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Constraints on Lorentz violation from clock-comparison experiments
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Constraints from clock-comparison experiments on violations of LorentzGiilsymmetry are investi-
gated in the context of a general Lorentz-violating extension of the standard model. The experimental signals
are shown to depend on the atomic and ionic species used as clocks. Certain experiments usually regarded as
establishing comparable bounds are in this context sensitive to different types of Lorentz violation. Some
considerations relevant to possible future measurements are presented. All these experiments are potentially
sensitive to Lorentz-violating physics at the Planck sde@#€©556-282199)01223-0

PACS numbsefs): 11.30.Er, 12.20.Fv, 12.66i, 41.20.Jb

I. INTRODUCTION tions for each type of particle and interaction are controlled

by parameters whose values are to be determined by experi-

Covariance under Lorentz transformations is a feature oment. Since atoms and ions are composed of these elemen-
modern descriptions of nature at the fundamental leveltary particles, the behavior of different atoms and ions under
These transformations include both spatial rotations andotations and boosts is determined by the parameters for Lor-
boosts, linked through the relativistic connection betweerfNtz violation in the theory. It is therefore possible within
space and time. Experimental investigations of rotation symthis framework to provide a quantitative comparative analy-
metry therefore play a crucial role in testing the frameworkSIS Of clock-comparison experiments performed with differ-

of theories such as the $&)xSU(2)xU(1) standard model ent substances and to examine interesting possibilities for
of particle physics future experiments. Both of these are undertaken in the

Clock-comparison experimenits—7] form a class of par- present work.

ticularly sensitive tests of rotation invariance and hence ol 10AITZOU%? malnyktests of L_orentz arePT sy_rgmegyhemst
Lorentz symmetry. The basic idea is to constrain possible™" —< € clock-comparison ones considered here are

spatial anisotropies by bounding the variation in frequencyamt?]ngrgi]:]3 relaflve?/f fe¥v i):pt(ia\:lr‘gﬁnt?hthattcggldré)?ns%nslltl\)/(e
of a given clock as its orientation changes. In practice, th o the uscule efiects motivating Ine standard-modet ex-

most precise limits are obtained by comparing the frequen_ension. For sensitive experiments of any type, the standard-

cies of two different clocks as they rotate with the Earth. ThemOOIeI extension provides a quantitative and coherent frame-

clocks used are typically atoms or ions, and the relevan‘fvlorli adt the _Ieg:/elElg)f thtf]. staﬂqirdt mOd?I and dquantum
frequencies are usually those of the light emitted or absorbed €¢ rtcr’] ynam:;: th ’ Wé mdw_ 'Cf 0 at::ay_ze an tcom— ¢
in hyperfine or Zeeman transitions. Experiments of this typé)are € resufis ovtainea and, In favorablé circumstances, to

face a number of important challenges, in particular thé)redict possible obseryable signals. Prior to this 'work, th.e
’ standard-model extension has been used to examine possible

elimination of systematic effects from mundane causes . .
y bounds on Lorentz an@PT violation from measurements of

Nonetheless, remarkable sensitivity to possible Lorentz vio- o !
lations can be attained. neutral-meson oscillationgl3—-16, from tests of QED in

In the present work, a theoretical interpretation of clock-Penning trap$17-21), from photon birefringencg22,8,23,

comparison experiments is performed in the context of égom hydrogen and antihydrogen spectroscgp4,29, and

general extension of the standard model of particle physic om baryogenesig26].

incorporating a consistent microscopic theory of Lorentz vio- The structural outl_lne of the paper is as f.OIIOWS' Section .”
presents our theoretical procedures and discusses associated

lation, including terms both even and odd und&PT [8]. ! Followi I ks Sec. I| Ais devoted
This standard-model extension must emerge from any undefsues' oflowing some general remarks, Sec. IS devote

lying theory that generates the standard model and contai g trée ][elatmstlc L?grgng$hn and nonrglatM?tlc Jl[—r|]am||_lton|atn
spontaneous Lorentz violatiof®]. It maintains both the used for our analysis. € expressions for the Lorentz-

usual gauge structure based on(SxSU(2)xU(1) symme- vi(_)latin_g shifts in atomic and ionic energy levels are ob-
try and the usual power-counting renormalizability. It alsot@ined in Sec. Il B. Some comments on procedures to evalu-

has a variety of other desirable features, including energ ate the resulting expectation values are provided in Sec. Il C.

momentum conservation, observer Lorentz covariance, COT;[he Incorporation of geometrlcal effects due to the Earth’s

ventional quantization, and hermiticity, while microcausality rotgtion gnd the derivation of theoreFicaII){ observa.ble signals
and positivity of the er'1ergy are expec'ted is given in Sec. 11 D. Section Il applies this analysis, both to
From the perspective of the present work, this standardPUb“Shed experiments and to future possibilities. Some com-

model extension is advantageous not only because it prdnents about derivations relevant to specific experiments are

vides a consistent and general theoretical framework fOFeIegated to the Appendix.

studying Lorentz violations but more specifically because it

) e IIl. THEORY

is quantitative and at the level of the known elementary par-

ticles. The Lagrangian of the theory is formed using fields Clock-comparison experiments involve measurements of
for the elementary particles, and the possible Lorentz violatransitions between energy levels in atoms or ions. Examin-
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ing shifts in these levels is therefore of central interest in @he relativistic correction factors are of order “£0for
theoretical analysis of possible effects arising from Lorentmucleons and 10° for electrons. The electromagnetic-
violation. Most atoms and ions are comprised of many elinteraction energies per mass are of the order of°1for
ementary particles interacting together to form a system oelectrons in atoms and 18 for protons in a nucleus, while
considerable complexity, so a complete initio calculation  the strong-interaction energies per mass are of ordef. 11
of energy_level shifts from the various sources of Lorentzprincip|e, there is an additional dimensionless combination
violation is impractical. However, any effects from possibleinvolving the ratio of the energy of the external electromag-
Lorentz violation must be minuscule, so theoretical calculanetic field to the mass, but even in magnetic fields of order 1
tions can proceed perturbatively and it suffices to determind this is only of order 10*° for electrons and 10'° for
only the leading-order effects on the atomic or ionic energyProtons. These crude estimates suggest that the largest
levels. Lorentz-violation effects come from expectation values of
The Lorentz violations in the standard-model extensior@ngular momenta and spins. This is confirmed by the explicit
can be viewed as arising from the interaction of elementargalculations that follow.
particles with background expectation values of Lorentz ten- The exceptional sensitivity of clock-comparison experi-
sor fields in the vacuum, somewhat like the effect of thements suggests that useful bounds might in principle also be
electromagnetic field of a crystal on the behavior of aobtained from subleading Lorentz-violating effects, particu-
charged particle passing through[&]. There are Lorentz- larly if different parameters for Lorentz violation appear.
violating effects both in the quadratic terms in the lagrangiartiowever, the exact calculation of subleading effects is chal-
and in the interactions. The Lorentz violations in the quaJenging. They arise both from relativistic corrections to the

dratic terms induce modifications to the usual free-particldr€® propagation and from corrections coupling the Lorentz
propagators, producing shifts in the conventional free-violations to the interactions. The dominant role of the strong

particle energies that vary with physical properties of theforce at the nuclear level makes the latter corrections difficult
particle such as the spin and boost magnitudes and orientf2 determine reliably. We therefore restrict attention in the
tions. The Lorentz violations in the interactions induce modi-Present work to relativistic corrections arising from the free
fications to the vertices describing the particle interactionsPropagation of the component particles in the background
and they therefore necessarily involve the associated intera€xpectation values. These corrections can be calculated in
tion coupling constant. perturbation theory from subleading terms in the nonrelativ-
In the present work, we proceed under the usual perturba{StiC Hamiltonian. They provide a reasonable sense of the
tive assumption that effects associated with free propagatiokinds of bound implied by subleading effects on clock-
are larger than those associated with interactions and that tf@mparison experiments.
latter can therefore be disregarded in extracting the leading- The remainder of this section provides the theoretical ba-
order signals. This approximation is likely to be good whensis for our results. Section Il A presents the general quadratic
the elementary particles are electrons, but may be questiofelativistic Lagrangian for a spipfermion, allowing for the
able for nuclear calculations with protons or neutrons wherd0ssibility of Lorentz violation. It is a suitable limit of the
the strong interaction is involved. Given this assumption, thestandard-model extension and can be used to describe the
dominant contribution to the perturbative Lorentz-violating free propagation of the individual electrons, protons, and
energy_|eve| shifts in an atom or ion can be obtained b}neutrons forming the atom or ion of interest. The associated
summing over individual energy shifts experienced by thehonrelativistic Hamiltonian is also presented. Section 11B
component particles as if they were freely propagating in thélerives expressions for the energy-level shifts of a general
background expectation values. The energy shifts contribatom or ion by taking suitable expectation values of the per-
uted by each individual partic|e can be found by tak|ng ex.turbative LOfentZ-ViOlating terms in the nonrelativistic
pectation values of thé]onre]ativistio perturbative Hamil- Hamiltonian. A few more technical issues associated with
tonian describing the Lorentz violation in the multiparticle €valuation of matrix elements in light of the many-body
unperturbed atomic or ionic state. nuclear and electronic physics are considered in Sec. IIC.
Rough dimensional estimates can be used to gain somE€ connection to experimental observables is treated in Sec.
insight about the relative importance of the perturbative ap!! D, which examines the effect of geometrical factors and
proximations made. On dimensional grounds, the energ§h® Earth’s rotation on the energy-level shifts in various
shift of the levels of an atom or ion must have the form of aclock-comparison experiments.
product of some parameter for Lorentz violation with a func-
tion that is independent of all such parameters. This function A. Lagrangian and Hamiltonian
can be taken to be dimensionl€gs natural unitsfi=c=1) i i .
by absorbing a suitable power of a particle mass in the pa- A 9eneral expression for the quadratic Hermitian La-
rameter for Lorentz violation as needed. The function cargfangian describing a single spirbirac fermiony of mass
thus be approximated by a multivariable Taylor expansion i N the presence of Lorentz violation i§]
dimensionless combinations of physical quantities: expecta- 1 _ o
tion values of various angular momentum operators, relativ- L=— i:pl‘,ﬁw— IM i, )
istic correction factors involving the squared ratio of mo- 2
mentum to mass, and interaction energies per mass. The
expectation values of angular momenta are of order unitywhere
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1 in the same observer inertial frame, so the Lagrangian trans-
M:=m+a,y*+b,ysy*+ > H 0" (2)  forms nontrivially under particle Lorentz transformatidgs
All these parameters are expected to be minuscule, in
and which case the Lorentz-breaking effects are likely to be de-
1 tectable only in experiments of exceptional sensitivity. Cred-
=y, +c,,v+d,, ysy*+e,+if,ys+ > o™ (3 ible estimates for the order of magnitude of the parameters

i . , are difficult to make in the absence of a realistic underlying
This represents an extension of the usual Lagrangian for gyeory. Various sources of suppression might arise. For ex-
massive Dirac fermion field. The Dirac matrices gmple, if the origin of the Lorentz violation lies at the Planck
{Lys,7",ys¥",0""} appearing in Eqsi2) and(3) all have  scaleMp, one natural suppression factor would be some
conventional properties. power of the ratior~m;/Mp, wherem, is a low-energy

The Lorentz violation in Eq(1) is governed by the pa- scale. Another natural factor could emerge from the coupling
rametersa, , b,,c,,,d,,,e,, f,, 9\, , andH,,, which  strengths in the underlying theory and could produce sup-
could arise as expectation values of Lorentz tensors followpressions similar to those for the particle masses in the usual
ing spontaneous Lorentz breaking in an underlying theorystandard model, arising from the Yukawa couplings to the
The Hermiticity of £ means that all the parameters are real.Higgs scalar field. Other substantial suppression factors
The parameters appearing M have dimensions of mass, might also appear. A further potential complication is that
while those inl" are dimensionless. Botb,, andd,, are ~ Some parameters might be much more heavily suppressed
tr‘ace'ess7 Wh”d‘lﬂy is antisymmetric an@)&,uy is antisym_ than others. In what fO"OWS, We make n.O SpECIfIC assump-
metric in its first two indices. The parametees, f,, and  tONS about the absolute or relative magnitudes of the param-

Jx,., are incorporated here for generality. Gauge invarianc&t€rs for Lorentz violation other than to suppose they are
and renormalizability exclude these in the standard-modéiinuscule. , ,
extension, so iy represents an electron field they are absent 10 détermine the leading-order effects of the Lorentz vio-
or suppressed relative to the others. However, the situation {&tion, it suffices to use a nonrelativistic description for the
less clear ify represents a proton or neutron because thesBarticles comprising the electron cloud and the nuclear core
particles are composites of valence quarks in a sea of oth& the atoms or ions involved in the clock-comparison ex-
particles. The strong binding involved might generate effecPeriment. We therefore need the nonrelativistic Hamiltonian
tive terms governed by appreciable parameeersf , , g, ., h associated with the Lagrangi@th). The relativistic Hamil-

despite their absence in the standard-model extension itseffonian can be found from the Lagrangiznand the nonrel-
The field operators in the terms with coefficieats, b ativistic momentum-space Hamiltoniarcan then be derived
L M 1

e,, ., andg, ., are odd undeCPT, while the others are [27] using Foldy-Wouthuysen techniqug28]. The quantity

even. Since both the particle field and the background tens@ Interest is the perturbation Hamiltoniath for Lorentz
expectation values transform covariantly under rotations oviolation, which is the differencgh=h—h betweenh and
boosts of an observer’s inertial frame, the Lagrangidn the usual free-particle Foldy-Wouthuysen Hamiltonkan
remains invariant under observer Lorentz transformations. Including all types of operator that arise from Ed)) and
However, the background expectation values are unaffectekeeping terms to second order in the Foldy-Wouthuysen ex-
by direct rotations or boosts of the particle or localized fieldpansion for the nonrelativistic Hamiltonian, we find

1 1 . oF
_bj+mdj0_ E msjk|gk|0+ = 8jk|Hk| UJ+[_aj+m(Coj+Cjo)+m%]mj

2

oh=(ag—Mcoo—Mmey) +

1 PPk

+ m(_Cjk_§C005jk>}W

1 P;
bo5jk_m(dkj+doo5jk)_m8k|m(E gm|j+9moo5j|)_8jk|H|o EJ ok

J’_

1 1
S+ 5 b+ 5 Mé&imnGmno S,

1 1
bj +deO+ = mSJmngmm+ z SjmnHmn)

1

P;j Pk
—M&jim(Gmok T gmko)]_r:]Z_ .

4)

Here, Lorentz indices are split into timelike and spacelikeLorentz group and the usual adoption of a metric tensor of
cartesian componentg=0 andj=1,2,3. Repeated indices signature—2. The three-momentum of the particle is denoted
are understood to be summed. The totally antisymmetric roby p;, while the Pauli matrices are denoted byand obey
tation tensorey; satisfiese3=+1, with e!'=—¢;,y as a [o),0*]=2igj 0" as usual.

consequence of the embedding of the rotation group in the The leading-order terms in E¢4) are those unsuppressed
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by powers ofp;/m. Nonrelativistic experiments with ordi- [for example, ifb, is timelike thenb E(b,ﬁ) in some
nary matter are therefore dominantly sensitive to the particuframe] but there i’é no reasoa priori tg suppose that this
lar combinations of parameters for Lorentz violation appearfame is the same for all parameters in the standard-model
ing in these terms. A further separation of thesegyiansion.

combinations at the leading-order nonrelativistic level would A" phenomenological approach to Lorentz violation at

require experiments with antimatter. However, the excephigh energies has recently been presented by Coleman and
tional sensitivity of clock-comparison experiments meansg|ashow[31]. It assumes the existence of a preferred frame
that they could in principle place interestiigut weakey  jn which there are small Lorentz-violating couplings that are
bounds on further combinations of parameters for LorentzopT and rotation invariant. The preferred frame is identified
violation arising in subleading terms of the nonrelativistic ith that of the cosmic microwave background, and attention
Hamiltonian. Disregarding interactions, the relevant effectss restricted to renormalizable Lorentz-violating operators
arise from terms insh of second order irp;/m. In what  that dominate at high energies. These operators are in corre-
fO”OWS, we InveStIgate bounds arising from all the termSSpondence with a subset of those appearing in the standard-
displayed in Eq(4). model extension. For example, with the Coleman-Glashow
The nonrelativistic Hamiltonian(4) describes species- assumptions the Lagrangiafl) reduces in the preferred

specific energy shifts depending on the spin and momentufiame to one in which effectively only the parametes
of individual particles. Certain other approaches to Lorentzgngd,, are nonzero.

violation also suggest effects of this type. Some indication of
their relation to the present work can be obtained by com-
paring them to the Hamiltonia@) and its associated under-
lying theory. A complete review lies beyond the scope of this
paper, and we limit ourselves here to only a few remarks In this subsection, we apply the nonrelativistic Hamil-
[11,12. tonian presented in Sec. Il A to obtain perturbative shifts of
Among the purely phenomenological treatments that havetomic or ionic energy levels arising from Lorentz violation.
been widely applied to clock-comparison experiments is the et the atom or iolWW under consideration haws,, particles
THepn formalism[29]. This provides a parametrization of of typew, wherew is p for the protonn for the neutron, and
the dynamics of classical charged pointlike test particles ire for the electron. The multiparticle Hamiltonian describing
an external spherically symmetric and static gravitationaMW has one(rotationally invariant component arising from
field. It has been used to probe quantitatively the foundationsonventional physics and a secofyerturbative, Lorentz-
of theories of gravity, including the possibility of deviations violating) componenth’ that is linear in the parameters for
from local Lorentz invariance. ThEHeu formalism differs  Lorentz violation. The latter can be taken as the sum of the
qualitatively in several respects from the standard-model experturbative Hamiltonians for the particles comprising
tension studied here. Thus, the latter has observer Lorentz
covariance and provides an apparently consistent theory at ,
the quantum level for all nongravitational forces, but in its h :g = UANE )
present formulation does not explicitly include gravigl-
though gravity is implicitly present and some aspects of it
inclusion have been investigatg®l]). Neglecting gravity, the
overlap between the theories is perhaps greatest in the pur
electromagnetic sector, where théleu parameterg. ande
have similar features to certain components of the paramet
(Kg) kx v in the standard-model extensig8.

B. Atomic and ionic energy-level shifts

Ny

sThe perturbative Hamiltonia@ah,, y for the Nth particle of
etgfew is of the same general form & given in Eq.(4),
cept that allowance must be made for the possibility that
élpe parameters for Lorentz violation depend on the particle
specieswv. In what follows, this dependence is indicated by a

Several of the existing clock-comparison experimentssmz’erscr'pt’vOn the parameters, , b,,, €.y, Ay €y,

M’ /_L!
have been analyzed using models with a term of the fornPrus and_HM,,. . .
Kp- in the Hamiltonian, where is a unit vector in the The shift of an energy level induced by the Lorentz vio-

direction of the particle momentum with respect to SomeIatlon can be calculated as usual by taking the expectation

preferred frame. A term of this type has been considered bvalue of the perturbative Hamiltonian in the appropriate_ un-
%erturbed guantum state. For almost all experiments of inter-

Nielsen and Picek30], for example, who regard the ob- . i
served Lorentz symmetry in nature as a low-energy manifesest here, the total angular momentuimof the atom or ion
tation in a fundamental theory without Lorentz invariance.@nd its projection along the quantization axis are conserved
Among the terms in the Hamiltoniat) are ones propor- t0 an excellent approximation. The quantization axis is typi-
tional to &;p;o*. Since the standard-model extension is co-cally determined by the orientation of an external magnetic
variant under observer Lorentz transformations, its nonrelafield, and for simplicity we always define tteedirection in
tivistic Hamiltonian has identical form to lowest the laboratory frame as this quantization axis. Conservation
nonrelativistic order in all inertial frames, and so the coeffi-of F and F5 means that the corresponding quantum numbers
cients of these terms can emul#&teNote, however, that the F and mg can be used to label a quantum stateVéfas
observer Lorentz covariance also ensures that the standard=,m:), so we proceed under this assumption. In fact, the
model extension strictly has no preferred frame. There mayotational symmetry of one experiment of interg3}is suf-
be a frame in which certain parameters take a simple fornficiently broken by the appliemagnetig field thatF cannot

v Ypvs
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be taken as a good quantum number. However, in this case m 3m2—F(F+1)
. A F ~ F
|F,mg) can be replaced bjl,m;) wherel is the quantum Mgi=—, Mg:= .
i ! F 3F2—F(F+1)
number for nuclear spin anah, is the quantum number for
its projection along the quantization axis. This point is dis-
cussed further in the Appendix.

The perturbative energy shift of the stafe,mg) due to
Lorentz violations is given byF,mg|h’|F,mg). However, w _ _
only certain parts oh’ are relevant for this calculation be- Ed'=2 (Bub}+ 8,05+ xT5),
cause the properties bf and of the state=,mg) constrain W
some terms to have zero expectation value. For example,
since the relevant states % are all bqund,(p)=0 for all E\(;VZE (Gl + NG (8)
states. More generally, the expectation value of any odd w

power of momentunp vanishes, and so all terms i pro- i ) )
portional to an odd power of are irrelevant for our pur- N terms of quantities to be defined below. The cartesian

)

The dipole and quadrupole energy shii§’ and Ey’ are
independent omg and are given by

poses. components in these and all subsequent expressions in this
Additional constraints are provided by the rotation prop-SuPsection refer to coordinates in the laboratory frame.
erties of the statelF,mg). The expectation value df’ in a In Eq. (8), the various quantities with tildes are combina-

state|F,mg) can be written as a linear combination of termstions of the parameters for Lorentz violation appearing in the
nonrelativistic Hamiltonians for the component partickesf

of the form(F,mpng)|F_,mF), whereTg’) represents the W. These are the only parameter combpinations that could in

component of a spherical tensor operator of rankq= :

—r1,...,r). Note that individual terms in the linear combina- principle be bounded in clock-comparison experiments with

tion with r=0 are irrelevant to clock-comparison experi- ordinary matter. They are defined by
ments because they are rotationally invariant. The relevant
terms are partially fixed by the Wigner-Eckart theorg3g].

This implies some terms vanish, including any wgk 0, —w W w w
and simplifies the structure of the surviving terms. Thus, Cq=Mu(C11+ C2o~ 2C3y),
each surviving term is the product of two factors, one being
a ratio of Clebsch-Gordan coefficients and the other being an
expectation value in the special stagmgz=F). Only the
former depends omg.

W, _|2W_ w W oW
b3:=bz —myd3g+Myg10— H1z,

~ 1 1
3=m,dpz+ 5 mds,— > H1,

Restricting attention only to terms ih’ that generate Fa ==my(970,— 9501+ 9120 — b3,
nonzero contributions relevant to clock-comparison experi-
ments, one finds spherical tensor operators only of rank 1 or T *=Mu(9101F 9202~ 29309)- ©)

of rank 2. Since these operators have definite and distinct

properties under rotations, it is useful to introduce termin0|-Note that each of these is chosen to have dimensions of
ogy distinguishing their contributions to energy-level shifts.mass.

We thereforedefinethe multipolarity of an energy shift ac- A calculation shows that the coefficienB,, Y, Ow.
cording to the rank of the tensor from which it originates. .\, appearing in Eq(8) are linear combinations of ex-
For example, a dipole energy shift is one arising from ampectation values in the special stfeF) of certain operators

expectation value of a tensor of rank 1, while a quadrupoleyppearing in the component nonrelativistic Hamiltonians for
energy shift is one arising from an expectation value of &he particlesv comprisingWw:

tensor of rank 2. The Wigner-Eckart theorem implies that the
energy-level shifts inV can have multipolarities at most of Ny

order Z=. However, despite the generality of the theoretical Bwi=— 2 <[U3]W,N>,
framework, no leading-order octupole or higher-order energy N=1
shifts can emerge from the Hamiltoniaén because the ten-

N
sor operators involved are all of rank 2 or less. Since mono- 1 &, 5 s
: : : Yu=— =z 2 ([PF+P3—2p5lun)
pole shifts may exist but are unobservable in clock- w 6ms =y L T2 34w,N/»

comparison experiments, only dipole and quadrupole energy
shifts are relevant to the analysis here. 1 N
Implementing the above calculations, we find that the Sw=—z 2 {[P3P;o Twn)
leading-order energy shift due to Lorentz violations of the my N=1
state|F,mg) of the atom or oW is a sum of two terms,

NW
(F.melh’|F,me)=meEd'+ MeEy’ . (6) Kw‘zzm‘z'w NZ1 ([pspjo’ = pipjo®lun).
In this expressionihg andmg are ratios of Clebsch-Gordan 1 M
coefficients arising from the application of the Wigner- - 2_ 1 10
Eckart theorem and given by v 2mg, N§=:l (P10~ P20 )Palun)- (19
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The subscriptw,N on each operator means that it acts on (1+1) (p?)y
particleN of typew. These coefficients are all dimensionless. WS 2153) m2 Aw=0, (11)
W

Note that they depend on the specific atom or\@n

An exact calculation of the values of the coefficiepts,
Ywr Ows Kw, Ay iS typically infeasible, in part due to the
determining role played by the nuclear forces. Some com- (21-1) 1 (1-1) (p?),
ments about evaluating these coefficients can be found in szm, Y= — §M?,
Sec. IIC. On dimensional grounds a nonzero valu@gfis w
likely to be of order unity, while nonzero values of the other

while for j=1—3 we find

_ 2
quantities are suppressed by a facti,:=(p?),,/m2, 5= — 32-1) «p 2>w
roughly given byK,~K,=10"2 andK,=10"°. Y20+ 1)(2143) my,
1(21-1)  (P*)w
K= . Ay=0. (12)
C. Comments on expectation values Y (21+1)(21+3) mg, v

In this subsection, some aspects of the evaluation of thg, ihese expressions, the expectation Vé('pé>w is in the
coefficients By, yw, Ow, Kw, Ay defined in Eq.(10) are  44ial wave function.
c_on5|dered. Although exact results cannot typically be de_- Equations(11) and(12) hold in the general case when the
rived, partly because no exact treatment of nuclear forces igjecronic shell is closed and the nucleus can be described by
available, some statements based on symmetry argumenis, schmidt model36,37. In this model, a single nucleon is
can be made despite the absence of precise knowledge of thesymed to carry the entire angular momentum of the
electronic, nuclear, atomic, or ionic wave functions. Forhucleus. In the above equatiofghen becomes the nuclear
some special cases and within certain approximations, €Xsin | and| becomes the quantum number for the orbital
plicit results for the angular dependences of the coefficientgngyjar momentum assigned to the single Schmidt nucleon.
in Eq. (10) can be obtained. Under suitable circumstancesyhe aphove equations also apply to the electronic structure of
some of the coefficients can be shown to vanish or 10 b&n atom or ion in the special case where a single valence

independent of one or more of the particle spegies electron of orbital angular momentuiand total angular
Consider first the special case of an at@éwin which the momenturry lies outside a closed shell.

electrons form a closed shell. To a good approximation, the \ore complex models can be used to gain further insight.
expectation values iff,F) appearing in Eq(10) can then be  ag an explicit example, we considéti, which was used
replaced by expectation values in the stitg, wherel is the in both of the original clock-comparison experimefis?].
quantum number for the nuclear spin. Following the discus,, approximate wave function for théLi nucleus can
sion in the previous subsection, the maximal multipolarity of},, found[38] using a model in which two of the protons
the energy shifts is 2and only dipole and quadrupole en- gnq wo of the neutrons combine to form anparticle
ergy shifts are observable. Thus, any nucleus Wit0 has  core  leaving a single valence proton and two valence

5 1
no oté§er\(able effectr?.f AW”“gleLI‘ESWW'lh: 2 ma'yhhi\\lltla ”g”' neutrons. The nuclear ground state has $pifj, so nonzero
zero dipole energy shiftg’, but g Must vanish. other dipole and quadrupole energy shiEé"i, E;"i are both pos-

nuclei may have both dipole and quadrupole shifts. S - oo
Further considerations based on Eg0) are needed to sible in prmqple. Within the m'odel, an approximation to the
wave function of the nucleus is

determine the specific dependence of the shifts on the proton
and neutron parameters for Lorentz violation. One possibility
is to work within a nuclear shell mod¢B3—35. Consider

the special case whek has a closed electronic shell, and .
where a single valence nucleon of one species lies outsid@fhereclzo'681 andC,=0.732 are constants. Each term in

closed proton and neutron shells. To a good approximatior{:,’arentheses repreielzntszasrftljltiparticle component wave func-
the expectation values |&,F) appearing in Eg(10) can then tion labeled as 'L, % Lp), whereS,, S, are total

be replaced by expectation values in the one-nucleon stafPinS andLp, L, are total orbital angular momenta for the
1 valence proton and neutrons.

i.i), wherej=I1=3 is the total angular momentum of the _ ; -
1) J : g This wave function can be used to calculate explicitly the

valence nucleomw andl is the quantum number for its orbital > o e .
angular momentum. This implies that the values of the Coefpoefﬂment; appearing in Eq10), but .the rgsult provides
relatively little insight. It is of more direct interest to note

ficients in Eq.(10) can be nonzero only for this nucleon. . -
After some calculation, we find for=1+ 1 the result that the wave function(13) indicates thatS,=0 and S,
=2. All the operators whose expectation values produce the
1 I (PPw dipole shift E‘é" in Eqg. (8) involve spin. It therefore follows

Bo==1 w="3 (21+3) m2 "’ within this model thatE" is independent of the neutron
parameters for Lorentz violation but does depend on proton
1 (p?) ones. However, the quadrupole slﬁ‘x" in Eqg. (8) involves
= 2W, the purely spatial operators appearing in the definitior,pf
(21+3) my in Eq. (10). According to the wave functioril3), this is

¢'H= Cy('D,2P)+ C,(1S,2P), (13
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I 7 '
expected to produce a nonzero contribution for bp,l,'ﬂ and D. Geometry and time dependence

77“ because terms with,=2 andL,=1 appear. The components of the parameters for Lorentz violation

This calculation can also be used to illustrate the dangerd@PPearing in Eqs(8) and (9) are defined in the laboratory
of relying on a particular model to deduce details of theframe. Since this frame rotates with the Earth, the compo-
origin of possible dipole or quadrupole shifts. A further re-nents vary in timet with a periodicity that depends on the
finement of the’Li nuclear wave functiori38] produces an Earth’s sidereal rotation frequenc§)=2/(23h 56 min).
additional termC4(°P,2P), with C3=0.1. The extra term Clock-comparison experiments typically bound the ampli-
hasS,=1, indicating thaIE;“ doesdepend on neutron pa- tude of the time variation of a transition frequency, which

rameters, although in a partially suppressed way. This calcufere IS relatr?,d o a difference bdetween enﬁrgy Sh'fés of the
lation also shows that care is required in applying result dorm <F’;ntFr|1 [F\me). lNexlt, \{vet eterm|??ht e time (Epen;
from a simple nuclear shell model. The ground-state proper—ence of the energy levels in terms of the parameters for
ties of any odd-mass nuclelW with an even number of Lorentz violation.

neutrons are supposed to be determined entirely by the pr%- r-lrohnergltztinSteﬁa:;(teo ;r:]ttgog;ct?]sulg?)zlgtz?si‘?a%(\a/elcrﬁo\sihfaotr
tons, which would imply that botky’ and Ey’ are indepen- 9 y :

dent of neutron parameters. However, this is not strictly cor-fqllqws’ the basis in the nonrotating frame is denoted

rect. A counterexample is provided bii, as above. A Q<;Y;2)' while that in the laboratory frame is denoted
similar issue arises for the ground-state properties of an odd%:¥:2)- , _ ,
mass nucleus with an even proton number, supposedly deter- Fgr the nonrotating .framAe, the rotation axis of the Earth
mined entirely by the neutrons. A counterexample here igrovides a natural choice &f axis. Astronomers define ce-
provided by the®Be nucleus: using a multiparticle wave lestial equatorial coordinat¢39] called declination and right
function[38], a calculation shows thﬁZBe does in fact de-  ascension, which we use to fix theandY axes. TheZ axis
pend on proton parameters. corresponds to declination 90°. We defiKeto have both
Despite the obstacles to definitive calculations of the cogeclination and right ascension 0°, whitehas declination
eff|C|ents in E_q.(lO), some res_ults holding under relatl\(ely 0° and right ascension 90°. Ther§,(,(§(,2) forms a right-
mild assumptions can be obtained. For example, the Wigner- . . . - ~
nded orthonormal basis, with the basis vectrand Y

Eckart theorem can be used to show that closed shells off ™~ )
ying in the plane of the Earth’s equator. To the extent that

particles make no contributions to eith&y’ or Ey’. A . o )
closed shell for some angular momentdrhas all substates precession of the, Ee}rth S axis can be negledied, this
basis is constant in time. It is also independent of any par-

|J,m;) occupied, so the contributioAE; , , from a closed (tJiF:uIar clock-comparison experiment
shell to the energy shift caused by a spherical tensor operat For the laboratory frame, we take a natural definition of

r L
Té) of rankr (q=—r,...r) is given by the z axis as the quantization axis of the atoms or ions in-
volved in the specific experiment in question. This direction
typically differs for different experiments, so the basis
(X,9,2) does too. The basix(y,z) also varies in time, and

the vectorz precesses aboi& with the Earth’s sidereal fre-

quency(). A nonzero signal in a clock-comparison experi-

ment preferentially requires thatnot be parallel toZ, since

J

AEJ,r,qsz | (3,my|TL[3,my). (14)
=

By the Wigner-Eckart theorem, we find

J otherwise the time variation of the signal arises only from
AEj, ¢=050(3,3T5|3,3) Eymyr0- (15)  the precession of the Earth’s axis and is heavily suppressed.
my=—1J In what follows, we therefore assume the angle (0,7)

given by cosy=2-Z is nonzero. We choose tinte=0 such
The coefficientsx‘:Jero are ratios of Clebsch-Gordan coeffi-

cients. For the cases=1,2 of interest we finc;, 10=M; 5

and €;m2=M;, wherern; and i, are given in Eq.(7).
Explicit evaluation of the sum in Eq14) for these two cases
then gives the claimed resulkE; =AE;,4=0.

More general cases, whel& has nontrivial electronic
structure and contributions from multiple nucleons, could
also be analyzed using the approaches in this subsection
whenever a decomposition of the wave functjBrF) into a
sum of multiparticle product wave functions provides an ad-
equate description of the atom or ion. It then follows that the
angular dependences of the quantities defined inHjj.can
in principle be calculated in terms of Clebsch-Gordan coef-
ficients and the quantum numbers for the orbital and spin
angular momenta of the component fermion3/\of FIG. 1. Transformation of coordinates.
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thatz(t=0) lies in the first quadrant of th¥-Z plane, and B3=b, cosy + Dby siny cosQt+by siny sinQt,
we defineX to be perpendicular t& and to lie in the plane

spanned byz and Z: %:=Zcoty—Zcscy. Then, a right- o s e

handed orthonormal basis is obtained with the definition Ca=Ca(3 COS x—3)— 3Tqx sin 2y cosOt
y:=2XX. With these choices, th axis always lies in the e _ _ L

plane of the Earth’s equator and is thus perpendiculdt.to —3Tq.y Sin 2y sinQt—3T_ sir? x cos A0t
Since the laboratory frame rotates about Zhaxis with fre-

quency(, § coincides withY once every(sidereal day.

The two sets of basis vectors are shown in Fig. 1. Toease ~ - ~ . ~ . .
visualization, the basisk(y,2) has been translated from the ~ ds=0z COSx +dx siny cosQt+dy siny sinQt,
surface of the globe to the center, so the origins of the two
basis sets coincide. The rotation of the Earth is nonrelativis- 94=0p,z COSx +Up x Sinx cosQt+Gp v siny sin{lt,
tic to a good approximation, since a point on the Earth’s
equator moves with respect to the rotation axis at ab_omjf’ 10 Tq=0o(2 cod x— %) — ¥Go.x Sin 2x cost
lightspeed. For most purposes the associated relativistic ef-
fects can therefore be ignored, and a nonrelativistic transfor-
mation between the two bases suffices. It is given by

— 3By Sir? x sin 20t,

—3Gq,v Sin 2x sinQt— 3G_sin® y cos 20t

~ _ §~ . .
X cosy cosQt cosysinQt —siny\ [ X 2y SirT x sin 20t. (18)
g | = —sinQt cosOt 0 % Note that53, 53, and@y involve constant pieces and ones
varying with the sidereal frequendy, while the others also
z siny cosQt sinysinQt cosy 7 have terms varying with the semisidereal frequendy. 2

(16)  Note also that the parametes, Tq, d;, Tp 2 Go appear

) ) o ) ] only in time-independent terms, and they therefore are un-
with the above basis definitions. This transformation can beconstrained by clock-comparison experiments.

used directly to obtain the time variation of the parameters Substituting the above into the expressit8) for the

for Lorentz violation. _ _ __energy-level shift gives
To express the results in a relatively compact form, it is

convenient to introduce nonrotating-frame analogues of the (F,mg|h’|F,mg)=Eq+ E x cosQt+ Eqy sinQt
parameters in Eq9). We define
+Ejyy cos 20t + E,y Sin 20t. (19)
N 1 1
by:=by= Mo+ 2Mesk1Gkro~ 2 okt Hie The energyE, is constant in time and is therefore irrelevant
for clock-comparison experiments. The four other energies
Tq:=M(Cxx+Cyy—2Cz7), are defined by

CQ'J:=m(CJZ+CZJ), JIX.Y, ElX:=mF sinxg (,BWB\),(VJ" 5wa‘),(v+ KW@EV,X)
T_:=M(Cxx—Cyy), Cxy:=M(CxytCyx),

5 ) 1 = 3Mesin 2 2, (Mg x MG,
dy:==m(dg;+djo) —z(Mdyo+ 2856 Hkr),

Tp,g:=Me 3k (koL + 39kLo) — by, Eqyi=Mg siny >, (BubY+ 8,d%+ Kwdp v)
w

Go=M(gxox+ Ivoy — 29z02). ~

- %mF sin ZXE (VWE\S,Y+ )\wgg,v),
Gg,0=M(9y0z+9z03), JI=XY,

G- =M(gxox—Gvov): Gxv:=M(Gxovy+Tvox). (17) Eox:=— 3 Mg sir? X% (Y€ + N 8Y),

Here, spatial indices in the nonrotating frame are denoted by

J=X,Y,Z except where indicated, the time index is denoted E,yie— 2 sirt xS AW ww

0, ande;, is the nonrotating-frame analoguegf, obeying 2vi= 7 2Me SIM x < (YwCxy T MuDxy)-

exyz= 1+ 1. The labelw is suppressed for simplicity. (20)
With these definitions, the transformation matrix in Eq.

(16) can be used to express the time dependence of the p&eor clock-comparison experiments, the signal is typically a

rameters for Lorentz violation in the laboratory frame: time variation in a frequency. In the context of the present
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theoretical framework, this is determined by the difference A AW A A A At
between two energy-level shifts of the form E{9). % [UQ(BabY + S4dx+ KGTE x) + UN(VaTS x+AWEE )]
The reader should note that the component of the shift in

Eq. (19 varying with the sidereal frequendy is determined B, oBTw . B=w . Bew

by operators producing both dipole and quadrupole energy _V% [uo(Bubx+ dydx+ xuwIp x)

shifts. The issue of the multipolarity of the energy shift,

which is governed by the rotation properties of the Lorentz-

violating perturbations in the laboratory frame, is somewhat

different from the issue of the periodicity of the signals in

clock-comparison experiments, which is governed also by - -
) i . ) Al oA A Acx Al A= Acx

factors associated with the Earth’s rotation. The relatively % [Up(Buby + 8udy + kG5 v) + UL (YuCo v+ AT, v) ]

simple correspondences sometimes found in the literature be-

tween the multipolarity of the energy shift and the periodic- B, BTwW . B=wW .  Bew

ity of the signal or the effects on the spectrum are invalid in ﬂ’% [Uo(Bwby+ dydy+ xyTp v)

the general casgtl].

The use of the nonrelativistic transformatid®) between

the nonrotating and laboratory frames means that contribu-

tions from nonrotating-frame time components of the param-

eters for Lorentz violation are absent. In a more exact treat-

A A= A= B, B B~
ment, these quantities would be present but suppressed by a ‘% Uz(YwCV—VH\wgV—V)_V% Uz (yuC” +A8Y)
factor of order 10°. For exampleps strictly also depends
slightly on the nonrotating-frame timelike componéy. =2me, -,

This means that some bounds on certain time components of

the parameters could in principle be obtained. However Ag . Axw Azw B/ . Bx=w Bxw
! u Cyyt A -V u Cyyt A

these bounds would be much weaker than the ones consid- % 2(MCxvt NuBxy) % 27t Ny

ered here. Moreover, an accurate treatment would also re-

quire inclusion of some of the other subleading effects men-

tioned at the beginning of this section.

+ug( %%Eg,x"‘ )\\?v@VQV,x)] =2meqx,

+us( 7\;'1’6VQV,Y+ )\\/Bv’ngv,Y)]’ =2meqy,

SZWSzyxy. (21)

Here, the coefficients, Uy, U,, andv contain the depen-
dences on quantities such @, Mg, x, and gyromagnetic
ratios. For example, if an atom or ioiY undergoes a transi-
Iil. APPLICATION tion |F,mf)—|F,mg), then ug=(Mi—mg)siny, u;=

This section applies the theoretical framework of the pre-— 3 (ME—hg)sin 2, and Uz=— %(ﬁq,’:—f“nF)si!'lz X- The pa-
vious section to existing and future clock-comparison experif@mMeterV =ga/gg is the ratio of gyromagnetic ratios for the
ments. The limits attained in the original experiments ofSPECiesA andB. Also, the experimental bounds on the am-
Hugheset al. [1] and Drever[2] have been improved by Plitudes of frequency shifts are denoted iy, e1y, €2,
many orders of magnitude in recent years. In the first part of 2x. corresponding to sidereal or semisidereal variations as
this section, we focus our attention on results from the cIock-COSQt.’. sindx, cos An, sm_ZQt_, respectively. The other
comparison experiments performed by Prestagal. [3], quantities are defined earlier in the text._For _example, the
Lamoreauxet al. [4], Chuppet al. [5], and Berglundet al. factorsBu, yw, dw, xw, and, are those given in Eq10),

[6]. The theory presented in Sec. Il can be used to extrathV'th subscripts according to the particle species and super-

) Scripts according to the atomic or ionic species. The compo-
from each of these experiments one or more bounds on co

N S ?Jr'fents of the parameters for Lorentz violation are those for the
binations of parameters for Lorentz violation. In the secon :

part of this section, we present some considerations relevaRnrotating frame X,Y,2). Not_e that th? second of the
to possible future experiments, equations is the same as the first but with the replacement

For purposes of discussion, it is useful to format all thex_)Y’ reflecting the arbitrariness of the choiceXfand Y
purposes ' . axes in theXY plane. The form of the third and fourth of the
bounds in a unified way. In effect, each experiment observe

. o ; : dbove equations also reflects this arbitrariness.
the frequency of one atomic or ionic specikselative to a

f f . h duci The values of all relevant coefficients for each of the ex-
reference frequency in another spedsproducing one or  eriments we consider are summarized in Table I. The first

more bounds on possible sidereal or fractional-sidereal varigs\y rows of this table identify the experiment and provide
tions as the Earth rotates. Within the present framework, thgyformation about the atoms or ions used. We denote the

eﬁ:ect Of Lorentz Vi0|ati0n5 on these frequencies can be d%uc'ear Spin by'y the proton number bi’ and the neutron
duced from the perturbative energy shifts given in B).  number byN. The nucleon determining the ground-state
Some comments about this procedure are provided in thgroperties of the nucleus according to the nuclear Schmidt

Appendix. model[36,37] is specified, along with its assignment of or-
We find that each bound from each experiment fits one obital and total angular momenta. Fifteen rows are devoted to
the following forms: the values of the coefficieni8,,, v, Sw, kw, and\,, for
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TABLE |. Coefficients for the bound&1) for various experiments.

Prestageet al. [3] Lamoreauxet al. [4] Chuppet al. [5] Berglundet al.[6]
A B A B A B A B
QBe+ lH ZOng 19%_'9 21Ne 3He 19%_|g 133CS
| 3/2 1/2 3/2 1/2 3/2 1/2 1/2 712
Z 4 1 80 80 10 2 80 55
N 5 0 121 119 11 1 119 78
Schmidt P32 S112 P32 Pis P32 S12 P12 9712
nucleon n p n n n n n p
By [0] - [0] [0] - - [0] [5]
Yp (0] - [0] 0 [0] 0 - _
8 [0] - [0] [0] - - [0] [~ 35 Ky
Kp [0] - [0] [0] - - [0] [55 Kol
Np [0] - (0] 0 (0] 0 - -
Bn [-1] - [—1] [1/3] - - [1/3] (0]
Yn [-%sKad = | [~15K0] 0 |[-%K] O - -
8 [LK,] - | ik, [-5Kd - — | [-5Ka] [0]
Kn [-éKi = | [“8Kad  [&K,] - - | &K, (0]
b [0] - (0] 0 (0] 0 - -
Be - - 0 0 - - 0 [—1]
Ye - - 0 0 0 0 - -
% B - 0 0 B B 0 [3 Kel
Ke - - 0 0 - - 0 [— é Kel
Ne - - 0 0 0 0 - -
Uo -0.61 - g 2 - - 2 :
U, 2.16 - 0 0 - - 0 0
u, -2.54 - -3 0 -3 - - -
v - —-0.37 - 2.x10°3
€1X:€1Y =100 puHz =1 uHz no bound =100 nHz
€5 €2y =100 puHz =1 uHz =1 uHz no bound
Sensitivity | [B7,d5,5%,, | [B,d7.90,.8" ] [eT Ty [b5,d5.b ,.b5.d3.3p .
(I=X,Y) 738,3 Tl T 53 ,H§ ,G8 4]

each atom or ion. In these rows, a dash indicates that thieorentz violation constrained by the experiment according to
(possibly nonzerp coefficient is irrelevant for the experi- this analysis.

ment. Values in brackets are results obtained within the The table reveals a crucial point: the published experi-
Schmidt model, withK,, defined byK,,:=(p?),,/m2 as in  ments are all inequivalent, in the sense that they bound dif-
Sec. IIB. These values are to be trusted only where théerent linear combinations of parameters for Lorentz viola-
model is known to give reliable results. Any zero values intion. In some cases, such as the experiments of Cletigp
brackets are probably unreliable because they are likely to ] and Berglundet al. [6], there is no overlap at all among
nonzero in more realistic nuclear models. Zero values withthe set of parameters for Lorentz violation appearing in the
out brackets are a consequence of the Wigner-Eckart thetounds. In other cases, such as the experiments of Prestage
rem applied to closed shells, according to the discussion &t al.[3] and Lamoreauwset al. [4], there is substantial over-
the end of Sec. Il C, and therefore depend on fewer assumpap among the parameters for Lorentz violation involved but
tions. The following four rows specify the coefficientg, they appear in different linear combinations.

Ui, Uy, v. A dash indicates the coefficient is irrelevant for  In the context of the Schmidt model, the Prestageal.,

the experiment. Two rows provide approximate values fol,amoreauxet al, and Chupyet al. experiments are sensitive
the experimental sidereal and semisidereal bounds obtainednly to (different sets of parameters for Lorentz violation

In the final row, a list is provided of the parameters forinvolving the neutronw=n. In contrast, the experiment of
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Berglundet al.involves all three particle species because the TABLE Il. Crude order-of-magnitude bounds in GeV on param-
199g atom is sensitive to parameters for Lorentz violationeters for Lorentz violation.

with w=n and the'®Cs atom is sensitive to ones witk
=p,e. None of the experiments considered place any boun§*Pt (3] [4] 5] (6]

on the quantitieks, ;, €%, Ty, Goj, 92, Gxy, while B * * - (10777
within the Schmidt model no bounds are placed@;, T, * - - -
Ty, T Gy, Ty, 8, T, Gxv. G" . Note that some ol * * * -
of these quantities can be bounded in other kinds of experig,, * * * -
ments[18,19. a® * * - [107%5]
A more accurate nuclear model would be likely to mtro—gp * " _ [10°%5]
duce dependence on parameters with p for all atoms and  #p * _ _ _
ions in these experlments except tHemaser used by Pre- ~§J x x _
stageet al. and the®He reference used by Chugpal. Thus,  =p * * _
the true bounds from all four experiments are likely to in- ad
volve parameters for more than one speciestor the ex- 55‘ [107%7] [107%] - [107%)
periment of Bergluncet al, the true dependence on param-tg , [107%) - - -
eters withw=p might even come primarily from th&*Hg " [10 %] [10°27] [10727] -
atom because the contribution from th&Cs atom is sup- %0, [10 %9 [10?7] [10?7] -
pressed by its relatively large gyromagnetic ratio, reflected Il’an [10729] [10° 28] - [10°28)
Table | by the small size of the coefficient 0 [10°25] [10°77] _ [10728]

The numerical values of the bounds obtained in all thes
experiments are impressive and represent sensitivity
Planck-scale physics. In contrast, the relatively complicated,,
form of the linear combinations bounded and the 'theoretic:a‘tJXY
issues involved in accurately determining the various coeffige - - - [10727]
cients make it difficult to establish definitively which portion oy
of the parameter space is in fact being excluded. It is theress” _ _ _ _
fore of some interest to speculate about the implications of B

QJ

these experiments under different scenarios that lead to theo B B B [10-27]
retically cleaner bounds. dj 72
One plausible assumption is that effects from the flrsthJ - - - (10

atomic or ionic specie# would be unlikely to cancel com- gQJ - - - -
pletely the effects from the second specigsn Eq. (21). 9° - - - -
This assumption would permiperhaps numerically weaker Gxy - - - -
bounds to be placed on somewhat simpler combinations of
parameters. A stronger extension of this assumption might
also be adopted to the effect that for a single species exagie take the crude valueK ,~K,=10" 2 and Kg=10"°,
cancellations are unlikely among different terms in the sumgable Il presents the results of '[hIS estimate. In a given row,
appearing in Eq(21). If this stronger assumption also holds, numerical values in brackets are estimated order-of-
then for a given experimental bound the numerical valuemagnitude bounds in GeV obtained within the Schmidt
could be applied to each term in the sum, yielding plausiblemodel assuming that all the parameters for Lorentz violation
(but not definitg constraints on each of the parameters forare zero except for the one specific to that row. The star
Lorentz violation appearing in E¢21). indicates that no experimental bound is placed according to
To gain some insight into the implications of these as-the Schmidt model but that a bound probably would emerge
sumptions, one can examine the bounds that would followrom a more realistic nuclear model. A dash indicates insen-
within the additional approximation of the Schmidt model. sitivity to the specified parameter for Lorentz violation. The
Then, the sole experiment bounding electron or proton pavalues obtained represent bounds on different parameters for
rameters for Lorentz violation is that of Bergluret al,  Lorentz violation varying over about eight orders of magni-

which constrains onlp}', dY, andg} ; for J=X,Y. Also  tude, with the sharpest being a constraint iwhof about
within these assumptions, the earlier experiments of Prestag@® 3°GeV. Although the approximations made imply that
etal, Lamoreauxet al, and Chuppet al. are insensitive to  the specific numerical bounds listed in Table Il are unreli-
electron or proton parameters for Lorentz violation, but in-able, in certain cases perhaps within several orders of mag-
stead they have sensitivity to neutron parameters beyond thetude, they nonetheless provide a gauge of the present im-
ones constrained by Berglured al. For example, the experi- pressive sensitivity of these experiments to the relevant
ment of Prestaget al. is the only one that constraiﬁ% 3 parameters for Lorentz violation.

Within these strondand questionabjeassumptions, ap- Still another speculation one might entertain, in addition
proximate numerical bounds can be obtained by using dito the above assumptions, is to suppose that cancellations are
mensional estimates for the quantiti€g, . As in Sec. IIB, unlikely within each of the linear combinations in EQ.7).
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If this were valid, then one could apply the numerical experi-an experiment by Wineland and Ramgéy] studied transi-
mental bounds to deduce constraints on the original parantion frequencies in a deuterium maser. The transition
eters for Lorentz violation appearing in the QED and|F,mg)=|3,3)—|3,—3) was compared when theveak
standard-model extensions instead of merely constrainingpplied magnetic field was parallel and antiparallel to the
some of the combinations given in EQL7). However, this  Earth’s gravitational field. The result constrains the possible
aSSUmption is difficult to ]UStlfy because it is ||ke|y that the frequency difference to about ZQCHZ This experiment was
various parameters in the QED extension are related througherformed to bound the gravitational dipole moment of the
the underlying theory, perhaps in a relatively simple way, sqjeyteron, for which the orientation of the magnetic field rela-
significant cancellations may well occur. For example, a;ye tg a nonrotating frame is irrelevant, and a useful bound

simple relation among certain parameters for CPT and Lorg, | grentz violation is difficult to extract from it. However,

entz violation is known to occur in an anomaly-free under-_the possibility of using a deuterium maser as one or both

'Y'T‘g theory, and in Fh's case it indeed ghmmgtes: the S€NSElocks in an experiment to bound Lorentz violation is worth
tivity of some experimentgon cosmological birefringenge : : . ;
consideration because the neutral deuterium atom is rela-

to certain parameters for Lorentz violatig®,23]. ! . . .
Despite the relatively complicated form of the bOUhdStIYEIy well understood from a theoretical viewpoint. IF con-
Sists of a deuteronl 1) and an electronl (=s,;,), which

(21) and the theoretical issues in calculating the associate o g - .
coefficients, the exceptional precision attained makes cloc can combine into states withi=3 or F=; [43]. Explicit

comparison experiments of great interest. In principle, from orms of the deuteron wave function exjg] and could in

a theoretical perspective a particularly attractive type Ofprmmple pe used to calculate the_coefﬁments in &) for .
bound would be one that is both calculable and clean. HereeaCh particle species. The deuterium atom therefore provides

calculable refers to the reliability with which the various ;ain?ther example of a sm;]bstance Fhat could plrodulcehg calcu-
coefficients can be theoretically established, elednrefers ab e_l_aound. However, the deuterium energy-level st ifts are
to the number of different parameters for Lorentz violationsens't've to parameters for Lorenfcz V"?'a“‘”_‘ involving all
involved in the boundthe fewer the cleangrlt is interesting partlcle Species, so any bound attained is unlikely to be clean
to examine the extent to which calculable and clean bound¥' the sense def|.ned above. . .
from clock-comparison experiments are theoretically pos- Perhaps the |deqlly clean cIo.ck-cc')mpanson' ex'pe.rlment
sible. wquld be one for vyhlch one atomic or ionic species is insen-
For a bound to be calculable with the methods adopte&'t've to Loref.“_z violation and the other is sensitive to o_nly
here, reliable wave functions would need to be obtained fofneff the~ m|rl|mal~set Bf paiametirs f‘jr Lor.entz V|0Ia.1t|on
the atoms or ions used in the experiment. The complexity 0Py Co.y, T, Ty, dY, Tp 3, oy, T2, Txy discussed in
nuclear matter typically makes this a challenging task. Onéhe analysis of Sec. Il. In practice, however, this ideal is
possibility is to consider atoms or ions involving very few unlikely to be attainable. Insensitive systems such as the hy-
particles, so that a detailed calculation has an improvedrogen maser do exist, and in principle an insensitive system
chance of accuracy. could be obtained for any substance by aligning the applied
Among the simplest substances is hydrogen. The wellmagnetic field with the Earth’s rotation axis. However, sen-
developed theoretical understanding of the hydrogen wavéitivity to only one of the minimal parameters for Lorentz
function makes it a prime candidate for a substance tha‘(iOlation is difficult to achieve. For example, if a nonzero
would produce a calculable bound. Various experiments witteffect on the energy levels of an atom or ion invol\fé(j%
hydrogen atoms and iorsi~ and the protonand with an-  then it also involvesl”. Comparisons of bounds from dif-
tihydrogen have been investigated in the context of thgerent experiments may permit the extraction of a bound on a
present theoretical framework in Refd8,25. A hydrogen  gingle parameter for Lorentz violation, but the issue of the
maser was used as a reference in the clock-comparison exa|culability of the coefficients would again play an impor-
periment of Prestaget al. The conventionaH-maser line  {gnt role.
involves atomic states withme=0 and hence is insensitive  an interesting option for improving both the calculability
to the parameters for Lorentz violation, which simplifies thegnd the cleanliness of bounds is to consider atomposi-
resulting experimental bounds. Other ground-state hyperfingye or negativiions for which there is reason to believe that
lines in hydrogen involve states with-=*1, and they de-  the energy shifts depend solely or largely on a single valence
pend on parameters for Lorentz violation according to Eqparticle w. The presence of only one relevant particle can
(5) of Ref. [25]. At leading order, the sidereal variations of sjmpiify calculations, and substances of this type would also
these hyperfine lines are governed by the strength and oriele relatively clean because only those parameters for Lorentz
tation of the applied magnetic field and the combinationsiolation for a particular species would be involved in the
b5+DbY. Experiments searching for this dependence, perhapsound.
with trapped hydrogen or a hydrogen maser, have the poten- It is relatively straightforward to identify atoms or ions
tial to yield calculable bounds. Moreover, since no neutrongor which the special species is an electron, since it suf-
are involved, only electron and proton parameters for Lorfices to use substances of nuclear spin Zeronuclear spin
entz violation would appear. 1 . if only bounds on quadrupole energy shifts for the elec-
Among other atoms and ions involving relatively few par- tron are considergd These bounds would be of definite in-
ticles is deuterium. To our knowledge, no clock-comparisorterest, even if the precision attainable were less than in ex-
experiments have been performed with deuterium. Howeveperiments with hyperfine transitions.
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TABLE lll. Substances with sensitivity to parameters for Lorentz violation for a single particle species.

Proton sensitivity only Neutron sensitivity only

A z N | D, Q D, Qg A z N | Dp Qp D, Q,
H 1 1 0 172 Y - - B 1 n 1 0 1 1/2 - - Y - kk
N 15 7 8 12 Y - - - He 3 2 1 1/2 - - Y - k%
P 31 15 16 1/2 Y - - - C 13 6 7 1/2 - Y -
Y 89 39 50 12 Y - - - % Si 29 14 15 1/2 - - Y -
Rh 103 45 58 12 Y - - - Sn 115 50 65 1/2 Y - x
Tm 169 69 100 1/2 Y - - - Sn 117 50 67 1/2 Y - %
B 11 5 6 32 Y Y - - Sn 119 50 69 1/2 - - Y - %
Al 27 13 14 52 Y Y - - Yb 171 70 101 1/2 - - Y -
Cl 37 17 20 32 Y Y - - Pb 207 82 125 1/2 - - Y - %
K 39 19 20 312 Y Y - - o 17 8 9 5/2 - - Y Y  oxx
\Y 51 23 28 712 Y Y - - S 33 16 17 3/2 - - Y Y
Co 59 27 32 712 Y Y - - Ca 41 20 21 712 - Y Y xx
Ga 69 31 38 32 Y Y - - Ca 43 20 23 72 - Y Y x
Ga 71 31 40 32 Y Y - - Ni 61 28 33 3/2 - - Y Y x
Rb 87 37 50 32 Y Y - - x| Ge 73 32 41 9/2 - - Y Y
In 113 49 64 92 Y Y - - Sr 87 38 49 9/2 - - Y Y
Sb 121 51 70 52 Y Y - - Zr 91 40 51 5/2 - - Y Y «
La 139 57 82 72 Y Y - - Gd 155 64 91 3/2 - - Y Y
Pr 141 59 82 52 Y Y - - Gd 157 64 93 3/2 - - Y Y
Re 185 75 110 522 Y Y - - Er 167 68 99 72 - Y Y
Re 187 75 112 52 Y Y - - Yb 173 70 103 5/2 - - Y Y
Bi 209 83 126 9/2 Y Y - - x| U 235 92 143 712 - - Y Y

For the case where the special spegias a nucleon, one for particles of typew. In the left(right) half of this table, all
can generate a list of nuclei for which one might theoreti-appearances o¥ correspond to an odd protofmneutron
cally expect relatively calculable and clean bounds. We conaumber, and the neutrofproton number is closed-shell
sider here substances for which dipole and quadrupole efi45]. Substances designated by a star have magic neutron
ergy shifts depend only on one nucleon species and whergroton) number, while substances designated by two stars
there is reason to believe that only one valence nucleon deraye both magic neutrofproton number and protorineu-
termines the nuclear sensitivity to Lorentz violation. Tableyon) number equal to a magic number plus one. It seems
Il provides a list of naturally abundant isotopes satisfyingmausime that these substances are most likely to have

these criteria. The table has been prepared using only a relgy cjear sensitivity to Lorentz violation depending only on a
tively small set of assumptions about nuclear properties

Y . . - éingle valence protofneutron. The case of'Zr is an ex-
Spin- nucl_el are assu_med to be insensitive to guadrupol eption, in that the neutron number is a magic number plus
effects, while those with a closed shell for a given nucleon . . L

. . - one, but the proton number is not magic. Although ihdg a
species are assumed to be insensitive to parameters for Lor- nclufieh in th
entz violation for that species. Note in particular that thenaturally abuno!ant subs_tance, we haye !nclu In t ©
Schmidt model hasot been used. To avoid complicating the [2Ple because it is relatively stable (lifetim0®yr) and it
bounds through sensitivity to electron parameters for Lorent@S Magic proton number and neutron number equal to a
violation, experiments on any of the substances listed would@dic number plus one. We have also included the neutron
need to involve suitable electronic configurations withoutitself in the table for completeness, although technical chal-
Lorentz-violating contributions to the relevant transition fre-lenges would need to be overcome to perform Lorentz-
quencies. The reader is warned that the table makes no afiolation experiments witficold) neutrons.
lowance for possible experimental difficulties involved in us-  For future clock-comparison experiments, the dual
ing these substances. nuclear ZeemariHe-12°Xe maser already in operatidd6]

Substances sensitive to proton parameters for Lorentz vigzould provide an interesting limit on neutron parameters for
lation are listed on the left-hand side of Table I, while thoseLorentz violation because the= % nucleus!?®Xe is sensitive
sensitive to neutron parameters are listed on the right-han dipole energy shifts from neutron parametérsa com-
side. The quantitied, Z, N, and| designate atomic weight, plete nuclear model, it would probably also be sensitive to
proton number, neutron number, and nuclear spin, respechipole energy shifts from proton parametergVithin the
tively. A symbolY in a column labeled,, or Q,, indicates  Schmidt model, the coefficienf3,, y,, é,, kn, A, for both
sensitivity of the dipole or quadrupole energy shifts of the®He and'?*Xe are identical, which would lead to a relatively
substance, respectively, to parameters for Lorentz violatiomlean bound. Suppose an experiment with the quantization

116010-13



V. ALAN KOSTELECKY AND CHARLES D. LANE PHYSICAL REVIEW D60 116010

axis in the equatorial plane produces a boundegf, J rameter space are as yet unconstrained by clock-comparison
=X,Y, on sidereal variations of the free-runnifile fre-  experiments.
quency using*?®Xe as a reference. Within the Schmidt We have considered the issues involved in producing

model, we find this would yield the bounds theoretically favorable bounds, and have listed some natu-
rally abundant substances that may be of potential interest
|—3.559+0.012~19+0.01@B J=2meq, (22) for future tests. The exceptional degree of precision attain-

able offers potential sensitivity to Lorentz-violating effects
where the ratio of gyromagnetic ratios has been taken afrom the Planck scale and ensures that future clock-
9y g omparison experiments remain among the most attractive

374129 - . .
g7/g "=2.75. The fa;tor 0f~3.5 is relz_itlvely large and possibilities for detection of any nonzero effect that might
compares favorably with the corresponding factorof for exist in nature

the 1%Hg-'3%Cs case, so even a comparable precisior: for
using the duafHe-*?°Xe maser would represent an improved
constraint on parameters for Lorentz violation by more than ACKNOWLEDGMENTS

a factor of 5. _ o We thank R. Bluhm, L. R. Hunter, J. D. Prestage, R. E.
Another interesting pos;?blhty would emerge from87the de-stoner, R. Walsworth, and D. J. Wineland for useful discus-
velopment of a duafHe#'Ne maser or a duafHe*'Rb  gjons. This work was supported in part by the United States

maser[47]. Table Ill shows thafHe is sensitive purely to Department of Energy under Grant No. DE-FG02-
dipole energy shifts from neutron parameters for Lorentzg1er40661.

violation. The®He and quadrupolé'Ne sensitivities are dis-
cussed above and in the Appendix in the context of the ex-
periment of Chuppet al. The dipole?!Ne sensitivity within

the Schmidt model includés]], HQ,QB’J, andtg ;, though This appendix contains remarks specific to the experi-

in a realistic nuclear modet'Ne would probably also be ments discussed in Sec. Ill. Some issues relevant to the cal-

sensitive to parameters for Lorentz violation for the proton.culations leading to Eq21) and Table | are presented. Each

Table 1Il also shows that’Rb is a theoretically favorable experiment is considered under a separate heading.

substance. A quadrupole measurement ftHa-8’Rb maser All the experiments we consider apply a constant mag-
3 3 31 3 _3 netic field of magnitudd that fixes the quantization axis of

using the|$,3)—|%,3) or |$,—-3)—|3,-2) ®Rb transi- H , lowing the d ihafl
tions (but not both with equal weightherefore has the po- the atom or ion. Following the discussion in Sec. Il D, we

tential to provide an unusually clean bound on proton paramdefine thez axis to be aligned with this field. Lét J, andF
eters for Lorentz violation. represent the nuclear, electronic, and total angular momen-

tum of W, respectively. Where relevant, we denote the cor-
responding quantum numbers hyJ, andF. The degree to
IV. SUMMARY which Wis in an eigenstate of these operators is governed by

In this work, we have analyzed clock-comparison experi-2 Parametet~(g,—9,) ugB/Ens, whereg, is the Landeg
ments in the context of a general extension of the standartctor of the electron cloud, is the Landeg factor of the
model and quantum electrodynamics allowing for Lorentzhucleusug is the Bohr magneton, arifl is the hyperfine
and CPT violation. In this theory, both dipole and quadru-SPlitting of the aton{48]. For J#0, |g||<|g,|. In most ex-
pole shifts of atomic or ionic energy levels are predicted andP€riments that we consider, the applied magnetic field is
would produce sidereal and semisidereal time dependencé&§all compared to the internal interactions/dfin this case,
of the signal. We have obtained explicit formulas for thesel{|<1, W is approximately in an eigenstate 6f and F,
effects that can be applied to existing and future experimentwith quantum numbers andmg, and the error introduced

and have demonstrated that the experimental results alreadly approximating wave functions as eigenfunctiongf@,ﬁs

available place interesting constraints on certain combinasyppressed by?~10"'2 However, in the experiment of

tions of the parameters in the theory. Prestageet al. a relatively large magnetic field is applied to
Our expressions show that experiments performed withhe 9Be™ jon. In this case}|> 1, the ion is approximately in

different atoms or ions typically test inequivalent quantitiesan eigenstate df, andJ, with quantum numbens), andm;,

as a result of possible variations of the parameters for Lorgng the error due to approximating tAee* wave function

entz violation with the species of elementary particle. In-ig pe an eigenfunction of, and |, is suppressed by 47
deed, no two of the experimental bounds obtained to date g5

involve identical linear combinations of parameters, and the
sensitivities of the two most recent experiments have no
overlap at all.

The variety of high-precision experiments already per- The experiment of Prestaga al. [3] measures the fre-
formed allows a region of the parameter space to be exguencyr of a °Be" transition in a larg¢0.8194 T magnetic
cluded. However, the exact specification of this region isfield relative to the frequency of a hydrogen maser. The
theoretically uncertain because for the most part of théBe" transition is |m,,m;)=|—3,+3)—|—3,+3). The
bounds are obtained from atoms or ions with relatively in-H-maser transition i§F,mg)=|1,00—|0,0). The experiment
volved nuclear structure. Some regions of the attainable pasearches for a time variation in the frequencygf the form

APPENDIX: SPECIFIC EXPERIMENTS

1. °Be* and H maser
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v=ro+ AP [cosB(t)], whereA,, A,, andA; are constants, only to neutron parameters for Lorentz violation. Both iso-
P, denotes thekth Legendre polynomial, an@(t) is the topes have valence protons and neutrons, however, so it is
angle between the quantization axis and a direction of spatidikely that a more realistic model would produce nonzero
anisotropy. The limits obtained on the three quantifieg coefficients(10) for protons too and therefore that both nu-
are approximately 10@Hz. clei are sensitive to proton and neutron parameters for Lor-
Within the theoretical framework of the standard-model€ntz violation.
extension, the standard hydrogen-maser frequency is unaf- The Schmidt model indicates that the angular momentum
fected by Lorentz violatioi25]. The sensitivity to Lorentz  of the ***Hg nucleus is carried by a single neutron img,
violations therefore resides entirely in tBe” ion. Thision  state. Naively, this is at odds with the shell model, which
has a nucleus with=2 surrounded by an electron cloud implies each valence neutron is in &g, state. However,
with J=1, so the nucleus could be sensitive in principle towhen there are nearly degenerate states with different orbital
dipole, quadrupole, and octupole energy shifts, while theangular moment#, the shell model also suggests that pro-
electron cloud could be sensitive to dipole energy shiftstons or neutrons prefer to pair in states of higfthis would
However, the transition frequency in the experiment is effecmean that the, 5, shell is closed preferentially to shells im-
tively insensitive to electron parameters for Lorentz violationmediately below it with lowet. The shells immediately be-
becauseAm;=0. The formulas of Sec. Il D therefore apply |ow i,,, are p;;, andps», so the Schmidt-model prediction
with F replaced by the nuclear spin is compatible with that from the shell model. A similar dis-
The theoretical time variation(t) of the frequency can  ¢yssion applies to th&'Hg nucleus, except that the single
pe obtained by apply_mg Eq19) to the two energy levels eutron is in s, State.
involved. I? thg experiment, the magne"uc fleld_ is at an angle Calculating the coefficients in Eq10) according to the
of x=118° with respect to the Earth’s rotation axis. The noqqs of Sec. I C yields the results given in Table I. In

variqus constz_ints defined in EGO) can be calc+ulated ap- converting the actual experimental bounds to the form of Eq.
proximately with the methods of Sec. Il C. TRBe' nucleus (21) with the constants given in Table I, we have for sim-

consists of_ four protons and five neutrons. The. SChm'dblicity approximated thé"!Hg precession frequency as in-
model predicts that a single neutron ipg, state carries the 31

entire nuclear angular momentum, in agreement with thd0lving only the transitiori2,7)—|2,2). A more accurate

shell-model prediction that each valence nucleon is pya  €xpression involving also the transitidd, —3)—|3,—3)

state. The resulting values of the constants are given in Tableould be obtained following the detailed analysis in Réf,

l. but the results remain essentially unchanged. Note that the
The theoretical expression far(t) can be compared to nonzero value o in Table | reflects the ratio of gyromag-

the experimental fit fow. This gives bounds of the form in netic ratios of the two Hg isotopegyp1/9199=—0.37, and

Eqg. (21), where the constants are specified in Table I. the corresponding dependence of the sidereal bounds on both
201Hg and **Hg. In contrast, the semisidereal bounds de-
2. g and 1%Hg pend only on?"Hg, in accordance with its sensitivity to

The experiment of Lamoreauet al.[4] compares preces- quadrupole shifts.

sion frequencies of’Hg and°**Hg atoms in a weak mag-
netic field. The electron clouds of both types of atom have
J=0 in the ground state, so the corresponding atomic states The experiment of Chuppt al. [5] searches for quadru-
can be labeled ,m,). The precession frequencies arise frompole shifts in?'Ne precession frequencies relative to a refer-
Am,=1 transitions. The experiment searches for possiblence precession frequencyHe, placing a bound of about
sidereal or semisidereal time variations in the frequency difhalf a microhertz on possible semisidereal variations. The
ference, yielding an upper bound of about half a microhertzelectron clouds of?!Ne and ®He both haveJ=0 in the

The %Hg nucleus has= % and is sensitive only to dipole ground state, so in a weak magnetic field only the nuclear
shifts, while the?®'Hg nucleus has=2 and is sensitive to angular momenta are relevant and the corresponding atomic
dipole, quadrupole, and octupole shifts. The formulas of Secstate can be labeldd,m,). The experiment is insensitive to
[I D apply with F replaced by the nuclear spinThe possible electron parameters for Lorentz violation, and the formulas
time variations in the observed frequency difference can bef Sec. Il D apply withF replaced by the nuclear spinThe
found within the present framework by using E49) for He nucleus has=13 and is therefore sensitive only to di-
each of the energy levels involved in the transitions. Thepole shifts, while the?’Ne nucleus has= 2 with sensitivity
magnetic field in the experiment lies in the Earth’s equatoriain principle to dipole, quadrupole, and octupole shifts.
plane, soy= /2 and many of the geometrical factors de- The shift in each energy level is given by Ef9) and can
scribed in Sec. Il D simplify. be used to deduce the possible time variations of the signal

The ?°Hg nucleus has 80 protons and 121 neutrons, whildrequency in the present theoretical framework. The mag-
the ***Hg nucleus has 80 protons and 119 neutrons. Thaetic field in the experiment is perpendicular to the Earth’s
nuclear shell model predicts that the ground-state propertie®tation axis, soy=w/2 and many geometrical factors in
of ?°'Hg and ***Hg are determined by the neutrons. This Sec. IID vanish. Since the experiment bounds only semisi-
implies the vanishing of all coefficients of the forth0) for ~ dereal frequencies, which are independent of dipole energy
the proton and would mean that both isotopes are sensitivghifts, the possible dipole energy shifts in béthe and®*He

3. ?INe and ®He
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have no effect on the experiment. ratios of 1°*Hg and'3%Cs, respectively. We take the experi-
The #!Ne nucleus consists of 10 protons and 11 neutronsmental bound obtained as a limit on possible sidereal varia-
According to the shell model, the ground-state properties ofions of the frequency differenag®°AB at the level of about
2INe depend only on the neutrons, which suggests all coeft00 nHz.
ficients of the typ&10) for the proton must vanish and would ~ The electron cloud of thé®**Hg atom in its ground state
imply the experiment is insensitive to proton parameters fohasJ=0 and its nucleus has=3, so it is sensitive only to
Lorentz violation. However, neither the protons nor the neudipole shifts and is insensitive to electron parameters for
trons lie in a closed nuclear shell, so it is likely that in reality Lorentz violation. See Sec. 2 of this appendix for more in-
the experiment does have sensitivity to proton parameters fdermation about'*Hg. In contrast, the ground state of the
Lorentz violation. 13%Cs atom has an electron cloud with 55 electrons if a
In the Schmidt model, the ground-state propertiedine = State and a nucleus with=7. The **Cs states relevant
and ®He are determined by a single neutron ipg and an {0 the experiment have total angular momentira4, so in.
sy, State, respectively. This assignment foNe would ap- principle sensitivity to nonzero energy shifts of multipolarity

pear to contradict the shell-model prediction that each valP t© order 8 would be possible. However, in the present
lence neutron is in als, state. It is, however, plausible framework the sidereal frequency dependences bounded by

e . the experiment can depend only on dipole and quadrupole
within the shell model that thdy, shell is closed preferen- energyF-)IeveI shifts. Thep relevan>t/ shiftspleading tg possﬁale
tially to the states immediately below it in energy, namely,

; . time variations in the signal are given b 9). In the
P12 and py,. This argument forr!Ne is weaker than the d g y EG9

: 3G i , .~ experiment, the quantization axis is always perpendicular to
corresponding argument for'Hg in Sec. 2 of this appendix  the Earth's rotation axis se= /2, which simplifies the for-

because th@,, shell relevant foNe is not merely closed mulas in Sec. 11 D.

but corresponds also to a magic number. Since in any event The outer electronic shell oF3Cs consists of a single

a complete shell-model calculation would still be inadequatealence electron in as$state. Since the closed shells do not
in that the dependence on proton parameters for Lorentz vicontribute to dipole or quadrupole energy shifts, only the
lation would be missing, we present only the Schmidt-model,alence electron is relevant. It is straightforward to calculate

values in this work. _ the contributions to the coefficients in EG.0) for the elec-
The results of the calculation produce bounds of the formyon, using the expressions given in Sec. 11 C.
of the last two equations in Eq21), with coefficients given The 13%Cs nucleus contains 55 protons and 78 neutrons.

in Table I. To matCh the aCtual experimental boundS to th|S|'he shell model Suggests that ﬂ'&:s ground_state proper-
form, we have for simplicity approximated tHéNe preces- ties are independent of the neutrons. Since'fidg proper-
sion frequency as involving only the transitiojs,3)  ties do depend on neutrons, even in the shell-model approxi-
—|3,%). A more accurate expression involving also the tran-mation the experimental results are sensitive to contributions
from all three species of particle. Moreover, since neither the
protons nor the neutrons lie in a closed nuclear shell, the
13%Cs atom alone is likely to be sensitive to parameters for
4. %%Hg and s Lor_er_1tz violation fr_on_1 all three spe_zcie_s. F(_)r simplicity and
' definiteness, we limit the analysis in this paper to the
The experiment of Berglunelt al.[6] bounds the possible Schmidt model, for which the only significant nucleon is a
sidereal time dependence BHg and**Cs precession fre- proton in ag-, state(in agreement with the shell model
guencies. The procedure uses a weak magnetic field to split In the context of the present framework, the bounds ob-
the ground states of th¥*Hg and 1*3Cs atoms. Denote the tained in the experiment take the form of the first two equa-
associated frequencies by**3 and v'%. The experiment tions in Eq.(21). The values of the coefficients are given in
measures the differenceB between the effective magnetic Table I, where the transitions have been taken|las,)
fields measured by the®®Hg and ¥*Cs atoms. This =|},+3)—|3,—3) in ¥®Hg and|F,m:)=|4,49—|4,3) in
can be written AB=p9g¥%— 13913 where g'%  13%Cs. Note that the parameteris small, primarily because
=0.759 kHz/G andg'**=350kHz/G are the gyromagnetic the ratio of gyromagnetic ratidg'®¥g*% is small.

sition|3,—3)—|3,—3) could be obtained with the methods
of Ref. [5], but this has no substantial effect on the results.
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