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Abstract

This paper develops an innovative way of estimating a functional-coefficient spatial autoregres-
sive panel data model with unobserved individual effects which can accommodate (multiple)
time-invariant regressors in the model with a large number of cross-sectional units and a fixed
number of time periods. The methodology we propose removes unobserved fixed effects from the
model by transforming the latter into a semiparametric additive model, the estimation of which
however does not require the use of backfitting or marginal integration techniques. We derive
the consistency and asymptotic normality results for the proposed kernel and sieve estimators.
We also construct a consistent nonparametric test to test for spatial endogeneity in the data. A
small Monte Carlo study shows that our proposed estimators and the test statistic exhibit good
finite-sample performance.
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1 Introduction

Sun, Carroll & Li (2009) and Lin, Li & Sun (2014) study the following semiparametric functional-
coefficient fixed-effects panel data model:

vit = £:0 (zit) + Xy B(2it) + i +ugg, i=1,...,n, t=1,...,T, (1.1)

where y;; is the (scalar) outcome variable of interest; g; and x;; are the time-invariant and time-
varying explanatory variables of dimensions d, and d,, respectively; z;; is a continuously distributed
univariate random variable; and 6 (-) and 3 (-) are the dy x 1 and d, x 1 vectors of unknown functions
to be estimated. The unobserved fixed effects u; are allowed to correlate with the strictly exogenous
covariates g;, x;; and z;;, but are assumed to be uncorrelated with the idiosyncratic error u;;, which
is 4.1.d. with zero mean and finite variance o2. Both Sun et al. (2009) and Lin et al. (2014) restrict
their models to the case of d, < 1.

The above semiparametric model has proven to be a popular specification among practitioners.
Not only can the model in (1.1) be conveniently applied to reduce the “curse-of-dimensionality”
problem, but it also nests purely nonparametric fixed-effects panel data models as well as partially
linear fixed-effects panel data models studied by Henderson, Carroll & Li (2008), Qian & Wang
(2012) and Li & Liang (2015), who all however focus on a rather restrictive case of dy = 0.

In this paper, we seek to generalize model (1.1) further to the case with spatial dependence in
the data. We do so by including the spatial lag of the outcome variable as an additional explanatory
variable and allowing the corresponding spatial multiplier to vary with respect to the contextual
covariate z;. That is, we consider the following functional-coefficient spatial autoregressive (SAR)
fixed-effects panel data model:

yit = p(zit) sz‘jyjt + 810 (zit) + X B(2it) + i +uig, i=1,....n, t=1,...,T, (1.2)
J#i

where Zj# wy;jy;e is called the “spatial lag” term; wj; is the (i,7)-th element of an n x n pre-
determined non-stochastic time-invariant spatial weighting matrix Wy such that w; = 0 for all
i=1,...,n; and y; is spatially stationary.! Further, p(-) is usually referred to as the “spatial mul-
tiplier” or “spatial lag parameter”, which is an unknown function to be estimated. For instance,
when the SAR model is game-theoretically rationalized as a “reaction function” (e.g., Brueckner,
2003), the spatial multiplier p(-) can be conveniently interpreted as the “reaction” parameter, which
our model permits to meaningfully vary with some contextual factor z;;. Since the spatial multiplier
captures the direct impact of other units’ actions/outcomes on the ith unit’s action/outcome, ex-
tending (1.1) to model (1.2) enables us to test whether there is spatial/economic externality across
individual units. Also note that, when p (2) = po, 8 (2) = 04, and B(z) = B, our semiparametric
model (1.2) collapses to Lee & Yu’s (2010a) fully parametric SAR fixed-effects panel data model.
Some potential applications of our model, for instance, include the estimation of growth mod-
els that explicitly account for technological interdependence between countries in the presence of
spillover effects. Such a technological interdependence is usually formulated in the form of spa-
tial externalities (e.g., see Ertur & Koch, 2007). However, the intensity of knowledge spillovers
is naturally expected to greatly depend on institutional and cultural compatibility of neighboring
countries (Kelejian, Murrell & Shepotylo, 2013). Our functional-coefficient model presents a prac-
tical method to allow for such indirect effects of institutions on the degree of spatial dependence in
the cross-country conditional convergence regressions via a contextual variable z;;. The estimation

'We delay the discussion of the spatial stationarity condition to Section 2.



of hedonic house price functions is another application, where it is imperative to allow for potential
spatial dependence in the data. House prices are widely believed to be spatially autoregressive
because residential property values tend to reflect shared local amenities as well as observed and
unobserved neighborhood characteristics. While these characteristics can be partly controlled for
using locality fixed effects, such an approach may be unsatisfactory since it does not let charac-
teristics of neighboring houses affect the price of a given house (Anselin & Lozano-Gracia, 2009).
However, by including the spatial lag in a house pricing function, one is able to accommodate such
cross-neighbor effects.

In recent decades, the econometric literature has seen a rapid development in the theory of non-
parametric estimation and testing of fixed-effects panel data models. For instance, see Sun, Zhang
& Li (2015) for an excellent survey on the nonparametric panel data analysis. However, the intro-
duction of nonparametric structure to models with spatial dependence (and spatial autoregressive
models, in particular) in the panel data setup still lacks enough attention and progress, although
significantly more visible advances have been made in the development of parametric spatial models
(e.g., Lee & Yu, 2010a,b, 2012, 2014; Yu, de Jong & Lee, 2012). Our work therefore aims to fill
this research gap in the literature.

Few existing nonparametric studies, all of which focus on a purely cross-sectional setup, include
the works of Su & Jin (2010), Su (2012) and Zhang (2013), who consider a Robinson-type partially
linear semiparametric SAR model, whereas Sun, Yan, Zhang & Lu (2014) and Malikov & Sun (2017)
study fully and/or partially linear functional-coefficient SAR models. The spatial autoregressive
models in which spatial weights are specified in the form of unknown nonparametric functions of
some geographic or economic distance are examined by Pinkse, Slade & Brett (2002) and Sun
(2016).

For a large n and fixed T, we develop an innovative way of estimating model (1.2). We first
propose a two-stage kernel estimation method to estimate p(-) and 3 (-), after removing the un-
observed fixed effects from the model via first differencing. Our approach transforms the model
into a semiparametric additive panel data model from which a consistent estimator is usually con-
structed using either the backfitting (Henderson et al., 2008; Mammen, Stgve & Tjgstheim, 2009;
Li & Liang, 2015) or marginal integration techniques (Qian & Wang, 2012).2 Unlike a more con-
ventional model (1.1), our model of interest in (1.2) naturally suffers from the endogeneity problem
due to the presence of the spatial lag term in the equation. We therefore resort to a nonparametric
instrumental variable approach in order to construct consistent estimators of the unknown coeffi-
cient curves p (-) and 3 (-). However, when based on both localized linear and quadratic moments,
the nonparametric GMM estimator has no analytic expression. Consequently, both the backfitting
and marginal integration techniques can be computationally challenging in the calculation of such
an estimator for model (1.2). Therefore, we propose a new estimator that is significantly simpler
to implement than the backfitting and marginal integration estimators.

Having consistently estimated p(-) and B (-) at the conventional nonparametric convergence
rate in the second stage, we next propose a third-stage sieve estimator to consistently estimate
unknown functional curves 6 () for time-invariant regressors g;. Importantly, the estimator we
propose in this paper can be used to estimate functional coefficients 6 (-) even when the number
of time-invariant regressors is greater than one, i.e., d; > 1. The methodology that we develop
can also be used to estimate the traditional functional-coefficient fixed-effects panel data models
with time-invariant covariates like the one in (1.1). This makes a significant improvement over the
existing estimation methods that are applicable to the case of dy < 1 only (as in Sun et al., 2009).

2Where all these articles consider purely nonparametric fixed-effects panel data models with exogenous covariates
and no spatial dependence.



Given that our semiparametric spatial autoregressive model (1.2) nests a more traditional
functional-coefficient fixed-effects model in (1.1) as a special case, one may naturally wish to for-
mally discriminate between the two models. Therefore, we also propose a consistent residual-based
Lo-type test statistic to test for relevance of the spatial lag term in the model. The proposed is,
essentially, the test for spatial endogeneity. Our specification test belongs to the family of similar
nonparametric residual-based tests considered for independent data (e.g., Zheng, 1996; Li & Wang,
1998), weakly dependent time series data (e.g., Fan & Li, 1999; Li, 1999), integrated time series
data (e.g., Wang & Phillips, 2012; Sun, Cai & Li, 2015) and, more recently, for spatial data (e.g.,
Su & Qu, 2017; Malikov & Sun, 2017).

The rest of the paper is organized as follows. Section 2 explains the model of interest along
with the spatial stationarity condition. We derive the consistency and asymptotic normality results
for the first-difference kernel estimator of p(-) and B (-) in Section 3, whereas the limiting results
for a sieve estimator of @ (-) are discussed in Section 4. Section 5 contains a further discussion of
the estimation issues. Section 6 presents a consistent nonparametric test statistic to test for the
presence of spatial endogeneity in the model. Section 7 reports a small Monte Carlo simulation
study to asses the small sample performance of our proposed estimators and the test statistic. We
conclude in Section 8. All mathematical proofs are relegated to the Appendix.

Before anything else, we summarize our notation. Boldface letters are reserved for vectors and
matrices. (i) Throughout this paper, we denote an [n(T — 1)] x d,, matrix w = [w), ..., w}]" with
an n x d,, vector wy = [Wiy, ..., wn) for any t =2,..., T, where wy is a d,, x 1 vector. (ii) Let iz
be a T' x 1 vector of ones, 0, be a ¢ x 1 vector of zeros, I, be an m x m identity matrix and Oy,
be a ¢ x p zero matrix. (iii) ||-|| refers to the Euclidian norm, and [|A||; = maxi<j<n > s |aij]
and [|A|,, = maxi<;<n ) |aij| are the column and row sum matrix norms, respectively. (iv)
Let A\j (A), Amin (A) and Apax (A) respectively be the jth, smallest and largest eigenvalue of some

and [|All,, = max),|=1wzo |[Aw| = A2 (A’A) defines the spectral

m
1,j=1°
norm. For any vector a, we see [[a] = [la][,,. (v) We denote A® = A + A’ for any square matrix

A. (vi) A, = O (1) means that each and every element of a random matrix A, is of order O, (1)

m X m matrix A = (a;;)

not o, (1). (vii) A, 2 B, means that A, and B, have the same distribution asymptotically. (viii)
We use C to denote a generic constant that can take different values at different places.

2 The Model

We rewrite model (1.2) in matrix form:

yi = p(2z:) Woy: +8'0 (z¢) + ¢18(z¢) + p+ue, t=1,....T, (2.1)
where p (z;) = diag{p (z1¢),...,p (2nt)} is an n x n diagonal matrix of spatial autoregressive pa-
rameter functions; B (z¢) = [B (z1)' ..., (zm)/}/ and 6 (z;) = [0 (z1)',...,6 (znt)/]/ are (ndy) x 1
and (ndy) x 1 vectors of functional coefficients, respectively; ¢, = diag {x1¢,...,Xn:} is a (ndy) X n
matrix; g = diag {g1,...,8x} is a (nd,) x n matrix; and g = [u1,...,p,]" is an n x 1 vector of
unobserved individual-specific fixed effects. The reduced form of model (2.1) is given by

Yt = Sn (Zt) [g’@ (Zt) + (b;,ﬁ'(zt) + n + ut] y t= 1, . ,T (22)
provided that S,, (z;) = [I, — p (z¢) Wo] ! exists.> This means that, if
AL, — W 1 2.
o (T~ pla) ol < 2.3)
*By Property 19.15 in Seber (2008, p.421), S°7° Al converges to (I, —A,) " if limysec AX = 0 or

maxi<j<n [Aj (An)| < 1, where A, is an n X n matrix.



holds almost surely, model (2.2) can be rewritten as

o0

=> [p(z) Wol" (80 (z;) + ¢}B(ze) + p+ ], t=1,....T. (2.4)
k=0

For any given ¢, condition (2.3) implies that the spatial weight [p (z;) Wo]k becomes smaller in
magnitude and less important as k increases. This is analogous to the time-series case of an AR( )
process, e.g., s; = ps¢_1+vt, becomes stationary if |p| < 1, under which condition sy = > 30 ; p*vi_.
Hence, we say that {y; } is spatially stationary if (2.3) holds true. Throughout this paper, we assume
(2.3) holds. Further discussion of this condition is delayed until Section 5.2.

Next, we note that, in the presence of unobserved fixed effects p, the functional coefficients
0 (z;) of time-invariant regressors g; are not identifiable from 6y + 61 (z;;), where 8y is a vector of
constants. Therefore, we normalize these coefficients such that 8 (0) = 04, holds true. This is a
reasonable normalization, since g}, can always be attributed to time-invariant fixed effects.

3 The First-Difference Kernel Estimator of p(z) and 3 (2)

We propose a two-stage kernel estimation method to estimate model (1.2), removing unobserved
fixed effects from the model via the first-difference transformation. We opt to cancel fixed effects
out by transforming the model as opposed to “concentrate” them out by employing Sun et al.’s
(2009) smoothed dummy variable approach due to infeasibility of the latter in the GMM setup.*
/
Define two (d, + 1) x 1 vectors: my; = Z#i wijYjt, Xy | and y(zi) = [p(2it), B(zi)"]". Then,

applying the first-difference transformation to model (1.2) gives
Ayit = gi [0 (Zit) -0 (zi,t,l)]%—m;t'y(zit)—m;t_l'y(zi’t,l)%—Auit, 7, = 1, o,n, t= 2,... ,T (31)

where Ay;r = yit — yir—1 and Auyy = i — u;p—1.
Further, since the spatial lag term in (1.2) is endogenous, we assume there exist d, > 1 valid
instruments for > i Wiyt denoted by q;; such that

E [qituis|%i, 2, 8] = 04, VY i,s,t almost surely, (3.2)

where x; = [xly,..., X} and z; = [21, ..., zi7] , which implies that q; is strictly exogenous.
Applying the Taylor expansion to 0 (z;) and 7 (z;+) at an interior point z; and to 6 (z;¢—1) and
v (zit—1) at an interior point 2z # z1, we approximate (3.1) by

Ay ~ g [9 (21) — 0 (22)] + mjpy(z1) — mg ,_1¥(22) + Augg
= 80 (2) + Emiyy (2) + Auy (3.3)
for a given (i,t) such that |z; — 21| = 0 (1) and |z;4—1 — 22| = 0 (1), where z = [21, 20]’, &€ = [1, —1],
my = diag {m;;, m;; 1}, ] (z) =0(z1) — 0 (22) and v (z) = [‘y (z1)",~ (zg)']l. Note that, due to
the time invariance of g;, we can only identify 0 (z) and not 0 (z1) and 6 (z;) individually.
Equations (3.2) and (3.3) imply the following localized orthogonal moment conditions:

E Qi (Aui — 818 (2) - €'miy (2)) k(b 2)| ~ 04 (3.4)

4See the discussion in Section 5.3.



fori=1,...,n,t=2,...,T, whered = dg+2 (d + ds), Qit = [g;,f’ﬁz;t],, i = diag {mh;;, th; ;_1},
= [d}y, x5, ki(h,z) = k((zie — 21) /h)k((zi4—1 — 22) /h) with k (-) being a kernel function and
h being the bandwidth. Note that we use a bivariate product kernel function because (3.3) involves
a two-dimensional approximation, which we employ in order to avoid estimating 6 (-) and ~ ()
via the backfitting (iterative) technique that would explicitly accommodate the additive structure
of the first-differenced model. Thus, our methodology involves a two-dimensional semiparametric
estimation which, expectedly, will be less efficient than iterative calculation methods. To improve
the estimation accuracy, we therefore provide a second-stage estimator in Section 3.1.

If x;, g; and z; are all relevant in predicting y;;, a selection of linearly independent variables
from Wox;, Wozi, Wo (g1, .., 8n], Wix:, Wiz, Wi[gi1,...,gn] ... will serve as a set of good
instruments for the spatially endogenous variable Wy, appearing in (2.1). Since we only seek to
obtain a consistent nonparametric GMM estimator without pursuing the optimal estimator, we can
use qit = »_ i Wij [x;-t, Zjt, g;»]’ as our instrument, having removed any redundant terms. However,
if x;;, g; and z;; are all irrelevant or weak in predicting y;:, qs;+ is not going to be a good instrument.
Without pre-testing the relevance of exogenous covariates in a purely cross-sectional version of
model (1.2), Malikov & Sun (2017) show that combining both linear and quadratic moments can
be used to consistently estimate unknown coefficient curves regardless of whether the exogenous
covariates are relevant in predicting the dependent variable. We expect similar results to hold in
our panel data setup.’

Different from parametric spatial panel data models with fixed effects, the first-differenced
model in (3.1) and its local approximation in (3.3) are no longer SAR models. However, we are
still able to construct quadratic moment conditions using P,,; = Ir_; ® [Wé —n~Nr {Wé} In]
for l = 1,2,...L, where L is a finite integer. For an [n(T — 1)] x 1 vector of transformed errors
Au = [Au),...,Au}], it is readily seen that E[Au'P, ;Au] = tr {P,;E[AuAu]} = 0 because
E[AuAv] = 028 ® I,, where & = 2I7_ 1 — J7_1(0) — J7_1 (0)' is a (T — 1) x (T — 1) matrix,
and Jp_; (0) defines a Jordan block matrix with zeros along the main diagonal and ones along the
superdiagonal. Therefore, we obtain the following local quadratic moments:

E [(Ay - M@(z))lKh(z)PnJKh(z) <Ay - M@(z)))] ~ 0, (3.5)

where Ay = [Ay),...,Ay}] is an [n(T —1)] x 1 vector; M = [M},...,M4]" is a [n (T — 1)] x
2 (dy + 1) + dg] data matrix with My = [My, ..., My] and My; = [g], E’m;t],; O(z) = [0 (z)’ ,’y(z)’]/
is of dimension 2 (d, + 1) + dg; and Ky, (z) = diag {K2(z),...,Kr(z)} is an [n(T — 1)] x [n(T — 1)]
diagonal matrix of kernel weights with Ky(z) = diag {k1:(h,2), ..., kn(h,2)}.

Then, denoting

(Ay _ Mﬁ)/Kh(z)Pleh(z) (Ay - Mz?)

5. (9) = (Ay - Mﬁ)lKh(z)P;% 1K) (2) (Ay - Mﬁ) (39)

QK(2)( Ay - M9)

for a [2 (dy + 1) 4 dg] x 1 vector ¥, where Q = [Qf, ..., Q%) is an [n(T — 1)] X d instrument matrix

®Motivated by the maximum likelihood method for the parametric SAR model, Lee (2007) shows that combining
both the linear and quadratic moments could improve the GMM estimation efficiency. This idea is also applied in
Kelejian & Prucha (1999) and Lee & Yu (2014).



with Q¢ = [Qus, ..., Que]’, we construct our initial nonparametric GMM estimator, i.e.,

©(2) = arg min g, (8(2))' g, (8(2)). (3.7)
O(z)

Below, we list assumptions used to derive the limiting distribution of our proposed estimator.

Assumption 1 {(g;, X, zit, wit)} 18 i.i.d. across index i, y;; is generated from model (1.2) with
gi, X;t and z; being strictly exogenous and all these variables have finite second moments. Also,

(i) Elui|x; =%,z =2,81=g] =0, E [u?t|xi =X,2; = 2,8; = g] =02>0foranyx €S, C
R¥ »€S,CRandg € Sy C R% and SqueSz,zesz,geSgE [uf}t\xi =X,Z; = 2,0; = g] <C
< o0, where S, is a compact subset of R;

(11) For alli, (zit, zit—1) and (zit, zit—1, 2it—2) have a common joint pdf fii—1 (21, z2) and fri—1 -2 (21,
29, z3) with respect to the Lebesgue measure over their domains, respectively;

(i1i) For anyt, there exist a positive integer N and a constant ¢, € (0,1) such that for alln > N,
maxi<jen [N {p(2)Wo} | < o almost surely, [Woll; < € and |[L, — p(z) Wo] ! < €
J

for j =1 and oo;

() Py =1Ip_1 ® P, with P, being an n x n matriz with finite row- and column-sum matriz
norm and tr{P,;} = 0 for alll =1,...,L, where L > 1 is a finite positive integer. Also,
diag{ Py} # 0 for at least one [.

Assumption 2 (i) In the neighborhood of an interior point z = [21, zo]' with z1 # 22, B (z), p (z),
ft,tfl (Z); E[ (g;gz)j |Z] fOTj = 17 27 E [gifﬁ;ﬁzL E [g;glﬁl;tﬂllt|z]; E [misﬁl;t|z], E [fhisfh;’t|z]a
E [m} m;s1hl,1th;|z] and E [t ;) |z] are all twice continuously differentiable for all t
and s satisfying 0 < |s —t| < 1, and E <sz‘t||(2+61) \z) < C and E (HgiH@Ml) ]z) < C for

some 81 > 2, where E[-|z] = E [-|zi4 = 21,2it—1 = 22];

(ii) In the neighborhood of an interior point z =21, 22, 2z2)', fri—1.4-2 (%), E[(gggi)j \z] for j =
1,2, E [g;nl,|z], E [thsh},|z] and E [th] 1h;, i}, 1h;|z] are all twice continuously differentiable
for allt and s satisfying 0 < |s —t| < 1, where E[-|z] = E[-|zis = 21,2i1—1 = 22,2it—2 = 22|;

(i1i) s»p (h,z) is a non-singular matriz, where »xp (h,z) is defined in Lemma 2 in the Appendiz.

Assumption 3 The kernel function k (u) is a symmetric probability density function with a com-
pact support [—1,1]. Also, we denote v; ; (k) = [ k' (u) u?du.

Assumption 4 Asn — 0o, h — 0, and lim,_ nh = ¢ > 0.

Assumptions 1-4 contain regularity conditions, where the assumption of compactness of S, in
Assumption 1(i) and the bounded support of the kernel function in Assumption 3 are not essential
and are imposed to simplify our assumptions and mathematical proofs. Assumption 1(iii) and
the boundedness of p(z) in Assumption 2(i) parallel Assumption 1(iii)—(iv) in Su (2012). These
assumptions ensure spatial stationarity of the dependent variable and facilitate the limit result of
our estimator.

The compactness of S, and Assumption 2 ensure that the functions listed in Assumption 2 are
all uniformly bounded for all ¢ and s in the domain of z. Relaxing the 4.i.d. over ¢ assumption



about {(g;,X;t, zit, ui¢)} to independence with heteroskedasticity in Assumption 1 does not shed
extra light on our theory, so we maintain the current assumption to keep our formulae simple. In
addition, since our paper considers the case when T is a finite number, we do not impose serial
correlation assumptions on the panel data across time. Assumption 4 limits the speed at which
the bandwidth h approaches to zero as the sample size n increases in order to balance the squared
asymptotic bias and asymptotic variance of our estimator.

Theorem 1 Under Assumptions 1—4, at an interior point z = [z, 22]/, we have
Vnh? (@(z) —O(2) — »p (hz) "4 (h,z)’) 4 N (OQ(dﬁmdg, 02090 (k) 5 (h,2) "' Q (2) 7 (h,z)_l) ,

where 34 (h,z) = Oy (h?), 35 (h,z), Q(z) is a finite p.d.f. matriz, and all are defined in Lemmas
1-8 in the Appendix.

As noted earlier, q;; may be an invalid instrument when x;;, z;; and g; are irrelevant in predicting
yit. Under such circumstances, the use of local quadratic moments in (3.5) will ensure the non-

singularity of sxp (h,z) if E[ys; (h,2)] = 2 (nhz)fl Yoy ZtT:2 PLiE [aii (2e—s) k2 (2) Augrugp—]
converges to a non-zero constant for s = 0,1, where a;; (z;) and p;;; are the (7,7)th elements
of WS, (z;) and P, , respectively. Clearly, if one defines {P,;} such that diag{P,;} = 0 for all
[, then 5, (h,z) =0 for s = 0,1 implying that, in such a case, »p (h,z) will not be nonsingular in
large samples as shown in the remark below Lemma 2 in the Appendix.

Theorem 1 indicates that @(z) - 0O(z) =0, <h2 + (nh2)_1/2) which is in line with the con-
ventional kernel estimation theory keeping in mind that first differencing transforms the one-
dimensional estimation problem in (1.2) into a two-dimensional problem in (3.1). Evidently, the
asymptotic variance term is too large. Using C:)(z) as the initial consistent estimator of @(z), we
therefore construct the second-stage estimator of 4 (z) in Section 3.1. We show that this estimator
of 7 (z) is more efficient than the first-stage estimator and reaches the conventional convergence

rate of O, (h% + (nho)_l/ 2), where hg is the bandwidth used in the second-stage estimation.

3.1 Second-Stage Estimator of v (z)
To derive the second-stage estimator of 7y (z), we rewrite the model in (3.1) as follows:
Ay;rt =mly(zit) + Auge, i=1,...,n, t=2,....T, (3.8)
where Ay;rt = Ay — giH (zit) + m;,t_lfy(ziyt_l). The matrix form of model (3.8) is given by
Ay:tr = p(z) Woy: + ¢,8(z¢) + Auy, t=2,...,T. (3.9)
From (2.2) and (3.9), it is also easy to see that the endogeneity in the above model arises from
E [AW;Woy;| = o2tr {WSy, ()} # 0 (3.10)

in general for t =2,...,T.

We first note that the error term Au; in (3.9) is not homoskedastic because E[AuAu'] =
023 ®I,. We can estimate (3.9) via a pooled local linear estimator without taking the serial
correlation in {Aw;} into consideration, or assuming “working independence”. However, in the
nonparametric literature on random-effects panel data models without the spatial lag term, it is



well-known that the pooled local linear estimator is not asymptotically efficient in the presence
of cross-sectionally and/or serially correlated errors (e.g., Martins-Filho & Yao, 2009; Su, Ullah &
Wang, 2013). It then remains an open question whether we can improve the estimation efficiency
by modifying our model so that its new error term is rid of dependence. More concretely, define

this new error term as Au = (2_1/2 ®In) Au. Then, {Au;} is i.i.d. in index i and serially

uncorrelated in index ¢ with zero mean and variance JZ, where Au; = ZSTZQ YrsAu;s and g 1S
the (t — 1, s — 1)th element of > Y2 fort,s =2,...,T. Motivated by Su et al. (2013), we modify

model (3.8) as follows:

Y,

T T
> oAyl + > i [p(z) Woys + ¢L8(z,)]
s=2 $=2,5%#t

= Pt [P(Zt)WOYt + ¢2/6(Zt>:| + Aﬁta t= 27 cee 7T7 (311)

where we move the regressors weighted by the off-diagonal elements of £71/2 to the left-hand side of
(3.11). Clearly, model (3.11) has a homoskedastic error. In addition, we can see that the modified
model in (3.11) becomes model (3.9) when we set ¢y = 1 and ¢ = 0 for all ¢ # s.

Applying the Taylor expansion for «(z;;) at an interior point z, we approximate (3.11) by

Yie = oumy [Y(2) + 7v(2) (zie — 2)] + Aty
= gottm/iti)(z)Zit (Z) + Aﬂlt (312)
for a given (i, t) such that |z; — 2| = o (1), where Z (2) = [1, (zit — 2) /ho]’, ®(2) = [v(2), hoVY(2)],

and V/vy(z) = &7y(z)/02’ denotes the jth partial derivative of «(z) with respect to z. We then
have the following local linear orthogonal moment conditions:

E [Q¢ (2)' Ki(ho, 2) (Y — My (2) vec {®(2)})] = 09(4,41) (3.13)

fort = 2,...,T, where My (2) = oy [Z1: (2) @ myy, ..., Zpt (2) @ myy] is an n x [2(d, + 1)] data
matrix, Q; (2) = [Z1: (2) @ Qut, - - -, Znt (2) @ qe] is an n x [2 (d + d, + 1)] instrument matrix with

g1 Xy i qdi
q; = WS, (z¢) : = : )
gn Xnt Znt Qe
and Ky (hg, z) = diag {k1¢(ho, 2), -..,knt(ho,z)} with kernel weights now redefined as k;;(ho, z) =

k ((Zzt — Z) /ho)

Next, motivated by the endogeneity relation in (3.10), we see that setting P,, = diag { P, ..., Pr}
with P, = WS, (z:) — n~1tr {W¢S,, (z;)} I, implies that E[Atu'P,Au] = 0 because tr {P,,} = 0.
With this, we construct the following local quadratic orthogonal moment condition:

E [(Y: — My (2) vec {®(2)})' Ki(ho, 2) PiK¢(ho, 2) (Y¢ — My (2) vec {®(2)})] ~ 0 (3.14)

fort=2,...,T.

o~

Since Ay;rt is unknown, we replace it with A@;rt = Ay — gé@ (zit) + m;7t_1’7(zi7t_1), where

~

0 (zit) and J(z;;_1) are calculated in the first stage via (3.7). Next, let S, (z¢) equal Sy, (z;) with
p (zit) being replaced with its first-stage estimate p(z;;) and q;, q; and P, respectively equal q;,
q; and P, with S,, (z;) being replaced with S,, (z;). Also, Y = ), gptSAgjgrS — Zs# orsm, Y (Zis).



/

Lastly, we define P, = diag{ﬁg,...,ﬁT}, Y = [\A{"Q,...,?T]/, M(z) = [Mg (2)',...,Mrp (z)/] ,

~ o~ —~ /
Q(2) = |Q2(2),...,Qr (z)/} and Kj,(z) = diag {Ka(ho, 2),...,Kr(ho,z)}. We then construct
our second-stage nonparametric GMM estimator as follows:

®(z) = arg min g, (2(2))'g, (B(2)), (3.15)
P(z)

where we define

o (9 (V- M(z)V(ic{ﬁ}>,KhO(z)f)nKho(z) (¥ — M(2)vec(o})

. (3.16)
Q=)' Koy (2) (Y = Mi(2)vec(9})

The limiting results for the second-stage estimator require the following additional assumptions.

Assumption 5 maxzes, xS,

O(z) — @(Z)H -0, <h2 +/Inn/ (nh2)).

Assumption 6 (i) zi has a common pdf fi(z) with respect to the Lebesque measure over Sy;
(zit, zis) has a common pdf fis(z1,22) with respect to the Lebesgue measure over S, x S, for
all t and s; (ii) in the neighborhood of an interior point z, B(z), p(z), fi(z), E[gim}, |z = 2],
E [g;glr‘r’l;tr‘hlﬂzzt = Z], E [mitrﬁ;t|zit = Z], E [m;tmitr‘hgtr‘hiﬂzit = Z], E [ﬁlitﬂl;t|zit = Z] and E [Ih;trflzt
), 1|z = z] are all twice continuously differentiable for all t; (iii) fis(z,z), E[m] |z, 2],
and E [th],th;1th] 1h;,|z, z] are all twice continuously differentiable for all s and t, where E[-|z, z] =
E[|zit = 2, 2zis = 2]; (iv) »p (ho, 2) is a non-singular defined in Lemma 6 in the Appendiz.

Assumption 7 Asn — oo: (i) hg — 0 and lim, 0o nhd = co > 0; (ii) b — 0, nh* — oo; (iii)
h/ho — 0 and nh®h3/Inn — oco.

Assumption 5 strengthens the pointwise convergence of @(z) to a uniform convergence, which
can be shown along the lines of Masry (1996). Assumption 6(i)—(iii) are regularity conditions
imposed in the local linear estimation, while Assumption 6(iv) ensures the existence of the pro-
posed estimator. Assumption 7(i) implies that the second-step bandwidth hg is of order n=1/5,
Assumption 7(ii) is required for the derivation of Assumption 5, where the first-stage estimation
has an asymptotically ignorable impact on the second-stage estimator under Assumption 7(iii),
which implies that h = cn™® with 1/5 < o < 1/4 if we set hg = con™'/°.

Theorem 2 Under Assumptions 1-8 and 5—7, at an interior point z, we have
Vi [3(2) =7 (2) = 523 (ho, 2) " 2 (ho,2) | 5 N(0u, 41,0200 (k) 5 (ho, 2) ™ () 52 (o 2) ),

where 34 (ho,z) = Op (h?), 5 (ho,z) and Q(z) are respectively defined in Lemmas 5-7 in the
Appendiz.
By the proof of Theorem 2, we have 7 (2) — v (2) = O, (h% + (nho)_1/2>. The impact of the

initial first-stage estimator on the second-stage estimator vanishes asymptotically as h/hg — 0
and nh2hg /Inn — oo hold. Importantly, Theorem 2 holds true for d;, > 0. Again, the localized
quadratic moments have asymptotically non-ignorable contribution to s<g (ho, z) if diag{P,,} # 0.

10



By the proofs given in Lemmas 5-7, sc4 (ho,2), »p (ho,z) and € (z) all depend on {¢u},
which means that the derived estimator has the asymptotic bias and variance different from those
of the pooled local linear estimator. Unfortunately, it is difficult to conclude which estimator is
better due to the complexity of our formulas. This result differs from Su et al.’s (2013) findings
where, excluding the spatial lag term from models (3.9) and (3.11), they show that the local linear
estimator from the modified model (3.11) has the same asymptotic bias but smaller asymptotic
variance than the pooled local linear estimator. So far, our results indicate that, for the spatial
autoregressive panel data model with fixed effects, Su et al.’s (2013) method may or may not be
able to improve estimation efficiency over the pooled estimation under the “working independence”
assumption when the nonparametric IV-based GMM estimation method is concerned.

4 Sieve Estimator of 0 (z)

Having estimated p(-) and 3 (-) consistently at the conventional convergence rate in the second
stage, we next discuss how to consistently estimate the unknown functional curves 6 () in front of
the time-invariant regressors g;. Specifically, we consider the following regression model:

yzt:gio(zzt)—i_ﬂz—i_ulh izl?"'7n7t:17"‘7T7

where ;s = yir — ml,7y (z;). Since y;; is unknown, we replace it with Eit = yit — m},7 (zit), where
v (zit) is the second-stage GMM estimator. Hence, we suggest estimating 0 (z) from

Ui 2200 (zi) + pi+ug, i=1,....n, t=1,... T (4.1)

We first note that applying the nonparametric smoothed least-squares dummy variable approach
developed by Sun et al. (2009) is infeasible for the estimation of 6 (z); see the detailed discussion
in Section 5.3. We therefore choose to employ a series approximation method. Specifically, letting
{¢1(-),¢2(-),...} be a sequence of B-spline series, we approximate 0;(z) by 0 (z) = ¥¢ (2)
for I = 1,...,dy4, where 9; is of dimension L, and, for any integer x > 0, we denote ¢, (v)
= [¢1(v),..., ¢ (v)]'. Then, g'0 (z;) can be approximated by

g:0" (zit) = [gi ® o, (Zit)]/¢ = X,

/
where 1 = [¢'1, e wfig} and Xy = g; ® ¢ (2i) are both (dgLy) x 1 vectors. Stacking up {7,
in the ascending order of index i first then index ¢ gives an (nT") x (dyLy,) data matrix X. The
series-based least-squares objective function is then given by

~ ! s~
min (y — Xy — Du) (y _X - D,u) , (4.2)
(m9)
where D = I, ® it is an (nT) X n matrix, p is as defined in Section 2, and y is an (nT) x 1 vector
that stacks up g, in the ascending order of index i first then index ¢. Applying the partitioned
OLS yields B B

¥ = (X'MpX) ' X'Mpy, (4.3)
where Mp = L,y —D (D'D) 'D' = L,; -7 1,® (iri}). Hence, our (third-stage) series estimator
of 0 (z) is given by

/

0(2) = [$161, (=) Py, 01, ()] - (4.4)

Below are some regularity assumptions required for our limiting results.

11



Assumption 8 For every Ly, there exist constants ¢ and ¢ such that 0 < ¢ < Apin (Bgp) <
Amax (Bgg) < € < 00, where Bpp = Y, E [(gig]) ® (b, (2it) b, (20)')] and ¢y, (zi) =
L, (2it) — T! 25:1 1, (zis)-
Assumption 9 For anyl=1,...,dg, there exists 1p; such that

max |0, (2) — iy, (2)] < CL,¢ (4.5)

1<I<dgy,z€S.

for a sufficiently large Ly, and & > 2.
Assumption 10 Asn — 0o, L, — 00, Ly, (log Ly) /n — 0 and nLy, "% — 0.

Assumption 8 ensures that X’MpX'/n converges to a non-singular matrix 34 for a sufficiently
large n. Assumption 9 is similar to Assumption 3 in Newey (1997). In fact, if 6; (-)’s and ¢; (-)’s
are all £&-smooth,% condition (4.5) holds over any compact support S, by Theorem 1.1 in Dzyadyk
& Shevchuk (2008, p. 381). If we set L,, = cn”, Assumption 10 requires r € (1/(1+2¢£),1).

Theorem 3 Under Assumptions 1-10, and if maxj<i<7 E []g;gi|2+6 |Uit\2+6} < C for some d > 0,

we have

VA2 () ['é (z)—e(z)} 4 N (04, 0214,), (4.6)

where Ay (2) = [Ig, ® &y, (2)] Efbé [T, ® &, (2)]-

Theorem 3 indicates that the sieve estimator 6 (z) is a consistent estimator of 8 (z) and that the
first two stages of the estimation procedure have asymptotically negligible effects on the estimation
of @ (z). For any constant o # 0, , we have |o/A,, (2) af < Amax (Zoo) [|[1a, ® &1, (2)] o < CLn.

Therefore, 0 (z) — 6 (z) = Oy <\/Ln/n> under Assumption 10.
5 Other Estimation Issues
This section provides brief arguments about an alternative estimator based on the within-groups

transformation in Section 5.1, the spatial stationarity condition in Section 5.2 and the infeasibility
of a nonparametric smoothed dummy variable approach in Section 5.3.

5.1 The Within-Groups Estimator of p(z) and 3 (z)

As an alternative to first-differencing transformation, one can remove the unobserved fixed effects
from model (1.2) by applying the within-groups transformation which yields

T T
Ui = & ngto (zis) + Zfstm;s’y(zis) +ay, t=1,...,n, t=1,...,T, (5.1)

s=1 s=1

6A function h(-) is called p-smooth for some real value p > 0 if it is [p]-times continuously differentiable and
VPR (W) — VPR (W)
than p and VP/h (w) is the [p]th order derivative of h (-).

<M|w-— w'\pi[p] for any w € RT and w’ € RT, where [p] is the largest positive integer less

12



where we denote @ = a; —T ! ZST:1 a;s fora = {y,u},and £ = 1-T~'if s = t and —T~! other-
wise. Following our first-differencing method, we notice that the first-stage estimation of model (5.1)
suffers from a more severe “curse-of-dimensionality” problem than the first-differencing method
when T > 2 as we need to approximate 6 (z;) = ZsT:l ot (zis) and v (z;) = [y (z1), ..., (ziT)']/

. A !/ .

in (5.1) by 6(z) = ZST:1 &5t0 (25) and y(z) = [v(z1)',...,v (21)'] for i such that ||z; — z| = o (1),
where z = [21,...,27]" be an interior point with zs # zy for s # s’. By the conventional nonpara-
metric kernel estimation theory, we expect that the first-stage estimator based on the within-group

transformation satisfies MSE [@(z)] ~ O, (h2 + (nhT)71/2>, where the asymptotic variance is

of order (nhT)_1 because the unknown curves to be estimated are functions of T arguments in
the transformed model (5.1). In fact, as we show in Sun & Malikov (2015), the within-groups
transformation method provides a consistent estimator only if 7' < 3 and T' < 5 when the local
constant and the local linear estimators are respectively applied in the first-stage estimation. Given
finite samples, the less accurate first-stage estimator may reduce the estimation accuracy of the
second-stage estimator. Therefore, this paper focuses on the limit results from the first-differencing
method.”

5.2 Spatial Stationarity

The spatial stationarity of {y;} requires that maxi<j<ni1<i<7|A\j {p(2)Wo}| < 1 almost surely.
Following Kelejian & Prucha (2010), one can normalize the spatial weighting matrix Wy such
that its largest eigenvalue in absolute value is no greater than one, so that the spatial stationarity
condition holds if [p (z)| < 1 for any z € S,. To impose this restriction on the spatial lag parameter
function, we apply Hall & Huang’s (2001) “tilting” procedure. The procedure essentially mutes or
magnifies the impact of any given data point used in the estimation. This allows us to impose the
spatial stationarity condition post-estimation via a quadratic programming technique. The idea is
to slightly reweigh observations used in the estimation so that the spatial stationarity condition is
satisfied in the local neighborhood of z. Since the estimator derived using both linear and quadratic
orthogonality conditions does not have an analytical solution, the “tilting” procedure proposed by
Hall & Huang (2001) does not apply. Here, we therefore limit our attention to a simpler estimator
which makes use of linear moments only and hence is valid when 3 (z2) # 04, and 6 (2) # 04, over
at least one non-empty subset. It is noteworthy however that, when one does incorporate quadratic
conditions during the estimation, the non-singularity condition can be imposed even more easily
via box constraints on p(z) during the numerical optimization.

Specifically, when using only linear moment conditions in (3.13), the second-stage estimator
of p(z) derived in Section 3.1 can be abbreviated as p(z) = Y ", ZtTZQ wit(G, X, z, ho)Yjt, where
wit(G, X, z, hg) is a local weight assigned to Y;; and is the (it)th (column) element in the first row

of IM(2)'Kp, (z)’@(z)@(z)’KhO(z)M(z)} 1I\/JI(Z)/K;LO (2)'Q(2)Q(2)'Kp, (z). We then construct

n T

ﬁ(Z\p) = n(T_ ]')Zzpitwit(G,Xa 2, hO)S;it’ (52)
i=1 t=2

where p = (p12, ..., P17, - - - Pn2, - - - Pn1)’ s the sequence of additional weights such that > | Zthz Dit
= 1. Note that py equals 1/ [n (T — 1)] (i.e., uniform weights) when the restriction is not imposed.

"We refer readers to Sun & Malikov (2015) for the detailed limit results of the within-group estimation method. This
paper is available upon request from the authors.
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If necessary, we can impose the non-singularity condition by selecting weights p that minimize
the following Lo-metric:

D(p) = ([0 (T~ 1)) iurory — p) (10 (T = 1) ey — p)

subject to i;(Tq)p =1 and —1 < p(zi|p) < 1 for any (i,t). Here, D(p) is the sum of squared

deviations of p; from the unrestricted value of [n (T — 1)]71. In our choice of the distance metric,
we follow Du, Parmeter & Racine (2013), which allows p to be both positive and negative.® The
minimization problem is solved via a standard quadratic programming technique. Let p be the
solution to this optimization problem. We then use p(z|p) as the final estimator for p(z). Since
the proofs of consistency and asymptotic normality of the “tilted” estimator are tedious and closely
follow those given in Malikov & Sun (2017), we omit the details here.

5.3 Infeasibility of a Smoothed Dummy Variable Approach

As briefly mentioned earlier, an alternative approach to removing fixed effects from functional-
coefficient models put forward in the literature is a nonparametric generalization of the so-called
“dummy variables” approach by Sun et al. (2009). In the instance of a kernel-based least-squares
estimator, Sun et al.’s (2009) method closely resembles a traditional least-squares dummy vari-
ables (LSDV) estimator of parametric fixed-effects panel data models. While this method can
successfully be applied to functional-coefficient models with fixed effects that suffer from endogene-
ity due to selectivity (see Malikov, Kumbhakar & Sun, 2016), it however cannot be extended to
varying coefficient panel data models subject to the general form of endogeneity stemming from
the simultaneity of regressors. The latter is due to singularity in the first-order condition of the
nonparametric GMM objective function, which we demonstrate below for the case when d, = 0
(i.e., no time-invariant regressors) and for the local constant estimator, without loss of generality.

Approximating our model in (1.2) around z yields
yit ~ iy (2) + g + vt (5.3)
for the (i,t)th observation with |z;; — z| = 0 (1). The corresponding local moment condition is

E [Q'Ky(2) (y — Mry(z) — Dp)] ~ 0g, (5.4)

where M, Q and y stack up m/,, th/, and y;; in the ascending order of index i first then index t,
and a typical element of the diagonal matrix Ky, (2) is k ((zix — 2) /h).

The kernel-weighted nonparametric GMM problem corresponding to the orthogonality condition
in (5.4) is given by

. /
min [QKi(2) (y —Mr(2) - Dp)| QK (2) (y — My(z) — Dp). (5.5)
The core idea of the “dummy variables” approach is to concentrate out the unknown fixed
effects from the objective function. To do so, one needs to substitute the first-order condition
for the optimization problem in (5.5) with respect to p back into the objective function. This
first-order condition with respect to g is

D'K;,(2)QQ'Kp(2) (y — My(z) — D) = 0p, (5.6)

8Hall & Huang (2001) use a power divergence metric which has a rather complex form and is only valid for non-
negative weights.
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which can be manipulated to obtain
fi = [D'Kx(2)QQ'Kx(2)D] " DKy (2)QQ'Ky(2) [y — M~(2)] . (5.7)

However, note that the above first-order condition suffers from singularity. To see this, let
A = Q'K (2)D. Then, D’K;(2)QQ'K), (2) D = A’A. Since A is a d x n matrix, A’A is a square
matrix of dimension n. Given that n > d, we know that the rank of A’A is no greater than d,
rendering matrix D'Ky, (2) QQ'K}, (2) D to be singular. Thus, g cannot be solved for and cannot
be concentrated out of the GMM objective function (5.5). The “dummy variables” approach is
infeasible. The above argument continues to hold if d, > 0.

6 Test for Spatial Endogeneity

Given that our semiparametric spatial autoregressive model (1.2) nests the traditional functional-
coefficient fixed-effects model in (1.1) as a special case, one may wish to formally discriminate
between the two models. In this section, we are interested in testing for relevance of the spatial lag
term in model (1.2), and the proposed is, essentially, a test for spatial endogeneity. Specifically, we
consider the following null and alternative hypotheses:

Hy:Pr{p(z) =0} =1 vs. H;:Pr{p(z) =0} <L

That is, under Hyp, our model (1.2) becomes model (1.1). Our proposed test statistic is based on
a weighted squared distance between B, (z) and B (z), which are the second-stage local-constant
estimators of 3 (z) under the null and alternative hypotheses, respectively. Since the estimation
of 0 (z) involves a three-step procedure, for the sake of simplicity and feasibility, we propose to
construct our test statistic only from the estimators for 8 (z) under both hypotheses.

/
We start by defining X; = [X]{’l,...,)(]{m for j = 1,2, where X1; = [x2,...,%x;r] and

~

~ ~ ~ —~ 7!

XQ’Z‘ = Zg;éz wij [ng, “e ,ij]/, and Eho (Z) = Kho (Z)IQQ/K}LO (Z), Where Q = [ /2, ey Q/T] With
~ —~ -1 —~

Qt = [qlt, c. ,qnt]/. Next, we define M2 (Z) = In(Tfl) — XQ [XQIE}LO(Z)XQ} XQIE}LO(Z) and
Sh, (2) = My (2)' Bp, ()M (2), where we can show that Sy, (2) = Ma (2) B, (2) = By (2)My (2).

Then, the local constant estimator of 3(z) for model (3.8) under H; is calculated as 3; (z) =
[Xl’ShO(z)Xl]_l X1'Sp, (2)AYT, which is based on the local linear orthogonal moment condition
only and is used to simply the formula of our test statistic. Given the above, we construct our test
statistic as follows:

T, = /ﬁg@—m@ﬁpﬁmwaf@m@—@@ﬂw

_ / A5~ 0By (2)] 81, (27 0483, (2) 25T — 08, (2)] a2

= [ 29"~ 2By ()] B (IMa () KM (2) B () AT~ 4By ()] d 2 0,

where the typical element of Ay — &) Eo (z) is given by

A?ﬁt - X;tBO (2) = Ayit — g;(91 (#it) + m;,tq’AYl(Zi,t—l) - Xét:éo (2)

= Gt +p(2it) sz’jyjt + x4 [,3 (2it) — By (Z)} +Auy, i=1,....n, t=2,...,T,
J#1

Eit (2)
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with €; = g/ [9 (zit) — 01 (zit)} —mi,; ; [Y(zig-1) = ¥1(zi-1)], and 61 (-) and 7,(-) are estimators
calculated under Hj.

Under Hy, we have &;; (2) = Auy +0p (1), whereas, under Hy, € (2) = Auy +p(2it) Z#i WijYjt
+x, [B (zit) — By (z)} +o0, (1). Hence, intuitively, we expect T, to go explosive at a faster speed
under H; than under Hy.

We next describe how to calculate ,BO (z) under Hy. Since, when p(z) = 0, (3.3) becomes
Ay ~ g0 (z) + &'z}, (z) + Auit, we consider the following kernel-weighted least-squares objective
function:

in [Ay — M) K1) [y ~ MOu(a)], (6.1
oz
where M = [M,...,M}]"is an [n (T — 1)] x (2d; + d,) data matrix with M; = [M;2, ..., M;r]’

and M, = [g;,ﬁlmgt}/, xyy = diag {xi,x;¢—1}, and O¢(z) = [90 (z),Bo(z) / is of dimension
(2dy, + dg). The solution to (6.1) yields ©(z) = [M’Kﬁ(z)M]_l M'K; (z) Ay, which is the first-
stage estimator of ®(z). The second-stage estimator Eo (z) is obtained from A@;rt ~ X}, B(zi) + Augy
via local constant estimator, where A/y\jt = Ayy — gggo (zit) + X;,t_1ao(2i,t—1)- Similar to the
proof provided in Section 3, we can show that, under some regularity conditions, BO (2) —B(2) =
0y (8 + (nho) '"?).

To simplify the test statistic, we replace &; (z) with &; = Afy\;rt — xgt,éo (zit), where Afy\;rt =
Ay — gggl (zit) +x;7t_1 Bl (zit—1) is calculated under the alternative hypothesis, and replace ého (2)

with Kp,(2) since ého (z) essentially serves as a local weight. In addition, since My (2) X gives
the estimated “residuals” from regressing X7 on Xy and because X} is a strictly exogenous variable
by Assumption 1, it is reasonable to replace My (z) X} with X;. This replacement significantly
simplifies our proof under Hy. Then, removing the center i = j terms in 7,, we obtain our modified
test statistic, i.e.,

1 < -
T, = T ZZE’/K (2) XX ;K (2) dz &), (6.2)
i=1 j#i
where &; = [Ei2,...,5)
Applying simple algebra, we obtain

%ho (ZiQ, ZjQ) Xg2Xj2 e Eho (ZZ'Q, ZjT) X;ZX]'T
kho (ZiT> ng) X;Tng ... kho (ZiT> ZjT) X;TXjT

where kp, (2it,2js) = hg ' [ kit (2) kjs (2)dz = [k ((2i — 2js) /ho +w) dw effectively selects (i,t)
and (7, s) such that |z;; — 2;s| = op (1). Therefore, without the loss of essence, we propose our final

test statistic:
~ 1 SPN
Tn = nThOZZEiAUEj, (64)

where A;; equals (6.3) with Eng (2its zjs) replaced with kp, (2it, 2js) = k ((2it — 2js) /ho)-

Let h and h be the bandwidths for the first-stage estimation and Eo and hg be the the bandwidths
for the second-stage estimation under Hy and Hy, respectively. To obtain consistent test statistic,
we need the following restrictions on these bandwidths.
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Assumption 11 (i) Asn — oo, h, h, hg and hg all converge to zero; (i) nh?/Inn — oo, nhy —
00, h/ho — 0; (iii) nh*/ho — 0, Vho/h% — 0; (iv) nv/hohy — 0, V/ho/ho — 0, \/nho/hoh® — 0,
Vnhoh2/h = 0, \/ho/ho/h — 0; (v) nhy — oo.

Assumption 11(i) is a regularity condition. Assumption 11(ii) ensures that the second-stage

estimator of B(z) has an asymptotic bias term of order O, <E(Q)> and an asymptotic variance

term of order O, ((nﬁo)_l) under Hp. Assumption 11(iii) removes the asymptotic impact of

the first-stage estimator (calculated under the alternative hypothesis) on the test statistic under
both hypotheses. Assumption 11(iv) makes asymptotically negligible the impact of the second-
stage estimator (calculated under the null hypothesis) on the test statistic under Hp, while our test
statistic explodes under Assumption 11(v). The following theorem gives the limit result for the
proposed test statistic fn

Theorem 4 Under Assumptions 1-8 and 11, we have under Hy that

T =nvhoTn /50 5 N(0,1),

where 63 = (n2h0)71 Yoy Z%(&Améﬁ is a consistent estimator of

T
08 = 20{‘;112,0 (k) tz; Zogs—t\gl cis B [u (z25) vec (ngxés) f (225)] >0,

w(z) = E[x), @ x4 |z1e = 2], cts = 4 fort = s and 1 otherwise. Under Hy, Pr[J, > Cy,] — 1 as
n — 0o, where Cy, is some non-stochastic sequence such that Cy, = o (n\/ho).

Theorem 4 states that the test statistic J,, = n\/%fn /0o provides a consistent test for testing
Hy against H;. It is a one-sided test since, as we show in the Appendix, both fn and 88 converge
to positive constants under H;. If J, is greater than the critical value from the standard normal
distribution, we reject the null hypothesis at the corresponding significance level. If we set h ~ n™",
ho ~n~¢, h~n~T and %0 ~n % and a = 1/5, Assumption 11 implies the following: o < 7 < 1/2,
2/3<a<land (1—a/2)/4<r<ald

Note that the test loses its power if B, (z) converges to 3, (z) in probability under the alternative
hypothesis and the elements of the spatial weighting matrix are at most of order O( (n\/%)_l/ 2 )

The estimator Eo (z) is also consistent under the alternative hypothesis if the spatial lag term
becomes less endogenous as the sample size increases.

7 Monte Carlo Simulations
In this section, we evaluate the finite-sample performance of our proposed estimators and the test

statistic via Monte Carlo simulations. Section 7.1 reports the results for our proposed estimators,
whereas the performance of our proposed test statistic is reported in Section 7.2.

7.1 Estimators

We study the finite sample performance of our proposed estimators in a small set of Monte Carlo
experiments. Specifically, we consider the following data generating process with one time-invariant
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Table 1. Simulation Results for the Estimator Using Linear and Quadratic Moments

Working T=2 T=3
Independence | n =98 n=147 n=196 | n=98 n=147 n =196
Estimated MAE
p(it)
1st Stage 0.4988 0.4661 0.4372 | 0.4227 0.3958 0.3638
2nd Stage Yes 0.2971 0.2597 0.2259 | 0.2147 0.1833 0.1583
2nd Stage No 0.2474 0.2127 0.1835
B(zit)
1st Stage 0.2582 0.2230 0.2005 | 0.1935 0.1685 0.1514
2nd Stage Yes 0.1560 0.1251 0.1114 | 0.1056 0.0874 0.0758
2nd Stage No 0.1475 0.1295 0.1218
9(2’215)
3rd Stage Yes 0.2115 0.1605 0.1363 | 0.1326 0.1031 0.0887
3rd Stage No 0.1461 0.1094 0.0998
Estimated RMSE

p(zit)
1st Stage 0.5973 0.5644 0.5351 | 0.5197 0.4904 0.4553
2nd Stage Yes 0.3743 0.3284 0.2879 | 0.2728 0.2352 0.2059
2nd Stage No 0.3194 0.2775 0.2418
B(zit)
1st Stage 0.3477 0.2964 0.2645 | 0.2548 0.2192 0.1968
2nd Stage Yes 0.2103 0.1695 0.1527 | 0.1425 0.1200 0.1054
2nd Stage No 0.2052 0.1804 0.1693
Q(Zzt)
3rd Stage Yes 0.2336 0.1773 0.1503 | 0.1465 0.1141 0.0976
3rd Stage No 0.1608 0.1216 0.1094

regressor (i.e., dg = 1):

Yit = p(Zit) Zwijyjt + gzﬂ(zit) + l‘itﬁ(zit) + i tuyg, t=1,...,n, t=1,...,T. (7.1)
J#i

As in Lee (2007) and Liu, Lee & Bollinger (2010), rather than generating {w;;}, we instead use
the spatial weighting matrix from the crime study for 49 districts in Columbus, OH from Anselin
(1988). The spatial weighting matrix is contiguity-based and uses the (first-order) queen definition
for Columbus and corresponds to a sample of n = 49. To increase the sample size, we generate a
block-diagonal spatial matrix with the original 49 x 49 Columbus matrix used as a diagonal block.

The data are generated as follows: zj ~ i.i.d. U(0,7/2), g; ~ i.i.d. N(0,1), ujs ~ i.i.d. N(0,0.5),
and i = 0.5x;:1 + G with (¢ ~ ¢.i.d. N(0,1). The fixed effects are constructed as p; =
(Zi + @i + 9i)/3 + wi, where w; ~ i.i.d. N(0,0.5). The coefficient functions are specified as follows:
p(zit) = 0.5 exp(—2zi), 0(2i) = 0.5sin(mz;/3), and B(zi) = (2 — 0.75)% — 1.9

We fix the length of panel at T' = 2,3 for each of which we let the sample size grow with the
number of cross-sections n = 98,147, 196. In the second-stage estimation, we use the rule-of-thumb
bandwidth for the smoothing variable z, i.e., hg = 1.065,(n(T — 1))~'/%, where &, is the (pooled)
sample standard deviation of z;;. We need to undersmooth in the first stage and, by Assumption
7, the first-stage bandwidth h oc n=® with a € (1/5,1/4) given our choice of the second-stage
bandwidth hg o« n=Y%. We set h = n= /2 hg o« n=26/195 implying that o ~ 0.248. Further, we
use the following feasible instruments for 3, wi;y;¢ in the first stage: qie = D, wij[2, 25, 93]

?Note that our choice of the 6(z;;) functional coefficient is such that the #(0) = 0 normalization is satisfied.
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Table 2. Simulation Results for the Estimator Using Linear Moments Only

Working T=2 T=3
Independence | n =98 n=147 n=196 | n=98 n=147 n =196
Estimated MAE

p(zit)

1st Stage 0.7196 0.6172 0.5555 | 0.5205 0.4662 0.4132
2nd Stage Yes 0.5572 0.4498 0.3606 | 0.3302 0.2702 0.2217
2nd Stage No 0.3883 0.3190 0.2592
B(zit)

1st Stage 0.2880 0.2408 0.2135 | 0.2043 0.1750 0.1554
2nd Stage Yes 0.2069 0.1569 0.1350 | 0.1254 0.2217 0.0819
2nd Stage No 0.1676 0.1392 0.1272
9(2’215)

3rd Stage Yes 0.2910 0.2157 0.1746 | 0.1612 0.1251 0.1012
3rd Stage No 0.1873 0.1402 0.1157

Estimated RMSE
p(zit)

1st Stage 1.0649 0.8753 0.7985 | 0.7288 0.6418 0.5677
2nd Stage Yes 0.8416 0.6699 0.5494 | 0.4871 0.4103 0.3380
2nd Stage No 0.6068 0.5125 0.4114
B(zit)

1st Stage 0.4157 0.3320 0.2930 | 0.2779 0.2330 0.2053
2nd Stage Yes 0.3107 0.2304 0.2020 | 0.1811 0.1410 0.1201
2nd Stage No 0.2453 0.2009 0.1817
Q(Zzt)

3rd Stage Yes 0.3214 0.2370 0.1913 | 0.1778 0.1381 0.1113
3rd Stage No 0.2063 0.1544 0.1269

when constructing the matrix of linear instruments Q, and P, ; = Ir_; ® [Wé —n~Mr {Wé} In]

for [ = 1,2 for quadratic moments. For the second-stage estimation, @(z) and 13n are constructed
using first-stage estimates of p(z;1) and ((z;) as described in Section 3.1.

For each sample size, we simulate the model 500 times. For each simulation, we compute the
mean absolute error (MAE) and the root mean squared error (RMSE) for each functional coefficient.
Reported are their averages computed over 500 simulations. We report the results for both the first-
and second-stage nonparametric GMM estimators fitted using two sets of orthogonality conditions:
(i) linear and quadratic moments (Table 1) and (i) linear moments only (Table 2). Also, for
T = 3, we estimate the second-stage model twice: (i) accounting for “random effects” in Aw;
induced by first-differencing as outlined in Section 3.1 and (7i) ignoring them by applying the local
Taylor approximation directly to (3.8) [as opposed to (3.11)]. In the second columns in both tables,
“Yes” corresponds to case (i) with the “working independence” assumption imposed, while “No”
corresponds to case (i).

The two tables indicate that estimation of both p(-) and S(-) functional coefficients become
more stable as the number of cross-sections increases. Both the MAE and RMSE decline signif-
icantly as n increases. Regardless of the instrument set, as expected, the second-stage estimator
delivers a sizable improvement over its first-stage counterpart. This improvement is however far
more significant when pooling the data by ignoring random effects in the second-stage estimation.
We also observe that adding quadratic orthogonality conditions leads to a sizable increase in the
estimation accuracy. In addition, our results indicate that the performance of our estimator im-
proves significantly when working with longer panels. Comparing our second-stage estimator which
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Table 3. Simulations Results for the Spatial Endogeneity Test

Signif. Level n =100 n =400 n =600 nzl,OOO‘nzl,OO n=400 n =600 mn=1,000

Estimated Size | Estimated Power
a=0.70; r =0.168
1% 0.020 0.020 0.043 0.040 0.247 0.304 0.352 0.358
5% 0.071 0.070 0.089 0.084 0.378 0.408 0.482 0.532
10% 0.105 0.114 0.128 0.123 0.442 0.498 0.576 0.626
20% 0.181 0.213 0.213 0.211 0.542 0.601 0.666 0.704
a=0.80; r=0.175
1% 0.032 0.040 0.035 0.035 0.196 0.202 0.254 0.256
5% 0.080 0.098 0.107 0.087 0.322 0.343 0.402 0.400
10% 0.121 0.155 0.158 0.141 0.384 0.438 0.478 0.502
20% 0.207 0.247 0.234 0.226 0.504 0.524 0.574 0.604
a=0.90; r=0.181
1% 0.034 0.051 0.043 0.034 0.147 0.152 0.160 0.166
5% 0.098 0.117 0.107 0.096 0.274 0.272 0.282 0.294
10% 0.143 0.181 0.138 0.158 0.347 0.348 0.396 0.398
20% 0.213 0.258 0.235 0.258 0.479 0.470 0.502 0.506

accounts for random effects with its pooled local linear alternative, we observe that the estimation
of B(-) benefits significantly from the “working independence” assumption, at least in our current
data generating design.

Tables 1 and 2 also report the results for the third-stage sieve estimator of #(-). We use cubic
B-splines to approximate the unknown functional coefficient. For simplicity, we set L, = 3 in our
experiments for all three different n’s since the range of the sample size is not that large. Consistent
with our theory, the sieve estimator of 6(-) becomes more stable as the sample size grows.

Overall, simulation experiments lend support to asymptotic results for our proposed estimators.

7.2 Spatial Endogeneity Test

We next examine the small sample performance of our proposed residual-based test statistic for
spatial endogeneity. To assess the size and power of our test statistic J,, we consider the following
two experimental designs for the data-generating process given in (7.1), where z;;, i, gi, Ui, ;i and
the functional coefficients 0(-) and [3(-) are generated exactly as in Section 7.1. Following Kelejian
& Prucha (1999) and Jin & Lee (2015), we choose a circular “1 ahead and 1 behind” structure
of Wy = {wij}ijlv where a given spatial unit is related to one neighbor immediately ahead and
one neighbor immediately behind it in a row. Each of these two neighbors are assigned an equal
non-zero weight of 0.5. We then specify the spatial lag functional parameter p(-) as follows:

(i) No spatial dependence: p(zi:) = 0 for all z;;

(ii) Spatial autoregression: p(z;) = 0.5 + 0.4 exp(—2z;).

We consider samples with n = {100, 400, 600, 1,000} and T' = 3. For each n, we simulate the
model 500 times. We set hg = 1.065, (n(T —1))7°20 h = 1.065, (n(T — 1)) 945, hy = 1.065, (n(T —
1)) and h = 1.060,(n(T — 1))™" with 2/3 < @ < 1 and (1 —«/2)/4 < r < a/4. To assess
the sensitive of the results to the choice of bandwidths, we try different combinations of h and hyg.
Specifically, in line with our assumptions, we set (a, ) = {(0.70,0.168), (0.80,0.175), (0.90,0.181)}.
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Table 3 reports the estimated size under design (i) and power under design (ii) of our test statistic
which are computed as rejection frequencies out of 500 simulations. Here, we use (asymptotic)
standard normal critical values. We find that out test statistic J, exhibits good power which
increases with the sample size as anticipated, regardless of the choice of bandwidths. Also, the
power is significantly better when we under-smooth in both stages under Hi. The size of the test
also seems to be sensitive to the degree of smoothing under the alternative with the better results
reported for the case when a = 0.70 and r = 0.168, which imply stronger under-smoothing under
Hy. Overall, the estimated size tends to be greater than the nominal level, which is quite expected
given that we use asymptotic critical values and kernel-based nonparametric tests are known to
be prone to finite-sample size distortions. In empirical applications, we certainly recommend using
the bootstrap method.

8 Conclusion

This paper proposes an innovative way of estimating a functional-coefficient spatial autoregressive
panel data model with unobserved individual fixed effects which can accommodate (multiple) time-
invariant regressors in the model. The methodology we propose removes unobserved fixed effects
from the model via the first-difference transformation. The estimation of the transformed non-
parametric additive model however does not require the use of backfitting or marginal integration
techniques. We derive the consistency and asymptotic normality results for the proposed kernel
and sieve estimators. We also construct a consistent nonparametric test statistic to test for spatial
endogeneity in the data. A small Monte Carlo study shows that both our proposed estimators and
the test statistic exhibit good finite-sample performance.

Appendix. Brief Mathematical Proofs

~ / .
Proof of Theorem 1. Denote ¥, = (,, [ 0 (z) — 0 (z) F(z) —~(2) |, Ly = Ayi—gl0 (z)—
&'mly (z) and e (9) = Ay}, — ¢, ' [g], €'ml,] 9, where {(,} is a sequence of positive constants
such that 0 < C < [|9,]| < Ca < oo for all n and T. We then rewrite (3.6) as

e (9) K (2)Pp1 K (2)e (9)

9) = : , A
9n (9) & (9) Kn(2)Pn . Kn(2)e (9) (A1)

Q'K (z)e (9)

where € () is an [n (T — 1)] x 1 vector stacking up {e; ()} in the ascending order of index ¢ first
then index 4, and obtain the following;:

e (9) Kn(2)P;, 1K (2)M
9g,, (V) — ¢! :
o' " e () Ki(2)P:  Ku(z)M
Q'K (z)M

Minimizing the objective function in (3.7) is equivalent to minimizing A, (9) = g,, (9)'g,, (9)
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in 9 € S, a compact subset of R2(4=+1+ds Since 19,, minimizes A, (9) = g,, (9)' g,, (), we have

9g,, (0)’ g, (V) 0g,, (On
02(d,+1)+dy = 8(19) n(On) = 8(19) g, (0) + 81(9’)19” )

where 571 lies between ¥, and 0y(g, 11)14,, and hence:

9 — {3971 (8,) 99n (5”>]

1
0g, (9,.)

oY oy’

Specifically, denoting Ej(z) = K (z2)QQ'K(z), we have

A = 2y o)
= 2; ZZ[;M/KNZ)PZJKh(Z)e (9n) Ay K (2)P;, K (2)Ay™ + ClnM’Eh(z)Ay*
and
By(s) = 290(0n) %9n <’/§”>
8;9 o
= g12 lzl {e (92) Kn(2)P}, Ky (2)M} € (9,) Kn(2) P, K (2)M + émfah@)m.

For each (i,t), we have Ay}, = Augy+cir (z), where ¢t (z) = g} [0 (zit) — 0 (21)]—&. [0 (zit—1) — 0 (22)]
+m, [y (zit) — v (21)]—mj, [y (2i4-1) — v (22)]. Stacking up {c; ()} in the ascending order of in-
dex ¢ first then index i gives an [n (T — 1)]x1 vector C (z). We also denote I'1; = Au'Ky,(2)P;, K (2)C(2),
FQ,I = C (Z)/Kh(Z)PfLJKh(Z)C(Z), Fg}l = Au’Kh(z)Pflleh(z)Au, lI’l,l = Au/Kh(Z)PZJKh(Z)M,
Uy, = C(2) Ku(2)P? Kpi(z)M and ¥3; = M'Ky(2)P? K (z)M for [ = 1,..., L. Then, we have
A (2) = A1 (2) + Apg (2) — Aps (2) with ’

L
1 1
Au(2) = 5= D (2T + Ty +Tay) (g, + W) + C—M’Ehcz)C(z),
=1 "
1
Ao (z) = ?M'Eh(Z)Am
| L
Anz (z) = 22 Z (211, + Loy + Tzy) 3,99,
=1

and

L /

1 1 1 ~ 1

B (z) = o ) (‘I’l,l + o — Cﬁ%‘l’s,l> (‘I’u + Way — Cen‘lf?,,z) + PM'Eh(Z)M-
n— n n 2

By Lemmas 1-3 below, we have

(nh?) "% (oA (2) = 4 (h,2) + 0 (h?) (A.2)
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1=

(nh2) ™ Gy Ans (2)
(nh?) - 2 A3 (2)
(nh?) "> (2B, (2)

N (02(dz+1)+d9a UZUZO (k) ©2 (Z)) )
O, (h2 + n*1/2) ,

xp (h,2) +0p (G +¢%) +op (1),

where the last equation holds uniformly over all 8,, € S and 34 (h,z) = Op (h?) and »p (h,z) =
O (1). In addition, we have

Gn { [0 —0(2) F(2) —~(2) }/ [ 2By (2)] (0 G <z>}

G [CBa(2)] " GAw(2) | [(Ba(2)] " (G Aus (2)
nh? [ (nh2)? ] (nh2§3/2 " [ (nh2)? ] (nhz)Q : (A.3)

Combining (A.2)-(A.3) with the fact that 0 < Cy < ||9,|| < C2 < oo for all n, we can deduce
that ¢, must be of order vVnh2. The logic is explained below.

o~ /
(i) If ¢,/Vnh? — oo, it implies that vVnh? [ 0(z) —0(z) F(z) —~() } — 0 as n — oo.
By (A.2)-(A.3) and Assumption 4, we obtain

W{ [ g(z)/ —0(z) () —~(2) }/ — g (h,z) 'y (h,z)}
<N (02(dm+1)+d9a03U2,0 (k) 5 (h,z) ' Q(2) %5 (h,z)_1> +0, (hg n n_1/2) ‘

Since the first term is of order O, (1), a contradiction occurs.

(ii) Now, suppose that (,/vnh? — 0 holds true. By (A.2)—(A.3) and Assumption 4, we have
¥y, = o0, (1) which contradicts the fact that ||, is uniformly bounded and positive.

Therefore, applying the exclusion method, we have shown that ¢, must be of order vnh? exactly,
which gives

W{[ 0(2) —0(z) 5(2) —~(2) ]’ — g (h,2)"" 24 (h,z)}
£N (02(dz+1)+d97 o2va0 (k) %p (h,2) "' Q(2) %5 (h,z)_1> _

This completes the proof of this theorem. m

In the following three lemmas, we define s (h,z) = ;g (2) + »;p (h,2z) for j = A, B, where
subscripts @ and P mean that the variable results from the use of Q and {P,,;Au} as the instru-
ment, respectively.

Lemma 1 Under Assumptions 1—4, we obtain (nhQ)_2 CnAni (z) =34 (h,z) + 0, (h?), where

xaq(2z) = h2U172 (k)E; (z) Eg (2),
L

sap(hz) = 3 [Fu (h,7) + 5 Fo1 (h2) | B[ (h,2)] = Oy (W2 +n'72)
=1

and Eq (z), Ea (z), ¥y (h,2z) and Fj; (7 =1,2,3) are defined in the proof below.
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Proof. Under Assumptions 1-4 and denoting E [-|z] = E [-|2; = 21, 2i+—1 = 22|, we obtain

1 o £ _
(A.4)
and
n T
(A.5)
where

_ Elgigilz]  E[gi&'milz|
Ei(z) = Zf” 1 { E[m;&g;|z] E[mitﬁflﬁfb;tﬂ] }7

T 2 O(E[gig}|z] fi,t-1(2)) O(E[gim] ., ,|z]fri-1(2)) 0 (=)
_ 0zs 0zs s
E;(z) = ;2& O(E[mtgllz]fri-1(2)) O(E[ mhubml, | |2|fii1(2)) [V‘Y(Zs)] +
=2 5= 0zs 0zs
firo1(z) | Elgigilz] E [gim/i,t+1—s|z} [ 720 (25) }
2 E [thig)|2] E[r‘hitm;’tﬂﬂh} V2 (2s)

This gives 4. (z) = h*v1 2 (k) E1 (z) E2 (2).

Next, let a;j (z¢) be the (i,7)th element of the n x n matrix WS, (z¢) and, by (2.2), we have
Wy = y:+1;, where the typical element of ¥, and @, are gj; = E?:l a;j (z¢) [g}H (zj¢) + X;-t,@(th) + u]}
and U = 2?21 a;j (2¢) uje, respectively. Correspondingly, we also denote m;; = mg + m; with
m; — [gjit,x;t]' and m;; = [ﬂit,%z]/> cit (z) = Gt (z) + ¢t (z) with ¢ (z) = g [0 (zit) — 0 (21)] —

8; 10 (zi—1) — 0 (22)]+m, [y (2it) — v (21)] =, [v (2i—1) — v (22)] and Gt (2) = Uit [p (2it) — p (21)]
—U; 1 [p (zit—1) — p(22)], and M = M, +M;; with M, = g}, & mzt] and M;; = [0:1 &'m, }/ =

!/
[021 ,m,, ﬁli,t_l] . Under Assumption 1(iii), we have ||[W;S, (Zt)”j < (C < oo for j =1, oo.
Applying straightforward calculations gives

1
nflﬂl - h2 ZZZm iikit ( )Auth

le1t2

- h2 Z ZP[ ik ( AuZtht + Op (h2 + \/»h)

i=1 t=2

= gy (h2)+0, (h2 + (\/ﬁh)*l) —E[t1 (h,2)] + 0, (1), (A.6)

where pizj - pl,ij+pl,jiv Tﬂl (ha Z) = |:02lg7¢0,l (ha Z) 70/d1,7 _wl,l (hv Z) 70,dx:| with ¢s,l (hv Z) =2 (nh2)_1 Z?:l ZtTZQ D,

for s =0,1. As
2
-1 Zpl 11 Qg Zt s zt( )Auztult s

supE | h < C < o,
i

applying the Chebyshev inequality we can show that 15 (h,z) = E [tbs; (h, z)]+0, (1) = 202020 (k) n ™1 S0 pris
X Yy (=1)* Blaii (z:—5) 2] frr—1 (2) + 0p (1) = Oy (1),
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Similarly, we obtain

n n T
Wy 1 . )
= o D) > Pl (2) ki (2) i (2) M, = Oy <h2+n 1/2), (A7)
i=1 j=1 t=2
ISV A
nh? nh2 ZZZPHJ it ( (z) Aujicjs (z)
i=1 j=1 t=2
92 n T )
2 = 4
= 5> > ki (2) Auitis (2) + Oy <h +>
L Vn
b ﬁ ﬁ
DY
nh2 - nh2 Zzzplz] zt )Cit(z)cjt(z)
1= lj 1 t=2
= nhQZme 2 (2) & (z) + O, ()
i=1 t=2
o -a ) .
and
Is;
nh?2 nh2 ZZZPHJ it ( (z) AugAujy
i= 1] 1 t=2
- 33 () (B + 0, () =0, (hz+1>
i=1 =2 Vn

since tr {P,,;} = 0 for all [. It then follows that

D3 Way 2 1 2 —1/2 4 h? 1
’ EAR— h - h — h —_— — .
nh? nh? Op( +\/ﬁ>0p< o ) O +\/ﬁ+n

Also, we have

T T
P3l 4 n n

nh2 d}sl ( ) ~ n2hA Z Zpl,iik?t (Z) (Auit)Q Z Zpl 11 Qg Zt s 2 (Z) Auitui,tfs

i=1 t=2 =1 t=2

1 1 1
= 0 +n) = ()

Is; Wy, 1 1
=0, | —+—=].
nh2 nh? P\ oz * vn
Combining all the above results gives

(nh?) ™" cn o (2)

1 ) )
T 2(mk2)? Z 20+ Ta) ¥, + (nh2)? ——M'E,(2)C(z) + O, (h4 + (nn?)~ +n*1/2)

so that we obtain
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L
= > [FU (h,z) + %Fll (h,z)| 91 (h,2) + h*vis (k) E1 (2) B2 (2) + O, <h4 + (nh?) " 4 n_l/z) ,
=1

which completes the proof of this lemma. m

Remark 1 If 6 (z) and = (z) are both constant, we have I'j; = I'y; = 0 and ¥q; = 0’2(d$+1)+dg,

from which it follows that (nh2)72 CnAn (z2) = (2nh2)72 Zlel F37l\Il’Ll =0, (n_1/2) under As-
sumption 4.

Lemma 2 Under Assumptions 1—4, we obtain
(nh?) "2 2B, (2) = 35 (h,2) + Op (Gu ™' + G 2) + 0, (1), (A.10)
where xp g (z) = Eq (z) Eq (z)/ and »xp p (h,z) = Zle E [y (h, z)]/E [ (h,Z)].

Proof. By (A.4), we obtain sp g (z) = E1 (z) E1 (2). In addition, we have

n n T
LEY 1 s
E = DD D Plaghin (2) Ky (2) MMy,
=1 j=1 t=2
2 n T
= 3 Z Zpl,iik'it (z) MM}, + O, (h*) = 0, (1). (A.11)
=1 t=2

Combining this result with (A.6) and (A.7) yields
(nh?)" (B (2)
L
= Y Wt S MEM 0, (G G R )
(nh?)* 7 (nh?)

_ _ —-1/2
= spp(ha) + xp0 (2) + 0y (G +G2) + 0, (B2 + (n0?) 7)),
which completes the proof of this lemma. =

Remark 2 When model (1.2) becomes a pure spatial autoregressive panel data model with random
effects, we have

0%, +a U 0
q T q T g
o E [x;m, |z —E [x;m,_ |z E[x;gilz
E [mitﬁé'métIZ] _ [Olzt i412] [Oz/t it 1 } and ]E[mithQIZ] _ [67/5gz| ]
dg+de dg+ds dg
—E [x;; 1m0, |z]  E[x;; 110, 2] —E[x;-187|7]

for all ¢, which implies that »p ¢ (z) = E; (z) E1 (2)" becomes a singular matrix. Consequently,
applying only the linear moments, (3.4), will not give a consistent estimator due to the singularity
of #p g (z). However, »p (h,z) still can be a non-singular matrix if ¢; (h,2z) = O, (1) hold for
some [. Therefore, the nonparametric GMM estimator using both linear and quadratic moments is
recommended.

Lemma 3 Under Assumptions 1—4, we obtain

(nh) ™" G A (2) 5 N(On(a 1), 2020 (K) R(2) ), (A.12)
where Q (2) = E1 (z)E3 (z)Eq (z) and E3 (z) = lim,, oo n ™! Yo Zthl fri1 (z) E[Qu Q2]
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—-1/2

Proof. By definition, (nh2)73/2 CnAn2(z) = [(nh2)71 M’Kh(z)Q} (nh?) Q'K (z)Au, where

(nhz)f1 M'K;,(z2)Q =E, (z) + O, (h2 + (nhQ)fl/Q) by Lemma 1. Below, we show that

Ay,

Q'Kj(z)Au =

ZQK ) Au;

o F

converges to a normal distribution, where Q; = [Qso,..., Qir|, Au; = [Aus, ..., Au;r] and
Kz’ (Z) = diag {]{7@2 (Z) go ey kiT (Z)}

Let o # 0 be a [2 (dg + dy) + dg] x 1 vector and we also denote x;,; = (nh?) o' QK; (2) Au,.
Next we construct a scalar A, o, = &’A, =&’ 1 xni. Let F i =0 (Au],x]/, zjy, 85,1 < j <,

=1,...,n) be the smallest sigma field containing all the information on Au;j for 1 < j <iand
(xj/,zj/,gj/) for j* = 1,...,n. Under Assumption 1, {(Xn,i,Fn:)} forms a martingale difference
sequence. In order to apply Hall & Heyde’s (1980, Corollary 3.1) martingale difference central limit
theorem, we need to verify that, for any small € > 0:

—-1/2

ZE [Xi,z'ﬂ( ) ‘Fn,i—l} 50 (A.13)
i=1
and .
> B Fnia] & onvao (k) o'Es(2) o >0, (A.14)

=1

where (A.14) holds true because > ;" | E [X,Qw‘}"n,i_l] = (nh2)_1 025" d'QK;(2)2K;(2)Qicx
with ¥ = 2171 — J7_1 (0) — J7_1 (0)" and

n n T
=1 i=1 t=1
V20 (k)zn:ZT:f 1 Q Q |Z] -|-O ( 2+ (\/ﬁh)_l/2>
nh? i=1 t=1 o e '

Next, we verify (A.13). Under Assumptions 1-6, we have

n
> E [E (il > €)
=1

Jrn,i—l]

n n T 4
< e E X1 Fni] = Z]E (Z z) Augad! ta) Fi-1
i=1 i=1 t=
< nh2 Z; tz;E |:k;lt Auzt) [a ta] Fn Ji— 1]
n T
= nh2 ; ; ki (2) Q4 Qu]” (/)"

1
= 0, <nh2<€2> =0, (1) as nh? — oo when n — oo for any small € > 0,
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4
since (thzz at) <133 L, a}, where E[Q},Qu]? is uniformly bounded over (i,t) under Assump-
tion 1 and E (HXitH4>a E <”ng4) and E <\zit|4> are all uniformly bounded over (i,t).

Therefore, applying Corollary 3.1 of Hall & Heyde (1980) and the Cramér’s Wold device com-
pletes the proof of this lemma. m

Proof of Theorem 2. Definea (d, + 1)x2matrix ¥, = ¢, [ ¥ (2) = (2) ho [V (2) — v (2)] ]
as well as Vi = Viy — puml,y (2) — pum}, Vv (2) (zir — 2) and e (9) = Y} ¢, Louml,9Z24(2),
where {(,,} is a sequence of positive constants such that 0 < C; < ||9¥,| < C2 < oo for all n. Then,
we can rewrite (3.16) as

& (9)' Ky (2)PrKpo (2)e (9)

Q(2) Kpy (2)e (9) ’ (A.15)

g, (V) =

where € () is an [n (T — 1)] x 1 vector stacking up {e; ()} in the ascending order of index ¢ first
then index ¢. In addition, we have

9g,, (9)

_ 1
dvec (9) n

& (9)' Ky (2)P5 Ky (2)M (2)
Q=) Ky ()M ()

Minimizing the objective function in (3.15) is equivalent to minimizing A, (9) = gn (9) g, (9)
in 9 € S, a compact subset of R(%*1) x R2. Since ¥9,, minimizes A, (9) = g,, (9)'g,, (¥), we have

09, (9n)

dvec (9) ¢ )|

. )g i )gn(0)+

where 1~9n lies between ¥, and 054, 1), so that we have

09, (9,99 ()]0, 0.
dvec (9) Ovec (9) dvec (9) In \5)-

vec (¥),) = —

Specifically, denoting Zp, (z) = Kp, (z)@(z)@(z)’Kho(z), we have

A,(z) = 892(5?”;9 )
_ EM(z)/KhO(Z)f’fLKhO(z)e(z‘}n)?*/KhO(z)f);Kho( e ch( DB ()T
and
CNEp ALY
= 3 [0 Ko IPIK (M) @ () K (IPEK (M) + M) Sy (M),
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For each (i,t), we define a (d, +1) x 1 vector II(z},), whose Ith element equals II;(z};,) =
V225 (zie — 2)?, and 27, lies between 2 and 2 for [ = 1,...,(d; + 1). Then, we have Y} =
@ttmztﬂ zt)/z + Uy with Uy = T + Ay, Aty = ZZ:Q prsAuss and

7th = Z Pts {gz [ Zisy Zi,5— 1) /é(zis’ Zi,s—l)] + m'/is ['7 (zzs) - ﬁ (Zzs)] - m;s—l ['7 (Zi,s—l) - 3 (zi,s—l)]} .

(A.16)
Further, we define an [n (T —1)] x 1 vector C(z) whose typical term equals ¢,m/,II(z})/2.
Note that max; |Ti| = O, <h2 + \/W) holds under Assumptions 1 and 5. Also, let II be
an [n (T — 1)] x 1 vector stacking up 7;; in the ascending order of index ¢ first.
Closely following the proof of Theorem 1, we denote

A\nl (Z) = 1 2F1 + F2 + F3 \/1}1 + (1\’2 / + iIMI (Z), ého(z) C(Z) + ﬁ ,
26, Cn

~ 1 = ~

Apo(2) = C—M(Z)/Eho(z)Au,

Eng (Z) = C <2F1 + FQ + F3> (I\/3VGC (’l9n)
and
= 1 1 ~ ~ ~ 1 ~ / 1
Bu(9) = 5 (14 a = L lvee (@) ) (B4 82— L [vec (3,)] B ) MG S (1),
where, denoting vV =[Vh, ..., v, with ¥, = [0, ... vnt] I, = ?’Kho( ;?LKh (2)C(2), Ty =

\¢

C(2) Kny (2)P3 Ky, (2)C(2 )7 Fs = VKj, (2)PLK

C(2) Kny (2)P Ky (2)M(2) and Wy = M(2) Ky, (2
By Lemmas 5—7 given below, we have

(nho) ™ CaAni (2) = 324 (ho, 2) + 0p (h3) , (A.17)
0 (k) 0
R CRtE ] ety ELIE)E
(nho)~ 42 n3 (2) = Oy (RY)
(nho)? (2Bn (2) = 25 (ho.2) + Oy (G + &%) + 0, (1), (A.18)

where the last line holds uniformly over all 9, €S. Following exactly the same argument as in the
proof of Theorem 1, we obtain (,, = v/nhg, which completes the proof of this theorem. m

In the following three lemmas, we define s (ho,2) = 3;,g (ho,2)+; p (ho,z) for j = A, B, where
subscripts () and P mean that the variable results from the use of localized linear and quadratic
moments, respectively.

Lemma 4 Under Assumptions 1-5, we obtain ||Sy (z;) — Sp (zt)

=0, (h2 ++/(Inn)/ (nh2)>

and n_ltr{Wo [/S\n (z¢) — Sp (zt)}} =0, <h2 ++/(Inn)/ (nhQ)). N
Proof. First, we have
[Sn )=S0 (@)]| = |0~ (@) Wol !~ L~ p () Wl ]|
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< m-pE) Wi

116 (2t) — p (2)] Woll, || — p (ze) Wo] ™

sp

9
sp

where |5 () = p (2)] Wl < 15(a) ~ p (@)1, [Woll,, = Oy (12 4 \/(02)~ 1an ) under s
sumptions 1 and 5.

Next, Letting A = [I,, — p(z¢) Wo| [I, — p (z:) W] and B = [I,, — p (z¢) Wo)] [I. — p (z:) Wy]',
we hiave A~ B = [p(z)) — p (24)] Wo + W [p (2) — p (2)] +Wa |p* () — p* ()] Wi Applying
Weyl’s theorem and Property 4.67 (e) in Seber (2008) gives |Amin (A) — Amin (B)| < (|][A — BJ}; ||A — BHOO)l/2
=0, <h2 + +/(Inn) / (nh2)> under Assumptions 1 and 5. In addition, we have H I, — p(zt) WO]_IH <
C under Assumption 1(iii). We therefore obtain Sp

from which it follows

= Anin 10 — P (2e) Wo [L — p (2¢) Wol'} + 0, (1),

Inn
_ 2
o O, (h +1/ nh2> . (A.19)
Inn
_ 2 /
o O, (h + nh2> , (A.20)

where @;; (z;) and a;; (z;) are the (4, j)th element of WS, (z¢) and WS, (z;), respectively. Con-
sequently, we have

‘n_ltr {Wo [§n (Znt) — Sn (Znt):| H <n! Zn: > wij| [aij (1) — aij (z1)] = Op <h2 + \/%> ’

i=1 j#£i
(A.21)

2
[In - ﬁ(zt) WO]_l sp

Now, by (A.19), we obtain

S, (2z¢) — Sn (z¢)

max [ay; (zt) — aij (2¢)| < |[Woll, ||Sn (2¢) — S (z)

2Y)

which completes the proof of this lemma. m

Lemma 5 Under Assumptions 1—7, we obtain (nho) ™ CpAni (2) = 34 (ho, 2) + op (h3), where

1

aq(hoz) = guiak)hg[ 10 ]"® [B1(2) Br(2) V(2)]
sear (ho, 2) [ (1) ] . [ F (ho,zgdwl (ho,2) | _ 0, (h2),

where By (2) = limy, oo n™ ' S0 ST 012 fi (2) E (qumly |zi = 2), and Fy (ho, z) and 41 (ho, z) are
defined in the proof below.

Proof. First, we have

n T
nlho@(z)/KhO (Z)M(Z) — nlho Z Z Sﬁttkit (ho, Z) [Zit(Z)Zit(z)'] X (Qitm;t) + Op <h2 + \/ 1?};)

i=1 t=2
1 0 9 9 1 Inn
= E == A.22
[0 vl,z(k)}@) 1(z)+op<h0+h+m+ anz | (22
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n T
1 ~ 1 . 9 Inn

nTLOC(Z),Kho(Z)@(Z) = nhg ;;@ttkit (ho, z) m}IX(z},) [Zi(2) © Qi) + Op ((h +1/ nh2> h

1

= LR [ 1 0@ (B (:) V()] 1+ 0, (1)
and
1 -~ R 1 n n T Inn
nTmHlKhO(z)Q(z) = ke Z Z Z kit (ho, 2) Tir [Zit(2) @ dfy] + Op <h4 + nh2>
=1 j=1 t=2
1
_ o, <h2 + ;h2> . (A.23)

Second, letting p;; be the (i,7)th element of P, = WS, (z:) — n=1tr{WS,, (z¢)} I, and by

Lemma 4, we obtain

‘/1\11 1 _, ~
nhy nhg ho (2)P Ko (2)M(2)
1 1 ~
= AWK (2) P K (2)M(2) + — T Kp, (2) P K (2)M(2) +
nhg nho
1, _ s
VK (2) (P Pu) Ky (M)
= QZH:XT:90 P ~k-2(h Z)Aﬂz,(z)@[a, 0 }/+O ho 4+ h2 4 1 n ml
nho = = T e T P N nh2
= 1 1/}1 (h07 Z)
- [ 0 } @ { 0, | T (A.24)

where 11 (h07 Z) =2 (”h0)_1 Z?:l Z?=2 oy [pt,nk?t (h0> Z) Aﬂitﬂz’t] =0 (1)

Similarly, we can show that

T, 1 . .
2 = — K, (2)P5 Ky, (2)M
nho e C (2) Koo (2)P Ky (2)M(2)
1 1 ~ s
= - C(2) K (2)PK ()M(2) + ——C (2) Ky (2) (P = P ) K (2)M(2)
nhy nho

- 0, (hg + (nho)_l/Q), (A.25)
1. .
whe = no ¥ Ko (2)Pr K (2)C(2)

2 9 - 3 9 Inn
= W ZZ‘Pttpt,iikit (h(), Z) Auitcit(z) + Op hO + ho h + ?
0%=1 t=2 n

_ 3 o (9 Inn 9

f— Fl (ho, Z) + Op (ho + ho (h + m ) — Op (ho) 5 (A26)
f2 1 I 5
—2 = — K, (2)P:K
he e C (2) Koo (2)P K (2)C(2)

n T
_ izz 2Dk (ho, 2) ci(2) + Op | hg | K + nd ) o (ho) (A.27)
- nho PPt iR \ 10, it P 0 nh2 — ¥Yp\'""0/)> :
=1 t=2
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F3 1 ~/ = ~
— = —VK P°’K
nh() nho hO(Z) n ho(z)v
2 < r Inn 1 Inn
= — k2 (h Au; 2 h? . h h? —
" ;1 tEZth7 51 (ho, 2) (ATi)” + O, (( +4/ s o+ h°+ e + 2

1 Inn Inn 1
= h2 4+ —— R+ — | B2+ h — A2
OP(O+M>+OP<< * nh2>< thot 2t nho | |’ (A.28)

since tr{P;} = 0 for all £. It then follows that (nhg) 2 TsWsy = op (h3). In addition, we obtain

n

T
2 ) . 11
e E E Priiki; (ho, 2) (At)” 1 (ho, 2) = Op (nho + n> ,

=1 t=2

so that (nh0)72 30, = Op (h%) under Assumption 7. This completes the proof of this lemma. m

Lemma 6 Under Assumptions 1-7, we obtain
(nho) "2 2B, (2) = 55 (ho, 2) + O (¢ + ¢72) + 0, (1), (A.29)

where

1 0

%B,Qu):[o e 8}®[¢%(h07z) 0,

] ® [E1(2) E1 (2)] and sp,p (ho, 2) = { (1) 0, 04, xd,

x

Proof. By (A.22), we have

(n;0)2M(Z)’ého(Z)M(Z) = 250 (2) (140, (1)).

In addition, following the proof of Lemma 5, we have

‘T’w _ 1 / ~
whe = e M) Ko (2) P Ko (2)M(z)
n T
2 Inn
= oo ; tz; Pupriiki (2) [Zi(2) Z(2)'] @ (mymly) + O, <h2 + \/;> =0,(1),

which, when combined with (A.24) and (A.25), gives

(nho) * 2By (2) = (nhlo)ﬁ/l@l + (nhlo)QM (2) Bno(2)M (2) + O, (g;l +6 2+ g+ (nho)_l/Q)

= spp(ho,2) + 28,0 (2) + 0, (1) + 0y (G1 +G7)
This completes the proof of this lemma. m

Remark 3 If model (1.2) becomes a parametric spatial autoregressive panel data model with
random effects, E; (2) = [Odq,n_l S S i (2) B (qusxly|zi = z)} causing »p ¢ (z) to be
singular. However, »p (hg, z) can still be a nonsingular matrix so long as 11 (ho, z) = O, (1).
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Lemma 7 Under Assumptions 1-7, we obtain

Ug’o (k) 0

0 waa(k)viy (k) ] 290()), (A.30)

(nho) ™2 a2 (2) 4 N (0, 02 [

where  (2) = Eq (2) E3 (2) E1 (2) with B3 (2) = limp 0o n ™t Y0, ZtT:l It (2) E [dird,| 2]

Proof. By definition, (nho) /2 (uAna (2) = [(nho)—l M (2)' K, (2)0 (z)} (nho) ™2 Q (2) Ky (2) A
We need to show that

1~ N 1 < -
T Q) Ky (2)An = e Zl Qi () Ki (2) At + 0, (1)
converges to a normal distribution, where Q; = [Qjo,...,Qir]’, AW; = [AlUsp,...,Al;r] and

K (z) = diag {kiz (ho,2) , ..., kir (ho, 2)}.
Since the proof of this result closely follows that of Lemma 3, we only show the following:

n n T
nlho Y Qi()K} (2)Qi(2) = nlho SN K (ho2) [Zit (2) 2t (2)] © (qudly)
=1 i=1 t=1

n

_ [me® 0 ] lgg ; 1
= [ L |2 R o A E ) + 0, (1 ).

i=1 t=1

Combing above results with (A.22) completes the proof of this lemma. =

Proof of Theorem 3. Under Assumption 8, we have
B(=) = 0(:) =8(2) — 0" (=) + 0" (2) — 0(2) = [ly, @ &, ()] (%= ¥) +0 (L 5).

By (4.4), we have ¥ = (X'MpX) ' X'Mpy = % +A,1 + A,g since MpD = 0,7, where A,
= (X'MpX) ' X'MpIL A, = (X'MpX) ' X'Mpu, and IT = [IT}, ..., IT,] is of dimension nT’
with TI; = (1, ..., r]" and Ty = mj, [y (2i) — 5 (2ie)] + 87 [0 (2ie) — 0" (2)].

First, we show that [I;, ® ¢, (z)]/ A =0, (\/Ln/n) has an asymptotic normal distribution.
Letting a # 0 be any finite vector of dimension d4, we have I';, = o [Idg ® Py, (z)]/ Ap=Th1+
Loz, where Tt = o [Ty, ® ¢z, ()] Tb X Mpu/n and D o=’ [L, @ 61, ()] (Trky — 50
x X'Mpu/n with 3, 4 = n 'X'MpX. Since ', 2 is a vector, we have

T2l

nt Ha’ [Idg ® Py, (z)}, (27;11545 — 2;;) X'Mpu
n~! HO/ [Idg ® ¢, (Z)}, . Zgiw — Z;é}

= Op < n n \/ Ln = Op 7

under Assumptions 7 and 9, where also, under Assumption 1, we have

sp

1" Mpul,,

IN

sp

E|[¥'Mpul’| = E[wMpX (¥'Mpx) ' ¥'Mpul
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— o2E [t (Mpa (¥ Mpa) ' 'Mp )|
= ootr (Ia,1,) = oadgLy,
so that [ Y'Mpully, = |*'Mpul| = O, (L) by Markov’s inequality. In addition,

Hz _ !

n,¢¢

=

= Hzn o6 Znoo — Top) Tgg | HEn ¢¢H o [Znso — 2ol

sp
Ly log L
= Hzn ¢<¢>H o [Znso = Zgol = Oy (\/7) , (A.31)

= )‘r;nln (Zn@(ﬁ) = )‘r;}n (E¢¢) + 0 (||En7¢¢ — 2¢¢H1) by Weyl’s theorem in Seber
sp

(2008, p.117), (| Zn,¢p — Bl = Op (\/Ln (log L,,) /n) by Lemma 6.2 in Belloni, Chernozhukov,

Chetverikov & Kato (2015), and the B-spline basis functions are uniformly bounded over the
compact domain of z.

. -1
since HZ”

Next, we consider
Vilny = 072 Iy, ® ¢p, (2)] T 44X Mpu
n
= n'2a Iy, ® ¢y, (2)] By, Z X (Ir — T tigiy) u

= n /2 o Iy, ® ¢p, ( ¢¢ ZZ 8 @ @y, (2it)] wit,

=1 t=1

where
Var (vVnln1|G, Z) = o2 15, ® ¢ (2)] E;ézn,d,d,z;; I, ® ¢y, (2)] a=02(140,(1))

and 02 = o2a’ [Id @ ¢y (2 )]/2;; [Idg ® ¢, (2)] a> o225l (Zes) Ha’ [Idg ® ¢, (2)] H > CLy,.
Under Assumption 1, E[I', 1] = 0 and, by Minkowski’s inequality, we have for some J > 0:

Elo, ' 14, ® ¢p, (2)}/ 2@, Z (8 ® bp, (zit)] it
t=1
1 (& X _ S AL
= W Z; <E Ua, [Idg ®¢r, (2)] 2¢¢ [gz’ QP (th)]‘ |wit] ])
n t—
(2+6) 2+5 d — 244 9161\ 1/ (219) 2o
< 2+5Am1n (Boo) o [1s, ® o1, (2 Z( (g @ b, (zio) [ 1))
6
N Zul ks 1/(2+6)
< ¢ BELS (o el ) } <c

t=1

if max;<;<7 E [|gggi|2+‘s \uit|2+5} < C < o0, since max,cs, Zfﬁl ¢? (z) < ML, for B-spline ba-

sis functions and HgZ ®$Ln (Zzt)H = \/ g;giaLn (zit)laLn (zit). Applying Liapounonv’s central
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limit theorem we obtain that \/nI'y1/0p 4 N (0,1), which implies that [I;, ® ¢, (z)]lAng
=0, (x/Ln/n).

Second, we consider [Id ®or ] Ayl Applylng a method similar to the one used above, we
obtain that A, = o' [Idg ®¢p (2 )] An =ad [Ig, @, (2 )} (X'MpX) ' X’Mpll = Ana(1+
op (1)), where A1 = o [Ig, ® ¢, (z)] XMDH/n and

Anall = [[Anal o [y, ® ¢p, (

I, 12

<] sl

1/2

IN

Cn~'V2LY? (TMpx X’ MDH/n)
Cn—1/2L1/2 (H H) 1/2 )‘Iln/azx ( " ¢¢)

0, <ﬁ<h3+M+L f))

under Assumptions 7 and 8. We extend the pointwise convergence result in Theorem 2 to the uni-

IN

form convergence result max.cs, ||7(2) — v (2)|| = O, <h% ++/(Inn)/ (nho)), following the proof
in Masry (1996). This completes the proof of this theorem. m

Proof of Theorem 4. Begin by defining A; = [Asp, ..., Ar]’, where Ay = X, [ﬂ (zit) — Bo (zit)| +

(Wy),; p(zit). Hence, & = €+Aj+Au, where € = g {9 (2it) — 61 (Zit)} —m}, 1 [Y(zit-1) — Y1(2i6-1)]
and 0 (-) and 7, (-) are the first-stage estimator under H;. Applying simple algebra, we obtain

fn = n2h0225 AijEj

i=1 j;ﬁz
= n2h0 ZZA’AUA —I— ZZA/AUGJ 2h ZZA,AUAUJ
i=1 j;éz i=1 ];éz i=1 j;éz
thO ZZ Al]AuJ Z Z Aljej 2h Z Z AU A”Auj
=1 j#i i=1 ji i=1 j#i

fn,l +2 (Tn,2 + T\n,3 + T\n,4> + Tn,5 + Tn,ﬁy

where we denote each term appearing in the second equation as T nj (j=1,...,6) in the order of
their appearance. In what follows, we show that (i) n\/hoT}, ¢ converges to a normal distribution
under both hypotheses, (ii) nv/hoTy,; = 0p (1) under both hypotheses for j = 4 and 5, and (iii)
nvVhoTy ; = op (1) under Hy and is explosive under Hy for j =1,2,3.

First, we consider ny/h Tnﬁ =n2Y " 1252 H, n (Xi>X;), where we denote H, (x;,x;) =

hy V2 Au! tA;jAu; and x; = (Au;, A;). Evidently, under Assumption 1, H, (Xij) is a symmetric
matrix with E | H, [ (Xw x]) | Xz] = 0 almost surely for all ¢ # j. It is readlly seen that

B (63 0axa)] + 1B [ )] _ O (08) 40 (™)
(E[H (X1, X2)])° - Op (1) -
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if hg — 0 and nhg — oo as n — oo, where Gy, (X1, X2) = Ex, [Hn (X1, X:) Hn (X2, X;)]- Specifically,
we have

E [H72z (X1 Xz)] = halE [AuﬁA12AU2AU§A12AU1]

o2 ol
= h—ZE [Au} A S A A | = ;Tgtr {E[A1:2 A1)}
0

T ZT z Z 9

u 1t — #2s

~ o ZMH'Q%E {kQ <h0> (x1,%2s) ] + O (ho)
t=2 ==

= ohvgg (k) Z Zogs—t\gl s [p (225) vee (x25x,) f (225)] + O (ho)
08/2 + @ (ho) P

where ¥ is defined in Section 3, and p(z25) and ¢;s are defined in Theorem 4. Applying Hall’s
(1984) central limit theorem gives n\/hofn,g 4N (0, ag).
Second, we verify n\/hofnﬁ =0, (nh4\/h0) under both hypotheses, where

n T T

~ 1 n PN Zit — Zis
n\/%Tn,g) = m ZZZ €itejsk ( tho : ) Xétxjs-

1=1 j#i t=1 s=1

Following the proof in Masry (1996), we obtain the uniform convergence result for the first-
stage estimator such that [E; (z) Eq (z)'] K, (z) [hQULg (k)Es(z) + (nhQ)f1 Q'Kj, (z) Au| is the

leading term of ©1(z) — ©(z) over z €S, x S, where E; (z), Ez (z), Q and K}, (z) are as defined
in Theorem 1. Let S be the first dy columns of the identity matrix Iy, 4o(4,+1) and Sz contain the
(dg + dy + 1)th to the [dg + 2 (d; + 1)]th columns of matrix Iy, 9(4,+1)- Then, we have that

~

G =81 [0 (z) = 01 (za0)| — iy [Y(z00-1) = A (200-1)]

= (—g; /1 + m;vt_lsé) X (Zl) [hQULQ (k’) Es (Zz) + (nh2)_1 Q,Kh (Zz) Au] X [1 + Op (1)]

holds uniformly over all i and t, where X (z;) = [E1 (2;) E1 (z;)'] K (z;). Thus, we have

n n T T .
nvhoT,s =~ n\}% >33 Nk <Zzt hoZys) XX s

i=1 j#i t=1 s=1

x (i} +mi,_18h) x (#) [W2015 (K) Ea (2:) + (nh?) ™' Q' K () Au
X (~gjSh +mf,_18h) x (7;) [h2012 (k) Bz (75) + (nh?) ™' Q' Ky, (2) Au

= 0, (nh‘*\/% + h2y/nho + Vo /h2) . (A.32)

Third, we verify that n\/hgf n4 = Op (h2\/ nho + vho/ h) under both hypotheses, where

n T

n T
T 3) D) I) BT ey FERS

i=1 j#i t=1 s=1

n n T T .
n 1ho Z Z Z Z g <ZZt h0235> XiXs A

i=1 j#i t=1 s=1

%
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x (@i} + mi, 1) x () [h2v12 (K) Bz (2:) + (nh?) ™' Q K (z:) Au

= 0, (hzx/nho +/ho/h + \/%) . (A.33)

Fourth, we consider n\/hofmg. Similar to the proof for n\/hofn/;, we obtain that

n n T T
- 1 it T ~js a
nVhoTps = WZZZZk (zthozj >X§thsAUjsX§t B (zit) — Bo (zit)

i=1 j#i t=1 s=1

= Op <7l§\/% + \/M) under Ho, (A.34)

and

1 n n T

T PP .
nvVhoTps = o~ Z DY Dk (Z” hozjs> X Xjs Aujs

0 i=1 j#i t=1 s=1

x (i [B () = By (zi0)]| + (Wy)y, ()
= 0 (Vnho) under Hy. (A.35)
Fifth, we have
. 1 A, (it — 25\
x (Xie |8 (z10) = Bo (zi0)| + (Wy)ig plz) ) (—g)S) + w1 85)
%X (2;) [h%l,g (k) Ex (z;) + (nh?) "' QK (z;) Au] .

Applying the method similar to that used above, we obtain

’I’L\/%fn,g = 0, <n\/% <h2 + (nh2)71/2> (%(2) + (n%o)lﬂ)) under Hy, (A.36)
n\/h>0fn,2 = 0, (n\/%h2 + h_lx/nh()) under Hj. (A.37)

Lastly, we consider

1 n n T

T
Winus = S S Sk ()

i=1 j#i t=1 s=1

X (X;t [5 (zit) — By (Zit)} + (Wy)u P(Zit))
< (5 [B(230) = Bo (239)] + (W) 0(350))

~ ~ ~ ~\—1
Similar to the proof for ny/hoT5, 5, under Hy, we obtain nv/hoT,1 = O)p (n\/ho (hé + (nh()) >>,
and under Hi,

n n T T .
O B 353 D) B oy P

i=1 j#i t=1 s=1
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x {xj; [B (zit) — b (zir)] + (Wy),, p(zit) }
{5018 (250) = b (23] + (W), pl250))

= 0, (n\/hT)> , (A.38)

where b(z;) is the leading term of E [Bo (2) ]G,X,Z} at point z = z;, and denoting s (z) =

E [x}, [B (zit) — b (zit)] Xit| zie = 2], we have

n T

n T o
OB I I I ) EENCACIEN TSN PACIE RISy

1=1 j#i t=1 s=1

T T
= SOSTE[F (o) 2 () b2 (230)] (14 0, (1)) > 0.

t=1 s=1

Under H;y, we show that T, n1/ (n\/ho) converges to a positive constant.

Next, we consider 52 = (n2h)_l >y >ii(€1445€5)%. Under Hy, we can show that

N 1 n n
Ty ~ 2h ZZ(AUQAMAUJ‘)Z =2E [Hﬁ (X1, X2)] (1 +0p (1)) > o,
i=1 j£i

while, under Hi, the leading term of 53 is (nzh)_1 Yo Z?#(A;AijA;)Q = O, (1) which converges
to a positive constant. Combining the above results completes the proof of this theorem. m
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