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This paper shows how to prove the two Theoremsditd second mock theta conjectures respectively.
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1. Introduction
We give the definitions of7, rank of partition,N (m,n),

Nmen). o). an). 2 (K. (2. (),
(xk; x5)m which are collected from Partitions Yesterday and

Today [4], Generalizations of Dyson’s Rank [3], Ramjan’s
Lost Notebook [2]. We generate the generating fonstfor

po(n), and :01(”) [2] and prove the two Theorems first and

second mock theta conjectures respectively. Finallygive
two numerical examples which are related to firsl aecond
mock theta conjectures respectively whenl.

2. Definitions
JT: A partition.

Rank of partition: The largest part of a partitidh minus
the number of parts of7.

N (m, n): The number of partitions of with rankm.

N(m,t,n): The number of partition ofn with rank
congruent tan modulot.

po(n): The number of partitions of with unique smallest
part and all other partsthe double of the smallest part.

pl(n): The number of partitions af with unique smallest

part and all other parts one plus the double of the smallest
part.

z : The set of complex numbers.
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X) : The product of infinite factors is defined addols:

(
(x), =(- x)(l X )(1—x3)...oo

(ZX)oo The product of infinite factors is defined afdws:
(

x), =(1- zx)(l zx)(l—z><3)...oo

Xn)m: The product ofm factors is defined as follows:
n
be) =t

)(1 x"*l)(l x”*z) ..(1—x””“‘1).

(X X ) : The product ofnfactors is defined as follows:
X X8 ) ( Xk)(l_ Xk+5)(1_ Xk+10) (1 k(35 )

3. Mock Theta Functions(2)
We quote the relations below [1, 2]:

L-x)L-x*)(L—-x3)..0

@a- 2XCOSZ%T+X Y- 2x? cosz%+x )...0

F(x) =

f/(x) =1+ X

1- 2XCOSZL5” +x2

X4

+..0:,
@a- 2xc052n?+x )L- 2x3 cosz%+x)

n=1lor2.
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1 1 2
F(x®) = A(X) - 4x® COSZ%T B(X) + 2x5 COS%TC(x) -

3

2x5 cos%T D(X)- @)
F(x%) ={A(x)— ssin? Z%T(D(x)} B+ 205 cosznT”C(x) -
2xg COSZ%T{D(XH 4sin22%7.@}- )
] -
o)
cl)= (%1_—);52 )(%1_—)(;3 8: ;f’)) oc:

by

1-x)- x4)(1-xx6)(1- xg)(l-X”)+"'°°}’

But we get;

AX®) - 4xcos,2€]7 B(x®) +2x° coé; C(x*) -
2x3 cos%7 D(x°)
=1-4xcos 2n +2%3 cos4—72 -2x3 cosﬁ +2x° -
5 5 5
4x° coszE +2x8 co@—x10 +..00
5 5
5

V0= )

X20

e

23

We assume without loss of generality thmt= 1. Let
2mi

{ :exp?, then we may write the definitions &fx) and
f'(¥) as;

(%),

=G

and

n2

X

M= i B i)

IR
where we have used the relations;
(a)y =1, (), =(1-a)1-ax) . f1-ax™), for N1

and

(a), = Lim(a), = M{L-ax™).

n-o n=1

After replacing x by x5 we see that (1) and (2) are
identities forF(x) and f'(x). We note that the numerators in
the definitions ofA(x) andD(x) are theta series kand hence
may be written as infinite products using Jecoliiple
product identity;

(1— zxn)@— z_lxn_l)(l— xn)

n(n+1)

= _ﬁ (—1)nZnX 2

a8

1

n

@)
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= +Zx-Z7"+1- X% —..00. ® D3+ 24 m/ 2l +
+ 22X+ 1- X+ 2 - oo :Z(—l)”'l{xz(s 24m-1)  Danezln 1}ZP() "

wherez# 0 and|x| < 1. n=l

Replacingcby X° andzby X° we get from (3); Z(X\m\ﬂ 02 4 i3 +..,oo)—(x2‘m‘+5 4+ A +,,,oo)

B xen-a) oz )f o) SN

n=0
— x 1 _ -
= ..t +1-x*+ x° e The generating function foN (m,t, n) is of the form;
=1-x* -3+ +xt - 0. w n ( m n(t—m))
Z (_ l)n XE(3n+1) X+ X |_| (1_ Xj )—1
5 -3 1-x" j=1
Again replacing« by x andzby X ™ (3) becomes; s
. 5n—4)( _ 5n—1)( _ Sn) 2(an+1)
n-x)a-x)-x = 3 2 D e 4 ot
hel
= AXB X Hl-x+ X -0 o
(1+ th + XZtn +. oo)z P(k) Xk
k=0

=1-x=-x*+x"+xB-.. 0

=iN(m,t,n)x”

In fact we have;

n=0
A(X) = ﬁ (1_ Xsn_s)(l_zxsn 2)(1_2)( ) which shows that all the coefficients & " (wheren is any
n=1 (1— X5”'4) (l— X5”'1) positive integer) are zero.
Now we define the generating function;
s)=f =)
n=l (1— x5”_4) (1— Xsn_l) r, (d) for N (a,t, tn+ d)
- 1-x>" @
C(x)= il - Xs(n—s)(l_)XSn—z)’ wherer_(d)=r,(d,t)= MN (at,tn+d)x", and
D(X)— |-| (1 X5n_4)(1 Xsn_)( ) I’a,b (d)= ra,b (d’t)= ra(d)_ rb (d)
n (1 X5n—3)(1 NEE 2)
3.1 Rank of a Partition = ﬁ{N(a,t,tn + d) - N(b,t,tn + d)} x".
The rank of a partition is defined as tlaegést part n=0
minus the number of parts. Thus the partition 6+5+ 1 +
1+ 1+ 1of 17 has rank, 6-7 = -1 and the congdjat The generating functio[dX) is of the form;
partition, 7+ 3+ 2 + 2 + 2 + 1 has rank, 7-6 €., the rank
of a partition and that of the conjugate partitdiffer only in s
sign. The rank of a partition of 5 belongs to ame @f the ¢(X) =1+ 1 i X n
residues (mod 5) and we have exactly 5 residuesreTts 1-x (1-x) (1—X4)(1— XG)
similar result for all partitions of 7 leading tméd 7). 2
The generating function for the rankfishe form [3]; X o
(1—x)(1—x“)(l—xe)(l—xg)(l—x ) }
o (gt (3n-1)+/min V) T A
;( o b )!11(1 ) =1+ L+ x+3% +..00)+ 5L+ X+ +..00)

24
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[+ x* +..00) (14 X +..0)+ .00

XX HXCHX 2 +2X +2X + 28 +..00

0

=Y {N(155n)- N(255n)} x"

n=0
=r1,,(0).
The generating functioA(x) is defined as;
1-x*=-x3+x°+..0
2 2
(1- x)z(l— x“) (1— XG) .00

:(1— x* = x*+x° +...oo)(1+ 2x+ 3x° +...00)

A(x) =

(L+2x* +3% +..)..00

=14+ 2X+ 23 + X3 +2x* +.. .0

[

1+> {N(055n)-

n=0

N(255n)+

N(155n)-2N(255n)} x?

0

=1+ {N(055n)-

n=0

N(255n) x" +

Zi{N (155n)- N(255n)} x"
=1+r1, (O) +2r, (0) :

The generating function is of the form;

-x"

(1= )(1 x)

R

||:|8

o)L X +o0)

(1-0)+(3-2)x+(12-12)x2 +x° +2x* +..0

{N(055n+1)- N(255n + 1} x"

I
M

1
o

n

25

=To2 (1)
The generating function is of the form;

® -x"

i )(1 X%

o) 1)

=(1_O)+(3_3)X+(16_15)X2+___oo
=3 {N(055n+2)- N(255n+ 2)} x" x

n=0

(1+ X2 4 y0n=4 oo)

=T, (2).

The generating functio(x) is of the form;

LIJ(x)——1+{ CH X +
1-x? (1—x2)(1—x3)(1—x7)

XZO
+..00
(-2 )[1- X )[1-¢) {1 x2)
=1+ (L4 + X +..00)+ 531+ X +..00)x

(1453 +C +..00) 1+ X7 +..0)+.. 0

X2 XX E X 2xE X+ 2X0 + o0

Hence

W)

=]

=3 {N(255n+3)- N(055n+3)} X"

=X+ XX H XX+ 2+ + 2 +..0
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The generating functioB(x) is of the form;

_ 1-x-x*+x"+..0
S e ) e

= (1—x—x4 +x’ +...oo)(1+ 2x2 +3x* +...oo)
(1+25 +..00) [+ 2% +..00)..0

=1-X+2X° + 0.3 +..0

{N(055n+3)-N(155n+3)+

M

1
o

n

N(055n+3)-N(255n+3)} x"

= i {N(055n+3)- N(155n+ 3)} x" +

00

> {N(055n+3)-N(255n+3)} x"

n=0

=Toa (3) + 1oz (3) :

3.2 Mock Theta Conjectures

The generating function fopo(n) is of the form [5];

(=] 2n+l

X
i n+l j
n=0 X n+1

X X3 N

+ + +..00

T fe)im ) o))

= X(L+ X+ 32 +..00)+ X3(L+ X2 + X! +...00)
(L+5C + X +..00)+..0

=IX+XE+H 2+ X +3XC +2X +..0

=> py(n)x", @
n=0

26

which is convenient to defing, (0) =0

Now we prove the Theorem, which is known asstFi
Mock Theta Conjecture.

Theorem 1 N(155n)=N(055n)+ p,(n).

Lo (n) is the number of partitions of with unique smallest
part and all other partsthe double of the smallest part.

where

Proof: From (4) we have;

—_ n
=Y py(n)x
n=0
S XX +2+ X +3C° +2x8 +.. 00

= nz.;; po(n) X"

o

= 3¢»(x) +1- A(X) = Z o (n) X" (by above)

n=0
3r12 (0) +1- (1+ Moo (0) *I (O)) = i Po (n) x" (by above)

00

= 1,,(0)=15,(0) = () X" (by avove)

= i{N (155n)- N(255n)+

N(055n)- N(255n)} x" = 2 2,(n) x"

= 3{N(155n) - N(055M} ' = 3" 2, ) X"

n=0 n=0
Equating the coefficient ofX" on both sides, we get

N (15,5n) =N ( 0,5,5n) + 0, (n) . Hence the Theorem.

The generating function fopl(n) is defined as;
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-1 X . X2 .
T1-x [1-¢)-¢)  [-¢)l-xt)-¢)

=1+ 2x+ 22 +3C + 3 + A +4xE + 66X +4x% +.. 0

= i{pl(n) +]} X", if we assumepl(O) : (5)

n=0

Now we prove the Theorem, which is known as Second
Mock Theta Conjecture.

Theorem 2:
2N(255n+3)= N(155n+3)+N(055n+3)+ p,(n) +1,
where p, (n) is the number of partitions of with unique

smallest part and all other pagsone plus the double of the
smallest part.

Proof: We have;

-3¥%p(9

=1+ 2X+ 232+ 23 +2x* +3x° +3x% +..0

=2 {aln)+ix

+ D(X), (by above)

= S =3

3,00+ 10,3 +10,(8) = Yo () + 3 x°

n=0

= i{3N (255n+3)-3N(055n)+N(055n+3) -

n=0

N(155n+3)+ N(055n +3) - N(255n +3)} x"

=Y {pa(n)+x

0
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Equating the coefficient oX" on both sides, we get;

2N(255n+3)-N(055n)- N(155n+3)

= pl(n) +1
2N(255n+3)=N(055n)+ N(155n+3) + p,(n) +1.
Hence the Theorem.

4. [llustrative Examples
Here we give two examples, which are relapefirst and
second mock theta conjectures respectively.

Example 1

Forn=2, we have;

N(:LS;LO):Q with the relevant partitions are: 8 + 2, 6 + 1 +
1+1+1,5+3+1+1,5+2+2+1,4+4#423+3,3
+2+1+1+1+1+1,2+2+2+2+1+1,1+1+1+
1+1+1+1+1+1.

But N(O,5;LO):8 with the relevant partitions are:
8+1+1,7+3,5+2+1+1+1,4+4+14K3+2+
1,4+42+2+2,3+1+1+1+1+1+1+H2+2+1+
1+1+1.

Again, p0(2) =1 with the relevant partition being 2.

N(1510)= N(0510)+ p,(2).

Example 2

Forn =1, we have;

N(2,5,8) =5 with the relevant partitions are: 8,5 + 2 + 1,
4+4,3+1+1+1+1+1,2+2+2+1+1.

But N(1, 5, 8) = 4 with the relevant partitions are: 8 +
1+1,4+3+1,4+2+2,2+2+1+1+1-+ahdN(O,5,
8) = 4 with the relevant partitions are: 7+1,2+1+ 1,3 +
3+2,2+1+1+1+1+1+1.

Again p, (1)=1 with the relevant partition being 1.

Therefore, R(2, 5, 8) =2x56 =10 =4 +4 + 1+ 1 =
N(158)+ N(058) + p,(1)=1.

5. Conclusion

We have verified for any positive integer ofin two
Theorems first and second mock theta conjectures. e
have seen these for= 2 or 1 respectively.
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