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Average time until fixation of a mutant
allele in a given population
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Abstract

One of the important problems in population genetics is how long it
takes for a gene to go to fixation (become established). A mutant gene
in a given population will eventually be lost or established. The particu-
lar interest of this research is to know the mean time for a mutant gene
to become fixed in a population, and we will exclude the case when this
gene is lost. A diploid population of N individuals will be considered
with a forward and backward mutation of u and v respectively per basis.
Using a set of nonlinear equations, we will first calculate the genotype
frequencies which will allow us to find the equilibrium points for the infi-
nite population. With the diffusion theory, we will approximate the time
to fixation for finite populations. We will then proceed with a numerical
approximation using C++ to see a close result for the problem.

1 Introduction

The main idea in population genetics is evolution. Evolution is much differ-
ent from most studies in biology for the fact that its insights are theoretical
rather than observational or experimental. Most evolutionary studies concern
the frequencies or the fitnesses of genotype in a given population. Evolution is
the change in the frequencies of genotype through time, perhaps due to their
differences in fitness (Gillespie 2004). Evolution can also be explained by two
forces: forces that introduce variation in phenotypic character such as eye col-
ors, height or certain behaviors and forces that make some traits become rare
or more common. The main cause of variation is mutation, which changes the
sequence of a gene (Strickberger 2000). In other words, mutation is a change in
the DNA sequence of Cell’s genome.

The forces that make traits to become common or rare are caused by two
main processes. One of these processes is natural selection which is a key term
used in genetic evolution (Strickberger 2000). Natural selection is the differential
reproductive success of a any given organism. Very often, organisms produce
more offspring than their environment can support; because of this, not every
individual in a population survives in the generation and this can be one of
the main cause of natural selection. Over many generations mutation produces
random changes in traits, which are then filtered by natural selection and the
beneficial traits retained (Gillespie 2004). Another cause of evolution is genetic
drift, which is a change in the relative frequencies in which gene variant occurs
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in a population due to random sampling and chance. These random changes
affect evolution in two important ways. First, a dispersive force that removes
genetic variations from population. Let us note that the rate of removal is very
weak since it is inversely proportional to the population size. Tahe other is the
effect of drift on the probability of survival of a new mutation (Gillespie 2004).

Another evolutionary process we will see later in this paper is genetic recom-
bination. In this process, the DNA or sometimes the RNA molecule breaks and
then joins another DNA molecule. Recombination can also have a big impact on
the evolutionary processes and this was shown by Paul G. Higgs (Higgs 1997).
We will take the same approach to show this but in a higher dimension.

2 Background

We will consider a diploid population consisting of N individuals and having
the variance effective number N,. Let us note that N, may be different than NV
and a good explanation of N, can be found in "KIMURA and CROW 1963”.
Throughout this paper, we will develop a model that has been introduced by
Paul G. Higgs (Higgs 1997) and some other authors (Michalakis and Slatkin,
1996; Phillips, 1996; Stephan, 1996). Most of these authors develop a model in
which mutation is irreversible but we will consider a reversible mutation in this
paper using the same model.

Our model will involve 2 loci, each with two alleles. The two alleles will
be labeled A and a at one locus and B and b at the other. We will therefore
have four genotypes: ab, Ab, aB, and AB. The frequencies of ab and AB will
respectively be denoted zy and x3. Both the double mutant genotypes have a
frequency denoted x1. We are therefore assuming these double mutant genotype
have the same fitness. T genotype ab has fitness 1 and AB has fitness 1 — ss.
However, the double mutant genotypes have fitness 1 — s;. Let us note that
To+2x1 + 22 = 1.

Throughout this paper, we will assume both u and v are < 1076, and both
s1 and s will be in the range 0.01 to 0.005. For different values of selection,
mutations (forward and backward mutations), computer simulation will be used
to approximate the time at which the first allele will arrive at genotype AB.
Consider it starts from the genotype ab.

3 Equilibrium points of the infinite population

Prior to looking at the changes in the finite population, we will first look at
the genotype frequencies in the infinite population. If we call zq,x1, andxs
the frequencies at generation t then the frequencies at generation ¢ + 1 will be
denoted X, X7, andX3. Considering all our parameters are different from zero,
we obtain the following set of nonlinear equations:

(Xo)* = (1 — 2u)zg + 2vz1 + 281021 — T (—x% + 330332) (1)
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(Xl) * = 2uxy + (2 —2u — 2’[))(E1 — 2811071
+ 2023 4 2 (—s1 + s2) T122 + 2r (—2] + 2o32)  (2)

(X2)* =2uxy + (1 — 2v)zo — 2(—51 + $2) T2 — T (7517% + xoxz) (3)

Because of the complexity of the equations, we will try to simplify the equa-
tions by setting recombination to be zero. Doing so, we get these following set
of equations:

(Xo) = (1 — QU)JCO + 21)131 + 281I0171 (4)

(X1)* = 2uxg + (2 — 2u — 20)x1 — 281201 + 203 + 2 (=81 + S2) x122 (5)
(X2)* =2uzy + (1 — 20)xe — 2(—81 + 82) x122 (6)

At the fixed position, X§ = zo, X = z1,and X5 = x4 (Higgs 1997). Hence

solving for all the three variables (xq, 21, andzs), we get the following equilib-
rium frequencies:

Tp=————%5 (7)
S1 S1
1w v w  bsytuv —HE 4w
rH==—=—4+—4+—
2 282 281 812 826 822
2 3 4
At 4 2suv — T 4 3s12uv -+ 4s13uw (8)
823 824 825
37514 7813 512 S1
Ty = — — + — (9)

824 823 822 S92

Now because we assumed u? = 0 and v? = 0 then we can say that u? ~ v?2

~ uwv. The equations (7), (8), and (9) hence become

_ 10
To= — (10)
n v us]  usi  us?  us U (11)
p— L _usi_ usy  usy  usi
YT 2 T 2s 268 24 23 22 2
37517 Ts1® s17 s

_— il SRR . 12
R 52 s22 s (12)
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We can clearly see that equations (9) and (12) are the same. This is because
the frequency x5 does not depend on any mutation rate after simplification of
the original solutions. In the above solutions, Both u and v are less than s; and
s2. These are the simplified version of the original solutions. We also obtain
a number of complex solutions, but we are only interested in the real solution
as written above. Here we assumed that all mutations (u and v) to the power
> 2 are equal to zero since since u < 107% and v < 107%. Also because the
selection coefficients are very low ( between 0.01 and 0.005), we assumed s} = 0
and s§ = 0 whenever n > 5.

4 Dynamics of finite populations

Now we will look into the change in the finite population. Let’s remember there
are four genotype and their frequencies must be equal to 1 (zg + 2x1 + z2 = 1).
Hence there are four independent frequency variables, but we are assuming the
two single mutants (Ab and aB) are the same and have the same fitnesses of
1 — s;. This assumption leads us to work with a three dimensional system.
Since we know that the total frequency is 1, it will be easier to work only with
two variables and once we get the results, we can find the third variable in
term of the others. Our system is therefore reduce to a two dimensional system.
Previously Kimura and Ohta (1968) have developed a 1 dimensional model using
the diffusion models. Higgs (1997) has also shown that it is possible to solve a
1D system with the diffusion models. We will also use the same model to solve
our problem.

Here, because of the mutation and selection forces, we need a drift term
which we will call m(z). The m(z) or the infinitesimal mean is the change of
frequency in one generation. m(x) can also be called the expected mean change
in our variable of interest. A variance and covariance will be needed since they
follow a multinomial distribution. Our variance and covariance will respectively
be denoted v(z;, z;) and cov(z;, z;) since we are working in 2 dimensional sys-
tem. From Lynch’s appendix (2008), we see that

x; % (1 —x;)

v(z,x;) = T N (13)
e
T; *T5
cov(z;, xj) = 55 N] (14)

We could use the Kolmogorov forward equation (or KFE) as described by
Kimura and Ohta (1968), but since our system is two dimensional this diffusion
model will not work for us. We will instead use the extended KFE shown by
Lynch in his appendix (2008)
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dlp(x,p,t 152 92 zi(1 —x;
[p(at I B} @[P(ff,p,t) (N )]
i=1 g €
0? T = om(z)p(x,p,t)
- ; 81}181‘] [p($7p3 t) Ne ] - — axl (]‘5)

where the first part of the equation (15) is the allele-frequency variances, the
second part involves the covariances between allele frequencies, and the third
involves the change of frequency in generation or the mean. In this equation
(15) p(z,p,t) denotes the density function with x being the vector of allele
frequencies, p the vector of their starting values, and t the time (Lynch appendix
2008). Applying this extended KFE (15) to our specific model, we get
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Olp(xo,x2,t)] (1 H? xo(1 — x9)
ot - [582.%0 (p(xapvt)T)
1 (92 l‘g(l - 1'2) 82 T2
+ 562.132 (P(fﬂ,p, t) 2N, ) - 81‘08.132 (P(x,p, t) 2N, )}
B [8p(x,p, t)(—2uxzg 4 2vr1 + 2812021
axo
Op(z,p,t)(2uzry — 2vxe — 2(s2 — $1)T122)
+ ]
81‘2

(16)

As it was shown in equation (15), the first part of (15) involves the alleles-
frequency variances, the second part involves the covariances between allele
frequencies, and the third part is the mean. We are using 2N, in (16) instead
of N, because we are now considering diploid population. p(zg,x2,t) is the
probability distribution for the random variables xy and x5 at time t. Solving
for our probability distribution, we can see the changes in frequencies throughout
our generation and for zog = 0 and zo = 0, we will be able to see the time to
fixation which is the main purpose of this research.

5 Discussion and conclusions

Our study here is an extended version of what Higgs (1997) has done. In his
model, Higgs assumes reversible mutation with 2 loci, each with two alleles.
The two alleles are labels as in our model but in his study, Higgs assumes both
the AB genotype and double mutant ab to have fitness 1, while the two single
mutants Ab and aB have a reduced fitness 1-s. Let us remember that we are
working in discrete generation for both our model and Higgs’ model. Prior to
do any modification of Higgs’ model, we will first look at this model.
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Figure 1: Higgs general model for the infinite population with reversible muta-
tion where u=v and s, =0

Xo = (1 —2u + 2sz1)w0 + 2uz; — r(T020 — 27) (17)
X1 =(1—2u—s+2sz1)21 +u(2o + 2) + r(T0T2 — T3) (18)
Xo = (1 — 2u + 252129 + 2ux; — r(Te22 — T7) (19)

From this set of equations, and considering we do not have recombination, Higgs
got the following set of solutions

1 u
x0—1'2:§_§ (20)
U
= = 21
v = (21)
and the second solutions are
1 2u
l'osz:i_? (22)
U
= — 23
v = (23)



In the equations (17), (18), and (19), we have reversible mutation but the
forward and backward mutation rates are equal (u=v). Also the fitnesses of
the double mutant genotypes ab and AB are equal (1), and this is the same
for the single mutant genotype aB and Ab (1-s). Now we will make the first
step assumption by assuming u # v, but the fitnesses of the double mutant
genotypes are still equal. Our model will become

Xo = (1 —2u + 2s21)x0 + 201 — (T2 — 27) (24)
X1 =2(1 —u— v — sz — sw2)T1 + 2uxg + 2029 + 2r(T020 — 27) (25)
Xo = (1 —2v + 2sw1) 9 + 2uz) — r(T0T0 — 27) (26)

and from here, we get the following solutions

1 wu+w
= — 2
T T T (28)

Now we will go on with our last assumption which is the main solution we
are interested in. We will assume u # v and also the double mutant genotype
with different fitnesses; ab (1) and AB (1 — s2), but the single mutant genotype
still have the same fitnesses (1 — s1). From here we get the equations (1), (2),
and (3) with their respective solutions (10),(11), and (12).
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