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Some Notes on I nconsistence and I ndecisivenessin the Analytic Hierar chy
Process

Jiti Mazurek

Abstract: The aim of the article is to introduce a mathacahtconcept of indecisiveness into the analytic
hierarchy process (AHP) framework. Indecisiveness lwe useful in two ways: first, decision makerthwiigh
indecisiveness (higher than a given threshold yataa be excluded from a decision making proce#s i@arly
stages as low-competent and replaced by other, momgpetent DMs; second, indecisiveness along with
consistency indexC.l. can be used for the calculation of (aposterioldD weights without any additional
information about DMs’ age, formal knowledge, sbatatus, etc. The proposed approach is demondtmate
examples.
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JEL classification: D79.

1. Introduction

Decision making processes are omnipresent in hulf@aras well as in many areas of
economics such as marketing, management, humanrcesg logistics, etc. Decision making
methods range from the simple majority rule to msoehisticated approaches such as the
analytic hierarchy/network process (AHP/ANP) byLT.Saaty, see e.qg. [3], [4], [5] or [6],
computing with words ([7] or [8]) or decision magim the fuzzy environment ([1] or [2]).

In general, a multi-criteria decision making pracesnsists of the following steps:

1. Identification of the problem.

2. Analysis of the problem.

3. Establishing sets of alternatives, criteria argerts who will evaluate alternatives.

4. Evaluation of alternatives by experts with rese given criteria.

5. Selection of the best alternative (which inclidggregation of experts’ preferences and
ordering of alternatives from the best to the worst

In the literature the step 5 is of the most intgras there is vast number of methods proposed
for various kinds of decision making processesis Hiticle focuses on the step 4, and more
specifically on the problem of ‘quality’ of decisianakers’ (DMs’) preferences in the group
decision making. So far, DMs’ preferences were dhghly examined in terms of their
(in)consistence (that is existence of a contragitbecause human judgment is imperfect due
to many reasons such as time pressure, impredm@niation, lack of knowledge, prejudices,
etc.

DMs’ preferences are crucial part of each decismaking, as they represent problem’s input,
hence they determine problem’s solution. Apart fr@mconsistence, which is of great
importance without no doubt, DMs’ preferences arestudied in a more detail, though there
are at least two other often neglected featureitapt for problem’s solution associated
with DMs’ preferences:

- differences among DMs’ preferences (degree of dlicoamong DMs),
- decisiveness of each DM.

As for the former, conflicting attitudes of DMs rhigresult in no consensus under some
circumstances (consider e.g. situation, where tgoaly strong groups of DMs are in



opposition). Group decision making is always asged with less or more conflict among
DMs, which must be resolved finally if a consensugoing to be achieved.

As for the latter, decision makers can express fhreferences on a set of alternatives with a
different degree of intensity (or confidence). IR, the intensity of preference is expressed
on Saaty’s scale from 1 to 9 (see Table 1). In deglsion situations, some decision makers
can express stronger preferences than othersemiss@atural to assign higher weights to a
DM who has strong opinion on a topic (a DM is stigndecisive possibly due to better
knowledge or experience), and lower weight to a Bih weak opinion. As shown in
Section 2, in extreme cases a DM can express prefes that are absolutely consistent (see
Table 2), but completely indecisive, thus usel€slgarly, inconsistence is not sufficient
measure of quality DMs’ preferences.

Therefore, the aim of the article is to proposertteasure of indecisiveness in the group AHP
framework. This new measure can be useful in twgswa

- DMs with high indecisiveness can be excluded frardecision making process as low-
competent immediately in its early stages and oegldy other, more competent DMs.

- Indecisiveness along with Saaty’s consistencyxd.l. can be used for the calculation of
(aposteriori) DMs’ weights. Decision makers withiger consistency and decisiveness are
assigned larger weights and vice versa. The adgardathis approach rests in the fact that
only information given by DMs is used, and no addial knowledge ‘from outside' about
DMs’ age, formal knowledge, social status, etcretguired.

The article is organized as follows: in Section BFAand consistency index.l. are briefly
described, in Section 3 the measure of indecisa®ieintroduced along with derivation of
weights of DMs, and in Section 4 numerical exam@les provided. Conclusions close the
article.

2. Analytic hierarchy process

Analytic hierarchy process (AHP) was proposed by .TSaaty in 1980 [4]. Its fundamental
part consists of pair-wise comparisons of objectshek™ level of hierarchy with regard to
objects on the immediately highds £ 1) level. Typically, the highest level isgoal, the
second level forneriteria and the lowest level consists afernatives The aim of AHP lies

in the selection of the best alternative. As thigclar focuses on indecisiveness of decision
makers in evaluating alternatives, only comparisainglternatives with regard to a given set
of criteria by one or more DMs will be considered.

Alternatives are compared on the scale from 1 twlre 1 denotes equal importance and 9
extreme importance of one alternative over anoffee Table 1)s; denotes preference of an
alternativei over an alternativg. Preferencess; are reciprocal: if an alternativA is
moderately preferred over an alternat;ghens,; =3, and by definitions,, =1/3.

o . o 1
All pair-wise preferences; form a reciprocal matrife with elementss; =—;0i, j .
ji
Pair-wise preferences are consistent;ifs, = g, Ui, j,k; that is the transitive property of
DM’s preferences is preserved.

Consistency of DMs’ preferences is expresseddmsistency inde€.l. given as [4]:
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where A ., is the largest (positive) eigenvalue of the maRixn is the order ofP, and

C.1.=0. The valueC.I.= 0 indicates absolute consistency of preferenceslattger isC.1.,
the more inconsistent preferences are. Accordirgity [6], human judgment is inconsistent
by nature, saC.l.< 0.1is tolerated.

Consistency index is the only measure of ‘qualdf/decision makers’ preferences in AHP.
However, consider a preference matx shown in Table 2. It is easy to verify

thatd _ (A) =5, so C.I.= 0. Preferences expressed Ayare absolutely consistent, but they

max
are also absolutely useless, as no alternatipeeferred over any other alternative (because a
decision maker is absolutely indecisive). This egknshows that consistency index alone is
not a sufficient tool for preferences assessment.

Intensity of N .
- Definition Explanation
Importance
1 Equal Importance Two activities contribute equally to the objective
Weak or slight
. Experience and judgment slightly favor one
3 Moderate importance pe and Juee gty K
activity over another
. Moderate plus
. Experience and judgment strongly favor one
5 Strong importance be and Juds gy ke
activity over another
G Strong plus
- . . Anactivity is favored very strongly over another;
[ Very strong or demonstrated importance | . . . .
i its dominance demonstrated in practice
8 Very.very strong
] . The evidence favoring one activity over another
9 Extreme importance . . = . .
1s of the highest possible order of affirmation
A better alternative way to assigning the small
When activities are very close adecimal | decimals is to compare two close activities with
1.1-1.9 is added to 1 to show their difference as | other widely contrasting ones, favoring the larger
appropriate one a little over the smaller one when using the
1-9 values.
It activity i has one of the above nonzero
Reciprocals of numbers assigned to it when compared . .
above . L . . A logical assumption
a with activity j, then j has the reciprocal
value when compared with i
When it is desired to use such numbers in
Measurements physical applications. Alternatively, often one
from ratio scales estimates the ratios of such magnitudes by using
judgment

Table 1. Saaty’s scale in AHP. Source: [6].
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Table 2. An example of preferences of an absolutely irgleeiDM.

3. The measur e of indecisiveness
As shown in Table 2, a DM is absolutely indecisivall s; =1. Let 1 denote the matrix with
such elements. Then decisiveness of a DM with peafees given by the matri(a;) can be

evaluated from an absolute difference mdb{d; : d) =‘a,.j —ﬂ :

The larger are elemend, that is differences; — ,lthe higher is DM’s decisiveness. For a
decisiveness evaluation, the entrywpseorm applied o can be used:

o, =[5 @

where pN. The special casp = 2 is called Frobenius norm (it is an equivalehthe
Euclidean norm for vectors), and will be used hémeeard.

The larger is||D||p the greater is the decisiveness of a decision mékkis possible to state
some minimal value o|fD||p (the threshold of decisiveness)-dependent on, so that DMs

with decisivenesq|D||p smaller thanr would be excluded from a decision making process.

Weightsw; of decision makers can be derived with the usemhulas (1) and (2) combined
into one overall index. Weights of DMs are funcgoaf indecisiveness and consistency

index:w= w(| D||p ,C.1.), and should satisfy the following properties:

- The functionw is non-negative.

- The functiorw is strictly increasing iI’ND”p.

- The functionw is strictly decreasing i@.I.

In addition, becaus€.l. acts as a penalization factor w) it is reasonable to require no
penalization for absolute consistend®.l( = 0). This condition is satisfied e.g. for the

exponential function € =1). One simple functiorw satisfying all three conditions, and
additional condition mentioned above, can be gagn

w=o], & ®

The factor of 10 in the exponential function wasos#n to magnify the value of the
inconsistency index given by (1), which is by défon much smaller than matrix elements in



most cases. Also, it follows from (3) that for timait value of acceptable consistenéyl. =
ol
e

Usually, DMs compare alternatives with regard torenthan one criterion. In such a case,
indecisiveness and consistency indek is estimated for each criterion separately, amah th

the average indecisiveness along with aver@de is used to calculate (average) DMs’
weights by relation (3).

0.1, the weightv takes especially simple formv

Numerical examples illustrating weight evaluatioithwthe use of (3) are provided in the
following section. Nowdays, there are many softwr@s which facilitate computation of
C.lorA,.,:

- ExpertChoic§www.expertchoice.com),

- Mathematical\www.wolfram.com/mathematica/),
- Metanumerics(www.meta-numerics.net),

- WolframAlpha(www.wolframalpha.com), etc.

ExpertChoice is a commercial product for AHP salng; it compute<C.l. directly. Other
mathematical tools are capable of computing anneigjee system of the matrR The last
two products are free of charge.

4. Numerical examples

In this Section two numerical examples are provided&xample 1 alternatives are compared
by one criterion and in Example 2 by two criteria. both cases consistency ind€xl.,

indecisivenes#D”pand weightsv of all DMs are evaluated.

Example 1. Let A and B be preference matrices of decision makers;Did DM
respectively on three alternatives (see Table 3 gwen criterion. We will evaluate weights
of both decision makers using the formula (3) dreRrobenius nornp(= 2).

1 9 7 1 2 3
A=|1/9 1 3| B=|1/2 1 2
1/7 1/3 1 1/3 1/2 1

Table 3. Preferences of DMmatrixA) and DM, (matrix B).

Consistency indeg.l. (1) for both DMs:

A (A)=3.206,n=3= C.I.(DM,) =%6_3= 0.10%.

A..(B)=3.00¢ n=3= C.I.(DM,) =%8'3= 0.00,

Hence, DM is more consistent in his evaluation of alterregivOn the other hand, DNk
much more decisive than DM



2 2 2 1/2
||D||2(DM1):{82+62+22+(§j +(§j +[—2j } = 10.2¢
o) \7) "3

O], (DM, ) =2.64

Finally, we compute weighta; andw,, and normalized weights;” andw,” of DM; and
DM, respectively using (3):

w, =10.290& %= 3.67,

W, = 2.640& "% = 2.6,

w,'=0.582, w,’=0.417.

The first decision maker is assigned slightly langeight due to his greater decisiveness.

Example 2. Let A andB be the same preference matrices of decision m@kdrsand DM,
respectively on three alternatives (see Table 3 bsiterionC; as in Example 1. Le andD

be preference matrices of decision makers; @R DM respectively on three alternatives by
a criterionC, (see Table 4).

1 2 3 1 4 1/2
C=|1/3 1 4| D=|1/4 1 1/5
1/2 1/4 1 2 5 1

Table 4. Preferences of DMmatrix C) and DM, (matrix D) with regard to the criterio@,.

Consistency indek.l. (1) of preferences with regard to the criteron

A (A =3.107,n=3= C.I.(DM,) =%7'3= 0.054,

A (B)=3.025 n=3= C.I.(DM,) =%5'3= 0.01%.

Again, DM, is more consistent in his evaluation. As for deeisess, DM is more decisive:

2 2 2 1/2
||D||2(DM1):{12+22+32+(EJ +(—;j +(§J } = 3.90¢,

|D|,(DM,)=5.239.

Weights w? and wf?, and normalized weightsy{®” and wi?” of DM; and DM
respectively, are:

w? =3.9060& 9% = 2.27¢,
w, =5.2397& "= 4.60L.
w?'=0.331w?"= 0.669



From Example 1 we know, that weights of DMs witga#l to the criteriolC; are:
w'=0.583, w’'=0.417
By averaging we can assign final weights to bothsDi = 0.457, w, = 0.543.

With computed weights the decision making can peddato the aggregation phase and then
to the selection of the best alternative.

5. Conclusions

The aim of the article was to introduce a concdpihdecisiveness into the group analytic
hierarchy process (AHP) framework and to show hogigiMs of decision makers can be
derived only from their preferences with the usdnafecisiveness and Saaty’s consistency
index C.I. The advantage of this approach is that no additiorformation about decision
makers’ experience or knowledge ‘from outside’ eéguired. Further work may focus on
differences (conflicts) among decision makers’ @refices in the group AHP and the
influence of the differences on a possibility ofextistence of a group consensus.
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