-

View metadata, citation and similar papers at core.ac.uk brought to you by .. CORE

provided by Munich Personal RePEc Archive

MPRA

Munich Personal RePEc Archive

Stock price, risk-free rate and learning

Tongbin Zhang

Universitat Autonoma de Barcelona, Barcelona GSE

3 July 2014

Online at https://mpra.ub.uni-muenchen.de/69049/
MPRA Paper No. 69049, posted 29 January 2016 16:56 UTC


https://core.ac.uk/display/213980293?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://mpra.ub.uni-muenchen.de/
https://mpra.ub.uni-muenchen.de/69049/

Stock Price, Risk-free Rate and Learning

Tongbin Zhang*

Universitat Autonoma de Barcelona and Barcelona GSE

January 25, 2016

*I am specially grateful to my advisor Albert Marcet for his continuous advice and encour-
agement. I would also like to thank Klaus Adam, In-Koo Cho, Michael Creel, George Evans,
Jordi Gali, Cars Hommes, Juan Pablo Nicolini, Andrii Parkhomenko, conference participants in
Barcelona GSE Ph.D. Jamboree, MACFINROBODS Annual Dissemination and seminar partici-
pants in Marcet’s workshop, UAB students seminar, the University of Mannheim, and Toulouse
School of Economics. I acknowledge financial support from La Caixa-Severo Ochoa International
Doctoral Fellowships. Email address: tongbin.zhang@uab.es



Abstract

The comovement between stock and short-term bond markets in US data shows to
be weak measured by the correlation between stock price-dividend ratio and risk-free rate,
as well as the statistics coming from variance decomposition approach. Understanding the
weak comovement is important for both investors and policy makers. We show that several
rational expectation asset pricing models that match stock market volatility are inconsistent
with the weak comovement because stock prices there are fundamental driven. To explain
the weak comovement, we present a small open economy model with "Internally Rational"
agents, who optimally update their subjective beliefs on stock prices given their own model.
Compared with risk-free rate’s variation, agents’ subjective beliefs are central in generating
stock price volatility. When testing our model using the method of simulated moments, we
find that it can simultaneously match the basic stock and short-term bond market facts, and
the weak comovement between two markets quantitatively.
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"There was no historical evidence for a link between interest rates and share prices.
You would think that when interest rates are higher people would sell stocks, but the financial
world just isn’t that simple.”

—Robert Shiller, Financial Times, 13, September, 2015

1. Introduction

This paper has the purpose to study the comovement between stock and short-term bond
markets. A variety of basic stock market facts have been extensively studied during last thirty
years, such as the equity premium, the volatility of stock prices and the predictability of long-
horizon excess return. There are, however, few studies on the comovement between stock and
short-term bond markets. Understanding the comovement actually has a primary importance
for both institutional and individual investors’ asset allocation decision. In addition, this
comovement should also be well studied before exploring how to design monetary policy for
stabilizing stock price fluctuation, as the risk-free rate (short-term bond rate) is the channel
for conducting monetary policy.

We first show that in US data the comovement between stock and short-term bond
markets is weak. As the first measure of the comovement, the correlation between stock
price-dividend ratio and risk-free rate is close to zero. Furthermore, as the second measure of
the comovement, the statistics of variance decomposition approach introduced by Campbell
(1991) and Campbell and Ammer (1993) show that the variance of news about future risk-
free rate contributes little to the variance of the unexpected excess stock return. To explain
latter, the first important variable is the news about future excess return, and the second
important one is the news about future dividend growth.

We then investigate whether the weak comovement between stock and short-term bond
markets is consistent with two rational expectation (RE) asset pricing models: the external

habit model (Campbell and Cochrane, 1999) and the long-run risk model (Bansal, Kiku



and Yaron, 2012). We choose these two models since both of them are consistent with
observed stock market volatility and equity premium. We demonstrate that even though both
models fit the basic stock market facts, the implied correlations between price-dividend ratio
and risk-free rate are strong since these two variables are driven by the same fundamental
variables. Furthermore, both models’ variance decomposition results cannot match the data.

The failure of these RE models in matching the comovement facts motivates us to depart
from the standard assumption that agents have perfect knowledge about how to map from
economic fundamentals to equilibrium asset price. We extend Adam, Marcet and Nicolini
(2015) into a small open economy model (exogenous risk-free rate process). We show that
the rational expectation equilibrium of the model is also not consistent with the weak co-
movement between stock and short-term bond markets. Therefore, we introduce "Internally
Rational" agents who don’t know the pricing mapping and optimize their behaviors based on
their subjective beliefs about all variables that are beyond their control. Given the subjec-
tive beliefs we specify, agents optimally update their expectations about stock price behavior
using Kalman filter. Agents’ subjective expectations influence equilibrium stock price, and
the realized stock price feeds back into agents’ expectations. This self-referential aspect of
the model implies that agents’ endogenous expectations are dominant in generating stock
price fluctuation as there is no feedback channel between stock price and exogenous risk-free
rate. Our learning model therefore provides a possible resolution to reproduce the weak
comovement between stock and short-term bond markets.

To quantitatively evaluate all the models we use the method of simulated moments
(MSM) to test them. The simulation results confirm that our learning model outperforms
two RE models in simultaneously matching basic stock market moments and the moments
measuring the weak comovement between stock and short-term bond markets. Using t-
statistics derived from asymptotic theory we cannot reject the null hypothesis that any of
the individual data moments are the same as the moments in the estimated learning model.

But, the large t-statistics of comovement moments in two RE models imply that they are



inconsistent with the weak data comovement.

As an additional measure of the comovement between stock and short-term bond mar-
kets for robustness check, we estimate the impulse response of stock price to risk-free rate
shock using vector-autoregression analysis following Gali and Gambetti (2015). The large
confidence band of data impulse response covering from positive territory to negative one
implies the weak comovement between stock and short-term bond markets. And our learning
model’s impulse response is quiet close to the data one.

The paper is organized in the following manner. Section 2 discusses related literature.
In section 3, we present our empirical findings about the comovement between stock and
short-term bond markets. The theoretical model is outlined in the section 4. Section 5
derives explicit expression for rational expectation equilibrium. The dynamic analysis of the
model with "Internally Rational" agents is conducted in section 6. In section 7, we present
the quantitative performance of our model. Section 8 tests the implication of the external
habit model and the long-run risk model. Section 9 focuses on the impulse response analysis.

Finally, section 10 concludes.

2. Literature Review

Some papers have studied the joint behavior of stock and short-term bond markets.
Grossman and Shiller (1981) first maintain that representing risk-free rate, the stochastic
discount factor in the certain economy is not the important force in driving stock market
volatility since 1950’s. Based on the variance decomposition approach, Campbell and Ammer
(1993) and Hollifield, Koop and Li (2003) arrive at the same finding that the news on future
risk-free rate displays no power in explaining stock market volatility. And recently, Gali
and Gambetti (2015) use the impulse response functions from time-varying VAR model to
explore the response of stock price to exogenous monetary policy shock. The most recent

theoretical paper in the field is Gali (2014), which challenges the traditional "lean against



wind" monetary policy on asset price when allowing the existence of rational bubble. The
bubble component in the equilibrium has to grow at the level of risk-free rate.

There are several general equilibrium models which aim at matching stock market facts.
Jermann (1998) shows that a model with habit formation and capital adjustment costs can
match the historical equity premium and stock market volatility with low dividend growth
volatility. Boldrin, Christiano and Fisher (2001) have a model with habit formation and
a two-sector technology that can explain the equity premium puzzle and volatility puzzle.
It can also generate the low contemporaneous correlation between stock price and output,
and the low contemporaneous correlation between risk-free rate and output. Danthine and
Donaldson (2002) show that with operating leverage, the incomplete market model also
achieves a satisfactory replication of the major stock market stylized facts. However, as
mentioned by Guvenen (2009), one drawback of above three models is that all of them
generate too high volatility of risk-free rate. Hence, most of stock market volatility is due to
extremely volatile risk-free rate in Jermann (1998) and Boldrin, Christiano and Fisher (2001)
(Favilukis and Lin, 2015). Guvenen (2009) present a model with two features: limited stock
market participation and heterogeneity in the elasticity of intertemporal substitution. His
model can have both stock market facts and low volatility of risk-free rate. Even though these
dynamic general equilibrium models can match stock market facts and have time-varying
risk-free rate, none of them talks about the comovement between stock and short-term bond
markets.

Our paper is also related to the papers studying the correlation between stock price and
other variables. Shiller and Beltratti (1992) maintain that the high correlation between real
stock return and nominal long-term bond return is a puzzle. Ermolov (2015) reproduces
this stock-bond return correlation through a consumption-based asset pricing model with
habit utility. Albuquerque, Eichenbaum and Rebelo (2014) present a valuation risk model
to replicate the correlation puzzle that is the weak correlation between stock returns and

measurable fundamentals.



We contribute relative to the literature by formally studying the weak comovement
between stock and short-term bond markets. We first show that two asset pricing models
with rational expectations don’t fit the comovement. Then, we present a learning model
that can match basic stock and short-term bond markets facts and the comovement facts

together.

3. Stylized Facts

In this section we report the stylized facts regarding the stock and short-term bond
markets, and the comovement between them. The measures considering the comovement
here are the correlation between stock price-dividend ratio and risk-free rate, and variance
decomposition statistics based on Campbell (1991) and Campbell and Ammer (1993). The
data sample period is from 1927:2 to 2012:2 in quarterly frequency. All of the variables here
are in real term, deflated using US CPIL.

Table 1 contains some of the well-known stock and short-term bond markets facts in-
cluding the mean and standard deviation of stock return, price-dividend ratio, dividend
growth rate, and risk-free rate, the persistence of price-dividend ratio, and the predictability
of price-dividend ratio on future five-year’s stock excess return. The second column shows
the point estimates of these statistics, and the third column has the standard errors of point
estimates. We denote these stylized facts as our Fact 0. It is well-known that a simple RE
asset pricing model has a hard time in matching Fact 0. And, both Campbell and Cochrane
(1999) and Adam, Marcet and Nicolini (2015) can match most of the statistics here. But
since the risk-free rates in both models are the constants, they fail in matching the standard
deviation of risk-free rate.

One would expect that the higher risk-free rate lower the discounted sum of future
dividends under RE models. Hence, stock price should negatively co-move with risk-free

rate. The correlation observed in the data, however, is weak rather than strong as displayed



Statistics Estimate | SE

Quarterly mean stock return F,, | 2.25 0.39
Mean PD ratio Epp 123.91 21.25
Std.dev. stock return o, 11.44 2.69
Std.dev. PD ratio opp 62.42 17.54
Autocorrel. PD ratio ppp 4 0.97 0.02

Excess return reg. coefficient c2 -0.0038 | 0.0013
R? of excess return regression R | 0.1772 0.0828

Mean risk-free rate Er 0.15 0.19
Std.dev. risk-free rate op 1.27 0.27
Mean dividend growth Eap,p 0.41 0.18
Std. dev. dividend growth oap/p | 2.88 0.80

Table 1: The Statistics Regarding the Stock and Short-term Bond Markets

Statistics Estimate | SE
corr(PD, R) | 0.069 0.12

Table 2: The Correlation between Price-dividend Ratio and Risk-free Rate

in the Table 2. The point estimate of quarterly correlation between price-dividend ratio and
risk-free rate is close to zero, and the large standard deviation of the correlation means that
we cannot reject that the correlation is zero. The weak correlation between price-dividend
ratio and risk-free rate is our Fact 1.

In addition to the correlation, the statistics of variance decomposition can measure
the effect of risk-free rate on the excess stock return controlling the dividend and equity
premium components. The variables €; in the Table 3 represents the news about future
dividend growth, e, represents the news about future risk-free rate, and e, represents the
news about future excess return. The three statistics in the first column Table 3 are the
ratios of the variances of above three variables to the variance of e, where ¢ is the unexpected
excess stock return. Appendix A.2 contains the details of variance decomposition approach.
As Campbell (1991) and Campbell and Ammer (1993) we can interpret the values in the
second column Table 3 as: 21% of the variance of unexpected excess stock return € can be
accounted by the variance of news about future dividend growth e;. The value for the news

about future risk-free rate e, is just 4%, but more than half of the variance of unexpected



Statistics | Estimate | SE

Var(eg) 21.1% 0.242
Var(e,) 4.4% 0.026
Var(e,) 50.8% 0.257

Table 3: Variance Decomposition of Excess Stock Return

excess return can be explained by the news of future excess return e, as value in the fourth
row, second column. These point estimates are similar to the ones in the Campbell (1991),
but the standard deviations are larger because instead of monthly frequency the quarterly
frequency here leads us to have a smaller sample size'. The variance decomposition results
are our Fact 2. Again, it is also difficult for a simple RE model to match Fact 2 since most
of the variance of e should be explained by e; and e, instead of e..

To summarize, we can conclude that the comovement between stock and short-term

bond markets is weak according to our Fact 1 and 2. 2

4. The Model

To understand our Fact 0, Fact 1 and Fact 2, we extend Adam, Marcet and Nicolini
(2015) asset pricing model with "Internally Rational" agents who hold subjective beliefs
about stock price behavior and will be completely rational given their beliefs (Adam and
Marcet, 2011). As shown in Adam, Marcet and Nicolini (2015), the presence of such beliefs
can generate stock price to fluctuate around its fundamental value. In addition to subjective
beliefs, there are two differences in our model compared to their model. Our model first is a
small open economy with exogenous risk-free rate, and it has one collateral constraint. The
exogenous risk-free rate allows us to have time-varying risk-free rate instead of constant one
in Adam, Marcet and Nicolini (2015). And the collateral constraint is important for us to

obtain analytical solution for equilibrium stock price.

'Bernanke and Kuttner (2005) and Balke, Ma and Wohar (2015) also find very large standard errors for
the stock price decomposition estimation.
2The Appendix A.3 shows the robustness of our Fact 1 and Fact 2.



4.1 Model Environment

A unit of stock with dividend claim D; can be traded in the competitive stock mar-
ket. In addition to D,, each agent receives an endowment Y; of perishable consumption
goods. Following traditional setting in asset pricing literature, we specify the dividend and

endowment growth rates as i.i.d. lognormal processes

= 1 N
Dt_l aet ) Og €t ZZ ( 2 d)
t Sy o
— q€S,log ¥ ~ iiN(—
Y;f—l aet’ 0g €; (2 ( 2 7Sy)

where endowment and dividend growth rates share the same mean a, and (loge?, loge}) is
joint normal distributed with correlation between them equaling to p,, = 0.2 (Campbell
and Cochrane,1999). Since consumption process is considerably less volatile than dividend
process, the parameters’ values of standard deviations are chosen as s, = %sd.

The economy is populated by a unit mass of infinite-horizon agents. We model each
agent i € [0,1] to have the same standard time-separable CRRA utility function and the
same subjective beliefs. This fact, however, is not the common knowledge among agents.

The specification of agent i’s expected life-time utility function is
Cz 1—v
EY Z gt (G (1)

where C! is the consumption demand of agent i, § denotes the time discount factor, and
v is the parameter governing risk-aversion. Instead of the objective probability measure,
expectation is formed using the subjective probability measure P that describes probability
distributions for all external variables. Section 4.2 contains more details.

Agent’s choices are subjected to standard budget constraint as following

Ci+ Ry_bl |, +PS! = (P, 4+ D)Si_, +b +Y, (2)



where b! is the amount of borrowing at time ¢, S! the new units of stock agent i buys in
period t, and R;_; as exogenous real risk-free rate on maturing loans b_;.
We introduce one collateral constraint. The amount of borrowing is subjected to the

collateral constraint as Kiyotaki and Moore (1997) in the form 3

EZD(PtH + Dyy1)

bi <6
t = Rt

St (3)

Besides transferring income across time, the stock S! plays the role of collateral. The
collateral constraint implies that new loans bi should be smaller than a fixed share of expected
discounted value of tomorrow’s stock. The parameter # measures the share of stock value
that can serve as collateral.

To close the small open economy model, being similar to Bianchi (2013) we specify

risk-free rate process to capture its mean, variance and persistence.

1—pp)R+ppRi_1 + €l if R, < X
Rt: ( pR) Priv—1 t i %) (4)

é otherwise

where ¢ = JET (%?)_'Y, e ~ N(0,0%) and is orthogonal to dividend and consumption
shocks. The upper limit for the risk-free rate can guarantee the binding of collateral con-
straint to avoid the difficulty of occasionally binding constraint, and it matters little for
altering the moments of risk-free rate because quantitative analysis confirms that risk-free

rate seldom hits the limit in our model.

4.2 Probability Space

This subsection explicitly describes the general joint probability space of the external
variables. In the competitive economy, each agent considers the joint process of endowment,

dividend, risk-free rate, and stock price {Y;, D, Ry, P} as exogenous to his decision prob-

3Following Adam, Pei and Marcet (2011), this specification implicitly assumes that risk-neutral foreigners
have the same beliefs as domestic agents



lem. Rational expectations imply that agents exactly know the mapping from a history of
endowment Y;, dividend Dy, and risk-free rate R; to equilibrium stock price P;. Stock price
hence just carries redundant information. But if we relax rational expectation assumption,
as shown in Adam and Marcet (2011) agents don’t know such mapping because of the non-
existence of common knowledge on agents’ identical preferences and beliefs. As a result,
equilibrium stock price P; should be included in the underlying state space. We then define
the probability space as (P, ,) with B denoting the corresponding o— Algebra of Borel
subsets of {2 and P denoting the agent’s subjective probability measure over (5,€2). The

state space €2 of realized exogenous variables is

Q:QyXQDXQRXQP

where Qy is the space of all possible infinite sequences for the variable X € [Y, D, R, P].
Thereby, a specific element in the set € is an infinite sequence w = {Y;, Dy, Ry, P,}°,. The

expected utility with probability measure P is defined as

E(%?i(st (CZ>1_7 _ /iéthP(W) (5)

Agent i makes contingent plans for endogenous variables C!, S!, b according to the

policy function mapping in the following

(G, 8, by) - — R

where Q! represents the set of histories from period zero up to period t.

4.3 Optimality Conditions

We here derive optimal conditions characterizing agent i’s decisions from his maxi-

mization problem. First order conditions are sufficient and necessary for agent’s optimality

10



because of the concavity of objective function and convexity of feasible set.
Agent i should maximize his expected lifetime utility (1) subject to the budget constraint
(2) and collateral constraint (3). The Lagrangian of agent’s problem can be explicitly written

as

b Epiy(w—k(c"ﬂ% b1+ PiS;— (P+ Dy)S;y — b — Y))
(Cr.Sibe} ° 1—~ 1\ t—10p 1 + £y ‘ S — bl =Y,
Y t=0

+0, (0B (Piy1 + Dyy1)S; — Rib}))

where \; and 7, are two Lagrangian multipliers, S_;, b_; as given initial conditions, and
agent ¢ is price-taker for P;.

The agent ¢’s first order conditions can be expressed as

Cl(CHYT=X\=0 (6)
St : =MP + 0EL (M1 (Piya + Diga)) + 0EF 0, (Pryy + Diyr) = 0 (7)
bi: N\ = O6RET N1 + Ry & 0 (OET (P + Dy 1)S! — Rb) =0 (8)

After substituting ); in equation (8) using the expression in equation (6), we can have

(C)) 7 = 0RE} (Cpyy) " + Ry (9)

The binding collateral constraint can lead us to have the non-zero multiplier 7, for all ¢

as

(C)) 7 = 6REF (Ciyy)

= 10
77t Rt ( )

11



Substitute 7, in equation(10) back into equation (7), we have

(C)) " = ORET(Ciy) ™
R

_(CZ)_WPt + 5E;P((CZ+1)_7(P?&+1 + Dt—H)) + 0 EZD(Pt-H + Dt+1) =0
(11)

Finally, the feasibility condition of the economy is

Ct - Y; + Dt + bt - Rtflbtfl (12)

where C; and b; are aggregate consumption and loan.

4.4 Approximation

In the intent of having analytical solution for equilibrium stock price P;, we rely on sev-
eral approximations and one assumption. First, aggregate consumption C; is not necessarily
equal to aggregate endowment Y; according to the feasibility condition (12). Second, with
agent’s subjective beliefs we may not have E} (C},;) # E] (Ci1) even though in the equi-
librium Cy,; = Ci11 holds ex-post. To understand the reason, let us consider that E} (Cyyq)
depends on expected stock price only through the channel of b;. At the same time, apart
from the channel of loan bi future stock price can also affect ET (C? 1) through capital gains
from holding stock. One hence cannot routinely substitute individual consumption C} by

aggregate one C;. We, however, can rely on the approximations as

C, ~Y, (13)
EZ)[(CéEI)_V(Pt—H + Diy1)] =~ EZDKCé,_T)_W(PtH + Dy y1)] (14)
EPICEH ) = B ) (15)

To make these approximations reasonable, we require the following assumption similar

to Assumption 1 in Adam, Marcet and Nicolini (2015):

12



Assumption 1: We assume that Y; is sufficiently large and that EF (P.y1 + D) < M
for some M < oco. Then, expected capital gains from holding stock should be sufficiently
small compared to Y; given finite asset bounds 5, S.

Under this assumption, the approximation (14) and (15) hold with sufficient accuracy.
In addition, because of the collateral constraint aggregate loan b, is smaller than the expected
value of tomorrow’s stock EZD (Piy1+ Dyy1)S;. Thereby, with Assumption 1 we can conclude
that b, is also small enough compared to Y;. According to equation (12), when b, and D, are
small the approximation (13) also holds with sufficient accuracy.

After rearranging terms in equation (11) and substituting related terms using three

approximations from equation (13) to (15), we have the key pricing equation as

P, = E/ny(Pis1 + Dysr) (16)

where 7, = 5(Yt“) T+ 05 — )

5. Rational Expectation Equilibrium

In this section we present the rational expectation equilibrium of our model and show
that its implications cannot match Fact 1 and 2. This is useful because it motivates us
to show that how a small departure from RE contributes to explain data in Section 6.
Rational expectation implies that agent’s subjective beliefs coincides with the objective ones.
Following the routine calculation and imposing the non-bubble condition, we can express the

equilibrium stock price in rational expectation from equation (16) as

ppe = (20 -+ E, ZWH

Ry - D, (1)

Rt+k

13



Statistics US Data RE
Estimate | SE Statistics
corr(PD, R) | 0.069 0.12 | -1.000
Var(eg) 21.2% 0.242 | 96.2%
Var(e,) 4.4% 0.026 | 17.0%
Var(e.) 50.8% 0.257 | 5.0%

Table 4: Simulated Statistics of Rational Expectation Equilibrium

where

Pe = E[(Ggﬂ)f%fﬂ]

— YN 5 omPy asySa

The rational expectation equilibrium first is inconsistent with Fact 0 including equity
premium, stock market volatility even though not reported here. Then given the risk-free

rate process, we have B[R] = (1 — p¥)R + pFR; for any k. The analytical solution of

PtR E
D

price-dividend ratio as equation (17) directly displays that is highly correlated with R;

t

since PéiE is a function only of risk-free rate. The RE equilibrium is likely to miss Fact 1.
And the volatility of stock return here mainly comes from the variation of dividend growth
and risk-free rate such that the model is also likely to miss Fact 2.

In order to confirm the failure of the rational expectation equilibrium, we implement
quantitative analysis through simulating the model and calculate model’s corresponding sta-
tistics for Fact 1 and Fact 2. The parameters values here are the same as the one from
estimating learning model, which are contained in Table 5 and 7. Table 4 presents the
simulation results. Column 4 of Table 4 shows that the rational expectation equilibrium
generates the strong comovement between stock and short-term bond markets. The corre-
lation between price-dividend ratio and risk-free rate is -1, and the news of future dividend
growth and risk-free rate instead of excess return contribute too much to the fluctuation of

unexpected excess return. The reason of the failure is that stock prices here are only driven

by exogenous state variables dividend D, and risk-free rate R;.

14



6. Equilibrium Analysis with Learning

6.1 Agent’s Subjective Beliefs

Now we allow a small deviation from rational expectation assumption such that agents
with uncertainty formulate their own joint probability distribution P different from the
objective one. And Adam and Marcet (2011) shows that the joint distribution P of any agent
without common knowledge about other agents’ beliefs and preferences could delink stock
price to the expectations of the discounted sum of dividends. The present-value expression
of stock price P, as equation (17) accordingly doesn’t hold, and just first-order condition for
stock price as equation (16) can hold. Then, agents should have their own beliefs on the
behavior of stock price based on subjective distribution P. Specifically, we can define the

subjective expectation of risk-adjusted stock price growth 3, as

Yin — Piyq
— 1
CONECY (18)

ﬁtEEZD[( P,

and subjective expectation of non-adjusted stock price growth m; as

] (19)

Then, equation (16) together with these two definitions implies equation (20) which maps

from subjective price beliefs 3, and m; to realized one P;*

da'p. + Qa(R% — )
C1-08,— H(R% — @)my

D, (20)

t

Equation (20) analytically suggests that learning equilibrium provides a potential reso-
lution to match Fact 1 and Fact 2. Price-dividend ratio in learning equilibrium, in addition

to risk-free rate R;, also depends on agents’s subjective beliefs 3, and m;. If agents have

4Following Adam, Marcet and Nicolini (2015), we assume that agents know the true process for dividend
growth and endowment growth.

15



a high subjective expectation on stock price growth, say high 3, and m;, their increasing
holding of stock drives up stock price P, today. Conversely, P, will decrease if agents are

pessimistic and have low 3, and m;.

6.2 Beliefs Updating Rule

We now fully specify the subjective probability distribution P and derive the optimal
belief updating rule for subjective beliefs 5, and m;. Similar to the arguments in Adam,
Marcet and Nicolini (2015), the true process for risk-adjusted stock price growth can be

modeled as the sum of a persistent component and of a transitory component

(Yt+1 )~ Py
Y: B

ef = € +&, & ~iiN(0,0F,)

= ¢/ +¢, ¢ ~iiN(0,0%,)

One way to justify this process is that it is compatible with RE. According to equation
(17), the rational expectation of risk-adjusted price growth is Et[(%)” PtTtl] = a'~7p, when
risk-free rate R, is not random and equals to its unconditional mean R. Hence, the previous
setup encompasses the rational expectation equilibrium as a special case when agents believe
¢ 3 = 0 and assign probability one to ed =a'"p.,.

Then, we allow for a non-zero variance 027 - Agents can only observe the realizations of
risk-adjusted growth (the sum of persistent and transitory components), hence the require-

ment to forecast the persistent components ef calls for a filtering problem. The priors of

agents’ beliefs can be centered at their rational expectation values and given by
B N 1—y 2
eo ~ N(a7p., 0 0,,3)

and the variances of prior distributions should be set up to equal with steady state Kalman

16



filter uncertainty about ef

2 4 2 2
, Uwﬁ“¢%ﬂ+4%ﬂ%ﬁ

O-O)B - 2

Then agents’ posterior beliefs will be

etﬁ ~ N(Bt» (7(2),5)

And the optimal updating rule implies that the evolution of f3, is taking the form of

1, Y

P
51, = 5t71 + a((yﬂ2

I

)—7

—Bi1) (21)

2 4 2 2
AR Ué,g+4‘7§,ﬁge,ﬁ
20515

where o = given by optimal (Kalman) gain. And agents think that
non-adjusted stock price growth m; is uncorrelated with endowment growth. Hence, under
agents’ knowledge of true endowment growth and subjective expectation of risk-adjusted

stock price growth /3, their subjective expectation of non-adjusted stock price growth m; is

pinned down as

mi = B,/(a”77) (22)

where 7 = exp(ys./2 + 5. /2). °

The adaptive learning scheme as equation (21) and (22) as well as pricing equation (20)
could generate a high stock markets volatility coming from the feedback channel between
stock price P, and subjective beliefs 3,, m;. According to equation (20), a high (low) 5, and
m; will lead to a high (low) realized stock price. This will reinforce the subjective beliefs
to induce a even higher (lower) §,,, and myy; through equation (21) and (22) leading to
much higher (lower) stock price so on. The self-referential aspect of the model is the key

for producing stock market volatility. But there is no feedback channel between stock price

°In the Appendix A.4 we consider the case that agents use Kalman filter to update their subjective beliefs
of non-adjusted price growth m, and pin down £,.
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P, and risk-free rate R;. Therefore, the learning model here has the ability to produce the
weak comovement between stock and short-term bond markets as found in the data.
Finally, in order to avoid the explosion of stock price P, we replace agents’ subjective

belief 3, by w(f,), the projection facilities. °

7. Quantitative Analysis

This section evaluates the quantitative performance of our learning model. Fact 0, Fact
1 and Fact 2 give the target moments that should be matched. We formally estimate and
test the model using the method of simulated moments (MSM) that provides a natural test

on individually matching moments.

7.1 MSM Estimation and Statistical Test

In this subsection we outline the MSM approach. Appendix A.6 discusses about the
details of it. We first give value to the coefficient of relative risk-aversion -, and calibrate the
collateral ratio @, the mean and the persistence of risk-free rate R, pp’. Table 5 contains the
values for these four parameters. Apart from these, there are five free parameters remaining,
comprising the discount factor §, the gain parameter «, the mean and standard deviation of
dividend growth a and oap,p, and the standard deviation of risk-free rate og. They can be

summarized into parameter vector as
¢ = <57 &, a,0AD/D; UR)

These five free parameters will be chosen to match all the sample moments describing

6We present the details of projection facilities in Appendix A.5.

"Following Adam, Kuang and Marcet (2011), we calibrate 6 as the averaged ratio of US current account
deficit to the change of US stock market value. 6 equals 0.1 using this method. As a robust check, we also
calibrate 6 following Bianchi (2013). 6 is calibrated as the averaged ratio of household’s liabilities to their
assets. The data is from Table B.101, the flow of funds database. The sample is from 1945 to 2006. In this
second method, § = 0.115. R, pp are calibrated as the sample mean and sample autocorrelation of risk-free
rate. The sample is the one in section 3.
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Fact 0, Fact 1, and Fact 2. The moments are

[Er57 EPD, Ors,OPD, pPD,—17 cga Rga ERa OR, ED/D7 O-D/D7 (23)

cov(R, PD),var(€qit1)/var(€pr1), var(€.it1)/var(€is1), var(€e 1) /var(€ps)]

The first eleven moments are Fact 0 moments widely studied in the literature, and the
last four moments are Fact 1 and Fact 2 moments. The MSM parameter estimate EI\DT is
defined as

dr = arg m(%n [§T — §(<I>)]’ ig%p [§T — §(<I>)] (24)

where 57 denotes all of the sample moments in (24) that will be matched in the estimation,
with T" the sample size. Furthermore, let S (®) denote the moments implied by the model
for some parameter value ®. The MSM estimate CTDT chooses the model parameters such
that the model implied moments S (®) fit the observed moments Sr as close as possible in
terms of a quadratic form with weighting matrix ing The optimal weight matrix iS,T
could be estimated from the data in a standard way. According to the standard results of
MSM approach (Duffie and Singleton, 1993), the estimate ®; is consistent and efficient.
The MSM estimation approach provides an overall test of the model. Under the null

hypothesis that the model is correct, we have

—~ ~ ~

Wr = T(Sr - S(@)) S5k [Sr — S(®)] ~ \2g s T — o (25)

where s is the number of moments in S7 and the convergence is in distribution. We can also

obtain the asymptotic distribution for t-statistics that indicate which moment is matched.
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7.2 Estimation and Stmulation Results

Table 6 and 7 present the estimation outcomes when the value of risk-aversion coefficient
is given at v = 10. Table 6 contains the well-known Fact 0 moments for matching, and Table
7 displays the results of matching Fact 1 and Fact 2 comovement moments. In both tables,
column two and three report the values of the moments from US data and the estimated
standard error for each of these moments. Columns four and five then show the model
moments and the t-statistics when estimating the model using all the moments in (23).

The estimated model in the first can quantitatively replicate Fact 0 moments: the
volatility of stock return o,,, the volatility, persistence, and the predictability of price-
dividend ratio opp, ppp 1, cZ, and RZ, the high stock return E,,, and the low mean and
volatility of risk-free rate EFr and o as well as the mean and standard deviation of dividend
growth Eap/p and oap/p. All of the t-statistics in Table 6 have an absolute value below or
close to two. Therefore, our model are consistent with Fact 0 moments and improve Adam,
Marcet and Nicolini (2015) on matching the equity premium.

In addition to match Fact 0 moments, our learning model has the ability to simulta-
neously generate the low comovement between stock and short-term bond markets. The
correlation between price-dividend ratio and risk-free rate corr(PD, R) is much closer to
the data relative to rational expectation models, and the t-statistics of it is around two.
Hence we can match Fact 1. Furthermore, the three t-statistics, all of which are around 1 in
absolute value, for variance decomposition moments confirm the replication of Fact 2. The
t-statistics show a very good individual matching of all moments

We report the p-value for the statistics /WT as the measure for the overall goodness of
fit in the last row of Table 7. The statistics is computed using equation (25). The zero
p-value implies that the overall fit of the model is rejected, even if all individual moments
are matched. Therefore, the overall goodness of fit test is considerably more stringent, the

same as claimed in Adam, Marcet and Nicolini (2015).
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Table 5: Some Parameters Values for Learning Model

Parameters | Value
y 10
0 0.1
PR 0.5
R 1.0015

US data Model

Moment | SE Moment | t-stat
E,. 2.25 0.39 | 2.08 0.44
Epp | 12391 | 21.25 | 88.94 1.65
O 1144 [ 269 | 1230 |-0.32
opp 62.42 17.54 | 62.64 -0.01
Ppp 1 | 0.97 0.02 0.93 1.72
2 -0.0038 | 0.0013 | -0.0060 | 1.72
R? 0.1772 0.0828 | 0.1108 0.80
Er 0.15 0.19 0.12 0.15
OR 1.27 0.27 0.71 2.04
Eap/p | 041 0.18 | 0.03 2.10
oap/p | 2.88 0.80 | 2.22 0.82

Table 6: Basic Stock and Short-term Bond Market Moments from MSM

US Data Model

Moment | SE Moment | t-stat
corr(PD,R) | 0.069 | 0.12 | -0.170 | 1.92
Var(ey) 21.1% 0.242 | 39.7% -0.77
Var(e,) 4.4% 0.026 | 1.7% 1.01
Var(e,) 50.8% 0.257 | 56.1% -0.21
Discount factor dr 0.9886
Gain coefficient 1/ap 0.0085
p-value of Wy 0.000%

Table 7: Comovement Moments from MSM
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8. Two Asset Pricing Models with Rational Expecta-
tions

In this section we replicate two asset pricing models with rational expectations: the
external habit model of Campbell and Cochrane (1999) and the long-run risk model of
Bansal, Kiku and Yaron (2012), and study their implications on the joint behavior between
stock and short bond markets. In section 5, we have shown that the rational expectation
equilibrium of our asset pricing model missing Fact 0 is inconsistent with Fact 1 and Fact 2.

But two RE models we consider here have ability to match Fact 0.

8.1 The external habit model

The representative agent maximizes his life-time utility as

_ - (Cy — X1t>1_7 —1
U_E§:5 s
t=0

where C} is consumption at period ¢ and X, denotes external habit. Instead of modeling the

exogenous process for X;, we can define surplus consumption ratio as

G- X,
- =5

St

The log surplus consumption ratio s; = log(.S;) evolves according to a heteroskedastic
AR(1) process
St+1 = (1 — ¢)§ + ¢3t + )\(St)[Act+1 — E(ActJ’,l)}

The sensitivity function A(s;) is specified as

(1/8)y/1—=2(sy — 5) — 1, 8¢ < Smax

O y St 2 Smax

A(st) =
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where S is set to be
= Y
S=0,/—-——
V1-9¢—B/y

=2

(1-57)

and

Smax = S +

N | —

The growth of consumption and dividend follow lognormal process
Aciy1 = g+ Vg

Adiyr = g+ wis

where vyy; and w;y; are two i.i.d. normally distributed variables with mean zero and vari-
ances o2 and 02,

Then, the equilibrium price-dividend ratio as the function of state variable s, satisfies

P, D
Htt(st) = Et[MtH 521

By

1+ 5 (se10)]

And the risk-free rate can be calculated as®
R, = R/ — B(s;, — 3)
where M, is stochastic discount factor, R/ and B are parameters.

8.2 The long-run risk model

The representative agent with recursive preference maximizes his life-time utility given
by
o -1\ i1 1L
Vi=[1=0)C, " +o(E[Vii Do

8The risk-free rate is chosen as a constant in Campbell and Cochrane (1999). We introduce a time-varying
risk-free rate here according to the method in their working paper version.
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The variable 0 is defined as
1—n
g=—— '
1—1/4¢

where the parameters v and 1) represent relative risk aversion and the elasticity of intertem-

poral substitution. The consumption and dividend have the following joint dynamics

Acyyr = p.+xp + OiM41

Tl = PTi+ Q.01€411

2 _ 2 2 2
iy = 0 +v(of —7°) + 0w

Adyyr = pg+ oz + 7TO'?nt+1 + YOl 1
The solutions for price-dividend ratio and risk-free rate are

P
10g(ﬁt) = Aog+ Avaxi + A 407}
t
Rl = Aoy + Aoy + Ay go;

where Ao g, A1, Aoy, Aif, Asa, A are all the constants as the functions of only para-

meters.

8.3 Fvaluating the models

To evaluate the quantitative performance of these two RE models and to be consistent
with the estimation method of our learning model, we also adopt the MSM approach to
estimate models’ parameters. The moments chosen for matching are the same as the ones

in section 7.1. The estimated parameters vector for the external habit model is

P = (6,0,9,0)
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where ¢ is the discount factor, ¢ is the persistency of surplus consumption, g and o are the
mean and standard deviation of consumption growth. And we fix the risk aversion coefficient
v at 2 as Campbell and Cochrane (1999) do. Analogously, the estimated parameters vector

for the long-run risk model is

q)LRR = (&% Hs Spd)

where ¢ is the discount factor, v is the intertemporal elasticity of substitution, x, is the mean
of dividend growth, and ¢, governs the most of standard deviation of dividend growth. We
fix other parameters at values as Bansal, Kiku and Yaron (2012) do. Table 8 contains the
parameter values for the external habit model, and table 9 for the long-run risk model .

We simulate both models at monthly frequency and aggregate them to quarterly data.
Table 10 displays the estimation outcomes for the external habit model, and Table 11 for the
long-run risk model. The fourteenth row in both tables present our Fact 1. The correlations
between price-dividend ratio and the risk-free rate in two models are counterfactually high
because both of them are the functions of the same exogenous fundamental variables such
as s; in the external habit model and x; as well as ; in the long-run risk model. In contrast,
price-dividend ratio in the learning model, in addition to the fundamental variables, is also
driven by agent’s endogenous subjective beliefs. So the correlation there is weak.

The last three rows in Table 10 and 11 demonstrate that the implications of both models’
variance decomposition are not consistent with the data. The variance of news about future’s
risk-free rate indeed contributes little to the variance of unexpected excess return in both
two models. The channel yet is not correct. In the external habit model the variance of news
about future’s excess return contributes considerably larger than the data says, as the risk-
aversion there is very volatile and persistent. And in the long-run risk model the variance of
news about future’s dividend growth can explain about 100% of the variance of unexpected
excess return because of the high sensitivity of agent to the long-run risk of fundamentals.
However, in the data dividend news can only account for 20 percentage. Conclusively, both

models miss our Fact 1 and Fact 2.
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Preference ) 7y 10)
0.9914 2 0.9844
Consumption | ¢ o Ow
0.0016 | 0.0023 | 0.0161

Table 8: Parameters Choices for the External Habit Model

Preference ) y Y
0.9997 10 1.4980
Consumption | pu p o,
0.0015 | 0.975 | 0.038
Dividend g 0] s ©q
0.0050 | 2.5 2.6 2.9553
Volatility o v Ow
0.0072 | 0.999 | 0.0000028

Table 9: Parameters Choices for the Long-Run Risk Model

9. Vector-Autoregression Analysis

Gali and Gambetti (2015) provide evidence about the response of real stock price to
exogenous monetary policy shock using vector-autoregression (VAR) model. Here we denote
this impulse response from VAR analysis as an additional measure of the comovement be-
tween stock and short-term bond markets. Being different from Gali and Gambetti (2015)
we estimate the response of stock price to real risk-free shock instead of nominal risk-free
rate shock. If money is neutral, nominal risk-free rate can only influence real stock price
through real risk-free rate. As Gali and Gambetti (2015), the state space of our VAR model
includes (log) output y:, (log) dividend d;, (log) the risk-free rate r;, and (log) stock price

p:. We define the state space
xYAR = [Ayt7 Adt7 T, Apt]/
where A means first difference. The VAR model is

VAR VAR VAR VAR VAR
x = Ay T+ Asx 5T Asa/ g+ Ay T+
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US data

External Habit

Moment | SE Moment | t-stat
B, 2.25 0.39 3.05 -2.06
Epp 123.91 21.25 | 74.66 2.32
e 1144 269 |1207 |-0.23
opD 62.42 17.54 | 26.17 2.07
PpD.—1 0.97 0.02 0.95 0.85
c? -0.0038 | 0.0013 | -0.0032 | -0.46
R? 0.1772 0.0828 | 0.4639 -3.46*
Er 0.15 0.19 0.32 -0.84
OR 1.27 0.27 0.26 3.68%*
Exp/p 0.41 0.18 0.47 -0.32
OAD/D 2.88 0.80 2.79 0.11
corr(PD, R) | 0.069 0.12 | -0.956 | 8.27*
Var(ey) 21.1% 0.242 | 18.8% 0.10
Var(e,) 4.4% 0.026 | 1.1% 1.25
Var(e,) 50.8% 0.257 | 154.5% | -3.99*

Table 10: The External Habit Moments from MSM

US data LRR

Moment | SE Moment | t-stat
E. 2.25 0.39 | 2.45 20.52
Epp 123.91 21.25 158.09 -1.61
Ors 11.44 2.69 7.24 1.56
opD 62.42 17.54 | 36.81 1.46
PpD.—1 0.97 0.02 0.96 0.35
2 -0.0038 | 0.0013 | -0.0059 | 1.64
R? 0.1772 0.0828 | 0.1705 0.08
Er 0.15 0.19 -0.11 1.36
OR 1.27 0.27 0.26 3.68%*
Exp/p 0.41 0.18 1.57 -6.35%
OAD/D 2.88 0.80 3.71 -1.03
corr(PD, R) | 0.069 0.12 0.608 -4.35%
Var(ey) 21.1% 0.242 | 96.6% -3.12*
Var(e,) 4.4% 0.026 | 3.5% 0.33
Var(e,) 50.8% 0.257 | 52.7% -0.08

Table 11: The Long-Run Risk Moments from MSM Estimation
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The identification strategy is that risk-free shock doesn’t affect output and dividend con-
temporaneously, and risk-free rate doesn’t respond contemporaneously to the innovations
in stock prices. To facilitate implementation we just use Cholesky decomposition. Figure
1 displays the impulse response of stock price to risk-free rate shock. The red line repre-
sents the point estimated response of stock price, and the two blue lines represents 95%
confidence bands. The positive risk-free rate shock leads to a slightly increase of stock price
in the short-run, and ends up with permanent increase. But the confidence bands are too
large to reject the absence of risk-free rate’s effect on stock price. The impulse response of
stock price to real risk-free rate shock is quiet similar to the one to nominal risk-free rate
shock in Gali and Gambetti (2015), and confirms the weak comovement between stock and
short-term bond markets.

Then, we replicate the same VAR analysis with simulated data from our learning model.
Figure 2 displays the impulse response of simulated stock price to risk-free rate shock. We
can find that the impulse response in Figure 2 matches the one in Figure 1 well even though

we don’t choose parameter values to match it.

10. Conclusion

This paper is an effort to enhance our understanding on the comovement between stock
and short-term bond markets. Understanding this comovement is important for both in-
vestors and policy makers. We provide empirical evidences that the comovement between
these two markets is weak. The measures are the weak correlation between stock price-
dividend ratio and risk-free rate as well as the variance decomposition results for unexpected
excess stock return. Even though there are many papers attempting to understand basic
stock market puzzles such as stock market volatility and equity premium and the weak co-
movement has been informally known for a long time, there is a lack of attempt to find a

model explaining this weak comovement. We then show that two asset pricing models with
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Figure 1: The Impulse Response of Stock Prices to Risk-free Rate Shock Using Realized
Data.
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Figure 2: The Impulse Response of Stock Prices to Risk-free Rate Shock Using Simulated
Data.
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rational expectation cannot account for the weak comovement because stock prices in these
models are only driven by fundamental variables. To understand the weak comovement as
the difficulty of RE models, we relax the assumption of rational expectation by allowing
"Internally Rational" agents, who don’t know the mapping from the fundamentals to equi-
librium stock price. As a result, agents learn about the stock price from realized outcomes.
The self-referential property of learning model gives rise to the high volatility of stock price
unrelated to risk-free rate variation. The quantitative performance of the learning model
based on the method of simulated moments confirms that it can simultaneously match the
basic stock market facts and the weak comovement between stock and short-term bond
markets.

The finding that large stock price fluctuation can result from agents’ subjective beliefs
in addition to risk-free rate is relevant for a policy perspective. It is natural to challenge
the effect of monetary policy on governing asset price volatility given that the channel for
conducting monetary policy is through risk-free rate. It would be interesting to explore the

policy implications of our paper in the future.
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A. Appendix

A.1 Data Sources

The data sample period is from 1927:2 to 2012:2. Since we choose to match the pre-
dictability of price-dividend ratio on five-year excess return, the effective sample size is up
to 2007:2. The data about stock market behavior is downloaded from Robert Shiller’s web-
page (http://www.econ.yale.edu/ shiller/data.htm). Stock price is represented by "S&P
500 Composite Price Index". We directly take use of real stock index and real dividend cal-
culated by Shiller and you can also find the details about calculation in the same webpage.
The monthly data of stock index are transformed into quarterly by taking the value of the
last month of the corresponding quarter. But quarterly dividend is computed as aggregating
the dividends of three months of the considered quarter since the dividend is flow variable.

The risk-free rate is using 3-month Treasury Bill deflated by U.S. Consumer Price Index.
The method of transforming monthly data into quarterly one is the same as stock index.
These data is downloaded from the dataset of Federal Reserve Bank St. Louis.

At the same time, in order to calibrate collateral ratio U.S. current account data is
also downloaded from FRB St. Louis. And for the total value of U.S. stock market we use

"market capitalization of listed companies", which can be found in database of World Bank
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(http://data.worldbank.org/). Here we use the annual data and the sample is from 1988 to
2012.

A.2 Variance Decomposition

We introduce the approach of variance decomposition adopted in Campbell (1991) and
Campbell and Ammer (1993). Theoretically the excess return e, of the stock holding from

the end of period ¢ to period t 4 1 relative to the return on short bond can be expressed as

err1 — Brerpr = (B — E) {Z P Adypy1yj — Z Py — Z Pj€t+1+g} (26)
=0 =0 =1

where e; is excess return, d; is dividend and r; is risk-free rate.

To simplify the notation, equation (26) can be written as

€i+1 = €dt+1 — Eri4+1 — €ei+1 (27)

where €1, is the unexpected excess return, 4,1 the news about future dividend growth
, €rt41 Dews about future risk-free rate and e. ;.1 to be the term representing news about
future excess return.

Therefore, the variance of unexpected excess return can be decomposed as

Var(ew1) = Var(eais1) + Var(é 1) + Var(ee 1) (28)

_QCOU(gd,t—i-la gmt+1) - QCOU(gdHh ge,t+1) + QCOU(gm:H, geﬂf—i—l)

These variables are directly unobservable but can be discovered from Vector-Autoregression.

Write z; as the state vector containing excess return e;, risk-free rate r; and price-dividend
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The first-order VAR model is
Zp1 = Az + Wi (29)

With the VAR system we can compute €41, €,4+1 and €. ;41

€41 = €41 — Eyeppn = el'wyyy (30)
Cepr1 = (B — Ey) ijet—i-l-i-j = ellz:PjAjGtH = el'pA(I — pA) e (31)
=1 =1
erir1 = (B — Ey) ijﬁﬂﬂ = e2' ZPjAjGtH = 62,([ - pA)71€t+1 (32)
=0 =0

where el and e2 are the first and second column of 3 x 3 identity matrix respectively.

Then, €4,.1 can be treated as residual:

€dt+1 = €41 T €rpp1 + €ept (33)

After recovering these unobservable variables, equation (28) is used to compute results on

variance decomposition.

A.3 The Robustness of Fact 1 and Fact 2.

9Being different from six variables in state vector in Campbell (1991) and Campbell and Ammer (1993),
only three variables here could be another reason for the high standard deviation of statistics in Table 2.
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Statistics Data | SE
corr(PD,R) | 0.026 | 0.110

Var(e) 33.4% | 0.266
Var(e,) 1.5% | 0.007
Var(e,) 61.1% | 0.291

Table 12: The Fact 1 and Fact 2 using Post-war Sample

Statistics Data | SE
corr(PD,R) | -0.104 | 0.19

Var(ey) 14.8% | 0.21
Var(e,) 3.2% | 0.01
Var(e.) 41.2% | 0.29

Table 13: The Fact 1 and Fact 2 using Ex-ante Risk-free Rate

Table 12 shows the statistical results of Fact 1 and Fact 2 using the post-war sample
(1953:1 to 2012:2). Table 13 shows the results of Fact 1 and Fact 2 using ex-ante risk-free
rate. The ex-ante risk-free is computed as subtracting the forecast of inflation (data named
"INFPGDP1YR" from the Survey of Professional Forecasts) from nominal rate of 3-month
T-Bill. The sample size here is from 1970:2 to 2012:2 due to the availability of survey data.

We can find that the results in table 12 and 13 are similar to the ones in table 2 and 3 .

A.J The Robustness of Agents’ Information

The true process for non-adjusted stock price growth is also modeled as the sum of a

persistent component and of a transitory component

Py
+1 m m m . 2
eii1 Tt €thqs €y ~ 1WN(0,07,,)
Py
m _ m m m .. 2
et = e+ &0, &~ ”N(Oagg,m)

Agents can only observe the realizations of non-adjusted growth (the sum of persistent and
transitory components), hence the requirement to forecast the persistent components e}

calls for a filtering problem. The priors of agents’ beliefs can be centered at their rational
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expectation values and given by

e’ ~ N(a,0,,)

and the variances of prior distributions should be set up to equal with steady state Kalman

filter uncertainty about e}"

2 4 2
—Oem \/ Team +A0EmTem
;1M = 2

Then agents’ posterior beliefs will be
6?1 ~ N(mt7 Ug,m)

And the optimal updating rule implies that the evolution of m; is taking the form of

L P
=My + —
my = My—1 ozm(Pt_g

— mt_l) (34)

_ %em Ve m A% Tem

where o™ = >3
¢,m

given by optimal (Kalman) gain. And agents think that
non-adjusted price growth is uncorrelated with endowment growth. Hence, under agents’
knowledge of true endowment growth and subjective expectation of non-adjusted stock price
growth m, their subjective expectation of risk-adjusted stock price growth £, is pinned down
as

By =a TTmy

We present the simulation results using such information set in Table 14. To compare
the results with ones in Table 6 and 7, we confirm that our model’s quantitative performance

is robust to the agents’ information.

A.5 Projection Facilities

The projection facilities of agents’ subjective beliefs 5 are

37



US data Model
Moment | SE Moment | t-stat

B, 2.25 0.39 1.70 1.42
Epp 123.91 21.25 117.89 0.28
Ors 11.44 2.69 10.69 0.29
opD 62.42 17.54 | 84.65 -1.27
Ppp.—1 0.97 0.02 0.97 -0.18
cz -0.0038 | 0.0013 | -0.0056 | 1.41
R? 0.1772 0.0828 | 0.1301 0.57
Er 0.15 0.19 0.11 0.19
OR 1.27 0.27 0.77 1.87
Eap/p 0.41 0.18 0.03 2.09
OAD/D 2.88 0.80 2.90 -0.03
corr(PD, R) | 0.069 0.12 -0.177 1.99
Var(ey) 21.1% 0.242 | 38.9% -0.74
Var(e,) 4.4% 0.026 | 2.2% 0.82
Var(e,) 50.8% 0.257 | 63.8% -0.51

) 0.9883

1/a 0.0071

y 10

Table 14: Robustness: Different Learning Model Moments from MSM

. L
wib)=4y BBBL ., Llfxéf ., (35)

BE 4 B (BY — BY) i pF <z < B
And we calculate the thresholds 5* and 8Y as Adam, Marcet and Nicolini (2005) do.
However, being different from their paper the presence of time-varying risk-free rate R,
produces the problem that projection facilities above cannot surely guarantee the price-
dividend ratio to locate in the interval between 0 and 400. Even though the event that

price-dividend ratio jumps out the interval is extremely rare in the sample (because of the

projection facilities), we also impose some constraints on simulated stock price here as

P, if ££ <400
p={ " D (36)
400 * D, if gtt > 400
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A.6 Simulation Method

We compute simulated model moments following Monte-Carlo procedure. The number
of samples is set to K = 1000 and each sample has N = 321 observations matching stock
market data sample from 1927:Q2 to 2007 Q2. In each sample, we first simulate the model
to generate artificial data and calculate considered moments. Then, final values of these

moments are taking the average of K samples’.

A.7 Details of MSM Estimation
A.7.1 Optimal Weight Matrix

Let T be the sample size, (yi1,ys, ..., yr) the observed data sample, with y, containing
several variables. Define the sample moments as My = %ZtT:lh(yt) for a given moment

function h. The sample statistics Sy as in (23) can be written as the function of My

~

ST = S(]/\ZT>

The optimal weighting matrix should be the variance-covariance matrix of §T. The
variance-covariance matrix of J/W\T can be estimated using standard Newey-West method.
That is

Swr = Wo + 7% w(j,ms) [V + U], w(j,m) =1 — j/(ms + 1) (37)

where the sample j-th autocovariance \/I\lj = XL, [h(y) — ]\//TT] (h(y—j) — MT]'. And the
Delta-Method tells us that the sample variance-covariance matrix of 5 ~ can be calculated

as following

Ssr = (38)
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A.7.2 The Statistics, Moment Functions and Their Derivatives
A.7.2.1 The first twelve statistics

Here we first talk about all the statistics except variance decomposition.

The explicit function h! for calculating first twelve statistics in (23) is

TSt

h'(y:) = (Ttsfgo)2

(R)
Dy/ Dy
(D1/Dy-1)?

R;PD;
The first twelves statistics can be expressed as follows



i E(rs;) - - M |
E(PD,) My
Ors My — (My)?
orp My — (M>)?
PpPpD,—1 %
B 2 - c3(M)
- R2 - RY(M)
E(R) Mo
oR My — (My)?
Ep/p My
ey My — (My1)?
cov(R, PD) I \/M4_(]‘/[]\4[123);A\?1\Z2—(M9)2

where M; denotes the i-th elements of M. The function c3(M) and R2(M) have the

explicit expressions as

-1

1 M, Mg
(M) =
My M,y Ms
5
2 — 1 Mz — [Mg, Ms]c”(M)
Ri(M)=1- 5
My — (M)
Then, the derivatives of statistics function S(M) with data moments M are
851 _
onry = 1
0S5y __
ot = 1
oS3 _ —My; 0OS3 __ 1
OM1 — Ss(M) OMs ~— 2S3(M)
0S4 _ —M>y 9Ss __ 1
OMs ~— Sa(M) OMyg ~— 2S4(M)
8S5 _ 2Mo(Ms—Mi) 9S5 _ _ _Ms—M5 9s; _ _ 1
OMy —  (M4—M2)2 OMsg —  (Ms—M2)2 OMs ~ Ms—M3
S __ 8CS(M) s
oM, = oM, for ) =2,4,6,8
8c3 (M) acg (M)
0S8, [Mﬁ M8}782M2 89S, [Mﬁ MS] 02M4
OMsy M77Mg oMy M77Mg
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5
g, _ [QM)+[Me, M) 25T (Mr—MZ)+2Ms [ M, Ms)c® (M) —2Ms My

OMg (M7—M62)2
5 (M)+[Mg Mg) 230D
Sy _ MZ—[Ms Ms]c®(M) 9S; __ c3(M)+[Me Ms] 95
OM7 — (M7—ME)? OMg ~— Mr7—M2
0Ss __
OMg ~— 1
0S8y __ —Mg 9Se __ 1
oMy — So(M) dMy — 28(M)
0810 __
OM11 1
0S11 _ —Mun 0Su __ 1

oMy, — Sll(M) OMis QSll(M)

M
9S12 _MQS4S9+(M13_M2M9)SQT42 9812 (M2M9—M13)59ﬁ
oM, — (S459)2 oMy — (S159)?

M
9812 _ —M5S4So+(Miz—MaMo)Sa52  5g _ (M2M9—M13)54ﬁ
OMy (545'9)2 OMg (5459)2
0S12 1

A.7.2.2 The statistics for variance decomposition

The three interested statistics are var(€g41)/var(€i1), var(€,141)/var(€ii1), var(€e 1)/ var(€pir).
The unobservable variables €;11,€44+1,6r14+1,€es+1 defined in Campbell and Ammer

(1993) are computed from VAR model.

The state vector in VAR is x; =[e;, Ry, PD;]'. These variables are demeaned.

The VAR(1) process is expressed as

Tpp1 = Az + €41
The SUR representation of this VAR(1) can be stacked as

Y =XI'+u
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_ - - - -
Ty Lo €9
I ! /
Lo T3 €3
’ . .
where X = LY =1 . |,u= , ' = A. Hence, we can estimate I' using OLS
!/ !/ /
| 71 | EZd L €7 |

method as
T—1

T-1
/ 1 /
_ E -1 §
F - (T . 1 wtxt) (T . 1 — wtmt-ﬁ-l)

t=1

Here in the vector of h?(y,) we need the vector data z,2; and z,z; 41+ Then,
AN) =T" = [N 'No]

li !
where Ny, Ny are the sample mean of x,z, and z:x, ;.

Then, the error term ¢;,; can be expressed as

€t+1 = Ti41 — A<N)xt

According to the expression of €;11, €441, €41 and €e 441,
~ Y
Cev1 = elép

= Hiegpn

Gran1 = €2'(I—pA(N)) e

= H2€t+1

Cerr1 = el'pAN)(I — pA(N)) e

= Hseqq
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Caerr = (el'+e2(I — pA(N)) ™ + el'pAN)(I — pA(N)) ™ )ersa

= Huepn

then unconditional var(eq1)

= B((we41 — AN)ze) (i1 — AN)z,)) = [B(wrp1 — AN)z,)][E(2000 — AN)2e)]

= E(riatyy — 2t AN) — ANz, + AN)zz ANY) = (Brg)(Brga) -
(Bavd) (B2 ACNY = A(N)(Ba)(Bayt) + ANN)(Ea) (Ea) A(NY)

Since x; is stationary demeaned variables, the above expression can be simplied into

var(ep1) = E(zi17y,q — 20017, A(N) — A(N)z2,, o + ANz, A(N))

Then, the sample variance should be

var(ey1) = Ny — NyA(N) — A(N)Ny + A(N)N{A(N)

Therefore,

var(ep1) = Hyvar(e1)H, (39)
var(Ey1) = Hyvar(eg41)Hy (40)
var(Ey41) = Havar(eg41)Hy (41)
var(€,,41) = Hyvar(ep1)H, (42)

Write down each element in the vector.
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)
Ry,
PDE,
Ri_qe,4
PD;_1e;4
PD, 1R,
er—1€y

M (y:) = | R,1R,
PD, 1PD;
Ri_1e;
Riei_q
PD; e
PD.e;
PD, 1Ry

PD,R;_
And [M14_M15 Mg, - Myg| are the sample mean of the each element in h?(y;).

M14 M17 M18 M20 M24 M26

N1 = |Myz Mis M| No= | My My Mog
Mg Mg Mg Mys My Mo
According to (39) to (42), though the exact analytical expression is available the par-
tial derivatives of three variance decomposition statistics with sample moments should be
extremely complicated. Hence, we use numerical method to approximate these derivatives.
The method is called centered differencing and the principle is

(o)~ f(56+h)2—hf(ﬂ? —h)
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Take an example to describe this method.

80@T(Ed’t“) vor(Pa1) (Mg + h, Mys, ..., Mag) — 2o (Bani1) (Mg — h, M5, ..., M)

var(€i41) ~ var(€z+1) var(€+1)
~

OMy 2h

A.8 Robustness of Parameter Estimation

This section shows that the quantitative performance of our learning model and two
RE models is robust to the parameter estimation. Here instead of estimating dividend
parameters we calibrate them. In details, it means that we calibrate a, cap,p in the learning
model, g, o in the external habit model and p,;, ¢, in the long-run risk model. Then, we
estimate the rest of parameters in the parameter vectors 2, Q" and QF#%. Table 14 contains
the quantitative outcomes for the learning model, Table 15 for the external habit model and
Table 16 for the long-run risk model. The results here that are close to the ones in section

7 and 8 confirm that models’ performance is robust to the parameter estimation.

A.9 The Convergence of Least Square Learning to RE

In section 6, agents update their beliefs of risk-adjusted stock price growth [, using
constant gain learning. Well known, constant gain learning doesn’t converge to RE since
E-stability condition isn’t satisfied. We here consider that agents use least square learning
to update their beliefs and check the convergence of least square learning. Hence, instead of

(21) the belief updating process become

1 Y P
=B+ — T = By 43
Br=Bat (G "5, —Bi) (43)
@ = o1+l t>2 (44)

ap > 1 given
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US data Model (6 < 1)
Moment | SE Moment | t-stat
B, 2.25 0.39 2.41 -0.43
Epp 123.91 21.25 | 92.61 1.47
Ors 11.44 2.69 12.41 -0.36
opPD 62.42 17.54 | 67.64 -0.30
PrD_1 0.97 0.02 | 0.9 1.20
cz -0.0038 | 0.0013 | -0.0065 | -2.05
R? 0.1772 0.0828 | 0.0991 0.94
Er 0.15 0.19 0.15 0.04
OR 1.27 0.27 0.74 1.95
Eap/p 0.41 0.18 | 0.41 0
OAD/D 2.88 0.80 2.88 0
corr(PD, R) | 0.069 0.12 -0.172 1.95
Var(ey) 91.1% | 0.242 | 42.4% |-0.88
Var(e,) 4.4% 0.026 | 1.8% 0.98
Var(e,) 50.8% 0.257 | 55.5% -0.18
J 1
1/a 0.0086
y 4.5

Table 15: Learning Model Moments from MSM

Since both €/ and €? follow log-normal distributions, €/, ¢! > 0. Then, consumption
Y; > 0 and dividend D; > 0 with probability one. We assume the existence of some positive
bounds for €/, ¢4 such that

Pr((e/)'™7 <UY) =1
Pr(el < U%) =1

We first show that the projection facility in Appendix A.5 will almost surely cease to

be binding after some finite time. The projection facility implies that

a;l[(a(e?)lﬂﬁ = Bya] B+ a;l[(a(#)l_v% — Bl < BY

0 otherwise

Aﬁt = (45)
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US data

External Habit

Moment | SE Moment | t-stat

E,, 2.25 0.39 2.88 -1.63
Erp 12391 |21.25 | 77.06 | 2.20
Ors 11.44 2.69 9.88 0.58
opPD 62.42 17.54 | 25.91 2.08
PPD.—1 0.97 0.02 0.96 0.38
2 -0.0038 | 0.0013 | -0.0025 | -1.00
R? 0.1772 0.0828 | 0.4961 -3.85%
Er 0.15 0.19 0.34 -0.94
OR 1.27 0.27 0.28 3.62%*
Expyo 0.41 0.18 | 0.41 0
OAD/D 2.88 0.80 2.88 0
corr(PD, R) | 0.069 0.12 | -0.96 8.30%*
Var(eg) 21.1% 0.242 | 21.2% -0.004
Var(e,) 4.4% 0.026 | 2.2% 0.85
Var(e,) 50.8% 0.257 | 153.9% | -4.00*

g 0.0014

el 0.0024

¢ 0.9881

) 0.9929

Table 16: The External Habit Moments from MSM
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US data LRR
Moment | SE Moment | t-stat
E.. 2.25 0.39 | 1.69 1.44
Epp 123.91 21.25 | 93.91 1.41
Ors 11.44 2.69 5.68 2.14
opPD 62.42 17.54 | 15.80 2.66*
PpPD 1 0.97 0.02 0.95 0.68
cz -0.0038 | 0.0013 | -0.0084 | 3.56*
R? 0.1772 0.0828 | 0.1499 0.33
Er 0.15 0.19 -0.27 2.18
OR 1.27 0.27 0.24 3.77*
Eap)p 0.41 0.18 | 0.41 0
OAD/D 2.88 0.80 2.89 -0.01
corr(PD, R) | 0.069 0.12 0.767 -5.63*
Var(eg) 21.1% 0.242 | 114.5% | -3.86*
Var(e) 4.4% 0.026 | 4.98% -0.23
Var(e,) 50.8% 0.257 | 47.9% 0.11
) 1
" 1.7111
Iy 0.0014
Dy 2.2800

Table 17: The Long-Run Risk Moments from MSM Estimation
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We can have that

B0 < By o (o) 2 — 5] (16)
t—2
P
1B = Bial < otl(a(ed) 75— = Bl (47)
t—2

hold for all t a.s. because if 3, < 3Y this holds with equality and if 5, | +a; ! [(a(ef)lﬂ% —

Biq] = 8Y then 18 = Byial = 0.

Substituting [ recursively backwards in (46) delivers the following expression

P.
< —1 i 48
By < t_1+a1[(041 )5o+]:0(a€t) PH] (48)
-1
t (a1 =18y 1= 1, o
= Tital P ILCIN
7=0
-1
1 t—1 TIAS, ]
[Z a7 () el
-

where IT = § +0(% —)/(a~77) and the second line follows from equation (20) and (22) when
R, holds at unconditional mean R. Clearly, T — 1x (0 + E(a' () 7ed) = a'7p, = B"F

as t — 0. Then, we will establish that |75] — 0 as t — 0.

1 L a7 (ef) el
T, < J LIAS. 49
t—1

UvUe et
< > |AB;
= t—1+a11—HﬁUj_0| b

where the first inequality comes from the triangle inequality and the second inequality follows
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from the bounds for e?, e? and ;. Next, observe that

. P 1-108,_, ,_ _
(ael) VPtil = 1——Hétl 1 7(6?) Ve? (50)
1 1- v d
< =117, 7(6?) Te;
a7 uvye
1—1pY

Combining equation (47) and (50), we have that

t—1 i—1
1 1 at=uvUe
- ARB. < - -1z = =
t—1+a12| Al < t—1+alza1 1—1pY
Jj=0 J=0
AUt 1 L 1
1—1pY t—1+a12j—1+a1

Jj=0
The convergence of the over-harmonic series implies that

t—1

1
Z |AB;| — 0 for all ¢ a.s.
=0

t—l—f—Oél

Then, (49) implies that |T5| — 0 as t — 0. Taking the lim sup on both side of (48), it follows

from Ty — B% and |Ty| — 0 that

lim sup B, < 87 < gV

t—o0

Therefore, the projection facility is binding finitely many periods with probability one.
We now proceed to prove that 3, converges to ¥ from that time onwards. Consider

for a given realization a finite period ¢ where the projection facility is not binding for all
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t > t. The simple algebra gives

1 P,
- - )7L
/Bt t_t+a [atﬁt t( ]) ]Dj—l]
J:
R S R — AS
— =Y (Y7 4 1—v y—'yd J
t—t+at[t—fzta () 6J+t—fzta SR
j: J:

for all ¢+ > ¢. Similar operations as before then deliver

= A

Z (€5) Jﬁ—“’

j=t

a.s. for t — oo. Finally, taking the limit on both sides of (51) establishes

By — B(a' () el) = ' V. = B

a.s. as t — 0o. The least square learning thus globally converges to the RE.

(51)

=7/
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