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Abstract

We analyze the optimal auction of multiple non-identical objects when buyers are risk averse.
We show that the auction formats that yield the maximum revenue in the risk neutral case are
no longer optimal. In particular, selling the goods independently does not maximize the seller’s
revenue. We observe that seller’s incentive for bundling arises solely due to the risk aversion of
the buyers. The optimal auction which remains weakly efficient has the following properties:
The seller perfectly insures all buyers against the risk of losing the object(s) for which they have
high valuation. While the buyers who have high valuation for both objects are compensated
if they do not win either object, the buyers who have low valuation for both objects incur a

positive payment to the seller in the same event.
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1 Introduction

Optimal selling mechanisms for multiple objects have been analyzed extensively due to their the-
oretical and practical importance (e.g., the spectrum auctions, second hand car auctions).! One
of the main assumptions in these studies is that the buyers are risk neutral. However, in many
situations this assumption is violated and further analysis is needed.?

The optimal design problem in the presence of risk averse buyers can be described as follows:
When the number of objects is limited, the buyers face the risk of not getting the object(s) they
want. And in order to reduce this risk, the risk averse buyers, as compared to those that are risk
neutral, bid more aggressively.®> Therefore, in the presence of risk averse buyers, the seller will
be tempted to increase the magnitude of the risk so as to induce aggressive bidding and, in turn,
to increase the revenue from the sale. Yet, this comes with a trade-off, as the high type buyers
(namely, the ones who value the good highly), when confronted with too much risk, may find it
more profitable to follow the bidding strategy of the low type buyers or may even be discouraged
to participate.* Therefore, a revenue maximizing selling scheme should impose "the right amount
risk" on "the right type of buyers".

For the case of single object, Maskin and Riley [19], Matthews [21], and Es6 [9] describe how
the above mentioned trade-off should be balanced and observe that relaxing the risk neutrality
assumption delivers quite different results. In his seminal work, Myerson [24] shows that if the
buyers are risk neutral and their private valuations are independently distributed, then it is optimal
to give the object to the buyer who has the highest virtual valuation (not the actual valuation)

that exceeds the seller’s outside option.” Thus, the standard auctions, including the "high bid"

!See for example, Harris and Raviv [12], Maskin and Riley [20], Levin [16], Figueroa and Skreta [10].

2In many auctions, the buyers are firms and they generally are risk neutral. Yet, firms whose ownership are non-
diversified (e.g. most family owned companies), those that are bound by liquidity constraints or under a financial
distress, and those that are subject to a nonlinear tax system should be assumed to be risk averse. (Asplund [4])
Even a firm which is owned by risk-neutral shareholders may behave in a risk-averse manner if the control of the
firm is delegated to a risk-averse manager and his payment is linked to the firm’s performance.(i.e. through stock
options.)

Cox, et al. [7] show that the overbidding relative to Nash predictions (for the risk neutral environment) which has
been observed in the first-price auction cannot be attributed to noisy-decision making, supporting the hypothesis
that it must be due to the risk aversion of the buyers.

3See, for example, Maskin and Riley [19] and Matthews [21].

'As we know from the optimal auction literature, it may be desirable to exclude the low-type (and in some
environments the high-type) buyers from the auction. (Exclusion Principle) Yet, if the seller imposes too much risk
on all types then she will herself face the ‘greatest’ risk of no sale, hence ending up with zero profit.

Virtual valuations are the adjusted valuations that take into account buyers’ informational rents and, more
precisely, are defined as 9, (v;) = v; — [1— F;(v;)]/ fi(vs), if buyer 4’s valuation v; is distributed according to cumulative



and "English" auctions, with appropriately chosen reserve price are all optimal. He further shows
that any two auctions with the same allocation rule are revenue equivalent if the expected utility
of each buyer in some benchmark case is the same, the celebrated revenue equivalence theorem.
To the contrary, if the buyers are risk averse, the standard auctions with appropriate reserve price
neither generate the same expected revenue nor are they optimal. (Maskin and Riley [19], Matthews
[21]).5 Another contrast is observed when the buyers’ valuations are correlated: If the buyers are
risk neutral, then the seller can fully extract the informational rents using an efficient auction
(Crémer and McLean [8]), but she cannot do so if the buyers are risk averse, unless the correlation
is sufficiently strong. (Es6 [9]).7

In the light of these works, the current paper studies the optimal design problem for the case

of multiple objects and seeks answers to the following two naturally-arising questions:

1. How does the optimal multi-object auction with risk-averse buyers compare to that with

risk-neutral buyers?

2. Which features of the optimal single-object auction with risk averse buyers carry over to the

optimal multi-object auction?

To answer the first question, we compare our results with those of Armstrong [1] who, in a binary
model, characterizes the optimal multi-object auction for risk-neutral buyers.® This comparison
provides a threefold answer.

One, in both problems, the optimal auction is weakly efficient.”:1?

distribution function Fj(.) with associated density function f;(.).

In a second price auction, the buyers bid truthfully regardless of their risk preference. But in the first price
auction, a risk-averse buyer shades his bid less than a risk-neutral buyer. As a result, the first price auction yields
more revenue than the second price auction. Nevertheless, the first price auction is not optimal because it imposes
too much risk on the high type buyers.

TOptimal auction should remove the risk from high type buyers, which requires providing insurance (and hence
leaving some surplus) to them.

8 Armstrong [1] inherited his setting from Armstrong and Rochet [2], who study a principal-agent problem. Both
of these papers and the current paper assume that buyers/agents have multidimensional private information and, in
this regard, differ from the references mentioned in footnote 1.

Manelli and Vincent [17] and Manelli and Vincent [18] also assume multidimensional private information, but
different from the current paper, they assume a single buyer.

9Weak efficiency requires each object to be given to the buyer with the highest valuation whenever it is sold. Some
of the objects can be kept by the seller eventhough there is a buyer who has valuation that exceeds that of the seller.
For strong efficiency, on the other hand, the objects valued more highly by a buyer than the seller must always be
sold. In this sense, the optimal auctions in Myerson [24] are weakly efficient.

19Tt must be noted, though, that the optimal multi-object auction is no longer weakly efficient when the model
assumes a continuous type space.



Two, none of the auction formats that are shown to be optimal in Armstrong [1] maximize the
seller’s revenue when the buyers are risk averse. In particular, it is not optimal to sell the two
objects independently. This is our main result. The sharp contrast is due to the way in which
the objects are allocated in the state ‘all buyers have low valuation for both objects’. (That is,
‘all buyers are of type LL’.) The optimal auctions, in the risk neutral case, can take the form of
independent auction, bundling auction, or mixed auction, depending on how buyers’ valuations are
correlated across objects.'*+'? These three formats allocate each object independently and randomly
if all buyers are of type LL. However, doing so does not impose high enough risk on type LL.
Contrarily, we show that, with risk averse buyers the optimal auction must give both objects to
the same (LL type) buyer in this state.!3-'* Since the seller does not observe the buyers’ types ex
ante, she cannot sell the goods independently.

Three, in the risk neutral case, only the expected payments conditional on buyers’ type matter
in the design of the optimal scheme. That is, any two selling schemes with the same allocation
rule but different payment rule, yield the same revenue to the seller if the buyers’ ex ante expected
payment conditional on their own type is the same. On the other hand, we show that, when
the buyers are risk averse, the seller can improve the revenue by making the expected payments
conditional also on the type and the number of the objects that the buyer wins. Moreover, it is not
optimal to make these expected payments random.'®

For the second question, we do a robustness check in order to see to what extent our results,

"1n all three forms, the buyers have the same expected probability of winning the object(s) for which they have
high valuation. These forms differ only in the expected probability of winning the objects for which buyers have low
valuation. In a mixed auction, a buyer who has low valuation, say, for object A but high valuation for object B, is
assigned object A more often than a buyer who has low valuation for both objects. While independent auctions don’t
distinguish between these two types for object A, bundling auction perfectly discriminates against the type that has
low valuations for both objects. It should be noted that the bundling auction allows the goods to end up in the hands
of different buyers.

2 Avery and Hendershott [5] also consider risk-neutral buyers. While Armstrong [1] assumes that all buyers have
demand for both objects, in Avery and Hendershott [5], only one buyer demands multiple objects and the remaining
buyers demand only one or the other. Not surprisingly, the optimal auction in the latter paper may not be weakly
efficient due to the good deal of asymmetry among buyers. Yet, even in that case, the optimal auction bundles the
objects probabilistically for the multi-demand buyer.

131t is riskier to lose both objects than to lose a single object.

"In Armstrong [1], bundling is optimal only when buyers’ valuations are negatively correlated across objects, or in
other words, when a buyer’s high value for one object, say A, is likely to be accompanied by a relatively low value for
the other object, say B. The goods are bundled only for the types HL or LH. In this case, their incentive conditions
in all directions are binding.

In the current paper, we show that the seller utilizes bundling not only to make the desired incentive conditions
binding but also to increase the risk as much as possible for type LL.

15This also implies that it is not optimal to make the payments dependent on other buyers’ reports.



which we obtain in a binary model, are comparable to those of the current literature which assumes
continuous distribution of types. (Namely, Maskin and Riley [19] and Matthews [21])'6 We observe
that the optimal single-object auction in the binary model replicates the behavior of that of the
continuous model at the two extremes of the type space. This analogy helps us interpret our results
regarding the features of the optimal multi-object auction: The seller perfectly insures all buyers
against the risk of losing the object(s) for which they have the high(est) valuation. The buyers
who are (most) eager to win both objects (namely, type HH) are compensated if they lose both
objects. On the other hand, those (most) reluctant to win both objects (namely, type LL) must
incur a positive payment to the seller if they lose both objects.!”

The intuition for our results is as follows: While, on one hand, the seller would like to screen
the buyers, on the other hand, she would like to confront them with risk. Screening the buyers
requires leaving informational rents to (and, in turn, decreasing the risk for) the buyers who have
high valuation for either or both objects. As a result, the buyers’ marginal utility of income must
remain the same regardless of whether they win or lose the objects for which they have high
valuation. This also implies providing perfect insurance to type HH. On the other hand, the
buyers who have low value for both objects must confront the highest risk from which the seller
benefits in two ways: One, she makes imitating LI unattractive to the other types and two, she
fully extracts the informational rents from type LL. Confronting these types with the highest risk
involves not only bundling the objects whenever all buyers are LL but also collecting payments
from them even when they lose both objects.

The current paper contributes substantially to the literature on bundling.'® From the existing
literature, some of the reasons as to why the bundling decision of a monopoly arises are: to
take advantage of economies of scale and/or economies of scope, to reduce the transaction and
information costs, to facilitate entering a new market, to signal the quality of the unknown product,

to reduce the divergence in incentives, to acquire and maintain monopoly power and to exclude

"Matthews [21] studies the same problem as Maskin and Riley [19]. While the former assumes a particular form
of utility function, namely CARA, and obtains necessary and sufficient conditions for an auction to be optimal, the
latter considers different forms of risk aversion and characterize the properties of the optimal auction for all of these
forms.

17 A natural question to ask is how the punishment for type LL can be implemented in real life. When there is a
single object, the optimal auction reduces to a modified first price auction for some parameter values. (Maskin and
Riley [19]) The seller charges an entry fee, but she does not return it to the buyers with low valuation if they don’t
win the object.

'8See Kobayshi [15] for a recent review of the literature.



possible entrants. Bundling may also arise when the goods are complementary, when valuations
across objects are negatively correlated or when the positive correlation is weak. In the absence of
the above-mentioned influences, we show that the incentive for bundling results solely due to the
risk aversion of buyers.

We comment on the solution methods used in this paper: In section 2, we describe the optimal
single object auction in reduced form, meaning we construct the buyers’ expected probability of
obtaining the object (contingent only on his own type), rather than his actual probability of winning
as a function of all buyers’ types. This technique was also utilized by Matthews [21] and Maskin and
Riley [19] in order to avoid the computational complexity that risk aversion involves.!? Yet, when
solving the seller’s optimal design problem in reduced form, in addition to the incentive constraints
and the participation constraints, one must also impose the so-called implementability constraints
that guarantee the existence of the actual probabilities.?’

The number of implementability constraints increases exponentially with the number of goods
(or more precisely with the number of elements in the type space), nevertheless Armstrong [1] was
still able to solve the problem in reduced form. However in our problem with risk averse buyers, the
correlation between the events of winning object A and object B also matters for the buyers (and in
turn for the seller), making it very difficult, if not impossible, to characterize the implementability
conditions that one needs to impose.?2! Therefore, in section 3, we describe the optimal auction
in non-reduced form and construct the actual probabilities of the events that a buyer can possibly
face as functions of the entire type profile (as reported by all participating buyers).?? Since the
buyers don’t observe their opponents’ types, only the expected probabilities of observing each event
(conditional only on one’s type) matter in the incentive conditions. Therefore, we also make use of

these expected probabilities throughout our analysis.?3

19The technique was introduced to the literature by Myerson [24].

20When there is a single object or when the buyers are risk neutral, these conditions take a very simple form, which,
can be interpreted as the probability that a buyer whose type belongs to a given subset of the type space obtains a
particular object cannot be higher than the probability that there is a buyer whose type is in that subset.

The implementability conditions need to be imposed because the seller has only a limited number of each type of
good. A multi-product monopolist who has unlimited number of each type of good does not face this constraint.
(See Manelli and Vincent [17] and Manelli and Vincent [18])

21 Using the main result of Border[6] (Also footnote 28), Armstrong [1] was able to describe the implementability
conditions. In his environment, the main difficulty is to identify the conditions that are binding at the optimum. In
the current paper, on the other hand, Border[6]’s theorem is not applicable.

?2These events are winning only object A, only object B, winning both objects and winning nothing.

?3In regard to the solution method, this paper is also related to Menicucci [22] which extends Armstrong [1] by
allowing for a synergy if the two goods end up in the hands of the same buyer. He shows that in this case the optimal



The remainder of the paper is organized as follows: In section 2, we construct the optimal
single-object auction for risk averse buyers in a binary framework and analyze its properties. In
Section 3, we assume two objects are for sale and we characterize the properties of the optimal
auction when buyer valuations are strongly and positively correlated across objects. Finally, in

section 4, we discuss the main results and their implications.

2 Optimal Single-Object Auctions

2.1 Description of the Problem

A single indivisible object is to be sold to one of n > 2 potential buyers, whose private valuations
are discretely distributed according to a random variable v;, which takes values vy with probability
ag > 0 and vy with probability af > 0 such that ag + ar = 1. Without loss of generality,
we assume vy > vr, > 0, so that vy and vy, denote valuations of high-type (eager) and low-type
(reluctant) buyers, respectively. Buyer valuations are distributed independently and identically.
Buyers are risk-averse and have a constant measure of absolute risk aversion (CARA). In particular,
their preferences are represented by a utility function u(w) = —¢-——, where r(> 0) measures the
level of risk aversion. Note that, u/(.) > 0 and u”(.) < 0. Specifically, if a buyer with valuation v

e—r(v—T)

wins the object and incurs a net payment of 7 then his utility is u(v — 7) = —%———. The seller

is risk-neutral and her valuation for the object is zero. Both the seller and the buyers are expected
utility maximizers.

The seller’s problem is to design a selling scheme that maximizes her expected revenue.?* Such a
scheme generally consists of a message set, M = M7 x---x M,,, and an outcome function, ¢ : M — A,
that maps the list of messages, m € M, into a possibly random allocation a € A=A1x - x A, 2
Buyers’ behavior is described by a Bayesian Nash equilibrium, s = (sq, ..., $p), where s : O — M,
is the equilibrium strategy of buyer b; sp(6p) representing the message that maximizes buyer b’s

expected utility given that his type is 6, and all buyers other than him follow the equilibrium

auction is likely to allocate the goods inefficiently.

2Milgrom [23] defines an auction to be a mechanism (scheme) to allocate resources among a group of bidders.
Therefore, we use these three terms interchangeably.

25 An allocation consists of a decision about who is going to get which object(s) and possibly negative monetary
transfers from buyers to the seller.



strategy.?6 So, any selling scheme, in a given equilibrium, will result in an outcome represented by
U(81(01), ..., sn(0n)), if the buyers’ type profile is (01, ..., 60,).

Alternatively, when looking for the optimal selling scheme, attention can be restricted to the
revelation schemes in which the message space is the type space, ©. This is because any alloca-
tion, ¥ (s1(61), ..., Sn(0n)), resulting from an equilibrium of an arbitrary selling scheme can also be
obtained in a revelation scheme in which the outcome is determined via the composite function
Yos: O — A and truth-telling is an equilibrium (Revelation Principle).2” Thus, the seller’s
problem can be reduced to finding the optimal revelation scheme in which the buyers are willing
to participate (individual rationality) and have incentive to truthfully report their type (incentive
compatibility).

Given a profile of reports, a selling scheme must, most generally, assign each buyer a probability
of winning, a payment in case he wins and another payment in case he loses. That is, the outcome
is determined by functions of the form 1, (m) = (py(m), £ (m),t(m)) for b = 1,...,n, where tildes
represent the possibility that the payment functions are random. Since there is only one object for
sale, a feasible scheme must satisfy >, pp(m1, ..., my) < 1 for all (mq,...,my).

Given an equilibrium, we can calculate buyer b’s expected probability of winning and his expected

random payments in case of winning and losing, respectively, as

pp(mp) = E_p[py(m) | my) (1)
T (my) = E_y[ty (m) | my)] (2)
Fo(mp) = E_y[th(m) | my). (3)

Since buyers are ex ante identical, only the schemes that treat them symmetrically need to be
considered. This is because, for any asymmetric scheme, we can construct a symmetric scheme

that generates the same revenue as the proposed asymmetric scheme. Symmetric schemes satisfy

20n this section, each type of a buyer corresponds to a possible valuation , namely ©; = {va,vr}forallj=1,..,n,
whereas, in the next section, there are four different types of buyers. That is, ©; = {HH,HL,LH,LL} for all
j=1,...,n, where the first (second) letter in each type represents buyer j’s value for object A (B).

?"See Myerson [24].



the following condition:

For any b,b’ € {1,...,n} and any m,m’ € M,

Pp(m) = by (m)

if my, = my,, my = my, and for all b # b,b" myr = my,.

Therefore, in a symmetric scheme, the expected probability and the expected payments of two
different buyers submitting the same message are equal. Hence, we can drop the subscript on each
of the functions in 1-3. Describing a selling scheme from the perspective of an arbitrary buyer,
using p(.),7%(.), 7(), is called reduced form representation.

Three points need to be emphasized about our approach to solving the seller’s problem. First,
using the Revelation Principle, we consider only the revelation schemes that satisfy two sets of
conditions: individual rationality and incentive compatibility.

Second, we construct the optimal auction in reduced form. We justify this by imposing another
set of conditions called implementability conditions.?® These conditions make sure that the reduced
form probability, p(.), is implementable, that is, they make sure that there exists a symmetric

auction with actual allocation probabilities, p(.), which satisfies

p(mp) = Elp(m) | my]. (4)

The final point is that we initially consider only the schemes in which the expected payments

contingent on winning and losing are nonrandom. In other words, we first construct the optimal

*®Border [6] states the necessary and sufficient conditions, for the reduced form probabilities to be implementable.
We include the proposition for easy reference:

Let (S,T) be a measurable space of possible types of bidders and A(.) be a probability measure on S. Define an
auction to be a measurable function p : ™ — [0,1]" satisfying .7 , p’(s) < 1 for all s € S™. Define an auction to be
symmetric if p*(s) is independent of i. Given an auction, define

pi(s,-) = / D(S1, ey Sn)AA(S1, -y Si—1,Si41,--, Sn)
Sn—1

to be the probability that a buyer ¢ wins when he reports his type as s;.
Then p is implementable by a symmetric auction if and only if for each measurable set of types A € T, the following
inequality is satisfied:
1—A(AS)™
n

IRELCE
A

Furthermore, if S is a topological space and A is a regular Borel probability on S, then T may be replaced by either
the open subsets or the closed subsets of S.



scheme within the class of schemes for which 7%(.) and 7!(.) are deterministic. (So, we drop the
tildes.) Later, in proposition 6, we establish that this scheme is also optimal among all selling
schemes, including those that assign random payments.
To summarize, the seller’s problem is to construct the optimal revelation scheme, the reduced
l

form of which can be represented by six variables, {p;, 7}’, T; }i=m.1, where p; € [0,1] denotes the

probability that a buyer wins the object when he reports a valuation of v;, and 73", Té € R denote
the net deterministic payments that the same type of buyer incurs when he wins and loses the
object, respectively. As mentioned above three sets of conditions are imposed:

If a buyer with valuation v; reports v; then his utility is equal to pju(v; —7}) + (1 — pj)u(—Té-).
Thus, buyers truthfully reveal their valuations if the auction satisfies the following two incentive

compatibility conditions:

pru(vr — i) + (L= py)ul~) = prulve — 1) + (1= pplu(~7L)

pru(vr —7¢) + (1= pplu(=7L) = pgulvr —78H) + (1 — pg)u(—74).

Buyers are free to participate in the auction. Thus, participating buyers satisfy the individual

rationality conditions of the form

v
g
—~~
N~

pru(vr —7i) + (1= py)u(~7l)

v
£
—~
=

pru(vr = 7¢) + (1 = ppu(—7%)

Finally, the implementability conditions take the following form in our binary model:

n(appr +appy) < 1 (IMg,ry)
nagpy < 1—af (IMmy)
nappr, < 1—al. (IMyry)

10



One can interpret these conditions as follows: the probability the object is won by a buyer who
belongs to a particular subset of the type space should be no greater than the probability that
there is a buyer who belongs to that subset.?’

The seller’s revenue is the sum of the expected payments made by each buyer. Since buyers are

ez ante identical the seller’s revenue can be written in terms of the expected payments made by an

arbitrary buyer (namely, the term in the bracket):

m=nlag(pyTh + (1 — pg)ry) + an(prmd + (1= pr)7h)]-

To sum up, the seller’s problem is to choose a reduced form scheme, {p;, 7%, 7 };i—p 1, that
maximizes m subject to the two incentive compatibility conditions, the two individual rationality
conditions, and the three implementability conditions.

For convenience, we define ¢; = e7"% and yf = '™, Note that, 0 < cg < ¢;, < 1 and yf >0

for all ¢ and k. So, we can rewrite the seller’s problem as

n w w
max 7= —|ag(pgpnyly + (1 —py)Inyly) +ar(pInyf + (1 —py)Inyl)]  (5)
{piy i imm,L r

subject to

prenyii+ (L —pp)vy < premyi + (1 —pr)yl (ICH)
precyf +(L—pp)vr < preryir + (1= pr)yly (ICL)
prenyli + (1 —pylyly < 1 (IRy)
precyf + (L —ppyh, <1 (IRL)
n(appr +appy) < 1 (IMgpy)
noagpy < l1—af (IMymy)

naLp, < 1—ap (IMqry)

9 Armstrong [1] alternatively calls these conditions resource constraints.

11



and the non-negativity conditions py, p;, > 0.

For convenience, we refer to the left-hand side of the inequalities in IRy and IRy as Dy
and Dy, respectively. Similarly, right hand side of ICy and ICy, are referred to as DY and D
respectively. The subscripts denote a buyer’s actual type, whereas superscripts denote the type he

is imitating.

2.2 Solution to the Problem

Since ¢z, > cp, ICy and IRy, together imply IRy.3" Hence, this condition is redundant. For now,
we also ignore IC} when we solve the seller’s problem. That is, we suppose that the low-type
buyers do not have the incentive to misrepresent their types. Below, in proposition 5, we prove

that this is indeed the case.

Definition 1 The relaxed problem is defined to be a design problem that ignores the upward incen-

tive constraints.

The following lemma shows that when only the downward incentive conditions are considered,

high-type’s incentive condition and low-type’s individual rationality condition must be binding.

Lemma 1 In the relaxzed problem, where ICy, is ignored, the constraints 1Cy and IR; must be

binding.

The seller may want to increase her revenue by excluding the low-type buyers from the auction
if, for a given distribution of types, their valuation is small enough compared to that of the high-
type buyers.3! This results in an inefficiency, because with positive probability the seller keeps the
object even if all buyers value the object more highly than her.

Inefficiency may also be due to a misallocation of the objects. To be consistent with Armstrong
[1], we focus only on the latter kind of inefficiency, by assuming that the goods are always sold,
i.e. p; > 0.%2 In this case, it is optimal for the seller to leave informational rents to the high-type

buyers.

0Dy < Dfl < Dr <1, where the second inequality is due to cg < cr.

31The same behavior is also observed when a monopolist implements second-degree price discrimination.

32 Clearly, high-type buyers should not be excluded from participating in the auction if revenue is maximized. That
is, py must be strictly positive. If not, then the incentive conditions would imply p,cr < ppcH, and since ¢, > cy
this in turn would imply p; = 0, meaning the good is not sold, at all. Yet, the seller can always guarantee a positive
profit by posting a fixed price of vy, > 0.

12



Lemma 2 At the optimum, if the low-type buyers are not excluded from the auction, then IRy

must be slack.

The following proposition states that it is not optimal to impose any risk on the high-type

buyers. The risk is fully eliminated for them.
Proposition 1 High-type buyers are fully insured against the risk of losing the object.

Through insurance, a high-type’s marginal utility of income in cases of winning and losing is
made the same. Eliminating the risk rewards the high-type buyer for revealing his true type.

If the seller does not pay informational rents to the high type buyer (7% = vg), perfect (full)
insurance requires that the seller sets the high type buyer’s payment contingent on losing equal
to zero (Tiq = 0) in order to keep him at the same level of utility. However, when there is
an information gap between the seller and the buyers, high-type buyers should receive information

rent to be active. In this case (i.e. T} < vg), perfect insurance requires that the seller compensates

the high type buyer (74, > 0).
Proposition 2 High-type buyers are compensated if they lose the object.

Using proposition 1, we can write the seller’s profit as

n 1 v
7= “lan(py I — + Inyly) + ar(pp n 7+ Ingh )] (6)
r CH yr,

Note that, since 0 < cg < 1, the seller’s profit is strictly increasing with respect to pg. Thus, given
the values of other variables, py must be set as high as possible at the optimum. This implies that
either IMyy or IMp 1y, or both are binding.

The Kuhn-Tucker conditions with respect to y7 and yi can be written as

oL 1

@ = aLpL% —Awprer + pgpren =0

oL 1

W = aL(l_pL)T_)‘L(l_pL>+uH(1_pL):0'
Ur, Yr,

Since ar,p Lyiw > 0, these two equations together yield
L

1 AL = Ky
2L - S —— (7)
Y, LCL — MHCH
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Note that the right-hand side of equation 7 is smaller than é So, we have

(8)

w 1
vp L
vr, CH
This condition has a very nice implication: At the optimum, iso-revenue curve must be flatter than
the line corresponding to the implementability condition I M, L}.33

Thus, [ M{ oy and [ M{ oL} are both binding and the optimal allocation probabilities can be

calculated as

1—a? a1
— L. — L
P = ek pr ="k (9)

which is the point where the iso-revenue curve (6) is tangent to the feasible set that is bound by
the implementability conditions (Figure 1)

It is not surprising to see that the allocation probabilities that we have obtained in 9 are the
same as those in the risk-neutral environment. The optimal allocation is monotonic with respect
to buyer types in either case.

Note that, narp;, = o , meaning the probability that the object is won by a low-type buyer
is equal to the probability that all buyers are low-type. In other words, the object is won by a

high-type buyer whenever there is one. Hence, the proposition follows.
Proposition 3 The optimal auction is weakly efficient.

Contrary to the insurance provided to the high-type buyers, the seller confronts the low-type
buyers with risk by making their marginal utilities vary in cases of winning and losing. In this
circumstance, a high-type buyer who considers imitating the low-type buyers would face a greater
risk, and will eventually reveal his own true valuation. Hence, it is optimal for the seller to relax
the high-type buyer’s incentive constraint and not to offer insurance to the low-type buyers. The
following proposition states that at the optimum low-type buyers’ marginal utility of income is

greater when he wins the object than when he loses it.

Proposition 4 Low-type buyers are better off winning than losing: cryy < ylL. Moreover, in

E n(y? /y} . . . .
33This condition is equivalent to % < 2—27 where the left hand side of the inequality is slope of the

iso-profit curve and the right hand side is the slope of the line corresponding to the implementability condition
IMp 1y
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Figure 1: Single object - Optimal allocation probabilities are the same regardless of buyers’ risk
attitude.

case of losing the object, they incur a payment that is less than what they would pay if they win:

1<ylL<y1L”.

Next, we show that the solution to the relaxed problem also solves the full problem that does

not ignore ICf.

Proposition 5 Low-type buyers do not have the incentive to misrepresent their type. That is, ICf,

1s slack.

The reduced form of the revelation scheme that we’ve constructed above is optimal within the
class of schemes in which the expected payments contingent on winning and losing are deterministic.

Finally, we establish that making ¢;’ and té random has a negative effect on seller’s revenue.

Proposition 6 If buyer preferences are represented by CARA, then, in an optimal auction, the

payments, t¥ and t., must be deterministic.

Remark 1 Above proposition also implies that it is not profitable for the seller to condition the

payments made by a buyer on the realizations of his opponents’ types.
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3 Optimal Multi-object Auctions

3.1 Description of the Problem

Now, there are two nonidentical objects, denoted A and B, to be sold to n > 2 buyers. The
seller’s valuation for both objects is zero, whereas buyer valuations are random and described by
a pair (v4,v?), where v° denotes the buyer’s valuation for object 0. Suppose that v° € {v,v1},
where the subscripts denote whether the buyer is of high-type (H) or low-type (L). Thus, we
assume v% — v7 > 0. There are four types of buyers corresponding to the four possibilities
(v, vB), (v, vP), (v8,vE) and (vf,vP). Using a slightly shorter notation, we define the set of
possible types as © = {HH,HL, LH,LL}. A typical element of this set is denoted with ij, where
1 represents a buyer’s valuation for object A and j represents his valuation for object B. Types
are independently and identically distributed across buyers according to a probability measure «
over O, so that the probability that a buyer is of type ij is represented by c;;. The marginal prob-
ability that a buyer has a high value for object A is denoted with aﬁ, = agyg + agr. Similarly,
af = arg + apr denotes the marginal probability that the buyer has a low value for object A. In
the same fashion, we define ag =agg+arg and alg = agr+arr to be the marginal probabilities
that the buyer has a high and low value for object B, respectively.

Each buyer is risk-averse and has preferences represented by the common CARA utility function
of the form u(w) = —-——, where r > 0. In the event that a buyer wins object(s) of a (total) value
v and incurs a net payment 7, his utility will be equal to u(v— 7). For example, if a buyer wins only
object A when his valuation for that object is vf and incurs a net payment 74 then his utility is
equal to u(vf — TA). Similarly, if a buyer of type H L wins both objects and incurs a net payment
748 then his utility will be u(vf} + UJL3 — 748). Both the seller and the buyers are expected utility
maximizers.3*

The seller’s problem is to design a selling scheme that maximizes her revenue. In view of the
Revelation Principle, we solve this problem within the class of revelation schemes which satisfy

35

incentive compatibility and individual rationality constraints.”” Furthermore, as justified in the

34We assume that there are no economies of scope in the production of the bundle nor are there complementarities
in the consumption of the bundle. We make this assumption so as to isolate the role that bundling has on the seller’s
ability to extract the consumer surplus.

35Remember that in a revelation scheme, buyers are asked to report their types.
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previous section, among the revelation schemes, we focus only on the symmetric ones in which the
buyers of the same type are treated the same.
Let n;; be the number of buyers of type ¢j and n = (ngm,nuL,nLE,nLL) be the vector repre-

senting the profile of reports where > n;; = n. Then, a symmetric revelation scheme can most

ijed

generally be described with two sets of rules:

e a decision rule, pfj(n), that assigns each type ij € © probabilities of realizing possible events

k= A, B, AB, O, for each profile of reports n. Given 7, the decision rule must satisfy

ol +piP) < 1 (10)
S ol 4P < 1 (1)
pii(n) +pi(m) + i () +pfj(n) = 1 Vije® (12)

e a payment rule, ffj (n), that, for each profile of reports 7, assigns each type ij € © possibly

random payments to be made to the seller at each possible event k = A, B, AB, O.

A

The decision rule specifies the probability that a buyer b of type ¢j realizes the valuations v;*,

B A

vy, v+ U]-B or 0. We abuse the notation and list these four events respectively as:

Event A - winning only object A
Event B - winning only object B
Event AB - winning both object A and object B

Event O - winning neither object.

Remember from Armstrong [1] that the risk-neutral buyers are only interested in the marginal
probabilities of winning the objects. For risk-averse buyers, on the other hand, the correlation
between the events of winning object A and object B matters. The decision rule in the above
specification takes this into consideration.

Note that, pf} (n)+ pf}B (n), in 10, represents the marginal probability of winning object A which
we shortly denote with ﬁf}(n). Similarly, pg (n)+ p‘{‘jB (n), in 11, represents the marginal probability
of obtaining object B which is denoted with f)g (n). Thus, conditions 10 and 11 are the resource

constraints representing the fact that there is only one unit of each object. Condition 12 states
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that the events A, B, AB and O are all inclusive.

Although the payment rule allows the seller impose random payments, when we solve the seller’s
problem, we assume fi-“j(n) = Tfj where Tfj e Rforallij € ®and k = A, B, AB, O, and characterize
the optimal scheme within the class of schemes that assign deterministic payments. We will show
later that imposing random payments to each type ij under each event k cannot improve the seller’s
revenue.

Now, define an ij type buyer’s ezpected probability of realizing the event k = A, B, AB,O as

n N—MyHHN—MHH—NMHL

k k Nij
Pij = E E E pz’j(”HHynHLanLH7nLL>\I/a“ (13)
ngp=0 ngr=0 nr =0 2]
(n71)|anHH "HL , “LH _ ™L

L ..
iy pL OLi JLL . For any ni; > 0, Ui denotes the probability that the buyer
)

where ¥ = H__HL L
nggmprnppinpr! «

profile is n = (ngg,nygL, nLg,nrL) given that there is one 75 in that profile (of course, conditional
on incentive constraints hold).3°

The reduced form of a symmetric revelation scheme, then, can be represented with

A B AB O _A _B _AB _O
{pij7pij,pij yPigs> Tigyr Tijs Tij aTz‘j}ije@'
pf} and pg are type ij’s expected probability of winning object A or B, alone; whereas pf‘jB is his
probability of winning both objects. Apparently, ,03 =1- pg — pg — pf}B represents the probability
k

of winning neither object. 77; is the net deterministic payment that type 7j must incur if event &

occurs.
Then, the utility of a buyer of type ¢j who misrepresents his type as 7’5’ is
A B

pf}jlu(vi — Tf}j/) + pfj,u(vj - ng/) + pﬁﬁu(vf + U]B - Tf}ﬁ) + piofj,u(—T?,j,).

Let ¢¢ = e "™ for 0 = A,B and i = H, L and yfj =& for k € K = {A,B,AB,0O} and

ij € ©. Then a scheme is individually rational if, for each type ij € O,

_ AAA, BB B, ABAB AB ,_ 0O, O
Dij = pijeiyij + pijci Vi + 0 6 ¢ Y + ey < 1

36The multinomial distribution is used.
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An auction is incentive compatible if, for any ij € © and i'j' € © \ { ij},

A A A B B B AB A B, AB o ,0 _ pij
Dij < pirji€i Yirge + Pirr € Yirge + Piji € €5 Yingr + piryriige = Dy

The seller’s revenue can, then, be written in terms of the expected payment of an arbitrary

buyer, namely the term in brackets:

m=n[Y {ay Y ol (14)

ij€O keK

Note that, Tfj = %In ylkj Then, if the reduced form probabilities are ‘implementable’ we can

write the seller’s problem in reduced form as

n
max — Z {aj Z pfj In yfj} (SP)

{Pfjvyfj}i]’EG,kEK Tije@ keK

subject to
Dy < 1 ij €O (15)
Dy < D ije®, i c0\{ij) (16)

Since the buyers are risk-averse, the correlation between the events of winning object A (namely,
event AUAB ) and object B (namely, event BU AB) matters for the buyers and also for the seller
through 14. Thus, Border’s [6] theorem does not apply to this problem.3” As it is also mentioned in
Armstrong [1], the conditions that we need to impose to ensure that the reduced form probabilities
are implementable are not clear. For this reason, different from the previous section, we aim to
construct the actual probabilities, pfj(n), Vij € ©, k = A,B,AB and ¥n.*® Given a payment
rule, the optimality of a decision rule will be analyzed as follows: For any modification of pfj (n),
we will first describe how expected probabilities pfj will be affected. Then, we figure out whether
the incentive constraints in 16 and individual rationality constraints in 15 hold and whether the

objective function (SP) increases after the modification. To demonstrate how this works, we borrow

37See footnote 28.
% Given ij and 7, pJ(n) can be calculated using 13 and the values of pij(n), p5(n), and pi5” (n) are found.
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the following example from Menicucci [22]:
Suppose for a given profile of reports with ngy > 1 and npy > 1 each type wins object A with
probability ﬁ and each type LH wins object B with probability %(O < B < 1). Note that

from 13, this generates a contribution to pr equal to

B gL

NLH OLH

Consider reducing 5 by A > 0 while increasing by A3 the probability that the same buyer of type

H H winning object A will also win object B. Then,

ApB _ Ap \IJTLLH
L NLH OLH
A
Apfy = ——D gl _pp
NHH OHH
So, Apﬁ% = —ApﬁH = —gzz Apr. We can then evaluate the profitability of reducing § since

the seller’s profit function and the constraints are linear with respect to the expected probabilities.

3.2 Solution to the problem

Before we attempt to solve problem SP, note that, since 0 < ¢y < ¢, incentive compatibility
conditions imply that among the individual rationality conditions only the one corresponding to

type LL matters.

3.2.1 The relaxed problem

Using the same approach as in Armstrong [1], we first solve the seller’s problem considering only the
five downward incentive constraints, that ensure that a buyer does not underreport his valuation
for an object. We show ex post that the remaining constraints are satisfied (Propositions 14 and
15).

Thus, the seller solves
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A A B B AB AB
max  aga{pfy MynE + pir My + P My + p5 e nyge )
A A B B ABq. AB
+agr{pfiy nyi, + ph Inyf + it Iyt + p% Inyf}
tara{pia myny + pLanyry + pin myit + pfy nyfy}

+apdpin Iyl + pfnypn + p2f mylf + pPr nyfr}

subject to

A A A B B. B AB A B.AB , O .O
prrcryrr + Prrcyrr + PLL CLeryir + Prryrin <1 (IRLL)

pruciyin + pLuchiyin + pracicnyin + P uyin

< pRLCRYLL + PELCRYEL + PILCLCRYLE + pPLyTL (ICH)
PRLCHYIL + PRLCEYRL + PHLCHCEVATL + PTLYSL

< PLLCHYLL + PLLCLYLL + PLLCHCLYLT + PELYTL (ICHY)
phHCHYH + PRHCEYE + PHTCHCEYIT + PO YT H

< PRLCHYLL + PELCHYLL + PLLCHCRYIT + PTLYSE (ICHz:)
PRECHYTH + PHECEYTE T PRBCHCHYTE + Py

< pluCHYLm + PLHCEYLE + PLHCHCHYLE + P2aY (ICHE)
PHHCHYE + PEHCEYRE + PEECHCEYE Y + PAHYH

< PHLCHYIL + PRLCHYHL + PHLCHCHYIT + PRLYTL- (ICHE)

We first establish that it is not optimal to make the expected payments, namely yfjs, random.
This is because if a yfj is random for an ij and k, then the seller could replace it with its expected
value without affecting the incentive conditions (because they are linear in yfj) and increase her

revenue (as the seller’s revenue is a concave function of ylkj)

Proposition 7 If the buyers’ preferences are represented by CARA wutility function then, in an

optimal auction, the expected payments conditional on types and allocation must be deterministic.
Now, we determine which of the six conditions in the relaxed problem are binding.
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Lemma 3 At the optimum of the relaxed problem, IRy, must be binding.
Lemma 4 At the optimum of the relaxed problem, IC%’IIL’I and IC’II;,% must be binding.

Lemma 5 At the optimum of the relaxed problem, at least one of IC’%I%,IC’I@I% and IC’gﬁI must

be binding.

Using the above lemmata, we write the Lagrangian of the relaxed problem and derive its Kuhn-
Tucker conditions with respect to the payments, namely yfjs Then, we establish the relation among
the payments using these Kuhn-Tucker conditions, the details of which we relegate to the appendix.

Similar to the single object case, when a buyer wins an object, say object i, for which he has
high valuation, he pays U}I more than what he would have paid if he lost that object. The intuition
for proposition 1 also applies here.

If the objects are not limited, the seller can make the high-type buyer’s probability of obtaining
the object(s) equal to one in order to reward him for revealing his true valuation(s). However, when
the objects are limited, the same rewarding strategy does not work because each high-type buyer
may face the risk of losing the object(s) to another high-type buyer and hence, the marginal utility
of income may differ in the events of winning and losing. The resource constrained seller, however,
can reward a high-type buyer by offering perfect insurance and increase her revenue. Note that, if
buyers are risk neutral, there is no insurance issue. In other words, if the buyers are risk averse
the seller has an additional tool to extract more revenue from them when compared to risk neutral

environment.

Proposition 8 Fach buyer is perfectly insured against the risk of losing the object(s) for which he

has high valuation.

When it comes to the LL-type buyers, the seller faces the following predicament: to extract
more revenue from the LL-type buyer by offering insurance and to exploit the risk-bearing of the
buyers who have high-valuation for one or both of the objects to screen them. At the optimum,
the marginal benefit of exploiting high-type buyers risk bearing exceeds the marginal cost of not
offering insurance to LL-type buyers. Moreover, LL-type buyers pay penalty when he loses both

objects which further deters high-type buyers from behaving as if they are LL-type.
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Proposition 9 Suppose that type LL is not excluded from the auction. Then, he incurs a positive

payment if he loses both objects.

With the help of the preceding results, the seller’s problem can be written as

. . 1 . . 1
lannpin + anLpgL)In at larmpiig + cLapry)n 5 toann Iny§y
H H
+anLlpirnyg, + (1 — ph)n yIQIL] + aLH[f?le In y?H + (1 - f)fH) In ng]

tarLlpfs Iyl + pfL Iyl + pif Wyl + pfp Iny?; )]

subject to

Dy, =1
LL AA A A ~A N\ O
Drg = prperyon + (1 —pow)vin
LL B B.B ~B \. O
Dyt = parecyin + (= pro)var
LL
Dyy
o _ . . .
Ygg = Tn Pfﬂcﬁyfﬂ + (1 — PfH)?JSH

B B
prrcnyaL + (1 — i)y

where f)f} = pf; + pz‘-‘}B and ,?)5 = pg + pf}B . Let’s call this problem SP’.

Thus, for the optimality of an auction only the following reduced form probabilities matter:

{03, b Yij=rm L i, {PLL h=AB.AB

Consider a mechanism where, for a given profile, n, both objects are sold with probability one.

Then, if the seller modifies the mechanism by increasing pfj (n) by n%jefj, the following condition

must hold:
> (efy+e4?) <0 for k=A,B.
ijes

After this modification, pfj will increase by ai”gf]\p

We now establish that the solution to the relaxed problem is weakly efficient. That is, if there
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is a buyer with high valuation for an object then that object is never sold to a buyer who has low

valuation for that object.

Proposition 10 Let n = (ngg,npg,ngn,nrn) be the profile of the participating buyers. Then,
the solution to the relaxzed problem satisfies the following two rules:
i) For any n with ngg +npr > 0, nupppyy(n) +nurpa, () =1

ii) For any n with ngy +npg > 0, ngup? 5 (n) + nurpPy(n) = 1.

If there is a buyer who has a high value for object A (B) then with probability one it is given
to a buyer who has a high value for it. While proposition 10 states this result in terms of actual

probabilities, the following corollary does the same in terms of the expected probabilities.

Corollary 1 At the optimum of the relaxed problem, reduced form probabilities satisfy

i) apnpiyg + ancpin = (1 — (af)") and

i) annpfy + aruppy = £(1— (af)").

The next lemma establishes that both objects are sold with probability one, if a buyer’s payment
contingent on winning an object for which he has low valuation is larger than his payment contingent
on losing both objects.

Similar to the previous section, we assume that the seller never keeps the object. We have
already established in proposition 10 that the seller does not keep an object whenever there is a

buyer who has a high value for it. This requires the probability that an object is won by a buyer

who has a low value for it to be equal to the probability that all buyers have low value for it.

~A ~A
aLLPLL, + ALHPLH

arLpf, Fagrph, =
In terms of actual probabilities, we can write these conditions as
For any n with ngg +npr, = 0, npgpiy(n) +norpin(n) =1 (17)

For any n with ngg +nrg = 0, ngrph.(n) +nrrpPr(n) =1 (18)
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Proposition 11 The necessary conditions for 17-18 are ny > ng, ygL > ygL, and ny, ny, yff >
o
Yrr-

Since D = ng < 1, when HH loses both objects he either does not pay anything (i.e.

y9 ;= 1) or he is compensated (i.e. y9, < 1).

Proposition 12 In any mechanism that solves the relaxed problem, if an HH type buyer loses both

objects then he is compensated.

This proposition results because the seller needs to provide insurance to type HH. This is
a property that carries over from the single unit optimal auction. (Maskin and Riley [19]) They
show that when the type space is continuous, the seller provides full insurance (and hence full

compensation) only to the highest type but partial insurance to the types that are sufficiently high.

Proposition 13 In any mechanism that solves the relaxed problem, if all the buyers are of type LL

(i.e. npr, = n) then the objects are bundled and each buyer wins the bundle with equal probability.

(i.e. prp(n) = 3).

An immediate implication of the proposition above is that it is not optimal to sell the goods
independently in which case with positive probability the objects may end up in the hands of
different LL type buyers. Yet, the proposition has further implications.

When the buyers are risk neutral (Armstrong [1]), depending on how buyers’ valuations are
correlated across objects, the optimal multi-object auction can take the form of independent auc-
tions, mixed auction or bundling auction. But all of these auction forms allocate the two objects
independently and randomly when all buyers are of type LL. This contradicts with the proposition.

Therefore, none of these auction forms are optimal when the buyers are risk averse.

Theorem 1 Whenever the parameter values are such that the relaxed method solves the full prob-
lem, the three auction formats that are optimal when the buyers are risk neutral do not mazximize

the seller’s revenue if the buyers are risk averse.

The main reason as to why we obtain this contradictory result is that the optimal auction forms

for the risk neutral buyers do not impose the right amount of risk on type LL. The optimal auction
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for risk averse buyers, on the other hand, imposes two kinds of risk on this type. The first kind
removes the possibility of winning a single object when all buyers are of type LL and the second
kind assigns a positive payment if he doesn’t win any objects. These two kinds of risk improve
the sellers revenue in the following way. The former exploits the risk bearing of the buyers who
have high valuation for one or both objects by facing them with even greater risk when imitating
LL than the optimal auction for risk neutral buyers. The latter, on the other hand, help the seller
collect the penalty fees from more people.

Since the seller probabilistically assesses the buyer valuations (i.e. only ex ante probabilities
of the type distribution matter) and never keeps the objects by assumption, there always exists a
probability that LL type buyers can obtain both objects. This can happen only if all buyers are of
type LL. On the other hand, whenever there is a type HH or both HL and LH, then LL cannot
win any objects. The following lemma states the conditions under which an LL can obtain a single

object.

Lemma 6 In any mechanism that solves the relaxzed problem,

i) if m is such that npg,npr > 0 and npg +npp = n, then object A is sold to an LH type buyer

(i.e. npupiy(n) =1)if

O
OLL Yig
yip aLH

0]
QgL Yoy

+1)7t= .
ygL o ) YLH (T)

pra < ( + 1)(

Otherwise, an LL type buyer gets object A (i.e. nppps,(n) =1).

it) if m is such that ngr,npr > 0 and ngp + npp = n, then object B is sold to an HL type

buyer (i.e. nyrps; (n) =1) if

[0
aOLL YHL
ygL L

O
OLH YgH

+1)t= .
ng o ) YHL (—JF)

prr < ( + 1)(

Otherwise, an LL type buyer gets object B (i.e. nprp?; (n) =1).

According to the previous lemma, in the optimal auction, if the excess payment that LH makes
for object A is larger than that of LL (namely, tfH — t(L)H > th — tgL), then LH wins object A.
By this lemma, the solution to the relaxed problem depends on the values of v, and vgr.

Note that, v > 1 if and only if v, > 1. Thus, we can divide the rest of the analysis into three
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Figure 2: Allocation of each object when all buyers have low valuation for it.

cases (See Figure 2):
e v +7vmr <1 (Region Ay),
e 1 <vrp+vur <2 (Region Ay),
e 2 <vpy+vur (Region A3).
Remark 2 Readers should note that the three cases listed above are analogous to those mentioned

in Lemma 2 of Armstrong [1]: strong positive correlation, weak positive correlation, and negative

correlation, respectively.

Whether object A (B) is given to an LL or LH (H L) type buyer depends on whether (v, g, vgr)
falls in region A, Ao, or As.
3.2.2 Case Al - Strong positive correlation:

(Yer +vur < 1] We can set

prr =1—=7Lw —YuL, boe = VoHs PHL = VHL (19)

In this case, all incentive constraints of type HH are binding. This also implies that the seller is

indifferent between LH and LL for object A and between HL and LL for object B.

27



For any given allocation probabilities, the payments

A A A
(YR YL L YEL YL Vi Y Vi YT e (20)
solve
max agpInyGy + o1 — piy) mySy + apr(l— pi ) nyg, + +arrpf nyfy (21)
toarupig Iyt +aprph Iyl + apnppsnyl, + arppf Iyl + arnpit mynp
subject to

PLLCLYLL + PELCLyLL + PR CLelyil +plyl = 1 (22)
PLLCLYLL + PLLCHYLL + PRLChChyit + pPryfn = Prmcivig + (1 —prm)yfe  (23)
prLCHYLL + PLLelylL + PR e yit + Py = Phrciyin + (1= bRy (24)
PLLCHYTL + PLLCHYEL + P chcnyil + vt = Yiu (25)
prmciyin + (L= prmvsn = Yam (26)
phrcnyin + (1 =Py = yau- (27)

By 19 and lemma 6,

A O A O B .0 B, 0O
YouYir = Yooyim and yg YL = YLLYoL (28)

must also be true. Using equations 22-27, and the two conditions in 28, we can solve for eight of
the variables (say, except yg ) listed in 20 in terms of yg 7> the parameters and the reduced form
probabilities. After plugging these variables into the objective function 21 we can solve it for yg -

Now, we consider the conditions that we have omitted in the relaxed problem.

Proposition 14 (Full problem - Case A1) The upward incentive conditions, ICff, IC'fLL, IC’EI?

#9The payments that are not listed in (20), namely vl B s unl yn g, yB . yal, can be calculated using
proposition 15.
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and IC’gﬁ are not binding.

The above proposition states that type LL does not have incentive to imitate the types LH or
HL. Moreover, neither type LH nor type HL has incentive to imitate HH.

The conditions [ Cf}’} and [ CIL{IL{ together imply

A AA AB A.B A B
¥ {pLH A (pLH PHL\CLCH — CHCL PHL } (29)
A A ~A ~B A B B
PLH CH PLH  PHL CHCH PHL CH
A AB A B A B B
< A _PHL (| _ 2B \CLCH ~ CHCL IOHL 1_ 3B A
< yguleiis LA~ B ( HL) T B + 5 HL) 5}
CH  PHL CHCH PHL CH
A A A A
O (B AP PLE 1— A CLCE — CHCE PLH (1 _ »A A4
+  vrmlein—5 + =i ( L) 1B + 5 ( TH) 1}
g PLH Culh PLi CH
where A? = ch — ciL.
1 C takes the following form:
A CB AB € fcf @)
1< ?JHH{PHH +phn—% B +PHE 5 B +Phm} (30)
CH CH Culh

and vy, <1 can be written as

o ,0
OLHOHL < YraYHL
aLLoenH Y9y

(31)

Proposition 15 The optimal allocation probabilities satisfy the necessary condition 31. Moreover,

29 and 30 are not binding.

4 Discussion and Concluding Remarks

In a binary model, we show that when the buyers are risk-averse, the optimal auction is weakly
efficient. That is, with probability one each object is sold to a buyer who has high valuation for it,
if such a buyer exists. Each buyer is perfectly insured against the risk of losing the object(s) for
which he has high valuation. Buyers who are eager to win both objects are compensated if they
lose both objects; whereas, buyers who have low value for both objects make a positive payment
to the seller if they lose both objects. The optimal auction must bundle the two objects when all

buyers have low value for both objects. This result allows us to conclude that the auction forms
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listed in Armstrong [1] are not optimal.

In a more general framework, it has been shown that among all mechanisms for allocating
multiple objects that are strongly efficient, incentive compatible, and individually rational, the
Vickrey-Clarke-Groves mechanism maximizes the expected revenue.*’ The optimal multi-object
auction that we have constructed for risk averse buyers is incentive compatible and individually
rational but is only weakly efficient.

While the inefficiency may result either because some types are ex ante excluded from partici-
pating in the auction, or because of a misallocation, in this paper, we confined ourselves to the first
kind of inefficiency, and showed that the latter kind of inefficiency does not occur in an optimal
auction. Yet, this result is very sensitive to relaxing the assumption of binary type distribution.
Armstrong [1] shows that weak efficiency does not survive once the type space is made continuous.

Finally, we comment on the restrictions of our model. For tractability reasons, we focused only
on the case where the buyers’ utility function exhibits constant absolute risk aversion. Instead a
buyer’s utility may exhibit increasing or decreasing absolute risk aversion, in which case the answer
to the optimal design problem is not clear. Alternatively, one can also consider the situations where
the buyers have different risk attitudes with respect to each good, in addition to that with respect
to the wealth level. In that case, one would have to consider a generalization of the Arrow-Pratt
theory (Arrow [3] and Pratt [25]) which extends to the case of multi-dimensional risk attitudes.
One such generalization is proposed by Kihlstrom and Mirman [13].

Gal-Or [11], considers the case where the risk-averse buyers worry about the possibility of
breakdowns. She shows that running "sales" improves the revenue of the single-unit monopolist.
This is because the risk-averse buyers tend to buy more frequently than necessary to avoid buying
at the higher regular price and to avoid the cost of waiting for the next sales period. Since, in
our model, the seller owns only one unit of each object and the objects are not related, our results
would not change if the buyers worry about breakdowns. In this case, buyers’ concerns can be

easily embodied into their valuations.

“0For a clear and concise discussion of VCG mechanisms see Krishna [14].

30



Appendix A: Optimal single object auction

The Lagrangian to the relaxed problem can be written as

L = m—-M(Dp—1)—py(Dy — DE)
—¢rm,y(narpr +nappy — 1) — ¢y (nampy — 1+ af)

—¢rry(napp, — 1+ afy)

where Ap, and py are the Lagrange multipliers on IRy, and ICy, respectively, and ¢¢p 11, ¢¢py,
and ¢y are the multipliers on the implementability conditions.
Proof of Lemma 1. Suppose first that IRy, is slack. Then, the seller can improve her revenue
by increasing ylL by € = % > 0. This would not violate any of the constraints of the relaxed
problem. So, I R; must be binding.

Suppose, next, that ICy is slack. Then, again, the mechanism can be improved profitably,
without violating any of the conditions considered in the relaxed problem. Namely, increasing yﬁq

L_
by € = Dy 2DH > (0 improves the revenue. Hence, IC is also binding. =

Proof of Lemma 2. Suppose, by contradiction, that I Ry is binding. Then, we have 1 = Dy =
DIL{ = Dy, where the equalities are due to I Ry, ICy, and IRy, respectively. Yet, since low-type
buyers are not excluded, this would contradict with Dy — D]LJ = pr(cr, —cu)y}y > 0. Hence, IRy
is slack. m

Proof of Proposition 1. Kuhn-Tucker conditions with respect to y} and yﬁq yield

oL 1

@ = O‘HpHﬁ — ppprca =0

oL 1

~— = au(l—py)— —pg(l—py)=0
Yy Y

These equations together imply that yﬁq =cyyy. N
Proof of Proposition 2. Remember that I Ry is slack by Lemma 2. Using Proposition 1, we
can rewrite this condition as

DH:yﬂq<1.
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This is equivalent to tlH < 0, implying that, at the optimum, an high-type buyer is compensated
when he loses the object. m

Proof of Proposition 4. Armed with the optimal values of py, and p;,(see 9) we will now
calculate the payments made by each type of buyer. Using ICy, IRy, and proposition 1, we write

the payments, y7’, ylL, and yy’, as

1-yly cLyly—cu vy

w o [ _ w _ JH
YL = bpler—cnm) YL = U=pp)(cr—cn)? YH = cu

where yig is in

n 1
arg max{_[az (py In e Inyy) + ar(pr (1 —yy) + (1 = pr) In(cryy — cm))l}-

Yu

Equivalently, yﬂq solves the first-order condition of the form

ag | ag(l—ppe  awpg
l

7 = 0.
Y CLYy — CH 1- Yy

This equation can be rewritten as
cr(Yi)? — &Yy + amen =0 (32)

where £ = (1 — pp)(cr + amcn) + pr(ca + ager).
Since 0 < p; < 1 and ¢y < ¢, &€ > (cg + agcr) must be true. Then, £ — dapgerey >
(eg+aper)?—4dagerey = (cg—ager)? > 0. Thus, a solution to equation 32 exists. Furthermore,

if a buyer of type H loses the object he pays

£+ V€ —dageren

2cy,

l
Yy =

|
Proof of Proposition 5. We have already established above that IR; and ICpy are binding

and IRy is slack. We only need to show that ICY, is slack. Equivalently, we need to show that

32



pLYL < p Hy}‘j,.‘ﬂ Plugging in the values of y}’ and y}; gives

1 — ¢ 4 c
Y < PHYH ; H < yiq
(cL —cu) ~ cu pacr + (1= pg)en

We substitute in the value of yfq to get

cren + anlpger + (1= py)en)® < Elpger + (1 = py)en).
Substituting in the value of £ and using I My 1y yields

0< Apln—1)+ (1 — pyr) +crenl2 — n)py — 1]

Now, we plug in the value of p; and rewrite this condition as

0<(1—aDc(n—1)—c% +creg(2—n)]+ (1 — ap)[cdn — creyn).

Since ¢4n—cpepn < 0, we can replace (1 —ay) with (1 —a?) and get the following more restrictive
condition

0<(1—ap)(n—1)(cz—cn)?,

which holds for any parameter values. Hence, IC, must be slack. m

Proof of Proposition 6. Suppose that ¢}’ and té [hence y}" and yzl] are stochastic. Replacing ;"
and yf with their expected values would not affect any of the incentive compatibility and individual
rationality conditions (because buyers’ utilities are linear with respect to these variables), but would
strictly improve the seller’s revenue (as revenue is concave with respect to y;’ and yzl-), which is a

contradiction. m

Appendix B: Optimal multi-object auction

We can write the Lagrangian of the relaxed problem as

*'We add up ICy (binding) and ICy, (slack).
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L= apu{pfhunyiy +ohgInyh g + o nyss + o9y nyG )
+anr{phr Inyi, + phnyh + et Iyt + pQ InyG )
+ara{pty myly + pluyly + o nyif + pP nyy}

+ar{pfL Iyl + pf nyp, + pif Iyl + o Inyfp}

A A A B B. B AB A B, AB O .0
ALl = pLLCLYLL — PLLCLYLL — PLLCLCLYLL — PLLYLL}

AL A A A A B B B B B
+Aru{crlpryin — PLaYLm) + CHlPLLYLL — PLEYLH)]

A B AB. AB  _AB. AB 0 .0 0 .0
+epeglprLyrr — prayLal + PLLYLL — PLuYLH]}

AT A A A A B[ B . B B B
+AurieglpLyin — PrLYaL) + L PLLyiL — PHLYEL]

A B[ AB. AB _ _AB. AB 0 .0 0 .0
+egerlprLyir — PaLYEL) + PLLYLL — PELYAL]}

Ar A A A A B B B B B
FAga(priclpLoyrn — PruYEH] + CHPLLYLL — PEHYA H]

A B{ AB, AB  _AB . AB 0 .0 o .0
+egeplprLyrr — PunvYean) + PLLYLL — PhEYHH]}

Ar A A A A Br. B .B B . B
+ prpicn [PLH?JLH - pHHyHH] +cp [PLH?JLH - pHHyHH]

A Bi AB, AB __AB . AB o .0 o 0
+cpenlprnyrn — PanYunl + PLaYin — PhaYrH]}

Ar A A A A Br B . B B . B
+ ppricalparyar — PraYEH) + CHlPHLYAL — PEREHYEH]

A By AB, 2 AB AB , AB o ,0 O (0]
+ cycglpHiyat — PanYHE) t PALYEL — PEEYAH]})

Since the number of buyers participating in the auction are assumed to be larger than three
and since buyers of each type are treated the same in a symmetric auction, each type’s probability

of losing both objects is positive. That is, pioj > ( for all 45 € S. Thus, using the four Kuhn-Tucker

conditions, 2% =0,

aayioj_
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oL
ayIO{H
oL
8ng
oL
0 yI?IL
oL
ay/?L

we can solve for \j;s:

OOH

pGul—— — Aum) =0
Yuu
aLyg
pCul—5— + Agrppy — Are] =0
Yoo
QHL
phLl—5— + Aumpyy — Az =0
Yor
arr
pPrl—5= = ArL + A + Aap + Agappr] =0
Yrr
QHH
AHH = 0
YuH
QHL |, OHH
AHL = —5 T 5 HuL
Yar.  Yawm
Qrg | OHH
ALH = —5 T 5 HLu
Yoo  Yam
Qrp | QL - OHL ~ OHH
ALL = —5 ot~ + 15—
Yir Yim YL  Ygm

The remaining Kuhn-Tucker conditions are of the following form
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oL A g A
A Prpl—3— — Ammcy] =0
ayle ng
A B 1Y [7 — AHHC ] =0
8y1§H i yI]—BIH "
oL QHH
J0AE pi| =5 — Aumcieq) =0
Yo Yuu
oL QHL
A ng[T — (AmL — AHHNHL)cg] =0
OYirr, Yur
oL «
A B ng[% - ()\HLCf - /\HHMHLCE)] =0
oYgr, YoL
oL ABIZHL Ay pcB -\ B =0
ay}‘}]f PHL y}f}% H\AHLCY, HHKEHLCH)] =
oL «
A PéH[% - ()\LHCf - AHHMLHCg)] =0
iy Yoo
oL aLH
5 prul—5— — (Aw — Aanppg)cn) =0
rn Yru
oL aLH
9yAE Pf‘fl[ﬁ —cBOmel — Nwrppgen)] =0
LH LH
oL A (QLL A A
oy pLL[yT —cp(AL — Arw) +eg(Agr + Agnaprg)] =0
LL LL
aE B arr, B B
a7, PLL[yT —cp(ArL — AmL) +ecg(Aoa + Aumpg)] =0
LL LL
6£ QrJ,
9yiP pff[ym — cf(Arref — Apmerr) + ciy(Amref + Agrppren)) = 0.
LL LL

Proof of Lemma 3. Suppose that IRy is slack. Then, we have

_ A A A B B. B AB A B.AB , O .O
Drr = prreryrn + prreryon + prrerenyrr + Py < 1

Since number of buyers are larger than three and since buyers are treated symmetrically, each type’s
probability of losing both objects is positive. So, p(gL > 0. Thus, an increase in ygL by €/ p%L for
e = (1—Dgy)/2 > 0 strictly improves seller’s payoff. Note that, this modification on y?; does not
violate any of the constraints, yielding a contradiction.

Hence, IRy ;, must be binding. =
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Proof of Lemma 4. Suppose first that I C’fﬁ is slack. Then, we have

_ A A A B B.B AB A B.AB , O .O
Dry = prucryoo + PLucayoo + PLECLCHYLH + PLEYLH

A A A B B.B AB A B AB, O O _ mnLL
< prreryrr + PLLCHYLL T PLL CLCHYLL + PLLYLL = Drin

Let ¢ = (DL — Dpy)/2. Since p@p; > 0, if we increase y&y; by £/p9y;, seller’s payoff will improve
and none of the constraints are violated. This is a contradiction. So, C’fﬁ must be binding.
Along the same lines, we can easily show that [ C’[f;,’}: is binding, too. m
Proof of Lemma 5. Suppose that all three conditions are slack. Then, we have Dy <
min{DEE DEE DHLY Define e = (min{ DL, DL DHLY — D) /2. An increase in 49, in the
amount of ¢/ pg > improves seller’s payoff and does not violate any of the conditions. This is a
contradiction. So, at least one of these three conditions must be binding. =
Proof of Proposition 8. Since Dy = min{DEL, DEL DHLY " we can replace the last
three incentive compatibility conditions with Dyy = pup; DEE + pp g DEL + iy DEE where
Brnsbrms Per = 0 and wpp + ppg + pgr = 1 provided that p;; = 0 if and only if Dypy < DzH
(or equivalently, y;; > 0 if and only if Dyy = Dg ")

The Kuhn-Tucker conditions with respect to ylk] for k = A, B, AB and ij € S can be written as
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A o) A A
puncnaYgy —Ygucuyl = 0 (a)

B 0] B B
pruCHH i — Yracol = 0 (b)
AB 10) AB A B
prnaraYnr —yancacyl = 0 (c)
A 10) A A
paroaLlynn —varecn]l = 0 (d)
OHL OHH CHL
PgL[T - T#HL(CE - Cg) - TCE] =0 (e)
YaL YgH YarL
AB[YXHL A QCHH B B CHL B
PrLl—ag — cul—5kurlcc —cg)+—(5-cL)] = 0 (f)
YL Yau Yor
A (OXLH CHH A A OLH A
PLH[T - T#LH(CL —cy) — TCL] =0 ()
Yru YoH Yru
P?HOZLH[ZJQH _nyCg] =0 (h)
AB®LH B, XHH A A OLH A .
PLHI AB —cp( 19) MLH(CL*CH)JFTCL)] =0 (i)
Yim HH Yig
A (OLL  OLL A QgL . OHH A A .
rrl—x ———@ocL—{—o5 + o5 (ur+urp)tcr —cyg)] = 0 (i)
Y Yoo Yar  Yao
B (O¥LL aLL B arLH OHH B B
PLL[T -~ ¢L 1o T T(#LH +ppp)er —cg)] = 0 (k)
Yoo YiL Yig  Ygm
AB{@LL  QLL A B @LH A, B B QHL B, A A
PLL [ﬁ -~ ¢L¢L — TCL(CL —cg) — o ‘L (¢t —cu)
YL Yrr Yoo Yor
QHH , A A A A
~,0 (cief — ppuehcs — purcict — prcaen)] = 0. Q)
HH

Note that, these equations are of the form pij = 0. We can use them to solve for yfj forij € S
and k = A, B, AB, by implicitly assuming that pfj = 0. This is without loss of generality, because
each of these yfj’s appears with the corresponding pfj everywhere in the problem. Thus, if pfj =0
for a type ij and for an event k, then the value of yfj will not matter in the solution, if pfj > 0, on
the other hand, then {2 = 0 must be true.

Thus, equations (a)-(d) and (h) respectively yield

A _ng. B _ng. AB __ ?JIOJH.
Yagg — A YHH = /B Z/Hchgcgv
A _yIO{L. B _ng.
Yor = A Yrg = B
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and the pairs ‘(e),(f)’ and ‘(g),(i)’ respectively give

AB _ YhL. . AB _ Yiu
Yur = A Yog = b

These two sets of equations imply that the excess payment that a buyer makes for an object for
which he has high valuation is equal to his valuation for that object. In other words, each buyer is
perfectly insured against the risk of losing the object(s) for which he has high valuation. m

Proof of Proposition 9. Similarly, equations (e),(g),(j),(k) and (1) can be used to solve for

B A A B AB :
YL Yim Yo, Yo, and yrr , respectively.

oOLH OLH A OHH A A
— = o ¢t Hrulcr —ch)
Yoo YiH Yom
OHL CHL B . CHH B B
5 = o ¢+ purlc —cp)
Yor Yor Yau
aLL OLL A OHL , A A OHH A A
— = Qo <t—7o(cL—cu)t—5 (gL +pL)lcs —cn)
Yrr Yrr YL You
arr QL B, O“LH, B B QHH B B
5 = ot (cL—cuy)+—5 oy +prL)cs —cp)
Yrr YLr Yoo Yoo
QLL QLL A B, ®“%LH A, B B QHL B, A A
—5 = o cLcL + (g5 crlcl —cg)+ —(g—crler —cn)
Yrr Yrr YiH YarL
QHH . A B A B A B A B
+ yO (cpel — BLuCLCH — BHLCHCL — HLLCHCH)
HH

Remember from first section that a low-type buyer has to make a payment if he cannot win the
object. Using the last three of the above equations we get a similar result for type LL.
Using the last three equations, one can write

yA = A B, = A yAB — viL
LL cf—i—q ) LL cf +e5 LL c’écf—i—a:;

for some €1, 9,3 > 0. We plug these values into LL’s individual rationality constraint to get

o} A €1 B €2 AB €3 _
Yir(l=pro——— —PLL 5 — — PLL A B )=1.
¢y, t+e1 cr +é2 crcr +¢€3

Note that, the term in the parenthesis is less than one if LL gets either or both objects. Thus,
if p9, # 1, then y9, > 1 (hence, t¢;, > 0) must be true. m

Proof of Proposition 10. i) Let n be such that ngy + ngr > 0 and without loss of generality
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assume that nyy > 0. Now, suppose by contradiction, that ngpps;(n) + ngrpsy,(n) < 1. Let
e <1 —nuuplyuy(n) — nubi, ().

There are three possibilities that we need to consider:

-nrg+nrp =0:

In this case, modify the mechanism by increasing p‘l‘_‘f g b

v

aHH Change in the Lagrangian can be calculated as We ln o > 0. This is a contradiction.

- nLupPy(n) >0

We will now show that for some ¢ < npppiy(n), decreasing psy () .+ and increasing

g (n) by 7 1s profitable. After this modification, piy decreases by

OLH

by \IJQHH 42 We calculate the change in the Lagrangian as
1 A o o)
AL = et~ YBH gAYl Yl ea Y Vi
CH YoH QLH  QLH QLH  QLH
— Ucln E{Lg
‘HYLH

which is positive since y?H > cHny.
- nrrpin(n) > 0 and npmpiy(n) =0
Suppose first that nr, Lpr(r]) > 0. Then consider modifying the mechanism by decreasing pf (n)

by = and increasing pHH( ) by

4 (n). This would decrease p5 7, by ¥

nyg aLL

and increase pi g by \Ilﬁ Lagrangian then changes by

AL

1 A cA A (0] CA A O
We{ln — —In 2L 4 (\pp — Apar)[2YEL — YEL) _ (\pp 4 Agpppy )| HYLL  YLLyy
CH YL arr arr arr, arr,

e
= Veln - >0
CyYrr

Suppose now that nLLPfL(n) = 0. Then, nLLpff(n) > 0 must be true. We will show that

£

the following modification is profitable: For some & < nrrps2(n), decrease piB(n) by 7 and

. This would decrease pLL

increasing pi% (1)

4254, (n) can be decreased either by decreasing pf (1) or pp5 (). If the former, is positive then we decrease pf g (1)
(and increase pfi(n)). If the former is zero, however, p5 (1) should be decreased (and in response pz (n) should
be increased) In this case, marginal probabilities of winning A and B are affected for both types HH and LH. Yet,
either modification, have the same effect on the Lagrangian.
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U ; —. As a result, Lagrangian will increase by

1 1 AB CACB AB O
AL = \Ilg{lnj—i—ln—B—lnleL +)\LL[ L LyLL - yLL]
CH 5574 YiL arr arr,
A B, AB 0 A B, AB o
) Crlua¥%rr  Yin, A CaCrYrr  Yir
LH]| | = ArH| ]
arr arr arr, arr
A B, AB e)
CHCHYLL YL
—AHHELLL] - I}
arr, arr,
ygL
= Weln ——2%—= >0
A B, AB
CHCHYLL

Thus, we conclude that if n is such that ngy + ngr > 0, then nHHﬁﬁ,H(n) + ”HLﬁﬁrL(U) =1.
We can prove part i) of the Lemma along the same lines. ®

Proof of Corollary 1. We will prove only part ). Proof of part i) is similar. (*5) implies that

n NM—MHHN—MHH—NMNHL

aHHng = Z Z Z nHHﬁgH(n)\Il

ngg=0 ngr=0 nrg=0

n N—MHHN—MHH—NMNHL

anLpEL = Y. . > nupiL (V.

ngg=0 ngr=0 npp=0
Adding these two equalities and multiplying both sides with n gives
n N—NMHHN—MHH—MNHL

nlognpiy +anpi) = Y, Y > [nuabia(n) + narpi(n)n®

ngg=0 ngr=0 nr =0

N M—MEHN—NMHH-MHL n | OLH NV—NLH

- o oL AL
= n¥ — (= npm!
n . — .
ngpr=0npgr=0  nrp=0 npg=0 LH LH)

= 1—(arg+arp)"

The second equality follows from the part ¢ of proposition 9. =
Proof of Proposition 11. i) Suppose that the profile is such that ngg + ngr = 0, but

nLapry(m) + npepip(n) < 1. Let € < 1 —npppiy(n) — nprps; (n). There are two cases that we

need to consider:

-nrg > 0 : Let’s increase ﬁfH(r]) by ﬁ, which would increase ﬁfH by \I/afH. Change in the
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Lagrangian is calculated as

vi A VL vy AL y?
AL = We{lnZLH 4 \py[—cp PLE o TLH) 43y e PEE - JLH ]
Yru QLH  OLH arg  OLH
y
= \Ileln%
YLH

which is positive if g4, > 3O or L= < oL Yin 1
P Yo - YL 1—cft Y@y oHH Brg

- nry = 0 : A profitable modification would be to increase p7;(n) by % and hence pr by

\Ifa;. Lagrangian will increase by

ny Cény y(L)L ngfL ygL
AL = Ve{ln=5* — (A\or — Am)[——= — ===+ (Agr + Agmpp) == — ===}
Y1 QLL Qarr Qarr Qarr
A
= Weln YL
YL

A_ A
which is positive if y4, > y9,, or L= « OLL (QHL 4 QHH (] _ -1
p Yoo -~ Yrrs 1= 9, (ygL VO (I—pru)

1) Along the same lines of the previous part, we can easily show that this part holds, too, if

yg > yg 7 and ny > y?L, or equivalently if

cB—cB < min{OéHL v9uy 1 ain,arp | QHH (1= )13
L H , .
1—cf Yoo omn b Y9, v Yam

]

Proof of Proposition 12. Suppose, for now, that HH is not compensated. Then ng = 1.
Since cﬁ, < Cf and ¢ < B, we have 1 = ng < DgH < D;; <1 forij = LL,LH, HL where
the first inequality is due to [ C’g > and the last inequality is the individual rationality constraint.
So, all individual rationality constraints are binding and D;; = Dg g = 1forij=LL LH HL.

Moreover, since D;; — D} = 0, we have

A A A\ A B (B By B AB; A B A B\ AB

pro(cr — ey + pro(cf —eg)yrr +piL (coerl —cuen)yr, = 0
A A AN A
prulcy —cy)yry = 0
B B B\ B
poL(ct —cp)ypn, = 0
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Each term in these equations are nonnegative, therefore p?, = pB, = pff = iy = pB . = 0 must
be true. This contradicts with the previous Corollary because arrpr; + argpiy > 0. m

Proof of Proposition 13. Suppose, by contradiction, that for some profile n with nr; = n,
p7P(n) < L. Since both objects are sold with probability one, this implies that pi () =pP () > 0.
Let ¢ < 1 — np?2(n). Consider modifying the mechanism by decreasing p%; (1) and p?; (1) both

by £ and increasing piB(n) by £. This would imply AppB = —Apt, = —ApP, = U< Now, we

£
aLL

calculate the change in the Lagrangian:

YO yAB
AL = Veln “LL2LL
Yor¥Yror

which is positive if ygLyff

> nyyLBL or, equivalently, if
QrL QL _ QL[ QL[
A B O . AB
YL Yoo YL Yoo
= (Appdar + A i ampp)(cr —ep)(cE —cf) > o.

Since the last inequality holds for any parameter values, this modification is profitable. Thus, we
conclude that if all the buyers are of type LL then the objects are bundled and each buyer gets the
bundle with equal probability. m
Proof of Theorem 1. Any of the three auction formats, namely independent auction, bundling
auction and mixed auction, that are optimal when the buyers are risk neutral allocate the objects
independently and randomly when all buyers report to be of type LL.

Yet, by proposition 21, when the buyers are risk averse, a necessary condition for the optimality
of the auction is to give both object to the same buyer if all buyers are of type LL. =
Proof of Lemma 6. i) Suppose that for some n with npg,nrr, > 0 and npg + npp = n,
nLHﬁfH(n) < 1. Then, since A is sold with probability one, pr(n) must be positive. Let € <

nrLpy; (n). Now, consider modifying the mechanism by decreasing p7; (1) by % and increasing

Ye
ary

g

Pw(n) by nr; - This, would decrease 3 by

and increase ,be by a\ii; As a result, the

Lagrangian will change by
YrHYs
AL = Welp 2LHILL

o A -
YieYrL

This is positive if y7,y9; > y@yys;, or equivalently if 95H “kL > %L *LL Using the Kuhn-Tucker
Y YL Yo YiL
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conditions, we can rewrite this inequality as

Opr — Agaprg) et — Aor) — enOwn + Agupn)] >

(cfdem — cpdarpry) AL — Ao — gL — AgmpLL)-

After some manipulation, we get

Ara(Aur +Aumpry) > Amaprp(Aor — ALH)

o o)
agr 'y arL 'y _
—ORZHH gy (SR OLH )= sy
Yar ¥HH Yoo OLH

Proof of part i) is similar. m
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