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Space-based experiments offer sensitivity to numerous unmeasured effects involving Lore@® and
violation. We provide a classification of clock sensitivities and present explicit expressions for time variations
arising in such experiments from nonzero coefficients in the Lorentz-GiAd-violating Standard-Model
Extension.
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. INTRODUCTION 13%Cs, 8Rb and a H masef17], while the fourth uses a
superconducting microwave oscillator.

Unification of the fundamental forces in nature is ex- Clock-comparison experiments in laboratories on the
pected to occur at the Planck scate,=10'" GeV, where Earth[18—27 have already demonstrated exceptional sensi-
quantum physics and gravity meet. Performing experimentsivity to spacetime anisotropies at the Planck scale. These
with energies at this scale is presently infeasible, but supexperiments monitor the frequency variations of a Zeeman
pressed signals might be detectable in exceptionally sensitiieyperfine transition as the instantaneous atomic inertial
tests. Searching for violations of relativity that might occur frame changes orientation. Typically, a pair of clocks involv-
at the Planck scale via the breaking of Lorentz &BT  ing different atomic species and co-located in the laboratory
symmetry is one promising approach to uncovering Planckis compared as the Earth rotates. Several other types of ex-
scale physic$1]. periments are also sensitive to Planck-scale effects predicted

At low energies relative to the Planck scale, observabldy the SME, including ones involving photof$2,23,24,
effects of Lorentz violation are described by a general effechadrong 25,26, muons[27], and electron$28,29.
tive quantum field theory constructed using the particle fields In the present work, we perform a general analysis of
in the Standard Model. This theory, called the Standardelock-comparison experiments involving atomic clocks on a
Model Extension(SME) [2], allows for general coordinate- satellite such as the I1SS. To take advantage of the relatively
independent violations of Lorentz symmetry. It provides ahigh velocities available in space, we incorporate leading-
connection to the Planck scale through operators of nonerder relativistic effects arising from clock boosts. A frame-
renormalizable dimensiof8]. CPT violation implies Lor-  work for general calculations of this type is presented, and
entz violation[4], so the SME also describes general effectsdetailed expressions that allow for satellite and Earth boosts
from CPT violation. are derived for observables in a standard satellite mode. Es-

Various origins are possible for the Lorentz 2D8Tvio-  timates are provided of the sensitivities of experiments at-
lation described by the SME. An elegant and generic mechaainable on the ISS.
nism is spontaneous Lorentz violation, originally proposed in  The paper is organized as follows. Section Il considers
the context of string theory and field theories with grayBy  some aspects of the frequency shifts due to Lorentz violation
and subsequently extended to inclu@PT violation in  that are experienced by a clock in a single inertial frame. In
string theory[6]. Noncommutative field theories offer an- Sec. lll, we establish the link between a noninertial clock
other popular field-theoretic context for Lorentz violation, in frame on a space platform and the standard Sun-based frame.
which realistic models form a subset of the SW#& Lorentz ~ Section IV presents methods for extracting measurements of
violation has also been proposed as a feature of certain nowgoefficients for Lorentz violation from experimental data and
string approaches to quantum gravity, including loop quanestimates sensitivities for ISS-type missions. We summarize
tum gravity and related models of spacetime fogdh the in Sec. V. Details of some calculations are provided in some
random dynamics approa¢8], and multiverse modelsl0]. appendices. Throughout this work, we adopt the notation of

Various types of sensitive experiments can search for th&efs.[2,12).
low-energy signals predicted by the SME. In this work, we
consider clock-comparison experiments with clocks co- Il. BASICS
located on a space platform, which are known to offer a -
broad range of options for Planck-sensitive tests of Lorentz Any Zee_mar_1 transition frequent_z«yused to study Lorentz
and CPT symmetry[11,12. Promising possibilities are of- andCPT violation can be written in the form
fere_d by various expgriments |_olanne_d for flight on the Inter- w=1(B3)+ dw. (1)
national Space StatiorilSS), including the ACES[13],

PARCS [14], RACE [15], and SUMO[16] missions. The Here, B3 is the magnitude of the external magnetic field
first three of these presently involve atomic clocks withwhen projected along the quantization axiB5) is the tran-
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sition frequency according to conventional physics, @aad  such that this signal vanishes in the absence of Lorentz vio-
contains all contributions from Lorentz af@PT violation.  lation. Note that the two transitions may involve the same
All orientation dependence is contained B3 and dw; in atomic species.
particular, the functiorf has no orientation dependence ex- To bridge experiment and theory, it is useful to introduce
cept througtB,. Typically, f depends on magnetic moments, a modified frequency differenae’ that represents the signal
angular-momentum quantum numbers, and similar quantifor a large class of experimental situations and offers a direct
ties. For definiteness in what follows, we suppbsinvert-  link to coefficients for Lorentz violation in the SME. For the
ible in a neighborhood of the magnetic fields of intef@§f],  two clock transitionsA, B with frequenciesw,, wg Written
and denote the inverse dby f ~1(x). Also, we work at all  in the form(1), definew? by
orders in B3 but neglect effects of size(B;éw) and
0(S8w?), which are known to be small. ot =wp—fa(fzH(wg)). (4)

For the transition £,mg)— (F',m{), the frequency shift

. ﬁ . . . _
S can be written as By constructionw* vanishes in the absence of Lorentz vio

lation. To the order ifSw at which we work, this implies*
dw=S6E(F,mg)— 6E(F',m{), (2) is independent of the external magnetic field even in the
presence of Lorentz violation. It is therefore reasonable to
where the atomic energy shif8E(F,mg) are induced by adopt this definition ofw? as the ideal observable for Lor-
Lorentz andCPT violation. These shifts can be calculated entz andCPT violation. In what follows, we first obtain a
directly within the SME using standard perturbation theory,general theoretical expression fof and then consider some
by obtaining the individual energy shifts for each constituentexperimental issues.
particle and combining the results. In the clock frame, they We next show thaw* is determined theoretically by the
are determined at leading order by a few combinations o&quation
SME coefficients for Lorentz violation, conventionally de- ;
noted ashy, d¥, 9y, cy, gy, where the superscript is p of=dwpr—vdwg, (5)
for the protonn for the neutron, and for the electron. These
o - where
are the only quantities in the clock frame that can in principle
be probed in clock-comparison experiments with ordinary _ dfa / dfg
matter[22]. ""ldB,;/ dBs
In the clock frame, the atomic energy shift for state
|F,mg) can be written as

: (6)

B3=0

anddéw,, Swg are given by Eq(2). This expression fov is
valid to all orders inB;. When combined with Eqg1), (2),
SE(F,mp)=me>, (BubY+ 5,05+ kgl and(3), the above two equations allow calculationcof.
w To prove Egs.(5) and (6), we proceed as follows. For
each transition of the fornl), define an effective magnetic
+ME, (YuCo+Au0d). (3) field B®f=f"1(w). In the special case of no Lorentz viola-
w tion, B is identical to the actual magnetic fieRk, so the
difference BS™— BE" between the transitions, B is zero.

Here,mgz and mg are specific ratios of Clebsch-Gordan co- However, in general we have

efficients, whileB,,, dy, xw, Yw, \w are specific expecta-
_tlon values of combinations of spin and momentum operators B/e;f_ Berf: fi Y wp) — fgl(wB)
in the extremal statel$=,mz=F). For present purposes, the

details of these quantities are unnecessary; they are given in = f;l(fA(Bg)Jr Swp)— fgl(fB(Bg)+ Swg)

Egs.(7), (9), (10 of Ref.[22]. . .
Clock-comparison experiments typically involve two - ﬂ s ﬁ

clocks and corresponding transitiods B with frequency T o9ATgx s “B dx s

shifts Sw,, dwg, located in an external magnetic fieBy,. *=Ta(B3) *=Ts(B3)

The experimental signal of interest is a modified difference +0(dw)?, (7

between frequency shifts of the forfiw,—v dwg, Wherev
is an experiment-specific constant related to the gyromagahere Taylor expansions idw, and dwg have been per-
netic ratios of the two clocks. In typical arrangementdss  formed. This implies

. df t dfg?
(J)A:fA fB ((DB)JI'&(.UAW 5(03 dX
x=1,(Bg) x=1fg(Bg)
- dfu df,? dfgt
=fA(fBl(wB))+d— {&M i — dwg g : €)
y y="f5Hwp) x=f(By) x="fg(Bg)
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where another Taylor expansion has been performed. Withir Z“
factors of sizeo(B;6w), we can seB;=0 on the right-hand
side of this equation, except for the tefi(f5 *(wg)). Ap-
plying the identity df‘lldx)|x:f(53)=(df/d B3)|B‘3l then
yields Egs.(5) and(6).

As a first example of calculation with these results, con-
sider the special case of linear dependencdg@nSuppose
for each transition we can writé(B;)=c+ uB3, wherec
and u are constants for each transition. Then, we find

MA

§_ MA c c
A— (g
MB

w —(.UA_ _CL)B_
MB

. 9

In this case, it suffices to study the combinati@sy

—upwg/ug and neglect the constants, since clock- FIG. 1. Orbit of Earth in Sun-based frame.
comparison experiments are only sensitive to orientation-
dependent effects. _rotational motion of the space-based laboratf8g]. The

For a more complicated example, consider the special

acW AW AW Aw Tw iA i P
case of a quadratic dependence Bf Suppose for each quantltle§b3 » 93, 94 G Gg thergfore vary |n.t|me, V\."th
transition we can writé (B)=c+ uB+ pB2, where agairc frequencies determined by the orbital and rotation periods of

L . the laboratory. This time variation can be obtained explicitly
W, p are constants for each transition. As always, is T W ~w ~w ~w
relatively simple when expressed in terms of frequency shift®y convertingbz, ds, gq, Cq, gq from the laboratory
for Lorentz violation:w* = Swa— uadws/ug. However, in  frame with coordinates (0,1,2,3) to a specified nonrotating

terms of the individual frequencies® is frame with coordinatesTX,Y,Z).
Following Refs.[11,12, in this work we adopt for the

Pa LA MBPA standard nonrotating frame a natural Sun-centered celestial
4 2 . . . . . .
W' =wpT p—wB— ﬁ_ 7 \/MB+4PB(wB—CB) equatorial frame. This frame is approximately inertial over
B B B thousands of years. It is therefore suitable for the study of
+constant terms. (10)  leading-order boost effects due to the Earth and satellite or-

bital motions. The results of all clock-comparison experi-
Note that the previous linear example is a nontrivial limit of ments to date can be regarded as having been reported in this
this one becauseé ! behaves badly as—0. frame.
A clock-comparison experiment to probe Lorentz viola- In the Sun-based frame, the spatial origin coincides with

tion can proceed in several ways. The most direct method ithe center of the Sun. The unit vectdris parallel to the

to measuraw, and wg at each instant. The results are theng g rotational axisX points to the vernal equinox on the
combined according to E@4) to give an experimental value . ~ .
celestial sphere, and completes the right-handed system.

of *, which may be compared to the theoretical calculatio . . i - .
in Eqg. (5). A potentially significant disadvantage of thisniieot'g‘hi-g; r;f?ﬁzr(\a/grgélaegluoiﬂg;pi(r?dthaet ;szrz'%go Wlllt(r)]te

method is that achieving the desired sensitivity requires ex S , ]
quisitely precise knowledge of the functiohg andfg and ~ that the vectorsX, Y lie in the Earth's equatorial plane,
the parameters on which they depend. which itself is at an angle ofy~23° to the Earth’s orbital
A different procedure can be adopted that requires n@lane. Note also that the Earth is on the negaHvaxis at

knowledge of the function§, andfg. Supposevg is forced ~ time T=0 (see Fig. 1 _ _ o

to be constant, perhaps by applying a feedback magnetic FOr a space-based experiment, the time variation of the
field [19,20). Then, fA(f5 X(wg)) is constant, sa? =w, up  clock frequency is determined by the satellite orbital and
to a constant irrelevant for experimental purposes. Thus, ifotational motions. To extract the leading-order effects rel-
wg is held constant and the transitiods and B involve evant for experiments on the Earth and on the ISS, it suffices

clocks subject to the same instantaneous magnetic field, {P @Pproximate the orbits as circles. Any ellipticity intro-
follows that wa= w* = Sws—v dwg. Then, w, is sensitive duces time dependence at higher harmonics of orbital fre-

purely to Lorentz-violating effects and can be interpreteoqlzje”des' suppressed by even powers of the orbit eccentricity
without detailed knowledge of, and fg. This procedure € - FOr example, a time dependence proportional toutos
may offer practical advantages for experiments in environ{nder the circular-orbit approximation generates an oeder-

5 - .
ments with fluctuating magnetic fields such as those anticidéPendence-scos 3ot for an elliptical orbit. These har-
pated for the ISS experiments. monics appear only at subleading order for any quantity that

they modify. For present purposes, the circular approxima-
tion is reasonable becausé=0.029 for the Earth’s orbit
ande2=0.032 for the ISS orbit. However, dedicated satellite

In a clock-comparison experiment, the instantaneousnissions could have strongly elliptical orbits, in which case
clock frame is continuously changing due to the orbital andhe higher harmonics would be of interest.

Ill. FRAME TRANSFORMATIONS
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74 mined by an applied magnetic field, which establishes a
quantization axis. For definiteness, we take the quantization
axis as the 3 axis in this work. Other choices of quantization
axis can readily be calculated by our methptig]. Although
the detailed time-varying signals are different, no additional
sensitivities to Lorentz violation are obtained with other
choices.

Combining information from the above frame, mode, and
orientation choices permits the construction of the explicit
transformation7 between the Sun-based and laboratory

Y frames. Acting on vector components, the transformation can
be regarded as a matrix with compone®ts that depend on
various velocities, frequencies, angles, and Sun-frame times.
The derivation of this matrix is provided in Appendix A.
With this matrix, the explicit time dependence of the quan-
titiesb}, d§, gy, ¢y, gy can readily be calculated in terms

) w w w " ' w
FIG. 2. Parameters for definition of satellite orbit. To simplify Of the Sun-frame coefficients= , bz, czyy, dzy, ez, fz,

the presentation, Earth is pictured as if it were translated to th€=zns . H=p appearing in the fermion sector of the SME,
Sun-frame coordinate origin. where=, II, 3 are indices spanning the Sun-frame coordi-
nates T,X,Y,Z). For example, b;=73"bz, and dy;

. N _ T El

Under the circular approximation, the parameters of the=Zo™ T3 dzn - ] ] ] )
Earth’s orbit are the mean orbital radiis, and the mean Due to the relatively involved spiral nature of the satellite
orbital angular frequenc§2,, . The mean Earth orbital speed trajectory as observed in thS Su~n frgmeLtheNresult|ng explicit
is Bo=RsQ, . The parameters for a circular satellite orbit expressions for the quantitieg’, d3, g§, Cy , gq are some-
around the Earth are taken as the mean orbital radiuthe ~ what lengthy. It turns out to be simpler and natural to express
mean satellite orbital angular frequeney, the angleZ be-  these in terms of certain special “tilde” combinations of
tween the Earth’s rotation axiand the satellite orbital axis, Sun-frame coefficients for Lorentz violatiof84]. These
the azimuthal angler between the satellite and the Earth cOmbinations are listed in Appendix B. For each of the three
orbital planes, and a conveniently chosen reference Tie SPecies, 40 independent Sun-frame tilde coefficients play a
at which the satellite crosses the equatorial plane on an gLole at the level of zeroth- and first-order relativistic effects
cending orbit(see Fig. 2 It is also useful to introduce the considered here. There are therefore 120 Imearly_ indepen-
satellite time measured in the Sun-based frafe; T—T,. ~ dent degrees of freedom that can be probed in clock-
Note that the mean satellite speed with respect to the Earth&Mmparison experiments with ordinary matter at this relativ-
center isB,=r .. For special limiting orbitse, reduces to istic order. Note that for each species the SME coefficients

the usual sidereal frequenfg2]. Note also that various per- & Pus Cuvs vy €4y Ty Gruyy Hyy cONtaIN a total of 44
turbations typically cause to precess. physically observable coefficients at leading order in Lorentz

The rotational motion of the satellite is specified by giv- violation once unphysical field redefinitions have been fixed
ing its orientation as a function of time. Two flight modes arel2:35,38, so four additional Sun-frame tilde coefficients are

commonly consideref33], often denoted XVV and XPOP. required to form a complete set of physical observables for
| clock-comparison experiments. However, these can appear at

In XPOP mode, the satellite orientation is fixed in the Sun- . o o
based frame as it orbits the Earth. All clock signals fromMmost as subleading-order relativistic effects with signals sup-

Lorentz violation are due to boosts associated with the sateP"€SSed by two powers of the velocitigs,, Bs and are

lite orbital motion in this frame, so they are suppressed by atheréfore not considered in this work.

least one power oB,, or Bs. In contrast, for the XV “air- The resulting expressions fdry, d3’, gq, g, g, are

plane”) mode, the satellite rotates once in the Sun framegiven in Appendix C. Each equation is a linear combination

each time it orbits the Earth, so its orientation is fixed rela-0f Sun-frame tilde coefficients. The multiplicative factors are

tive to the instantaneous tangent to the satellite’s circulagonstants of order 1, sines or cosines of the angle2«, ¢,

orbit about the Earth. Clock signals in this mode are due t®{, #», and time oscillations involving sines or cosines of

both rotations and boosts, so they are sensitive to a widesTs, 2wsTs, 5 T. Note that the terms involving ;, vary

variety of Lorentz-violating effects. In what follows, we fo- relatively slowly with time becauses>( .. The same is

cus on the XVV mode. true of any precession time dependence in the orbital angle
In the space-based laboratory, the coordinate system is. Note also that the usual nonrelativistic dependd@2¢is

defined as followq11,12. The 3 axis is taken along the recovered in the nonrelativistic limg,—0,8,—0.

satellite velocity with respect to the Earth. The 1 axis is Insight into the content of these equations can be gained

chosen to point towards the center of Earth. The 2 axis comby separating each according to distinct satellite-frequency

pletes the right-handed system and is oriented along the salependences and classifying the resulting terms according to

ellite orbital angular momentum with respect to the Earth.velocity dependence. Sing&,=10"* for the Earth and3,

The clock orientation in the laboratory is typically deter- =10"° for the ISS, the terms linear in the velocities are
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TABLE |. Dependence of clock-frame coefficients on satellite tifigeand on Sun-frame tilde coefficients.

Ts bx br dxy dx g- Oxvy 9zx 9xz 9ox Cx C- Crx
dep. by by gr dy d- do Hyr dyz dzx dy dz 9c 9o 9715 9vx 9zv Ovz 9oy 9oz Co Cy Cz Cry Crz
53 comsls 1 1 By Be Be Bo Bs Bo B - - Beo - - - - - - - - - - - -
sinwgTs 1 - Bs Bs Bs Bs Ba Bs - - - Be - - - - - - - - - - - -
COSZUSTS - - :Bs - IBS ﬁs - Bs ,Bs - - ,35 - - - - - - - - - - - -
SinzwsTs - - ,Bs - ,Bs - - Bs Bs' - - ,35 - - - - - - - - - - - -
const. - - ﬂs IBS IBS Bs - ﬁs ,Bs - - ,35 - - - - - - - - - - - -
dy cosusTs - - By Be Be Be Bo Bs B 1 1 - - - Bo Bs Be - - s -
sinwTs - - Bs Bo Bo Bs Bs Ba Bo 1 - - - - Bs Bs Bo - - - T - -
COSZUSTS - - Bs - ,85 :83 - ﬁs ,35 - - - - - ,85 ﬂs :83 - - - - - - -
Sin2‘UsTs - - - - ,83 - - Bs :35 - - - - - ,83 Bs ,83 - - - - - - -
const. - - Bs Bs Bs Bs - Bs Bs - - - - - Bs Bs Bs - - - - - - -
o COST. - - Bu - - - = o = = = B - - Bo Bu Ba 1L - - - - -
S - A A A
COS&)STS - - :Bs - - - - - - - - IBS - - :33 Bs Bs - - - - - - -
SinzwsTs - - :Bs - - - - - - - - IBS - - :85 Bs Bs - - - - - - -
const. h - Bs - - - - - - - - Bs - - Bs Bs Bs - - - - - - -
Eq CoswgTs - - - - - - - - - - - - - - - - - - - - - - Bs Bs
sinwgls, - - - - - - - - - - - - - - - - - e A
costlg - - - - - - - - - - - - - - - - - - - 1 1 1 By Bs
sinZzwTs - - - - - - - - - - - s s - - - - - -1 1 By Be
const. - - - - - - - - - - - - - - - - - - - 1 1 1 By Bs
aq CoswgTs - - - - - - - - - - - - - - Bs Bs PBs - - - - - - -
SsinwgTg - - - - - - - - - - - - - - Bs - Bs - - .- . R R
CoS2yTs - - Be - - - - - - - - B 11 By Be Po - - - - - - -
SN2 - - Bo - - - - - - -~ - Bo - 1 By Bo Ba - - - - - o -
const. - - Be - - - - - - - - Bs 1 1 Bs Bs Be - - - T - -

suppressed relative to the zeroth-order ones. Table | lists theructural information about the equations in Appendix C is
decomposition of the equations in Appendix C in accordanceiseful in establishing sensitivities for different experiments.
with this scheme. As an explicit example, consider the varia-

tion oqu with the fundamental satellite frequeney. This V. SIGNALS AND SENSITIVITIES

is contained in the full expression chrq presented in Eg. At this stage, we can use the time dependence of the
(C4), from which the relevant terms can be extracted andyuantitiesby, d¥, gy, E‘g, 5‘3’ derived in the preceding
rearranged in the form section to study the signals in clock-comparison experiments
5 5 B B involving various atomic transitions. We focus specifically
CqD Bs(28,C;,Crx—2C,CCry— 2S,C17)COSwgT g on transitions F,mg)—(F’,m{) in species scheduled for
5 - flight on the 1SS:®'Rb, 13Cs, and H. These have an even
+ Bs(2C,Crxt 28,C1y)SiNwsTs. (1) number of neutrons and total electronic angular momentum

J=1/2. The generalization of our results to nuclei with an
Table | separates the sine and cosine dependences of thjeld number of neutrons is straightforward.

expression and lists factors f in the appropriate columns  The Lorentz-violating contributiod to the frequency of
for the coefficientry, Cry, Crz. In general, this type of the transition F,mz)—(F’,mg) is given by Egs.(2) and

125008-5
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(3). With the above assumptions, this frequency shift can be ~ (1-1)(21+3)~
expressed as S5=Mg— Wm;
Sw=5P[ Bo(1 ) BB+ 8,(1)88+ xo (1) TP _ 2 12 /2
HEPRITES RIS e TR TEE e T N

+ 5L (1) e+ Np(1))g8]

+ B 01BE + 301U+ Ko 01951 (12 T
In this equation, each, refers to the Schmidt nucleon. Ex- 2 4 .
cept for the quantities;” outside the brackets, all variables in =171 AMEt | Me (15)
Eq. (12) are those appearing in E@). The specific values of
the quantitiesBy,, yw, dw, kw, N are given as Eq¥1l)  The final case haB=1—3, F'=1+1, for which
and (12) of Ref.[22]. The values ofs‘j” depend on the tran-
sition, and formulae for them are given below. Note that (1+1)(21-1) . A
similar equations valid for more general atoms would also = —————m—mf
involve s3, s}, ands) terms. 1(21+1)
The expressions for tm}"’ can be classified according to 2 2
the possible values of and F’. There are four cases of 1211 Amg+ [|(2| +1) Mg,
interest. For each case, we give the expressions first in terms
of combinations of Clebsch-Gordan coefficients and angular-
momentum quantum numbers, and then directly in terms of p_ (I-D@1+3)~ =y
me and m-. In all cases, we defindmg:=mg—m¢ and 2 l(21+1) ~F F
Amf:::m,z:—(m;)z, 12
The first case haB=F’' =1+ 3, for which we obtain :[— Am2+ —} m2
1(21+1) Frlier+n2i-1)
sh=mg—m{= 2|2—+1 Amg, . 1-21. 2 4
S1= Ty M ME= | g AMe | 5 g M
(16)
sB=mg—m.= 3 Am?
e 1(21+1) F Various results can be obtained from these expressions
and Eq.(12). For example, it follows directly that a nonzero
o 2 signal occurs for alAF==*1, Am=0 transitions except
Si=Mg—mi=|——|Amg. (13)  for the special case-=mg=0. This demonstrates that the
21+1 o : o C
- standard clock transitions are insensitive to Lorentz-violating
effects, in agreement with previous resuyt2®]. Useful spe-
The second case h&s=F'=1-3, and we find cial cases of immediate relevance to experiments on the 1SS

.., (I+1)(21-1) [ 21+2
m,:,

St=(Me=Me) oDy~ 12D

(I-1)(21+3) [ 3(21+3)
= (e~ 1(21+1) [(21+1)(21—1)

12 [ -2 ]
ST=(Me~ME) 57| 5 7 |[AMe
The third case haB=I1+3, F'=1—3, giving
L. (+D2-1).
SUTMET T2y M
2 1, 2 ,
B T

can also be extracted. Thus, fort&Cs clock withl =1, F
=4—3, we find

sh= 3 Amg— H14mg,

2
_ 3 2 1 1\2
sh= 35 Amg— 17 (M{)?,

(14 si=7Amg+ 3 mf. (17

Similarly, for a 8’Rb clock withl=2, F=2—1, we obtain:
=ZAme— m,’:,
sh= 1 AmZ—(m{)?,

si= 3 Amg+mf. (18
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TABLE Il. Parameters for transition frequencies for experiments with Cs, Rb, and H clocks.

1330 1330g 1334 1334 1330g 8Rb 87Rb 87Rb 87Rb 87Rb 1
Transition  (4,0) (41)  (&1) (40 (4,0) 21 (1) (22 (2,0) (2,00 (1,1)
(300 —(31) —(3-1) —(31) —(3-1) —(1,1) —(1-1) —(1,00 —(1,1) —(1,-1) —(1,0)
| 712 712 712 712 712 3/2 3/2 3/2 3/2 3/2 1/2
Z 55 55 55 55 55 37 37 37 37 37 1
N 78 78 78 78 78 50 50 50 50 50 0
Schmidt 9712 9712 9712 9712 9712 P3r2 P32 P32 P32 P32 S1/2
nucleon
e state S112 S112 S112 S12 S112 S112 S12 S112 S12 S112 S12
By [5] [5] [5] [5] [5] (=1 =u =1 =1 =1 -1
Yo [—3Kpl [—35Kpl [-sKpl [—3Kpl [—3Kpl [—%Kpl [—1sKpl [—15Kp] [—75Kp] [—5Kp] 0
& [-3Kpl [—5Kpl [—3Kel [—3Kpl [-3Kp]  [EK,] (3K, [EK,]  [2K,]  [EK,]  3Kp
Koo [EK,] (2K, (2K, (2K, (2K, [T8K) [—8Kel [—8K,] [—8Kpl [—8K) —3K,
Np (0] (0] (0] (0] (0] (0] (0] (0] (0] (0] 0
Be -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
e 0 0 0 0 0 0 0 0 0 0 0
S 3Ke Ke 3Ke iKe 3Ke 3Ke 3Ke 3Ke iKe Ke 3K
Ke _%Ke _%Ke _%Ke _%Ke _%Ke _%Ke _%Ke _%Ke _%Ke _%Ke _%Ke
Ne 0 0 0 0 0 0 0 0 0 0 0
sp 0 —-1/14 1/14 —9/28 9/28 -1/3 1/3 1/2 —5/6 5/6 1
Sg 0 —-1/14 —1/14 —5/28 —5/28 -1 -1 1/2 —3/2 —-3/2
Si 0 1/2 —-1/2 1/4 —1/4 1 -1 1/2 1/2 —-1/2 1

For an H clock or masesS=sP=1. However,s} is irrel- ~ =10"', andK,=10"°. Finally, the numerical values of the
evant: the proton is in ah=1/2 state, so there is no quad- s}” are listed. Where these are nonzero, a clock-comparison
rupole effect and the quantitieg, and\, vanish. experiment with the specified transition is sensitive to Lor-
Table Il summarizes some useful results for specie€ntz violation.
scheduled for flight on the ISS. The first few rows of this At this stage, enough information is at hand to extract
table identify the transition and list various properties of theestimated experimental sensitivities. Suppose the results of
species involved. The nuclear spinljghe proton number is an experiment measuring the modified frequency difference
Z, and the neutron number & The following entry fixes the w* of Eq. (4) are fitted to the form
proton determining the ground-state properties of the nucleus
following the nuclear Schmidt modgB7], together with its
associated orbital and total angular momentum. The elec-
tronic configuration is also given. Ten rows list the relevant
parametergy, Sy, Kw, Yw, MAw, With values in brackets Nonzero values of any of the, ; indicate Lorentz violation.
obtained under the assumptions of the Schmidt model. Wive denote by, the minimum of|e, x|,|e4 v|}. Then, com-
define Kp:(p2>/m§, which can be regarded as twice the bining the theoretical analysis above yields the following
kinetic energy per mass of the Schmidt-model proton, angredicted dependence ef, on coefficients for Lorentz vio-
define K, similarly for the valence electron. An estimate lation, atomic and nuclear parameters, and geometrical
gives K,~10"2 for all species exceptH, for which K,  factors:

w?=constr 27e 1 xCOM T+ 27e 1 ySiNwsT s

+27e,xC0S2w T+ 275 ySiN2w,Ts. (19

2me1=| 2, {(s1"Ba—vst®Ba) (b)) + Bl S1 (Bt dut k) —usyB(BL+ dy+ x3) 1(BY 07

+ BalSTABLT 8) —vSyB(Ba+ 85)](dY ,dg,dYi  HY) + (s7A8h—vsyPal) (dY)

wB B

+(S1 AR —vSTPRE) (0D ) +[ BaSTA(Sh+ Kiy) — BovSyP(Su+ ko) + Bs(S5 "Ny —vss A5 1(95k)

WA _A

+ BalSTA B+ k) —vsyB(Be+ kB)1(9%) + B<(sy Ay —vsyByE) (Y}, (20)
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27e,= ; {[BsSYA B+ St i) — Bsv Sy > Bart+ S+ k) + B (S5 Ny —vsy °A ) 1(bY . gY)

+ BLSYA B+ S —vsy (B + 65)1(dY ,dE  dY) + Bs(s1 B —vstEBE) (HY;
+[ BT+ k) — BSyB(Sa+ ko) + B (S NG —vsyPAR) (T
wB_B

+H[BSTABL+ Kl) — BuSYR(Bo+ k) + Ba (S NG —vSy PN 1(98) + Bo (3 v —vsyByE) (CYy)

+(SPAyh—usEByS) (€ C8 ey + (s N — sy BNE) (9 .08, 0%)} | - (21)

In these equations, superscrigtsand B indicate quantities Schmidt model but probable sensitivity in a more realistic
evaluated for transitions& and B, respectively, and takes nuclear model. A value in brackets indicates an existing
the values X,Y,Z). The coefficients for Lorentz violation bound from an Earth-based experim¢h8—21,29. Given
enter as somewhat lengthy linear combinations of the typéhe approximations described above, some caution in inter-
appearing in the equations of Appendix C. These explicifPretation of the details of this table is advisable. Nonetheless,
combinations are omitted here for brevity, being replacedhe table provides a measure of the broad scope of space-

instead with parentheses containing only the specific coeffidased tests of Lorentz symmetry, and it shows that Planck-
cients for Lorentz violation involved. scale sensitivity for a wide spectrum of relativity tests is

The above form of the equations is useful despite thédtainable.
brevity because it allows relatively straightforward consider-
ation of sensitivities to the Sun-frame tilde coefficients for TABLE lll. Estimated sensitivity to coefficients for Lorentz vio-
Lorentz violation. We adopt here the strategy of R22], in lation for ISS experiments witt*Cs and®Rb clocks. Existing
which numerical sensitivities are obtained within the bounds[18-21,29 are shown in brackets.
Schmidt model under the plausible assumption that no sub=
stantial cancellations occur among contributions from differ-  Coefficient Proton Neutron Electron
ent Sun-frame tilde coefficients for Lorentz violation. For

) . . L . by, by =27 —27] [—31] —271-29]

example, ife; is an experimental sensitivity to the time -
variation of *, then Eq.(20) implies the experiment has bz —20 —21-28
sensitivity to each|bY}| of ~2ms, (s} 84— vsi®BE) L. by -23 —23
Similarly, the sensitivity to|bY}| is ~2me 85 sV (B4 Or 23 23
+ o+ kh)—vsiB(BB+ 5B+ kB)171, and so on. To obtain Hor -2 -3
crude order of magnitude numerical estimates, it suffices to ~ d- —-23 —-23
approximateB,~ 10 °, B,~10"4, and to estimate nonzero dq -23 -23
values of the other parameters as follo@g,~1, s)~1 for dy -23 —-23
all speciesd, x,y,\~ 102 for protons except forH where 33 25— 25] [—29] — 27— 22]
the nonzero values are onljjx~ 10 1! for the proton; and =Y _o5 99
8,k,7,A\~10"° for electrons. Sensitivity estimates of this - di
type are reasonable provided the various angle2a, ¢, 9ox.Gov —29-29] [=29] —21-22
27, m, Q4T lie away from multiples ofr/4. The orientation 9oz —25 —22
of the quantization axis within the satellite then makes little Uk -21 —18
difference to the sensitivity. However, for any angles close to Te -23 -23
a multiple of /4, sensitivity to one or more of the Sun- z 20
frame tilde coefficients can be lost. - ) )

Table IIl lists estimated sensitivities to Sun-frame tilde c- -2 [=27]
coefficients for Lorentz violation that might be attained in Cq -25
the planned space-based clock-comparison experiments with ¢y, ¢y —-25 [—29]
13%Cs and®Rb clocks. The base-10 logarithm of the sensi- %, -25 [—27]
tivity per GeV is shown for each coefficient for Lorentz vio- T —21
lation and for each particle species. For definiteness, the - “[+] [+]
clock sensitivity has been taken ag,~50uHz, which is 9-
comparable to that attained in a ground-based experiment 90 *
with $33Cs[19], but the results shown are readily scaled for  grx, gry *[*] [*]
other values ok, ,. A star in the table indicates a combina- s *[x] [*]

tion for which there is no sensitivity according to the nuclear
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Space-based experiments exploring the photon sector atrate that experiments of this type offer potential sensitivity
the SME have been studied elsewh¢t€], including the to violations of relativity with Planck-scale reach.
SUMO experiment with superconducting microwave-cavity
oscillators that is presently scheduled for flight. Experiments ACKNOWLEDGMENTS

of this type could be profitably combined with the clock- Thi K di by the National A
comparison experiments discussed in the present work. For Is work was supported in part by the National Aeronau-

example, at the time of writing PARCS and SUMO aret'r::S an %pasce AdrBinistration under grant N'SGS'ﬂ?O’Dbg
planned for simultaneous flight. Several configurations of int gozrg;eER4:)%{gi egat;tm(ra]ntl\(l) . ne[g%/ un engran(tj -
terest could then be considered, including operating PARC - » and by the National Science Foundation

on a Lorentz-insensitive line as a reference for relativity testé'nder grant PHY-0097982.
with SUMO, or seekingws and 2w signals in a configura-
tion with both the atomic clock and the cavity operating in
modes sensitive to Lorentz violation.

APPENDIX A: TRANSFORMATION FROM SUN-BASED
FRAME TO SATELLITE FRAME

In this appendix, we derive the transformation ma’r]jf~
V. SUMMARY introduced in Sec. lll that maps Sun-frame quantities to

This work h tudied clock-comparison experiments on laboratory-frame ones. The transformati@ncan be ex-
S WOrk has studied clock-comparison eXperments on & ..o 4 55 the composition of a bodstrom the Sun frame
space-based platform, with specific emphasis placed o

. . . . the (nonrotating rest frame of the center of the satellite
forthcoming experiments on the International Space Stanori. ( 9 ’

. . ollowed by a rotatioriR from the(nonrotating rest frame of
The thgoreUca_ll framevx_/ork adopted is the Standa_rd—Mode he center of the satellite to thgotating lab frame. Each
Extension, which describes general Lorentz &¥T viola-

tion. The analysis yields predictions for signals at the ISSconstltuent transformation depends on time, and each is un-

. . . ) derstood to be instantaneous. We first obtain an expression
orbital and double-orbital frequencies, along with slower P

variations associated with the Earth orbital motion for the satellite position in the Sun frame, then use this to
: . : derive the instantaneous satellite velocity in the Sun frame,
The formalism we have presented applies to any space-

. . : . and finally combine information to construct the desired
based experiment with atomic clocks and incorporates rela-

tivistic effects at first boost order. We have derived explicitoverall transformation. The conventions we adopt are those

i ) . %'%ven in Refs[11,17.
expressions for the observable effects in the special cases L .
13%Cs, #7Rb, and H clocks on the ISS, which are currently The positionX,, of the center of the Earth in the Sun-

planned for flight in the PARCS, ACES, and RACE mis- Pased frame is given by

sions. These results, which involve the fermion sector of the —R.co).T

SME, complement the photon-sector analysis of Lorentz- R erTe

violation sensitivity performed for the planned SUMO ex- Xg=| ~RecCosysinQsT | (A1)
periment with microwaves on the ISS. —R, sinysinQ,T

We have obtained estimates for the attainable sensitivities R
with these atomic-clock missions, listed in Table 1ll. Numer- The satellite positiorX, in this frame is obtained by adding
ous currently unmeasured coefficients for Lorentz violationthe position of the satellite with respect to the Earth, which
could be studied in these experiments. The results demormgives

—R;€0S0 o T+ ,C0Sa COSwT—TsCOSE Sine SiNwgT ¢
)Zsz —RgCc0s7SiNQ T+ rSinaCoSwg T+ r €0Sacos{SinwgTy | . (A2)
—RgsinysinQ o T+rgSindsinwgTg

Disregarding rotations for the moment, the boasfrom the  The required rotatiorR from the nonrotating instantaneous
Sun-based frame to the nonrotating instantaneous satelligatellite rest frame to the laboratory frame on the satellite

rest frame is determined by the velocify= d)_<)s/dT. Tolow- May be calculated using the velocity and acceleration of the
est order iV, this is satellite with respect to the Eartil(Xs—X,)/dT~Zz and
d?(Xs— X4 )/dT?~X, and the requirement that

1 |Vx Vy Vy

A Ve[ 0o x X
lvyl0 1 o (A3) y|l=R|lY (A4)
vV, 0 0 1 z Z
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Given A andR, the overall instantaneous transformation
7 from the Sun-based frame to the laboratory frame can be
found:

Hzr=Hzr+m(dyx—9z11— 9z

d.=m(dyx*dyy),
0 0 0 + ( XX YY)

AL Ho
(A5)

1

0

0 R mM(dxx+dyy—2dz2—yzx— 9zxyt 29xv2),
0 3 1 1

dy=m(dry+2d57) — zek Hke

With the approximations of Sec. Ill, the componeﬂﬁ— of

the transformation matrikA5) are found to be aYZ: M(dy 7+ dyy— gxy v+ Oxz2)

To'=1,

- dzx=m(dzx+dyz—gyz7+ ,
%X:ﬂ@SQT_ﬂsSanCOSUsTs_,BsCasmwsTs: zx=M(dzx+dxz—09yzz+ Gy xx)
To'=—BsC,Cor+ BCaCrCOWT— BeS,SiNweTs, ~

0 BoCrfort BsCaC,COMsTs ™ fSqSiNwsTs dxy=m(dxy+dyx—9zxx+9zvv),
zZ_
TO - B@SWCQT'I' BSS§COS(USTS,

9c.=m - , g_=m - :
71T=(SaC,?CQT—CaSQT)B@COSUSTS 9c=M(Ixyz—9zxy): 9 (IxTx—9yTY)

+(CaCC,Catt5:S,CattSuCSat) BaSiNwsTs, ~
e K “ do=M(Ix7x+ Ay1y—29272),
T1*= —c,ComTs+5,C5iNwsTs,

71" = — 8,00 Ts— C,CSinwsTs, Oro=Mlegi|rere

T,%=—s,sinw.Ts, ~
¢ s Ops= —by+me j (I + 39k,

T_
T = B&CaSiC,,Cat— BaCS,CatT BaSaSSaT

TX=5,8;, ToY=—c,s;, T2=c,, 9ok=m(gsr1+dikk) (N0 Ksum, J#K),

Ta'=B+(S,C,Co1—C,S SinwT ~
3 BS ( a~ QT a QT)B@ s's CQ:m(CXX+CYY_ZCZZ)v

+(—=C4C,CCaT—S;S,CaT— SaCSaT) BuCOSST s,
TSX: —C,SinwsTs— S4C/COSwsTs, C_=m(Cxx—Cyy), C;= m| 8JKL| CKL s

T3Y=C,C,C0Ts—S,SiNwsTs, -
Cry=m(Cry+Cyy). (B1)

T3"=5,C050Ts. (AB)

i these cquations he abbreviaions-sin. o, =coscand {9SS HGL U over Swtene shales cooriee
QT=Q,T are used. T b

indicated. The totally antisymmetric tensejy, is defined

APPENDIX B: SUN-FRAME COEFFICIENTS with exyz=+1. Note thatcy, Cy, ¢z, grx. gry, andgrz

_ o . were denoteq .y, Cox, Cxv, Jov, Jox, andgxy, re-
The Sun-frame tilde coefficients are defined as follows: spectively, in some previous works.

by=b;—3e 5 Hk—M(dyr— € 31L9kLT).
APPENDIX C: EXPLICIT CLOCK-FRAME COEFFICIENTS

br=br+mgxyz, This appendix provides the explicit expressions for the

~ clock-frame tilde coefficients in terms of the Sun-frame tilde

gr=Dbr—M(Gxyz~ Gvzx—9zxv); coefficients. For simplicity, we writ€ T for the combination
_ QT and use the abbreviatiosg:=sinx andc,:=co for all
Hxr=Hxr+mM(dzy=gx1r— Ixv V), trigonometric dependences other than the relatively rapid
5 oscillations.
Hyr=Hyt+mM(dxz— gyt 9vz2), The results are as follows:
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b3=cososTe{[Bx(—8,6,) +by(CaCy) +Dz(s) ]+ Bs[U- (= 3CaC.CCart 3SuCSar)
+(~j+(20ac§c,7cm+ 25:5,Ca1+2S,CSar) +BT( - %cacgcnchr %sacgsm)
+aQ( —3C,CC 2T S:5,CaTt— 354C;S0T) +dyy(— S4C:C,Cat) +avz(Can5qu) +dx(— S¢Sat)
+0¢(CaC/C,Cat—S4CrSat) + O7(— 3CaC/C,CaT—S(S,Cat— 5 SuCiSar)
+ F'XT(S{C 2CaT—CaCS,Cat) + Hyw(— S4C;S,CattSSaT) + H o $4C¢C,CaT— CuCsSar) I}
+5inwsTe{[by(—C,) +Dy(—S,) 1+ Bald_(3S,C,Cat+ 3CaSar) + 04 (—25,C,Cat+2C,SaT)
+br(3s, ,CaTT 3C,SaT) +aQ(%saC ,CoT™ 3C4SaT) +yy(— CoCyCaT)
+ 0y —545,C01) T 9 — SaC,CaT— CaSar) T I1(3S4C,Cat— 3 CaSar)
+ H><T(3015n0m) +Hyr(— CaS,Cat) + Hzr(cae 2CattSeSar) 1}
+cosws T BLd_(§Co,+ §C24C2¢) +br(3co,+ §C24C2;) +aQ( §—8C20) +dyy(3s0q+ §524C2¢)
+dy o~ 7CaS2;) +dx( 7SaS27) +9c(—3co,— 7C24C2;) +Or(—3Co0— §C24C20) 1}
+sin20sT{ A d_(— 3524C¢) +by(— 3524C¢) +dyy( 3C24C;) +dy A 3545¢)
+dx( %Casg) +Elc(32acg) + 1 %SZan)]} +{Bdd_(—5Co+ §C24C2;) +d.(-2)
+Dr(— §CouT $C2aC2¢) + Ao 5 — 5C2p) + Uxv( — §S20+ §S24C20) + Oy 2 — 5CoSpp) + dzx(5S,S2,)

+0c(5C2a— 7C24C2¢) +07(1+5Cy,— §C24C20) 1}, (C)

d3=coswgT{[dx(— S4C¢) +aY(Can) +az(5g)] +Ba[d- (3CaCeC,CaT— 35.C:SaT)
+d(—3¢,C,C,Cat—35;5,Cat—35,C,Sa1) + Br(—$C,C.C Lot~ 35.5,Ca1— §S.C;SaT)
+do(3C,CC,Cat+ 35S,Cat+ 3S.CSat) T Oxy(35,C,C,Cat+ CaCSat) + Ay A — S,C,Cat— 3CaCS,Cat)
+aZX(SaC§sr/CQT+ 35:507) +97( %CacgchQT“‘ %SganQT+ $54C;Sat) +Oxy(— %SgchQT_ CoCsS,Cat)
+§XZ(SgCnCQT+ %CaC{SnCQT) +0yx(— S.CSyCat— 35:507) + 0y %Sacgsqcnﬁ‘ S¢Sat)
+S~sz(5anCnCm+ 3CaCSaT) +0z7v(— %SanCnCm— CoCsSaT)
+H x1(3S,C,Cat— 3C4C;S,Ca1) + Hyw(— 354C;S,Cat+35:SaT) + Hor( 354C.C,CaT— 3CaC:Sat) 1}
+iNwsTo{[dx(—C,) +dy(—5,) ]+ Bald_(— §5.,C,Ca1— §CaSat) + 04 (35,C,Cat—3C,SaT)
+br(3s,c ,CoT— 5CaSaT) +aQ( —35.C,Cat+ 3C,S0T) +dyv(3C,C 2CaT— SaSar) +dy A 3545,C07)
+aZX(CaSnC(ET) +g7(— 25.C,CatT 5C.SaT) +§XY(SaS77CQT) +0xz(— 3545,Ca7) +0yx(— CoS,CaT)
+ 0y 3CaS,Ca7) +§ZX(CaC7ICQT_ 3SaSaT) +0zv(— 3CaC,Cat T SaSaT)
+H x7(254S,C071) + Hyr(— 3CaS,Cat) + Hzr(3c,c Catt 3S.5a1) 1}
+COS2wT{ B d_(— FCo0— 6C24C2;) +br(&— 5C2;) +aQ( — 16+ 16C2) +dyy(— %S2a— 6524C2¢)
+dy §CaS2/) +dgx(— 854S20) +or(— 5+ 5C2;) “‘axv(%caszg) +0xz(— 3c.S) +0yx( §54S27)
+0vA— §54S27) +02x(— 5524~ 6524C2¢) +07v( T Soat 16524C2¢) 1}
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+ Sin2wSTS{BS[H,(%SZQC§) +lyy(— £C24C0) +ly A~ %550 +dgx(— 2C4S))

+0xv(— 1545¢) +§XZ(%SaS{) +avx(%0asg) +OvA - 2CaSy) +07x(— 2C24C0) +92¢( 2C2.C0) 1}
+{BLd_(£5Co,— %CZQCZZ) +d.(3)+br($2— %ng) +aQ( —f+ 1%02;) +Oyy( 5S20— %520102{)
+dy A §CaS2/) +dpx(— §54S20) +or(— B+ 5C2;) +axv(§ca32§) +0xz(— 3CaS2) +0yx( 854527

+0vA— %Saszg) +0zx( 1624~ %Szaczg) +0zv(— 16520+ %Szaczg)]}, (C2

94=C030sT{[px(—S.C,) + Tpv(CaCy) +Tp2(S,) 1+ Ba[br(25,CS07)

+0c(2€,6,C,Ca1—28,C,Sat) +97(CaCsC,CaTTS:S,Cat—SuCSa1) + Ixv(—25,C,Cat)
+9x2(2€,CS,Ca1) T Ay x(—25:Sa7) + Oy A 25,C;S,Ca1) + 9zx(2C,CSaT) + Izv(— 25,C,C,CaT) I}
+sinwsTel[ Ipx(—Co) + Jov(—So) 1+ B[ br(2¢C,Sa7) +9c( —28,C,Ca1— 2C,SaT)
+97(— S4C,Cat—CaSar) +0xA — 2s,S,Car) +0v 2C,S,CaT) +02x(—28,807) + gzv(— 2C,C 2Car) 1}
+c0s2w To{ B Dr(5 +5Co0— %Czﬁ' %Czaczg) +0c(—5Coa— %CZQCZZ)
= 1 3 1 1 = 1 = 1 = 1
+91(— 73— 7C2,T 7C2—7C24C2¢) T Oxv(5CaS20) T 9xz( — 3CaS27) T Ay x(2SaS2¢)
+ 0y 2 — 354S20) + Uzx(— 1520~ 2524C2¢) + 0z $S2at 75248201}
+sin20sTo{ B br(— $24C¢) +§c(232a0g) +§T(SZQC() +Oxy(— SaS¢)
+Ox2(SaS¢) + Gy x(CSe) + Oy A —CoSy) T 9zx( — C24C) T 9zv(C24C) I}
H{BLbr(—F = 5C20— 5C2rT 7C2uC2¢) + Ue(5C20— 3C24C2¢)
= 1 1 1 1 = 1 = 1
+071(— 2+ 2C2,F 3C2,—2C24C2¢) + Oxv(2CaS2¢) +Oxz(—2CuS2¢)

+ 0y x(354520) T Oy 2 — 35452) + Uzx( 5520~ 7524C20) + Uzv(— 320+ 5524C20) 1} (C3

Cq= COSUsTs{,Bs[ETX(zsan) +Cry(— 2C,C;) +Cr - 2s) 1+ SinwsTs{IBs[ETX( 2¢,) +ETY(25a)]}

= 9 3 = 3 3 = 3 = 3 = 9 3
+€0S2wsT{[C(5C2qt 5C24C2¢) +Col5 — 5C2¢) T Cx(— 2CaS2¢) + Cv(7SaS2¢) T Cz(5S2a T 5S24C2)]
B G —2 _3 _3 43 49 _3 43

Bol Crx(— 5S524C,CaT— 5524C2:C,CT— 7S252:5,Ca1t 5SaTT 5§C24507— 5C2:S0T1+ 5C24C2:S0T)
= 3 9 3 3 3 9 3
+Cry(—5C,Cat+ 5C24C,CaTT 5C2,C,CaTT 5C24C2,C,CaTT 2CaS2:5,CaTT 5524507 T §S24C2:50T)
= 3 3 3 3
+C12(3CaS2,C,Catt 75,Ca1— 1C25,Cat+ 1SaS2:SaT1) I}
; ~ 3 ~ /3 ~ /3 ~ /3
+8iN20sTs{[C- (= 2524C;) T Cx(3S4S¢) + Cy(3CaSy) +C2(2C24C,) ]
= 3 3 3
+ BalCrx(—3C24C,C,CaT— 2CaS:S,Cat— 2524CSaT)
= 3 3 3 = 3 3
F Crv( = 3524C4C,COT™ 5845¢5,CaTt 3C24CSaT) + C12(— 5S,5,C,CaTt 5CaS;SaT) I}
H{[C (= 2ot 2C0uCar) +Col — 5= 2Co,) + Cx(— 2C,S0.) + Cyl(25,50,) +Co( — 2Sppt+ £524Cor) ]
—(—8C2at5C24C27) +Col — & —§C27) T Cx(—2CuS2z) + Cy(7S4S27) T Cz(— §S24 T §S24C2;
+ = 3 _3 _3 _1 _3 _3 +3
Bel Crx(5524C,CaT™ 5524C2C,CT— 1S052:5,CaT— 5§S0T— 5C24507~ 5C2:SaT+ 5C24C2,S0T)
= 1 _3 3 3 3 _3 3
+Crv(5C,Cat— 5C24C,Catt 5C2.C,CaTt 5C24C2,C,CoTT 7CaS2S,CaT— 5524507+ 5S24C2:S0T)
-~ 3 1 3 3
+Cr2(7CaS2,C,Cat— 75,Ca1— 1C2/S,Catt 1SaS2:Sa1) 1} (CH
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9q=COswsT{ B Uxv(S4Cs) +9x2(SaCs) + vy x(—CaCy) T Gy —CoCy) + Gzx(—S¢) +9zv(— o) 1}
+sinwsTel B Oxv(Co) +9x2(Co) + Gy x(Sa) + Oy A(Sa) 1}
= 9 3 = 3 3 = 3 = 3
+ €082 T5{[9-(§C24F 5C24C2¢) T 9ol — 5C2¢) +9rx(— 7C4S27) + 91v(7SaS2;)
= 9 3 T 3 9 3
T 072(5S20F §S2aC20) 1+ B[ b1(— 78452, ,Catt §5245,CatT §S24C2,S,CaT)
+00(25,50,C,C0T— $504S,C0T— 2524C2:5,Cat+ 2C,S2:S0T)
c\4°2a=20Yp QT 4°2a°p~ QT 4°2a%2L°n~QT T 4%a=20°20T
L3 _9 _3
971(75452,C,CaT— 5524S,CaT~ 5S2aC2S,CaT)
+~ _9 _3 _3 + 3 + 3 +3
Ixv(— §S24C,CaT— 552aC2,C,CaT— 5SaTT 5C24S0TT 5C2,SaT+ 5C24C2:S0T)
= 3 3 3 = 3 9 3
+9xz( = 7S452:S,Catt 7Sat— 7C2:Sa1) T Ay x(5C,CaTt §C24C,CaT— 5C2,C,CaT
+3 + 32 +3 +~ _3 +3 + 3
§C24C2.C,Catt 5§S2450T §S24C2:Sa1) T Oy —2C,Cat+ 2C2.C,Catt 2C4S2:S,Car)
= 3 9 3 3 3
+92x(5S,Ca1t §C245,CaT— §C2¢5,CaTt §C24C2:S,CatT 7SaS2:SaT)
+92v(3C,52,C,CotT 25,001 2C2aS,CaT— 2C25,C0T— 2C2aC2:S,Cam) 1}
ZY\ 4L @R2i% QT T 899% QT 8%2a°7p~QT  8%2(°5p%OT 8%2a%2{°n%QT
H = 3 = 3 = 3 = 3
+8iN20sTo{[ - (— 3524C¢) T 91x(3SaSy) T 91v(3CoS) T 972(5C24C¢) ]
it 3 3 = 3 3
+ Bolbr(=2€45,C,Cat+ 3C24C;5,Ca1) +9c(2C4SC,CaT—3C24C;S,CaT™ 2SaSSaT)
= 3 3 = 3 3
+0971(2CaS:C,Cat— 3€24C;S,Cat) T Ixv( = 2C24C;C,CaT— 2524C;SaT)
= 3 = 3 3 = 3
+Ixz(—2CaS;5,Ca1) T Oy x(—2524C,C,,Catt 3C24C;SaT) + Oy A — 2545:5,CaT)
= 3 3 = 3 3
T 0z2x(—5524CS,Catt 5CaS:S01) T 9zv(— 5S45,C,Catt 5524C:S,Cat) I}
+{[9-(— 3Caat 3C20Ca0) + Uol — 5 — 2C20) + Orx(— 3CaS2p) + Orv( S4S2;)
0-(—8C24T8C24C2¢) T~ 8~ 8C2¢) TOrx( —3C,S2s) T 97y 2S4Sy,
= 3 3 i 3 3 3
+0712( = 5S201 5524C20) 1+ Ba [ O1( — £S452:C,,Cat— 5S245,Catt 5S24C2¢5,CaT)
= 3 3 3 3
+0c(3S452,C,CaTT 7524S,Ca1— 1524C2:S,Catt 1CaS2:SaT)
= 3 3 3
+071(2S452,C,Catt §S245,Cat— 5S24C2S,CaT)
+ Oxy(£55,C,C0T— 2524C2,C,CaT+ 50T~ 2C2aSaT+ 2C2,S0TF 2C2uC2:S0T)
Oxv(§S24C,CaT— 8524C2,C,CaTT §SaT— 5C24507+ 5C2¢SaT+ 5C2.C2/SaT
q 3 _1 _3
+9xz( = 2S452:S,Cat— 7SaT— 2C2:SaT)
+~ _1 _3 _3 +3 _3 +3
Oyx(—5C,Ca1— 5C24C,CaT— 5C2,C,CaTT 5C2aC2,C,CT™ 5S24S0TT §S24C2:S0T)
= 1 3 3
+ 0y 7C,Catt+ 2C2C,CatT 2C4S2,S,CaT)
= 1 3 3 3 3
+9zx(— 5S,Ca1— 8C245,Ca7~ 5C2:5,CaTT 5C24C2S,CaTT 7SaS2:S0T)

= 3 1 3 3 3
+02v(7C4S2,C,Cat— §S,CaT1T 5C245,C01— §C2/5,C0aT— 5C24C2¢S,Ca1) 1} (CH
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