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RÉSUMÉ 

 Le développement des nouvelles générations de dispositifs électroniques devient de plus 

en plus limité par la chaleur générée par effet Joule dans les puces électroniques à haute densité. 

Des circuits photoniques intégrés sur silicium (Si) compatibles avec les procédés CMOS ont été 

proposés comme solution rentable pour réduire le réchauffement des dispositifs tout en améliorant 

leur performance globale. Cependant, les émetteurs à base de Si sont jusqu’à présent les 

composantes les plus difficiles à concevoir pour ces circuits photoniques intégrés. La principale 

raison est la bande interdite indirecte qui limite sévèrement l’efficacité de la luminescence du Si. 

Récemment l’incorporation de l’étain (Sn) dans des alliages silicium-germanium représente une 

nouvelle direction de recherche qui mènera à des semiconducteurs de groupe IV ayant une bande 

interdite directe. Les semiconducteurs obtenus Ge1-x-ySixSny sont des alliages ternaires du groupe 

IV compatibles avec la technologie CMOS, et peuvent avoir une bande interdite directe ajustable 

en fonction de la composition et de la contrainte. Ces propriétés ont généré un grand intérêt pour 

développer ces semiconducteurs et mieux comprendre leurs propriétés.  

 Dans cette perspective, ce travail présente une étude détaillée de la structure de bande de 

l’alliage ternaire Ge1-x-ySixSny contraint et relaxé en utilisant une approche théorique fondée sur le 

modèle des liaisons fortes. Cette méthode est basée sur une évaluation précise des constantes de 

déformation de Ge, Si et α-Sn en utilisant une approche stochastique de Monte-Carlo ainsi qu'une 

méthode d'optimisation basée sur le gradient. De plus, une nouvelle approche d'évolution 

différentielle efficace est également développée pour reproduire avec précision les masses 

effectives expérimentales et les énergies de bandes interdites. Sur la base de ces approches, nous 

avons élucidé l'influence du désordre dans la structure crystalline, de la contrainte et de la 

composition sur l'énergie de bande interdite de Ge1-x-ySixSny. Quand 0 ≤x ≤0.4 et 0 ≤y ≤0.2, nous 

avons trouvé que la contrainte élastique réduit la concentration critique de Sn nécessaire pour 

obtenir un semiconducteur à bande interdite directe avec des énergies de bande interdite 

correspondantes inférieures à 0.76 eV. Cette limite supérieure diminue à 0.43 eV pour les alliages 

ternaires à bande interdite directe complètement relaxés. La transition obtenue vers la bande 

interdite directe en fonction de la composition est décrite par y> 0.605x + 0.077 et y> 1.364x + 

0.107 respectivement pour les alliages contraints et complètement relaxés. Les effets de la 

contrainte, à une composition fixe, sur la transition de bande interdite indirecte à directe ont 

également été étudiés et discutés. 
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 Ensuite, en s'appuyant sur les connaissances acquises à partir des calculs de la structure 

de bande déjà effectués, nous avons étudié la quantification du confinement des électrons et des 

trous dans un système de nanofils cœur/couronne Ge1-ySny/Ge. À cette fin, les décalages de bande 

de conduction et de valence ont été évalués. Ensuite, l'équation de masse effective de Schrödinger 

a été résolue en coordonnées cylindriques en utilisant une technique de différence finie classique 

pour la géométrie de nanofil. Le rayon du cœur et l'effet de la concentration de dopage sur la 

distribution de la densité des électrons et des trous sont quantifiés en évaluant l’écart des porteurs 

de charges normalisée par rapport au cœur. Nous avons trouvé qu'au-dessus d'une concentration de 

dopage critique de 5×1016 cm-3 et inférieure à un rayon du cœur de 20 nm, la densité électronique 

est localisée dans le cœur de Ge pour un système de nanofil cœur/couronne de Ge0.9Sn0.1/Ge. 

 Finalement, la compréhension de l'interaction de la lumière avec les structures Ge1-x-

ySixSny a été élaborée. Nous avons comparé les efficacités d'absorption et de diffusion de couches 

minces et de nanofils. À cet égard, une étude détaillée de l'influence des couches minces et de 

nanofils à base de Ge1-x-ySixSny sur les propriétés optiques a été effectuée. Nous avons trouvé qu'en 

ajoutant une fine couche d’encapsulation de Ge1-x-ySixSny sur Si ou Ge, l'absorption de la lumière 

est grandement améliorée, particulièrement dans la région de l’infra-rouge proche, ce qui entraîne 

une augmentation de la densité du courant de court-circuit. Pour des couches minces de Ge1-x-

ySixSny ayant des épaisseurs inférieures à 30 nm, une augmentation de 14 fois du courant de court-

circuit par rapport au Si a été observée. Cette amélioration diminue en réduisant l'épaisseur de la 

couche de recouvrement. Inversement, il a été constaté que la diminution de l'épaisseur de la couche 

de recouvrement améliorait le courant de court-circuit dans les nanofils de type cœur/couronne de 

Si/Ge1-x-ySixSny et de Ge/Ge1-x-ySixSny. L'absorption optique devient très importante en augmentant 

la teneur en Sn. De plus, en exploitant un effet de résonance optique, ces nanofils présentent une 

absorption lumineuse extrême atteignant un facteur d'amélioration, par rapport aux nanofils 

simples de Si ou Ge, d’ordre de 104 pour Si/Ge0.84Si0.04Sn0.12 et de 12 pour Ge/Ge0.84Si0.04Sn0.12. En 

outre, nous avons analysé la réponse optique de l'addition d'une couche diélectrique de Si3N4 au 

nanofil de type cœur/enveloppe Si/Ge1-x-ySixSny et nous avons trouvé approximativement une 

augmentation de 50% dans la densité du courant de court-circuit pour une couche diélectrique 

d'épaisseur égale à 45 nm et un rayon de cœur et une épaisseur d’enveloppes supérieures à 40 nm. 

L’augmentation des effets optiques dans la structure cœur-enveloppe s’expliquera par la 

combinaison de l'amélioration apportée par des résonances en mode dans la partie semi-conductrice 
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et des effets antireflet dans la partie diélectrique. Ces résultats préparent le terrain pour concevoir 

et optimiser les dispositifs optoélectroniques et photoniques à base des semiconducteurs Ge1-x-

ySixSny. 
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ABSTRACT 

Progress in electronic devices has been increasingly limited by the heat generated due to 

Joule effect in high density electronic chips. Silicon (Si) integrated photonic circuits compatible 

with CMOS processing has been proposed as a viable solution to reduce the heating of devices 

while improving their overall performance. However, Si-based emitters are, until now, the most 

difficult components to design for these integrated photonic circuits. The main reason is the indirect 

band gap which severely limits the efficiency of Si emission and absorption of light. Recently, the 

incorporation of tin (Sn) into silicon-germanium alloys has been proposed to overcome this 

fundamental limit. The obtained semiconductors are Ge1-x-ySixSny ternary alloys of Group IV 

elements compatible with CMOS technology, and may have a band gap that is adjustable 

depending on the composition and the strain. These properties have generated a great interest to 

grow these semiconductors and to better understand their optoelectronic and physical properties. 

With this perspective, this work outlines detailed investigations of the band structure of 

strained and relaxed Ge1-x-ySixSny ternary alloys using a semi-empirical second nearest neighbors 

tight binding method. This method is based on an accurate evaluation of the deformation potential 

constants of Ge, Si, and a-Sn using a stochastic Monte-Carlo approach as well as a gradient based 

optimization method. Moreover, a new and efficient differential evolution approach is also 

developed to accurately reproduce the experimental effective masses and band gaps. Based on this, 

the influence of lattice disorder, strain, and composition on Ge1-x-ySixSny band gap energy and its 

directness were elucidated. For 0 ≤x ≤0.4 and 0≤y≤0.2, tensile strain lowered the critical content 

of Sn needed to achieve a direct band gap semiconductor with the corresponding band gap energies 

below 0.76 eV. This upper limit decreases to 0.43eV for direct gap, fully relaxed ternary alloys. 

The obtained transition to direct band gap is given by y>0.605x+0.077 and y>1.364x+0.107 for 

epitaxially strained and fully relaxed alloys, respectively. The effects of strain, at a fixed 

composition, on band gap directness were also investigated and discussed. 

Next, building upon the acquired knowledge from the band structure calculation, the 

analysis was extended toward quantifying the electron and hole confinement in a Ge1-ySny/Ge 

core/shell nanowire system. For that purpose, the conduction and valance band offsets were 

evaluated. Then, the effective mass Schrödinger equation was solved in cylindrical coordinates 

using a classical finite difference technique for a core-shell. The core radius and the doping 
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concentration effect on the electron and hole density distribution are quantified by evaluating a 

dimensionless core-normalized variance. Above a critical doping concentration of 5×1016 cm-3 and 

below a core radius of 20 nm, the electron density was found to be localized in the Ge core for the 

Ge0.9Sn0.1/Ge core-shell nanowire system.  

Finally, understanding light interaction with the Ge1-x-ySixSny material system was the next 

step in our studies where the absorption and scattering efficiencies of thin-films and nanowires 

were evaluated based on the same material.  With this perspective, a detailed investigation of the 

influence of Ge1-x-ySixSny layers on the optical properties of Si and Ge based heterostructures and 

nanowires is described. Adding a thin Ge1-x-ySixSny capping layer on Si or Ge greatly enhances light 

absorption especially in the near IR range leading to an increase in short-circuit current density. 

For the Ge1-x-ySixSny structure at thicknesses below 30 nm, a 14-fold increase in the short-circuit 

current is observed with respect to bare Si. This enhancement decreases by reducing the capping 

layer thickness. Conversely, decreasing the shell thickness was found to improve the short-circuit 

current in Si/Ge1-x-ySixSny and Ge/Ge1-x-ySixSny core/shell nanowires. The optical absorption 

becomes very significant as Sn content increases. Moreover, by exploiting an optical antenna 

effect, these nanowires show extreme light absorption reaching an enhancement factor, with respect 

to Si or Ge nanowires, on the order of 104 in Si/ Ge0.84Si0.04Sn0.12 and 12 in Ge/ Ge0.84Si0.04Sn0.12. 

Furthermore, the optical response of the addition of a dielectric layer of Si3N4 to the Si/Ge1-x-ySixSny 

core-shell nanowire was analyzed and approximatively 50% increase in the short-circuit current 

density was found for a dielectric layer of thickness equal to 45 nm and a core radius and shell 

thickness greater than to 40 nm. The core−shell optical antenna effect benefits from a multiplication 

of enhancements contributed by leaky mode resonances in the semiconductor part and 

antireflection effects in the dielectric part. These results lay the groundwork to design and optimize 

innovative optoelectronic and photonic devices based on the emerging semiconductors Ge1-x-

ySixSny. 

  



x 

 

TABLE OF CONTENTS 

 
DEDICATION .............................................................................................................................. III 

ACKNOWLEDGEMENTS .......................................................................................................... IV 

RÉSUMÉ ........................................................................................................................................ V 

ABSTRACT ............................................................................................................................... VIII 

TABLE OF CONTENTS ............................................................................................................... X 

LIST OF TABLES ..................................................................................................................... XIII 

LIST OF FIGURES .................................................................................................................... XIV 

LIST OF SYMBOLS ................................................................................................................. XIX 

LIST OF ABBREVIATIONS ..................................................................................................... XX 

LIST OF APPENDICES ........................................................................................................... XXII 

CHAPTER 1 INTRODUCTION ............................................................................................... 1 

CHAPTER 2 LITERATURE REVIEW .................................................................................... 7 

2.1 Binary semiconductors Ge1-ySny ...................................................................................... 7 

2.1.1 Bowing parameter and critical composition ................................................................. 8 

2.1.2 Strain effect on electronic structure ............................................................................. 9 

2.1.3 Band offsets ................................................................................................................ 11 

2.1.4 Enhanced light absorption of GeSn ............................................................................ 11 

2.2 Ge1-x-ySixSny ternary semiconductors ............................................................................. 12 

CHAPTER 3 METHODOLOGY ............................................................................................ 17 

3.1 Theoretical Methods ....................................................................................................... 17 

3.1.1 Electronic structure calculations ................................................................................ 17 

3.1.2 Mie-Lorentz scattering formalism .............................................................................. 20 



xi 

 

3.2 Spectroscopic ellipsometry ............................................................................................ 23 

3.2.1 Principle of spectroscopic ellipsometry ..................................................................... 24 

3.2.2 Ellipsometry experimental setup ................................................................................ 26 

3.2.3 Data Analysis and optical Modeling .......................................................................... 27 

CHAPTER 4 ARTICLE 1: INDIRECT-TO-DIRECT BAND GAP TRANSITION IN 

RELAXED AND STRAINED GE1-X-YSIXSNY TERNARY ALLOYS ......................................... 29 

4.1 Empirical Tight binding formalism ................................................................................ 31 

4.1.1 Theoretical Background ............................................................................................. 31 

4.1.2 Optimization of tight-binding parameters .................................................................. 31 

4.1.3 Effect of disorder on calculations of ternary alloy band structure ............................. 32 

4.2 Results and discussion .................................................................................................... 37 

4.2.1 Band structure of unstrained Ge1-x-ySixSny ................................................................. 37 

4.3 Band Structure of Strained Ge1-x-ySixSny ........................................................................ 41 

4.3.1 Introduction of biaxial strain in sp3s* tight binding model......................................... 41 

4.3.2 Deformation potential constants (DPCs) .................................................................... 46 

4.3.3 Mapping the band structure of strained Ge1-x-ySixSny/Ge (001) ................................. 52 

4.3.4 Effect of strain on ternary alloy direct and indirect band gap .................................... 57 

4.4 Conclusion ...................................................................................................................... 59 

CHAPTER 5 ARTICLE 2: OPTICAL AND ELECTRONIC PROPERTIES OF GESN AND 

GESISN HETEROSTRUCTURES AND NANOWIRES ............................................................ 60 

5.1 Band gap maps for strained and relaxed ternary alloy group IV semiconductors Ge1-x-

ySixSny 61 

5.2 GeSiSn based nanowires heterostructures ...................................................................... 62 

5.3 Conclusion ...................................................................................................................... 67 



xii 

 

CHAPTER 6 ARTICLE 3: EXTREME IR ABSORPTION IN GROUP IV -SIGESN CORE-

SHELL NANOWIRES ................................................................................................................. 69 

6.1 Experimental and Theoretical Details ............................................................................ 70 

6.1.1 Growth of Ge1-x-ySixSny samples ................................................................................ 70 

6.1.2 Structural and Optical Properties ............................................................................... 71 

6.1.3 Theoretical Calculations ............................................................................................. 73 

6.2 Results and Discussion ................................................................................................... 74 

6.3 Conclusion ...................................................................................................................... 92 

CHAPTER 7 GENERAL DISCUSSION ................................................................................ 93 

CHAPTER 8 CONCLUSION AND RECOMMENDATION ................................................ 94 

8.1 Band gap engineering ..................................................................................................... 94 

8.2 Properties of charge carriers in Ge1-x-ySixSny NW heterostructures ............................... 95 

8.3 Light absorption engineering in Ge1-x-ySixSny NW heterostructures .............................. 95 

8.4 Future work .................................................................................................................... 96 

BIBLIOGRAPHY ....................................................................................................................... 102 

APPENDICES…………………………………………………………………………………………………………………...….…….124 

 

  



xiii 

 

LIST OF TABLES 

Table 4-1: Tight Binding Parameters in eV for the first nearest neighbor method (1NN-TBP) and 

second nearest neighbors approach (2NN-TBP) using differential evolution method for Si, Ge 

and α-Sn. ................................................................................................................................ 33 

Table 4-2: Eigenvalues for diamond structure semiconductor at symmetry points Γ, X and L 

obtained from 2NN-sp3s* model and compared to experimental and non-local 

pseudopotential method.[175] ................................................................................................ 34 

Table 4-3: Band gap transition energies of Ge, Si and α-Sn along highest symmetry axes 𝚪𝚪, 𝐋𝐋, 

and 𝐗𝐗. ...................................................................................................................................... 36 

Table 4-4: Effective masses reproduced by the tight-binding parameters of Table 4-1 using the 

differential evolution method. Masses are expressed in terms of electron mass. .................. 36 

Table 4-5: Comparison between experimental values of the band gap[188] and calculated band gap 

based on the 2NN-sp3s* TB model (with and without the disorder contribution) model and 

the supercell mixed atom model.[155] ................................................................................... 39 

Table 4-6: The dimensionless scaling index ηmn used in the current calculations. ...................... 49 

Table 4-7: The deformation-potential constants of Ge, Si and α-Sn. The column labeled ‘'theor’’ 

gives the values obtained by Van De Walle and Martin.[197]  The column labeled MC show 

the stochastic Monte Carlo analysis performed in order to extract the DPC. ........................ 51 

Table 4-8: Effect of strain on specific ternary alloy: three types of alloys are considered: a direct 

(alloy I), direct-indirect crossover compositions (alloy II), and indirect (alloy III). Figure 4-3 

show explicitly the evaluated composition. ........................................................................... 54 

Table 5-1: Material parameters used in our self-consistent calculations. 𝐸𝐸𝐸𝐸 is the band gap, Δ𝐸𝐸𝐸𝐸 is 

the conduction band offset, 𝑚𝑚 ∗ is the relative electron effective mass which is taken from 

Ref. [49]. ................................................................................................................................ 64 

Table 6-1: Core radius and shell thickness range corresponding to the optimal short-current 

enhancement (the highest value 𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂) for the four Core/Shell NW structures. ..................... 83 

  



xiv 

 

LIST OF FIGURES 

Figure 2-1: Electronic band structures of Ge1−ySny for (a) y = 0.05, (b) y = 0.11, and (c) y = 0.20, 

showing the transition from indirect [panel (a)] to direct bandgap [panel (c)] of Ge1−ySny. 

Panel (b) illustrates the critical composition of 0.11, where the bandgap energies at L- and Γ-

valleys are equal. The dashed line indicates the conduction band minimum (CBM) of 

Ge1−ySny. (After Ref.[49], reprinted with permission) ............................................................. 9 

Figure 2-2: (a) The band structure of n-type Ge, and (b) a schematic diagram of the band gap 

reduction in L and Γ valleys with biaxial strain. (After Ref.[97], reprinted with permission)

 ................................................................................................................................................ 10 

Figure 2-3: Wavelength dependence of the absorption coefficient in cm-1 for several 

semiconductors materials. (After Ref.[109], reprinted with permission) .............................. 12 

Figure 2-4: (a) Schematic of GeSn/GeSiSn MQW LED. (b) Emission spectra at 4K and 300K of 

d=100 µm GeSn/GeSiSn MQW (blue) and homojunction (dashed green) LEDs. ................ 14 

Figure 2-5: (a) Room-temperature photoluminescence of Ge1-x-ySixSny/Si samples with y>x. All 

samples display emission peaks at longer wavelengths than the pure Ge emission at 1550 nm. 

(After Ref.[125], reprinted with permission) and (b) room-temperature photoreflectance 

spectra of unstrained Ge1-x-ySixSny sample with fixed Sn/Ge ratio about 0.069, but different Si 

concentrations of 0%, 5,5% and 9.8 %. (After Ref.[121], reprinted with permission) .......... 16 

Figure 3-1: (a) Schematic of the analytical solution of light interaction with an infinite cylindrical 

core-shell nanowire. The core and the shell are both formed with group IV semiconductor 

binary or ternary alloy having respectively different complex refractive index nc and ns. 

Cross-section of a cylindrical (b) CSNW system with a core radius 𝑅𝑅𝑅𝑅 and a shell thickness 𝑡𝑡 

and a cylindrical (c) core-multishell nanowire system having a core radius 𝑅𝑅𝑅𝑅, an inner-shell 

of thickness 𝑡𝑡 and an outer-shell thickness 𝑡𝑡𝑡𝑡. 𝑠𝑠. with the respective complex refractive indices 

𝑛𝑛𝑛𝑛,𝑛𝑛𝑛𝑛. and 𝑛𝑛𝑛𝑛. 𝑠𝑠.. The material composing the outer-shell in panel (c) will either be a non-

absorbing dielectric or GeSiSn semiconductor. ..................................................................... 22 

Figure 3-2: Measurement principle of ellipsometry ....................................................................... 25 

Figure 3-3: The rotating-compensator optical configuration of the used ellipsometry instrument 26 



xv 

 

Figure 4-1: Bulk band structure obtained with 2NN-sp3s* ETB model for the elemental group 

semiconductors (a) Si, (b) Ge and (c) α-Sn using the parameters from Table 4-1. ............... 38 

Figure 4-2: Band structure maps of unstrained disordered ternary alloy Ge1-x-ySixSny through: (a) 

L, (b) X and (c) Γ symmetry points. ....................................................................................... 40 

Figure 4-3: Direct-Indirect Crossover of the unstrained Ge1-x-ySixSny ternary alloy. Two different 

regions are distinguishable: The direct region and the L-indirect zones. The empty circles 

indicated are the selected alloys investigated in Figure 4-8. .................................................. 42 

Figure 4-4: Energy dependence of the Γ, Δ2, Δ4, L, and LH extrema for Ge as a function of the in-

plane biaxial strain. The lines correspond to the results given by the tight binding formalism 

using the CGOM. ................................................................................................................... 48 

Figure 4-5: The value of the dilation Ξu + Ξd3 − aL deformation potential constant obtained from 

the data set generated by Monte-Carlo simulations for Ge (a), Si (b), and α-Sn (c). ............. 50 

Figure 4-6: Strained band gap map of Ge1-x-ySixSny/ (001)Ge with disorder along (a) L and (b) Γ 

symmetry points ..................................................................................................................... 53 

Figure 4-7: (a) Band gap map of strained Ge1-x-ySixSny layer.  The black solid line is the transition 

between the tensile and compressive regions.  The filled squares represent the crossover from 

direct to indirect for the strained ternary alloy and the corresponding equation is a linear fit in 

the (x, y) plane (S for strained alloy). However, the empty squares represent the direct to 

indirect transition line for the unstrained Ge1-x-ySixSny (R for relaxed alloys).  The red line is 

a linear fit for both type of crossover to extract the Y-intercept.  Finally, the empty circles 

represent the transition in the indirect region from the L-symmetry point to the X-symmetry. 

(b) The strain map of the Ge1-x-ySixSny/ (001)Ge heterostructure as a function of Sn and Si 

contents. .................................................................................................................................. 55 

Figure 4-8: Band gap behavior as a function of strain along the symmetry points L, 𝛤𝛤 and X for 3 

Ge1-x-ySixSny ternary alloys with: (a) (𝑥𝑥,𝑦𝑦) = (4%,21%), (b) (𝑥𝑥,𝑦𝑦) = (4%, 15%) and 

(c) (𝑥𝑥,𝑦𝑦) = (10%,15%) ....................................................................................................... 56 

Figure 4-9: Band gap map of GeSiSn/ (100)Ge system for a strain independent composition where 

the Si and α-Sn compositions vary from 0 to 40% and 0 to 20% respectively and the strain 

values are equal to (a) 0.5% and (b) 1.0%. The red lines represent the relaxed direct to indirect 



xvi 

 

crossover, whereas the black continuous lines are the corresponding strained crossover lines.

 ................................................................................................................................................ 58 

Figure 5-1: (a) Dimensionless core-normalized variations of the electron density as a function of 

the Ge0.9Sn0.1 core radius and doping density for a Ge shell of 20 nm. (b) This figure shows 

the conduction band offset for a type I heterostructure. Note that for Sn composition below 

11%, GeSn is an direct band gap semiconductor[40,147]. .................................................... 66 

Figure 5-2: Dimensionless core-normalized variations of the electron density as a function of the 

Ge0.86Sn0.14 core radius and doping density of electron free carriers for a Ge shell of 20 nm. 

The inset show the conduction band offset for a type I heterostructure. Note that for Sn 

composition above 11%, GeSn is an L-indirect band gap semiconductor ............................. 67 

Figure 6-1: High Angle Annular Dark Field Scanning Transmission Electron Microscopy 

(HAADF/STEM) image of Ge0.84Si0.12Sn0.04 (a) Ge0.84Si0.04Sn0.12 (b) layers grown on Ge 

virtual substrates. Note the absence of dislocations or extended defects in the ternary layer or 

at the interface. The corresponding diffraction patterns measured at the interface are shown as 

inset figures in (a) and (b) confirming the high crystallinity as well as the absence of Sn 

precipitates. Low magnification HAADF/STEM images and EDX maps of Si, Ge, and Sn in 

Ge0.84Si0.12Sn0.04 (c) and Ge0.84Si0.04Sn0.12 (d) layers. ............................................................. 72 

Figure 6-2: The complex refractive index constant 𝑁𝑁𝑁𝑁 spectra of (top) Ge1-ySny binary 

semiconductor alloy as a function of wavelength for different Sn composition and (bottom) 

of Ge1-x-ySixSny ternary alloy as a function of wavelength for different Si and Sn composition 

obtained from a spectroscopic ellipsometry measurement. The inset show the multilayer 

model used to extract the optical properties (section 3.2.3 of Chapter 3) .............................. 73 

Figure 6-3: Photocurrent enhancement for a bilayer structure having film thicknesses between 1 

and 200 nm where the first layer of thickness 𝑑𝑑1, shown in the inset is either Si or Ge layer 

and where the top thin layer of thickness 𝑑𝑑2 is either Ge0.88Sn0.12, Ge0.84Si0.04Sn0.12 or 

Ge0.84Si0.12Sn0.04. The short-circuit current enhancement is evaluated for when 𝑑𝑑1 = 𝑑𝑑2. ... 75 

Figure 6-4: Unpolarized absorption efficiency Qabs (top) and unpolarized scattering efficiency Qsca 

(bottom) of Si/Ge0.88Sn0.12 CSNW surrounded by air as a function of the core radius 𝑅𝑅𝑅𝑅 and 

the incident light wavelength for two different shell thicknesses: 𝑡𝑡 = 𝑅𝑅𝑅𝑅/4 and 𝑡𝑡 = 𝑅𝑅𝑅𝑅. For 



xvii 

 

comparison, SiNW absorption and scattering efficiencies are also shown. The three black-

dashed lines indicate the selected radii: on-resonance (at 𝑅𝑅𝑅𝑅 = 8 𝑛𝑛𝑛𝑛) and off-resonance 

(at 𝑅𝑅𝑅𝑅 = 60 𝑛𝑛𝑛𝑛). .................................................................................................................... 76 

Figure 6-5: Unpolarized absorption efficiency Qabs (top) and unpolarized scattering efficiency Qsca 

(bottom) of Ge/ Ge0.88Sn0.12 CSNW surrounded by air as a function of the core radius 𝑅𝑅𝑅𝑅 and 

the incident light wavelength for two different shell thicknesses: 𝑡𝑡 = 𝑅𝑅𝑅𝑅4 and 𝑡𝑡 = 𝑅𝑅𝑅𝑅. For 

comparison, GeNW absorption and scattering efficiencies are also shown. ......................... 77 

Figure 6-6: (a) 2D short-circuit photocurrent enhancement 𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 map as a function of the shell 

thickness 𝑡𝑡 and the core radius 𝑅𝑅𝑅𝑅 for the CSNW structures: from top-left to bottom-right: Si/ 

Ge0.88Sn0.12, Si/ Ge0.84Si0.04Sn0.12, Ge/ Ge0.88Sn0.12 and Ge/ Ge0.84Si0.04Sn0.12.  𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 is equal to 

the absorption efficiency of the CSNW structure divided by the one for the core NW with a 

radius of 𝑅𝑅𝑅𝑅 + 𝑡𝑡. The horizontal dashed lines represent 3 different shell thicknesses (line 

a→𝑡𝑡=3 nm; line b→𝑡𝑡=50 nm and line c→𝑡𝑡=100 nm) that will be analyzed more in detail in 

Figure 6-7. Additionally, we present in panel (b) a line profile of Si/ Ge0.88Sn0.12. CSNW 2D 

map, along two shell thickness (𝑡𝑡 = 0.25, 1 × 𝑅𝑅𝑅𝑅) directions, shown as solid red and dashed-

red lines respectively in panel (a). The red lines represent intensity profiles extracted from the 

2D map in panel a following the directions 𝑡𝑡 = 𝑅𝑅𝑅𝑅 and 𝑡𝑡 = 𝑅𝑅𝑅𝑅4. We also present the short-

current enhancement of thin-film structure for 2 different top-layer thickness (𝑑𝑑2 = 0.25𝑑𝑑1 

and 𝑑𝑑2 = 𝑑𝑑1) for a Si/ Ge0.88Sn0.12 stack. The red arrows represent the peak core radius 

positions attributed to LMR. .................................................................................................. 82 

Figure 6-7: Integrated solar absorption Jsc (mA/cm2) as a function of the core radius of the CSNWs 

consisting of absorbing group IV binary and ternary alloy semiconductors materials. The shell 

thickness is fixed to (a) 3 nm, (b) 50 nm and (c) 100 nm and plot the solar absorption as a 

function of the core radius for Si/ Ge0.88Sn0.12, Si/ Ge0.84Si0.04Sn0.12, Ge/ Ge0.88Sn0.12, Ge/ 

Ge0.84Si0.04Sn0.12, GeNW and SiNW structures. The GeNW and SiNW solar absorption are 

presented for comparison sake, with a core radius equal to 𝑅𝑅𝑅𝑅 + 𝑡𝑡 for a fair comparison, to 

easily visualize the enhancement of light absorption in these structures. We also show the near 

electric field profile at the highest achievable short-current at a shell thickness of 3 nm and a 

core radius of 7 nm. We can infer from the profile distribution that the leaky fundamental 

mode is responsible for such a high short-current. ................................................................. 84 



xviii 

 

Figure 6-8: Extreme light absorption enhancement map as a function of the core radius and the 

incident light wavelength for the Si/Ge0.88Sn0.12 core-shell nanowire for different shell 

thicknesses 𝑡𝑡= [0.25, 0.5, 0.75, 1] × 𝑅𝑅𝑐𝑐. ................................................................................ 86 

Figure 6-9: (a) The short-current enhancement map of the (Si/Ge0.88Sn0.12/Si3N4) system where the 

inner-shell thickness was set to be equal to the core radius (𝑡𝑡𝑡𝑡. 𝑠𝑠. = 𝑅𝑅𝑅𝑅) and the dielectric 

capping layer thickness 𝐷𝐷 was varied from 1 to 200 nm. The top panel shows the relative 

maximum change of the short-current enhancement (max𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 in %) vs. the core radius, 

whereas the left panel represents the relative change of max𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 vs.𝐷𝐷. The relative change is 

evaluated using the following equation: 𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 − 1 × 100. The short-current enhancement was 

evaluated as the ratio of the short-current of the core-multishell nanowire to the short-current 

of the base CSNW (Si/GeSn) (𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 = 𝐽𝐽𝐽𝐽𝐽𝐽Si/GeSn/SiN𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽/𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺). The orange and green 

arrows in the top panel represent, respectively, the core radii 𝑅𝑅𝑅𝑅 equal to 13.6 and  78.2 nm, 

where 𝐽𝐽𝐽𝐽𝐽𝐽 is enhanced. Next, fixing 𝑅𝑅𝑅𝑅 to the previous radii, panel (b) and (c) show, a 2D map 

of the absorption efficiency 𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄 as a function of the incident wavelength 𝜆𝜆 and the dielectric 

thickness 𝐷𝐷. ............................................................................................................................ 88 

Figure 6-10: (a) TM-like mode absorption efficiency (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄) of the Si NW structure (red curve), 

Si/ Ge0.88Sn0.12 CSNW structure (blue curve) and Si/ Ge0.88Sn0.12/ Si3N4 structure (green 

curve), surrounded by air, for 2 different core radii: 𝑅𝑅𝑅𝑅 = 13.6 and 78 nm. The GeSn shell 

thickness was fixed to the core radius and the dielectric capping layer 𝐷𝐷 is chosen to be 33 

and 45 nm, respectively for each core radius. The resonant peaks were labeled from 1 to 10 

for the different structures. (b) Near field magnitude for the total TM-polarized Poynting 

vector 𝐒𝐒𝑇𝑇𝑇𝑇2.. ......................................................................................................................... 91 

Figure 7-1: Cross-section illustration of a GeSn p-i-n WDPD ...................................................... 96 

Figure 7-2: Schematic illustration of Group- IV  𝐺𝐺𝐺𝐺1 − 𝑥𝑥𝑥𝑥 − 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦/𝐺𝐺𝐺𝐺1 − 𝑥𝑥𝑥𝑥 −

𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑛𝑛𝑦𝑦𝑦𝑦𝑦𝑦 Superlattices .............................................................................................. 98 

Figure 7-3: GeSiSn-based multi-junction solar cell with an optimal 1 eV sub-cell. ..................... 98 

Figure 7-4: Direct band gap Ge0.9Sn0.1 QW with type-I band alignment and carrier confinement

 .............................................................................................................................................. 100 

  



xix 

 

LIST OF SYMBOLS 

 

Symbol Description Unit 
𝑏𝑏 Optical band gap bowing parameter  
𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎 Absorption cross-section m2 
𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠 Scattering cross-section m2 
𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎
𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇) Absorption efficiency for transverse electric (magnetic)  

𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠
𝑇𝑇𝑇𝑇(𝑇𝑇𝑇𝑇) Scattering efficiency for transverse electric(magnetic)  

𝑛𝑛 Refractive index  
𝑛𝑛𝐷𝐷 n-type doping density cm-3 
𝑛𝑛𝑐𝑐 Core refractive index  
𝑛𝑛𝑠𝑠 Shell refractive index  
λ Wavelength nm 
λc Cutoff Wavelength nm 
Rc Core radius nm 
t Shell thickness nm 
𝑦𝑦𝑐𝑐 Critical direct-to-indirect crossover composition (at. %) 
   

 
  



xx 

 

LIST OF ABBREVIATIONS 

 

1D  One-Dimensional  

2D  Two-Dimensional 

1NN-sp3s* First-Nearest Neighbor sp3s* tight binding method 

2NN-sp3s* Second-Nearest Neighbor sp3s* tight binding method 

ARC  Anti-Reflective Coating 

ASTM  American Society for Testing Materials 

CSNW  Core-Shell Nanowire  

CBM  Conduction Band Minimum 

DPC  Deformation Potential Constants  

DFT  Density Functional Theory  

ETBP  Empirical Tight Binding Parameters 

Ge  Germanium  

GeNW  Germanium Nanowire  

Ge1-ySny Germanium-Tin binary alloy (0<y<1) 

Ge1-x-ySixSny Germanium-Silicon-Tin ternary alloy  

GFP  Group- VI Photonics  

IRPD  Infra-Red Photodetectors 

IT  Information Technology 

LCAO  linear combination of atomic orbitals 

LMR  Leaky Mode Resonance  

MC  Monte-Carlo  

MIR  Mid-Infrared  



xxi 

 

NIR  Near-Infrared  

NW  Nanowire  

OEIC  Optoelectronic Integrated Circuits 

PIC  Photonic Integrated Circuits 

SE  Spectroscopic Ellipsometry   

Si  Silicon  

SiNW  Silicon Nanowire 

SWIR  Short-wavelength Infrared 

Sn  Tin 

TE  Transverse Electric  

TM  Transverse Magnetic  

VCA  Virtual Crystal Approximation 

VBM  Valance Band Maximum 

  



xxii 

 

LIST OF APPENDICES  

Appendix A – Enhanced IR Light Absorption in Group IV-SiGeSn Core-Shell Nanowires ...... 124 

Appendix B – Publications related to this work ........................................................................... 134 

 



1 

CHAPTER 1 INTRODUCTION 

 

Through the years, the power consumption of the information technology (IT) kept on 

increasing mainly as a result of the exponential growth in internet traffic which passed in 2016 the 

zettabyte (1 ZB =  270 bytes) threshold and expected to increase nearly threefold over the next few 

years to reach the staggering figure of 25 GB per month per capita in 2020.[1] Additionally, 

networks required for the Internet of Everything and big data platforms will also show a significant 

growth from 4.9 billion machine-to-machine connections in 2015 to 12.2 billion by 2020.[1] This 

continuous evolution has been fueling an increasing demand for bandwidth and high-performance 

computing and signal processing while at the same time raising both technological and 

environmental concerns. This growing challenge is exacerbated by the driving paradigm of the IT 

industry which has always been “performance at low cost”. This approach faces another brick wall 

since the beginning of the past decade when fundamental thermal limits were reached by some 

integrated circuits (ICs), which are at the core of IT. As the transistor density has been increasing 

at Moore’s Law pace[2] and transistors are operated at higher frequency, the associated heat 

management has become a serious burden.[3] For instance, the electrical interconnect delay and 

power are some of the challenges that need to be addressed as devices scale down.[3] The scaling 

of electrical interconnections is limited by the physical properties of copper wires which suffers 

from heat dissipation via Joule effect. [4].  

In addition to the scaling challenges, the need for enhanced performance also adds to the 

aforementioned burdens. For instance, while the input/output pad pitches will remain around 100 

µm for IC chips, it is expected that the required line rate for inter-chip interconnect will exceed 

40GB/s by 2020. So far, there is no solution to achieve this rate with electrical interconnects on a 

printed circuit board (PCB). Moreover, their high transmission loss on the PCB and reflections at 

connectors also limit the reach of electric wires at a high channel line rate. Due to this delay, the 

density of information that can be sent is limited in order to have good signal to noise ratio. The 

ITRS roadmap shows that the RC delay is expected to become significant, especially for global 

interconnects (long 𝐿𝐿).[5] 
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In addition to tackling the anticipated scientific and technological challenges, any progress 

in semiconductor industry must also integrate a variety of other aspects. The progress enabled by 

the semiconductor-based IT has been an undeniable development engine creating a myriad of new 

opportunities for society and the economy, but its backbone (the data center industry, networks, 

and devices) represents a significant environmental burden resulting in energy consumption. The 

continued expansion of the industry means that the energy use of data centers, networks, and end-

user devices, and the associated emissions of greenhouse gases and other air pollutants, will 

continue to grow.[6] Although the exact energy intensity of data dissemination from a source to a 

number of users is still a matter of debate,[7,8] there is a general consensus that its energy footprint 

is prone to continue its rapid growth[7–11] to reach at least 22% of the global electricity supply by 

2023.[10] To overcome these limitations, copper wires and low-k dielectrics are used on chips to 

reduce resistance and capacitance, and improve interconnect speed. There exist other possible 

physical approaches to improve heat dissipation, including cooling the chips and three-dimensional 

structures with vertical connections. But the underlying scaling issues and other physical problems 

are still outstanding challenges.  

  Recent potential solutions proposed to overcome the technological bottlenecks discussed 

above, have recognized optical interconnections via silicon (Si) photonic platforms (also know as 

Group IV photonics GFP) as the key paradigm to simultaneously tackle performance requirements 

and power challenges.[12–15] Indeed, the use of photons as the medium to detect, process, and 

transmit information will enable higher data rates and higher interconnection densities at lower 

system-level power dissipations.[16] In fact, optical interconnects have been progressively 

eliminating copper-based electrical ones in long-haul networks. The next natural step is to extend 

this trend to chip-to-chip and inter-chip communications. This is crucial to meet bandwidth 

demands, heat management, and energy efficiency across servers, boards, and on-chip. As 

compared to the traditional IRPD, the GFP materials bring serious advantages.  

The best approach to integrate electronics and photonics remains an open issue. Some argue 

for the expedient option of putting electronics and photonics on separate chips. Others have shown 

that hybrid systems in the telecommunications industry, throughout the bonding of small group III-

V devices to Si circuitry, is commercially viable to produce on chip-lasers, amplifiers, modulators, 

switches and detectors.[17] A third approach would be manufacturing totally monolithic 
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optoelectronic integrated circuits (OEICs).[18,19] The last approach is attractive because the 

process is seamless, and deals with homogeneous materials, since the group IV semiconductors are 

covalently bonded, and have similar chemical and physical properties. One specific benefit of 

mass-produced chips based on Silicon photonics, is that they offer a path to an extremely low, 

attojoules-per-bit energy cost for networks, and thus the potential to significantly reduce 

consumption of the energy that powers today’s Internet society.[20] 

Emerging applications require operation of photonic integrated circuits, and OEICs within 

an extremely wide spectral region, ranging from visible to terahertz. The characteristics of group 

IV elements and alloys give Group-IV Photonics the capability for addressing that broad spectrum, 

including the near-, mid- and far infrared. To take advantage of opportunities in new applications, 

scientists now must engineer GFP chips that operate at wavelengths longer than 1.55 μm. Many 

technologies can harmonize, synergistically, with both electronics, and photonics; including 

plasmonics, photonic crystals, nano-electromechanics, microfluidics, biological-material 

attachments, and microwave photonics. An opportunity exists to obtain new system functionalities 

by combining these technologies on one chip, in a 3-D, multilayer approach.  

However, despites the advantages mentioned above, group IV semiconductors (mainly Si 

and Ge) suffer from a fundamental issue: poor light absorption and emission. Si has rather poor 

optical properties due to its indirect band gap, and limited light absorption especially in the near-

infrared region (NIR) and beyond, thus limiting the efficiency of Si-based photodetectors light 

emitting devices.  Consequently, the need to find a light active material, compatible with silicon 

technology, active in the range above 2 μm is of paramount significance to the CMOS industry. In 

general, there exists three approaches to transform an indirect material to a direct one: strain 

engineering, n-type doping, and alloying. It has been reported that the direct gap of Ge can be tuned 

with tensile-strain which leads to a slightly larger absorption edge near 1.6 μm.[21–23]  

In addition to IT, the aforementioned challenges also limit the progress in the smaller but 

increasingly important sector of infrared- (IR-) based sensing and imaging. The latter is central in 

numerous applications such as night vision, building inspection, predictive inspection, maintenance 

of industrial equipment, environmental monitoring surveillance, automotive and maritime safety, 

and fire-fighting. In the military, IR imaging is used for thermal weapon sight as well as vehicle 

and portable vision.  Although IR imaging is becoming prevalent, the high production cost has 
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been a major obstacle in the development of high-resolution devices. For instance, despite their 

importance in a variety of applications, short-wave IR (SWIR) imagers are currently out of the 

reach of mainstream IR technologies.[24–30] Traditionally, intrinsic photon infrared 

photodetectors were mainly based on semiconductor materials such as group IV-VI compounds 

(lead salts: PbS,[31] PbSe,[32] and PbTe[33]), group II-VI alloy (mercury cadmium telluride 

HgCdTe[34]), and group III-V compounds (InGaAs, InAsSb, InSb, and InGaSb).[35] However, 

this class of infrared photodetectors (IRPDs) is undermined by some disadvantages. This includes 

the high cost and small array size of these detectors translates to an overall cost of a megapixel 

SWIR sensor exceeding tens of thousands of dollars.[36] This is a major limitation that prevents 

the broad use of SWIR technologies. Additionally, the IV-VI compounds are known to suffer from 

poor mechanical properties as well as large permittivity, even though they are low-gap materials 

and are well studied in literature. In addition, the main motivation behind the numerous attempts 

to replace the II-VI compounds (HgCdTe) is to circumvent material-related limitations.  Among 

them is the weak Hg–Te bond, which results in bulk, surface, and interface instabilities. Moreover, 

HgCdTe is known to have non-uniformity over large area, as well as high cost in growth and 

processing.[34] Finally, the III-V alloys can be monolithically integrated, yet the large lattice 

mismatch during heteroepitaxy of these compounds renders it an undesirable candidate for 

industry.[37]  

To overcome the limitation imposed by Si and Ge indirect bandgap, this project will focus on 

developing Si-compatible light sources by exploiting the emerging group IV semiconductors. A 

possible candidate for such materials are Germanium-Silicon-Tin ternary (Ge1-x-ySixSny where x 

and y are respectively the Si and Sn atomic composition) and Germanium-Tin (Ge1-ySny where y is 

the Sn composition) binary alloys. This provides more flexibility to independently engineer the 

bandgap and lattice parameter in a similar fashion to the more mature III-V semiconductors. Both 

theoretical modelling,[38–40] and experimental results[41–48] show that the electronic band 

structure of Ge can be tuned by varying the Sn composition. It is predicted that electron and hole 

effective masses of Ge1-ySny decreases with an increasing Sn composition.[49] This has motivated 

the investigation of Ge1-ySny as a next-generation semiconducting material for high mobility 

channel metal-oxide-semiconductor field effect transistors (MOSFETs) in the sub-7 nm technology 

nodes[50–52] and silicon-based photonic devices, e.g. infrared photodetectors,[53–58] and light-

emitting devices.[59–63] However, the fact that SiGeSn semiconductors can be grown on Si wafers 
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is crucial to achieve scalable, cost-effective Si photonics. By tuning composition and strain in 

SiGeSn-based heterostructures and low-dimensional structures, we plan to implement light 

emitters and detectors targeting the technologically important SWIR range. This novel family of 

optoelectronic devices will benefit from the compatibility with complementary metal oxide 

semiconductor (CMOS) processing leading to a full exploitation of the current microelectronic and 

optoelectronic technologies thus allowing: 

• Production in a high-volume Si wafer fab with repeatability, uniformity, and cost-

effectiveness;  

• Standard design flow making photonics design very similar to CMOS design with a library 

of elementary devices allowing the manipulation of light in the same way as electrical 

signals; 

• Managing supply chain from wafers to final product including on-wafer testing for 

electrical and optical functionalities.  

Furthermore, coupling light trapping schemes with the dimensionality of Ge1-x-ySixSny 

material can lead to an increase in light absorption efficiency in IRPDs. In fact, tuning the 

dimensionality of the material is another promising approach to increase its absorption efficiency. 

Conventional light trapping techniques relies on surface texturing and/or antireflection 

coating.[64–66] Whereas, nanowire photonics, an emerging topic, is gaining traction in the material 

science community due to a better control and understanding of the growth processes involved. It 

also allows the investigation of light generation, propagation, detection, amplification, and 

modulation.[67] Nonetheless, elucidating the fundamental electronic and optical properties of the 

material is an important task that will pave the road to better implement it in different contexts, and 

application. Specifically, analyzing the effect of strain and alloying on the electronic structure of 

GeSiSn will guide research for a more targeted integration of the material in photodetectors for 

instance. 

The main objective of this thesis is to provide the foundation to implement material systems 

for Si-compatible light sources and photodetectors. This thesis focuses on band structure 

engineering in Ge1-x-ySixSny semiconductors. Knowledge of the bandgap energy of Ge1-ySny alloys 

with different amounts of strain is of paramount importance to design future optoelectronic devices 

based on these emerging semiconductors. Ge1-ySny/Ge1-x-ySixSny heterostructures are also 



6 

 

investigated in both thin film and nanowire structures. This document is organized in seven 

chapters. In Chapter 2, a literature review is presented to describe the current state-of-the-art of the 

field. Chapter 3 outlines the basics of spectroscopic ellipsometry process, and gives a theoretical 

description for how to accurately evaluate the electronic structure of Ge1-x-ySixSny semiconductors. 

Likewise, the Mie- Lorentz scattering formalism will be developed to calculate light scattering and 

absorption efficiencies of group IV based nanowire structures. Chapter 4 elaborates on the 

evaluation of the unstrained and strained electronic structure of Ge1-x-ySixSny using the second 

nearest neighbors empirical tight binding approach. Chapter 5 shows that it is possible to confine 

electron and hole in a radial nanowire Ge1-ySny/Ge1-x-ySixSny heterostructure, by accurately tuning 

the geometric dimension of the structure and the doping concentration of carriers inside the core-

shell nanowire structure. Chapter 6 discusses light scattering and absorption of group IV based 

core-shell nanowires. Finally, Chapter 7 ties these topics together with suggestions for future work. 
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CHAPTER 2 LITERATURE REVIEW 

 

In 1982, Ge1-ySny binary alloys have been mentioned for the first time in literature as a possible 

direct bandgap group IV semiconductor with unusually high carrier mobilities.[68] Ge1-ySny has 

long been considered as a hypothetical alloy due to the low solid solubility of Sn in Ge.[69] Despite 

this limitation, early reports on the growth of monocrystalline Sn-rich alloys started emerging in 

early 1990s mainly based on solid-source molecular beam epitaxy (MBE).[70] However, the 

quality of the grown films was not good enough for device fabrication due to dislocation defect 

presence. Consequently, the interest in this family of semiconductors progressively faded away 

until late 2000’s when the development of stable precursors enabled the growth of device-quality 

Sn-containing group IV semiconductors using Chemical Vapor Deposition (CVD). The revived 

interest in this material system has been motivated by the ability to control of the growth kinetics 

using CVD-based processes, which yield high-quality monocrystalline Ge1-ySny binary and Ge1-x-

ySixSny ternary alloys layers.[70] The availability of monocrystalline layers and heterostructures 

raised pressing needs to understand their fundamental properties and their behavior as a function 

of strain and composition. This led to a surge in experimental and theoretical studies of the 

electronic and optical properties of these materials. In the following, the current understanding of 

the electronic structure and optical properties for binary and ternary alloys are presented.  

 

2.1 Binary semiconductors Ge1-ySny 

Ge1-ySny semiconductors have been attracting a great interest in recent years as they provide a 

reliable path to achieve Si-compatible optoelectronics. Diamond cubic tin (Sn in its alpha phase, 

α-Sn, or grey-tin) is a semimetal with a conduction band minimum at the Γ point sitting 0.41 eV 

below the valence band. By alloying Sn and Ge, the conduction band extrema at both L and Γ 

valleys are predicted to decrease in energy with increasing Sn composition. However, the Γ valley 

is predicted to decrease more rapidly than the L valley as shown in Figure 2-1. The basic properties 

of Ge1-ySny have been evaluated using a variety of theoretical approaches. This includes empirical 

pseudopotential method,[38,49,71,72] the 𝑘𝑘.𝑝𝑝 method,[73] tight-binding,[40,74] and density 

functional theory (DFT)[43,75–80] in virtual crystal approximation (VCA). Ge1-ySny is predicted 



8 

 

to undergo an indirect-to-direct transition around 6% Sn with a direct bandgap energy of 0.66 eV. 

In addition to theoretical studies, experimental investigations of the optical and electronic 

properties of Ge1-ySny have also surged in recent years as a result of the progress in the epitaxial 

growth of Sn-rich films and heterostructures.[41,42,45,46,81–87] It is, however, important to note 

that strong discrepancies are found when comparing different studies currently available in 

literature.  This mainly concerns the large bowing parameter of the direct band gap, the critical 

composition at which the direct gap is achieved, the dependence of the energy gaps on the atomic 

distribution, and the band offsets in the alloy. 

2.1.1 Bowing parameter and critical composition 

First, a broad range of values has been reported for the optical band gap bowing parameter, b. First 

principle calculations gave b of 2.06,[88] 2.75,[43] 2.49,[78] and 1.90,[89] while experimental 

works based on the spectroscopic techniques generally give a smaller optical band gap bowing of 

0.94,[90] 0.25,[91] -0.4,[92] and 0.30.[93] The discrepancy between the band structure calculations 

and the experimental results has been attributed to the bowing of the bandgap produced by local 

distortions in the bond lengths and bond angles of the crystal. With the bowing effect, the 

composition-dependent bandgap energy of alloys can be expressed as a second order 

approximation 

 

𝐸𝐸𝑔𝑔�𝐺𝐺𝑒𝑒1−𝑦𝑦𝑆𝑆𝑛𝑛𝑦𝑦� = 𝑦𝑦𝐸𝐸𝑔𝑔(𝑆𝑆𝑆𝑆) + (1 − 𝑦𝑦)𝐸𝐸𝑔𝑔(𝐺𝐺𝐺𝐺) + 𝑏𝑏𝑏𝑏(1 − 𝑦𝑦) 

 

where 𝐸𝐸𝑔𝑔(𝑆𝑆𝑆𝑆) and 𝐸𝐸𝑔𝑔(𝑆𝑆𝑆𝑆) are the band gap energy for bulk Sn and Ge, respectively. 

Second, the critical composition (yc) at which the band structure transits from indirect to direct gap 

is still not accurately established for relaxed and strained Ge1-ySny alloys. Low et al. reported a 

critical composition of 11% Sn using Empirical Pseudopotential Method (EPM) as shown in Figure 

2-1. Eg,L and Eg,Г are the bandgap energies at the L- and Г-symmetry direction, respectively. Similar 

to Ge, Ge0.95Sn0.05 [Figure 2-1(a)] is an indirect bandgap material, as the conduction band minimum 

(CBM) is located at the L-valley. With increasing x, both Eg,L and Eg,Г shrink, but the latter shrinks 

faster. Thus, Ge1-ySny becomes a direct bandgap material when y exceeds a critical yc = 0.11, as 

shown in Figure 2-1(c).[49] There are several theoretical studies predicting Sn concentrations 

between 6.3 at.% and >20 at.% needed for the indirect-to-direct band gap transition.[78,94,95] For 
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relaxed Ge1-ySny layers, except for some isolated cases of extreme values of 1.6%[80] or 17%[78], 

most of the available data from both experimental [45,86] and theoretical [38,39,43, 96] studies 

remain in a lower range of 4.5-8 at.%. Whereas research for strained materials consistently shows 

higher values for yc of over 8%, 10% , and between 10-13%.[39,81,85] This behavior is expected 

and has been studied theoretically[39] and experimentally in [45]. 

Thus, establishing accurately the critical composition of Ge1-ySny constitutes a necessary and 

important step to understand the material system and evaluate its relevance for photonic and 

optoelectronic applications. This necessitates an accurate calculation of the electronic structure. 

Additionally, as already mentioned above, strain can play a fundamental role in shaping the band 

structure and must therefore be incorporated in the estimation the critical composition. 

 

Figure 2-1: Electronic band structures of Ge1−ySny for (a) y = 0.05, (b) y = 0.11, and (c) y = 0.20, showing 

the transition from indirect [panel (a)] to direct bandgap [panel (c)] of Ge1−ySny. Panel (b) illustrates the 

critical composition of 0.11, where the bandgap energies at L- and Γ-valleys are equal. The dashed line 

indicates the conduction band minimum (CBM) of Ge1−ySny. (After Ref.[49], reprinted with permission) 

2.1.2 Strain effect on electronic structure 

Expectedly, strain has significant effect on the band structure and optoelectronic properties of 

semiconductors. For instance, as shown in Figure 2-2, by applying biaxial tensile strain, both the 

direct and indirect band gaps shrink. However, the direct gap shrinks faster than the indirect band 

gap, thus the difference between these two valleys decreases. Consequently, with enough strain, 

y=0.05 y=0.20 y=0.11 y=0.20 
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Ge, for example, can transform into a direct band gap material. The critical tensile strain has been 

predicted to be between 1.6% and 1.9%.[97,98] The approach relying on strain alone to induce 

direct gap in Ge necessitates the use of non-conventional fabrication and processing techniques 

such as suspended Ge membranes to achieve the large amount of tensile strain needed for indirect 

to direct band gap transition.[99,100] The observed effect of strain also emerges as an interesting 

strategy to achieve direct band GeSn semiconductors. Recent advances in non-equilibrium growth 

technique for GeSn have enabled the growth of GeSn semiconductors with alloy substitutional Sn 

content exceeding 16%.[101] Therefore, a combination of strain and Sn alloying, i.e., strained 

GeSn alloys may be able to relax the requirements on both the amount of Sn as well as the tensile 

strain needed to obtain a direct band gap.  

In principle, biaxial tensile strain can be achieved by three different methods: thermal 

mismatch, mechanical stress, and lattice mismatch. First, thermal mismatch relies on the fact that 

thermal expansion coefficient for Si (2.6 × 10-6 °C-1) is half of the coefficient for Ge0.955Sn0.045 (5.8 

× 10-6 °C-1) which can generate a measured thermal strain of +0.34%.[102] Second, external stress 

can be applied to designed GeSn Micro-Electro-Mechanical Systems (MEMS) structures.[103] 

Four times larger strain can be achieved using this approach, compared to the maximum strain 

using the first method. Third, by epitaxially growing Ge1-ySny layers on a larger parameter lattice. 

This approach is yet to be demonstrated. Note that the growth on Ge substrates yields 

compressively strained GeSn layers, which require a much higher amount of Sn to reach a direct 

band gap.[39,81,85]  

 

Figure 2-2: (a) The band structure of n-type Ge, and (b) a schematic diagram of the band gap reduction in 

L and Γ valleys with biaxial strain. (After Ref.[97], reprinted with permission) 

(a) (b) 
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2.1.3 Band offsets 

Little information can be found in literature concerning the band offset in Ge1-ySny, due to the 

difficulty in establishing their values, as has been properly discussed in Ref.[43]. The authors report 

the natural valance band maximum (VBM) offset between Ge and Sn to be 0.91 eV, whereas the 

conduction band maximum (CBM) offset to be -0.41 eV. Additionally, the natural VBM and CBM 

(direct band) offsets between Ge and Sn has been calculated to be equal to 0.55 eV and -0.7 eV 

using DFT approach based on the Tran and Blaha MBJLDA functionals.[104] Furthermore, H-S. 

Lan et al.,[105] analyzed theoretically, using the nonlocal empirical pseudopotential method, the 

band structure of a p-type Ge cap/fully strained Ge1-ySny  quantum well/ Ge (001) where they 

reported a calculated valance band offset Δ𝐸𝐸𝑣𝑣 of ~80 meV in Ge0.95Sn0.05 by using the model solid 

theory (MST)[106]. Their estimation was found to be within the reported measurement accuracy 

range of ±50 meV for y<0.08.[107] Establishing an accurate estimation of the natural band offset 

is vital from an application point of view. For instance, in heterostructures such as multi-quantum 

wells, the relative band positions in adjacent layers determine the character of carriers’ 

confinement, which in turn determines the type of the quantum well.  We will address this issue in 

Chapter 5 by using the MST developed by Van de Walle[106] under the framework of the second 

nearest neighbors tight binding theory. 

2.1.4 Enhanced light absorption of GeSn 

The tunability of the GeSn band structure through Sn composition is an important advantage to 

implement optoelectronic devices operating in the NIR and MIR wavelength ranges. However, the 

use, for instance, of group IV photodetectors is limited by their relatively small range of efficient 

light absorption. Figure 2-3 shows the room-temperature absorption coefficient (α) versus light 

wavelength (λ) of Ge, and two GeSn samples with 2% and 4.6% Sn composition. This figure is 

replotted from Ref.[108] where V. D’Costa et al. measured room-temperature absorption 

coefficients of Ge1−ySny alloys with various Sn contents using spectroscopic ellipsometry. All the 

Ge1−ySny films were fully compressively strained to the Ge (100) substrates. It can be observed that 

an Sn composition of around 4.2% extends the absorption edge of Ge1−ySny into MIR region, and 

the curves shift towards longer wavelengths with increasingly larger Sn composition. 

Ge is almost transparent to photons with λ beyond 1.55 μm. The drastic decrease in the 

absorption coefficient in Ge, near λ = 1.55 µm, can be explained by the direct bandgap (near the Γ 
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symmetry point, denoted as 𝐸𝐸𝑔𝑔,Γ) of 0.8 eV. It can be observed that the higher the Sn composition, 

the more extended the absorption edge into the MIR region, will become. In other words, the 

absorption coefficient curves shift towards longer wavelength with increasingly larger Sn 

composition.  This makes Ge1-ySny a very promising group IV semiconductor for NIR and MIR 

photodetectors where adjusting the Sn composition can control the absorption properties. This is 

will be investigated in detail in Chapter 6.  

 

Figure 2-3: Wavelength dependence of the absorption coefficient in cm-1 for several semiconductors 

materials. (After Ref.[109], reprinted with permission) 

 

2.2 Ge1-x-ySixSny ternary semiconductors 

Modern semiconductor technology requires epitaxial layers with a precisely prescribed band gap 

and lattice constant. This dual requirement, which cannot be accommodated via “one-dimensional” 

binary AyB1-y (e.g. Ge1-ySny) or pseudo-binary AxB1-xC alloys, has motivated the quest for “two-

Ge 

4.2% Sn 

2%Sn 
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dimensional” ternary (AxByC1-x-y), pseudo-ternary (AxByC1-x-yD), or quaternary (AxB1-xCyD1-y) 

materials whose band gaps and lattice constants can be tuned independently. Ternary group-IV 

alloys are the simplest semiconductors with a two-dimensional compositional space. Aside for Ge1-

x-ySixSny, the only other ternary group-IV semiconductors are those containing carbon, but these 

can hardly be achieved experimentally due to  the very small amounts of carbon that can be 

randomly incorporated in Si and Ge lattices.[110] In this thesis, the main focus is on the Ge1-x-

ySixSny system. Due to their compatibility with Si substrates, Ge1-x-ySixSny alloys can act as buffer 

layers to control strain of device structures on Si substrates. Another special feature of Ge1-x-ySixSny 

ternary alloys is the independent manipulation of both lattice constant and band structure. In other 

words, Ge1-x-ySixSny alloys have tunable bandgap energy at a fixed lattice constant. D’Costa et. al. 

have grown Ge1-x-ySixSny alloys by reduced-pressure chemical vapor deposition (RP-CVD), and 

they fixed the ratio of Si:Sn at 4:1 so that the Ge1-x-ySixSny alloys were lattice-matched to Ge.[111] 

Using variable-angle spectroscopic ellipsometer, they observed an increased direct bandgap with 

increasing Si composition. Other optical transitions were studied in the same way.[112–114] By 

selecting the composition, the Ge1-x-ySixSny barrier layer can have the desired lattice constant to 

strain or match the following Ge or Ge1-ySny QW layer, while keeping larger bandgap energy to 

confine carriers inside the active Ge or Ge1-ySny layer. For instance, Chang et. al. proposed a 

tensile-strained Ge laser based on a heavily n-type doped Ge/Si0.2Ge0.7Sn0.1 MQW structure.[115] 

Strain-free Ge0.94Sn0.06/Si0.15Ge0.75Sn0.1 double heterostructures[116] and strain-balanced 

Ge0.84Sn0.16/Si0.09Ge0.8Sn0.11 MQW lasers[117] were also proposed, and simulated for optical gain 

as well. Type-I band offset alignment was assumed in these simulations. These simulations show 

promising results, but, due to limited experimental results, the material properties, such as bandgap 

energy and effective mass, used in the calculation are mostly based on theoretical predictions, 

which are fraught with large uncertainties. Moreover, LED device based on 

Ge0.915Sn0.085/Ge0.8Si0.1Sn0.1 MQW were fabricated, as schematically shown in Figure 2-4(a) and 

yielded an emission peak position of 0.55 eV measured at 300 °C as shown in Figure 2-4(b). They 

also showed a great enhancement of the peak current density up to 130 A/cm2 compared to the 

GeSn homojunction.[118,119] 

The accurate knowledge of the dependence of the band gap energy vs. composition and strain, as 

well as effectives masses, is necessary to the success of structure prediction and optimization. In 

earlier studies, Moontragoon et al. have used the charge self-consistent pseudopotential Xα 
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method[78], whereas Ventura et al. used tight-binding approach coupled with VCA[120] to 

calculate 

 

Figure 2-4: (a) Schematic of GeSn/GeSiSn MQW LED. (b) Emission spectra at 4K and 300K of d=100 

µm GeSn/GeSiSn MQW (blue) and homojunction (dashed green) LEDs. 

 

the band structure of Ge1-x-ySixSny.  The experimental characterization of the electronic structure of 

Ge1-x-ySixSny alloys have been studied using optical and electro-optical methods. For instance, in 

Figure 2-5(a), Xu et al. measured the photoluminescence spectra of multiple Ge1-x-ySixSny samples 

grown on a Si substrate with a Sn concentration higher than the Si one (y>x). The direct gap 

emission peak 𝐸𝐸0 was measured and was estimated to follow a linear expression of the form 

𝐸𝐸0(𝑥𝑥,𝑦𝑦) = (0.785 ± 0.013) + (2.41 ± 0.11)𝑥𝑥 − (4.06 ± 0.19)𝑦𝑦 [𝑒𝑒𝑒𝑒].   

(a) 

(b) 
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Additionally, photoreflectance was used to measure the direct gap energy of unstrained Ge1-x-

ySixSny samples. Figure 2-5 shows that increasing Si composition for a fixed Sn/Ge ratio of 0.069 

induces a blue shift for band gap.[121] Furthermore, the strong direct transitions were investigated 

using spectroscopic ellipsometry.[113,114,122] The lowest direct band gap was measured using 

spectroscopic ellipsometry,[113] photocurrent experiments in diode structures,[123,124] 

photoreflectance,[121] and photoluminescence (PL).[125] Additionally, the fundamental band gap 

was determined using photoluminescence spectroscopy for Si and Sn compositions varying 

respectively from 2.4 at.% to 4.3 at.% and from 5 at.% to 8.1 at.%.[126]  

 

Finally, it is important to note that establishing an accurate, non-computationally expensive 

methodology for studying the electronic structure and the optical properties of Ge1-x-ySixSny 

material system will lay the groundwork to engineer an Si-compatible direct gap semiconductor 

that is efficient by tuning the Sn and Si composition and the strain independently. An additional 

degree of freedom to tune and enhance and optoelectronic properties is size and morphology as it 

is addressed is this project by using nanowire heterostructures.   The second nearest neighbour tight 

binding approach will be our method to evaluate the electronic structure of relaxed and strained 

Ge1-x-ySixSny to establish the direct-to-indirect critical composition. Besides, the bowing parameter 

as well as the band-offset will be extracted and compared to available literature data. Whereas, 

Mie-Lorentz Scattering formalism will be used to quantify light absorption based on experimental 

parameters extracted from ellipsometry studies. 
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Figure 2-5: (a) Room-temperature photoluminescence of Ge1-x-ySixSny/Si samples with y>x. All samples 
display emission peaks at longer wavelengths than the pure Ge emission at 1550 nm. (After Ref.[125], 
reprinted with permission) and (b) room-temperature photoreflectance spectra of unstrained Ge1-x-ySixSny 
sample with fixed Sn/Ge ratio about 0.069, but different Si concentrations of 0%, 5,5% and 9.8 %. (After 
Ref.[121], reprinted with permission) 

 

(a) 

(b) 

Si=0% 

Si=9.8% 

Si=5.5% 
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CHAPTER 3 METHODOLOGY 

 

The evaluation of the electronic band structure of Ge1-x-ySixSny is crucial to establish a more 

accurate understanding of the optical and electronic properties of this emerging class of 

semiconductors. To this end, we have chosen to use the second nearest neighbor empirical tight 

binding method (ETBM) to calculate the band structure. This was motivated by a couple of reasons. 

First, using semi-empirical approaches is computationally less expensive than full first-principle 

theoretical techniques, such as Density Functional Theory (DFT). Second, ETBM allows for an 

accurate evaluation of the energy band gaps and effective masses at room temperature which are 

important for device design and performance optimization. It is also noteworthy that the 

introduction of empirical parameters allows a better control of the theoretical simulations. 

Moreover, we also investigated light absorption and scattering inside NW structures based on the 

Mie-Lorentz scattering formalism to elucidate the light-structure interaction. However, to 

determine the absorption of light by nanostructure using the Mie-Lorentz approach, it is crucial to 

measure the optical constant of the material in question. One of the quickest and most accurate 

technique for that, is spectroscopic ellipsometry (SE).  

This chapter is divided into a theoretical section and an experimental section. In the former, 

we outline the theory behind ETBM and the Mie-Lorentz scattering approach. Next, the 

experimental section describes the spectroscopic ellipsometry on how it is used to extract the 

optical properties of the measured samples. We will provide details on the experimental setup and 

on data analysis to extract the dielectric constant or the complex refractive index. Finally, we will 

present the steps undertaken to measure the Ge1-x-ySixSny sample and evaluate the optical properties 

from the optical model. 

3.1 Theoretical Methods 

3.1.1 Electronic structure calculations 

In developing the tight binding approach for electrons in a solid, we start from the assumption that 

electrons are tightly bound to nuclei.  Bringing atoms closer together, the separation of the atoms 

becomes comparable to the lattice parameter in solid leading to the overlap of their wave functions.  
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Thus, it is reasonable to approximate the electrons wave functions by linear combinations of the 

atomic wave functions.[127]  The justification of this approach, known as the linear combination 

of atomic orbitals (LCAO), resides in the fact that in a covalently bonded semiconductor, such as 

Ge or Si, one can distinguish between two kind of electronic states: free electrons in the conduction 

band and localized electrons in atomic-like states in the valence band, thus their wave functions 

can be approximated by bonding orbitals found in molecules. To briefly formulate the tight binding 

approach, the wave function can be expressed as an LCAO in terms of Bloch functions 𝜓𝜓𝛼𝛼: |Ψ〉 =

∑ 𝐴𝐴𝛼𝛼,𝑹𝑹𝛼𝛼,𝑹𝑹 𝜓𝜓𝛼𝛼(𝒓𝒓 − 𝑹𝑹) where 𝑹𝑹 and 𝛼𝛼 denotes the position of the atom and the orbital, respectively.  

The Schrödinger equation can thus be written as: 

 

 �𝐴𝐴𝛼𝛼,𝑹𝑹
𝛼𝛼,𝑹𝑹

�𝐻𝐻𝛼𝛼𝑹𝑹,𝛼𝛼′𝑹𝑹′ − 𝐸𝐸𝑆𝑆𝛼𝛼𝑹𝑹,𝛼𝛼′𝑹𝑹′� = 0; 

 𝐻𝐻𝛼𝛼𝑹𝑹,𝛼𝛼′𝑹𝑹′ = ⟨𝛼𝛼,𝑹𝑹|𝐻𝐻|𝛼𝛼′,𝑹𝑹′⟩;  𝑆𝑆𝛼𝛼,𝛼𝛼′(𝑹𝑹−𝑹𝑹′) = ⟨𝛼𝛼,𝑹𝑹|𝛼𝛼′,𝑹𝑹′⟩ 

(3-1) 

 

where 𝐸𝐸 is the energy eigenvalue, 𝐻𝐻𝛼𝛼𝑹𝑹,𝛼𝛼′𝑹𝑹′ is the Hamiltonian matrix element and 𝑆𝑆𝛼𝛼𝑹𝑹,𝛼𝛼′𝑹𝑹′ is the 

overlap matrix between the atomic-like orbitals, also called hopping integral. To solve the secular 

equation, the Hamiltonian matrix elements given in (3-1) need to be evaluated beforehand.  There 

is a multitude of methods that can be followed to find these matrix elements. The simplicity of the 

first nearest neighbor sp3s* (1NN-sp3s*), introduced by Vogl et al.,[128] resides in the possibility 

to transform the problem of finding the band structure to a problem of numerical optimization, 

where the number of parameters evolves with the TB method. For instance, for elemental diamond-

like group IV semiconductors, the number of optimization parameters is only eight. However, for 

the 1NN-sp3s*d5, introduced by Jancu et al.,[129] the number of parameters reaches nineteen.  

Thus, a compromise needs to be made between the computational cost (i.e., the numbers of 

parameters to optimize) and the accuracy of the method.  Note that the first nearest neighbor sp3s* 

method produces anomalous effective mass along the X-symmetry points explained by the isotropic 

interaction between the fictive s* state and the p state.  A possible solution to overcome this issue 

is to include the second nearest neighbors.[130] 
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Firstly, an orthogonal minimal basis set was considered, i.e. one s state and three p states 

plus an exited state with s symmetry (s*).  Such sp3s* parameterization can be implemented to find 

the electronic structure. The addition of the s* state permits the adjustment of the lowest conduction 

band near X.[128]  We used the same notation as in Slater and Köster[130] in order to formulate 

the bulk Hamiltonian.  Here the diamond crystal structure of Si, Ge and α-Sn are treated as zinc-

blend structure where the anions and cations are identical.  The anion positions are 𝑹𝑹𝑖𝑖, whereas the 

cation positions are 𝑹𝑹𝑖𝑖 + 𝒗𝒗𝑖𝑖 with 𝑣𝑣𝑖𝑖 = 𝑎𝑎𝐿𝐿 4⁄ (1,1,1), with 𝑎𝑎𝐿𝐿 being the lattice constant.  The 

Hamiltonian Matrix element 𝐻𝐻𝛼𝛼𝑹𝑹,𝛼𝛼′𝑹𝑹′ is presented below where we used three onsite energies, 

𝐸𝐸𝑠𝑠,𝛼𝛼,𝐸𝐸𝑝𝑝,𝛼𝛼,𝐸𝐸𝑠𝑠∗,𝛼𝛼 with �𝛼𝛼 = 𝑎𝑎(𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎), 𝑐𝑐(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)�, five hopping integrals for the 1NN-sp3s*.  The 

20×20 second neighbor Hamiltonian matrix elements for diamond like structures are given in terms 

of five transfer energy integrals involving nearest neighbors, i.e. 𝑉𝑉𝑠𝑠𝑠𝑠,𝑉𝑉𝑠𝑠𝑠𝑠,𝑉𝑉𝑥𝑥𝑥𝑥,𝑉𝑉𝑥𝑥𝑥𝑥 and 𝑉𝑉𝑠𝑠∗𝑝𝑝 and ten 

transfer energy integrals involving second neighbors, i.e. 

𝑉𝑉𝑠𝑠𝑠𝑠(110),𝑉𝑉𝑠𝑠∗𝑠𝑠∗(110),𝑉𝑉𝑠𝑠𝑠𝑠(110),𝑉𝑉𝑠𝑠𝑠𝑠(011), 𝑉𝑉𝑠𝑠∗𝑥𝑥(110),𝑉𝑉𝑠𝑠∗𝑥𝑥(011),𝑉𝑉𝑥𝑥𝑥𝑥(110),𝑉𝑉𝑥𝑥𝑥𝑥(011), 𝑉𝑉𝑥𝑥𝑥𝑥(110) 

and 𝑉𝑉𝑥𝑥𝑥𝑥(011). If only the contribution from the nearest neighbors is considered, the obtained 

Hamiltonian matrix should be composed of four block matrix elements as given in equation (3-2) 

where the diagonal 5×5 block matrix [𝐻𝐻𝑎𝑎𝑎𝑎] is the same as [𝐻𝐻𝑐𝑐𝑐𝑐] since the anion and the cation are 

the same in the considered system.  The off-diagonal block [𝐻𝐻𝑎𝑎𝑎𝑎], which represents the coupling 

between the anion and cation states, is a 5×5 dense matrix.  The empirical sp3s* tight-binding 

matrices including only the nearest neighbors’ interactions are already defined in Ref.[49].  

Nevertheless, for the second nearest neighbors, new matrix elements must be added to incorporate 

the interaction between the second nearest neighbors, which will add new elements in the 

Hamiltonian below.  The spin-orbit interaction, included in ETB model[131] couples the parallel 

and anti-parallel spin states located on the same atom, but not the orbitals located on neighboring 

atoms. Therefore, spin-orbit coupling not only adds off-diagonal elements to the diagonal same 

spin blocs [𝐻𝐻𝑎𝑎𝑎𝑎] and [𝐻𝐻𝑐𝑐𝑐𝑐], but also adds matrix elements between opposite spin orbitals located at 

the same atom.  Without spin-orbit coupling, the up and down spin blocs in the tight binding 

Hamiltonian are:  

 
𝑯𝑯𝑵𝑵𝑵𝑵−𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 =

⎣
⎢
⎢
⎡�

[𝐻𝐻𝑎𝑎↑𝑎𝑎↑]
[𝐻𝐻𝑎𝑎↓𝑎𝑎↓]

� �
[𝐻𝐻𝑎𝑎↑𝑐𝑐↑]

[𝐻𝐻𝑎𝑎↓𝑐𝑐↓]
�

�
[𝐻𝐻𝑐𝑐↑𝑎𝑎↑]

[𝐻𝐻𝑐𝑐↓𝑎𝑎↓]
� �

[𝐻𝐻𝑐𝑐↑𝑐𝑐↑]
[𝐻𝐻𝑐𝑐↓𝑐𝑐↓]

�⎦
⎥
⎥
⎤
 (3-2) 
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The Hamiltonian of the spin-orbit has the following structure:  

 
𝑯𝑯𝑺𝑺𝑺𝑺 =

⎣
⎢
⎢
⎡�
𝐻𝐻𝑆𝑆𝑆𝑆 ↑↑ 𝐻𝐻𝑆𝑆𝑆𝑆 ↑↓
𝐻𝐻𝑆𝑆𝑆𝑆 ↓↑ 𝐻𝐻𝑆𝑆𝑆𝑆 ↓↓

�

�𝐻𝐻𝑆𝑆𝑆𝑆 ↑↑ 𝐻𝐻𝑆𝑆𝑆𝑆 ↑↓
𝐻𝐻𝑆𝑆𝑆𝑆 ↓↑ 𝐻𝐻𝑆𝑆𝑆𝑆 ↓↓

�⎦
⎥
⎥
⎤
 (3-3) 

The various blocs of the spin-orbit Hamiltonian are described in Ref.[132].  If the contributions of 

the same atom are considered, the only non-zero matrix elements are: 

 

 �𝑝𝑝𝑥𝑥 , ↑ �𝐻𝐻𝑆𝑆𝑆𝑆�𝑝𝑝𝑦𝑦, ↑� = −𝑖𝑖𝑖𝑖 

�𝑝𝑝𝑥𝑥 , ↓ �𝐻𝐻𝑆𝑆𝑆𝑆�𝑝𝑝𝑦𝑦, ↓� = 𝑖𝑖𝑖𝑖 

⟨𝑝𝑝𝑧𝑧 , ↑ |𝐻𝐻𝑆𝑆𝑆𝑆|𝑝𝑝𝑥𝑥 , ↓⟩ = −𝛿𝛿 

⟨𝑝𝑝𝑧𝑧, ↓ |𝐻𝐻𝑆𝑆𝑆𝑆|𝑝𝑝𝑥𝑥 , ↑⟩ = 𝛿𝛿 

�𝑝𝑝𝑦𝑦, ↑ �𝐻𝐻𝑆𝑆𝑆𝑆�𝑝𝑝𝑧𝑧, ↓� = −𝑖𝑖𝑖𝑖 

�𝑝𝑝𝑦𝑦, ↓ �𝐻𝐻𝑆𝑆𝑆𝑆�𝑝𝑝𝑧𝑧, ↑� = −𝑖𝑖𝑖𝑖 

(3-4) 

 

and their complex conjugates.  𝛿𝛿 = Δ0 3⁄  is the renormalized atomic spin-orbit splitting.[133,134] 

The introduction of the spin-orbit interaction in the sp3s* model yields, for a zinc-blende structure, 

a 20×20 total Hamiltonian matrix, which must be diagonalized for each 𝒌𝒌 vector to obtain the bulk 

band structure. The total Hamiltonian is defined by: 𝑯𝑯𝑻𝑻𝑻𝑻𝑻𝑻 = 𝑯𝑯𝑵𝑵𝑵𝑵−𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 + 𝑯𝑯𝑺𝑺𝑺𝑺 

3.1.2 Mie-Lorentz scattering formalism 

The calculation of the optical absorption of the core-shell nanowires are performed within the 

framework of the Lorentz-Mie scattering formalism[135] adapted to a cylindrical geometry. The 

core-shell nanowire (CSNW) is modeled as an infinitely long coaxial cylinder, as shown in Figure 

3-1 (the diameter is at least 10 times smaller than the length), which has been extensively used to 
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analyze light absorption in various NWs.[136–139]  The CSNW has a total radius of 𝑡𝑡 + 𝑅𝑅𝑐𝑐, where 

𝑡𝑡 and 𝑅𝑅𝑐𝑐 are the shell thickness and the core radius, respectively. The NW, placed in vacuum, is 

illuminated by a non-polarized incident plane wave, the wavevector of which, 𝒌𝒌𝑖𝑖𝑖𝑖, is perpendicular 

to the NW axis, as depicted in Figure 3-1(a). Furthermore, the wavelength range was fixed to 300-

1100 nm covering the visible and NIR range of the solar spectrum (AM1.5G).[140]  The complex 

refractive index of Ge1-ySny and Ge1-x-ySixSny ternary alloys were extracted from spectroscopic 

ellipsometry measurements. Sn rich GeSn and GeSiSn will be studied to quantify light absorption 

and scattering efficiencies. The NW far-field optical response is characterized by two 

dimensionless quantities: the absorption efficiency 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎 and the scattering efficiency 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 as 

shown below: 

 
𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) =

𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝑠𝑠𝑠𝑠𝑠𝑠)
𝑇𝑇𝑇𝑇 + 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝑠𝑠𝑠𝑠𝑠𝑠)

𝑇𝑇𝑇𝑇

2
 (3-5) 

 

where 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝑠𝑠𝑠𝑠𝑠𝑠)
𝑇𝑇𝑇𝑇  and 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝑠𝑠𝑠𝑠𝑠𝑠)

𝑇𝑇𝑇𝑇  are the absorption (scattering) efficiencies for transverse electrical 

TE (electric field is perpendicular to the NW axis) and transverse magnetic TM (electric field is 

parallel to the NW axis) polarization, respectively. These quantities correspond respectively to the 

ratio of the absorption (𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎) and scattering (𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠) cross section to the geometrical cross section 

𝐶𝐶𝑔𝑔𝑔𝑔𝑔𝑔 of the NW.[135]  The cross section is defined as a fictive area around the illuminated object.  

As soon as a light beam hits this area, the interaction occurs. Let us consider an ideal case 

where the absorption cross section 𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎 of a hypothetical, perfectly absorbing black body is always 

equal to the geometrical area 𝐴𝐴 of the object, the absorption efficiency is therefore always equal to 

1. Now, for a system that is an imperfect absorber, the absorption efficiency 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎 is between 0 and 

1 within the limits of geometrical optics. However, when a structure is smaller than the illuminating 

wavelength 𝜆𝜆, such as the case for the studied NWs (where the diameters are typically below 200 

nm), the absorption efficiencies 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎 can exceed unity.[135]  This can be interpreted by higher 

absorption cross section 𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎 as compared to the geometrical cross section 𝐶𝐶𝑔𝑔𝑔𝑔𝑔𝑔. In other words, 

the NW can collect light from an area much bigger than its geometrical area 𝐴𝐴.[136,141–143]  
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Figure 3-1: (a) Schematic of the analytical solution of light interaction with an infinite cylindrical core-shell 

nanowire. The core and the shell are both formed with group IV semiconductor binary or ternary alloy 

having respectively different complex refractive index nc and ns. Cross-section of a cylindrical (b) CSNW 

system with a core radius 𝑅𝑅𝑐𝑐 and a shell thickness 𝑡𝑡 and a cylindrical (c) core-multishell nanowire system 

having a core radius 𝑅𝑅𝑐𝑐, an inner-shell of thickness 𝑡𝑡 and an outer-shell thickness 𝑡𝑡𝑜𝑜.𝑠𝑠. with the respective 

complex refractive indices 𝑛𝑛𝑐𝑐 ,𝑛𝑛𝑠𝑠. and 𝑛𝑛𝑜𝑜.𝑠𝑠.. The material composing the outer-shell in panel (c) will either 

be a non-absorbing dielectric or GeSiSn semiconductor. 

 

In the following, the key equations under the Lorenz-Mie framework are presented allowing 

the quantification of light absorption by CSNW structures. Under unpolarized illumination, the 

NW far-field optical response is the average of the absorption efficiencies between TE and TM 

modes and it is given by Eq. (3-6). In addition, the absorption efficiency is deduced from the 

difference of the extinction and scattering efficiencies. Thus, we have: 

 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇𝑇𝑇 = 𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇𝑇𝑇 − 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ;               𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇𝑇𝑇 = 𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇𝑇𝑇 − 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 ; (3-6) 
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These efficiencies are explicitly given by [135]: 

 
𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇𝑇𝑇 =

2
𝑟𝑟𝑘𝑘0

𝑅𝑅𝑅𝑅 � � 𝑎𝑎𝑛𝑛

∞

𝑛𝑛=−∞

� ;                 𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒𝑇𝑇𝑇𝑇 =
2
𝑟𝑟𝑘𝑘0

𝑅𝑅𝑅𝑅 � � 𝑏𝑏𝑛𝑛

∞

𝑛𝑛=−∞

� ; 

𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 =
2
𝑟𝑟𝑘𝑘0

𝑅𝑅𝑅𝑅 � � |𝑎𝑎𝑛𝑛|2
∞

𝑛𝑛=−∞

� ;                𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 =
2
𝑟𝑟𝑘𝑘0

𝑅𝑅𝑅𝑅 � � |𝑏𝑏𝑛𝑛|2
∞

𝑛𝑛=−∞

� ; 

(3-7) 

 

where 𝑟𝑟 is the radial dimension of a NW, which is equal to 𝑅𝑅𝑐𝑐 + 𝑡𝑡. Note that the NW core and the 

shell are composed of different semiconductors that can both contribute to light absorption. Finally, 

𝑎𝑎𝑛𝑛 and 𝑏𝑏𝑛𝑛 can be readily obtained by solving Maxwell’s equations with the appropriate boundary 

conditions[135,144] at the core/shell interface and shell/air interfaces. A new detailed treatment for 

the TE and TM modes for a random incidence angle will be presented in section A.1 of Appendix 

A. In addition, to benchmark the Lorentz-Mie scattering code, our calculations were validated by 

studying the scattering efficiency of SiNWs, and comparing our findings with what have been 

experimentally reported in literature. The benchmark work is presented in section A.2 of Appendix 

A. However, to use the Mie-Lorentz scattering formalism, the optical properties of the samples 

need first to be determined. For that purpose, Spectroscopic ellipsometry was used and the 

technique will be elaborated in full detail in the next section. 

3.2 Spectroscopic ellipsometry 

In this section, principles and measurement methods of spectroscopic ellipsometry (SE) will be 

reviewed. There are several types of spectroscopic ellipsometry instruments and, depending on the 

type of instruments, precision and uncertainty of measurements vary. Accordingly, to perform 

appropriate ellipsometry data analysis, it is essential to understand the characteristics of 

measurement methods as well. In this section, we will briefly address the various calibration 

methods, and measurement errors, in addition to the principles and methods of spectroscopic 

ellipsometry. 
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3.2.1 Principle of spectroscopic ellipsometry 

When light is reflected or transmitted by samples at oblique incidence, the light is classified into 

p- and s-polarized light waves depending on the oscillatory direction of its electric field. Each light 

wave shows quite different behavior. Figure 3-2 illustrates the measurement principle of 

ellipsometry. When light is reflected or transmitted by a sample at oblique incidence, the light is 

classified into the p- and s- polarized light waves depending on the oscillating electric field. Eip 

(Eis) and Erp(Ers) show the incident and reflected light waves for the p-polarization (s-polarization). 

In p-polarization, the electric fields of Eip and Erp oscillate within the same plane of incidence. In 

ellipsometry measurement, the polarization states of incident and reflected light waves are defined 

by the coordinates of p- and s-polarization. The vectors on the incident and reflected sides overlap 

completely when the incident angle is θ=90°. The incident light is the linear polarization oriented 

at 45° relative to the Eip-axis. In particular, Eip= Eis holds for this polarization since the amplitudes 

of p- and s-polarizations are the same and the phase difference between the polarizations is zero. 

The amplitude reflection coefficients for p- and s-polarizations differ significantly due to the 

difference in electric dipole radiation. Thus, upon light reflection on a sample, p- and s-

polarizations show different changes in amplitude and phase. As shown in Figure 3-2, ellipsometry 

measures the two values (Ψ, Δ) that express the amplitude ratio and phase difference between p- 

and s-polarizations, respectively. In ellipsometry, therefore, the variation of light reflection with p- 

and s-polarizations is measured as the change in polarization state. Particularly, when a sample 

structure is simple, the amplitude ratio Ψ is characterized by the refractive index n, while Δ 

represents light absorption described by the extinction coefficient k. In this case, the two values (n, 

k) can be determined directly from the two ellipsometry parameters (Ψ, Δ) obtained from a 

measurement by applying the Fresnel equations. This is the basic principle of ellipsometry 

measurement. The (Ψ, Δ) measured from ellipsometry are defined from the ratio of the amplitude 

reflection coefficient for p- and s- polarizations through the following equation: 

 𝜌𝜌 ≡ tanΨ exp(𝑖𝑖Δ) ≡
𝑟𝑟𝑝𝑝
𝑟𝑟𝑠𝑠

 (3-8) 

where Ψ is a measure of the relative amplitude and Δ the relative shift. From Ψ and Δ, the complex 

pseudo-dielectric function 𝜀𝜀̂(𝜆𝜆) = 𝜀𝜀1(𝜆𝜆) + 𝑖𝑖𝜀𝜀2(𝜆𝜆) or equivalently the complex refractive index 

𝑵𝑵 = 𝑛𝑛 + 𝑖𝑖𝑖𝑖 can be readily derived using a two-phase model.[145]  
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Figure 3-2: Measurement principle of ellipsometry 

 

The objective of data analysis in spectroscopic ellipsometry is to quantify the optical 

properties of the analyzed sample by accurately determining the complex refractive index (𝑛𝑛,𝑘𝑘) or 

the dielectric constant (𝜀𝜀1, 𝜀𝜀2). The dielectric constant can be inferred from the pseudo-dielectric 

constant 〈𝜀𝜀〉. The pseudo-dielectric constant represents a dielectric function measured directly from 

Ψ and Δ and is calculated from an optical model that assumes a perfectly flat substrate with infinite 

thickness. Accordingly, the pseudo-dielectric function is basically different from the dielectric 

function of the material itself. The pseudo-dielectric function is given by 

 

 
〈𝜀𝜀〉 = sin2 𝜃𝜃𝑖𝑖 �1 + tan2 𝜃𝜃𝑖𝑖 �

1 − 𝜌𝜌
1 + 𝜌𝜌

�
2
� (3-9) 

 

It is evident from Eq. (3-9) that 〈𝜀𝜀〉 is evaluated from the measured value of 𝜌𝜌 defined in 

Eq. (3-8) using an incidence angle of 𝜃𝜃𝑖𝑖. 〈𝜀𝜀〉 is sensitive to the quality of the surface roughness and 

contamination. If transmitted light is measured instead of reflected light, (Ψ, Δ) are defined as 
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 𝜌𝜌 ≡ tanΨ exp(𝑖𝑖Δ) ≡
𝑡𝑡𝑝𝑝
𝑡𝑡𝑠𝑠

 (3-10) 

Finally, if we apply the definition of the reflected amplitude coefficient as a function of the 

electric field, we can rewrite Eq. (3-8) as: 

 
𝜌𝜌 ≡ tanΨ exp(𝑖𝑖Δ) ≡ �

𝐸𝐸𝑟𝑟𝑟𝑟
𝐸𝐸𝑖𝑖𝑖𝑖

� �
𝐸𝐸𝑟𝑟𝑟𝑟
𝐸𝐸𝑖𝑖𝑖𝑖

��  (3-11) 

For instance, in the case of Figure 3-2, Eq. (3-11) will become tanΨ exp(𝑖𝑖Δ) ≡  𝐸𝐸𝑟𝑟𝑟𝑟 𝐸𝐸𝑟𝑟𝑟𝑟⁄  

since 𝐸𝐸𝑖𝑖𝑖𝑖 = 𝐸𝐸𝑖𝑖𝑖𝑖 for a linear light polarization. 

3.2.2 Ellipsometry experimental setup 

Spectroscopic ellipsometry instruments that are currently used can be classified in two main 

categories: instruments that use rotating optical elements [8–22], and instruments that use a photo-

elastic modulator[21–30].  The rotating-element ellipsometers can further be separated into 

rotating-analyzer ellipsometry (RAE)[8–16,20–22] and rotating-compensator ellipsometry 

(RCE).[17–21]  Figure 3-3 shows the schematic diagrams of the ellipsometry instrument that have 

extensively been used in this thesis. In general, these instruments are expressed using symbols of 

optical elements the rotating-analyzer ellipsometer, for example, is described by PSAR. P, S, and 

A represent the polarizer, sample, and the analyzer. 

 

Figure 3-3: The rotating-compensator optical configuration of the used ellipsometry instrument 

(n,k) 

sample 

θ 
s 

p p 
s 

Light source Detector 

Polarizer (P) Analyzer (A) 

Rotating  
compensator (C) 



27 

 

Understanding the precision and the error of the ellipsometry setup, the sensitivity to film 

thicknesses and optical constants is a fundamental task for data analysis. Especially, when samples 

depolarize light, extra care is needed in the interpretation of measured spectra. Many factors can 

explain light depolarization effects by a sample. To name a few, surface light scattering by a surface 

roughness of a sample, incident angle variation originating from weak collimation of probe light, 

wavelength variation caused by the finite bandwidth of the monochromator, thickness 

inhomogeneity in a thin film on top of a thick substrate and backside reflection that occurs when 

light absorption of a substrate is weak (𝐤𝐤~0). The above depolarization phenomena can bias data 

interpretation if not minimized or incorporated in the optical model. In the following section, we 

will introduce how optical data modeling is performed within the framework of spectroscopic 

ellipsometry and how depolarization phenomena can be accounted when present. 

One important remark to take into consideration when building the optical model for 

ellipsometric measurement is the following: Ellipsometry analysis is performed by fitting the 

measured ellipsometric parameters (Ψ, Δ) using an optical model. Nevertheless, an optical model 

used in ellipsometry analysis merely represents an approximated sample structure, and the obtained 

results are not necessarily correct even when the fit is sufficiently good. Accordingly, when the 

optical constants or film structures of a sample are not known well, the ellipsometry results must 

be justified using other measurement methods. This is the greatest disadvantage of the ellipsometry 

technique. However, once an analytical method is established, it becomes possible to perform high-

precision characterization in a short time using spectroscopic ellipsometry. To verify sample 

structures estimated from spectroscopic ellipsometry, various characterization techniques including 

scanning electron microscope (SEM), transmission electron microscope (TEM), and AFM can be 

used. Furthermore, if we perform ellipsometry analysis using a data set obtained from different 

incidence angles or thin film thicknesses, more reliable interpretations of the ellipsometry results 

can be obtained. 

3.2.3 Data Analysis and optical Modeling 

The optical measurements of the studied systems were performed with a commercial ellipsometer 

(variable-angle spectroscopic ellipsometer J. A. Woollam).[146]  However, a fundamental issue 

for ellipsometric measurement is to accurately analyze and model a given layer due to the formation 

of native oxide on GeSn (e.g., GeO2) and GeSiSn (e.g., SiO2) layers, which cannot be prevented 
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despite of etching it.[146]  Therefore, it is required to include surface oxide layers when building 

the ellipsometric model to extract the pseudo-dielectric function from the complex ellipsometric 

ratio 𝜌𝜌. 

The pseudo-dielectric function is not the true dielectric functions of the investigated layers 

as it includes the effect of over-layers and the underlying substrates (Si and Ge). Nevertheless, it 

allows an acceptable interpretation of the dielectric response of the sample. The ellipsometric data 

were analyzed in term of a four-layer model consisting of a Si substrate, a Ge virtual substrate, a 

Ge1-ySny or Ge1-x-ySixSny alloy, and an oxide surface layer. The dielectric function of Ge1-ySny was 

analyzed with a “parametric optical constant model” developed by Johs and Herzinger. The 

adjustable parameters of our model are the surface layer thickness, the Ge1-ySny or Ge1-x-ySixSny 

thickness, the Ge (VS) thickness and the Johs-Herzinger model that describes the dielectric function 

of the investigated alloys.[147,148]  They were investigated using a proprietary Marquardt-

Levenberg algorithm provided by Woollam ellipsometer’s manufacturer. The known dielectric 

function of Si substrate as well as that of GeO2 [149] were used in their tabulated form.[149] were 

used in their tabulated form. Initially, the data from Palik[150] was used for Ge virtual 

substrate.[150] was used for Ge virtual substrate. However, in order to enhance the optical model, 

we decided later on to etch the GeSn layer from a different reference sample with the highest Sn 

composition (Si/Ge (VS)/Ge0.88Sn0.12) in order to obtain only the bare Ge virtual substrate, which 

we would then optically characterize in order to extract the optical properties of the Ge VS used 

during the RPCVD growth of the samples. We used a chemical wet etching procedure, a 

CYANTEK solution composed of mixture of different solutions (H3PO4:C2H4O2:HN3:H2O) with a 

volume weight ratio of 72:3:3:22. To verify the quality of the etching, multi-wavelength micro-

Raman spectroscopy was employed to confirm the complete etching of the GeSn layer. After 

investigating the optical properties of the etched surface using VASE, we extracted the 

ellipsometric parameters (Ψ, Δ) and saved the obtained model and incorporated it when analyzing 

the studied samples discussed in chapter 6. 
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CHAPTER 4 ARTICLE 1: INDIRECT-TO-DIRECT BAND GAP 

TRANSITION IN RELAXED AND STRAINED Ge1-x-ySixSny 

TERNARY ALLOYS 

This chapter has been published in the Journal of Applied Physics. Some parts were removed and put in the 

methodology section (3.1.1) The full reference is below: Attiaoui A and Moutanabbir O 2014 Indirect-to-

direct band gap transition in relaxed and strained Ge1-x-ySixSny ternary alloys J. Appl. Phys. 116 063712; 

doi: 10.1063/1.4889926 

 

 

Band gap engineering has been a key paradigm in the development of solid-state 

semiconductor devices.  At the core of this paradigm is the ability to independently manipulate 

strain and band structure thus bringing to existence a variety of semiconductor low-dimensional 

systems and heterostructures which are the building blocks of electronic and optoelectronic 

devices.  Up to date, III-V semiconductors ternary and quaternary alloys have been a rich 

playground for a precise and simultaneous control over a broad range of lattice parameter and band 

gap structure.  Extending this concept to group IV semiconductors has, however, been a formidable 

endeavor.  Obviously, overcoming this challenge may create a wealth of opportunities to enable a 

new class of silicon-compatible electronic, optoelectronic, and photonic devices.  In this 

perspective, germanium-silicon-tin (Ge1-x-ySixSny) alloys have been attracting a great deal of 

attention in recent years.[151–153]  Implementing these Sn-containing group IV alloys remains 

very challenging from materials perspective due to the low solubility (<1 at.%) of Sn in Si and Ge.  

The recent progress in low-temperature chemical vapor deposition alleviates some of these 

difficulties leading to the growth of high-quality monocrystalline[154] layers thus setting the 

ground for the development of a new generation of group IV-based devices.[155]  However, an 

accurate and optimal design of these devices requires a deep understanding of the basic properties 

of group IV ternary alloys.  Particularly, the influence of the composition and strain on the band 

structure is a central element that needs to be thoroughly studied.  In this regard, combined 

theoretical and experimental efforts are highly needed.   
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In this chapter, we present detailed investigations of the combined influence of strain and 

composition on the properties and the band structure of Ge1-x-ySixSny.  Unlike Ge1-ySny binary 

alloys, which have been the subject of numerous investigations,[38,49,156] the elucidation of the 

interplay between composition and strain in shaping the band structure of ternary alloys is 

conspicuously missing in literature despite its crucial importance from both fundamental and 

technological standpoints.  Recently, Moontragoon, Soref, and Ikonic reported a description of the 

band structure of fully relaxed Ge1-x-ySixSny alloys by using  the empirical pseudopotential method 

(EPM) and band energy calculations in a surpercell.[155]  However, this case of fully relaxed alloys 

remains mostly theoretical as experiments have demonstrated that there is always a certain level of 

strain in the epitaxial grown Ge1-x-ySixSny layers (see reference [157] and references therein).  

Therefore, a precise analysis of the band structure as well as an accurate identification of the 

indirect-to-direct band gap transition in these alloys must include the influence of both composition 

and strain.  Moreover, as demonstrated in this work, an intentional introduction of strain can also 

be effective to tailor the band structure thus providing an additional degree of freedom in design 

and fabrication of group IV heterostructures and devices.  Herein, we address this issue by adapting 

the second nearest neighbors empirical tight binding (ETB) method (2NN-sp3s*).[128]  As a first 

step, we incorporated the effect of substitutional disorder to draw a better picture of the transition 

from direct to indirect band gap.  Using this method, the mapping of the changes in band gap energy 

and directness as a function of composition and strain is achieved and compared to the available 

experimental and theoretical data.  Note that the introduction of substitutional disorder effect can 

be accomplished using other methods such as the augmented space recursion (ASR),[158] the non-

local coherent potential approximation (NL-CPA),[159] and the special quasi-random structure 

(SQS).[160]  However, the choice of the method should consider the fact that the computational 

power and time increase quickly depending on the complexity of the approach.  In this work, we 

show that the use of the time-effective second nearest neighbors sp3s* tight binding model leads 

to an accurate description of the behavior of the band structure of strained and relaxed Sn-

containing group IV alloys.  The manuscript is organized as follows.   

The first section outlines the formalism of the empirical tight binding and the method 

employed to count for the effects of disorder on a ternary alloy band structure.  In the second 

section, we present the obtained results for relaxed and strained alloys.  To investigate the latter, 

the methodology to count for the biaxial strain in sp3s* tight binding model and obtain the 
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necessary deformation potential constants (DPCs) is also presented and discussed.  Building on 

these results, the mapping of the band structure of strained Ge1-x-ySixSny/Ge(001) heterostructure is 

obtained and the effects of strain, at a fixed composition, on the band structure are elucidated.  

Finally, salient findings are summarized in the concluding paragraph.  

4.1 Empirical Tight binding formalism  

4.1.1 Theoretical Background 

The basics of the second nearest neighbors empirical tight binding formalism has already been 

elaborated in section 3.1.1 of Chapter 3. Table 4-1 shows the nineteen tight-binding parameters 

including the spin-orbit interaction as well as lattice parameters and elastic constants for the first 

and second neighbor models.  It is noteworthy that the use of the parameters reported by Vogl et 

al.[128] for Sn induces an increase in the band gap energy along the X direction for the GeSn binary 

alloy when Sn composition increases.  This stands in sharp contrast to recent results reported by 

Gupta et al.[38] and Lu Low et al.,[49] where the band gap along X was found to decrease for an 

increasing Sn composition.  To solve this discrepancy, the empirical tight binding parameters 

(ETBP ) were modified for Sn using the values obtained by Küfner et al.,[161] which seem to 

correct this issue for the binary alloys.  The use of TB as interpolation scheme relies on an accurate 

estimation of fitting parameters.  Furthermore, if one plans to use the TB as the stepping stone to 

calculate the electronic or optical properties of nano-scale structures such as nanowires,[162] 

superlattices,[163] and heterostructures,[164] it is of paramount importance to accurately 

reproduce the experimental valance and conduction effective masses along the highest symmetry 

points.  However, further optimization may reduce the number of parameters and thus the 

computing power and time without loss of accuracy. 

4.1.2 Optimization of tight-binding parameters 

In the following, we define the most suitable tight binding parameters that will allow us to properly 

reproduce the available experimental data of the studied semiconductors.  This includes the 

effective masses, the band edges, and the experimental band gaps.  The high number of parameters 

to be optimized (nineteen parameters in the 2NN- sp3s* model compared to nine in the 1NN- sp3s*) 

renders the choice of the optimization procedure an important, yet complicated task.  The problem 

is constructed to be a global minimization process.  There exist a multitude of approaches to solve 
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this issue such as gradient based approach,[165] non-linear least squares optimization techniques 

(the Levenberg-Marquardt Algorithm[166] or the Gauss-Newton Algorithm[167]), simulated 

annealing[168] and its variants,[169] and bio-inspired algorithms.[170,171]  Herein, the need for 

the parallelization and the search for a global optimum solution justify the choice of the 

evolutionary based method.  Specifically, a variant of the Genetic algorithm approach (GA) the 

differential evolution[172] (DE) was adopted in this work.  DE is a metaheuristic optimization 

approach that make few assumptions about the problem being optimized. [172]  The remarkable 

advantage of the DE formalism compared to other GA approaches is the reduced computational 

time.  The physics of the problem is incorporated into a fitness function that measures the weighted 

sum of the normalized variances between the calculated physical values and their experimental 

counterparts.  For instance, the evaluated and targeted band gaps and effective masses for different 

group IV semiconductors are shown respectively in Tables 4-2, 4-3, and 4-4 demonstrating a good 

agreement between the calculated and targeted values for different semiconductors.  It is important 

to mention that during the optimization procedure, we only focused on reproducing the two lowest 

and three highest energy bands for the conduction and valance bands (HH, LH and SOH), 

respectively. 

4.1.3 Effect of disorder on calculations of ternary alloy band structure 

After verification of the validity of the 2NN-sp3s* model by estimating the elemental 

semiconductors band gaps (Table 4-2), it becomes possible to evaluate the band gaps for the Ge1-x-

ySixSny ternary alloys using the universal tight binding method based on a modified pseudo-cell 

(MPC) initially introduced by Shim et al. to investigate III-V compound semiconductors.[173]  The 

MPC is a periodic virtual cell describing the alloy as an effective-perfect bulk system, in which the 

alloy Ge1-x-ySixSny is defined as consisting of three fictive atoms Ge, Si, and α-Sn residing on an 

atomic site.  We have three possible unit Ge, Si, and α-Sn with mixing probabilities of 1-x-y, x, and 

y, respectively.  We will consider the effect of disorder by considering that each unit is disordered 

by the presence of the other two atoms.  The alloy Hamiltonian can thus be written under the virtual 

crystal approximation as: 𝐻𝐻𝐺𝐺𝐺𝐺1−𝑥𝑥−𝑦𝑦𝑆𝑆𝑖𝑖𝑥𝑥𝑆𝑆𝑛𝑛𝑦𝑦 = (1 − 𝑥𝑥 − 𝑦𝑦)𝐻𝐻𝐺𝐺𝐺𝐺 + 𝑥𝑥𝐻𝐻𝑆𝑆𝑆𝑆 + 𝑦𝑦𝐻𝐻𝑆𝑆𝑆𝑆. 

The effective Hamiltonian HGe corresponds to the non-disordered Hamiltonian 𝐻𝐻𝐺𝐺𝐺𝐺0  plus Δ𝐻𝐻𝐺𝐺𝐺𝐺, 

which is the disordered Hamiltonian of Ge induced by the presence of Si (Δ𝐻𝐻𝑆𝑆𝑆𝑆:𝐺𝐺𝐺𝐺 )and Sn 

(Δ𝐻𝐻𝑆𝑆𝑆𝑆:𝑆𝑆𝑆𝑆 ) atoms at a composition of x and y, respectively.  This disordered Hamiltonian is given 
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by Δ𝐻𝐻𝐺𝐺𝐺𝐺 = 𝑥𝑥Δ𝐻𝐻𝐺𝐺𝐺𝐺:𝑆𝑆𝑆𝑆 + 𝑦𝑦Δ 𝐻𝐻𝐺𝐺𝐺𝐺:𝑆𝑆𝑆𝑆.  Similarly, we can establish the expression of the disordered 

Hamiltonian for Si and α-Sn as in the previous equation to finally get the total disordered 

Hamiltonian of the alloy: 

 𝐻𝐻𝐺𝐺𝐺𝐺1−𝑥𝑥−𝑦𝑦𝑆𝑆𝑖𝑖𝑥𝑥𝑆𝑆𝑛𝑛𝑦𝑦 = (1 − 𝑥𝑥 − 𝑦𝑦)𝐻𝐻𝐺𝐺𝐺𝐺0 + 𝑥𝑥𝐻𝐻𝑆𝑆𝑆𝑆0 + 𝑦𝑦𝐻𝐻𝑆𝑆𝑆𝑆0

+ (1 − 𝑥𝑥 − 𝑦𝑦)[𝑥𝑥Δ𝐻𝐻𝐺𝐺𝐺𝐺:𝑆𝑆𝑆𝑆 + 𝑦𝑦Δ𝐻𝐻𝐺𝐺𝐺𝐺:𝑆𝑆𝑆𝑆]

+ 𝑥𝑥[yΔ𝐻𝐻𝑆𝑆𝑆𝑆:𝑆𝑆𝑆𝑆 + (1 − 𝑥𝑥 − 𝑦𝑦)Δ𝐻𝐻𝑆𝑆𝑆𝑆:𝐺𝐺𝐺𝐺]

+ 𝑦𝑦[(1 − 𝑥𝑥 − 𝑦𝑦)Δ𝐻𝐻𝑆𝑆𝑆𝑆:𝐺𝐺𝐺𝐺 + 𝑥𝑥Δ𝐻𝐻𝑆𝑆𝑆𝑆:𝑆𝑆𝑆𝑆] 

(4-1) 

 

Table 4-1: Tight Binding Parameters in eV for the first nearest neighbor method (1NN-TBP) and second 

nearest neighbors approach (2NN-TBP) using differential evolution method for Si, Ge and α-Sn. 

a. Table I from Reference [128] 
b. Reference [161]  
c. 𝜆𝜆 is equal to Δ 3⁄  where Δ is the renormalized atomic spin-orbit splitting of the anion and cation p states 
d. Reference [174] 
e. 𝑑𝑑0 is the bond length between nearest neighbors atoms, value from Table I in Reference [131] �𝑑𝑑1 = √3𝑎𝑎 4⁄ � 
f. 𝑑𝑑1 is the bond length between second nearest neighbors atoms, 𝑑𝑑2 = √2𝑎𝑎 2⁄  
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All the first and second nearest tight binding parameters are expressed in units of eV. 

Table 4-2: Eigenvalues for diamond structure semiconductor at symmetry points Γ, X and L obtained from 

2NN-sp3s* model and compared to experimental and non-local pseudopotential method.[175] 

Points Levels 

Si Ge Sn 

Calc. Expt. Calc. Expt. Calc. Expt. 

[eV] 

Γ 

Γ15𝑐𝑐  3.3321 3.34 a 3.1888 3.2060   

Γ25𝑣𝑣 0 0     

Γ6     2.0999 2.08 c 

Γ7c   0.8260 0.89 -0.4162 -0.42 c,f 

Γ7v -0.0440 -0.044 c -0.2900 -0.29 c -0.8000 -0.80 c 

𝑋𝑋 
𝑋𝑋5𝑐𝑐  1.1189 1.13 a 1.1598 1.16 a 1.0179 0.96 g 

𝑋𝑋5𝑣𝑣 -2.9000 -2.90 b -3.3746 -3.29 d -2.5569 -2.43 g 

𝐿𝐿 

𝐿𝐿1𝑐𝑐  1.9743 2.06 a     

𝐿𝐿3𝑐𝑐 3.8607 3.90 a     

𝐿𝐿4,5𝑣𝑣 -1.2072 -1.20 a -1.4219 -1.43 e -0.9941 -0.97 g 

𝐿𝐿6𝑐𝑐   0.7596 0.76 e 0.1669 0.17 g 

𝐿𝐿6𝑣𝑣   -1.6176 -1.63 e -1.5536 -1.41 g 

𝐿𝐿6𝑐𝑐+      3.2099 3.25 g 

a. Reference [176] 
b. Reference [177] 
c. Reference [175] 
d. Reference [178] 
e. Reference [179] 
f. The Γ7 conduction band has shifted below the Γ8𝑣𝑣 band, thus 𝐸𝐸(Γ7𝑐𝑐) is negative. 
g. Reference [180] 
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It is, however, possible to simplify the total disordered Hamiltonian given in (4-1) if we consider 

that the total disordered energy in the Si:Ge (Δ𝐻𝐻𝑆𝑆𝑆𝑆:𝐺𝐺𝐺𝐺 ) and Ge:Si (ΔHGe:Si) units can be 

approximated as the bond alteration energy[173] between Si and Ge such as:  

Δ𝐻𝐻𝑆𝑆𝑆𝑆:𝐺𝐺𝐺𝐺 + Δ𝐻𝐻𝐺𝐺𝐺𝐺:𝑆𝑆𝑆𝑆 ≅ 𝐻𝐻𝑆𝑆𝑆𝑆0 − 𝐻𝐻𝐺𝐺𝐺𝐺0 . 

We follow the same procedure for Si:Sn, Sn:Si, Ge:Sn and Sn:Ge to finally get 

 𝐻𝐻𝐺𝐺𝐺𝐺1−𝑥𝑥−𝑦𝑦𝑆𝑆𝑖𝑖𝑥𝑥𝑆𝑆𝑛𝑛𝑦𝑦 ≅ (1 − 𝑥𝑥 − 𝑦𝑦)𝐻𝐻𝐺𝐺𝐺𝐺0 + 𝑥𝑥𝐻𝐻𝑆𝑆𝑆𝑆0 + 𝑦𝑦𝐻𝐻𝑆𝑆𝑆𝑆0 + (1 − 𝑥𝑥 − 𝑦𝑦)𝑥𝑥�𝐻𝐻𝑆𝑆𝑆𝑆0 − 𝐻𝐻𝐺𝐺𝐺𝐺0 �

+ 𝑦𝑦(1 − 𝑥𝑥 − 𝑦𝑦)[𝐻𝐻𝐺𝐺𝐺𝐺0 − 𝐻𝐻𝑆𝑆𝑆𝑆0 ] + 𝑥𝑥𝑥𝑥�𝐻𝐻𝑆𝑆𝑆𝑆0 − 𝐻𝐻𝑆𝑆𝑆𝑆0 � 
(4-2) 

Now we must include this alloy Hamiltonian with the ETB method to evaluate the band 

structure of the alloy.  In the ETB formulation, the Hamiltonian matrix elements are determined by 

interpolating between the elemental parent crystal TB parameters developed in the first part 

according to alloy composition and based upon the equation (4-2).  Using the d-2 Harrison’s rule, 

the ETBP are described by: 

 
𝐸𝐸𝛼𝛼𝛼𝛼′(𝑥𝑥,𝑦𝑦) ≅ � � 𝑑𝑑𝑖𝑖𝑥𝑥𝑖𝑖

𝑖𝑖=𝑆𝑆𝑆𝑆,𝐺𝐺𝐺𝐺,𝑆𝑆𝑆𝑆

�
−2

⎣
⎢
⎢
⎡

� (𝑑𝑑𝑖𝑖)2𝑥𝑥𝑖𝑖𝐸𝐸𝑖𝑖
𝑖𝑖=𝑆𝑆𝑆𝑆,𝐺𝐺𝐺𝐺,𝑆𝑆𝑆𝑆

+ �𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗�𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑗𝑗��𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑗𝑗  �2

𝑖𝑖,𝑗𝑗
𝑖𝑖≠𝑗𝑗 ⎦

⎥
⎥
⎤
 (4-3) 

 

where 𝑑𝑑𝑖𝑖 can take two values: the first 𝑑𝑑1 is the nearest neighbors distance in crystalline Si, α-Sn, 

and Ge given in Table 4-1 for the 1NN parameters; and the second 𝑑𝑑2 is the second nearest 

neighbors distance for 2NN parameters. 𝑥𝑥𝑖𝑖 is the composition of the alloying element and 𝐸𝐸𝑖𝑖 is the 

ETBP.  The labels 𝛼𝛼 and 𝛼𝛼′ correspond to the 𝑠𝑠,𝑝𝑝𝑥𝑥 ,𝑝𝑝𝑦𝑦 ,𝑝𝑝𝑧𝑧, and 𝑠𝑠∗ states of the sp3s* model 

describing the atomic orbitals.  Thus, with this approach it becomes possible to find the ETBP of 

the ternary alloy from the TBP of the elemental parent atoms. 
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Table 4-3: Band gap transition energies of Ge, Si and α-Sn along highest symmetry axes 𝚪𝚪, 𝐋𝐋, and 𝐗𝐗.  

Band Gaps energies 

[eV] 

Si Ge Sn 

Calc. Expt. Calc. Expt. Calc. Expt. 

𝐸𝐸Γ 3.3321 3.34 a 0.8260 0.898(1) d -0.41 -0.41 f 

𝐸𝐸X 1.157 1.12 b 1.1598 1.16 a 3.665 3.681 g 

𝐸𝐸L 2.114 2,10 c 0.7596 0.76 e 0.118 0.12 h 

a. Reference [176] 
b. Reference [174] 
c. Reference [181] 
d. Reference [182] 
e. Reference [179] 
f. Reference [183] 
g. Reference [184] [between 𝑋𝑋5𝑐𝑐 − 𝑋𝑋5𝑣𝑣 levels] 
h. Reference [185] [between 𝐿𝐿6𝑐𝑐 − Γ8] 

Table 4-4: Effective masses reproduced by the tight-binding parameters of Table 4-1 using the differential 

evolution method. Masses are expressed in terms of electron mass. 

Effective masses 

(/𝒎𝒎𝟎𝟎) 

Si Ge Sn 

Calc. Expt. a Calc. Expt. b Calc. Expt. c 

𝑚𝑚𝑒𝑒
[001] 0.24484 0.188 0.04120 0.0380 -- -0.087 

𝑚𝑚𝐿𝐿𝐿𝐿
[001] -0.15131 -0.214 -0.04652 -0.0457 -- 0.023 

𝑚𝑚𝐿𝐿𝐿𝐿
[110] -0.16830 -0.152 -0.04826 -0.0417 -- 0.024 

𝑚𝑚𝐿𝐿𝐿𝐿
[111] -0.13493 -0.144 -0.04332 -0.0406 -- 0.025 

𝑚𝑚𝐻𝐻𝐻𝐻
[001] -0.35901 -0.276 -0.27172 -0.2149 -0.246 -0.210 

𝑚𝑚𝐻𝐻𝐻𝐻
[110] -0.28962 -0.518 -0.22459 -0.3830 -0.352 -0.400 

𝑚𝑚𝐻𝐻𝐻𝐻
[111] -0.50422 -0.734 -0.47772 -0.5020 -0.419 -0.510 

𝑚𝑚𝑠𝑠𝑠𝑠
[001] -0.21446 -0.296 -0.10114 -0.0950 -0.052 -0.041 

a. Reference [186] [using Genetic Algorithm approach] 
b. Reference [49] 
c. Reference [187] 
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4.2 Results and discussion 

4.2.1 Band structure of unstrained Ge1-x-ySixSny 

Using the optimized tight binding parameters, the diagonalization of the 20×20 matrix for each 

wave vectors 𝒌𝒌 allows us to obtain the band structure of each bulk material.  By considering the 

Γ → 𝐿𝐿 and Γ → 𝑋𝑋 directions, we start by presenting the band structure of Si, Ge, and α-Sn using 

the 2NN sp3s* model.  The obtained results are displayed in Figure 4-1.  Note that the spin-orbit 

splitting in Si cannot be observed due to the small separation between the Γ7 (spit off valence band) 

and Γ8 (Light and heavy hole valence band) (see the inset in Figure 4-1, middle).  The splitting is, 

however, more apparent for Ge and α-Sn.  We try now to consolidate the sp3s* by comparing the 

band energies at the highest symmetry points (𝑋𝑋, 𝐿𝐿, Γ) with data from experimental measurements 

or first principle calculations whenever available.  This comparison is summarized in Table 4-2 

demonstrating that the estimated energies between the conduction band minimum (CBM) and the 

valance band maximum (VBM) are in very good agreement with known values for the three 

materials with a relative difference below 1%.  These energies are crucial for determining the 

optical properties of the ternary alloys.  That is why extra care must be given when writing the 

fitness function.  Next, the transition energies between the CBM and VBM are investigated more 

in detail by presenting in the Tables 4-2 and 4-3 the direct and indirect band gaps.  From these 

tables, one can deduce that the calculated band gaps agree very well with the measured ones at the 

highest symmetry points Γ,𝑋𝑋, and 𝐿𝐿. 

 Additionally, the calculated effective masses are also compared to the available data as 

shown in Table 4-4.  The dependency of the effective masses at the conduction and valance band 

for the 2NN-sp3s* is given in reference [130].  It is noticeable that the calculated and the known 

values of the effective masses agree fairly well especially for Ge and Si.  For α-Sn, we note that it 

is relatively difficult to directly calculate the effective masses for the electron and light holes.  This 

can be explained by the symmetry inversion[187] between Γ8𝑣𝑣𝑣𝑣+  and Γ7𝑐𝑐 that occurs in α-Sn.  This 

effect is not incorporated in the 2NN- sp3s* effective masses dependency with tight binding 

parameters.  In principle, the missing effective masses can be estimated from the curvature of the 

calculated valence and conduction bands minima and maxima. 

 



38 

 

 
Figure 4-1: Bulk band structure obtained with 2NN-sp3s* ETB model for the elemental group 

semiconductors (a) Si, (b) Ge and (c) α-Sn using the parameters from Table 4-1. 
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In the following, we include the effect of disorder in band structure based on the procedure 

presented in the previous section.  In order to quantify the effect of disorder on the band gaps, we 

calculate the band gaps with and without lattice disorder as a function of Si and α-Sn compositions.  

The obtained values are presented in Table 4-5 in comparison with the available experimental[188] 

and theoretical data.[155]   

Table 4-5: Comparison between experimental values of the band gap[188] and calculated band gap based 

on the 2NN-sp3s* TB model (with and without the disorder contribution) model and the supercell mixed 

atom model.[155] 

Si a Sn a 

Band Gap [eV] 

Without 

disorder 

With 

disorder 
Expt. a Theo. b 

0 0.0483 ± 0.005 0.7522 0.6145 0.630 ± 0.002 0.70 

0 0.0642 ± 0.005 0.7167 0.6080 0.577 ± 0.003 0.68 

0.059 ± 0.005 0.052 ± 0.005 0.9364 0.8170 0.95 ± 0.02 0.81 

0.055 ± 0.005 0.059 ± 0.005 0.9072 0.7956 0.88 ± 0.02 0.80 

0.064 ± 0.005 0.088 ± 0.005 0.9218 0.8301 0.83 ± 0.02 0.72 

0.084 ± 0.005 0.073 ± 0.005 0.9866 0.8918 0.95 ± 0.02 0.82 

0.098 ± 0.005 0.058 ± 0.005 1.0581 0.9373 1.02 ± 0.02 0.91 

a. Reference [188] (The compositions of Si and Sn were measured by x-ray diffraction) 
b. Reference [155] 
 

 

The latter, presented in the sixth column of Table 4-5, are obtained based on the empirical 

pseudopotential method within the virtual crystal approximation and the supercell (mixed-atom) 

method.  It is clear from this comparison that the best agreement with experimental data, extracted 

from photoreflectance measurements,[188] is obtained using the 2NN-sp3s* TB when the disorder 

is accounted for.  Using this model, we have then carried out a systematic energy band calculation 

for Ge1-x-ySixSny alloys along symmetrical axes (𝐿𝐿 → Γ → 𝑋𝑋) for x and y varying in the range of 0 

to 40 at.% and 0 to 30 at.%, respectively.  The TB parameters for the three constituent parent atoms 

are defined in the previous section.  We found that the CBM can occur at the L point ( 2𝜋𝜋 𝑎𝑎𝐿𝐿⁄ �1
2

, 1
2

, 1
2
�), 
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Figure 4-2: Band structure maps of unstrained disordered ternary alloy Ge1-x-ySixSny through: (a) L, (b) X 

and (c) Γ symmetry points. 

  

(a) 

(b) 

(c) 
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at the X point (2𝜋𝜋 𝑎𝑎𝐿𝐿⁄ (1,0,0)), or at the Γ point depending on the value of (x; y) pairs.  Therefore, 

the band gap of the alloy is either direct or indirect depending on the concentration of Si and Sn in 

the alloy, with the VBM at the center of the Brillouin zone.  The composition dependence of the 

principal band gaps for the Ge1-x-ySixSny alloys is presented in Figure 4-2 showing the maps around 

the highest symmetry point X, L and Γ.  From this figure, it is possible to evaluate the band gap 

directness of a given alloy.  Figure 4-3 exhibits the map of the crossover between direct to indirect 

band gap for relaxed ternary alloys.  Figure 4-3 also incorporates the effect of disorder on the band 

gap at the highest symmetry points.  We note that when the composition of Sn increases, the band 

gap energies decrease, whereas when the concentration of Si increases, the band gap becomes 

wider.  At the X symmetry point, the band gap exhibits the same behavior, but varies slowly with 

the composition as compared to the Γ symmetry point.  From these results, it is also possible to 

study different Sn-containing binary alloys (GeSn and SiSn).  For instance, for the GeSn binary 

alloy, there are conflicting reports in literature  suggesting that the direct-to-indirect bandgap 

transition occurs at an Sn content of 7% (reference [189]) or 11% Sn with a gap of 0.477 eV 

(reference [147]).  Here, we found that the transition occurs at 11% Sn corresponding to a gap of 

0.495 eV (the intersection of the solid line with the y axis in Figure 4-3) in agreement with reference 

[147]. 

4.3 Band Structure of Strained Ge1-x-ySixSny 

4.3.1 Introduction of biaxial strain in sp3s* tight binding model 

In order to include the strain in empirical tight binding formalism, we need to undertake the 

following steps.  First, we define the equation of the dependence of directional cosine on strain and 

how it should be integrated with ETBP.  Next, we identify the parameters that should change due 

to the effect of strain following the d-2 Harrison rule, which will be defined later.  Then, we find 

the unstrained bond length 𝑑𝑑0 and strained ones 𝑑𝑑.  Subsequently, we calculate the scale index 

empirically.  For this, we need to find the DPCs of Si, Ge, and α-Sn as well as those of the ternary 

alloy.  The latter are sensitive to the effect of lattice disorder.  Table VII compares the experimental 

and the calculated DPCs of Si, Ge, and α-Sn.  If we consider an epilayer of a zinc-blende-type 

crystal structure grown epitaxially on a Ge(001) substrate, the in- and out-of-plane strain 

components are: 𝜀𝜀𝑥𝑥𝑥𝑥 = 𝜀𝜀𝑦𝑦𝑦𝑦 = 𝜀𝜀∥ = Δ𝑎𝑎, 𝜀𝜀𝑧𝑧𝑧𝑧 = 𝜀𝜀⊥ = −2(𝐶𝐶12 𝐶𝐶11) ×⁄ Δ𝑎𝑎, where and 𝐶𝐶𝑖𝑖𝑖𝑖’s are the  
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Figure 4-3: Direct-Indirect Crossover of the unstrained Ge1-x-ySixSny ternary alloy. Two different regions are 

distinguishable: The direct region and the L-indirect zones. The empty circles indicated are the selected 

alloys investigated in Figure 4-8. 

elastic stiffness constants presented in Table 4-1.  Δ𝑎𝑎 = (𝑎𝑎𝑠𝑠 − 𝑎𝑎∗) 𝑎𝑎𝑠𝑠⁄  is the lattice mismatch where 

𝑎𝑎𝑠𝑠 and 𝑎𝑎∗ denote the lattice constants of the Ge substrate and the Ge1-x-ySixSny epilayer, respectively.  

A biaxial strain has two contributions on the band structure: a hydrostatic component which shifts 

the band gap energy; and a uniaxial component which splits the bands.  Note that if the biaxial 

strain is compressive, 𝜀𝜀∥ < 0, the hydrostatic pressure is also compressive but the uniaxial strain in 

the [001] direction is tensile in nature.  In the absence of strain, the effect of spin-orbit lifts the light 

and heavy hole bands with respect to the split-off band.  The shear components of the strain lead 

to additional spin-orbit splitting thus producing the final valence band position.  The effect of strain 

on the energy band position can be calculated using the following set of equations: [190–192] 
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𝛿𝛿𝐸𝐸001 = 2𝑏𝑏Γ5+(𝜀𝜀𝑧𝑧𝑧𝑧 − 𝜀𝜀𝑥𝑥𝑥𝑥) 

(4-4) 

 

where 𝐸𝐸𝜇𝜇𝜇𝜇𝑚𝑚  is the strained (𝜈𝜈 = 𝜀𝜀) or unstrained (𝜈𝜈 = 0) conduction (𝜇𝜇 = 𝑐𝑐,𝑚𝑚 = 𝐿𝐿,Δ2,Δ4, Γ) or 

valance (𝜇𝜇 = 𝑣𝑣,𝑚𝑚 = 𝐿𝐿𝐿𝐿,𝐻𝐻𝐻𝐻, 𝑆𝑆𝑆𝑆𝑆𝑆) band energy level.  These equations will be used later to find 

the DPCs for Si, Ge, and α-Sn through a least-square fitting procedure.  In the following, we focus 

on how the lattice structure of the ternary alloy is affected by the strain.  By definition, the strain 

tensor ϵ⃡ is associated to a displacement of an atom located at a position 𝒓𝒓 in the crystalline solid by 

the vector 𝑹𝑹(𝑟𝑟) = ϵ⃡ 𝐫𝐫.  Thus, for a biaxial strain in the (001) plane, we find that the changes 𝛿𝛿𝒅𝒅𝑖𝑖 

of the nearest-neighbor vectors 𝒅𝒅𝑗𝑗  in the zinc-blende type crystal can be written as:  
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where we have defined 𝛽𝛽 ≡ 𝐶𝐶12 𝐶𝐶11⁄  as the ratio of the elastic compliance constants.  Consequently, 

an atom located at 𝒅𝒅𝑗𝑗  in the unstrained solid will be displaced by 𝛿𝛿𝒅𝒅𝑗𝑗, and it will be located in the 

distorted solid at 𝒅𝒅𝑗𝑗
(𝜀𝜀) = 𝒅𝒅𝑗𝑗 + 𝛿𝛿𝒅𝒅𝑗𝑗  

 

𝐝𝐝1
(ε) =

a
4

(1,1,1)T +
a
4

 𝜀𝜀∥(1,1,−2𝛽𝛽)T   

𝐝𝐝2
(ε) =

a
4

(−1,−1,1)T +
a
4

 𝜀𝜀∥(−1,−1,−2𝛽𝛽)T 

𝐝𝐝3
(ε) =

a
4

(1,−1,−1)T +
a
4

 𝜀𝜀∥(1,−1,2𝛽𝛽)T 

𝐝𝐝4
(ε) =

a
4

(−1,1,−1)T +
a
4

 𝜀𝜀∥(−1,1,2𝛽𝛽)T 

(4-6) 

 

We also define the length 𝑑𝑑 of the distorted bond assuming a uniform deformation of the 

diamond- like unit cell as: 𝑑𝑑 = 𝑎𝑎�3 + 4(1 − 𝛽𝛽)𝜀𝜀∥ + 2[1 + 𝛽𝛽2]𝜀𝜀∥2 4� .  The description of the newly 

distorted bonds for the second nearest neighbors’ atoms follows the same procedure as in Eq. (4-

6).  However, the only difference resides in the relaxed atomic positions which are described by 

𝑎𝑎 2⁄ 〈110〉. 

The angular variation of bonds due to strain is considered via the changes of the directing 

cosine entering the two-center integrals terms.  Furthermore, the variation of distances between 

atoms is empirically introduced into the Hamiltonian matrix elements by means of the Harrison 

𝑑𝑑−2 scaling rule of the form: Vmnε = Vmn0 �d0
d
�
η(mn)

, where the overlap parameters Vmnε  and Vmn0  

are the strained and unstrained Hamiltonian matrix elements of the atomic orbitals {𝑚𝑚,𝑛𝑛} ∈

�𝑝𝑝𝑥𝑥,𝑝𝑝𝑦𝑦,𝑝𝑝𝑧𝑧 , 𝑠𝑠, 𝑠𝑠∗�; 𝑑𝑑 and 𝑑𝑑0 are the distorted and equilibrium bond lengths respectively (given in 

Table 4-1), and 𝜂𝜂(𝑚𝑚𝑚𝑚) is the scaling index.  Harrison proposed η(mn) = −2,∀m, n.[193]  

However, Priester et al.[194] found a better agreement between calculated and experimental DPCs.  

We will follow the same optimization procedure and adjust the scaling indices 𝜂𝜂(𝑚𝑚𝑚𝑚).  

Furthermore, in order to include the effect of both the bond length and bond angle modification 

due to strain, we have used the Slater-Koster[127] relationship given by for the first nearest 

neighbors parameters:  
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𝑉𝑉𝑖𝑖𝑖𝑖 = 𝑙𝑙𝑖𝑖2𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝 + �1 − 𝑙𝑙𝑖𝑖2�Vppπ  

𝑉𝑉𝑖𝑖𝑖𝑖 = 𝑙𝑙𝑖𝑖𝑙𝑙𝑗𝑗𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑙𝑙𝑖𝑖𝑙𝑙𝑗𝑗Vppπ 

𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑙𝑙𝑖𝑖𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠 

𝑖𝑖, 𝑗𝑗 = 𝑋𝑋,𝑌𝑌,𝑍𝑍 

(4-7) 

 

where 𝑙𝑙𝑖𝑖 is the direction cosines between the strained 𝑑𝑑 first and second nearest neighbor vector 

and the X, Y, and Z vectors.[127]  For the second nearest neighbor’s parameters, the new strained 

ETB are modified following the same rule as in Eq. (4-7), but where the 𝑙𝑙𝑖𝑖, 𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝, 𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝 and 𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠 are 

tight binding parameters whose values depend on the ETBP given in Table 4-1.  Munoz and 

Armelles[195] introduced a new scaling parameters F in order to account for the X symmetry point 

modification due to strain in III-V semiconductors as follows: 
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(4-8) 

 

where the new scale index, F, is determined from fitting with the experimental values of shear 

deformation potential.  The dependence of the smaller second-nearest neighbor TB parameters on 

bond angles is not important and therefore it is neglected here.  In fact, the difference of magnitude 

between the first and second nearest neighbors TB parameters allow us to assert this approximation 

as shown in Table 4-1.  Finally, the diagonal matrix element 𝐸𝐸𝑝𝑝
(𝑥𝑥,𝑦𝑦) is evaluated using the following 

equations:[129] 

 
𝐸𝐸𝑝𝑝

(𝑥𝑥,𝑦𝑦) = E𝑝𝑝�1+ 2𝑏𝑏𝑝𝑝(𝜀𝜀𝑧𝑧𝑧𝑧 − 𝜀𝜀𝑥𝑥𝑥𝑥)�  

𝐸𝐸𝑝𝑝
(𝑥𝑥,𝑧𝑧) = 𝐸𝐸𝑝𝑝

(𝑦𝑦,𝑧𝑧) = E𝑝𝑝�1 − 𝑏𝑏𝑝𝑝(𝜀𝜀𝑧𝑧𝑧𝑧 − 𝜀𝜀𝑥𝑥𝑥𝑥)�  
(4-9) 

where 𝑏𝑏𝑝𝑝 is a shear parameter of the p states fitted to reproduce the uniaxial deformation b of the 

valance band edges.  To recapitulate, in addition to the scaling index 𝜂𝜂(𝑚𝑚𝑚𝑚) presented in the 
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equations above, we have added two more scaling indices 𝐹𝐹 and 𝑏𝑏𝑝𝑝.  Our goal is to find good 

estimation for theses parameters through fitting routines while keeping in mind that we have to 

reproduce the known experimental and/or theoretical DPCs for Ge, Si, and α-Sn.  After achieving 

this objective, it will become relatively straightforward to estimate the scaling index for the ternary 

alloy Ge1-x-ySixSny using a linear interpolation between Ge, Si, and α-Sn values. 

4.3.2 Deformation potential constants (DPCs) 

To evaluate the DPCs using the 2NN-sp3s*, we need to find first the scaling parameters 𝜂𝜂(𝑚𝑚𝑚𝑚) as 

well as the parameters 𝐹𝐹 and 𝑏𝑏𝑝𝑝.  Towards this end, we adopted two different approaches: the first 

is based on a non-linear conjugate gradient optimization method (CGOM); and the second employs 

Monte-Carlo simulations.  The first approach allows a simultaneous evaluation of the scaling 

parameters and DPCs.  On the other hand, the second permits to find only the DPCs by randomly 

generating 10,000 sets of uniformly distributed scaling parameters within the -4–1 range and then 

fitting the obtained strained energy to the equations presented in Eq. (4-4) to finally extract the 

corresponding DPC.  For CGOM, we defined a multivariate weighted fitness function in order to 

achieve a better agreement between the available experimental or theoretical values of the DPC.  

The expression of the fitness function is given by:[196]  

 𝑓𝑓(𝜂𝜂) = �∑ 𝑤𝑤𝑖𝑖�𝐷𝐷𝐷𝐷𝐶𝐶𝑖𝑖(𝜂𝜂)− 𝐷𝐷𝐷𝐷𝐶𝐶𝑖𝑖,𝑜𝑜𝑜𝑜𝑜𝑜�𝑖𝑖
2

∑ 𝑤𝑤𝑖𝑖𝑖𝑖
  (4-10) 

where 𝐷𝐷𝐷𝐷𝐶𝐶𝑖𝑖(𝜂𝜂) are the DPCs calculated with the set of parameters 𝜂𝜂, 𝐷𝐷𝐷𝐷𝐶𝐶𝑖𝑖,𝑜𝑜𝑜𝑜𝑜𝑜 are the optimal 

values of the DPC, and 𝑤𝑤𝑛𝑛 is a weight chosen from the 1–100 range based on the importance of the 

considered DPC.  The difference between the calculated and the targeted value of a DPC is squared 

to exclude larger deviations during the optimization process.  The convergence of this approach is 

relatively quick (after 21 iterations, the difference between successive fitness function evaluation 

is smaller than a tolerance value of 10−7) compared to the Monte Carlo approach.  In the first 

column of Table 4-7, we present, for each elemental material, the value of the DPC obtained by 

CGOM through the optimization of the scaling parameters.  

For the Monte-Carlo simulations, a statistical study is needed to extract the information 

about the DPCs.  After fitting the distributions of each DPC by a Gaussian peak and using the 
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center of the peak 𝑥𝑥𝑐𝑐 as an estimate of the DPC and the width 𝑤𝑤 of the peak as the error, we present 

in Table VII the obtained values including the standard deviations (columns labeled MC).  

Furthermore, we present in Figure 4-5 the distribution of (Ξ𝑑𝑑 + Ξ𝑢𝑢 3⁄ − 𝑎𝑎)𝐿𝐿 for Ge, Si, and α-Sn.  

Ξ𝑢𝑢Δ is obtained from the values of the splitting between Δ2 and Δ4 valley under the uniaxial strain, 

and 𝑏𝑏 is obtained from the splitting of the valance-band level under uniaxial strain. Table 4-7 also 

lists different DPC values obtained experimentally or evaluated theoretically using either first 

principle calculations[197] or semi-empirical band structure method such as 30 band k.p 

method[198] or the sp3s*d5 tight binding approach.[199] 

Dilation deformation potential Ξ𝑑𝑑 and 𝑎𝑎 are related to absolute shifts of band extrema, 

which cannot be extracted from the ETB calculations with periodic boundary condition because 

the absolute position of an energy level in an infinite periodic crystal is not well defined.[200]  

Hence, in this work, we do not calculate the absolute deformation potential.  Instead, we extract 

the linear combination (Ξ𝑑𝑑 + Ξ𝑢𝑢 3⁄ − 𝑎𝑎) from the ETB by setting arbitrary value of the top of the 

valance band.  In Table VII, we list the deformation potential for the valance and conduction bands 

extracted from ETB calculations.  For the sake of comparison, data from literature are also shown.  

The valance band DPC, 𝑏𝑏, is negative.  The uniaxial deformation potential Ξ𝑢𝑢is larger at the 𝐿𝐿 

minima band than at the Δ minima in all three elements implying that the conduction band at 𝐿𝐿 is 

more sensitive to (111) strain than (001) strain.  In addition, the linear combination of the dilation 

deformation potential (Ξ𝑑𝑑 + Ξ𝑢𝑢 3⁄ − 𝑎𝑎) at the Δ minima is larger than at the 𝐿𝐿 minima.  For Ge and 

Si, there is an abundance of experimental and theoretical data for the DPCs because they were 

investigated extensively over the last few decades.  However, for grey Sn, the data in literature are 

rather sparse making difficult the rigorous cross examination of our values.  Nevertheless, one notes 

a fairly good qualitative agreement of the absolute hydrostatic deformation potentials close to the 

Fermi level at Γ with the calculations reported by Brudevoll et al.[187]  Furthermore, using the 

CGOM, we obtained the corresponding scaling indices for each semiconductor thus allowing us to 

determine the DPC and the scaling index of the ternary alloy through a linear interpolation.  The 

values of these scaling indices are listed in Table 4-6.  The value of 𝑏𝑏𝑝𝑝 is comparable to the 𝑏𝑏 value 

presented in Table 4-7. To analyze rigorously the effect of strain on the band structure, we first 

focused on the direct-indirect crossover of the band gap of Ge.  We have found that at 1.98% of 
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tensile strain Ge becomes direct (Figure 4-4), which agrees well with the 2% tensile strain measured 

by photoluminescence[201] 

  

Figure 4-4: Energy dependence of the Γ, Δ2, Δ4, L, and LH extrema for Ge as a function of the in-plane 

biaxial strain. The lines correspond to the results given by the tight binding formalism using the CGOM. 

 

and 1.9% obtained using first principle DFT calculations.[202]  We have used the set of equations 

(4-4) as well as the estimated DPCs in order to plot the variation of band gap along each symmetry 

direction.  The resulting plot of the energy gaps for tensile-strained as well as for relaxed Ge is 

summarized in Figure 4-4.  This result validates the methodology described above, which can be 

now extended to address the effect of strain on the band structure of ternary alloys.  Before doing 

so, we ought to identify two different types of strain.  First, the biaxial strain generated epitaxially 
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during the growth of a ternary epilayer on Ge substrate.  This type of strain depends on the 

composition of Si and Sn in the epilayer (i.e., 𝜀𝜀 = 𝜀𝜀(𝑥𝑥,𝑦𝑦)).  Second, the strain generated using 

post-growth processes that are independent of the composition.  For instance, when the ternary 

layer is capped by local stressors or subjected to an external load thus the lattice parameter can vary 

independently of the composition.  In the following, we address these two cases.  

 

Table 4-6: The dimensionless scaling index η(mn) used in the current calculations. 

Material 𝜂𝜂(𝑚𝑚𝑚𝑚) 𝜂𝜂(𝑝𝑝𝑝𝑝𝑝𝑝) 𝜂𝜂(𝑝𝑝𝑝𝑝𝑝𝑝) 𝜂𝜂(𝑠𝑠𝑠𝑠) 𝜂𝜂(𝑠𝑠𝑠𝑠) 𝜂𝜂(𝑠𝑠∗𝑝𝑝) 𝑏𝑏𝑝𝑝 𝐹𝐹 

Si -1.9616 -2.1422 -4.2275 -0.8084 -2.1513 -2.3928 -0.731 

Ge -2.6842 -3.6842 -3.6842 1.3158 -3.6842 -2.0526 0.9737 

Sn -3.04286 -2.8571 -3.8571 2.8714 -2.1714 -2.5714 -0.8571 
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Figure 4-5: The value of the dilation (Ξu + Ξd 3 − a⁄ )L deformation potential constant obtained from the data set generated by Monte-Carlo 

simulations for Ge (a), Si (b), and α-Sn (c). 

(c) (b) (a) 
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Table 4-7: The deformation-potential constants of Ge, Si and α-Sn. The column labeled ‘'theor’’ gives the values obtained by Van De Walle and Martin.[197]  The 

column labeled MC show the stochastic Monte Carlo analysis performed in order to extract the DPC. 

Parameters 

[eV] 

Si Ge α-Sn 

This 

Work 
Expt. Theor. sp3d5s* l 

30 

band 

k.pk 

This 

Work 

(MC) 

This 

Work 
Expt. Theor. sp3d5s* l 

30 band 

k.pk 

This 

Work 

(MC) 

This 

Work 
Expt. LDAm 

This 

Work 

(MC) 

|𝑏𝑏| 2.05 
2.10a,2.33b, 

2.27c,2.4e 
2.35 1.85 2.35 2.35±1.45 2.1 2.86d,1.8e 2.55 2.48 2.55 3.01±1.04 2.7 NA 7.04 3.5±2.40 

�Ξd
Δ + Ξu

Δ 3⁄ − a� 1.86 
1.5a,2.5j, 0.29i,    

-0.18k 
1.72 0.97 -0.18 0.74±1.50 -1.86 

-2.9g,-1.9i,    

-5.75j 
-1.31 -3.50 -2.4 -0.79±3.3 2.11 NA 1.11 1.14±6.30 

�Ξd
L + Ξu

L 3⁄ − a� -3.40 
-3.8g,-3.12f, 

-3.1j 
-3.12 -2.61 NA -2.84±5.41 -3.5 

-2e,-2.87f,    

-0.83j 
-2.78 -2.85 NA -2.27±0.85 -1.024 NA -0.514 -2.25±2.60 

Ξ𝑢𝑢
Δ 8.88 

8.6e,9.2f, 8.77c 

9.29i,10.5j,9.1k 
9.16 6.88 9.1 9.63±3.20 9.46 

17.3k,           

-9.75j, 10.2i 
9.42 6.50 17.3 8.29±4.30 -2.87 NA -2.46 -2.40±1.95 

Ξ𝑢𝑢
𝐿𝐿  15.20 18j,16.14h    16.80±5.20 17.23 16.8j,15.13h    15.23±4.30 -2.50 -1.89 -2.14 -2.2±1.1 

𝑎𝑎Γ2
−  -10.12 NA -5.1 NA -5.1 -9.18±4.12 -9.78    -8.8 -10±2 -7.65 -3.3n -7.77 -7.21±3.10 

a. Reference [190] 
b. Reference [203] 
c. Reference [204] 
d. Reference [205] 
e. Reference [206] 
f. Reference [197] 
g. Reference [207] 

h. Reference [106] 
i. Reference [208] 
j. Reference [209] 
k. Reference [210] 
l. Reference [199] 
m. Reference [187] 
n. Reference [211] 
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4.3.3 Mapping the band structure of strained Ge1-x-ySixSny/Ge (001) 

To begin with, we consider the following system: a layer of Ge1-x-ySixSny of a thickness ℎ1 is 

deposited on (001)-oriented Ge substrate of a thickness ℎ2.  We assume all interfaces to be ideal, 

i.e., the bulk atomic structure of each semiconductor is maintained up to the interface.  We will 

also neglect the effect of other imperfections such as impurities and dislocations.  Thus, the strain 

tensor 𝜀𝜀 in each material can be described by:[106] 

 

𝜀𝜀 =
𝑎𝑎∥
𝑎𝑎0
− 1  

𝑎𝑎∥ =
𝑎𝑎𝑖𝑖𝐺𝐺𝑖𝑖ℎ𝑖𝑖 + 𝑎𝑎𝑗𝑗𝐺𝐺𝑗𝑗ℎ𝑗𝑗
𝐺𝐺𝑖𝑖ℎ𝑖𝑖 + 𝐺𝐺𝑗𝑗ℎ𝑗𝑗

;  𝑖𝑖, 𝑗𝑗 = {𝐺𝐺𝐺𝐺,𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺} 
(4-11) 

where 𝑎𝑎0 denotes the lattice parameter of the substrate (Ge), ℎ𝑖𝑖 and ℎ𝑗𝑗  are the thicknesses of Ge 

and GeSiSn layers, respectively.  𝐺𝐺𝑖𝑖,𝑗𝑗 (𝑖𝑖, 𝑗𝑗 = {𝐺𝐺𝐺𝐺,𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺}) is the shear modulus given by 𝐺𝐺𝑖𝑖,𝑗𝑗 =

2 �𝐶𝐶11
𝑖𝑖,𝑗𝑗 + 2𝐶𝐶12

𝑖𝑖,𝑗𝑗� �1 + 𝐷𝐷𝑖𝑖,𝑗𝑗 2⁄ �� , where we use a linear interpolation to find the elastic constants 

(𝐶𝐶11,𝐶𝐶12) for the Ge1-x-ySixSny alloy.  The constant 𝐷𝐷𝑖𝑖,𝑗𝑗 depends on the elastic constants and on the 

growth direction.  In the current work, only the (001) orientation is considered. Figures 4-6 and 4-

7 summarize the effect of strain on Ge1-x-ySixSny band structure.  Figure 4-6 displays the influence 

of strain on L and Γ symmetry and Figure 4-7(a) exhibits the band gap map of strained Ge1-x-ySixSny 

ternary alloy.  The corresponding strain map is presented in Figure 4-7(b). The black continuous 

lines in Figure 4-7(a) show the transition between the tensile (positive strain) and compressive 

region (negative strain) for the ternary alloy.  As in the unstrained case, the band gap shows the 

same qualitative behavior as a function of the composition: a widening when the Si composition 

increases and a narrowing when Sn composition increases.  We also observe that the band gap 

becomes very sensitive to the composition in the compressive region as compared to the tensile 

region.  Besides, the direct-indirect crossover is mainly modulated by the Γ and 𝐿𝐿 symmetry points 

energy gaps.  Interestingly, for 0 ≤ x ≤ 0.4 and 0 ≤ y ≤ 0.2, we note that tensile strain lowers the 

critical content of Sn needed to achieve a direct band gap semiconductor.  The corresponding upper 

limit of direct band gap energies is 0.72 eV, which is higher than 0.43 eV in the case of relaxed 

alloys.  We also found that the indirect-to-direct band gap transition crossover lines are given by y 

= 0.605×x + 0.077 and y = 1.364×x + 0.107 for strained and fully relaxed alloys, respectively.  
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Figure 4-6: Strained band gap map of Ge1-x-ySixSny/ (001)Ge with disorder along (a) L and (b) Γ symmetry 

points  

Let us now examine the effect of strain on Ge1-ySny alloys.  The fully relaxed binary alloy presents 

an indirect-to–direct band gap transition at 11% Sn with a gap of 0.477 eV, as shown in Figure 4-

3.  However, under a biaxial tensile strain, the critical Sn content for the transition to a direct 

semiconductor reduces to 7.5% and the band gap becomes wider reaching 0.653 eV as shown in 

Figure 4-7(a).  This figure displays the crossover lines of the strained (filled square) and unstrained 

(a) 

(b) 
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(open squares) ternary alloy:  the composition of Sn in GeSn at which the transition from indirect 

to direct band gap occurs is shown as the intersection between the x = 0 axis and the empty or filled 

squares for strained and relaxed GeSn, respectively.  Furthermore, in the indirect region we also 

note that there are two different sub-regions: the first is the L region and the second is the Δ100 

region.  The band gap in the L region is smaller than in the Δ100 region.  We can also see that the 

rate of change of the band gap in the Δ100 region is much slower than in the L region, which imply 

more sensitivity to the strain effect in the L region when changing the Sn composition.  The 

crossover line between the L and the Δ100 regions is shown by the empty circles in the Figure 4-

7(a).  

 

Table 4-8: Effect of strain on specific ternary alloy: three types of alloys are considered: a direct (alloy I), 

direct-indirect crossover compositions (alloy II), and indirect (alloy III). Figure 4-3 show explicitly the 

evaluated composition. 

Alloy 
Si Composition 

x 

Sn composition 

y 
𝜺𝜺𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 (%) 

Band gap 

[eV] 

I (Direct) 4% 21% -0,668% 0,4100 

II 4% 15% 0,152% 0,5489 

III (Indirect) 10% 15% 0,810% 0,58 
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Figure 4-7: (a) Band gap map of strained Ge1-x-ySixSny layer.  The black solid line is the transition between 

the tensile and compressive regions.  The filled squares represent the crossover from direct to indirect for 

the strained ternary alloy and the corresponding equation is a linear fit in the (x, y) plane (S for strained 

alloy). However, the empty squares represent the direct to indirect transition line for the unstrained Ge1-x-

ySixSny (R for relaxed alloys).  The red line is a linear fit for both type of crossover to extract the Y-intercept.  

Finally, the empty circles represent the transition in the indirect region from the L-symmetry point to the X-

symmetry. (b) The strain map of the Ge1-x-ySixSny/ (001)Ge heterostructure as a function of Sn and Si 

contents.  
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Figure 4-8: Band gap behavior as a function of strain along the symmetry points L, 𝛤𝛤 and X for 3 Ge1-x-

ySixSny ternary alloys with: (a) (𝑥𝑥,𝑦𝑦) = (4%,21%), (b) (𝑥𝑥,𝑦𝑦) = (4%,15%) and (c) (𝑥𝑥,𝑦𝑦) = (10%,15%)  

(a) 

(b) 

(c) 
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4.3.4 Effect of strain on ternary alloy direct and indirect band gap  

The effect of strain at a fixed composition was also investigated.  Herein, we opted to study the 

behavior of indirect to direct band gap transition as a function of strain and establish the band gap 

for each combination of x, y, and ε.  In general, the calculated band structures indicate that the 

introduction of a tensile strain facilitates the transition to a direct band gap ternary semiconductor 

by reducing the concentration of Sn needed.  In the following, we show the effect of strain on three 

different ternary alloys indicated by open circles in Figure 4-3.  The first alloy (I) is located in the 

direct region with a composition of (4% Si, 21% Sn).  The second alloy (II) is chosen near the 

direct to indirect crossover line with a composition of (4% Si, 15% Sn).  Finally, an indirect 

bandgap alloy with a composition of (10% Si, 15% Sn) is chosen as the third alloy (III).  Table 4-

8 summarizes the calculated properties of the selected alloys and Figure 4-8 exhibits the influence 

of strain on their band structure and the important modification occurring on the band gap along 

the highest symmetry directions Γ − 𝐿𝐿 and Γ − 𝑋𝑋.  It is noticeable that alloy I (Ge0.75Si0.04Sn0.21) 

remains direct even under a compressive strain as high as -0.7%.  For this alloy, the direct band 

gap varies between 0.1 and 0.41 eV in the strain range considered in this study.  By decreasing the 

Sn content (y = 0.15) while keeping the Si content unchanged (x = 0.04) in the alloy II, a direct 

gap, in the 0-0.54 eV range, is only obtained under a tensile strain higher than 0.15%.  This critical 

value increases further to 0.81% when the fraction of Si is increased to x = 0.1 in alloy III.  Figure 

4-9 (a) and (b) exhibit the behavior of ternary alloy band gap at a variable composition and at fixed 

values of tensile strain of 0.5% and 1.0%, respectively.  The black solid lines indicate the indirect-

direct transition crossover lines.  For the sake of comparison, the crossover line for fully relaxed 

alloys is also shown.  It is noticeable that, at a fixed Si content, tensile strain reduces the critical 

concentration of Sn needed to achieve a direct gap alloy.  The corresponding Sn critical 

concentration is given by y = 0.78 × x +0.0624 and y = 0.778 × x + 0.029 at a tensile strain of 0.5% 

and 1.0%, respectively.  We also note that, for a fixed composition, the introduction of tensile strain 

increases the upper limit of the energy of the direct gap from 0.43 eV in fully relaxed alloys to 0.60 

and 0.72 eV at 0.5 and 1.0%, respectively.    
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Figure 4-9: Band gap map of GeSiSn/ (100)Ge system for a strain independent composition where the Si 

and α-Sn compositions vary from 0 to 40% and 0 to 20% respectively and the strain values are equal to (a) 

0.5% and (b) 1.0%. The red lines represent the relaxed direct to indirect crossover, whereas the black 

continuous lines are the corresponding strained crossover lines.  
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4.4 Conclusion  

In summary, investigations of the effects of composition and strain on the band structure of 

Sn-containing group IV semiconductors were presented by adapting the second nearest neighbors 

empirical tight binding method (2NN-sp3s*).  For this, a theoretical framework to map the changes 

in band gap energy and directness as a function of both composition and strain was developed.  

This method is based on an accurate evaluation of the deformation potential constants of Ge, Si, 

and α-Sn using a stochastic Monte-Carlo approach as well as a gradient based optimization method 

(conjugate gradient method).  Furthermore, we developed a new and efficient differential evolution 

method through which the experimental effective masses and band gaps are accurately reproduced.  

Based on this, we found that a precise analysis of the band structure as well as an accurate 

identification of the indirect-to-direct bandgap transition in Ge1-x-ySixSny alloys is obtained by 

incorporating the effect of substitutional disorder.  Moreover, we also elucidated the mutual 

influence of composition and Ge1-x-ySixSny/Ge (001) lattice mismatch-induced biaxial strain on the 

band structure of Ge1-x-ySixSny semi-conductors.  For 0 ≤ x ≤ 0.4 and 0 ≤ y ≤ 0.2, we found that 

tensile strain lowers the critical content of Sn needed to achieve a direct band gap semiconductor.  

The corresponding band gap energies are below 0.72 eV.  In fully relaxed alloys, the direct band 

gap energy is located below 0.43 eV.  We also found that the indirect-to-direct band gap transition 

crossover lines are given by y = 0.605×x + 0.077 and y = 1.364×x + 0.107 for strained and fully 

relaxed alloys, respectively.  Finally, the sole effect of strain at a fixed composition was also 

investigated confirming that tensile strain facilitates the transition to a direct gap semiconductor, 

whereas the transition requires higher content of Sn under a compressive strain.  Our results 

indicate that the interplay between composition and strain effects provide a rich playground to tune 

over a broad range the band gap and lattice parameter in group IV semiconductor, which provides 

a wealth of opportunities to create an entirely new class of heterostructures, low-dimensional 

systems, and Si-compatible devices.  The next step involves studying a type-I group-IV based radial 

heterostructure by evaluating the conduction and valence band offset and using them to solve the 

Schrödinger equation in a cylindrical geometry to quantify the effect of the dimensionality of the 

structure on the distribution of the hole and electron carriers. 
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CHAPTER 5 ARTICLE 2: OPTICAL AND ELECTRONIC 

PROPERTIES OF GeSn AND GeSiSn 

HETEROSTRUCTURES AND NANOWIRES 

 

This chapter has been published in a conference proceeding. The full reference is below: Attiaoui A and 

Oussama M (2014) Optical and electronic properties of GeSn and GeSiSn heterostructures and nanowires 

ECS Transactions, The Electrochemical Society, vol 64, pp 869–79. doi: 10.1149/06406.0869ecst  

 

Germanium-silicon-tin (Ge1-x-ySixSny) and germanium-tin (Ge1-ySny) alloys have been 

attracting a great deal of attention in recent years as a new and rich platform to expand the 

capabilities of Si-based technologies.[151–153]  Implementing these Sn-containing group IV 

alloys remains very challenging from materials perspective due to the low solubility (<1 at.%) of 

Sn in Si and Ge.  Nevertheless, the recent progress in low-temperature chemical vapor deposition 

alleviates some of these difficulties leading to the growth of high-quality monocrystalline[154] 

layers thus setting the ground for the development of a new generation of group IV-based 

devices.[155] Herein, the electronic structure of strained and relaxed Ge1-x-ySixSny ternary alloys 

semiconductors will be discussed by using a rigorous semi-empirical second nearest neighbor tight 

binding sp3s* method that incorporates the effect of substitutional disorder. We already showed in 

the previous chapter that the composition of α-Sn at the direct-to-indirect crossover of the ternary 

alloy decreases from 11% in a fully relaxed alloy to 7% in tensile strained alloy (for a strain value 

of 0.71%).[40] The interesting properties of Sn-containing group IV alloys can be enhanced further 

by introducing them in the fabrication of nanoscale heterostructures such as core-shell nanowires. 

For instance, this nanowire structure provides a unique advantage by allowing the confinement of 

two-dimensional electron gases (2DEGs) at the semiconductor-semiconductor heterojunction 

interface which can enhance carriers’ recombination. In this perspective, n-type doping densities 

ranging from 1016 to 1017cm-3 will be investigated, assuming a uniform doping density throughout 

the nanowire with a Ge core radius ranging from 10 nm to 40 nm with a fixed 20 nm shell layer of 

Ge1-ySny (y=10% and 14%).  
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This chapter is organized as follows.  The first section briefly resumes our findings of the 

electronic structure of strained and relaxed Ge1-x-ySixSny ternary alloys semiconductors, which was 

developed in detail in the previous chapter. The second section shows the effect of free carriers 

doping concentration and core radius on electron localization, carried out using the self-consistent 

resolution of the Poisson-Schrödinger equation. 

5.1 Band gap maps for strained and relaxed ternary alloy group IV 

semiconductors Ge1-x-ySixSny 

Sn-containing group IV semiconductors create the possibility to independently control 

strain and band gap thus providing a wealth of opportunities to develop an entirely new class of 

low dimensional systems, heterostructures, and silicon-compatible electronic and optoelectronic 

devices.  With this perspective, a detailed investigation of the band structure of strained and relaxed 

Ge1-x-ySixSny ternary alloys using a semi-empirical second nearest neighbors’ tight binding method 

is presented.  This method is based on an accurate evaluation of the deformation potential constants 

of Ge, Si, and α-Sn using a stochastic Monte-Carlo approach as well as a gradient based 

optimization method.  Moreover, a new and efficient differential evolution approach is also 

developed to accurately reproduce the experimental band gaps[40].  Based on this, we elucidated 

the influence of lattice disorder, strain, and composition on Ge1-x-ySixSny band gap energy and 

directness.  

An accurate calculation of the band gap of a given semiconductor is an important and a laborious 

task. There exists a multitude of approaches that answer this problem. DFT is the-state-of-the-art 

method to address this issue. Yet the task is to choose the most efficient method based on its 

computational power and accuracy. Therefore, the second nearest neighbors sp3s* tight binding 

approach[128,212] (2NN-sp3s*) was chosen. Furthermore, after verification of the validity of the 

2NN-sp3s* model by estimating the elemental semiconductors band gaps, it becomes possible to 

evaluate the band gaps for the Ge1-x-ySixSny ternary alloys using the universal tight binding method 

based on a modified pseudocell (MPC) initially introduced by Shim et al. to investigate III-V 

compound semiconductors.[173]  The MPC is a periodic virtual cell describing the alloy as an 

effective perfect bulk system, in which the alloy Ge1-x-ySixSny is defined as consisting of three 

fictive atoms Ge, Si, and α-Sn residing on an atomic site.  Thus, three possible unit Ge, Si, and α-

Sn are possible with mixing probabilities of 1-x-y, x, and y, respectively.  The effect of disorder 
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will be included by considering that each unit is disordered by the presence of the other two atoms.  

The alloy Hamiltonian can thus be written under the virtual crystal approximation as: 

𝐻𝐻𝐺𝐺𝐺𝐺1−𝑥𝑥−𝑦𝑦𝑆𝑆𝑖𝑖𝑥𝑥𝑆𝑆𝑛𝑛𝑦𝑦 = (1 − 𝑥𝑥 − 𝑦𝑦)𝐻𝐻𝐺𝐺𝐺𝐺 + 𝑥𝑥𝐻𝐻𝑆𝑆𝑆𝑆 + 𝑦𝑦𝐻𝐻𝑆𝑆𝑆𝑆. 

Figures 4-3 and 4-7 summarize the effect of relaxed and strained Ge1-x-ySixSny band structure.  

Figure 4-3 exhibits the map of the crossover between direct to indirect band gaps for relaxed ternary 

alloys.  In Figure 4-3, the effect of disorder on the band gap at the highest symmetry points was 

incorporated.  We note that when the composition of Sn increases, the band gap energies decrease, 

whereas when the concentration of Si increases, the band gap becomes wider. Whereas, Figure 4-

7 exhibits the band gap map of strained Ge1-x-ySixSny ternary alloy. The black continuous lines in 

Fig 2 show the transition between the tensile (positive strain) and compressive region (negative 

strain) for the ternary alloy.  As in the unstrained case, the band gap shows the same qualitative 

behavior as a function of the composition. Additionally, the band gap becomes very sensitive to 

the composition in the compressive region as compared to the tensile region.  Besides, the direct-

indirect crossover is mainly modulated by the Γ and 𝐿𝐿 symmetry points energy gaps.  Interestingly, 

for 0 ≤ x ≤ 0.4 and 0 ≤ y ≤ 0.2, tensile strain lowers the critical content of Sn needed to achieve a 

direct band gap semiconductor. After acquiring more information on the electronic properties of 

the relaxed and strained GeSiSn ternary alloy through the 2NN-sp3s* code, it now becomes possible 

to study the merits and demerits of using GeSiSn in practical application. For instance, we will 

focus on nanowire (NW) structure as a building blocks for photovoltaic cells. For that matter, the 

effect of doping concentration and the radius of the core on the spatial localization of electrons and 

holes densities inside the core-shell nanowire will be analyzed.  

5.2 GeSiSn based nanowires heterostructures 

Initially, in order to map the electron and hole localization in the core-shell NW (CSNW) 

dependency with the doping concentration and the radius of the core, a brief overview [213,214] 

of the method used to evaluate this property will be presented. The free electron or hole gas of a 

modulation-doped CSNW is obtained within the effective mass approximation where the system 

Hamiltonian is expressed in cylindrical coordinates using a finite difference technique[215] for the 

CSNW where the core and the shell are made of different alloys. We solved self-consistently the 

Schrödinger (5-1) and Poisson (5-2) equations until convergence, which are presented below 
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�−
ℏ2

2
𝛻𝛻𝑖𝑖.

1
𝑚𝑚ℎ
∗ (𝑟𝑟𝑖𝑖)

.   𝛻𝛻𝑖𝑖 − 𝑉𝑉𝑝𝑝(𝒓𝒓𝑖𝑖) − 𝑉𝑉𝑉𝑉𝑉𝑉(𝒓𝒓𝑖𝑖) + 𝑉𝑉𝑒𝑒−𝑒𝑒(𝒓𝒓𝑖𝑖)�Ψ𝑖𝑖ℎ(𝒓𝒓𝑖𝑖) = −𝜖𝜖𝑖𝑖ℎΨ𝑖𝑖ℎ(𝒓𝒓𝑖𝑖) 

(5-1) 

𝜌𝜌(𝒓𝒓) = 𝑒𝑒[𝑛𝑛ℎ(𝑟𝑟)− 𝑛𝑛𝑒𝑒(𝒓𝒓) + 𝜌𝜌𝐷𝐷(𝒓𝒓) − 𝜌𝜌𝐴𝐴(𝒓𝒓)] 

𝛻𝛻𝑟𝑟[𝜀𝜀(𝒓𝒓)𝛻𝛻𝑟𝑟𝑉𝑉(𝒓𝒓)] = −
𝜌𝜌(𝑟𝑟)
𝜀𝜀0

 
(5-2) 

where 𝑉𝑉𝑛𝑛 and 𝑉𝑉𝑝𝑝 are the electrostatic potential generated by electrons and holes free carrier 

respectively, 𝑉𝑉𝑐𝑐𝑐𝑐 and 𝑉𝑉𝑣𝑣𝑣𝑣 are the local conduction and valance band edges, 𝑉𝑉𝑒𝑒−𝑒𝑒 is the Poisson 

potential due to electron-electron interactions, 𝑛𝑛ℎand 𝑛𝑛𝑒𝑒 in (5-2) are the densities of free electrons 

and holes 𝜌𝜌𝐴𝐴and 𝜌𝜌𝐷𝐷 are the ionized acceptors and donors and the electrostatic potential is found by 

solving the second equation in (5-2). A self-consistent solving routine is necessary to extract the 

electron/hole density in the CSNW. To do so, Dirichlet boundary conditions were used where we 

set Ψ𝑖𝑖(𝑟𝑟 = 𝑟𝑟𝑠𝑠) = 0 and 𝑉𝑉𝑛𝑛(𝑟𝑟𝑠𝑠) = 𝑉𝑉𝐶𝐶𝐶𝐶(𝑟𝑟𝑠𝑠) = 𝑉𝑉𝑒𝑒−𝑒𝑒(𝑟𝑟𝑠𝑠) = 0. Next, a uniform n-type doping (free 

electron) density 𝑛𝑛𝐷𝐷 through the NW was used. The temperature, which is a physical parameter 

that can be incorporated via the Fermi-Dirac distribution, was also included in the code. Table 5-1 

shows the important physical parameters used in our self-consistent calculation. 

It is important to mention that the transition from direct to indirect band gap in relaxed 

semiconductor occurs, as shown in the Figure 4-3, around 11% of Sn. By increasing the Sn 

composition, a crossover from a direct Γ to an 𝐿𝐿 indirect semiconductor occurs. For this reason, 

Table 5-1 presents two different values for the band gap, the conduction band offset as well as the 

effective mass of Ge1-ySny. 

Next, the Schrödinger-Poisson equation was solved self-consistently until convergence and we find 

the Fermi level at each iteration via the charge neutrality condition.[213] 

To quantify the spatial distribution of electron and hole in the CSNW, a dimensionless core-

normalized variance of the electron density 〈𝑟𝑟2〉  was introduced, defined as 
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〈𝑟𝑟2〉 =

∫ 𝑟𝑟2𝑛𝑛𝑒𝑒(𝑟𝑟)𝑑𝑑𝑑𝑑
𝑟𝑟𝑐𝑐2 ∫ 𝑛𝑛𝑒𝑒(𝑟𝑟)𝑑𝑑𝑑𝑑

 (5-3) 

where 𝑟𝑟𝑐𝑐 is the core radius, 𝑛𝑛𝑒𝑒(𝑟𝑟,𝜃𝜃) is the electron density distribution and S is the cross-sectional 

area of the NW. 〈𝑟𝑟2〉 measures the relative spread of the electron density and is bounded between 

0 and 𝑟𝑟𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒2 𝑟𝑟𝑐𝑐2⁄ . A value of 〈𝑟𝑟2〉 less than 1 indicate a localization within the core, whereas value 

larger than 1 represents confinements in the shell.  

Table 5-1: Material parameters used in our self-consistent calculations. 𝐸𝐸𝑔𝑔 is the band gap, Δ𝐸𝐸𝑐𝑐 is the 

conduction band offset, 𝑚𝑚∗ is the relative electron effective mass which is taken from Ref. [49] (the 

numerical value aren’t presented because they are defined by a numeric cubic spline), and 𝜀𝜀𝑟𝑟 is the relative 

static dielectric constant. 

Material parameters Ge Ge1-ySny 

𝐸𝐸𝑔𝑔(𝑒𝑒𝑒𝑒) 

 

0.7437a 

 

�0.665 − 1.848𝑦𝑦 + 1,275𝑦𝑦2 𝑖𝑖𝑖𝑖 𝑦𝑦 < 11%
0.796 − 3.035𝑦𝑦 + 1.826𝑦𝑦2 𝑖𝑖𝑖𝑖 𝑦𝑦 > 11%

𝑏𝑏

 

Δ𝐸𝐸𝑐𝑐(𝑒𝑒𝑒𝑒) �0.0001 − 3.1481𝑦𝑦 + 1.94𝑦𝑦2 𝑖𝑖𝑖𝑖 𝑦𝑦 > 11%
−0.41𝑦𝑦 − 0.11𝑦𝑦2 𝑖𝑖𝑖𝑖 𝑦𝑦 < 11%

𝑏𝑏

 

𝑚𝑚∗ (/𝑚𝑚0) 0.038a �𝑚𝑚𝑒𝑒
Γ  𝑖𝑖𝑖𝑖 𝑦𝑦 > 11%

𝑚𝑚𝑒𝑒
L  𝑖𝑖𝑖𝑖 𝑦𝑦 < 11%

𝑐𝑐

 

𝜖𝜖𝑟𝑟 16a 
13.18 − 3.12𝑦𝑦𝑎𝑎 

a. Reference.[174] 
b. Reference [147] 
c. Reference [49] 

 

The following system is considered: a Ge0.90Sn0.10/Ge core-shell nanowire. Then, for different core 

radii and shell thickness in the 10-40 nm range, the electron spatial distribution will be evaluated 

inside the CSNW. In Figure 5-1 the confinement of electron is mapped versus the radius of the Ge 

core and the doping concentration of free carrier, for a fixed shell thickness of 20 nm and a fixed 
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temperature of 200K. Furthermore, in the inset, the conduction and valance band offset for the 

Ge0.90Sn0.11/Ge system, which will give us a better overview of the possible localization of electron 

in this type I heterostructure is shown. We conclude from Figure 5-1 that the above the doping 

concentration of 5×1016 cm-3, electrons are confined in the core. This change in localization of 

electron in core/shell nanowire, corresponds to a transition where the electron gas in the middle of 

the core becomes strongly localized in the heterojunction core/shell interface or beyond.  

Then, the Sn composition is increased above 11% so that the Ge1-ySny binary alloy becomes a direct 

gap semiconductor. This will induce a change in the conduction band offset, which will have a 

direct effect on the localization of electron in the nanowire. Figure 5-2 presents the obtained results. 

While analyzing the electronic localization in CSNW, for 11% Sn composition, a different 

behaviour was observed from the indirect gap GeSn semiconductor, presented beforehand. In fact, 

from the value of  〈𝑟𝑟2〉, which are below 1, the electrons are confined in the core. Although 〈𝑟𝑟2〉 is 

less than 1, Figure 5-2 shows that the localization of electron in the core-thus the electron density- 

depends on the doping concentration and the core/shell radii. In fact, a higher value of 〈𝑟𝑟2〉 can be 

interpreted as a higher electron density. 
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Figure 5-1: (a) Dimensionless core-normalized variations of the electron density as a function of the 

Ge0.9Sn0.1 core radius and doping density for a Ge shell of 20 nm. (b) This figure shows the conduction band 

offset for a type I heterostructure. Note that for Sn composition below 11%, GeSn is an direct band gap 

semiconductor[40,147].  

(a) 

L-c 

Unstrained 
Ge0.90Sn0.10 

Unstrained 
Ge 

Unstrained 
 Ge 

HH 

Δ𝐸𝐸𝑐𝑐,𝐿𝐿 = 0.049 𝑒𝑒𝑒𝑒 

Δ𝐸𝐸𝑣𝑣 = 0.756 𝑒𝑒𝑒𝑒 

𝐸𝐸𝑔𝑔,𝐿𝐿 = 0.493𝑒𝑒𝑒𝑒 
𝐸𝐸𝑔𝑔,𝐿𝐿 = 0.729𝑒𝑒𝑒𝑒 

(b) 



67 

 

 

Figure 5-2: Dimensionless core-normalized variations of the electron density as a function of the Ge0.86Sn0.14 

core radius and doping density of electron free carriers for a Ge shell of 20 nm. The inset show the 

conduction band offset for a type I heterostructure. Note that for Sn composition above 11%, GeSn is an L-

indirect band gap semiconductor  

 

5.3 Conclusion 

To summarize, detailed investigations of the effects of composition and strain on the band 

structure of Sn-containing group IV semiconductors were undergone by adapting the second 

nearest neighbors empirical tight binding method (2NN-sp3s*).  For this, we developed and 

employed a theoretical framework to map the changes in band gap energy and directness as a 

function of both composition and strain.  This method is based on an accurate evaluation of the 

deformation potential constants of Ge, Si, and α-Sn using a stochastic Monte-Carlo approach as 

well as a gradient based optimization method (conjugate gradient method).  Furthermore, we 

developed a new and efficient differential evolution method through which the experimental 
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effective masses and band gaps are accurately reproduced which allowed us to accurately include 

the effect of strain on the ternary semiconductor. Next, to study group IV core-shell nanowire 

system, we solved self-consistently the Schrödinger-Poisson equation for the Ge1-ySny/Ge core-

shell NW system for two different Sn compositions where there is either a direct binary alloy 

(x<11%) or an indirect one (x>11%). Moreover, the effect of free electron carrier doping on the 

spatial localization of electron inside the cylindrical core-shell NW was studied. An interesting 

finding is the possibility to tune the electronic density localization inside the nanowire by 

controlling the doping concentration and the core and shell radii. A possible implication of this 

finding is to have a better estimation for the doping concentration and the geometrical properties 

of the NW to enhance the recombination process in an optoelectronic or photovoltaic device. 

Furthermore, in the following chapter, we will investigate in detail the CSNW structure as a 

building block for light absorption and scattering, which can be implemented in a multitude of 

applications such as solar cell junction or photodetectors. 
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CHAPTER 6 ARTICLE 3: EXTREME IR ABSORPTION IN 

GROUP IV -SiGeSn CORE-SHELL NANOWIRES 

 

This chapter has been published in the journal of Applied Physics. Some sections were removed and put in 

the chapter 3 methodology (section 3.1.2). The full reference is: Attiaoui A, Wirth S, Blanchard-Dionne A-

P, Meunier M, Hartmann J M, Buca D and Moutanabbir O 2018 Extreme IR absorption in group IV-SiGeSn 

core-shell nanowires J. Appl. Phys. 123 223102. doi: https://doi.org/10.1063/1.5021393 

 

Engineering light absorption, and scattering in group IV semiconductors has been a 

powerful paradigm to implement innovative and high performance devices for solar cells[216], 

photodiodes, photodetectors, and plasmonics[217,218], to name a few. Of particular interest is 

developing cost-effective and high efficiency photovoltaic cells which rely crucially on the 

availability of affordable materials that can efficiently absorb light and convert it into charge 

carriers.  Within this broad context, silicon (Si) has been the material of choice due to its cost-

effectiveness and its wide use in semiconductor technologies. However, despite its attractive 

electronic and material characteristics, Si has rather poor optical properties relative to its 

mainstream semiconductor counterparts due to its indirect band gap and limited light absorption 

especially in the near-infrared region (NIR) and beyond thus limiting the efficiency of Si-based 

solar cells. Consequently, electricity generated by Si solar cells, which currently make up over 90% 

of the photovoltaic market, is still 2-3 times more expensive than that from conventional fossil 

fuels which hinders their wide-scale adoption.[219]  In order to enhance the performance of Si 

cells, a variety of strategies for light trapping through surface texturing and coating have been 

recently reported. [220,221] Among these strategies, nanoscale structures such as nanowires 

(NWs) are emerging as effective building blocks to enhance Si optical properties to enable a broad 

range of optoelectronic devices[222–224], such as photovoltaic cells[142,225–227], 

photodetectors[228–230], meta-materials[231–233] and thermal emitters.[234]  In this work, we 

demonstrate that tin (Sn)-containing group IV (Ge1-x-ySixSny) core-shell nanowire (CSNW) 

structures are effective in enhancing NIR light absorption in Si-based structures. We also 
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demonstrate that this additional Sn-containing shell layers enhance the optical properties of 

germanium nanowires (GeNWs). 

Ge1-x-ySixSny is an emerging semiconductor system providing two degrees of freedom for 

band structure engineering, namely, alloying and strain. This ability to independently manipulate 

strain and lattice parameter is central to engineering novel, group IV, low-dimensional systems and 

heterostructures in a similar fashion to the mature III-V materials. Moreover, unlike the indirect 

band gap of Si and Ge, a direct band gap semiconductor can be achieved using Sn-containing alloys 

thus providing a promising path towards Si-compatible efficient devices for emission and detection 

of light.[70,154]  The nature of the band gap and its energy depend on the composition of the 

alloys.[40,235–237]   

In the following, we begin by studying the structural properties and crystalline quality of 

the Ge1-x-ySixSny layers at variable composition. Next, the optical properties of these layers are 

investigated using spectroscopic ellipsometry. The obtained optical properties of the analyzed 

layers were introduced to a Mie-scattering formalism using cylindrical CSNWs to evaluate the 

effects of the NW dimensions on the scattering and absorption properties. Then, the optical antenna 

effects will be demonstrated in individual SiNWs and GeNWs, which form the basic building 

blocks of the proposed CSNWs structures. Next, their absorption efficiencies will be optimized by 

engineering the best possible match between the absorption spectrum of the wires and visible range 

(0.4-0.75 μm) as well as the Near-Infrared (NIR) range (0.75-1.4 μm). In addition, as a figure of 

merit of absorption efficiency, the photocurrent of different group IV Ge1-x-ySixSny based films and 

nanowires structures will be analyzed: Si/Ge1-x-ySixSny CSNWs, Ge/Ge1-x-ySixSny CSNWs, and 

CSNWs wrapped in non-absorbing, anti-reflection coating (ARC) layers. Using these structures, 

an extremely-large absorption and scattering enhancements as compared to SiNWs, GeNWs, and 

thin films can be achieved.  

6.1 Experimental and Theoretical Details 

6.1.1 Growth of Ge1-x-ySixSny samples 

These layers were grown using a metal, cold-walled, reduced pressure chemical vapor deposition 

AIXTRON TRICENTR® (RP-CVD) for 200/300 mm wafers.[70]  The growth of Ge1-x-ySixSny 

layers was performed on Si (100) wafers using low-defect density Ge virtual substrates.[238–240] 
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The epitaxial layers were grown using Si2H6, Ge2H6 (10% diluted in H2), and SnCl4 precursors 

using N2 as a carrier gas, which warrant reasonable growth rates at temperatures in the 350-475 °C 

range. The Ge1-x-ySixSny layers were grown with Si and Sn concentrations in the range of 4-20% 

and 2-12%, respectively. Prior to Raman investigations, the composition and structural properties 

of Ge1-x-ySixSny/Ge/Si layers were characterized using Rutherford backscattering spectrometry 

(RBS), xray reciprocal space mapping (RSM), and transmission electron microscopy (TEM). 

6.1.2 Structural and Optical Properties 

Detailed investigations of structural and optical properties of Ge1-x-ySixSny semiconductors are still 

in their infancy despite their scientific and technological importance.  Herein, to extract the optical 

properties needed for a more accurate theoretical treatment of light-NW interaction, spectroscopic 

ellipsometry was employed to characterize Ge1-x-ySixSny thin layers. Spectroscopic ellipsometry 

was employed to quantify the optical constant of the material. A detailed description of the 

principal of spectroscopic ellipsometry was developed in section 3.2 of Chapter 3. Figure 6-1(a, b) 

exhibits high-resolution Scanning Transmission Electron Microscopy (STEM) images near the 

Ge1-x-ySixSny/Ge interface for two different Sn and Si compositions [(x, y) = (12%, 4%) and (4%, 

12%), respectively]. These figures clearly indicate the possibility of an epitaxial growth of GeSiSn 

on a Si substrate.  X-ray reciprocal space mapping (not shown) confirmed that the grown layers are 

strained with an out-of-plane tetragonal distortion, typical to pseudomorphic growth, in agreement 

with the electron diffraction patterns (Figure 6-1(c, d), inset).  The latter also demonstrate the 

absence of Sn precipitates despite the Sn content exceeds by several factors its equilibrium 

solubility (<1.1 at. %) which is a characteristic of metastable growth techniques.[69] 

Next, the optical properties of the grown films were investigated at room temperature using 

Variable-Angle Spectroscopic Ellipsometer (VASE). Using the visible-UV instrument, the 

dielectric function of our samples was determined from 1 to 5 eV with 0.01 eV steps based on 

measurements at four different angles of incidence. The ellipsometric data processing is elaborated 

in the section 3.2.3 of Chapter 3. After extracting the optical constants, the complex refractive 

index was incorporated into a Lorentz-Mie formalism to quantify the absorption, scattering, and 

extinction efficiencies of CSNW, as it will be shown in the following section. The 𝑵𝑵(𝐸𝐸) spectra 

resulting from the modeling of the two spectroscopic parameters (Ψ,Δ) are displayed in Figure 6-

2 which express the amplitude ratio and phase difference between p- and s-polarizations, 
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respectively. In this figure, the obtained spectra are presented for the binary alloy semiconductor 

Ge1-ySny (top) and the ternary alloy Ge1-x-ySixSny (bottom), where the composition of Sn has been 

measured by EDX and Rutherford backscattering spectrometry.[157] 

Ge

Si0.04Ge0.84Sn0.12

2 nm

Ge

Si0.12Ge0.84Sn0.04

2 nm

1Sn

Si

Ge

20 nm

1

HAADF/STEM image

Ge SiGeSn
1

HAADF/STEM image

Ge SiGeSn

20 nm

Ge Sn

Si

(a) (b)

(c) (d)

 

Figure 6-1: High Angle Annular Dark Field Scanning Transmission Electron Microscopy (HAADF/STEM) 

image of Ge0.84Si0.12Sn0.04 (a) Ge0.84Si0.04Sn0.12 (b) layers grown on Ge virtual substrates. Note the absence 

of dislocations or extended defects in the ternary layer or at the interface. The corresponding diffraction 

patterns measured at the interface are shown as inset figures in (a) and (b) confirming the high crystallinity 

as well as the absence of Sn precipitates. Low magnification HAADF/STEM images and EDX maps of Si, 

Ge, and Sn in Ge0.84Si0.12Sn0.04 (c) and Ge0.84Si0.04Sn0.12 (d) layers.  

(a) 
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Figure 6-2: The complex refractive index constant 𝑁𝑁(𝜆𝜆) spectra of (top) Ge1-ySny binary semiconductor 

alloy as a function of wavelength for different Sn composition and (bottom) of Ge1-x-ySixSny ternary alloy 

as a function of wavelength for different Si and Sn composition obtained from a spectroscopic ellipsometry 

measurement. The inset show the multilayer model used to extract the optical properties (section 3.2.3 of 

Chapter 3) 

6.1.3 Theoretical Calculations 

To implement the Lorentz-Mie scattering formalism, already presented in section 3.1.2 of 

Chapter 3, a MATLAB® code was developed to solve the Maxwell equations in all the 

aforementioned NW systems (NW and CSNW). Furthermore, a Full-Vector, Finite-Difference, 

complex mode solver was developed in order to find the effective refractive index of the CSNW 

structure based on the work presented in Ref. [143]. Calculations were carried out on a PC equipped 

with a single Intel Core 4 Quad 2.40GHz processor equipped with 32GB of RAM. 

Surface Roughness  

Epilayer 

Ge VS 

Si Substrate 
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6.2 Results and Discussion  

Different CSNWs were investigated, including Si/Ge1-ySny, Si/Ge1-x-ySixSny, Ge/ Ge1-ySny and 

Ge/Ge1-x-ySixSny. Firstly, before investigating the solar absorption enhancement in CSNWs, Figure 

6-3, shows the calculated short-circuit current density enhancement of a bilayer thin film structure 

of equal thickness 𝑑𝑑1 = 𝑑𝑑2 composed of different group IV semiconductor alloys; mainly Si/Ge, 

Si/ Ge0.88Sn0.12, Ge/ Ge0.88Sn0.12, Si/ Ge1-x-ySixSny and Ge/ Ge1-x-ySixSny with (x, y) = (12%, 4%) and 

(4%, 12%). The short-current density was evaluated using Eq. (6-2) and the absorption efficiency 

for the single and double layer was calculated using the Transfer Matrix Method (TMM) described 

extensively in Reference [241] under a TM polarization and normal incidence. Figure 6-3 

demonstrates a significant enhancement in the photocurrent when Si and Ge are capped by an Sn-

containing binary or ternary layer, relative to a single Si and Ge layer of the same thickness. On 

the one hand, this enhancement is more pronounced for a Si based substrates where a ~9 nm-thick 

Ge0.88Sn0.12 or Ge0.84Si0.04Sn0.12 capping layer yields a ~14-fold increase in photocurrent as 

compared to bare Si. Moreover, we can conclude by comparing the short-current enhancement of 

Si/Ge and Si/Ge0.99Sn0.12 that these large enhancement factors are a result of the addition of the 

unique optical properties of the Sn alloy rather of the small band gap of Ge. On the other hand, 

adding Sn-rich binary or ternary alloys (Ge0.88Sn0.12 or Ge0.84Si0.04Sn0.12) on a Ge substrate seems 

to affect less the short-circuit current enhancement with an increase of ~25% at 11 nm thickness, 

compared to its Si counterparts. It is important to note that the richer in Sn the samples are, the 

higher the short-circuit current enhancement is. Afterwards, this behavior will be investigated to 

see if it still holds for CSNW structures and compare the short-current enhancement of CSNW to 

thin films. It is worth mentioning that in a conventional planar structure, increased reflection or 

backscattering from the material’s front surface decreases light absorption. Thus, changing the 

geometry from thin films to 1D subwavelength NW would increase scattering, which is an 

indicative of an enhanced optical antenna effect, which increases both scattering and absorption in 

the NW.  

Secondly, Lorentz-Mie calculation is used to generate 2D maps of absorption and scattering 

efficiencies as a function of the incident wavelength and of the NW core radius for the Si/GeSn  
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Figure 6-3: Photocurrent enhancement for a bilayer structure having film thicknesses between 1 and 200 

nm where the first layer of thickness 𝑑𝑑1, shown in the inset is either Si or Ge layer and where the top thin 

layer of thickness 𝑑𝑑2 is either Ge0.88Sn0.12, Ge0.84Si0.04Sn0.12 or Ge0.84Si0.12Sn0.04. The short-circuit current 

enhancement is evaluated for when 𝑑𝑑1 = 𝑑𝑑2. 

and Ge/GeSn structures. The maps of absorption and scattering efficiencies of CSNWs, with a shell 

made of the binary alloy GeSn and a core made of Si or Ge, are examined as displayed respectively 

in Figures 6-4 and 6-5 at two shell thickness 𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄  and 𝑡𝑡 = 𝑅𝑅𝑐𝑐. Figure 6-4 exhibits the 
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absorption (top) and scattering (bottom) efficiencies of the Si/Ge0.88Sn0.12 CSNW, whereas Figure 

6-5 shows the corresponding results for the Ge/Ge0.88Sn0.12 CSNW.  

 

Figure 6-4: Unpolarized absorption efficiency Qabs (top) and unpolarized scattering efficiency Qsca (bottom) 

of Si/Ge0.88Sn0.12 CSNW surrounded by air as a function of the core radius 𝑅𝑅𝑐𝑐 and the incident light 

wavelength for two different shell thicknesses: 𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄  and 𝑡𝑡 = 𝑅𝑅𝑐𝑐. For comparison, SiNW absorption 

and scattering efficiencies are also shown. The three black-dashed lines indicate the selected radii: on-

resonance (at 𝑅𝑅𝑐𝑐 = 8 𝑛𝑛𝑛𝑛) and off-resonance (at 𝑅𝑅𝑐𝑐 = 60 𝑛𝑛𝑛𝑛). 

 

Moreover, the figures also display the absorption and scattering efficiencies for SiNW and GeNW 

thus highlighting the effect of the Sn-containing shell on the absorption and scattering efficiencies. 

For wavelengths larger than ~550 nm, 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 shows distinct features in terms of bright whiskers for 

both TE and TM polarization (not shown in Figures 6-4 and 6-5, but can easily be inferred from 

Si SNW t=1.00 Rc t=0.25 Rc SiNW Qabs 

Qsca 
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the unpolarized 2D map because 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠
𝑈𝑈𝑈𝑈𝑈𝑈 = (𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇 + 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇𝑇𝑇) 2⁄ ). The slope of the whiskers is 

decreasing with increasing core radius 𝑅𝑅𝑐𝑐 and decreasing wavelengths. A possible way to explain 

these whiskers of the scattering efficiency is by considering the theoretical expression of 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 given 

by the Lorenz-Mie formalism for a CSNW (formulas of the scattering coefficients are presented in 

section 3.1.2 of Chapter 3). 

 

Figure 6-5: Unpolarized absorption efficiency Qabs (top) and unpolarized scattering efficiency Qsca (bottom) 

of Ge/ Ge0.88Sn0.12 CSNW surrounded by air as a function of the core radius 𝑅𝑅𝑐𝑐 and the incident light 

wavelength for two different shell thicknesses: 𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄  and 𝑡𝑡 = 𝑅𝑅𝑐𝑐. For comparison, GeNW absorption 

and scattering efficiencies are also shown. 

 

In fact, since the complex refractive index of Ge0.88Sn0.12 shows a weak dependence on the 

wavelength for λ > 550 nm (see Figure 6-2), the scattering coefficients are proportional to the size 

parameter 𝑥𝑥𝑗𝑗 (𝑗𝑗∈{𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐})  ∝ 𝑅𝑅𝑐𝑐 𝜆𝜆⁄ . Thus, 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 is nearly constants along straight lines in the (𝜆𝜆, 

GeNW t= 0.25 Rc t= 1.00 Rc 

4 

Qsca 
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𝑅𝑅𝑐𝑐) –plane. The same behavior is observed for scattering efficiency 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 for both CSNW systems 

with a Ge0.88Sn0.12 shell but the whiskers are observed in different regions. 

Next, the effect of the shell thickness on the absorption and scattering efficiencies will be 

studied thoroughly. By examining the data obtained for the Si/Ge0.88Sn0.12 CSNW (Figure 6-4), 

two important observations emerge. First, the whiskers resonance distribution shows an evolution 

as a function of the core and shell dimensions. Particularly, the whiskers distribution with 

increasing GeSn shell thickness 𝑡𝑡 will move toward higher wavelength. In fact, for a fixed core 

radius (𝑅𝑅𝑐𝑐 = 60 𝑛𝑛𝑛𝑛) and an increasing shell thickness, Figure A.3(a-b) in Appendix A show, 

qualitatively, this behavior where the effect of the geometrical parameters on the leaky resonant 

modes is shown. In fact, by focusing on the TM41, increasing the shell thickness will induce a 

redshift in the leaky mode resonance. Besides, the higher leaky modes are located at a smaller 

wavelength, whereas the fundamental mode 𝑇𝑇𝑀𝑀01 is located near the mid-infrared range. Three 

resonant Mie absorption peaks were observed at 720.6 nm, 932 nm, 733 nm, and 1073 nm for a 

shell thickness equal to 0.5 × 𝑅𝑅𝑐𝑐 (green curve in Figure A.3(a), Appendix A). Incident 

electromagnetic waves having specific wavelength, λ, are trapped along the periphery of core/shell 

nanowires similar to whispering gallery modes in micrometer-scale resonators. The resonant field 

intensity is built up inside the nanowire and then the confined mode leaks due to the small size of 

nanowires compared to the wavelength of the light (𝜆𝜆 > 300 𝑛𝑛𝑛𝑛 and 𝑑𝑑 < 200 𝑛𝑛𝑛𝑛). The leakage 

effect is observable in the electric field profile shown in Figure A.3(b), Appendix A for the 

fundamental leaky mode 𝑇𝑇𝑀𝑀01 and a core radius of 8 nm and a shell thickness equal to 0.25 × 𝑅𝑅𝑐𝑐. 

To quantitatively analyze the leaky modes evolution vs. the core radius, the Helmholtz-Eigen 

equation was numerically solved by using a full-vector, finite difference (FVFD) approach coupled 

with a perfectly matched layer (PML) boundary condition terminated with a zero boundary 

condition [242] to find the complex effective refractive index 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 of the CSNW. Each complex 

solution is the eigenvalue of a specific leaky mode. Leaky modes can be characterized by an 

azimuthal mode number, m, which indicates an effective number of wavelengths around the wire 

circumference and a radial order number, l, describing the number of radial field maxima within 

the cylinder (for instance TMml).[141] The leaky mode resonances, TEml and TMml, have previously 

been shown to correspond to peaks in the scattering and absorption spectra of nanowires.[141,243] 

The real part of 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 is indicative of the resonant wavelength and propagation constant and the 

imaginary part is indicative of the radiative loss of the mode, which for a lossy medium is also a 
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measure of the absorptive loss. Thus, the resonant scattering wavelength can be estimated from 

𝑚𝑚𝑚𝑚 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒⁄ = 𝜋𝜋𝜋𝜋 where 𝑚𝑚 =  1,2, … , λ is the free space wavelength of incident light, 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 is the 

effective refractive index, and 𝑑𝑑 is the diameter of the nanowire. For instance, the nanowire with a 

120 nm diameter (𝑅𝑅𝑐𝑐 = 60 𝑛𝑛𝑛𝑛) exhibits an absorption peak at 1073 nm as shown in Figure A.4(a). 

By using the above formula, 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 is found to be equal to 2.862 (for m = 1), which is close to the 

refractive index of the Si core (3.55) at this wavelength. Using the FVFD approach, the effective 

refractive index was estimated to be 3.13656.  Such a result reveals two important features: the 

optical antenna effect is maximized at each resonance and the scattering and absorption spectra are 

highly structured with multiple discrete peaks; and this optical antenna effect is enhanced by 

decreasing the NW core radius. As shown in Figures 6-4 and 6-5 (bottom), when the core radius is 

smaller or the wavelength of the incident light is longer, the scattering efficiency increases. The 

data presented in Figs. 6-4 and 6-5 clearly demonstrate the ability to tune the absorption and 

scattering of light using CSNWs by controlling either the NW radius or the light wavelength in the 

visible and especially the NIR range where the scattering efficiency is maximized. The second 

important element affecting the absorption efficiency is the presence of localized resonant modes. 

Similar observations were reported in different systems: GaN nanowire cavity,[244] hydrogenated 

amorphous silicon a-Si:H core with a dielectric shell [245] and polycarbonate (PC) - 

polyvinylidene difluoride (PVDF) CSNW.[246] Interestingly, it is possible to engineer the resonant 

properties inside a CSNW by tuning the core radius and/or the shell thickness in a way that light 

absorption can be enhanced at resonance regions, the so called the leaky-mode resonance (LMR) 

enhancement. This effect will be explored to optimize the morphology of CSNWs to achieve 

efficient light absorption. For this, in the following the optimal core radius, shell thickness, and the 

shell type (be it Ge1-ySny binary alloy or Ge1-x-ySixSny ternary alloy) will be defined. The absorption 

behavior can be understood by means of the Fano-resonance effect[247] that is an interference 

effect arising from the incident light and the localized reemitted leaky-mode resonance light due to 

the subwavelength size of NWs. Moreover, in order to quantify the absorption of different CSNW 

structures across the solar spectrum, the ultimate efficiency 𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 will be evaluated [248], assuming 

that each absorbed photon with energy greater than the band gap produces a single electron-hole 

pair with energy ℎ𝑐𝑐 𝜆𝜆𝑔𝑔⁄ , where 𝜆𝜆𝑔𝑔 is the wavelength corresponding to the minimum band gap 

between the core and the shell. Note that unstrained Si and Ge have  an indirect band gap of 1.12 
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eV and 0.66 eV, respectively, whereas the unstrained Ge0.88Sn0.12 is a direct gap semiconductor 

having a gap of 0.49 eV.[40] 𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 is given by: 

 

𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 =
∫ 𝐹𝐹𝑠𝑠(𝜆𝜆)𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝜆𝜆, 𝑟𝑟𝑐𝑐, 𝑡𝑡) 𝜆𝜆𝜆𝜆𝑔𝑔

𝑑𝑑𝑑𝑑𝜆𝜆𝑔𝑔
0.3 𝜇𝜇𝜇𝜇

∫ 𝐹𝐹𝑠𝑠(𝜆𝜆)𝑑𝑑𝑑𝑑4 𝜇𝜇𝜇𝜇
0.3 𝜇𝜇𝜇𝜇

; (6-1) 

 

where 𝜆𝜆 is the wavelength, 𝐹𝐹𝑠𝑠(𝜆𝜆) is the spectral irradiance (power density in W.m-2.nm-1) of the 

ASTM AM1.5G direct normal and circumsolar spectrum[140], 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝜆𝜆,𝑅𝑅𝑐𝑐, 𝑡𝑡) is the spectral 

absorption efficiency evaluated with the Mie-Lorentz scattering formalism and 𝜆𝜆𝑔𝑔 is the 

wavelength corresponding to the minimum band gap between the core and the shell. Special care 

is needed when evaluating the integrals in Eq. (6-1), due to the non-uniformity of the spectral range 

in the ASTM data. To solve this issue, a Piecewise cubic Hermite interpolating polynomial was 

used to interpolate the optical properties between 300 and 1100 nm, to match the ASTM spectra 

wavelength steps. For instance, if we consider the Si/GeSn CSNW, then 𝜆𝜆𝑔𝑔 =2.583 μm. The 

ultimate efficiency can be linked to the maximum short-circuit current, 𝐽𝐽𝑠𝑠𝑠𝑠, by assuming an ideal 

carrier collection efficiency where every photogenerated carrier reaches the electrodes and 

contributes to photocurrent. Under this condition, 𝐽𝐽𝑠𝑠𝑠𝑠 is written:  

 

 
𝐽𝐽𝑠𝑠𝑠𝑠 =

𝑞𝑞
ℎ𝑐𝑐
� 𝐹𝐹𝑠𝑠(𝜆𝜆)𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎(𝜆𝜆,𝑅𝑅𝑐𝑐, 𝑡𝑡)𝜆𝜆𝜆𝜆𝜆𝜆
𝜆𝜆𝑔𝑔

0.3 𝜇𝜇𝜇𝜇
= 0.0726 × 𝜆𝜆𝑔𝑔𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 [𝑚𝑚𝑚𝑚/𝑐𝑐𝑐𝑐2] (6-2) 

 

where 𝑞𝑞 is the elementary charge. However, because 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎 can reach values greater than unity, as 

explained above, the integrated solar absorption cannot truly be considered as the real ultimate 

photocurrent intensity or the short-circuit current density. Nevertheless, 𝐽𝐽𝑠𝑠𝑠𝑠 is a figure of merit 

proportional to the actual photocurrent intensity, very useful to compare to the absorption 

efficiency capability of the studied quantum structures.[227]  
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The photocurrent enhancement is defined as the ratio of the short-circuit current of a two-

layer stack to the short-circuit current of a Si or Ge film. For instance, the enhancement of the 

photocurrent of Si/Ge0.88Sn0.12 thin film (red line in Figure 3a) is evaluated by calculating the ratio  

𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠 =
𝐽𝐽𝑠𝑠𝑠𝑠
𝑆𝑆𝑆𝑆/𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺

𝐽𝐽𝑠𝑠𝑠𝑠𝑆𝑆𝑆𝑆 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
  (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) 𝑜𝑜𝑜𝑜 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠 =

𝐽𝐽𝑠𝑠𝑠𝑠
 𝑆𝑆𝑆𝑆/𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶

𝐽𝐽𝑠𝑠𝑠𝑠 𝑆𝑆𝑆𝑆 𝑁𝑁𝑁𝑁
   (𝑁𝑁𝑁𝑁) 

where  𝐽𝐽𝑠𝑠𝑠𝑠
𝑆𝑆𝑆𝑆/𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 and  𝐽𝐽𝑠𝑠𝑠𝑠𝑆𝑆𝑆𝑆 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 are the photocurrents generated in Si/Ge0.88Sn0.12 stack and Si thin film, 

respectively. To quantify the short-circuit current enhancement for thin-films or nanowire 

structures, the reference short-circuit current (𝐽𝐽𝑠𝑠𝑠𝑠𝑆𝑆𝑆𝑆 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑜𝑜𝑜𝑜 𝐽𝐽𝑠𝑠𝑠𝑠𝑆𝑆𝑆𝑆 𝑁𝑁𝑁𝑁) is evaluated following this 

procedure: (i) for thin films A/B, the short-circuit current is evaluated for a thin-film slab of 

thickness 𝑑𝑑𝐴𝐴 + 𝑑𝑑𝐵𝐵 composed only from material A, whereas (ii) for A/B CSNW structure, the 

short-circuit current is calculated for a single nanowire composed of material A and having a core 

radius of  𝑅𝑅𝑐𝑐 + 𝑡𝑡 where 𝑡𝑡 is the shell thickness of the B layer in the A/B CSNW structure. 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠 

displays a few peaks attributed to Fabry-Pérot resonance which is much weaker than LMR in NWs.   

To investigate the absorption enhancement in CSNWs, the integrated solar absorption 

efficiency was evaluated as a function of the NW dimensions for the four structures proposed above 

and analyzed in Figure 6-6. Figure 6-6 (a) displays the variation of the solar absorption efficiency 

as a function of the shell thickness (𝑡𝑡) and the core radius (𝑅𝑅𝑐𝑐). The whiskered features can be 

recognized, similar to the absorption efficiency presented in Figures 6-4 and 6-5, attributed to LMR 

modes. Interestingly, the 2D photocurrent enhancement maps of Si/Ge0.88Sn0.12 and 

Si/Ge0.84Si0.04Sn0.12 NW structures show narrow regions (𝑅𝑅𝑐𝑐 < 56 𝑛𝑛𝑛𝑛 and 𝑡𝑡 < 40 𝑛𝑛𝑛𝑛) where an 

extreme enhancement of 𝐽𝐽𝑠𝑠𝑠𝑠 is achieved reaching an increase of 11-22-fold for Si/Ge0.88Sn0.12 and 

25-47-fold for Si/Ge0.84Si0.04Sn0.12 compared to SiNW. Besides, from the maps of Ge/Ge0.88Sn0.12 

and Ge/Ge0.84Si0.04Sn0.12, when the core radius is larger than the shell thickness (𝑅𝑅𝑐𝑐 > 𝑡𝑡), we 

observe a maximum short-current enhancement of 7-fold compared to the GeNW system. The 

enhancement is governed by the LMR modes, where the highest enhancement occurs for a shell 

thickness below 8 nm and a core radius between 30 and 45 nm. Table 6-1 summarizes the key 

results of the short-circuit current enhancement for the above CSNW structures. 

Additionally, to quantitatively compare the short-current enhancement between CSNW and thin 

film systems, Figure 6-6(b) presents the ratio 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠 for the Si/Ge0.88Sn0.12 at two different shell 

thickness (𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄ ,𝑅𝑅𝑐𝑐) for the CSNW (red curves) and two top layer thickness (𝑑𝑑2 = 𝑑𝑑1 4⁄ ,𝑑𝑑1) 
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Figure 6-6: (a) 2D short-circuit photocurrent enhancement 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠  map as a function of the shell thickness 𝑡𝑡 

and the core radius 𝑅𝑅𝑐𝑐 for the CSNW structures: from top-left to bottom-right: Si/ Ge0.88Sn0.12, Si/ 

Ge0.84Si0.04Sn0.12, Ge/ Ge0.88Sn0.12 and Ge/ Ge0.84Si0.04Sn0.12.  𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠  is equal to the absorption efficiency of the 

CSNW structure divided by the one for the core NW with a radius of 𝑅𝑅𝑐𝑐 + 𝑡𝑡. The horizontal dashed lines 

represent 3 different shell thicknesses (line a→𝑡𝑡=3 nm; line b→𝑡𝑡=50 nm and line c→𝑡𝑡=100 nm) that will 

be analyzed more in detail in Figure 6-7. Additionally, we present in panel (b) a line profile of Si/ 

Ge0.88Sn0.12. CSNW 2D map, along two shell thickness (𝑡𝑡 = [0.25,1] × 𝑅𝑅𝑐𝑐) directions, shown as solid red 

and dashed-red lines respectively in panel (a). The red lines represent intensity profiles extracted from the 

2D map in panel a following the directions 𝑡𝑡 = 𝑅𝑅𝑐𝑐 and 𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄ . We also present the short-current 

enhancement of thin-film structure for 2 different top-layer thickness (𝑑𝑑2 = 0.25𝑑𝑑1 and 𝑑𝑑2 = 𝑑𝑑1) for a Si/ 

Ge0.88Sn0.12 stack. The red arrows represent the peak core radius positions attributed to LMR. 

(a) 

(b) 
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for the thin films (blue curves). The short-circuit current enhancement 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠  is evaluated by 

calculating the ratio of 𝐽𝐽𝑠𝑠𝑠𝑠 of the CSNW structure with a core radius 𝑅𝑅𝑐𝑐 and a shell thickness 𝑡𝑡 

divided by 𝐽𝐽𝑠𝑠𝑠𝑠 of the core NW with a core radius of 𝑅𝑅𝑐𝑐 + 𝑡𝑡. 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠  of the CSNW at 𝑡𝑡 = 𝑅𝑅𝑐𝑐 is almost 

comparable to its counterparts for the thin film. Nevertheless, the outer layer thickness decreases 

from 𝑡𝑡 = 𝑅𝑅𝑐𝑐 to 𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄  for the CSNW and from 𝑑𝑑2 = 𝑑𝑑1 to 𝑑𝑑2 = 𝑑𝑑1 4⁄  for the thin film, a 

maximum short-current enhancement is observed from 14 to 19, respectively, in the CSNW and a 

decrease from 13 to 8 in the thin film. This is an interesting finding suggesting that to increase light 

absorption in CSNW, the shell thickness 𝑡𝑡 of the CSNW must be inferior than the core radius 𝑅𝑅𝑐𝑐. 

Thus, on the one hand, decreasing the shell thickness from 𝑅𝑅𝑐𝑐 to 𝑅𝑅𝑐𝑐 4⁄  of Si/GeSn CSNW will 

improve-on average- the short-current by 45%. On the other hand, decreasing the top layer 

thickness of the Si/GeSn thin-film from 𝑑𝑑1 to 𝑑𝑑1 4⁄  will deteriorate-on average- the short-circuit 

current by 15%. 

 

Table 6-1: Core radius and shell thickness range corresponding to the optimal short-current enhancement 

(the highest value 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠) for the four Core/Shell NW structures. 

Core Si Ge 

Shell Ge0.88Sn0.12 Ge0.88Si0.04Sn0.12 Ge0.88Sn0.12 Ge0.88Si0.04Sn0.12 

Rc (nm) 3-31 3-45 30-45 30-42 

t (nm) 1-11 1-14 1-8 1-5 

𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠  13-22 22-47 6 5.5 

 

To better illustrate the effect of the shell thickness on the photocurrent, data obtained for 

three different thicknesses (𝑡𝑡 = 3, 50, and 100 nm) are selected from the 2D photocurrent maps 

(dashed lines labeled a, b and c in Figure 6-6(a)) and plotted in Figure 6-7.  The corresponding 

photocurrents are compared to those generated in SiNW and GeNW. Note that the latter two have 

been extensively investigated in recent years[136,249–251] and our estimated photocurrents for 

SiNW and GeNW are in full agreement with early reports. More importantly, Figure 6-7 clearly  
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Figure 6-7: Integrated solar absorption Jsc (mA/cm2) as a function of the core radius of the CSNWs consisting 

of absorbing group IV binary and ternary alloy semiconductors materials. The shell thickness is fixed to (a) 

3 nm, (b) 50 nm and (c) 100 nm and plot the solar absorption as a function of the core radius for Si/ 

Ge0.88Sn0.12, Si/ Ge0.84Si0.04Sn0.12, Ge/ Ge0.88Sn0.12, Ge/ Ge0.84Si0.04Sn0.12, GeNW and SiNW structures. The 

GeNW and SiNW solar absorption are presented for comparison sake, with a core radius equal to 𝑅𝑅𝑐𝑐 + 𝑡𝑡 

for a fair comparison, to easily visualize the enhancement of light absorption in these structures. We also 

show the near electric field profile at the highest achievable short-current at a shell thickness of 3 nm and a 

core radius of 7 nm. We can infer from the profile distribution that the leaky fundamental mode is 

responsible for such a high short-current.  

(a) 

(b) 

(c) 



85 

 

shows that the addition of a SiGeSn or GeSn shell enhances significantly the photocurrent.  For 

instance, the photocurrent enhancement has almost increased five-fold in Si/GeSn and ten-fold in 

Si/GeSiSn CSNW structures as compared to SiNW (black curves in Figure 6-7) at a shell thickness 

of 3 nm for core radii larger than 60 nm. Also, when the shell thickness is equal to 3 nm (Figure 6-

7(a)), the highest value for 𝐽𝐽𝑠𝑠𝑠𝑠 reaching up to 130 mA/cm2 is obtained for the Ge/ GeSn structure 

at a core radius of 40 nm. This is due to the presence of the TM11/TE01 leaky resonance mode at a 

core radius above 30 nm for all the studied NWs. Also, an important improvement in 𝐽𝐽𝑠𝑠𝑠𝑠 is noticed 

at smaller core radii which can reach 120 mA/cm2 for Ge/GeSn, Ge/GeSiSn and Si/GeSiSn 

structures for a 3 nm-thick shell. Increasing of the shell thickness will contribute to a deterioration 

of the short-circuit current, as it can be seen from Figures 6-7(b) and (c) and has been shown from 

the latter analysis of Figure 6-6(b). Additionally, when panels (b), and (c) in Figure 6-7 are 

compared with each other, it shows that there is relatively little difference between panel (b) and 

(c) in absolute values, suggesting similar behavior for shell thickness greater than 50 nm. This can 

be deduced from the top left panel in Figure 6-6(a). This extreme enhancement at a very small core 

radius (𝑅𝑅𝑐𝑐 = 7 𝑛𝑛𝑛𝑛) and shell thickness (𝑡𝑡 = 3 𝑛𝑛𝑛𝑛) is due to the TM01 leaky resonance mode which 

is shown by the near-field profile inset in Figure 6-7. 

The fact that the photocurrent enhancement is practically independent of the core radius 

above ~100 nm is an interesting result suggesting that the generated photocurrent can be tuned 

through a simple control of the shell thickness rather than the core radius thus providing more 

flexibility in the fabrication process. However, to ensure the integration of these structures in 

photonic devices, it is important to also optimize the efficiency of charge collection, which depends 

on the minority carrier lifetime, lattice defects, contact quality and design. 

In addition, to further investigate the optimal CSNW geometry for light absorption, we 

defined a dimensionless parameter, 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎, as the ratio of the absorption efficiency of the CSNW to 

that of a pure NW (SiNW or GeNW) with a core radius of 𝑅𝑅𝑐𝑐 + 𝑡𝑡 equal to its CSNW counterparts. 

For instance, if we consider the structure Si/GeSn, the absorption enhancement factor is defined as  

 
𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎(𝑟𝑟𝑐𝑐, 𝑡𝑡, 𝜆𝜆) =

𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎
𝑆𝑆𝑆𝑆/𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺

𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ; (6-3) 
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If 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎 takes values larger than unity, then CSNW structures absorb light efficiently as compared 

to SiNW or GeNW. The higher the value of 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎, the more efficient absorber the CSNW is.  

 

 

Figure 6-8: Extreme light absorption enhancement map as a function of the core radius and the incident light 

wavelength for the Si/Ge0.88Sn0.12 core-shell nanowire for different shell thicknesses 𝑡𝑡= [0.25, 0.5, 0.75, 1] 

× 𝑅𝑅𝑐𝑐. 

The enhancement of solar absorption and photocurrent are due to the plurality of spectrally-

separated LMR supported by large core diameters. In the enhancement maps (Figure 6-8 for the 

Si/Ge0.88Sn0.12, Figure A.4(a), Appendix A for the Si/Ge0.84Si0.04Sn0.12 and Figure A.4(b), Appendix 

A for the Ge/Ge0.88Sn0.12), a strong absorption enhancement that follow very specific directions is 
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observed. In fact, when the incident wavelength matches one of the leaky modes supported by the 

NW [249,250], optical responses, including light scattering and absorption, were found to be 

substantially enhanced as compared to a simple SiNW. A gradual increase in the enhancement of 

light absorption for the Si/GeSn system is observed as compared to a SiNW where between 800 

and 1000 nm, 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎 ~103. Next, between 1000 and 1100 nm, 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎 reaches its maximum ~104. For 

instance, at 𝑟𝑟𝑐𝑐 = 33 𝑛𝑛𝑛𝑛, 𝜆𝜆 = 1086 𝑛𝑛𝑛𝑛 and 𝑡𝑡 = 𝑅𝑅𝑐𝑐, 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎  ≅ 3 × 104 for Si/GeSn CSNW. 

Additionally, when increasing the thickness of the shell, the leakier resonance modes are excited, 

which is reflected by the increase in the number of whiskers in the map: at 𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄ , only five 

broad whiskers are observed, whereas at 𝑡𝑡 = 𝑅𝑅𝑐𝑐, eight are found for Si/Ge0.88Sn0.12 at the same core 

radius. Interestingly, the Ge/Ge0.88Sn0.12 CSNW’s enhancement map (see Figure A.4(b), Appendix 

A) displays a different result. Indeed, unlike the Si-based CSNW, the enhancement in the Ge-based 

CSNW is relatively small (~12 vs. ~104). Besides, above 700 nm, the enhancement along the LMR 

is clear and it reaches its maximum in NIR region for 860 ≤ 𝜆𝜆 ≤  1100 𝑛𝑛𝑛𝑛 and 𝑅𝑅𝑐𝑐 =

42, 37,32 𝑎𝑎𝑎𝑎𝑎𝑎 30 𝑛𝑛𝑛𝑛 for each shell thickness 𝑡𝑡. Specifically, at 980 ≤ 𝜆𝜆 ≤ 1100 𝑛𝑛𝑛𝑛, 𝑅𝑅𝑐𝑐 =

30 𝑛𝑛𝑛𝑛 and 𝑡𝑡 =  𝑅𝑅𝑐𝑐, the absorption enhancement factor 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎 is between 9 and 12. This is in 

accordance with the short-current enhancement map where at the same core radius and shell 

thickness, 𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠 is equal to 3.5 which is equivalent to a high short-current of 95 mA/cm2.  

The extreme enhancement of light absorption in Si/GeSn and Si/GeSiSn structures presents 

an interesting opportunity to achieve optimal wavelength selectivity in the desired NIR region 

through an optimal choice of the core radius and shell thickness of the CSNW. Therefore, it is 

important to optimize the physical dimensions (𝑅𝑅𝑐𝑐, 𝑡𝑡) of the CSNW in order to guarantee both 

photocurrent and absorption efficiency enhancement. Thus, for Si/Ge0.88Sn0.12, we propose using 

core radii 𝑅𝑅𝑐𝑐 =17, 41, 70, 113, 132 and 172 nm for a shell thickness  𝑡𝑡 = 𝑅𝑅𝑐𝑐 4⁄ , at which 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎 is 

enhanced. In addition, when 𝑅𝑅𝑐𝑐 = 6.3,17 and 38 nm, the short-circuit current is enhanced as shown 

in the red solid curve of Figure 6-6(b) where the red arrows indicate the corresponding core radii. 

Thus, a core-radius of 17 nm would guarantee a simultaneous short-current and an absorption 

efficiency enhancement. Besides, for 𝑡𝑡 = 𝑅𝑅𝑐𝑐, the optimal core radii are 10, 32, 73, 108 and 149 

nm. On the other hand, for Si/ Ge0.84Si0.04Sn0.12 and at 𝑡𝑡 = 𝑅𝑅𝑐𝑐, the optimal radii are 9, 31, 50, 72, 

106, 118 and 147 nm.   



88 

 

Figure 6-9: (a) The short-current enhancement map of the (Si/Ge0.88Sn0.12/Si3N4) system where the inner-shell thickness was set to be equal to the 
core radius (𝑡𝑡𝑖𝑖.𝑠𝑠. = 𝑅𝑅𝑐𝑐) and the dielectric capping layer thickness 𝐷𝐷 was varied from 1 to 200 nm. The top panel shows the relative maximum change 
of the short-current enhancement (max�𝜂𝜂𝐽𝐽𝐽𝐽𝐽𝐽� in %) vs. the core radius, whereas the left panel represents the relative change of max�𝜂𝜂𝐽𝐽𝐽𝐽𝐽𝐽� vs.𝐷𝐷. The 
relative change is evaluated using the following equation: �𝜂𝜂𝐽𝐽𝐽𝐽𝐽𝐽 − 1� × 100. The short-current enhancement was evaluated as the ratio of the short-

current of the core-multishell nanowire to the short-current of the base CSNW (Si/GeSn) (𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠 = 𝐽𝐽𝑠𝑠𝑠𝑠
Si/GeSn/SiN 𝐽𝐽𝑠𝑠𝑠𝑠

𝑆𝑆𝑆𝑆/𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺� ). The orange and green arrows 
in the top panel represent, respectively, the core radii 𝑅𝑅𝑐𝑐 equal to 13.6 and  78.2 nm, where 𝐽𝐽𝑠𝑠𝑠𝑠 is enhanced. Next, fixing 𝑅𝑅𝑐𝑐 to the previous radii, 
panel (b) and (c) show, a 2D map of the absorption efficiency 𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎 as a function of the incident wavelength 𝜆𝜆 and the dielectric thickness 𝐷𝐷. 
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The investigations described above provide the basis to design high performance NW-based 

optoelectronic and photonic devices. In the following, the influence of an additional layer around 

the CSNW structure will be addressed and the collective properties of an array of CSNWs will be 

elucidated. A single configuration will be considered: a non-absorbing dielectric layer (Si3N4) 

around an Si/Ge0.88Sn0.12 CSNW (Si/Ge0.88Sn0.12/Si3N4) (The optical properties of Si3N4 are taken 

from Ref.[252]). The choice of silicon nitride (Si3N4) as a coating material emanates from two 

characteristics: firstly, the surface passivation effect [253,254] and secondly the antireflective 

properties reducing light reflection considerably. Taking into consideration these aspects, light 

absorption and scattering in a Si/Ge0.88Sn0.12/Si3N4 NW was simulated. Because optical resonances 

serve to enhance the light−matter interaction of the NW cavity, the dielectric-shell optical antenna 

effect is expected to increase not only light scattering but also light absorption in PV devices.[249]  

Figure A.1(c), Appendix A shows the geometrical configuration and the necessary parameters for 

the previous system. Figure 6-9 displays the calculated short-current enhancement �𝜂𝜂𝐽𝐽𝑠𝑠𝑠𝑠� at a fixed 

inner-shell (𝑡𝑡) of the Ge0.88Sn0.12 layer equal to the core radius (𝑡𝑡 = 𝑅𝑅𝑐𝑐) and the dielectric capping 

layer thickness 𝐷𝐷 was varied from 1 to 200 nm. In the top and left panels in Figure 6-9, the relative 

change-in percent- of the maximum short-current enhancement (i.e. a positive value means an 

enhancement or increase in the 𝐽𝐽𝑠𝑠𝑠𝑠) is shown, whereas a negative value entails a deterioration or 

decay in 𝐽𝐽𝑠𝑠𝑠𝑠 relative to a CSNW system without the dielectric layer. Additionally, the antireflection 

role of the dielectric shell can be further confirmed from examining the absorption spectra. It can 

be seen that the dielectric shell of the Si/Ge0.88Sn0.12/Si3N4 NW gives rise to a broad absorption 

peak, clearly shown in Figure 6-9(b) and (c) for two distinct core radii (13.6 and 78.2 nm).  So, a 

core radius 𝑅𝑅𝑐𝑐 equal to 78.2 nm (green arrow in top panel in Figure 6-9(a)), an inner- shell thickness 

𝑡𝑡 equal to the core radius and a thickness of the dielectric capping layer 𝐷𝐷 equal to 43 nm (blue 

arrow in left panel of Figure 6-9(a)) provides a 25% increase in the short-circuit current density as 

well as a high absorption efficiency. The enhancement at smaller core radius (𝑅𝑅𝑐𝑐 < 20 𝑛𝑛𝑛𝑛; more 

specifically at 𝑅𝑅𝑐𝑐 =  13.6 𝑛𝑛𝑛𝑛, shown as an orange arrow in top panel of Figure 6-9(a) where ~40% 

increase in 𝐽𝐽𝑠𝑠𝑠𝑠 is achieved) and at a capping layer thickness of 𝐷𝐷 = 25 𝑛𝑛𝑛𝑛 occurs where the LMR 

whiskers are present. This enhancement is explained by an increase in scattering. In fact, in the 

case of a subwavelength NW, the increase in scattering is indicative of an enhanced optical antenna 

effect, which increases both scattering and absorption in the NW. This can be observed in Figure 

6-10a. Likewise, tuning the spectral range of the absorption throughout the dielectric layer 
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thickness can be accomplished for a given core radius of 13.6 nm: in fact, when 𝐷𝐷 = 33 nm, the 

structure will absorb in the visible spectrum, but when 𝐷𝐷 = 3 nm the NIR spectrum will be active, 

with a 40% short-current enhancement compared to the Si/Ge0.88Sn0.12 CSNW structure. 

Furthermore, when the core radius is increased to 78 nm, the optimal Si3Ni4 capping layer thickness 

𝐷𝐷 is found to be 45 nm from Figure 6-9(c) with a corresponding short-current enhancement of 

25%.  

Next, the effect of the additional dielectric layer can be better understood in Figure 6-10(a) 

displaying TM-like mode absorption efficiency (𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇𝑇𝑇 ) for three sets of NW structures: Si, 

Si/Ge0.88Sn0.12, and Si/Ge0.88Sn0.12/Si3N4 at 𝑅𝑅𝑐𝑐 = 13.6 and 75 𝑛𝑛𝑛𝑛, and 𝐷𝐷 = 33 and 45 nm, 

respectively for each core radii. Figure 6-10(b) represent the resonant profiles of the total TM-

polarized Poynting vector |𝐒𝐒|𝑇𝑇𝑇𝑇2   inside the nanostructure and display a leaky-mode resonance 

behavior (see Figure 6-10(b) maps 5,10), which is associated with the selective scattering of light 

in a specific wavelength depending on the structure size. The NWs are investigated at wavelengths 

corresponding to the peaks labeled 1 to 10 in Figure 6-10(a). When coating the Si/Ge0.88Sn0.12 

CSNW with Si3N4 layer, an increase of the absorption efficiency is apparent regardless of the core 

radius. 

Note that adding a GeSn shell and increasing the core radius will induce a redshift in the LMR 

spectral position where higher order modes were observed to appear. Furthermore, the number of 

excited LMR diminishes due to the presence of the dielectric capping layer.  The opportunity to 

control the spatial distribution of the energy flux density in the three previous structures, by 

introducing a shell layer, provides wavelength tuneability of the absorption efficiency which is 

clearer in the absorption maps presented in Figure 6-10(b). Besides, a simple dielectric shell can 

double light absorption and dramatically increase light scattering in Si core NWs by enhancing the 

optical antenna effect of the wires. This effect has been proven for different dielectric layers (SiO2). 

[255] 
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Figure 6-10: (a) TM-like mode absorption efficiency (𝑄𝑄𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇𝑇𝑇 ) of the Si NW structure (red curve), Si/ 

Ge0.88Sn0.12 CSNW structure (blue curve) and Si/ Ge0.88Sn0.12/ Si3N4 structure (green curve), surrounded by 

air, for 2 different core radii:  𝑅𝑅𝑐𝑐 = 13.6 and 78 nm. The GeSn shell thickness was fixed to the core radius 

and the dielectric capping layer 𝐷𝐷 is chosen to be 33 and 45 nm, respectively for each core radius. The 

resonant peaks were labeled from 1 to 10 for the different structures. (b) Near field magnitude for the total 

TM-polarized Poynting vector |𝐒𝐒|𝑇𝑇𝑇𝑇2  by the three different structures evaluated with the analytical solution 

for a perpendicular incident illumination at the wavelengths corresponding to the peaks labeled 1−10 in 

panel (a). The corresponding scale bar is presented for each structure which reflects the dimension of the 

structure. 
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6.3 Conclusion 

In conclusion, LMR-induced field enhancements were demonstrated inside Ge1-x-ySixSny alloy 

heterostructures and core-shell nanowires. Our theoretical calculations demonstrated that a ~14-

fold increase in photocurrent can be achieved in Si/Ge1-x-ySixSny heterostructure as compared to 

bare Si. Furthermore, when the outer layer thickness decreases relative to the core radius in the 

core-shell nanowires, the maximum short-circuit current enhancement factor increases. 

Conversely, a thinner Sn-containing top layer limits the enhancement of light absorption in thin 

films. Moreover, the photocurrent increase in nanowire is found to be restricted to narrow regions 

(core radius 𝑅𝑅𝑐𝑐  <  56 𝑛𝑛𝑛𝑛 and shell thickness 𝑡𝑡 <  40 𝑛𝑛𝑛𝑛) where a significant enhancement 

relative to Si nanowires is achieved reaching 11-22-fold for Si/Ge0.88Sn0.12 and 25-47-fold for 

Si/Ge0.84Si0.04Sn0.12 core-shell nanowires. Additionally, an extreme enhancement of light 

absorption for the Si/GeSn was shown, where the absorption efficiency in the near-infrared region 

is four orders of magnitude higher than that of SiNW. For Ge/Ge1-y-xSixSny core-shell nanowires 

the enhancement in light absorption is relatively limited as compared to Si/Ge1-y-xSixSny core- shell 

nanowires. The observed enhancement is due to a multiplication of contributions from LMRs in 

both core and shell semiconductors. These effects can be exploited through the control over the 

size and composition of the nanowire structure. Moreover, the calculations also suggest that the 

addition of a Si3N4 ARC layer on Si/Ge1-y-xSixSny core-shell nanowires improves the absorption 

efficiency. In fact, by tuning the core radius and the dielectric layer thickness, it is possible to 

selectively control the spectral range (visible or NIR) where the structure becomes optically active. 

For instance, with a core radius larger than 75 nm, a dielectric layer thickness of 40 nm, a 30% 

increase in the generated photocurrent relative to Si/Ge1-y-xSixSny core-shell nanowires can be 

achieved. The obtained results indicate that Si-based nanowire structures are more advantageous 

in terms of absorption enhancement as compared to thin films for applications in solar cells and 

photodetectors. 
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CHAPTER 7 CONCLUSION AND RECOMMENDATION 

 

Ge1-x-ySixSny is a versatile group IV material system which has attracted great attention in 

recent years mainly for electronic and photonic applications. These semiconductors have relatively 

high electron and hole mobilities as compared to Si and Ge, making them promising candidates for 

high mobility channels in metal-oxide-semiconductor field effect transistors (MOSFETs) for the 

sub-7 nm technology nodes. Moreover, Ge1-x-ySixSny significantly extends the absorption edge 

range, and enhances the absorption coefficient of group IV semiconductors, as mentioned in  

Chapter 2.  This makes Ge1-x-ySixSny an ideal platform to implement near-infrared (NIR) and mid-

infrared (MIR) photodetectors and imaging devices. Ge1-x-ySixSny technologies are in principle 

CMOS-compatible, which is ideal for large-scale and cost-effective integration with standard 

semiconductor processing. In this chapter, we will highlight the key findings in this Master’s thesis 

and outline our perspective for important directions and potential next steps to implement Ge1-x-

ySixSny devices and harness their attractive properties.  

 

7.1 Band gap engineering 

To engineer efficient and scalable optoelectronic devices, theoretical investigations are needed to 

pave the way for material selection and performance optimization. The first task in this thesis has 

been the study of electronic structure of Ge1-x-ySixSny ternary alloys using a formalism that 

incorporates strain effect on the band structure, which can be used to accurately estimate the band 

edges relevant for heterostructure engineering. In chapter 4, we presented detailed investigations 

of the effect of composition and strain on the band structure of Sn-containing group IV 

semiconductors by adapting the second nearest neighbors empirical tight binding method (2NN-

sp3s*). Furthermore, an efficient differential evolution approach was used through which the 

experimental effective masses and band gaps are accurately reproduced.  In Ge1-x-ySixSny, we found 

that tensile strain lowers the critical content of Sn needed to achieve a direct band gap 

semiconductor. For 0 ≤ x ≤ 0.4 and 0 ≤ y ≤ 0.2, the corresponding band gap energies are below 

0.72 eV.  In fully relaxed alloys, the direct band gap energy is located below 0.43 eV.  We also 

found that the indirect-to-direct band gap transition crossover lines are given by y = 0.605×x + 
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0.077 and y = 1.364×x + 0.107 for tensile strained (pseudomorphic to Ge) and fully relaxed alloys, 

respectively. Furthermore, the effect of strain at a fixed composition was also investigated 

confirming that tensile strain facilitates the transition to a direct gap semiconductor, whereas the 

transition requires higher content of Sn under a compressive strain. Our results indicate that the 

interplay between composition and strain effects provides a rich playground to independently tune 

over a broad range the band gap energy and lattice parameter in group IV semiconductor.  This 

progress in the understanding of the electronic structure of the material laid the groundwork for us 

to study the effect of free carrier doping density and core radius on the spatial localization of 

carriers inside core-shell NWs. 

 

7.2 Properties of charge carriers in Ge1-x-ySixSny NW heterostructures 

We started by analyzing a type I Ge1-ySny/Ge radial heterostructure for which we solved self-

consistently the Schrödinger-Poisson equation for the Ge1-ySny/Ge core-shell NW system for two 

different Sn compositions: y <11% (indirect gap) or y >11% (direct gap). To that end, the 

conduction and valance band offsets of the heterostructure were determined by extracting the 

valence and conduction band edges. Moreover, the effect of doping on the spatial localization of 

electrons inside the radial core-shell NW was studied. One of the interesting findings is the ability 

to tune the electronic density localization inside the core-shell NW by controlling the doping 

concentration and the core and shell radii. For instance, when the core radius is below 20 nm and 

the free carrier doping concentration is 8×1017 cm-3, the normalized core electron density variance 

for a Ge0.9Sn0.1/Ge CSNW was found to be 1.25, which translates to a core carrier confinement of 

electrons. A possible implication of this finding is to have a better estimation for the doping 

concentration and the geometrical properties of the NW to enhance the recombination process in 

an optoelectronic device. To complete the analysis, we also studied the effect of light interaction 

with Ge1-x-ySixSny CSNW structures where the absorption and scattering efficiencies of Ge1-x-

ySixSny based thin films and CSNWs were quantified using the Lorentz-Mie scattering formalism. 

7.3 Light absorption engineering in Ge1-x-ySixSny NW heterostructures 

In Chapter 6, we measured the complex refractive index of Ge1-ySny and Ge1-x-ySixSny for different 

Sn and Si compositions by SE. The optical properties were then used to evaluate theoretically the 
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absorption and scattering efficiencies as well as the photocurrent of Ge1-x-ySixSny based thin-films 

and core-shell NWs. Mie-Lorentz scattering formalism was used to evaluate these efficiencies. Our 

theoretical calculations demonstrated that a ~14-fold increase in photocurrent can be achieved in 

Si/Ge1-x-ySixSny thin-films as compared to bare Si. Furthermore, when the outer layer thickness 

decreases relative to the core radius in the core-shell NWs, the maximum short-circuit current 

enhancement factor increases. Conversely, a thinner Sn-containing top layer limits the 

enhancement of light absorption in thin films. Moreover, the photocurrent increase in NW is found 

to be restricted to narrow regions (core radius 𝑅𝑅𝑐𝑐  <  56 𝑛𝑛𝑛𝑛 and shell thickness 𝑡𝑡 <  40 𝑛𝑛𝑛𝑛) 

where a significant enhancement relative to Si NWs is achieved reaching 11- to 22-fold for 

Si/Ge0.88Sn0.12 and 25- to 47-fold for Si/Ge0.84Si0.04Sn0.12 CSNWs. Additionally, an extreme 

enhancement of light absorption was predicted for the Si/GeSn CSNWs, where the absorption 

efficiency in the NIR region is four orders of magnitude higher than that of SiNW. Moreover, the 

calculations also suggest that the addition of Si3N4 as an anti-reflection coating layer on Si/Ge1-x -

ySixSny CSNWs improves the absorption efficiency by tuning the core radius and the dielectric 

layer thickness to selectively control the spectral range (visible or NIR) where the structure 

becomes optically active. For instance, with a core radius larger than 75 nm, a dielectric layer 

thickness of 40 nm, a 30% increase in the generated photocurrent relative to Si/Ge1-x-ySixSny core-

shell nanowires can be achieved. These findings are of paramount importance in the design of new 

optoelectronic devices. In the following, we outline a few examples of group IV optoelectronic 

devices that can be implemented and optimized based our investigations. 

 

7.4 Future work 

Theoretical investigations are a necessary tool to evaluate the basic properties of emerging 

semiconductors. Nevertheless, the experimental demonstration remains key to either validate or 

refute the findings of these theoretical tools. For that purpose, the obvious next steps emerging 

from this work is to develop Sn-containing group IV semiconductors and investigate their 

electronic and optical properties in the light of the results presented in this thesis. First, Ge1-ySny-

based high-performance photodetectors (PDs), relevant for electronic-photonic integrated circuits 

(EPICs), are key components that enable optical links to convert light into electric signals. The 

optical absorption coefficients are largely enhanced in Ge1-ySny and the absorption edge is 



96 

 

significantly extended toward longer wavelengths, thus forcing the detection range to expand 

beyond 2 μm. Because of the decoupled photon-absorption and carrier-collection paths in 

waveguide photodetectors (WGPD), simultaneous high-responsivity and high-speed operation can 

be achieved. For that purpose, a GeSn p-i-n WGPD can be engineered, as illustrated in Figure 7-1. 

The GeSn active layer can also be a GeSn/Ge multi-quantum well where a type-I heterostructure 

is introduced to confine carriers. 

 

Figure 7-1: Cross-section illustration of a GeSn p-i-n WGPD 

 

Second, extending the sp3s* tight binding formalism to evaluate the band structure of 

superlattices would be an important approach to engineer novel photonic group IV device 

structures. Nanostructuring permits the possibility to relax the constraints imposed by translational 

invariance and conversation of momentum which can induces band gap directness in superlattice. 

Additionally, alloying introduces extra degrees of freedom (strain and composition) to modify the 

band structure. Thus, combining nanostructuring with alloying can pave a path toward finding 

optically active, and direct gap system. For instance, Si/Ge superlattices has been extensively 

studied, experimentally and theoretically, and it has been shown that the optimal sequence for the 

Si/Ge superlattice is SiGe2Si2Ge2SiGen. [256] Consequently, using the Ge1-x-ySixSny ternary alloy 

as a building block for a superlattice, will allow to decouple the effects of strain and composition 
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n-Ge 

SiO2 

p-Ge 
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on the band structure. Computer-assisted search methods can be utilized to explore the 

�𝐺𝐺𝑒𝑒1−𝑥𝑥𝑛𝑛−𝑦𝑦𝑛𝑛𝑆𝑆𝑖𝑖𝑥𝑥𝑛𝑛𝑆𝑆𝑛𝑛𝑦𝑦𝑛𝑛�𝑛𝑛/�𝐺𝐺𝑒𝑒1−𝑥𝑥𝑚𝑚−𝑦𝑦𝑚𝑚𝑆𝑆𝑖𝑖𝑥𝑥𝑚𝑚𝑆𝑆𝑛𝑛𝑦𝑦𝑚𝑚�𝑚𝑚 superlattices with the explicit goal of finding a 

direct-gap and optically active material. This translates into finding the optimal Sn and Si 

concentrations (x, y) as well the number of monolayers (n, m) which renders it a computationally-

expensive optimization procedure. Usually, first principle methods are used to evaluate electronic 

structure of superlattices. But, they limit the analysis to short-period superlattices (where n, m <10) 

due to computational overheat. Thus, using the sp3s* second-nearest neighbors approach as a 

substitute for computationally expensive first-principle method can extend the analysis to long-

period superlattices, which will expand the search space. Furthermore, using a combination of 

differential genetic algorithms and band-structure calculation, we can identify the optimal motif 

that allows an increase of the dipole matrix element. So, an accurate evaluation of the dipole matrix 

element based upon the sp3s* approach is needed to finalize the framework needed to establish the 

optimal sequence for the superlattice optimization. Figure 7-2 shows a schematic sketch for a 

possible group IV superlattice. 

Third, the most efficient solar cells currently in production uses lattice-matched 

Ge/GaInAs/GaInP triple-junctions grown on bulk Ge substrates. Although these architectures can 

achieve up to 40.7% efficiency by using solar concentrators, incorporating a fourth junction could 

provide further improvements in efficiency. To maximize the overall efficiency of solar cell 

multijunction, the band gaps of cell materials should cover the range from 0.6 to ~2.5 eV. Above 

1.4 eV, III-V alloys (InGaAs, InGaP) are the materials of choice. At the low end of the energy 

spectra, Ge substrate is the most widely used for the bottom junction. In between the two ranges 

there lies a broad gap centered around 1.0 eV. Enhancing the absorption in this region is extremely 

important to improve the efficiency of multi-junction solar cells. However, to reach 1.0 eV bandgap 

using III-V alloys (InGaAs, InGaP) is relatively hard, while complying with lattice-matched 

condition. For that reason, Ge1-x-ySixSny is the perfect material candidate to be used because it can 

be easily lattice matched to Ge and have a tunable band gap that can reach ~1eV by accurately 

controlling the Sn and Si concentrations. The Si and Sn composition should be respectively 

between [1%,10%] and [4%,6%] to guarantee a lattice matched condition to Ge and In0.08Ga0.92As. 

Figure 7-3 shows a scheme of the cell in question. 
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Figure 7-2: Schematic illustration of Group- IV  �𝐺𝐺𝑒𝑒1−𝑥𝑥𝑛𝑛−𝑦𝑦𝑛𝑛𝑆𝑆𝑖𝑖𝑥𝑥𝑛𝑛𝑆𝑆𝑆𝑆𝑦𝑦𝑛𝑛�𝑛𝑛/�𝐺𝐺𝑒𝑒1−𝑥𝑥𝑚𝑚−𝑦𝑦𝑚𝑚𝑆𝑆𝑖𝑖𝑥𝑥𝑚𝑚𝑆𝑆𝑆𝑆𝑦𝑦𝑚𝑚�𝑚𝑚 

Superlattices 
 

 

Figure 7-3: GeSiSn-based multi-junction solar cell with an optimal 1 eV sub-cell. 

Nevertheless, tunnel junctions are an important part of the GeSiSn based solar cells that remain to 

be elucidated. Tunneling junctions are of paramount importance to form the connections between 

Silicon Subs. 
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consecutives p-n junctions. They function as an ohmic electrical contact in the middle of the 

semiconducting device.  

Fourth, it is possible to design GeSn QW lasers that operate efficiently at room temperature. 

The necessary steps for this are elaborated below. Figure 7-4 depicts the schematic diagram of the 

proposed QW structure. The Ge0.9Sn0.1 QW, pseudomorphic to the Ge buffer layer, experiences a 

1.1% compressive strain in the lattice structure. Based on the results discussed in Chapter 4, the 

1.1% compressive strain forces the Ge0.9Sn0.1 to remain an indirect bandgap material. To overcome 

that constraint, a buffer layer with less lattice mismatch to Ge0.9Sn0.1 is desired. In this regard, a 

thick graded GeSn buffer layer can be grown where the Sn concentration is gradually increased to 

reach the condition to grow strain relaxed heterostructures. Therefore, the Ge0.9Sn0.1 QW could 

exhibit direct bandgap characteristics favorable for emitting light. Moreover, to provide sufficient 

carrier confinement in the GeSn QW layer, a SiGeSn cladding layer lattice matched to the new 

GeSn buffer can be used. Inserting that layer ensures the necessary barrier height due to the wider 

bandgap of SiGeSn compared to GeSn. Finally, a GeSn barrier layer lattice matched to GeSn buffer 

layer provides another level of confinement for the Ge0.9Sn0.1 QW region. The Sn composition of 

the GeSn buffer and barrier layers and the Si and Sn compositions of the lattice matched SiGeSn 

cladding layer should be carefully selected to provide the required direct bandgap Ge0.9Sn0.1 QW. 

To establish the desired values for the Sn composition in the Ge1-ySny buffer layer, a contour plot 

of the energy difference between the Γ and L valleys (Δ𝐸𝐸𝑐𝑐
𝑄𝑄𝑄𝑄 = 𝐸𝐸𝐿𝐿 − 𝐸𝐸𝑐𝑐) vs. the Sn composition in 

the relaxed GeSn buffer and pseudomorphic GeSn well, need to be evaluated. Almost 10% Sn in 

the GeSn buffer layer is required to achieve direct band gap pseudomorphic Ge0.9Sn0.1 QW. 

However, this is not the only criteria that needs to be considered. The barrier height between the 

Ge0.9Sn0.1 QW and barrier layers plays a detrimental role in the design of the proposed structure. 

To that end, a map of the conduction band offset between the Ge0.9Sn0.1 QW and the GeSn 

buffer/barrier layers will help clarify the composition of the GeSn buffer layer. The GeSn buffer 

composition can be chosen to be between 4.5% and 5.5%. The next step in the QW structure design 

is to find the GeSiSn cladding layer lattice matched to the Ge0.95Sn0.05 buffer layer. 
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Figure 7-4: Direct band gap Ge0.9Sn0.1 QW with type-I band alignment and carrier confinement 

 

Another reason that explains the use of 5% Sn in GeSn buffer layer is the critical thickness. A 

relaxed Ge0.95Sn0.05 buffer layer with the thickness of ~400nm is required because GeSn buffer 

layer with lower Sn content would not provide relaxed layer due to their critical thicknesses. Based 

on Vegard’s law, the lattice constant of the Ge0.95Sn0.05 buffer layer is 5.6893 Å. Thus, both Si and 

Sn are required to provide a Ge1-x-ySixSny cladding layer with an in-plane lattice constant of 5.7 Å. 

Possible values for Si and Sn concentrations are in the range of 12-15% and 8.4-8.8%, respectively. 

This guarantees lattice matching condition as well as large band offsets between GeSiSn and the 

Ge0.9Sn0.1 layer in the order of ~100meV, which is higher than the thermal fluctuation energy of 25 

meV. 

To sum up, Ge1-x-ySixSny materials represent an exciting family of semiconductors for group IV-

based light emitting devices, photodetectors, and low-power nanoelectronics devices. In the future, 

the next steps in this direction are better understanding and control the out-of-equilibrium growth 

dynamics of GeSiSn to be able to fabricate these devices. Furthermore, establishing accurate 

estimation of the conduction and valence band-offset of the Ge1-x-ySixSny superlattice, 

understanding the interplay between the strain and composition effect on the optical gap activity, 

and controlling the two doping types are key milestones towards the experimental implementation 

of these devices.  

Ge –VS ~ 700nm-1μm 
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Ge0.762Si0.12Sn0.088 cladding ~50 nm 

Ge0.95Sn0.05 barrier ~50nm 

Ge0.9Sn0.1 QW~10-20nm 
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APPENDIX A – ENHANCED IR LIGHT ABSORPTION IN 

GROUP IV-SIGESN CORE-SHELL NANOWIRES 

 

A.1. Lorentz-Mie scattering theory for an infinite core-shell cylindrical 
nanowire. 

To quantify, the absorption and scattering efficiencies in the core-shell nanowire, we need to 

know the corresponding absorption and scattering expansion coefficients. Furthermore, we need to 

quantify the electrical 𝐸𝐸�⃗  and magnetic fields 𝐻𝐻��⃗  inside the core and the shell in addition to the 

incident and scattering fields. To include the effect of the incidence angle in our calculation, we 

present a general expression of the electromagnetic fields in the CSNW. For that, lets us consider 

a long cylindrical core-shell nanowire as shown in Figure S1 (where the length 𝐿𝐿 is almost 10 times 

larger than the radial dimensions 𝑟𝑟) oriented along the 𝒆𝒆𝑧𝑧 direction and having a core of radius 𝑟𝑟𝑐𝑐 

and a complex refractive index 𝑁𝑁𝑐𝑐 and a shell of radius 𝑟𝑟𝑠𝑠 with a complex refractive index 𝑁𝑁𝑠𝑠. It is 

better to define some reduced constant to simplify the final expression of the electromagnetic fields 

and thus the scattering and absorption efficiencies. In each medium, the wavenumber is given by 

𝑘𝑘𝑗𝑗 = 2𝜋𝜋𝑁𝑁𝑗𝑗 𝜆𝜆⁄  where 𝑗𝑗 ∈ {𝑴𝑴, 𝒄𝒄, 𝒔𝒔} for an arbitrary nonabsorbing Medium in which the CSNW is 

embedded, the core and the shell respectively and 𝑁𝑁𝑗𝑗 is the corresponding complex refractive index. 

Besides, we define an incidence angle 𝜉𝜉 between the x- and z- axis. Finally, we define a 

dimensionless radius 𝜌𝜌𝑗𝑗(𝑟𝑟) = 𝑟𝑟�𝑘𝑘𝑗𝑗2 − ℎ2 where ℎ𝑗𝑗 = −𝑘𝑘𝑗𝑗 cos 𝜉𝜉 and 𝑗𝑗 ∈ {𝑀𝑀, 𝑐𝑐, 𝑠𝑠} will be used. 

Furthermore, 𝑟𝑟 can take either value of the outer radius 𝑟𝑟𝑠𝑠 or the inner radius 𝑟𝑟𝑐𝑐. 

We start by defining the general electromagnetic (EM) field’s expression in three regions: 

the outer region of the nanowire where are the incident {𝐸𝐸𝑖𝑖𝑖𝑖𝑖𝑖,𝐻𝐻𝑖𝑖𝑖𝑖𝑖𝑖} and scattered {𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠,𝐻𝐻𝑠𝑠𝑠𝑠𝑠𝑠} EM 

fields, the shell region {𝐸𝐸𝑠𝑠, 𝐻𝐻𝑠𝑠}, and the core region {𝐸𝐸𝑐𝑐, 𝐻𝐻𝑐𝑐}. The total EM field outside the 

nanowire {𝐸𝐸𝑡𝑡,𝐻𝐻𝑡𝑡} is the sum of both incident and scattered fields. Extending the work of Ref. [1,2], 

we present a general expression for the unpolarized EM fields, then the TE and TM modes while 

considering an arbitrary angle of incidence. Firstly, the incident EM field is given by 
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2
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(A-1) 

and 𝜔𝜔 and 𝜇𝜇0 are the angular frequency and the permeability of free space, respectively. 

Secondly, the EM fields of the scattered wave are: 

𝑬𝑬𝑠𝑠𝑠𝑠𝑠𝑠 =
𝐸𝐸0
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where 𝑎𝑎𝑛𝑛 and 𝑏𝑏𝑛𝑛 are the scattering field expansion coefficients. 

Thirdly, the EM fields of the wave inside the core are: 
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Finally, the EM fields of the wave inside the shell are: 



126 
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𝑘𝑘𝑠𝑠
�

𝑖𝑖ℎ𝑠𝑠𝐽𝐽𝑛𝑛′ (𝜌𝜌𝑠𝑠)
−ℎ𝑠𝑠𝑛𝑛𝐽𝐽𝑛𝑛(𝜌𝜌𝑠𝑠) 𝜌𝜌𝑠𝑠⁄
�𝑘𝑘𝑠𝑠2 − ℎ2𝐽𝐽𝑛𝑛(𝜌𝜌𝑠𝑠)

� ,     𝑵𝑵𝑛𝑛
(2)(𝜌𝜌𝑠𝑠) =

�𝑘𝑘𝑠𝑠2−ℎ𝑠𝑠2

𝑘𝑘𝑠𝑠
�

𝑖𝑖ℎ𝑠𝑠𝑌𝑌𝑛𝑛′(𝜌𝜌𝑠𝑠)
−ℎ𝑠𝑠𝑛𝑛𝑌𝑌𝑛𝑛(𝜌𝜌𝑠𝑠) 𝜌𝜌𝑠𝑠⁄
�𝑘𝑘𝑠𝑠2 − ℎ𝑠𝑠2𝑌𝑌𝑛𝑛(𝜌𝜌𝑠𝑠)

�, 

𝑴𝑴𝑛𝑛
(1)(𝜌𝜌𝑠𝑠) = �𝑘𝑘𝑠𝑠2 − ℎ𝑠𝑠2 �

𝑖𝑖𝑖𝑖 𝐽𝐽𝑛𝑛(𝜌𝜌𝑠𝑠) 𝜌𝜌𝑠𝑠⁄
𝐽𝐽𝑛𝑛′ (𝜌𝜌𝑠𝑠)
0

� , 𝑴𝑴𝑛𝑛
(2) = �𝑘𝑘𝑠𝑠2 − ℎ𝑠𝑠2 �

𝑖𝑖𝑖𝑖 𝑌𝑌𝑛𝑛(𝜌𝜌𝑠𝑠) 𝜌𝜌𝑠𝑠⁄
𝐻𝐻𝑛𝑛′ (𝜌𝜌𝑠𝑠)
0

� 

(A-4) 

where 𝛼𝛼𝑛𝑛
𝑗𝑗 , 𝛾𝛾𝑛𝑛

𝑗𝑗 are the expansion coefficients of the TM modes and 𝛽𝛽𝑛𝑛
𝑗𝑗, 𝛿𝛿𝑛𝑛

𝑗𝑗 are those of the TE modes 

in the shell (𝑗𝑗 = 𝑠𝑠) and in the core (𝑗𝑗 = 𝑐𝑐) and 𝑎𝑎𝑛𝑛 and 𝑏𝑏𝑛𝑛 are the expansion coefficients of the TM 

and TE modes, respectively, of the scattered wave.[3] 

Next, Applying Maxwell’s boundary conditions at the interfaces and the cylinder surface, 

the expansion coefficients of all waves inside the multilayered cylinder and of the scattered wave 

can be resolved by evaluating the following continuity equations 

(𝑬𝑬𝑠𝑠 − 𝑬𝑬𝑐𝑐) × 𝒆𝒆𝑟𝑟 = 𝟎𝟎 ;  (𝑯𝑯𝑠𝑠 − 𝑯𝑯𝑐𝑐) × 𝒆𝒆𝑟𝑟 = 𝟎𝟎 

(𝑬𝑬𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑬𝑬𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑬𝑬𝑠𝑠) × 𝒆𝒆𝑟𝑟 = 𝟎𝟎 ;  (𝑯𝑯𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑯𝑯𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑯𝑯𝑐𝑐) × 𝒆𝒆𝑟𝑟 = 𝟎𝟎 
(A-5) 

We can therefore set up an inhomogeneous system of linear equations 𝐴𝐴𝒙𝒙 = 𝒖𝒖 where 𝐴𝐴 is an 8 × 8 

𝒖𝒖 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0
0
0
0

−
𝑘𝑘𝑀𝑀2 − ℎ𝑀𝑀2

𝑘𝑘𝑀𝑀2
𝐽𝐽𝑛𝑛[𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠)]

−
𝑘𝑘𝑀𝑀2 − ℎ𝑀𝑀2

𝑘𝑘𝑀𝑀2
𝐽𝐽𝑛𝑛[𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠)]
𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠) − 𝑖𝑖

�𝑘𝑘𝑀𝑀2 − ℎ2

𝑘𝑘𝑀𝑀
𝐽𝐽𝑛𝑛′ [𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠)]

(𝑘𝑘𝑀𝑀2 − ℎ𝑀𝑀2 )
𝑘𝑘𝑀𝑀

𝐽𝐽𝑛𝑛[𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠)]

�𝑘𝑘𝑀𝑀2 − ℎ𝑀𝑀2

𝑘𝑘𝑀𝑀
ℎ𝑛𝑛

𝐽𝐽𝑛𝑛[𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠)]
𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠) + 𝑖𝑖�𝑘𝑘𝑀𝑀2 − ℎ𝑀𝑀2 𝐽𝐽𝑛𝑛′ [𝜌𝜌𝑀𝑀(𝑟𝑟𝑠𝑠)]

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 ;  𝒙𝒙 ==

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑎𝑎𝑛𝑛
𝑏𝑏𝑛𝑛
𝛼𝛼𝑛𝑛𝑐𝑐
𝛽𝛽𝑛𝑛𝑐𝑐
𝛼𝛼𝑛𝑛𝑠𝑠
𝛽𝛽𝑛𝑛𝑠𝑠
𝛾𝛾𝑛𝑛𝑠𝑠
𝛿𝛿𝑛𝑛𝑠𝑠 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  (A-6) 
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matrix for the unpolarised case, x is a 8 × 1 vector of the expansion coefficients defined earlier 

and 𝒖𝒖 is a constant vector. 𝒙𝒙 and 𝒖𝒖 are given in equation (A-6). 

The matrix A is given in full detail in the equation below while considering a random incident 

wave of angle 𝜉𝜉. 

𝐴𝐴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 0 −𝐴𝐴13

𝑐𝑐,𝑐𝑐,𝐽𝐽𝑛𝑛 0 𝐴𝐴15
𝑠𝑠,𝑐𝑐,𝐽𝐽𝑛𝑛 𝐴𝐴16

𝑠𝑠,𝑐𝑐,𝑌𝑌𝑛𝑛 0 0
0 0 −𝐵𝐵23

𝑐𝑐,𝑐𝑐,𝐽𝐽𝑛𝑛 −𝐶𝐶24
𝑐𝑐,𝑐𝑐,𝐽𝐽𝑛𝑛 𝐵𝐵25

𝑠𝑠,𝑐𝑐,𝐽𝐽𝑛𝑛 𝑖𝑖𝐶𝐶26
𝑠𝑠,𝑐𝑐,𝐽𝐽𝑛𝑛 𝐵𝐵27

𝑠𝑠,𝑐𝑐,𝑌𝑌𝑛𝑛 𝑖𝑖𝐶𝐶28
𝑠𝑠,𝑐𝑐,𝑌𝑌𝑛𝑛

0 0 0 𝐷𝐷34
𝑐𝑐,𝑐𝑐,𝐽𝐽𝑛𝑛 0 −𝐷𝐷36

𝑠𝑠,𝑐𝑐,𝐽𝐽𝑛𝑛 0 −𝐷𝐷38
𝑠𝑠,𝑐𝑐,𝑌𝑌𝑛𝑛

0 0 𝑖𝑖𝑘𝑘𝑐𝑐𝐶𝐶43
𝑐𝑐,𝑐𝑐,𝐽𝐽𝑛𝑛 𝑘𝑘𝑐𝑐𝐵𝐵44

𝑐𝑐,𝑐𝑐,𝐽𝐽𝑛𝑛 −𝑖𝑖𝑘𝑘𝑠𝑠𝐶𝐶45
𝑠𝑠,𝑐𝑐,𝐽𝐽𝑛𝑛 −𝑘𝑘𝑠𝑠𝐵𝐵46

𝑠𝑠,𝑐𝑐,𝐽𝐽𝑛𝑛 −𝑖𝑖𝑘𝑘𝑠𝑠𝐶𝐶47
𝑠𝑠,𝑐𝑐,𝐽𝐽𝑛𝑛 −𝑘𝑘𝑠𝑠𝐵𝐵48

𝑠𝑠,𝑐𝑐,𝑌𝑌𝑛𝑛

𝐴𝐴51
𝑀𝑀,𝑠𝑠,𝐻𝐻𝑛𝑛 0 0 0 −𝐴𝐴55

𝑠𝑠,𝑠𝑠,𝐽𝐽𝑛𝑛 0 0 𝐴𝐴58
𝑠𝑠,𝑠𝑠,𝑌𝑌𝑛𝑛

𝐵𝐵61
𝑀𝑀,𝑠𝑠,𝐻𝐻𝑛𝑛 𝑖𝑖𝑘𝑘𝑀𝑀𝐶𝐶62

𝑀𝑀,𝑠𝑠,𝐻𝐻𝑛𝑛 0 0 −𝐵𝐵65
𝑠𝑠,𝑠𝑠,𝐽𝐽𝑛𝑛 −𝑖𝑖𝑘𝑘𝑠𝑠𝐶𝐶66

𝑠𝑠,𝑠𝑠,𝐽𝐽𝑛𝑛 −𝐵𝐵67
𝑠𝑠,𝑠𝑠,𝑌𝑌𝑛𝑛 −𝑖𝑖𝑘𝑘𝑠𝑠𝐶𝐶68

𝑠𝑠,𝑠𝑠,𝑌𝑌𝑛𝑛

0 −𝑘𝑘𝑀𝑀𝐴𝐴72
𝑀𝑀,𝑠𝑠,𝐻𝐻𝑛𝑛 0 0 0 𝑘𝑘𝑠𝑠𝐴𝐴76

𝑠𝑠,𝑠𝑠,𝐽𝐽𝑛𝑛 0 𝑘𝑘𝑠𝑠𝐴𝐴78
𝑠𝑠,𝑠𝑠,𝑌𝑌𝑛𝑛

−𝑖𝑖𝑘𝑘𝑀𝑀𝐶𝐶81
𝑀𝑀,𝑠𝑠,𝐻𝐻𝑛𝑛 −𝑘𝑘𝑀𝑀𝐵𝐵82

𝑀𝑀,𝑠𝑠,𝐻𝐻𝑛𝑛 0 0 𝑘𝑘𝑠𝑠𝐶𝐶85
𝑠𝑠,𝑠𝑠,𝐽𝐽𝑛𝑛 𝑘𝑘𝑠𝑠𝐵𝐵86

𝑠𝑠,𝑠𝑠,𝐽𝐽𝑛𝑛 𝑖𝑖𝑘𝑘𝑠𝑠𝐶𝐶87
𝑠𝑠,𝑠𝑠,𝑌𝑌𝑛𝑛 𝑘𝑘𝑠𝑠𝐵𝐵88

𝑠𝑠,𝑠𝑠,𝑌𝑌𝑛𝑛 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

where each entry of the matrix A is described in detail in equation (A-7). 

𝐴𝐴𝑝𝑝𝑝𝑝
𝑖𝑖,𝑗𝑗,𝑍𝑍𝑛𝑛 =

𝑘𝑘𝑖𝑖2 − ℎ𝑖𝑖2

𝑘𝑘𝑖𝑖2
𝑍𝑍𝑛𝑛�𝜌𝜌𝑖𝑖�𝑟𝑟𝑗𝑗��;  𝐵𝐵𝑝𝑝𝑝𝑝

𝑖𝑖,𝑗𝑗,𝑍𝑍𝑛𝑛 =
�𝑘𝑘𝑖𝑖2 − ℎ𝑖𝑖2

𝑘𝑘𝑖𝑖2
ℎ𝑛𝑛

𝑍𝑍𝑛𝑛�𝜌𝜌𝑖𝑖�𝑟𝑟𝑗𝑗��
𝜌𝜌𝑖𝑖�𝑟𝑟𝑗𝑗�

 

𝐶𝐶𝑝𝑝𝑝𝑝
𝑖𝑖,𝑗𝑗,𝑍𝑍𝑛𝑛 =

�𝑘𝑘𝑖𝑖2 − ℎ𝑖𝑖2

𝑘𝑘𝑖𝑖
𝑍𝑍𝑛𝑛′ �𝜌𝜌𝑖𝑖�𝑟𝑟𝑗𝑗��;   𝐷𝐷𝑝𝑝𝑝𝑝

𝑖𝑖,𝑗𝑗,𝑍𝑍𝑛𝑛 =
�𝑘𝑘𝑖𝑖2 − ℎ𝑖𝑖2�

𝑘𝑘𝑖𝑖
𝑍𝑍𝑛𝑛�𝜌𝜌𝑖𝑖�𝑟𝑟𝑗𝑗�� 

 𝑖𝑖, 𝑗𝑗 ∈ {(𝑀𝑀, 𝑐𝑐, 𝑠𝑠) × (𝑐𝑐, 𝑠𝑠)};𝑍𝑍𝑛𝑛 ∈ {𝐽𝐽𝑛𝑛,𝑌𝑌𝑛𝑛,𝐻𝐻𝑛𝑛} 

(A-7) 

It is important to mention that the matrix A is ill-conditioned, which implies the non-uniqueness of 

solutions for the equation 𝐴𝐴. 𝑥𝑥 = 𝑢𝑢. Nevertheless, it is possible to solve it using GMRES algorithm 

already available in MATLAB® after improving the ill-conditioned matrix A using the method 

described in Ref. [4] .It is worth noting that the novelty of this approach resides in the explicit 

dependence of the TM and TE modes with the incidence angle 𝜉𝜉. 

Furthermore, after we have obtained the electromagnetic fields inside the core and the shell 

as well as the scattered fields by the cylindrical core-shell nanowire, we can determine the Poynting 

vector at any point in space as a possible way to quantify energy distribution inside the core-shell 

structure, we evaluated the normalized time-averaged Poynting vector defined as 

〈𝑺𝑺〉 = 𝑅𝑅𝑅𝑅[𝑬𝑬 ×𝑯𝑯∗] (A-8) 
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We focused on the TE-TM polarization of the Poynting vector but we presented only the TM-like 

mode, due to low scattering and absorption efficiencies of TE-like mode at small core radii, where 

the highest efficiencies are usually located. 

Finally, the analysis for the Si/Ge0.88Sn0.12/Si3N4 NW structure is similar to the CSNW one. 

Nevertheless, the differences will emerge when writing the EM field continuity equation around 

the three different interfaces: core/ inner-shell, inner-shell/outer-shell and outer-shell/medium (air). 

The mathematics development will not be shown here because it is similar to the CSNW case. 

 

A.2. Experimental Validation of the Mie-Lorentz Calculation scattering 
for SiNW 

It is important to evaluate the correctness and the exactitude of the Mie-Lorentz scattering 

approach before endeavouring in more complicated computation. For that reason, we start by 

studying the simplest system of SiNW by calculating the absorption or scattering efficiencies and 

comparing the results to the experimental measurement or theoretical calculation, reported in 

literature whenever available. Initially, we validate our calculation by reproducing the TE-

polarized scattering efficiency of the SiNW based on the work of R. P-Dominguez et al.[5] The 

results are shown in Figure A.2(a) where we can see that we accurately reproduce the same 

resonance peaks for a silicon cylinder with a 180 nm radius as in Figure 1 from the previous 

reference. Additionally, we replicate the experimental measurement of scattering efficiencies of 

silicon nanowires with different diameters ranging from 30 to 180 nm, presented in the Figure 2b 

in the work of Cao et al.[6]. However, we need to verify that the approximation of infinitely long 

nanowire used in the Mie-Lorentz formalism still hold, where the diameter to the length ratio need 

to be negligible before 10(𝑑𝑑 𝐿𝐿⁄ ≪ 10). For instance, by inspecting the Figure 1b from the 

aforementioned reference, we can deduce that the length of the NW is approximately 8 μm and by 

comparing it to the biggest diameter (180 nm) from Figure A.2(b) [6], we can deduce that 𝑑𝑑 𝐿𝐿⁄ =

0.0225 ≪ 10. Thus, we can ascertain that the approximation of infinitely long nanowire still holds. 

Next, we present the result of our simulation in Figure A.2(b). 
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Figure A.2: Scattering efficiency of silicon nanowire (a) with a radius of 180 nm under TE-polarized plane 

wave incidence based on Ref. [5] and (b) with different diameters of 30 nm (blue), 40 nm (green), 75 nm 

(yellow), and 180 nm (red) under randomly polarized light based on Ref. [6] calculated with the Mie-Lorentz 

scattering formalism. The 𝑄𝑄𝑠𝑠𝑠𝑠𝑠𝑠 was normalized to highlight spectral changes. 

 

A.3. Full-Vector Finite-Difference complex mode solver for CSNW 

To better understand the correlation between the geometrical dimension of the CSNW (the core 

radius and the shell thickness) and the absorption, we present in Figure A.3(a), we fix the core 

radius to 60 nm and we vary the shell thickness from 0.25 × 𝑅𝑅𝑐𝑐 to 𝑅𝑅𝑐𝑐. We can clearly see the Leaky 

mode 𝑇𝑇𝑀𝑀41 highlighted with an eclipse. When the shell thickness increases, the leaky resonance 

mode moves toward longer wavelength, thus the polarized light is redshifted.  

In addition, to better analyze the effect of the geometrical dimensions on the leaky modes of 

the CSNW, we used the improved full-vector Finite Difference (FVFD) mode solver for general 

circular waveguides, proposed in References [7,8], coupled with the coordinate stretching 

technique to implement the Perfectly Matched Layer (PML) boundary condition, in order to 

accurately extract and distinguish the leaky modes from the guided ones. Thus, we find the complex 

effective refractive index 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 of the CSNW. Each complex solution is the eigenvalue of a specific 

(a) (b) 
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leaky mode. The real part (𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙) of the eigenvalue is related with the wavelength where the optical 

resonance (LMRs) takes place (𝜆𝜆 = 2𝜋𝜋𝑟𝑟𝑐𝑐/𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟), and the imaginary part (𝑁𝑁𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖) dictates the 

spectral width of the optical resonance. The Leaky waveguide modes are classified based on their 

azimuthal mode number, m, their radial mode number, n, which arises from the oscillatory behavior of the 

Bessel functions, and their polarization. Their polarization can be either TM (transverse magnetic, Hz=0), 

TE (transverse electric, Ez = 0), HE (magnetoelectric, TM‐like), or EH (electromagnetic, TE‐like). The 

only modes that are strictly TE or TM for arbitrary wavevector are the 0th order azimuthal modes, TM0n and 

TE0n. From the field profiles, presented in Supplementary Figure S3b, it is clear that the peaks at 

the 354 nm and 644 nm can be attributed to the HE11 and TM01 leaky waveguide modes, 

respectively when 𝑅𝑅𝑐𝑐 = 8 𝑛𝑛𝑛𝑛 and 𝑡𝑡 = 0.25𝑅𝑅𝑐𝑐. When 𝑅𝑅𝑐𝑐 = 60 𝑛𝑛𝑛𝑛, there are 3 main modes that 

are present: 𝑇𝑇𝑀𝑀21, 𝑇𝑇𝑀𝑀31 and 𝑇𝑇𝑀𝑀41 having respectively the following resonant wavelength: 988.3 

nm, 851.7 nm and 681.2 nm. The field profiles of these modes, as determined from FVFD, can be 

found in references [9–11]. From absorption and scattering spectra, it can be observed that the 

lower modes broaden in scattering spectra and higher orders tend to disappear entirely, especially 

for smaller sizes (red curve of Figure A.3(b)), whereas for larger size, higher orders appear at near 

infrared region of the spectrum.   
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Figure A.3: (a) Effect of the shell thickness 𝑡𝑡 on the leaky mode spectral position for the Si/GeSn CSNW. 

We specifically highlight the correlation between the shell thickness and the 𝑇𝑇𝑀𝑀41 leaky mode for a core 

radius of 60 nm. Next, we present in panel (b) TM polarized absorption efficiency of Si/GeSn CSNW for 2 

distinct core radii of 8 nm (red curve) and 60 nm (blue curve) and a shell thickness of 𝑡𝑡 = 0.25𝑅𝑅𝑐𝑐 as well 

as some corresponding electric field profile at the corresponding wavelength 354 (HE11) and 644 nm (TM01) 

for 𝑅𝑅𝑐𝑐=8 nm and 989 nm (TM21) for 𝑅𝑅𝑐𝑐=60 nm. 

TM41 (a) 

TM21 

HE11 

TM01 (b) 
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A.4. Light Absorption Enhancement in Ge/Ge0.88Sn0.12 and 
Si/Ge0.84Si0.04Sn0.12 CSNWs 

We evaluate light absorption enhancement 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎 relative to SiNW for Si/Ge0.88Si0.04Sn0.12 

CSNW and relative to GeNW for Ge/Ge0.88Sn0.12 CSNW. We show in Figure A.4 the extreme 

enhancement for Si based CSNW in the NIR region. The Ge/Ge0.88Sn0.12 CSNW is a less efficient 

light absorber than the Si/Ge0.88Si0.12Sn0.04 CSNW. We get for Ge/Ge0.88Sn0.12 CSNW at specific 

core radius 31 nm and shell thickness (𝑡𝑡 = 𝑅𝑅𝑐𝑐) and at a wavelength of 1100 nm, a 12-fold 

absorption enhancement compared to the GeNW.  

 

Figure A.4: Extreme light absorption enhancement map as a function of the core radius and the incident 

light wavelength for the (a) Si/Ge0.84Si0.04Sn0.12 and (b) Ge/Ge0.88Sn0.12 CSNW for different shell thicknesses 

𝑡𝑡= [0.25, 0.5, 0.75, 1] ×Rc. 

  

(a) (b) 
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