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Precision experiments with muons are sensitive to Planck-scale CPT and Lorentz violation that is
undetectable in other tests. Existing data on the muonium ground-state hyperfine structure and on the
muon anomalous magnetic moment could be analyzed to provide dimensionless figures of merit for CPT
and Lorentz violation at the levels of 4 3 10221 and 10223.

PACS numbers: 11.30.Er, 11.30.Cp, 13.40.Em, 14.60.Ef
The minimal standard model of particle physics is CPT
and Lorentz invariant. However, spontaneous breaking of
these symmetries may occur in a more fundamental theory
incorporating gravity [1,2]. Minuscule low-energy signals
of CPT and Lorentz breaking could then emerge in ex-
periments sensitive to effects suppressed by the ratio of a
low-energy scale to the Planck scale. At presently attain-
able energies, the resulting effects would be described by a
general standard-model extension [3] that allows for CPT
and Lorentz violation but otherwise maintains conventional
properties of quantum field theory, including gauge invari-
ance, renormalizability, and energy conservation.

In the present work, we study the sensitivity of dif-
ferent muon experiments to CPT and Lorentz violation.
Planck-scale sensitivity to possible effects is known to be
attainable in certain experiments without muons. These
include, for example, tests with neutral-meson oscillations
[4,5], searches for cosmic birefringence [3,6,7], clock-
comparison experiments [8,9], comparisons of particles
and antiparticles in Penning traps [10,11], spectroscopic
comparisons of hydrogen and antihydrogen [12], measure-
ments of the baryon asymmetry [13], and observations of
high-energy cosmic rays [14]. However, in the context
of the standard-model extension, dominant effects in the
muon sector would be disjoint from those in any of the
above experiments because the latter involve only photons,
hadrons, and electrons. Moreover, if the size of CPT and
Lorentz violation scales with mass, high-precision experi-
ments with muons would represent a particularly promis-
ing approach to detecting lepton-sector effects from the
Planck scale.

The standard CPT test involving muons compares the g
factors for m2 and m1, with a bound [15,16] given by the
figure of merit

rm
g � jgm1 2 gm2 j�gav & 1028. (1)

We show here that data from experiments normally not
associated with CPT or Lorentz tests, including muonium
microwave spectroscopy [17] and g 2 2 experiments on
m1 alone [18], can indeed provide Planck-scale sensitivity
to CPT and Lorentz violation.

For the experiments considered here, it suffices to con-
sider a quantum-electrodynamics limit of the standard-
0031-9007�00�84(6)�1098(4)$15.00
model extension incorporating only muons, electrons, and
photons. Other terms in the full standard-model extension
would be irrelevant or lead only to subdominant effects.
In natural units with h̄ � c � 1, the Lorentz-violating
Lagrangian terms of interest are

L � 2akABl̄AgklB 2 bkABl̄Ag5gklB

2
1
2HklABl̄AskllB 1

1
2 icklABl̄Agk$D

l
lB

1
1
2 idklABl̄Ag5gk$D

l
lB . (2)

Here, the lepton fields are denoted by lA with A � 1, 2
corresponding to e2, m2, respectively, and iDl � i≠l 2

qAl with charge q � 2jej. To avoid confusion with four-
vector indices, the symbol m is reserved in this Letter
solely as a label for the muon.

The terms associated with the parameters akAB, bkAB

are CPT odd, while the others are CPT even. All the
parameters in Eq. (2) are assumed small, and they all are
Hermitian 2 3 2 matrices in flavor space. For example,

bk �

√
be

k bem
k

bme
k bm

k

!
, (3)

where be
k , bm

k are associated with terms preserving lepton
number while the others are associated with terms violat-
ing it. Since the usual standard model conserves lepton
number, leading-order rates for processes that violate
lepton number in the standard-model extension must
be quadratic in the flavor-nondiagonal parameters bem

k ,
etc. In contrast, processes violating Lorentz symmetry
but preserving lepton number can depend linearly on
flavor-diagonal parameters be

k , bm
k , etc. This means that

experimental bounds from processes preserving lepton
number are typically many orders of magnitude sharper
than bounds involving lepton-number violation.

Consider first spectroscopic studies of muonium M,
which is a m1-e2 bound state. In experiments at RAL
and LANL, precisions of about 20 ppb have been attained
both for the 1S-2S transition [19] and for the ground-state
Zeeman hyperfine transitions [17]. However, we restrict
attention here to the latter because the hyperfine transition
frequencies are much smaller than the 1S-2S ones, which
implies better absolute energy resolution and correspond-
ing sensitivity to CPT and Lorentz violation [20].
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The four hyperfine ground states of M can be labeled
1, 2, 3, 4 in order of decreasing energy. The Zeeman
hyperfine transitions n12, n34 have been measured in a
1.7 T magnetic field [21] with a precision of about 40 Hz
(�20 ppb), and the hyperfine interval has been extracted.

Since electromagnetic transitions in M conserve lepton
number, dominant effects in the standard-model extension
arise from flavor-diagonal terms in Eq. (2). For the case
of an antimuon m1, the modified Dirac equation is

�iglDl 2 mm 1 a
m
l gl 2 b

m
l g5gl 1

1
2H

m
klskl 1

ic
m
klgkDl 1 id

m
klg5gkDl�c � 0 ,

(4)

where c is a four-component m1 field of mass mm. A
similar equation exists for the e2, containing parameters
ae

l, be
l, He

kl, cekl, de
kl. The associated Hamiltonians are

found using established procedures [11]. The Coulomb
potential in M is Al � �jej�4pr , �0�.

The leading-order Lorentz-violating energy shifts in M
can be obtained from these Hamiltonians using perturba-
tion theory and relativistic two-fermion techniques [22].
For the four Zeeman hyperfine levels in a 1.7 T magnetic
field, we thereby can determine the corresponding shifts
dn12, dn34 in the frequencies n12, n34. We find

dn12 � 2dn34 � 2b̃
m
3 �p , (5)

where b̃
m
3 � b

m
3 1 d

m
30mm 1 H

m
12. Although in a weak or

zero field [23] the results would depend on a combination
of both muon and electron parameters for Lorentz viola-
tion, only the muon parameters appear in Eq. (5) because
in a 1.7 T field the relevant transitions essentially involve
pure muon-spin flips. Note that subleading-order Lorentz-
violating effects are further suppressed by powers of a or
mmB�mm � 5 3 10215 and can therefore be neglected.

Since the laboratory frame rotates with the Earth, and
since the frequency shifts (5) depend on spatial compo-
nents of the parameters for CPT and Lorentz violation,
the frequencies n12, n34 oscillate about a mean value with
frequency equal to the Earth’s sidereal frequency V �
2p��23 h 56 m�. Note that no signal of this type emerges
at any perturbative order in the usual standard model with-
out Lorentz violation. Also, the anticorrelation of the
variations of dn12 and dn34 could help exclude environ-
mental systematic effects in analyzing real data.

The result (5) could directly be used to place a bound
on CPT and Lorentz violation in the laboratory frame.
However, for purposes of comparison among experiments
it is much more useful to work with quantities defined
with respect to a nonrotating frame. A suitable choice of
basis �X̂, Ŷ , Ẑ	 for a nonrotating frame is standard celestial
equatorial axes, with the Ẑ direction oriented along the
Earth’s rotational north pole [9]. Then, the laboratory-
frame quantity b̃

m
3 can be written as

b̃
m
3 � b̃

m
Z cosx 1 �b̃m

X cosVt 1 b̃
m
Y sinVt� sinx , (6)

where the nonrotating-frame quantity b̃
m
J with J � X,Y ,Z

is defined by b̃
m
J � b

m
J 1 mmd

m
J0 1

1
2eJKLH

m
KL, and

where x is the angle between Ẑ and the quantization axis
defined by the laboratory magnetic field.

Suppose, for definiteness, that a reanalysis of the data
in Ref. [17] using time stamps on the frequency mea-
surements places a bound of 100 Hz on the amplitude of
sidereal variations dn12. In terms of nonrotating-frame
components, this corresponds to the constraint

j sinxj
p

�b̃m
X �2 1 �b̃m

Y �2 & 2 3 10222 GeV . (7)

An appropriate dimensionless figure of merit for this result
is the ratio �rm

hf�sidereal of the amplitude of energy variations
to the relativistic energy of M. The bound (7) gives

�rm
hf�sidereal � 2pjdn12j�mm

� 2pjdn34j�mm & 4 3 10221, (8)

which is comparable to the dimensionless ratio of the m1

mass to the Planck scale MP , mm�MP � 10221.
We consider next measurements of the muon anomalous

magnetic moment [15,16,18]. The most recent experiment
[18] measures the angular anomaly frequency va, which
is the difference between the spin-precession frequency vs

and the cyclotron frequency vc. This BNL experiment
uses relativistic polarized m1 moving in a constant 1.45 T
magnetic field. The m1 have momentum p � 3.09 GeV
and “magic” g � 29.3, which eliminates the dependence
of va on the electric field. Positrons from the decay
m1 ! e1 1 ne 1 n̄m are detected and their decay spec-
trum is fitted to a specified time function. The anomaly fre-
quency va, which in conventional theory is proportional to
�g 2 2��2, is measured to about 10 ppm. An accuracy be-
low 1 ppm is expected in the near future.

In the standard-model extension, the relativistic Hamil-
tonian for a m1 with an anomalous magnetic moment in a
magnetic field �B is
Ĥ � g0 �g ? �p 1 mm�1 2 c
m
00�g0 1

1
2 �g 2 2�mmg0 �S ? �B 2 a

m
0 2 �cm

0j 1 c
m
j0�pj 2 
bm

0 1 �dm
0j 1 d

m
j0�pj�g5

2 
am
j 1 �cm

jk 1 c
m
00djk�pk�g0gj 2 iH

m
0jg

j 2 
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j 1 �dm

jk 1 d
m
00djk�pk�g5g0gj 1 
 1

2´jklH
m
kl 1 md

m
j0�g5gj ,

(9)
where Sj � g5g0gj , mm is the muon magneton, and
�p � �p 2 q �A, with q � 1jej for m1. This Hamiltonian
contains no terms that provide leading-order corrections to
the g factors for m1 or m2. Instead, the dominant sensi-
tivity to CPT violation results from the sensitivity to small
frequency shifts associated with the spin precession. The
conventional figure of merit r

m
g therefore is zero at leading
1099
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order despite the presence of explicit CPT violation, which
means alternative figures of merit are needed [11].

A Foldy-Wouthuysen transformation [24] can be used
to convert the Hamiltonian Ĥ to another Hamiltonian Ĥ 0

in which the 2 3 2 off-diagonal blocks contain only first-
order terms in the magnetic field �B [25] and in the pa-
rameters for CPT and Lorentz violation. We find Ĥ 0 �
exp�g0g5f�Ĥ exp�2g0g5f�, with tan2f � j �S ? �pj�mm

and j �S ? �pj2 � �p2 2 q �S ? �B. The off-diagonal blocks in
Ĥ 0 are irrelevant at leading order since here they produce
effects that are at least quadratic in small parameters.

The upper-left 2 3 2 block of Ĥ 0 is the relevant rela-
tivistic Hamiltonian for the m1 in the laboratory frame
[26]. It has the form

Ĥ 0 � E0 1 E1 1
1
2 �s ? � �vs,0 1 f1

�b 1 �f2� , (10)

where E0 � gm and g � �1 2 b2�21�2 with three-
velocity �b. The term E1 contains irrelevant spin-
independent corrections. The quantity �vs,0 � �g 2 2 1

2�g�mm
�B is the usual spin-precession frequency. The

term f1
�b is proportional to �b, and its contributions aver-

age to zero since the detectors in the �g 2 2� experiments
are spread around the ring and their data are summed.
The term �f2 depends on the parameters for CPT and
Lorentz violation and partially on �b, but again only the
b̂-independent terms are relevant here.

The spin-precession frequency vs is calculated as d �s
dt �

i
Ĥ 0, �s� � �vs 3 �s. Since the detectors are in the x̂-ŷ
plane in the laboratory frame, only the vertical compo-
nent vs is measured. Substituting for Ĥ 0 and keeping
only the velocity-independent terms along the ẑ direc-
tion gives for m1 the result vs � vs,0 1 2b̆

m
3 , where

b̆
m
3 � b

m
3 �g 1 mmd

m
30 1 H

m
12. Note that b̆

m
3 reduces to

b̃
m
3 in the nonrelativistic limit [27].
The cyclotron frequency vc is obtained from 
Ĥ 0, �r� �

�p�E0, which contains a term �vc 3 �r . However, no
leading-order corrections to the usual cyclotron frequency
appear: vc � vc,0 � 2mmB�g. Subleading-order terms
do in fact contribute but are of lower order than those in
vs and therefore can be ignored.

Combining the above results and converting to the non-
rotating frame as in Eq. (6), we find the correction to the
m1 anomaly frequency va � vs 2 vc due to CPT and
Lorentz violation is

dvm1

a � 2b̆
m
Z cosx 1 2�b̆m

X cosVt 1 b̆
m
Y sinVt� sinx ,

(11)

where x is now the colatitude of the experiment. The
corresponding expression dvm2

a for m2 is obtained by the
substitution b

m
J ! 2b

m
J in the expressions for b̆X , b̆Y , b̆Z .

These results suggest two interesting types of experi-
mental signal. The first involves the difference Dvm

a �
dvm1

a 2 dvm2

a , which is Dvm
a � 4b

m
3 �g in the labora-

tory frame [28]. It is impractical to measure g 2 2 for
1100
both m1 and m2 simultaneously, so instead one can di-
rectly consider the time-averaged difference Dvm

a . In the
nonrotating frame,

Dvm
a �

4
g

b
m
Z cosx . (12)

An appropriate figure of merit r
m

Dva
here is the relative

energy difference between m1 and m2 caused by their
different spin precessions:

r
m

Dva
� Dvm

a �mm . (13)

The CERN g 2 2 experiments compared average m1

and m2 anomaly frequencies, finding [15] Dvm
a �2p �

5 6 3 Hz. This gives a value of r
m

Dva
on the order of 2 3

10222, corresponding to b
m
Z � �2 6 1� 3 10222 GeV. A

subsequent measurement at BNL [18] provides a m1 result
within 1 standard deviation of the CERN m2 result. If the
BNL experiment eventually limits the frequency difference
to 1 ppm, it would provide a sensitivity at the level of
r

m

Dva
& 10223, corresponding to b

m
Z & 10223 GeV.

The second interesting type of experimental signal in-
volves sidereal variations in the anomaly frequency. It can
be studied using m1 alone, in which case time stamps on
frequency measurements would permit a bound on side-
real variations of v

m1

a . An appropriate figure of merit
�rm

va
�sidereal is the relative size of the amplitude of energy

variations compared to the total energy. Assuming a pre-
cision of 1 ppm, we estimate an attainable bound of

�rm
va

�sidereal � jdvm1

a j�mm & 10223. (14)

The associated bound on parameters in the nonrotating
frame is

j sinxj
p

�b̆m
X �2 1 �b̆m

Y �2 & 5 3 10225 GeV , (15)

which again represents sensitivity to the Planck scale. Note
that this test involves different sensitivity to CPT viola-
tion than the previous one: the two figures of merit r

m

Dva
,

�rm
va

�sidereal depend on independent components of parame-
ters for CPT and Lorentz violation.

In addition to effects in flavor-diagonal processes,
off-diagonal terms of the type in Eq. (3) arising in the
standard-model extension allow Lorentz-violating con-
tributions to flavor-changing processes. For example,
precision searches have been performed for the radiative
muon decay m ! eg, which has a branching ratio
below 5 3 10211 [29]. This decay has previously been
analyzed using a CPT - and rotation-invariant model with
Lorentz and lepton-number violation that involves terms
equivalent (up to field renormalizations) to those of the
form c

em
00 and d

em
00 in Eq. (2) [14]. The results of this

analysis indicate that combinations of the dimensionless
parameters c

em
00 and d

em
00 are bounded at the level of about

10212 by rest-frame muon decays or by muon lifetime
measurements in the CERN g 2 2 experiments, and at
the level of about 10219 by constraints from horizontal
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air showers of cosmic-ray muons. As expected from the
discussion following Eq. (3), these bounds are several or-
ders of magnitude weaker than those from lepton-number
preserving processes. An extension of this analysis to
include all types of term in Eq. (2) would provide the
best existing bounds on the flavor-nondiagonal parame-
ters in the electron-muon sector of the standard-model ex-
tension. Useful constraints on these parameters could also
be extracted from other future experiments. These include
the proposed tests for muon-electron conversion [30],
which have an estimated sensitivity to the process m2 1

N ! e2 1 N of 2 3 10217, and the various precision
tests that might be envisaged at a future muon collider.
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