(6) as

o oo e o] w ~
PO(rt)= f dw3f dwzf dwx (w3, w,,w1)exp(—iwg) Epp(wg—wp,Ap)eX[{i—pkp-r>
(2m)2) = —o0 —o c
+EP Apexd —i -2k 99(wy— wg,Ag)exp i -k ox
pP(wz+ wy,Ap)ex i c p T €99(wo—wg,Ag)exp i c g2 1| € g(wrt wg,Aq)
xexy —i I -1 E99(w1— wg,Ag)ex i 9 +E9 g(w;— wg,Ag)EX i 2% r 7
Cc g2 1 g'=g c gl 1 g'=4g Cc gl )
|
3. Rotating-wave approximation k.= (wp/c)Rp— (wg/c)(Rgl— RgZ)-

The evaluation of the triple frequency-integral in Eg). ] .
can be performed by using the rotating wave approximatiof*s Shown in Appendix A, however, the frequency phase-
(RWA) to extract the resonant susceptibility terms from Eq.matching condition|ks|=wy/c uniquely determines the
(3). The application of the RWA can be simplified by using Wave vector and only the coherengg|f)(e| will contrib-
the double-sidedDS) Feynman diagram formalisfi.Only ~ Ute- . o
the two diagrams depicted in Fig. 3 are needed to properly The resonant part of the thwd-prder suscept|b|llty, repre-
describe the excitation scheme of Figa)land their physical Sented by the two DS Feynman diagrams depicted in Fig. 3,
meaning can be described as follows. Initially, negligible'S 9iven by
population characterizes all states other thah The 3)
thermal-equilibrium material density operator ig|i)(i|, X (w3,02,01)
such that the first interaction is the absorptiin—|e)
stimulated by the grating beams that create the coherences = SI(i|u|e)|?[(eu|f)|?
peil€)(i| and p;c|i)(e|. The second interaction is again the
absorptior|i)— |e) and the third interaction is the absorption 1 1
|e)—|f). Only the two time-orderings are needed to de- (wl—wei+irei+ — w1+ wei+ilyg;
scribe the TC-RFWM scheme under examination because
the probe beam, which is frequency-tuned on the transitiomvhereSE(pﬁ N)/(6i%3T o). Thus, Eq(7) can be written as
le)—|f), is temporally delayed with respect to the grating
light pulses and will affect the mixing process only after the PE(r,1)
grating light pulses, which are tuned on the transitjon " " -

—|e), interact with the medium. In addition, even though :PeXFiiks‘f)f dwgf dwzf dowexp—iwg)
the input lasers have finite bandwidths, the optical fields, — e -
once frequency-tuned on a specific transition of the excita-

w3~ e tile

: €)

—w,,A +wy,A —wg,A
tion scheme of Fig. (), are not spectrally broad enough to X Plws wp_ p)i(.w; Y9 _g)g(::).lr ©g:89)
interact with the other transition as long as the inequalities (03— wiet i) (w1~ weitil'e)

Ag< | wg— wp|, n P(w3— Wp 'Ap)g(wz_ Wy yAg)g(w1+ Wg 1Ag)
(03— wietilie)(— w1t wei+iTe) ,
Ap<|wg—wp|, (8)

(10)
hold. Thus, the two grating beams in the mixing process B 1210l €121/ 5 5

generate the populatign.Je)(e| that exhibits spatial modu- Where — P=[S/(2m) Z1EPIEZ (i | mle)® (el ul )2 As
lation perpendicular to the directions(wg/c)(lzgl—Rgz). shown in Appendix B, the double integration over andw,

After the delay time, the probe beam interacts with the meSan be carried out at this point and it does not affect the line

dium by exciting the transitiore)—|f) such that the coher- p'rofiI(T .ofdthte (:eéecttegh sigqa!. N?)EL’ by fassuminfg that 'the
encespye|f)(€e| and peie)(f| are created. This implies, ac- signal IS detected at tne origin of the reterence trame, 1.€.,

cording to Eq.(7), that the induced polarization will consist r=0, the Fourier transform of the polarization can be ex-

of only two terms characterized by the spatial-phase factorgresseOI as
exp(ks-r) and expiks-r), where p(0—wp,Ap)

(w—wietilse)’ 1)

P
- L PO(r,w)= = expliks-r
ks=(wp/C)Kp+ (0g/C)(Kgr—Kg2), (1) = ek n)
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where the numerical frequency-index has been dropped fastate|f). The expression of the third-order susceptibility is
simplicity. And finally, as shown in Appendix A, the inten- obtained by summing the contributions of all Fano stétes,
sity | of the detected signal for the excitation scheme dei.e., integrating Eq(9) over » to give

icted in Fig. 1a) is given b
p g-1aisg y P (03,05,01)

_|PIPL20f f 4o Plo=@pAp) |2 12 .
~ 8al2c |J-= “lo—wretilie) :S|<i|M|e>|Zf_xd7l|<e|M|7I)|2m
wherelL is the length of the path of the output beam through 1 1
the medium. X —+ - ) , (15
wl—wei+lf‘ei —wl+wei+lrei

where the approximatiof',.=1I'/2 has been used, sintg
the decay rate of each Fano statg, is taken to be much
] o ) larger than the decay rate of the intermediate state In
1. Configuration-interaction theory light of Eq. (15), Eq. (11) becomes

Quasibound states arise from the interaction of discrete

B. Quasibound resonances

_ SEPLEYF(i|mle)?

and continuum states of atoms and molecules and occur, for  p@3)(y )= exp(iks 1)

example, in phenomena such as autoionization and predisso- (277)12Fei

ciation. The mixed nature of quasibound states can result in )

asymmetric resonant features in measurements of photoemis- % J“ d (a+7) " P(o—wp,Ap)
sion, photoabsorption, photodetachment, and photofragmen- —w 1+ 72 (0=, t+il/2)’

tation due to competing processes that govern the decay dy- (16)
namics of the various states. The interaction of a single,
isolated discrete level with a single continuum can often bevherer=p,/p.. As shown in Appendix A, the intensity of
described by a configuration-interactié@l) treatment’ and  the detected TC-RFWM signal for the excitation scheme de-
this model will be adopted here. The stg@B) can undergo picted in Fig. 1b) is then given by
autoionization or predissociation by decaying into an ioniza- 21 opl2] ogldl 412 2
tion or dissociation continuum with a raté much larger |= [SFIEPFIE i mle)]* L wge
than the decay rates of ordinary bound states. In the CI treat- (277)121“§i 8mc
ment, neithefQB) nor the interacting continuum are exact )
eigenstates of the field-free Hamiltonian. The Hamiltonian is, % f“ dwf“ dz (a+n) Ly P(@—wp,Ap)
Cw Cw 1+ 72 (a)—a),]e-i-iF/Z)‘ '

‘ 2

instead, diagonalized by a continuous manifold of mixed
states called Fano stat¥s’® A Fano state is indicated here-
after by|#), with the reduced-energy index defined as (17

This result is analogous to E¢L2) that applies to the exci-
(13)  tation scheme of Fig.(b) for discrete states.

w,,e— wQB

"TRr

wherefw, is the energy separation between the Fano statg; RESULTS AND DISCUSSION

and the intermediate stafte), and% wqp is the energy sepa-

ration between the quasibound sta#@B) and |e) plus a A, Discrete states

small energy shift that depends bnand is often negligible.

The spectral density of the dipole transition probability for 1. Lorentzian line shape for the probe beam

photoexcitatiorje)—|#) is then given by In the case of probe beam with a Lorentzian line shape,
(q+ 7)2 the explicit expression fop(w—w,,A,) is
eluln|?=pc——— +Ppu. (14
p(w_wprAp):_ (18

wherep, is the probability of direct photoionizatiofr pho- 27 (w—wp)?+(Ap2)%

todissociatiopinto the Cl continuump,, is the probability of whereA . is the full-width at half-maximunfFWHM). Thus
transitions to other continua uncoupled to the quasiboun%y introcpiucing the reduced quantities '

state, andj is the asymmetry paramet&The values op,,

0, pu, andl’ may be considered to be nearyindependent _ 0~ e
for a range of values abouy=0 and treated as fitting T2
parameters’
_ (,()p_ (OF P
2. Polarization A
The excitation scheme to be considered here is depicted B= F—p
fe

in Fig. 1(b) and is characterized by the presence of the con-
tinuous manifold of Fano statds;) in place of the bound Equation(12) can be rewritten as
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_ le><el l<el
of O)S %
3 0,
o £5, ) 1£5, )
0 o, [
k, le>
G ] Iy
o, 1i><il li><il b,
A6 FIG. 3. Double-sided Feynman diagrams representing the resonant terms of
the electric susceptibility in the TC-RFWM schemes under consideration.
k, The final state can be either the discrete sté)eor the Fano statér). In

the latter case, the effective susceptibility is obtained by replicating the
diagrams for everyy.

>
k + Ak,

k

g2~ 82

+Ak

FIG. 2. Wave vector diagrams illustrating the phase-matching condition for (L) = f dexpg — In_2(§_ l )2

the TC-RFWM scheme under consideratiga) The case ofs-function P —w 2 P

input laser beams, where the vectprcalled thegrating vector, is given by

kg1—Kgz. (b) The same aga) for the case of finite-bandwidth input laser |
+al |

g 2
’+4

% In2 )
Lo =5 (=)

2
beams. The wave vectors associated with the different plane-wave compo- .
nents of the input laser beams can fall at any point between the tip of the §2+4
solid vector and the tip of the dashed diiee distance between the tips of
solid and dashed vectors is exaggerated for illustrative purpoBes gray (25
areas symbolize the resulting angular spreads associated with the grating, . . . .
vector (A¢) and the propagation direction of the detected signad)( \R/hlle the integrals _m E_q(25) cannot be evaluated analyti-
cally, the exponentials in Eq25) can be Taylor-expanded
around the center-line frequency with the integration interval
set to coincide with the bandwidth of the probe laser and
IP|?L2w?, 4 Af, analytic results can be obtained for every order of expansion.
I= T8aclZ 22 r_41(gp)i (200 This procedure will provide fitting functions to analyze ob-
mClei ™ 1ie served spectra. The approximation is expected to be adequate
as long as\,/T'¢,<1, i.e., when the probe laser bandwidth,
albeit non-negligible, is significantly smaller than the aver-

whereZ({,) is the signal line profile given by

. d 2 age width of the excited statds) and |f). Note that the
(¢, = f ¢ ‘ _ (21) lowest-order term of the Taylor expansion approximates the
P —=[({—¢p) 2+ BI(L+ 2i)‘ probe laser line shag®(w—w,,Ap) as a “box” function of
width A
p 1

The integral in Eq(21) may be evaluated as shown in Ap-

-1
pendix C and the final result is Ap” for |o—wy[<Ap2

Plo=wp B =14 oy |0~ wp|>A,/2 (26)
(L) = Tr_j — (22) Substﬁtuting Eq(26) into Eqg. (12) and making use of Egs.
B L+ (B+2) (19 yields
PP 1 -
gmel', A2 P

2. Gaussian line shape for the probe beam

By assuming that the probe beam has a Gaussian "nvevhereI(gp) 's the signal line profile given by
LB 1 2

shape given by (29)
., (23)  which, according to Eqq/C4), (C5), and(C6) of Appendix
C, can be written as

2in2 r{ In16

p(w_wp;Ap): Ap\/; A_’%(w_wp)z

whereA is the FWHM, and making use again of E¢$9), e 7 b 2 48 29
i =arctanh ———— +arctaft ————.
Eqg. (12) can be written as (4p 4+ 2+ B2 4+ 72— B2

P P
o |P|?L2wZ, 2/In ZI £ 24
87TCF§i Ap \/; p/ 3. Discussion

In Figs. 4a) and 4b), the normalized signal line profiles
whereZ({,) is the signal line profile given by 7(Z,) given by Egs.(22) and(29), respectively, are plotted
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FIG. 4. TC-RFWM line profiles obtained frofa) Eq.(22) and(b) Eq.(29),
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TC-RFWM profile

——— B-0 (2) The resulting signal profile is the same as that obtained
-------------- B=05 when the transitionie)« |f) is probed by means of a linear
0209---- p=1 photoabsorption technique, under the assumption that both
——— B=2 ) transition and probing-laser line shape are Lorent3ahi-
0151 Lorentzian though Eq.(30) has been used previously to analyze experi-
0.104 mental datd?® to the best of our knowledge it is rigorously
’ derived here for the first time for the specific case of TC-
0.05 RFWM. Observe that, fop>1, i.e., when the probe laser
' bandwidth largely exceeds the transition width, the observed
0.00 4 signal profile is simply given by the probe laser line shape as
expected. FoB~0, the signal profile becomes
" Ty @D
P 2,4’
0.15 Gta
which corresponds to the TC-RFWM line profile obtained
0.10 when assuming monochromatselike lasers:®
Evaluating the limits for the Gaussian probe laser line
0.05 shape is more complicated. Indeed, while linear techniques
would give rise to a signal profile described by a Voigt pro-
0.00 TR file thereby allowing for the extraction of the transition
-0 -5 0 5 10 width,*® no analytic method is available to deconvolve the
- first folding integral in Eq(25) for the TC-RFWM line pro-
= —— box (o) file. The analytic box-function approximation of the signal
8 Lorentzian profile provided by Eq(29) yields, however, a valuable and

simple method to obtain a direct interpretation of the trends.
To test the reliability of this approximation, the signal profile
e arising from Eq(29) has been normalized and plotted in Fig.
- 5 for different values of the parametgr together with the
44— -7 exact profiles obtained by numerical integration and normal-
. . ization of the expression in ER5). The two profiles show
0 1 2 excellent agreement up ®~ 1. Both the line profile in Eq.

p (22) and the line profile given by Eq26) converge, as one
would expect, to the Lorentzian profile in E(B1) in the

for different values of 8. (c) Plot of the full-width at half-maximum limit Wh_ere ,.3—.>O,. where the box TunCtion in Eq26) is
(FWHM) of the profiles given by Eq(29) (dashed lingand Eq.(22) (solid  treated in this limit as a delta function.
line) as a function ofs.

B. Quasibound resonances

in units of I';./2 for different values of the parametgr The

main aspect of the graphs is that the larger the contribution

of the far wings of the probe laser line shape, the higher thel- Lorentzian line shape for the probe beam
sensitivity of the signal profile to the probe laser bandwidth.
In order to quantitatively show this aspect, the FWHM of theby
signal profile obtained in the case of a Lorentzian, &43),

and a boxlike, Eq(29), probe laser line shape are plotted vs _ w—wg
B in Fig. 4(c). By rewriting Eq.(22) in unreduced variables, ~T T2
we obtain
£ = Wp— WoB
To)= 1 30 P rre -
P (T1e2)? (0p— 01) 2+ [(A/2) +T ]2 A

i

From Eg.(30), it is seen that, in the case of a Lorentzian r’
probe laser line shape, the signal profile is also a Lorentziagq, (17) becomes
with a FWHM given byA+ 2T, . If the decay ratd’; of

o=

the statef) is much larger than the decay rate|ef, then 1912 EPI2| €94 | ule)|* L2whg 4 A
I'te=I'¢/2 and the FWHM of the signal profile will ba, I= (2m)i2r2, 8mc ;Ff(fp),
+ ¢, i.e., the sum of the probe-laser bandwidth and the e

excited state width. where the signal line profil&(&p) is given by
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box

(a)

— — — - Gaussian

1 ] n i
box

— — — - Gaussian

TC — RFWM profile

FIG. 5. Comparison of the profiles given by Eq29) (solid line) and (25)
(dashed lingfor (a) 8=0.5, (b) =1, and(c) B=2.

0 1 )
Z(ﬁﬂz‘J‘mdg<§—§>2+oJJ.w
1
r - .

(E—n+i)|

The evaluation of the integrals in E@®3) may be carried out
as shown in Eq(C3) of Appendix C to obtain

(9+7)? B
1+7]

(33

i [q +r+(1+r)(l+0)]2+[2q+(1+r)§p]2
gp—l—(o'-l-Z)2

( fp) -
(34

2. Gaussian line shape for the probe beam
If p(w—w,,Ap) is given by the Gaussian function in
Eq. (23) and by using the reduced quantities in E@2), Eq.
(17) becomes
_ISIPIEPI?E9% (i le)]* L2wg 24in
(2m)'e, 8mc A J—

L(&p),

where

F. Di Teodoro and E. F. McCormack 8377
® In2 )
I(&,) = J’ déexg — — (£-£p)
% o
2
(q+n)? |
X d r —| . 35
f,m N1z |E 7+ (39

By evaluating the integral oven as shown in Eq(C2) of
Appendix C, the signal line profile may be written as

® In2 (9°=1)é—4q
Z(gp)Z{fweXF{——z(i &p) ]Tdf]
o In2
+[f eXF{—U—(f £p)?
(E+Q)2+r(2+4)+2+2  |°
X 214 dg] . (36)

As in the case of Eq25), the integrals in Eq(36) cannot be
evaluated analytically. By applying the same approximation
introduced in Sec. Il A, however, the probe-laser line shape
may be, again, represented by the box function in 26)

and this procedure results in a signal intensity

_ISPEPPIE il eyl LPop 1

T(&p),
(2m)*T% Brc AZ "
where
2
pro (7 [(atm)? 1
A = d f d +r -
(gp) §p7rr g — 7 (g_ﬂ_’_

(37

and from which, as shown in Eq&C9) and(C10) of Appen-
dix C, one can write for the signal line profile

20
1)arctanh—§
o’ + £+ 4

I(fp)={(q

4o 2

+2garctan——-—
a o?— &4

) 40
+|(g°— 1)arctan02_—§2_4
p

20¢&

—2qarctanh——"——2(1+1)o (38)
o’ + §p+4

3. Discussion

In Fig. 6, the signal line profiles for a Lorentzian laser
line shape, Eq(34), and for a Gaussian laser line shape, Eq.
(38), are plotted in units of /2 for three different values of
the Fano parameter and o along with the line profiles ob-
tained for the same values gbut in the case of a-function
probe laser line shape, where the ratio of the probe laser
bandwidth to the Fano states decay rate; 0. Since a nor-
malization extending over all detunings is not possible be-
cause the expression fofe|u|7)|? in Eq. (14) holds only
near resonance and is nonintegrable on a large energy scale,
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Lorentzian box

— 0=05 (a)

0.065

c~0 (2) c~0 (b)

0.08
0.045
0.04
2
e
2
[=9
0.00 - % 0.025
% 0.018
®)
2 006+= &
g
g 0.014 -
;“.) 0.03 -
B 0.010
0.00
0.006L———1 L
-10 -5 0 5 10

0.21 1

0.14+ FIG. 7. (a) Line profiles given by Eq(34) and(b) line profiles given by Eq.

(38) for different values ofr andr.

0.074

directly the nonlinear nature of the four-wave mixing pro-

: : . ; : . : ' : . cess. In Fig. 8 the line profile obtained by approximating the
laser line shape with a box function is compared, for the
example case aj=1, to the line profiles obtained by evalu-
FIG. 6. (a, c, 8 Line profiles given by Eq(34) and (b, d, f) line profiles  ating numerically the integrals in E¢36). As in the case of
given by Eq.(38) for different values ofr andq, withr=0.(a, B q=1,(c,  discrete states, the box-function approximation to the Gauss-
@ a=0, (e, 9 q=10. ian line shape is found to be reliable up do=1, and this
observation holds for different values qf

all of the profiles in Fig. 6 and those in all the other figures
pertaining to this section are normalized by the area undelv CONCLUSIONS
the curves calculated on an abscissa intervat @b to 10 to
allow for comparisoné? As is the case for discrete states, the A theoretical analysis of the effect of the laser line shape
signal line profile obtained by modeling the probe laser withand bandwidth on the signal line profile observed by probing
a Lorentzian line shape is more sensitive to the laser banckither discrete or quasibound state by means of TC-RFWM
width than that obtained by modeling the probe laser with éhas been developed. In Sec. Il, the third-order polarization
box function. In Fig. 6, we observe that fqr=0 [Figs. Gc) responsible for the generation of the detected signal is de-
and &d)] and for large values of] [Figs. 6e) and Gf)] the rived through anab initio frequency-domain calculation
variation ofo only influences the width of the profiles while, based on a careful application of the phase-matching condi-
for intermediate values af [Figs. 6a) and Gb)], different  tions and the RWA. In Sec. lll, the general expressions for
values of o result in significant alterations of the profile the signal profile given in Sec. Il are explicitly evaluated by
asymmetries so that, overall, neglecting the laser bandwidtbsing Lorentzian and Gaussian functions to model the probe
may lead to substantial errors in the estimation of the profildaser line shape. The main results of this paper are the theo-
fitting parameterd™, g, andr. retical line profiles in Eqs(22), (26), (34), and(38) which

In Fig. 7 the effect of changing is shown to have no represent analytic functions that can be used directly as fit-
significant consequence on the wings of the line profileting functions for the observed TC-RFWM signal. While
which are mainly affected by. This can be understood by Eqs.(22) and(34), obtained for the case of Lorentzian probe
considering that, on resonance, increasingorresponds to laser line shape, are exact, E¢&6) and(38) are approxima-
coherently exciting more Fano states while, far from resotions obtained by modeling the Gaussian probe laser line
nance, the line profile is due to tlemtire set of Fano states shape as a box function. Such an approximation is shown to
which gives rise, at any value @f,, to susceptibility terms be reliable for ratios between the probe laser bandwidth and
with nonvanishing dipoles of the foride|u|7)|2. In other  the width of the probed resonant feature that range fren
words, the off-resonance structure of the line profile reflectéo ~1.
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box (2) wy is, in this case, obtained by replacing, in E@), g(w
~ - — - Gaussian *Twg,4g) and p(o*w,,Ap) with §o*wg) and 6(w
0.12 *w,), respectively, and evaluating the integrals over the
frequencies. The result is
0.08 - PE(r,t)=[Psexp —iwpt+iks ) +Psexp —iwpt
+ik,-r)]+c.c., (A1)
0.04
where
0.00 P =X(3)(wpngy_wg)gp|gg|2
’ (2m)° ’
o 012
= Wp~ Wy A “
E ks:?pkp"' Fg(kgl_ kgz)a (A2)
g 0.08 |
,_pr wg ~ A~
: ks—?kp—?(kgl—kgz).
9 0.04
Note, however, that bothks and |k{| should be equal to
000 wp/c, which is possible only wheky, = kg, and, therefore,
' ks=ki=(wp/C)k,. If gy #kg, the direction of the polar-
0.12 4 ization wave vector is uniquely determined by the Bragg
’ scattering condition, as shown in Appendix A of Ref. 24.
The polarizationP®)(r,t) can, therefore, be expressed as a
0.08 - plane wave
PR(r,t)=Psexp—iwpt+iks r)+c.c., (A3)
0.041 where k= (w,/C)Ky+ (wg/c) (kg1 —Kgp). By applying the
RWA in the same manner as in Sec. Il A3, the expression of
0.00 . . . the suscept_ibility.X(?’)_(wp ,wg,—wg) for the excitation
-0 -5 &0 5 10 scheme depicted in Fig(d) become®
’ X(s)(wp ng:_wg)
FIG. 8. Comparison of the line profile given by H§8) (solid line) and the
line profile given by Eq(36) for different values ofo; (a) 0=0.5, (b) o _ . 2 2
o o Sl ) el I o
The line profiles resulting from a Lorentzian probe laser 1 1
i i i _ X - + . . Ad
line shape are shown to behave differently from the line pro (0g— wei+ilg) | (—wg+ wei+ilg) (A4)

files obtained by modeling the probe laser line shape as a box

function. This implies that the knowledge of both the band-The polarization in Eq(A3) may be substituted in Eq1)
width and the line shape of the probe laser is necessary ind treated as a source for the optical field of the signal
order to precisely extract from fits to measured signal lindoeam. A solution of Eq(1) can be obtained in the form of
profiles quantities of physical interest. This information isplane wave as

particularly important for the case of quasibound states . L~

where differences in the probe laser line shape and band- E(r,)=E(zh)exp(—iwpt+iks 1) +c.C., (AS)
width affect not only the width of the resonant feature, butwhere

also its asymmetry and off-resonance pedestal.
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APPENDIX A: DERIVATION OF THE SIGNAL c c

INTENSITY FROM THE EXPRESSION FOR THE

POLARIZATION andE(z,t) is a temporally and spatially slowly-varying func-

tion. By substituting Eq.(A5) into Eq. (1), the following

1. Signal intensity for the case of  é-function laser differential equation is obtained:
line shapes
2
Let us assume that the input laser beams h&function j2te E__ 0 te Psexdi(ke—Kg)-r]. (A7)
line shapes. The induced polarization oscillating at frequency c Jz c?
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Here the slowly varying envelope approximations, and integrated ovez for the interval (0..) to give
2 2miwie P(w—wp,Ap) . _.sind
2 = -
F <|wa| , E(L,w) c (w_wfe+irfe)PLexp(|19) 5
Al4
JIE <|T€ £2 The phase-matchedd=0) detected signadl, which results
922 ST from the coherent superposition of the Fourier components

) ) ) of the output optical field, is given by
have been used. By integrating E@\7) over the spatial

extent of the material medium along the direction identified
by ks, an explicit expression foE is obtained, thereby al-
lowing us to write the intensity of the detected signal in the

2

C o0
I=§ Jin(L,w)dw

212 2 w _ 2
case ofés-function input laser beams as :|P| L wie Plo—wp.Ap)
do - , (A15)
c - sing 2 8mc —w (W= wietilse)
1= 87.,|E|2:2_CL2|“’feP6|2( Y ) : (A9)  which is the expression given in E(L2). Similarly, to ob-

. ) tain Eq.(17), it suffices to replace . with wqg in Eq.(A15)
In Eq. (A9) L is the path length through the medium along ang make use of the expression of the susceptibility given in
the directionks and 9= |ks—kd|L. Since (sin%/9) peaks at  Eq. (15).
zero, optimal phase matching is achieved kgrks. These
conditions along with Eq.A6b) uniquely determine the
propagation direction of the plane wave in EA5). APPENDIX B: EVALUATION OF THE GRATING-

The angles between this propagation direction and the LASER CONTRIBUTION TO THE SIGNAL

probe beam can be obtained by following the procedure inbINE PROFILE
troduced in Appendix A of Ref. 24. This results in The integral ovew; and w, in Eq. (10) may be written
[wg 09 as
0=2 arcsin —sin—|, (A10)
wp 2 ®

j(t)=f_we_i‘”tg(vawg,Ag)dwf_me_i“’t

where 6 is the angle between the grating beams.

IO 0980) 4y 7 miotg( gy A g)d
2. Signal intensity for the case of finite-bandwidth w—wg il e “g(o-wy,Ag)dw

laser line shapes

— o

—iwt

Let us assume that the input laser beams have finite- i o,
— —(1)+(1)ei+|rei

bandwidth line shapes represented by the functigfe
Twg,Ag) andp(w=*wp,Ap). The resulting induced polar- \yhere the numerical subscripts of the frequencies have been
ization oscillating at frequency, and characterized by the dropped for simplicity. Thus, Eq10) may be rewritten as
wave vectok, is given by Eq.(10). Thus, a solutioriE(r,t)

of Eq. (1) may be found in the form of PO(r t)= Pexp(iks-r)j(t)f H(ws)e “ddasg,

E(r,t)=E(z,t)exp(iks 1) +c.C. (A11) (B2)

By substituting Egs(10) and(A11) into Eq.(1) and Fourier-  \where
transforming both sides of this equation, the linear differen-
tial equation H(wg) = P(wz—wy,Ap)

xee M (B1)

5 - w3—wfe+irfe’
wse JE(Z,0 27w w—wy,A i . .
j—° (zo) __ P( p:4p) and the time Fourier transform &)(r t) is

C 0z C2 (w— wfe+iFfe)
PA(r,w)
2 _ 2
i(ke—Ko)- 1]+ 22 E(z,0) = - -
X Pexdi(ks—Ks 2 @), =Pexp(iks-r)f e'“’tj(t)dwf H(wa)eflu@t dws
(A12) . .
is obtained. Here Eq11) has been used and the approxima- = Pexpliks: f)f H(w3)dw3f e'e ' (t)dw
tions in Eqgs.(A8) have been adopted fdE(r,t). For w o o
=w,=wse, EQ.(A12) may be rewritten as ) o
=PeX[I|ks~r)f H(w3)J(w— w3)dws. (B3)
 wie IE(Z,0) B 27wa2e pPlo—wp,Ap) -
o Tz 2 (w—wietilse) In Eq. (B3), J(w) is the Fourier transform df(t). According
~ to Eq.(B1) and owing to the convolution theorem for Fourier
X Pexdi(ks—ks)-r], (A13) transforms, we obtain
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Jd(o—Q—wg,Aq)

—Q—wet+ilg; dQ

J(w)= f g(Q+ wg,A g)

g(wo—Q+wg,Ay)
—w—Q-l—wei-i-iTQi

-I—Jimg(Q—wg,Ag)

(B4)

The first term in Eq.(B4) is the overlap integral between

9(Q+wgy,Aq), which has a maximum af) = —
g(w—Q—awy,A

wg, and

)/ (0—Q—we+il'e), which, given that
wg=wej, has a maximum & = w— wy. Assuming that the

F. Di Teodoro and E. F. McCormack 8381

PO (r,w)= I‘i expliks: F)Jm H(ws3)d(w— w3)dws.
(B7)

By evaluating the integral in E4B7), Eq. (11) is obtained.
The same arguments can also be used to derive 16y.

APPENDIX C: EVALUATION OF THE SIGNAL
LINE-PROFILE INTEGRALS

The evaluation of the integral in Eg21) may be per-

spread of all functions around their maxima is much smalleformed by means of contour integration in the complex
than 2{Ug and knOWing that the horizontal centroids of two p|ane_ A Comp|ex variablez is introduced such that

functions add under convolution, maximum overlap is ob-=Re(z), the integrand of Eq(21) is evaluated inz, and

tained whenw — wg= — wy, i.e., whenw=0. Owing to the

three poles of first order are foundpo|e

» LpTip.

same arguments, the second term also exhibits a maximu@hoosing the semicircle pathshown in Fig. 9 and applying

for w=0. Hence, the overall(w) has a maximum atv

=0. In light of these facts, EqB2) implies that the time-

domain polarizationP®)(r,t) is the product ofj(t), a

slowly-varying function, times the Fourier antitransform of Z({p) =
H(w), which oscillates at a rapidly-varying optical fre-
quency, namelyw=w,=w¢. Thus,j(t) results only in a

slow amplitude-modulation having negligible effect on the
optical spectrum, which allows us to use the approximation
J(w—w3)=Jy8(w—w3), whereJ, is a constant. This ap-
proximation is equivalent to modeling the grating beam line
shape as @ function. Sincewy=w¢;, Eq.(B4) can, indeed,

be rewritten as

* —-X,A
J(w):J;ng“A@%§§§Iﬁ{§dx
Y:Ag)
f oy, 82 y_Hfle'y (B5)

where x=Q0+wy and y=0 — wy.
written as

Equation (B5) can be

A= [ atxagae—xag

1 1
( dx

X - + -
o—X+il'g; —wo—x+ily
X—ifei

= J'_mg(X,Ag)g(w_X,Ag)m X,

and, by approximating(x,A,) andg(w—X,A4) with 5(x)
and §(w—Xx), respectively, we obtain

—il g S(w)
X= .
w?— (x—iTg)? Lei
(B6)

J(m):jioé(x)é(w—x)

According to Eq.(B6), it is also seen thaly=1/M;, which
allows us to rewrite Eq(B3) as

the residue theorem yields

2mi Reg,+iB)+ lim
R—o0

iRe’do

‘2
. fo R3[(e— £,/R)*+ BUR2](e+ 2i/R)|

2 2

=|27i Reg{,+ |3)|2 (CY

§+|(B+2)

where Res{,+ip) is the residue of the integrand &+ ¢,
+iB andR is the radius ofC. By evaluating the absolute
square in Eq(C1), Eq. (22) is obtained.

Complex-plane contour integration can also be used to
evaluate the integral ovey in Eqg. (33) and, as shown in Eq.
(B1) of Ref. 24, this results in

T(£)= f‘”d ot
(gp)_ o §(§—§)2+02

(q2+2r+1)—|[2q+(1+r)§]\
£+ 2i ‘

(C2

At this point, the integration ovef can be performed, again,
via complex-plane contour integration by introducing the
complex variablez such that Ref)=¢ and exploiting the
same patlC shown in Fig. 9. Again, three poles are found,;
Zyoe= —2i, {p*io and, using the residue theorem, the fol-
lowing result is obtained:

2mi Regé,+io)+ Iimf ie'’dg
R—x 0

Lép)=

(@%+2r+1)/R —i[29/R +(1+1)€’] |°
RL(e'— £,/R)*+ o2 R2](e’+ 2i/R)|

=|2mi Regé,+io)|?

|m (@ +2r+ 1) —i[2g+ (1+1)(&+io)]|?
e Eptio+2i

. (C3
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Im (2)

E_,l;+ics
/ >>\§p+iﬁ
X

A > v :R Re (2)
x\ \Cp_lﬁ

§,—ic

-2i

FIG. 9. Integration path in the complex plane used to evaluatéZy. The
same path can be used to evaluate 68), by replacing{, =i with &,
*io.

which, after the evaluation of the squared modulus, gives the

expression in Eq(34).
The evaluation of Eq(28) is performed by observing

2
( f B 2 + £ )
évp g

LB 1 2
Jo e
(p-BL°t4

2

| pere 1
T(gp)= Lp_ﬁmdé

:

(C4

where the antiderivatives of the two integrands in parenthe

ses are In/¢?+4 and (1/2)arctard(2), respectively. The re-
sult in Eq.(29) is then obtained by using the addition rule for
the inverse tangent,

X~y
r‘—l

arctarx— arctany = arcta Trxy VX,y, (CH
along with the identity

! I o tanhx, V C6

> n 1% arctantx, X. (Co)

The integral in Eq(38) may, finally, be rewritten as

| peete, (@P+2r+1)—i[2q+(141)€]|?

(C7)

by performing the integration ovey as done above to obtain
Eqg. (C2). The integration oveg in Eq. (C7) may be per-
formed by introducing once again the complex variable
such thatt=Re(z), evaluating the integrand iy and calcu-

lating the integral in the complex plane. The integral may,

then, be rewritten as

I(£p)=|(9?+2r+1-2iq)

B
§p70—

§p+‘7 dZ
_i\2
(q I) fgpg-Z'f‘Zi

ffpw dz

£ o zZ+2i
2i

4+ 72i

§p+zf 2

—i(1+r)

dz

2

. §p+0'
—|(1+r)f dz
§p70'

(C8)

F. Di Teodoro and E. F. McCormack

The integrand in Eq(C8) has only one pole &= —2i and
it is analytic in a connected region including the real-axis

path [({,—0)—(ép+0)] so that, owing to the Cauchy
theorem,

(&) =(q=D)In(&p+o+2i)—In(&,— o +20)]
—2i(1+r1)0of?

V(& t+o)?+4
\/(§p—0')7+4

2

arctan—— — arctan
fp +o

In

=‘(q—i)2

2
fp_

+i

g

2

—2i(1+r)0? (C9

By using Eqs(C5) and(C6), Eq. (C9) may be written as

\2 20¢p
I(¢p) =|(q—i)7 arctanh————
o+ ép+a
2
. 4o . ,
+iarctan———;— —2i(1+r)o (C10
— -

By explicitly calculating the squared modulus at the right-
hand side of Eq(C10), the result in Eq(38) is obtained.
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