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TESTING FOR THE BUFFERED AUTOREGRESSIVE
PROCESSES

By KE Zuu, PHiLiP L.H. YU AND WAI KEUNG L1

Chinese Academy of Sciences and University of Hong Kong

This paper investigates a quasi-likelihood ratio (LR) test
for the thresholds in buffered autoregressive processes. Under
the null hypothesis of no threshold, the LR test statistic con-
verges to a function of a centered Gaussian process. Under local
alternatives, this LR test has nontrivial asymptotic power. Fur-
thermore, a bootstrap method is proposed to obtain the critical
value for our LR test. Simulation studies and one real example
are given to assess the performance of this LR test. The proof in
this paper is not standard and can be used in other non-linear

time series models.

1. Introduction. After the seminal work of Tong (1978), threshold autoregres-
sive (TAR) models have achieved a great success in practice; see, e.g., Tong (1990)
for earlier works and Tong (2011) and the references therein for more recent ones.
Generally speaking, the TAR model says that the structure of an AR model shifts

among different regimes, i.e.,
p P

(1.1) Yt = ¢o + Z OilYi—i + (% + Z %’ytz’) Ry + &,
i=1 i=1

where Ry = I(y;—q < ) is the regime indicator of y;, r is the threshold parameter,
d(> 1) is the delay parameter, and &; is an uncorrelated error sequence with zero
mean and variance (> 0). There have been a lot of interests to detect the threshold
in TAR models since 1990s. Chan (1990, 1993) and Chan and Tong (1990) first
accomplished this task by considering a likelihood ratio (LR) test for TAR models.
Moreover, Tsay (1989) gave some novel methods in this context; Hansen (1996)
studied the Wald test and Lagrange multiplier (LM) test for TAR models; Wong
and Li (1997, 2000) studied LM test for TAR-ARCH models; Li and Ling (2013)
investigated the portmanteau test for threshold double AR models; see also Tsay
(1998), Hansen (1999), Caner and Hansen (2001), Ling and Tong (2005), Li and Li
(2008, 2011), and Zhu and Ling (2012).

Keywords and phrases: AR(p) model, Bootstrap method, Buffered AR(p) model, Likelihood
ratio test, Marked empirical process, Threshold AR(p) model.
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Under model (1.1), the regime of y, shifts when the state of y;_4 changes. In
practice, the regime of 3; may not shift immediately, and there could be a buffering
region in which the regime of y, depends on the regime of y, 4. Li, Guan, Li, and Yu
(2012) first formulated this situation by assuming that R; in model (1.1) satisfies

1 ifyqa <rp
(1.2) Ry=40 ity qg>r0
R4 otherwise

where r;, and ry are two threshold parameters such that r;, < ry. They called model
(1.1)-(1.2) the buffered AR (BAR) model, and the region in which y;_4 lies between
rr and 7y is called the buffering region. Also, they found that the BAR model is the
best selected model for the sunspot series in Tong (1990) and GNP series in Tiao
and Tsay (1994), and hence it may provide us with a new way to understand the
non-linear time series. However, how to test for BAR models is still unknown, and
it is more challenging than testing for TAR models because the regime of y; in this
case depends on past observations infinitely far away.

In this paper, we investigate a quasi-LR test for the thresholds in BAR mod-
els. Under the null hypothesis of no threshold, the LR test statistic converges to a
function of a centered Gaussian process. Under local alternatives, this LR test has
nontrivial asymptotic power. Our result nests the one in Chan (1990) as a special
case, but its proof is not standard and different from the proof in that paper. Fur-
thermore, a bootstrap method is proposed to obtain the critical value for our LR
test. Simulation studies and one real example are given to assess the performance
of this LR test.

This paper is organized as follows. Section 2 states our main result on the LR test.
Section 3 proposes a bootstrap procedure. The simulation results and one real ex-
ample are given in Section 4. The proofs are provided in the Appendix, which can be
found in Zhu, Yu, and Li (2013). Throughout the paper, some symbols are conven-
tional. |A| = (tr(A’A))"/? is the Euclidean norm of a matrix A. ||A|, = (E|A[*)Y*
is the L*-norm (s > 1) of a random matrix. A" is the transpose of matrix A. o,(1)
(Op(1)) denotes a sequence of random numbers converging to zero (bounded) in
probability. —; denotes convergence in distribution and = denotes weak conver-

gence. I(-) is an indicator function.
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2. Likelihood ratio test. Let ¢ = (do, - ,0p), ¥ = (Yo, -+ ,¥p), A =
(¢ "), v=(rp,rv), and 2 = (1, y4—1,- - - , Ys—p)". Then, model (1.1)-(1.2) becomes

(21) Yt = .Tt(’}/)/)\"—&ft,
where z4(y) = (2}, he(7)"), he(y) = 2 Re(7y), and Ry () is defined as in (1.2). Here, we
assume that all the roots of the characteristic equation ¢(z) = 2P — gzP~! —-- - — ¢,

lie inside the unit circle, and both p and d are known. Without loss of generality,
we further assume that d < p if p > 1, because we can set p = d with ¢,y =--- =
¢pa=0and Y,y =--- =1y =01in (2.1) when d > p > 1.

Suppose that {yo, - ,yn} are N + 1 consecutive observations from model (2.1)
with the true parameters Ao and vy, where A\g = (¢(, %), o = (Poos - , Ppo)’s
o = (Yoo, -+ ,¥p)', and vo = (710, 7v0). We consider the following hypotheses:

{ Ho : o = 0,

Hy : 1Yy # 0 for some 7.

Model (2.1) is an AR(p) model under Hy and it is a buffered AR(p) (BAR(p)) model
under Hy. When r;, = ry (i.e., the buffering region is absent), (2.2) is for testing
the threshold in the threshold AR(p) (TAR(p)) model, for which the likelihood ratio
(LR) test was studied by Chan (1990, 1991) provided that e, ~ N(0, 1) is a sequence

of i.i.d. random variables. When r # ry, since

Ri(v) = I(ys—a < 71)

(2.2)

S J
(2.3) +> T(ye—jea <) [T I(re < Yriz1—a < 1v) as.,

=1 i=1
we can see that R;(y) depends on all past observations infinitely far away. Note that
Ri(7) in Chan (1990) only depends on ;4. Thus, the test in Chan (1990) is not
a LR test any more and may be less powerful in this case. Motivated by this, we
consider an alternative LR test for (2.2).

/
Denote Y = (y,,--+,yn) and Z, = (X, X,) = (2,(7), 2p11(7), -+, an(7))
where

X = (x;mmerla e 7xN)/7
/
Xy = (hp(7>7 hp—&-l('Y)a T ahN('w) :
Let n = N — p+ 1 be the effective number of observations. Following Chan (1990),
we know that for any fixed value of v, the LR test statistic is

nloy —on(v)]

2 Y
O_TL

LRn(’V) =
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where
(2.4) 7= Y'Y~ (VXXX X)),
(2.5 P) =YY ~ (VL2 2 ZY))

Since the exact value of v is unknown under Hy, it is natural to construct the LR
test by using the maximum of LR, () over the range of v; see Davis (1977, 1987).
Thus, our LR test statistic is defined as

LR, =sup LR, (v),
ver
where I' = {(rp,7p);a < rp < ry < b} and [a,b] is a predetermined interval. Here,
we truncate the full range of 7, since LR,, may diverge to infinity in probability as
n — oo; see Andrews (1993a).
Let K5 = E[z¢(y)x(6)']. To study the asymptotic theory of LR,, we need the

following three technical assumptions:

ASSUMPTION 2.1. y; is strictly stationary, ergodic and absolutely reqular with
mizing coefficients B(m) = O(m~4) for some A > v/(v — 1) and r > v > 1;
Ely]* < 00, Eleg* < oo; and K., is positive definite.

ASSUMPTION 2.2. 1; has a bounded and continuous density function.
ASSUMPTION 2.3.  There exists an Ay > 1 such that 2Agrv/(r —v) < A.

Assumptions 2.1-2.2 are from Hansen (1996), in which the weak convergence of
empirical process is derived by using the method in Doukhan, Massart, and Rio
(1995). When 37, |¢i] < 1 and 37, |¢; + ¢;] < 1, Li, Guan, Li, and Yu (2012)
showed that model (2.1) is strictly stationary and ergodic. Assumption 2.3 is needed
to prove Lemma A.1 in the Appendix. When A > v/(v — 1), a sufficient condition
for Assumption 2.3 is that v < 3r/(2r + 1), which is stronger than v < r as required
in Assumption 2.1. Particularly, when ¢, is a sequence of i.i.d. random variables with
a bounded and continuous density function, 5(m) decays exponentially under Hy as
shown in Pham and Tran (1985). Thus, the mixing condition of y; in Assumption
2.1 and also Assumptions 2.2-2.3 hold in this case.

Furthermore, we state two key lemmas, under which a uniform expansion of
LR, () can be derived.
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LEMMA 2.1.  If Assumptions 2.1-2.3 hold, then (i) it follows that

1 -1
. {X;X7 XX (X’X) X’Xv}

vyer n n n n

—(5, = 5, 27'%,) 7Y = 0,(1);
(i) furthermore, under Hy it follows that
1
-1
T, — (- 5,2 ,J)ﬁzgg
where € = (g5, ,ex), Ty = n" V2 {X! = XIX(X'X) X'} Y, ¥ = E(xa}), and
£, = ElwaR(7).

sup
vyel

= Op(1)7

PROOF. See the Appendix in Zhu, Yu, and Li (2013). ]
LEMMA 2.2, If Assumptions 2.1-2.3 hold, then it follows that
as n — oo, where G., is a Gaussian process with zero mean function and covariance
kernel K.s.

PROOF. See the Appendix in Zhu, Yu, and Li (2013). O

Note that
TZ;(E = tz: xy, 2 Ry (y

p
We call {n_l/QZﬁye} a marked empirical process as in Stute (1997), where each y;_;_q4
in Ry(7) is a marker. In view of (2.3), we know that {n~*/2Z!c} involves infinitely
many markers, and this is also the case when Ling and Tong (2005) studied the
LR test for TMA models. However, their method seems hard to be implemented in
our case. Compared with the proof of Lemma 2.1 in Chan (1990) or Ling and Tong
(2005), the proofs of Lemmas 2.1-2.2 in the Appendix are not standard and can be
used in other non-linear time series models.

We are now ready to present our main result as follows:

THEOREM 2.1. If Assumptions 2.1-2.3 hold, then under Hy it follows that

LR, —4 squ 0,G,

vyel

as n — oo, where O, = (=X, 21 ) (2, -2, 2718) 7 (=2, 271 1),
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PROOF. By (2.4)-(2.5) and a direct calculation, we have
nlon —on()]

/ / ’ =1 5 -t
2.6 _p {XWX7 XX (X X) XXV}

n n

T

-

n n

By Lemmas 2.1-2.2, the conclusion follows directly from the same argument as for
Theorem 2.3 in Chan (1990). O

REMARK 2.1. Note that
—1
GGy =¢, (2, -5,37'%,) &,

where &, = (=X, 571 1) G,. Then, by a direct calculation, we can easily show that
for each v € T, GLQ,G, follows a x? distribution, namely, for fized v, the test
statistic LR, () is asymptotically pivotal under Hy.

REMARK 2.2.  Although the result in Theorem 2.1 nests the one in Theorem
2.3(ii) of Chan (1990) as a special case, it is necessary to mention some difference
between our LR test and that in Chan (1990). First, the denominator of LR, () in
our case is different from that in Chan (1990), but we can easily show that these two
denominators are asymptotically equivalent; see also Ling and Tong (2005). Second,
since the region of T' is larger than that in Chan (1990), our LR test needs more
computational efforts than that in Chan (1990).

REMARK 2.3.  As Chan (1990), we only obtained the result under the condition
that Var(e;) = 0. The case that the threshold effect happens in the variance of &

needs a further study in the future.

Next, we study the asymptotical local power of LR, by considering the following

local alternative hypothesis:

Hy, : 1y = — for a constant vector h € RF'L.

Vn
THEOREM 2.2. If Assumptions 2.1-2.3 hold, then under Hy, it follows that
LR, —g4sup {G'AYQVG7 + h’,uw)h} ,

yerl’
as n — oo, where M., = Elzx,Ri(v)Ri(0)] and

Hyyo = i (M’Y’Yo - 2727120/ (Ev - 2727127)71 (M

0
02 Yy

- 2,57'%,).
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PROOF. Note that Y = X¢o + X, h/\/n + ¢ under Hy,,. Thus,

1

NG
1 ! ! -1 / 1 ’ ’ , 1
= Jn (- (O N Ze b (X - XXX TN} X

By (2.6) and Lemmas 2.1-2.2, the conclusion follows directly from the same argument
as for Theorem 2.3 in Chan (1990). O

/ / _ 1 / / _
T, (X, - X, X(X'X)"' X'} e+ - (X, = X X(X'X) 7' X'} X0h

In practice, the values of a and b can be set to empirical quantiles of {y;}Y, as in
Chan (1991) and Andrews (1993b), although so far how to choose the optimal a, b
remains unclear in theory. In this case, we can always find a smallest ng > p such that
Yno—a Stays outside the region [a,b], where the integer ny depends on data sample

{%0,- - ,yn}. This means that we can observe R, (7), and then further calculate
{Ri(7)}L,, 1 iteratively by

Ri(v)=I(yy—a <71p) + Re1l(rp < yp—a <ry).

For the remaining observations {1, }7%;" whose regions are not well identified, we
then set their regions to be 0. Thus, we can only use R(7) rather than R,(v) in

practice, where

~ 0 fort=0,---,n9g—1,
(2.7) Ri(y) = )
Ri(vy) fort=mng,---,N.

Let LR, be defined in the same way as LR,, with R;(7) being replaced by Ry (7). The
following corollary shows that LR,, and LR, have the same asymptotic property.

COROLLARY 2.1.  If Assumptions 2.1-2.3 hold, then (i) under Hy it follows that

- ) '
LR, —yq SUI; GWQA,G7 as n — oo;
ve

(ii) under Hy, it follows that

LR, —4sup {G’WQVGV + h’,uWOh} as m — oo.

vyel

PROOF. See the Appendix in Zhu, Yu, and Li (2013). ]
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3. Bootstrapped critical value. In this section, we use a bootstrap method
to obtain the critical value for our LR test; see also Hansen (1996) and Li and Li
(2011). First, we let

(3.1) &=y — (1) Ma(7)
with
An(7) = arg mmth [Z’Z Tl {Z;Y} ,

where A is a compact parametric space of A\, and &;(\,y) = y¢ — x4(7)'A. Next, we

set
~ Z’ X . IVIX. " -1(x " I Zn
(3.2) LRo(7) = W (N (X (), D' 20(27)] (X1n(7), 1) (’7)’
where € = (&,vp, -+ ,EnvN)’, {Ut}iip is a sequence of i.i.d. N(0, 1) random variables,
and
A 1 X’X X/X -1
Zn(y) = —=Z.8, Xin(y) = — 2= (22
(1) = J=Z,8 Xin) = == ( E )
XX, XX /Xx\ XX
n n n n
Define
(3.3) LR, = sup LRn(V).

vyel’

The asymptotic theory of LR, is stated in the following theorem:

THEOREM 3.1. If Assumptions 2.1-2.3 hold, then under Hy or Hy,, it follows
that
LARn|y(), -+ yn —a sup GLQL G, in probablity as n — oo.
~yel

PROOF. See the Appendix in Zhu, Yu, and Li (2013). O

REMARK 3.1. In practice, LR, is calculated with Ry(7) being replaced by Ry (7).
However, by using the same argument as for Corollary 2.1, we can show that it does

not affect the asymptotic property of LR,,.
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Note that the conditional limiting distribution in Theorem 3.1 is the same as the
null distribution in Theorem 2.1. Then, conditional on the data sample {yo,--- ,
yn }, for any given significance level «, we use the following bootstrap procedure to
obtain our critical value:

(i) generate ii.d. N(0,1) samples {v;};*, and then calculate LR, via (3.1)-(3.3);

(ii) repeat step (i) for J times to get {LARS), e ,LARiJ)};

(iii) choose ¢; , be the a-th upper percentile of {LRS), e ,L}zg)}.

J

J

n,o)

From now on, we choose c; , as the critical value for our LR test, i.e., at the signif-

icance level «, if LR, > ¢’ ., we reject Hy; otherwise, we accept it. In Section 4, we

J

shorten c;,

. as ¢, for brevity.

In the end, we give a critical corollary as follows:
COROLLARY 3.1. If Assumptions 2.1-2.8 hold, then (i) under Hy it follows that

lim lim P (LRn > c;;a> = q;

n—oo J—oo

(i) under Hy, it follows that

lim lim lim P (LRn > c;;a) = 1.

h—o00 N—0 J—00

PROOF. See the Appendix in Zhu, Yu, and Li (2013). ]

Corollary 3.1 guarantees that our bootstrapped critical value c,‘ia is asymptotically
valid, and our LR test has power to detect Hy,. This method is also feasible to obtain
the critical value for the LR test in Chan (1990) by setting v, = yy. Moreover, since
LR,(7) is a step-function, the amount of computation on ¢ o depends only on the
effective sample size n and the bootstrapped sample size J. Hence, this will reduce

our computational burden significantly in application.

4. Simulation and one real example. In this section, we first compare the
performance of our LR test (LR,) and Chan’s (1990) LR test (LR}) in the finite
sample. We generate 1000 replications of sample size n = 200 from the following
BAR model:

(4.1) Y = Y1 — 0.09y—2 + (V1Yi—1 + Yayr—2) Re(y) + &4,

where Ry;(7) is defined as in (1.2) with d = 1, ¢ has N(0,1) distribution, and
the initial values yo = y1 = Ry(7y) = 0. We choose v = (0,0), (0,0.5), (0,1.5) or
(0,2), and use the significance level a = 0.05. Since the pair of characteristic roots
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is (0.1,0.9) in the regime of R;(y) = 0, we choose (¢1,1,) = (0,0), (0.1, —0.09),
(0.3,—0.27), (0.5,—0.45) or (0.7,—0.63) such that the pair of characteristic roots
in the regime of R;(y) = 11is (0.1,0,9), (0.2,0.9), (0.4,0.9), (0.6,0.9) or (0.8,0.9),
respectively. For each replication, the value of a and b for the interval [a, b] are set to
be the empirical 10th and 90th quantiles of data sample, the critical value for LR,
is calculated by the bootstrap method in Section 3 with J = 1000, and the critical
value for LR} is either calculated in the same way as the one for LR, or taken as
15.18 according to Table 2 in Chan (1991).

TABLE 1
Rejection rates
v 7 LR;,
0. o 1 ry LR, LR;, LE,
0.0 0.0 — — 4.9 4.9 3.4
0.1 -0.09 0.0 0.0 7.7 7.7 3.8
0.0 0.5 7.5 7.4 3.7
0.0 1.5 7.6 6.5 3.2
0.0 2.0 7.5 7.0 5.4

0.3 -0.27 0.0 0.0 31.9 34.2 14.3
0.0 0.5 30.6 30.3 16.5
0.0 1.5 33.4 29.6 15.4
0.0 2.0 32.0 27.1 15.6
0.5 -0.45 0.0 0.0 64.7  69.1 54.0
0.0 0.5 76.0 79.6 95.2
0.0 1.5 76.1 75.5 56.0
0.0 2.0 75.2 72.6 53.9
0.7 -0.63 0.0 0.0 95.8 97.1 86.4
0.0 0.5 89.4 90.1 89.5
0.0 1.5 96.0 96.0 87.8
0.0 2.0 95.9 95.9 89.9

Table 1 lists the rejection rates of LR,, and LR, with different values of ¢ and
7. The results for LR based on the bootstrapped critical value and Chan’s (1991)
critical value are denoted by LR], and LR; ,

correspond to the case when (¢1,1) = (0,0). From Table 1, we find that the sizes

of LR, and LRj, are close to their nominal ones, but the size of LR}, is very

respectively. The sizes of these tests

conservative. Although the power of all tests becomes larger as the two regimes for
Ri(y) = 0 and R;(y) = 1 are more distinguishing, the power of LRj is less than
that of LR, or LR], in all cases. This suggests that the bootstrapped critical values
may be more precise than the critical values in Chan (1991) for LR, test. When the
distance between r; and 7y is small, LR, is less powerful than LR7,, and its power
is greater than the power of LR7, as the distance between 77, and r; becomes large.

As we expected, this is because LR,, (or LR}) is the LR test when r;, and ry are far
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from (or closed to) each other. Overall, the simulation results show that LR, has a
good performance especially when the buffering region is wide.

Next, we study the quarterly U.S. real GNP (in 1982 dollars) from the first quarter
of 1947 to the first quarter of 1991. Its 100 times log-return, denoted by {y;}, has
a total of 176 observations; see Figure 1. We apply our test LR, and the LR test
LR} in Chan (1990) to this data set. The results with different values of p and
d are reported in Table 2. From Table 2, we find that a marginal threshold effect
can be detected at the 5% significance level in either BAR or TAR model with
p = d = 2. Our finding is consistent to the ones in Potter (1995) and Hansen (1996),
in which they also detected a marginal threshold effect in the TAR model by using
the sup-LM test. Hence, we fit {y;} by the following two specifications:

. . . . . . . .
o 20 40 60 80 100 120 140 160
Time

F1c 1. 100 times log-return of quarterly U.S. real GNP (in 1982 dollars) from the first quarter of
1947 to the first quarter of 1991.

TABLE 2
Results of tests applied to data set {y;}T

BAR model TAR model
p d LR, €0.1 €0.05 00.01§ LRZ 03,1 03_05 08,01§
1 1 4.29 13.66 16.51 23.29 4.29 9.69 11.79 18.58
2 1 9.08 17.97 22.07 30.76 5.83 14.57 17.75 24.92
2 2 21.08% 18.53 21.36 29.58 13.69% 1247 14.52 18.82
3 1 7.18 20.88 23.93 31.63 6.46 15.60 19.10 26.02
3 2 18.15 21.34 24.62 31.70 13.84 14.59 16.70 21.92
3 3 14.38 20.07 23.67 32.50 8.16 17.02 20.83 30.15

T The value of @ and b are set to be the 10th and 90th quantiles of {y;}.
 The p-values for LR,, and LR* are 0.053 and 0.064, respectively.
§ ¢4 (or ¢) is obtained by the bootstrap method in Section 3 with J = 1000.
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1.2211 + 0.1597y,_1 + 0.4017y,_o + &, if R, = 1
(0.1979) (0.1236)  (0.1656)
0.0704 + 0.3754y;_1 + 0.3031y,_s + ¢ if Ry =0
(0.1245) (0.0856)  (0.0954)

Ut

)

(4.2) where

1 ify 9 <0617
Ri={ 0 ify_o>1237

R;_1 otherwise

and
04515 + 0.3924y;_1 — 0.8379y, 5 + &, if Ry = 1
] (02620) (0.1400)  (0.2628)
7N 03971403241y, 4 +0.1822y, o+, R =0
0.1503) (0.0845)  (0.1129
" (0.1503) (0.0885) (01120
where

9

R o_ 1 if 1o < —0.008
e 0 otherwise

where models (4.2) and (4.3) are estimated by the least squares method with the
standard errors in parentheses, and their estimated values of o2 are 0.85 and 0.90,
respectively. For model (4.2), the first 20 autocorrelations or partial autocorrelations
of the residuals {£;} or {¢?} are not significant at the 5% level; see Figure 2. Similar
results hold for model (4.3), and hence they are not reported here. Thus, it may imply
that both models are adequate to fit {y;}. Moreover, the values of log-likelihood for
models (4.2) and (4.3) are -233.1 and -237.3, respectively, and hence a BAR(2) model
is more suitable than TAR(2) model to fit {y:}.

It is interesting to see that models (4.2) and (4.3) basically tell us different stories.
Following Tiao and Tsay (1994), if we treat a negative growth in GNP as ‘contrac-
tion” and a positive growth as ‘expansion’, model (4.2) shows that the region of
yr does not shift unless we have experienced a big ‘contraction’ or ‘expansion’ two
years before, while model (4.3) indicates that the region of y; almost fully relies on
the kind of economic status that we have at that time. To our best knowledge, the

society or government may not have a big or quick response to a moderate growth in
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(@) (b)
. 1 1.1 . |
P T T PR
T 2 4 s 8 Le;)g 4 16 18 20 % 6 8 Li:g 2 14 16 18 20
(c) (d)
20 go
Tty [oenet 11 i) loeel 11
TR ! ST

“02 L L L L L L . . L 02
0 2 4 6 8 10 12 14 16 18 20 0

2 4 6 8 10
Lag Lag

Fi1c 2. (a) the autocorrelations for {&;}; (b) the partial autocorrelations for {&;}; (¢) the autocor-
relations for {2}; and (d) the partial autocorrelations for {£7}.

GNP, and hence the region of y; is most likely unchanged in this case. Thus, based
on these facts, it is fair to conclude that a BAR(2) model is more reasonable than

TAR(2) model to fit {y;}.
In the end, it is also of interest to fit {y;} by a three-regime TAR model as follows:

—0.4969 + 0.3735y; 1 — 0.8500y;_ + & if y;_» < —0.288
(0.3649) (0.1399) (0.3193)
—3.3614 + 1.1691y; 1 — 15.872y; o + &4 if — 0.288 < ;5 < —0.058
(1.2807) (1.0193)  (4.3454) ’
0.3837 + 0.3233y,_1 + 0.1908y;_» +&; if yr_o > —0.058
(0.1439) (0.0818)  (0.1083)

(4-4) Yt =

where model (4.4) is estimated by the least squares method with the standard errors
in parentheses, and the estimated value of o2 is 0.84. As model (4.2), model (4.4) may
also be adequate to fit {y;} by looking at the first 20 autocorrelations and partial
autocorrelations of the residuals {¢;} and {¢7}. However, the number of effective
observations for these regimes from lower to upper are 25, 10 and 139, respectively.
Thus, although the value of log-likelihood for model (4.4) is -231.6 greater than that

for model (4.2), a model with two regimes for {y;} seems more likely. Therefore,
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compared to model (4.4), we prefer to fit {y;} by a BAR(2) model in view of this

point.
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APPENDIX: PROOFS

In this appendix, we first give the proofs of Lemmas 2.1-2.2. Denote C' as a generic
constant which may vary from place to place in the rest of this paper. The proofs

of Lemmas 2.1-2.2 rely on the following three basic lemmas:

LEMMA A.1. Suppose that y, is strictly stationary, ergodic and absolutely reqular
with mizing coefficients B(m) = O(m=4) for some A > v/(v—1) andr > v > 1; and
there ezists an Ay > 1 such that 2Agrv/(r—v) < A. Then, for any vy = (rp,ry) € T,
we have
j (r—v)/2Aorv

M1 <y—s <rv) } < 00.

Jj=1

PROOF. First, denote & = I(rp < y—; < ry). Then, & is strictly stationary,
ergodic and a-mixing with mixing coefficients a(m) = O(m~4). Next, take ¢ €
([2A0rv/(r —v)+1]/(A+1), 1), and let p = [j*] and s = |j/j*|, where |z] is the
largest integer not greater than . When j > jj is large enough, we can always find
{&kps1}ih, a subsequence of {& ;.

Furthermore, let 7 = o(&,m < ¢ < n). Then, &1 € f,flfif Note that
El&p1] < Pla <y, <b) 2 p € (0,1). Hence, by Proposition 2.6 in Fan and
Yao (2003, p.72), we have that for j > jo,

E

J
e
i=

< E [H gk‘p-i-l

s—1

{ lH ékp+1] - ZEIZE [fkp+1]} + I E €]

k=0

< 16(s — a(p) + p°
< CLj/g gt~ + pld.



2

Therefore, since (r — v)/2Agrv > 0, by using the inequality (z + y)* < C(z* + ¢*)

j (r—v)/2A0rv
I @-] }

} (r—v)/2Aorv

for any x,y,k > 0, it follows that
< (jo—1) +CZ [U/]

o j (r—v)/2Aprv oo
Z{E Hfz]} S(j0—1)+Z{E
j=1 i=1

J=jo
(A1) LS il 2o

Jj=Jjo

Since ¢ > [2A0rv/(r —v)+1]/(A+1), we have (tA+¢—1)(r —v)/2Agrv > 1, and

hence Y22, j= (AT =DIr=0)/24m < o0 which implies that
oo c . (r—v)/2A0rv oo (r—v)/2Aorv
Li/J"]
(A.2) [ 4 < < 00.
2 [ > G

. 1/j
On the other hand, since (pU/J J("“_”)/“U””) g < 1, by Cauchy’s root test, we have

(A.3) S Uil 2o S L0 A0 o

J=jo J=1

Now, the conclusion follows directly from (A.1)-(A.3). This completes the proof. [

LEMMA A.2. Suppose that the conditions in Lemma A.1 hold, and y, has a
bounded and continuous density function. Then, there exists a By > 1 such that for

any v1,%v € I', we have

HRt<’71) - Rt(ﬁ)/Z)H?Tv/(rfv) < CVlf}/l ‘ v /ZBOTU

PROOF. Let 71 = (rig,r1p) and v2 = (rap, 7oy ). Since Ry(y) = I(y—a < rp) +
Ry 1(v)I(rp < yi—q < ry), we have

Ri(m) — Re(72) = A1, 72) + L(rip < Yp—a < 11v) [Re—1(71) — Ri—1(72)],
where

Av(y1,72) = I(ror, < Yi—a < 111)
+ Ri_1(7e) [I(r1n < Yp—a < 1) — I(r2n, < ye—a < 1mov)]-
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Thus, by iteration we can show that

Ri(m1) — Re(72)
(A.4) = A¢(71,72) + i At—j(%, V2) ﬁ I(rip < Yr—ica < T107).

j=1 i=1

Next, for brevity, we assume that ro, < r1p < ropy < 71y, because the proofs for

other cases are similar. Note that for any j > 0, R,_;_1(72) < 1 and

I(rn < Yi—joa < 1mw) — L(rep < yr—j—a < Tovr)

=I(rov < Y—joa < rw) — I(rar < Yr—j—a < r11)-
Let f(x) be the density function of y;. Since sup, f(z) < oo and |A;—;(71,72)| < 2,
by Holder’s inequality and Taylor’s expansion, it follows that for any s > 1,
E|Aj(n )l < 27 B A (1, 72)]
<277 12sup f(2)|r1p = rar| + sup f(@)|r1o = raul
(A.5) <Chn =l

Let Ag > 1 be specified in Lemma A.1, and choose By such that 1/Ay + 1/By = 1.

By Hélder’s inequality and (A.5), we can show that
j 2rv/(r—v)
Arj(71572) H I(rip < Y—imca < 1)

=1
TV r—v l/B
< {E[At_j(%’%)]wo / )} ’
1/A,
X {E }
< RBore/C=OISUARIA, ()|}
1/Ao
J
(A.6) <Clm - ’YQ|1/BO E H I(rip < Yr—ica < 10)

=1

E

J
H I(rip < Ye—ica < 1v)
i=1

J
1TI(re < yimica < 7100)
i=1

}1/A0

By (A.4)-(A.6), Minkowski’s inequality, Lemma A.1 and the compactness of I, we




have
||Rt(’71) - Rt(’yQ)HZTU/(r—v)
< Ch/l . 72|(r7v)/2rv + Ch/l . 72|(r7v)/230rv
o j (r—v)/2A0rv
XY {E [T <yica <) }
=1 i=1
< Oh/l o ,72‘(r—v)/2Bo7"v'
This completes the proof. n

LEMMA A.3.  Suppose that the conditions in Lemma A.2 hold and Ey} < .
Then,

/

X X

n

— 0 a.s. asn — oo.

sup
~yerl

_27

PROOF. For brevity, we only prove the uniform convergence for n=!' "1 ¢(7),

the last component of n_lX;X , where

Pi(7) = yf—pRt('Y)'

First, for fix € > 0, we partition I" by {By, -+, Bk.}, where By, = {(rp,7v);wr <

rr < wii, Vg <y < Vgy1} N Here, {wy} and {v} are chosen such that
(A7) (Wk+1 — wk>(r—v)/2Borv < 015 and (I/k+1 — Vk)(r—v)/QBorv < 018,

where By > 1 is specified as in Lemma A.2, and C; > 0 will be selected later.

Next, we set

f11(€) = iy Re(wirr, vipr) and  fi(e) = 7, Re(we, vi).

By construction, since R;(7y) is a nondecreasing function with respect to 7, and 7y,
for any € ', there is some k such that v € By, and fl(e) < () < fi(e).
Furthermore, since rv/(2rv — r +v) < 1, we have

2 2
Q.
Hyt—p 2rv/(2rv—r+v) < Hyt_pHQ <
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Thus, by Hélder’s inequality, Lemma A.2 and (A.7), we have

E[f() - fi(e)]
2
= Hyt_p 2rv/(2rv—r+v)
<C [(Wk+1 — wk>(r7v)/230”’ + (Vk+1 _ Vk)(T*U)/2Borv:|

S 20018.

||Rt<wk+17 Vk-i-l) - Rt<wk7 Vk)||2rv/(7‘—v)

By setting C} = (2C)~!, we have E {f;“(a) — ftl(a)} < e. Thus, the conclusion holds
according to Theorem 2 in Pollard (1984, p.8). This completes the proof. ]

Proor oF LEMMA 2.1. First, since K., is positive definite by Assumption 2.1,
we know that both ¥ and X, are positive definite. By using the same argument
as for Lemma 2.1(iv) in Chan (1990), it is not hard to show that for every v € T',
X, — 272_5}; is positive definite. Second, by the ergodic theorem, it is easy to see
that

X'X
n

— > a.s.asn — o0.

(A.8)

Third, by Lemma A.3 we have

X' X
Y
.y
n Y

XX

A.
(A.9) sup -

vyel

— 0 and sup — 0 a.s.

vel’

~

as n — o0o. Note that if Hy holds, we have

T —

~

(X, - X)X(X'X)"' X'} e

S-S

(- (XIX)(X'X)7 1) Ze.
Then, (i) and (ii) follow readily from (A.8)-(A.9). This completes the proof. O

PROOF OF LEMMA 2.2. Denote

Gn(v) = \/152;5 = \/1ﬁ > m(y)er.

t=p

It is straightforward to show that the finite dimensional distribution of {G,(7)}
converges to that of {cG,}. By Pollard (1990, Sec.10), we only need to verify the
stochastic equicontinuity of {G,,(v)}. To establish it, we use Theorem 1, Application
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4 in Doukhan, Massart, and Rio (1995, p.405); see also Andrews (1993) and Hansen
(1996).

First, the envelop function is sup,, |z:(7)e;| = Z¢|e¢|, where Z; = sup,, |2;(7)|. By
Holder’s inequality and Assumption 2.1, we know that the envelop function is L2
bounded. Next, for any ;1,7 € I', by Assumptions 2.1-2.3, Lemma A.2 and Holder’s

inequality, we have

ze(11)ee — ze(2)etll2o = |he(y1)ee — he(2)ed]|20

< Nlzieellzrl| Re(v1) — RBe(v2) l2rv/ (r—v)
< Cllzellarlleelar |71 — 72‘(747”)/2307“1;

S C|/71 . 72|(7‘—v)/2307’v

for some By > 1, where the last inequality holds since ||z¢]4||€t]|4r < 00.
Now, following the argument in Hansen (1996, p.426), we know that G, (v) is

stochastically equicontinuous. This completes the proof. 0

Next, we give Lemmas A.4-A.6, in which Lemma A .4 is crucial for proving Lemma
A5, and Lemmas A.5 and A.6 are needed to prove Corollary 2.1 and Theorem 3.1,

respectively.

LEMMA A.4.  Suppose that y, is strictly stationary and ergodic. Then, (i) ng =
O,(1); (i) furthermore, if Ely|* < oo and El|e|? < oo, for any a, = o(1), we have

no—1
(A.10) sup |a, >z Ry(y)| = O,(1)
el t=p
and
no—1
(A.11) sup |an, Y hi(7)e:| = O,(1).
el t=p

Proor. First, by the ergodic theory, we have that

1 M
MZI(agyt_dgb):P(agyt_dgb)én>0 a.s.
t=p

as M — oo. Thus, Vn > 0, there exists an integer M(n) > 0 such that

P 1%1( <ya<b) <)<
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By the definition of ng, it follows that
M
Png>M)=P > Ila<y_a<b)=0

=P

M K
<Pl—=) Ila<y_g<b) <=
< MZ; (@ <yia< )<2
(A.12) <,

i.e., (i) holds. Furthermore, by taking M = M?, from (A.12) and Markov’s inequality,
it follows that Vn > 0,
> M )

>M,n0§]\/[)

>M)

a, Z z 2, Ry (7y)

= P [ sup
yel’

P ( max sup

p<k<M et

no—1

an Y w7 Re()

t=p

k—1
a Y 1wy y(7)

t=p

IN

(A.13) = ( i )zO(an)<n

as n is large enough. Thus, we know that equation (A.10) holds. Next, by Holder’s
inequality and a similar argument as for (A.13), it is not hard to show that ¥Vn > 0,

P | sup
~yel'

as n is large enough, i.e., (A.11) holds. This completes the proof. ]

no—1

an Z he(7y)e

t=p

>M) <O(ay) <n



LEMMA A.5. If Assumptions 2.1-2.3 hold, then it follows that under Hy or Hy,,

() sup - (X, - %,)' %] = 0,00)
1) sup |— — =0 ,
76? o ¥ P
.. 1 ! ~ 1
(ZZ) ilé? E (X’YX’Y - 'yX’Y) = Op(1)>
(iii) sup|T, = Ty| = o,(1),
vyel

where X} and ﬂ are defined in the same way as X., and T, respectively, with R.(7y)
being replaced by Ry(7).
PROOF. (i) Note that

1 1 el

n (Xv - Xv),X = \/15 [\/ﬁ ; zey [y ()

n

Hence, we know that (i) holds by taking a, = n~'/2 in equation (A.10).
(ii) By a similar argument as for (i), we can show that (ii) holds.
(iii) Note that when \g = (¢, ' /y/n)’, we have

T, - T, = \/15 (x, - X)) e~ \/15 (x, - X)) X(X'X)"X
- ; (x, - X)) X(X'X)"'X'X,
- le XX (XX)TIXT (X = Xy )
+ i (X5, — XI X0 )

= Iin(7) = Lon(7) = Lsn(7) = Ln(7) + Isn(7) say.

First, since

it follows that sup,, |I1,(v)| = 0,(1) by taking a, = n="/* in equation (A.11). Next,

since

T

we have that sup., [12,(7)| = 0,(1) from (i). Similarly, we can show that sup., [;(7)| =
0p(1) for i = 3,4,5. Hence, under Hy (i.e., h = 0) or Hy,, we know that (iii) holds.
This completes the proof. n

n

(X’X) '

1 no—1
f2n(7) = [n Z %ﬂngt(V)
t=p
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LEMMA A.6. If Assumptions 2.1-2.3 hold, then it follows that under Hy or Hy,,

sup \/m)‘n<7) - )\0‘ = Op(l)-

vel

Proor. First, for any v € I', by Taylor’s expansion we have

> 2 (n(),7) — €7 (R0, 7))
= —(An(v) — )\0), (; 2575()\07’7)51715(7))
(A.14) + (Au(7) = Ao)’ (tz 9375(7)%:(7),) (An(7) = o).

Next, when \g = (&), h'/+/n)’, we can show that

\/_ Zet Ao, V) (y) = \/_Z;eS +— Z:l?t [z:(70) — (7)) Xo

1, 13 wallRi) - Ri(a)
- 7 +n§(xtx;mtwmt(%)—m(w] )h

(A.15) 2 @i y).

Let Amin(7) > 0 be the minimum eigenvalue of K.,. Then, by equations (A.14)-
(A.15), Vn > 0, there exists a M (n) > 0 such that

P (sup Vil () = Xl > )

—p (mxm — ol > M, i (20 (3),7) — 20, 7)] <0
for some v € T)
P (Vilda(3) = Xl > M, —2v/n[Aa(7) = XolIG (7))
+1IAn(7) = Aol [Amin(7) + 05(1)] < 0 for some € T)
P (M < v/lAa(3) = dol < 2min(7) + 0,(1)] |G ()]
for some v € I)
PG> M[Amin(7y) 4 0p(1)]/2 for some v € T')

IN
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where the last inequality holds because G} (v) = O,(1) by Lemma 2.2 and Lemma
A.3. Hence, under Hy (i.e., h = 0) or Hy,, our conclusion holds. This completes the
proof. O]

PrROOF OF COROLLARY 2.1. The conclusion follows directly from Theorems 2.1-
2.2 and Lemma A.5. 0

PrROOF OF THEOREM 3.1. We use the method in the proof of Theorem 2 in
Hansen (1996). Let W denote the set of samples w for which

(A.16) lim — Zsup lz:(7)]e? < o0 as.,

n—oon t= p’YGF

(A.17) lim sup Zazt §)er —o’Kys| — 0 as.

=

Since sup.cr |2:(7)| < V2| and Elayle} < oo due to Assumption 2.1, by the

ergodic theorem we have

2 Y )
glggon %igpm 7let < JLHgOnglxt\at < 00 as,

i.e., (A.16) holds. Furthermore, by Assumptions 2.1-2.3 and a similar argument as
for Lemma A.3, it is not hard to see that

lim sup th —UQKW; — 0 a.s.,
N0 N 5eT | 1= =p

i.e., (A.17) holds. Thus, P(W) = 1. Take any w € W. For the remainder of the proof,
all operations are conditionally on w, and hence all of the randomness appears in
the i.i.d. N(0, 1) variables {uv;}.

Define

Zi(y) = jﬁ S m)em

By using the same argument as in Hansen (1996, p.426-427), we have

(A.18) Zr(y) = oG, as.asn — oo.

Note that
su Zn <su x "v| su .
sup |2,(7) = Z3(7)| < sup n; ()00 [V (1) = o)
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Using the same argument as for (A.18) (see, e.g., Hansen (1996, p.427)), we have
1 N
(A.19) - > zi(v)xe(7) vy = 0 as. as n — oo.
=p

Now, by Lemma A.6 and (A.19), it follows that under Hy or Hy,,

A

(A.20) Zn(v) — Z%(y) = 0 in probability as n — oc.

Thus, by (A.18) and (A.20), we know that under Hy or Hy,,

A

(A.21) Zn(v) = oG, in probability as n — oo.

Next, we consider the functional

1
L:2() € Dapea(T) — — supa(r) (1),
0% ~el

where Ds,,»(T") denotes the function spaces of all functions, mapping R*(T) into
R*T2 that are right continuous and have right-hand limits. Clearly, L(-) is a con-
tinuous functional; see e.g., Chan (1990, p.1891). By the continuous mapping theory
and (A.21), it follows that under Hy or Hy,,

(A.22) L(Zn(7)) = L(cG,) in probability as n — co.

Furthermore, since 02 — 02 a.s. and (X1,(7), [) [Xan(7)] ' (X1n(7), 1) — €, uni-
formly in v by Lemma A.3, we have that

(A.23) sup LRy (7) = L(Za(7)) + 0,(1).

~yel'

Finally, the conclusion follows from (A.22)-(A.23). This completes the proof. O

PROOF OF COROLLARY 3.1. Conditional on the sample {yo,- - ,yn}, let ij
and F), be the conditional empirical c.d.f. and c.d.f. of LR,, respectively. Then,
P(LR,>c],)
=E {P (LRn > Ci,a|y0a e 7yN)}
= E[P(F, (LR, > 1~ alyo, - ,yn)|-
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By the Glivenko-Cantelli Theorem and Theorem 3.1, it follows that under Hj or
Hlna

lim lim P (LR, >¢],)

n—oo J—oo

— lim E [P (Fn(LRn) >1—alyo,- - yw)}

n—oo

= lim B[P (Fy(LR,) > 1—alyo, - ,yn)]

(A.24) = lim P(Fy(LR,) >1—a),

n—oo

where [y is the c.d.f. of sup,cp G' €2, G,. Thus, by (A.24) and Theorem 2.1, under

H, we have

ie.,

n—oo J—oo ’YEF

lim lim P (LRn > cia) =P (sup G’WQA,G7 > Fo_l(l — 04)) =q,
(i) holds. Furthermore, by (A.24) and Theorem 2.2, under H;,, we have

lim lim lim P (LR, >c],) = lim P (Br>Fy'(1—a)) =1,

h—o00 N—00 J—o00

where B), £ SUp, e {G;Qva +n vaoh} and the last equation holds since B, — oo

in probability as h — oo. Thus, (ii) holds. This completes the proof. O
REFERENCES
[1] ANDREWS, D.W.K. (1993) An introduction to econometric applications of functional limit

theory for dependent random variables. Econometric Reviews 12, 183-216.

[2] CHAN, K.S. (1990) Testing for threshold autoregression. Annals of Statistics 18, 1886-1894.

[3] DOUKHAN, P., MASSART, P., and R10, E. (1995) Invariance principles for absolutely regular
empirical processes. Annales de I’Institut H. Poincare 31 393-427.

[4] FAN, J. and YAO, Q. (2003) Nonlinear time series: Nonparametric and parametric methods.
Springer, New York.

[5] HANSEN, B.E. (1996) Inference when a nuisance parameter is not indentified under the null
hypothesis. Econometrica 64, 413-430.

[6] POLLARD, D. (1984) Convergence of Stochastic Processes. New York: Springer.

[7] POLLARD, D. (1990) Empirical processes: Theory and applications. NSF-CMBS Regional
Conference Series in Probability and Statistics, Vol 2. Hayward, CA: Institute of Mathematical
Statistics.

CHINESE ACADEMY OF SCIENCES DEPARTMENT OF STATISTICS AND ACTUARIAL SCIENCE
INSTITUTE OF APPLIED MATHEMATICS UNIVERSITY OF HONG KoONG

HAIDIAN DISTRICT, ZHONGGUANCUN PokrurLaM RoAD, HoONG KoONG

BEI JING, CHINA E-MAIL: plhyu@hku.hk

E-MAIL: zkxaa@ust.hk hrntlwk@hku.hk



