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RÉSUMÉ

Le développement de sources optiques émettant au-delà des bandes de télécommunication
jusqu’à l’infrarouge moyen est grandissant. Des sources nouvelles et améliorées émettant à
des longueurs d’onde allant de 2 µm à 12 µm sont régulièrement rapportées dans la commu-
nauté scientifique et quelques sources sont déjà disponibles sur le marché. Divers domaines
profitent de ces développements dont l’imagerie, les télécommunications, le traitement des
matériaux et l’analyse moléculaire pour n’en nommer que quelques-uns. Parmi ces sources,
les lasers basés sur les microcavités à modes de galerie sont de plus en plus présents puisque
beaucoup d’efforts sont déployés au transfert de leurs propriétés uniques du proche infrarouge
à l’infrarouge moyen.

En plus de leurs dimensions micrométriques, les microcavités à modes de galerie sont na-
turellement adaptées à la génération non linéaire de signaux optiques : elles possèdent de
grands facteurs de qualité et de petits volumes modaux. Les processus non linéaires de diffu-
sion Raman stimulée et en cascade sont attrayants puisqu’ils ne requièrent aucune condition
de dispersion particulière. De plus, ces processus sont observables sur toute la fenêtre de
transmission du matériau. La silice qui est le matériel de choix typiquement utilisé pour la
transmission de signal dans le proche infrarouge devient opaque aux longueurs d’onde ex-
cédant 2 µm. Pour cette raison, on tirera profit de matériaux moins conventionnels mais
transparents dans l’infrarouge moyen, tels que les verres de chalcogénure et de tellure.

Parmi les microcavités à modes de galerie basées sur les verres de chalcogénure qui ont été
rapportées, aucune démonstration de génération non linéaire n’a été faite. Cela s’explique par
des pertes optiques trop élevées qui limitent les puissances de seuil aux dizaines de milliwatts,
loin des puissances de seuil de quelques microwatts observées dans les microcavités en silice
dans le proche infrarouge.

La première contribution de cette thèse répond à ce problème par la fabrication de mi-
crosphères de haute qualité en As2S3. Reconnus pour leur transparence entre les longueurs
d’onde de 1 µm à 6 µm, les verres en As2S3 peuvent être produits avec une grande pureté et
possèdent un gain Raman élevé comparé à la silice. Les microsphères en As2S3 sont produites
à partir de fibres optiques de grande pureté et elles démontrent des pertes optiques similaires
à celles des fibres. Grâce aux procédés d’usinage par laser, les facteurs de qualité optique sont
deux ordres de grandeur supérieurs aux valeurs précédemment rapportées. Les microspheres
peuvent être fabriquées avec des diamètres variant de 20 µm à 400 µm. Enfin, leur qualité est
conservée par un procédé d’encapsulation. Les dispositifs inclus également une fibre optique
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effilée permettant le couplage des signaux optiques avec la microcavité.

La seconde contribution de mes travaux de doctorat est la démonstration de l’émission Raman
stimulée dans les microsphères en As2S3. Des puissances de seuil couplées de ∼ 13 µW
jumelées à des efficacités de conversion interne de 10 % ont été observées pour des longueurs
d’onde de pompe et de signal de 1550 nm et 1640 nm. Ces résultats sont les premières
observations de processus non linéaire dans des microcavités en verres de chalcogénure. De
plus, les performances de l’émission Raman dans les microsphères en As2S3 sont comparables
aux meilleures sources à effet Raman basées sur des microcavités à modes de galerie. Afin
d’obtenir des signaux à des longueurs d’onde supérieures à 2 µm, les microsphères en As2S3

sont également utilisées pour l’émission Raman en cascade. Jusqu’à cinq ordres Raman sont
observés en utilisant une longueur d’onde de pompe de 1560 nm. Des raies d’émission sont
générées à des longueurs d’onde de 1645 nm, 1750 nm, 1860 nm, 1990 nm et 2140 nm. De plus,
plusieurs raies d’émission Raman à des longueurs d’onde supérieures à 2 µm sont observées en
utilisant une longueur d’onde de 1880 nm. Des bandes d’émission situées à 2015 nm, 2710 nm
et 2350 nm sont observées et mesurées. Ces résultats supportent l’utilisation potentielle des
microsphères en As2S3 comme sources optiques compactes dans l’infrarouge moyen.

Les longueurs d’onde des raies d’émission Raman sont dictées par la longueur d’onde du signal
de pompe. Les ions de terres rares tel que Tm3+ sont connus pour leurs bandes d’émission près
et au-delà de 2 µm. Des microcavités à modes de galerie basées sur des verres de chalcogénure
ou de tellure dopés pourraient servir de milieux de gain efficaces dans l’infrarouge moyen. De
plus, l’émission Raman stimulée ou en cascade permettrait la génération de signaux à des
longueurs d’onde plus longues si ces processus sont pompés à partir de l’émission laser.

La troisième contribution de cette thèse teste cette idée avec la génération d’émission laser
dans des microsphères en verres de tellure dopés au thulium. Des raies d’émission laser
sont observées à des longueurs d’onde centrées sur 1975 nm pour des puissances de seuil
∼ 30 µW. Ces résultats réduisent par dix les valeurs précédemment rapportées et démontrent
le potentiel de sources optiques hybrides basées sur l’émission laser et Raman. Des calculs
montrent qu’une amélioration de la pureté des verres de tellure dopés abaisse les puissances
de seuil de l’émission Raman à quelques milliwatts.



viii

ABSTRACT

In the recent years, the development of optical sources emitting outside the standard telecom-
munication bands and in the mid-infrared (mid-IR) region is thriving. New and improved
sources with wavelengths spanning from 2 µm to 12 µm are regularly reported in the re-
search community and various sources are already available on the market. Diverse domains
including imagery, communication, material processing, and molecular analysis are taking
advantage of these sources. Among these, micron-size lasers based on whispering gallery
modes (WGM) microcavities are gradually entering the race as more effort is invested to
transfer their unique properties from near-infrared to mid-IR regions. Along their compact-
ness, WGM microcavities are naturally suitable for nonlinear signal generation: they possess
relatively large Q-factors and small mode volumes. Stimulated and cascaded Raman scat-
tering processes are especially attractive for signal generation as they require no particular
dispersion condition. Furthermore, these processes can be observed across the entire trans-
parency window of the host material. Typical near-IR materials such as silica have to be
replaced by unconventional ones such as chalcogenide and tellurite glasses.

All previously reported WGM microcavities based on chalcogenide and tellurite glasses failed
to demonstrate nonlinear interaction. They suffered from large optical losses that push
threshold power levels to tens of milliwatts, far from the µW level usually observed in silica
microcavities at near-IR wavelengths.

The first contribution of this thesis is therefore to solve this issue by fabricating low loss
As2S3 WGM microcavities. Known for its 1−6 µm transparency window, As2S3 glass can be
produced with high purity and exhibits a large Raman gain compared to silica. Made from
high purity optical fibers, As2S3 microspheres demonstrated loss levels similar to the optical
fiber attenuation. Thanks to a fabrication technique based on laser shaping, the measured
optical Q-factors exceed previously reported values by two orders of magnitude in As2S3.
Microspheres can be produced with diameters varying between 20 µm and 400 µm. Their
quality is maintained using an encapsulation method. The packaged device additionally
includes a tapered optical fiber to couple light in and out of the microcavity.

The second thesis contribution is the demonstration of stimulated Raman scattering in As2S3

microspheres. Threshold coupled pump powers of ∼ 13 µW with internal power conversion
efficiency of 10 % were observed for pump and signal wavelengths of 1550 nm and 1640 nm.
These results are the first observations of nonlinear processes in chalcogenide microcavities.
Furthermore, Raman lasing performances in As2S3 microspheres are comparable to the best
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WGM Raman sources. To push the emission wavelengths above 2 µm into the mid-infrared
range, As2S3 microspheres were used to generate cascaded Raman emission. Up to five
Raman orders were observed using a pump wavelength of 1560 nm. Raman emission lines
at wavelengths of 1645 nm, 1750 nm, 1860 nm, 1990 nm and 2140 nm were generated.
Additionally, multiple Raman emission lines with wavelengths above 2 µm were observed
using a pump wavelength of 1880 nm. Emission bands at 2015 nm, 2170 nm and 2350 nm
were detected. These results support the potential use of As2S3 microspheres as low power
mid-IR micron-size Raman sources.

The emission wavelengths of Raman sources are dictated by the pump signal wavelength.
Laser media doped with rare-earth ions such as Tm3+ are known for their emission bands
near and beyond 2 µm. Ions-doped chalcogenide and tellurite WGM microcavities could
potentially act as efficient gain media for the generation of mid-IR emission. Additionally,
stimulated and cascaded Raman scattering could extend the emission wavelength further if
these processes were pumped from the laser emission.

The third contribution tests this idea with the generation of laser emission in Tm-doped tellu-
rite glass microspheres. The signal emission at wavelengths near 1975 nm was demonstrated
with threshold pump powers ∼ 30 µW. This tenfold improvement over the reported perfor-
mances in Tm-doped tellurite microcavities puts the realization of hybrid ions doped/Raman
sources at a reachable level. Calculations show that realistic improvements of tellurite glass
purity will bring down threshold powers to the milliwatt level.
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CHAPTER 1 INTRODUCTION

The optical whispering gallery mode (WGM) microcavity has been one of the pillars of the
micro and nano photonics research over the past two decades [1–4]. The concept of WGM
came long before that and Lord Rayleigh’s work on sound waves published in 1910 [5] is
believed, among the scientific community, to be the first attempt to describe it. A whispering
gallery mode represents the path followed by a wave along a circular boundary. Since then,
many publications applied the WGM concept to electromagnetic waves [6–16]. The WGM
microcavity owes its popularity to its light confinement capability, and its versatility towards
many application domains, from fundamental quantum light-matter experiments to on-field
pathogen biodetection. A brief list of references is presented in Table 1.1

Table 1.1 : WGM microcavity applications and their references.

Theoretical analysis Eigenmodes [6–8,10–22]
Basic properties [15, 21,23–27]
Coupled-mode analysis [20,21,26,28–37]
Lasing [38–40]
Nonlinear processes [41–56]

Passive components Optical filters & delay lines [57–65]
Biodetection [66–75]
Signal stabilization [76–78]

Laser sources Ions doped material [9, 40,79–82]
Doped coating [83–87]

Nonlinear processes All-optical signal processing
& Switching [88–93]

Three-wave & four-wave
mixing [89,94–108]

Frequency combs [109–121]
Stimulated Raman and
Brillouin scattering [105,106,122–127]

Thermally induced [1, 128–139]

Review articles [2–4, 21, 73, 75, 82, 102, 140,
141]
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An optical microcavity confines light in a given volume and over a given duration. This is cha-
racterized by the cavity’s mode Q/Vmode value. The optical mode’s quality factor Q is linked
to the loss processes : material absorption, surface scattering, external coupling, etc. They
dictate the photon’s lifetime inside the optical mode and consequently the mode resonance
bandwidth. The mode volume Vmode represents the space occupied by the electromagnetic
energy. A smaller volume leads to larger optical intensities. Compared to other optical re-
sonators such as Fabry-Perot, WGM microcavities typically have large Q/Vmode values with
Q-factors between 104 − 108 and mode volumes between 100 − 20000 µm3. Furthermore,
WGM microcavities are made from many structures and materials, offer compactness and
are often integrable on chip using microfabrication and nanofabrication techniques.

Considering these properties, it is not surprising that WGM microcavities are used in this
thesis and in many other works as laser media and for nonlinear optical interactions such
as stimulated Raman scattering or parametric processes. As threshold values and conver-
sion efficiencies for these interactions follow Vmode/Q

n>1 and Qn>1/Vmode respectively, WGM
microcavities offer a great advantage in view of nonlinear optical signal processing and gene-
ration. As seen in Table 1.1, WGM microcavities are used for parametric four-wave mixing
(FWM) processes, especially for engineering optical frequency combs sources. The main chal-
lenge for FWM generation in WGM microcavities is to achieve efficient phase-matching and
energy conservation conditions. This often limits the frequency region where FWM is pos-
sible. Stimulated Raman or Brillouin scattering, on the other hand, is achievable virtually
over the whole transparency window of the guiding material. In that sense, the use of stimula-
ted Raman scattering (SRS) in WGM microcavities is an advantageous method to generate
new optical frequencies that are not achievable using typical rare-earth doped glasses or
semiconductors technologies. Mid-infrared (mid-IR) optical frequencies is a typical example.

Over the past decade, increasing efforts were taken towards the development of new mid-IR
sources with wavelengths spanning from 2 µm to 12 µm. These efforts are motivated by many
possible utilizations such as military detection, free space communication and Light Detection
And Ranging (LIDAR) applications, material processing and analysis, medical interventions
and imaging, and molecular sensing.

Many mid-IR sources were reported. The best known are fiber lasers based on Er3+, Tm3+ or
Ho3+ doped glasses [142], semiconductors quantum cascade lasers (QCL) [143] and sources
based on nonlinear interactions through parametric gain : fiber-based, free space lasers and
microcavities. Each application has its best-fitted source that fulfills its requirements : pum-
ping method, emission wavelength(s), achievable output power, price and compactness.

Mid-IR micron-size sources such as WGMmicrocavities, with output powers typically< 1 mW,
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are well-suited for material analysis and molecular spectroscopy. They generally offer low thre-
shold conditions, good power conversion efficiency, compactness and can possibly be used in
portable devices. All these sources rely on materials that are transparent across the mid-IR.
Figure 1.1 shows the transparency window of different materials for which WGM microca-
vities have been reported. For a high purity material, the transparency window is usually
limited by the bandgap absorption at larger energies and by the lattice vibrations at longer
wavelengths. For example, in silica, the Si-O bond limits the transmission for wavelengths
longer than 2 µm. Bonds formed by heavier atoms such as As-S and As-Se tend to vibrate at
longer wavelengths. Consequently, As2Se3 allows optical transmission further in the IR than
As2S3.

Figure 1.1 also presents the vibration wavelengths of molecules based on the HITRAN data-
base 1. Darker areas depict stronger molecule’s responses. As it can be seen, many material
transparency windows agree with these molecular vibrations, even in the shorter wavelengths
range between 2 µm and 5 µm. Few WGM microcavity sources above 2 µm were repor-
ted. The frequencies generation are based on parametric conversion in specific wavelength
ranges [119, 148, 149] or Er3+ ions lasing at a wavelength ∼ 2.8 µm [150]. Given the large
transparency window of WGMmaterial shown in Fig. 1.1, stimulated Raman scattering could
be used on a broader wavelength range where a pump signal is available.

1.1 WGM microcavities as miniature Raman sources

For WGM microcavities, the SRS threshold pump power goes as (Eq. 2.30)

Pth ∝
n2Vm

λ2g
(b)
R Q2

where n is the material’s refractive index (RI). Q, Vm and λ are the Q-factor, the volume and
the wavelength of the optical mode and g(b)

R is the material’s bulk Raman gain. The upper part
of Table 1.2 presents the estimated SRS threshold pump power for different WGMmicrocavity
materials from Fig. 1.1. The Q-factor Qp and the mode volume Vm are retrieved from WGM
microcavities reported before the present work at a wavelength of 1550 nm. The resulting
threshold powers far below the milliwatt express the suitability of WGM microcavities for
SRS generation for applications where compactness and low pump powers are needed such
as portable gas sensing devices.

Typical SiO2 microcavities already achieve threshold powers of few microwatts despite their

1. https://www.cfa.harvard.edu/hitran/

https://www.cfa.harvard.edu/hitran/


4

1
2

3
4

5
6

7
8

9
10

H
2O

H
2O

C
O

2
C

O
2

O
3

O
3

N
2O

N
2O

C
O

C
O

C
H

4
C

H
4

N
O

N
O

S
O

2
S

O
2

N
O

2
N

O
2

N
H

3
N

H
3

H
N

O
3

H
N

O
3

O
H

O
H

H
F

H
F

H
C

L
H

C
L

H
B

r
H

B
r

H
I

H
I

O
C

S
O

C
S

H
2C

O
H

2C
O

H
O

C
l

H
O

C
l

H
C

N
H

C
N

C
H

3C
l

C
H

3C
l

C
2H

2
C

2H
2

C
2H

6
C

2H
6

P
H

3
P

H
3

C
O

F
2

C
O

F
2

H
2S

H
2S

H
C

O
O

H
H

C
O

O
H

H
O

2
H

O
2

N
O

+
N

O
+

C
2H

4
C

2H
4

A
s 2S

e 3
A

s 2S
3

C
aF

2
M

g
F

2
Z

B
L

A
N

T
el

lu
ri

te
 o

r 
S

ap
p

h
ir

e 
(A

l 2O
3)

S
i

S
iN

S
ili

ca

W
av

el
en

gt
h 

(µ
m

)

Figure 1.1 : Upper part : material transparency window of demonstrated WGM microcavi-
ties [144–147]. Band colors are used to clearly separate the material windows. Lower part :
molecular vibrations from HITRAN database. Darker areas represent stronger molecule’s
responses.
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small Raman gain, thanks to their large Q-factor. Most surprisingly, silicon do not perform
well considering its Raman gain a 1000 times larger than silica. Silicon is mainly used as
integrated ring cavities and suffers inherent surface scattering losses. Q-factors of ∼ 106 in
silicon are achieved in waveguides embedded in silica and combined with a small cavity radius,
leading to small mode volume. Crystalline CaF2 cavities reach the lowest estimated threshold
power, mainly due to their very large Q. Those WGM microcavities are made using polishing
techniques and the best performances are limited to millimeter-size cavities. Similar Q-factors
were not achieved by micron-size CaF2 cavities. Finally, As2Se3 chalcogenide glass can also
achieve threshold powers of few microwatts. Worst performances are obtained with tellurite
glass and As2S3 because of a lower demonstrated Q-factor. However, Q-factors of 1 × 105

for these glasses are misleading, as the attenuation of < 0.5 dB/m of a high purity optical
fiber indicates an upper limit > 5 × 107. For As2S3, this leads to a threshold power below
the microwatt, as shown in the lower part of Table 1.2. Similar improvement is expected
from As2Se3 optical fiber since it has the same attenuation, but thermal instabilities and
degradation are anticipated for input powers of ∼ 50 µW for Q-factors ∼ 5× 107 [154].

The major challenge in achieving low threshold power SRS emission in As2S3 WGM mi-
crocavities – or any chalcogenide WGM microcavities for that matter – is first to fabricate
resonators with large Q-factors. Fabricating As2S3 WGM microcavities with Q-factors above
107 would be significant. Compared to CaF2 resonators, SRS performances in As2S3 would
benefit from a larger Raman gain and a smaller cavity size, hence a smaller mode volume.

Table 1.2 : Estimated SRS threshold pump powers at 1550 nm based on WGM microcavity
characteristics observed before this thesis work along their measured Q-factors (upper part)
and their potential Q-factors (lower part).

Material Raman shift Raman gain Q Mode volume Threshold
Ωv/2π (THz) g

(b)
R (m/W) [Reference] Vm (µm3) power(µW)

SiO2 12.5 9.3× 10−14 1× 108 [122] 480† 4.1
Si 15.6 2× 10−10 7.6× 105 [151] ∼ 25 (e) 10

CaF2 9.65 2.4× 10−13 2.6× 1010 [126] 2.7× 106 (e) 0.13
Tellurite 19.9 1.8× 10−12 < 1× 105 [152] 320† > 270000
As2S3 10.34 4.4× 10−12 1.8× 105 [153] 260† 42 000
As2Se3 6.9 5.1× 10−11 2.3× 106 [154] 220† 24
Tellurite 19.9 1.8× 10−12 5× 107‡ 320† 1.1
As2S3 10.34 4.4× 10−12 1× 108‡ 260† 0.14
As2Se3 6.9 5.1× 10−11 5× 107‡ 220† 0.05
† Calculated for a microsphere with a typical radius of 20 µm (Eq. B.28).
‡ Based on the attenuation of latest commercial tellurite, As2S3 and As2Se3 optical fibers.
(e) Estimated from the microcavity dimensions of the given reference.
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1.2 Chalcogenide WGM microcavities

Chalcogenide glasses were first developed in the 50’s for their transparency in the mid-IR,
beyond the 5 µm oxides’ limit [155] 2. As its name indicates, a chalcogenide glass contains
chalcogen atoms such as sulfur (S), selenium (Se) or tellurium (Te). Among the multiple glass
compositions, As2S3 and As2Se3 were mostly used in photonics for their interesting optical
properties, some of which are shown in Table 1.3. Many literature reviews, books and thesis
on chalcogenide glasses are available [156–161].

Chalcogenide photonics first started with optical fibers [192, 193] that were later used to
produce tapered fibers [194–198] and Bragg gratings [199]. First optical fibers were fabricated
in the 60’s but suffered of major losses [200]. In the 80’s, multimode fibers with attenuation ∼
100 dB/km at a wavelength of 1.5 µm and < 100 dB/km at 2.4 µm were obtained [200]. With
modern purification techniques, laboratories pushed the glass attenuation to ∼ 30 dB/km
at 1.5 µm and ∼ 12 dB/km at 3 µm [174, 193]. Companies such as CorActive High-Tech
sell As2S3 (As2Se3) multimode and single mode optical fibers with attenuation below 200
(500) dB/km over the wavelength range of 2− 5 µm (1.5− 8.5 µm) 3.

In addition to their mid-IR transparency, chalcogenide glasses possess a large refractive in-
dex, useful for optical confinement or on-chip waveguide integration. Microfabrication steps
are CMOS-compatible. Deposition can be done using evaporation techniques [201], spin-
coating [202], laser deposition [172, 173] or sputtering. Etching is done using typical gas
such as CF4 [201,202] or in solution (wet-etching) [203]. Lift-off and molding techniques are
also used [204–206]. This lead to the fabrication of WGM microcavities with respectable Q-
factors [207–211]. However, integrated designs are usually used for nonlinear optics purposes

2. This reference mentions a publication from C. Schultz-Sellack (1870) showing the good IR transmission
of As2S3.

3. http ://coractive.com/products/mid-ir-fibers-lasers/ir-fibers/index.html

Table 1.3 : Optical properties of As2S3 and As2Se3 glasses.

Optical properties References
Large refractive index n ∼ 2.43 and 2.75 [162–167]
Transparency from 1.3 µm to 6− 10 µm [155,163–165,168–174]
Large nonlinear RI nChalco2 ∼ 500 nSi02

2 [173,175–183]
NL figure of merit† F = n2/λβTPA > 1 [177–181,183]
Large Raman gain gChalcoR ∼ 50− 500 gSi02

R [156,184–187]
Photosensitivity [160,167,182,188–190]
Glass transition temperature Tg ∼ 180− 215◦C [147,178,191]
†βTPA : Two-photon nonlinear absorption coefficient
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based on high power pulsed pump signals [157, 212–215]. As seen in Table 1.3, chalcogenide
glasses benefit from a large nonlinear refractive index at least two orders of magnitude lar-
ger than silica’s nonlinear index. At telecommunication wavelengths, integrated chalcogenide
glasses have a competitive advantage compared to silicon, their two-photon nonlinear ab-
sorption coefficients βTPA being much lower. This means nonlinear phase changes saturate
at much larger pump power.

Chalcogenide glasses WGM microcavities were reported over a limited extent. Table 1.4
provides an updated publication list of WGM microcavities made out of chalcogenide glass.
The first reported cavities were microspheres made of Ga2S3-La2S3-La2O3 (Ga :La :S) by
letting crushed glass pieces drop into a furnace. A large range of diameters from 1 µm to
450 µm and Q-factors up to 8× 104 were obtained. Since then, other fabrication techniques
were used. Microspheres are usually fabricated by first pulling and tapering an optical fiber
using a heat source. The spheres themselves are also fabricated through a direct heating
process [154, 220] or through light absorption [217]. By heating the fine tip of a broken
tapered optical fiber, the melted glass naturally forms a sphere through surface tension. This
results in a smooth surface with relatively low scattering losses and a relatively large Q-factor.
Integrated resonators such as disks, racetracks or rings were also fabricated using standard
microfabrication methods.

None of the published work before this thesis demonstrated nonlinear effects in chalcogenide
WGM microcavities, which is due to the relatively low Q-factors reported in previous works.

Table 1.4 : Chalcogenide WGM microcavities.

Year Type Material Diameter (µm) Q References
2007 Microsphere Ga :La :S 1-450 8× 104 [216]
2008 Microsphere As2Se3 3-15 2× 104 [217]
2008 Disk As2S3 on SiO2 40 2.1× 105 [207]
2008 Disk Ge17Sb12S71 on SiO2 40 1.1× 105 [207]
2008 Racetrack As2S3 on SiO2 L ∼ 409 1× 104 [208]
2009 Racetrack As2S3 on Ti :LiNbO3 L ∼ 4827 1× 105 [209]
2009 Microsphere As2Se3 55-400 2.3× 106 [154]
2010 Microsphere Nd3+ doped Ga :La :S 1-300 1× 104 [218]
2011 Transverse fiber As2S3 15.5 2.34× 105 [219]
2012-13 Microsphere As2S3 74-110 1.1× 105 [153,220]
2013-14 Microsphere As2S3 40-350 7× 107 This work
2014 Ring Ge23Sb7S70 60 4.6× 105 [210]
2015 Microsphere 75GeS2-15Ga2S3-10CsI 75 6× 104 [221]
2015 Racetrack Ge11.5As24S64.5 L ∼ 13000 6× 104 [211]
L : Cavity length
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Chalcogenide microspheres possess Q-factors three orders of magnitude smaller than silica
microspheres even if high purity chalcogenide optical fibers are available. The integrated
resonator Q-factors are similar to what has been reported in silicon rings and racetracks.
They suffer from the same attenuation processes, especially surface scattering. Better results
are obtained when the cavity is embedded in a lower index material.

1.3 Extended emission in WGM microcavities

Cascaded Raman emission

The SRS emission has two main advantages : it allows wavelength generation that is not
accessible with semiconductor or ions doped lasers and it can be generated as long as the
material’s transparency allows it. However, the generated frequency is shifted from the pump
frequency by a fixed amount, the Raman shift frequency. The Raman gain bandwidth can be
relatively large for glasses. For example, As2S3 glass has a Raman shift centered at 10.34 THz
with a bandwidth of > 3 THz. For a pump wavelength of 1550 nm, the Raman emission
wavelength will be located between 1625 nm and 1650 nm. With their axial symmetry,
WGMmicrocavities are inherently suitable for exciting multiple Raman orders. The frequency
diagram of Fig. 1.2 shows the cascading Raman generation. An incoming photon with an
energy ~ωp interacts with a phonon, loses an energy ~Ωv and comes out with an energy ~ωR1.
If the resulting photon stays in the material long enough to interact with another phonon,
the process can repeat itself and possibly leads to a cascading Raman generation : ~ωR2,
~ωR3, etc.

ω
ωR1

ωR2 ωR3

Ωv Ωv Ωv

Figure 1.2 : Frequency diagram of the cascaded Raman process.
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WGMmicrocavities have successive mode resonances that usually reach large Q-factors across
the whole transparency window of its constituent material. Due to good field overlap, a pump
mode can easily excite a first Raman emission. If the threshold power is of few microwatts,
the generation of 2nd Raman order emission is usually obtained with few tens of microwatts
only.

The successive generation of Raman order can push the emission further in the infrared.
Figure 1.3 presents the Raman emission region in As2S3, up to the 4th order for a given
pump wavelength, along with the Raman gain bandwidth for each order. The Raman emis-
sion wavelengths are increasing nonlinearly with the pump wavelength meaning that a pump
wavelength located further in the IR can generate Raman lines with even larger wavelengths.
For example, pump wavelengths of 1550 nm and 1850 nm can generate 3rd Raman order
emissions 295 nm and 435 nm away at 1845 nm and 2285 nm respectively. To reach wave-
lengths longer than 2 µm using As2S3 cavities, pump wavelengths need to be > 1870 nm
and > 1570 nm based on the 1st and 4th Raman order. This means that relatively cheap se-
miconductor diodes emitting telecommunication wavelengths could pump cascading Raman
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Figure 1.3 : Guide to high-order Raman emission for As2S3 glass. For a given pump wave-
length, Raman emission region are shown up to 4th order. Dotted lines denote the Raman
gain bandwidth. Accessible Raman region are displayed in the cases where the pump signals
are the emission bands from Er3+ and Tm3+.
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emissions at wavelengths larger than 2 µm.

Observing Raman and cascaded lasing in As2S3 resonators, even at telecommunication wa-
velengths, would show that they are suitable for cascading Raman lasing at larger pump
wavelengths. As they would need sub-mW of input pump power, those resonators could
extend the emission of mid-IR compact sources such as cheaper low power QCL.

Raman lasing in ions doped glasses

As shown in Table 1.1, WGM microcavities are also used as laser media when they are
doped with rare-earth atoms such as erbium, ytterbium or thulium. These atoms often have
emission bands not only at telecommunication wavelengths, but also near 2 µm and further in
the mid-IR. For example, thulium and erbium have emission bands near 1.85 µm and 2.8 µm
and are regularly used in fiber lasers [142, 222–225]. Doped WGM microcavities are usually
made of silica doped with erbium or ytterbium for emission in the C-band [40, 79, 81, 82].
Tm-doped silica and tellurite glass microspheres emitting near wavelengths of 1.9 − 2 µm
were also reported [226–229]. Finally, Er-doped ZBLAN microspheres emitting at 2720 nm
were recently demonstrated [150]. Other works are limited to theoretical models [230–232].

The 1.85 µm and 2.8 µm emission bands of thulium and erbium can advantageously be
pumped with accessible 980 nm or 1550 nm diodes. The use of ions emission band as a pump
source for cascaded Raman emission could generate wavelengths above 3 µm using only tens
of microwatts of pump power. Figure 1.3 displays the pump wavelength of the 1.53 µm and
2.8 µm emission band of erbium along with the 1.85 µm emission band of thulium. Tm-doped
and Er-doped As2S3 could generate wavelengths up to 2.5 µm and 4.56 µm respectively if a
4th Raman order is obtained.

Nevertheless, doping of chalcogenide glasses remains a challenge as dopant induced crystal-
lization during optical fibers fabrication [233, 234]. This issue needs to be solved to obtain
high purity optical fibers and high Q-factors WGM microcavities. On the other hand, tel-
lurite glasses offers a good alternative. As seen in Fig. 1.1, it provides transparency up to
a wavelength of 4 µm and rare-earth ions doping is easier. Furthermore, it possesses relati-
vely good Raman gain and WGM microcavities could achieve high Q-factor. Comparison in
Table 1.2 shows that SRS threshold power could be in the µW range. However, similarly to
As2S3, reported Q-factors of tellurite glass WGM microcavities are not large enough. This
could explain the large lasing threshold power of few milliwatts in Tm-doped tellurite micros-
pheres [227–229], far from the microwatts threshold found in Er-doped or Tm-doped silica
WGM microcavities [40, 79,226].
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1.4 Achieved objectives & original contributions

Based on the exposed issues, this thesis objectives are threefold.

1. Fabrication of high Q-factors WGM microcavities made of As2S3.
As2S3 microspheres are fabricated from high purity optical fiber using a laser reflow
technique. The measured Q-factors > 5× 107 of these spheres are at least two order
of magnitude larger than previously reported. To this day, these As2S3 microspheres
achieve the highest Q-factors of all chalcogenide microcavities.

2. Generating stimulated Raman scattering and cascaded Raman emission in
As2S3 WGM microcavities.
High Q-factors As2S3 are ideal candidates for micron-size Raman sources. First order
Raman emission lines were measured with a threshold power of 35 µW at a pump
wavelength of 1550 nm. This is the first demonstration of nonlinear generation in
chalcogenide WGM microcavities.
Cascaded Raman emissions further in the IR were also obtained. Raman emission
lines up the fifth order at 2140 nm and third order at 2350 nm were measured with
pump wavelengths of 1550 nm and 1880 nm respectively.

3. Generating low threshold power laser emission in Tm-doped tellurite WGM
microcavities for SRS emission.
High Q-factors microspheres are made from Tm-doped tellurite optical fiber. Lasing
lines near 1975 nm were measured with threshold powers of 30 µW, the lowest for a
Tm-doped microcavity and a tenfold improvement over previously published tellurite
cavities. These results pave the way for ions doped/Raman hybrid microsources.
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1.5 Thesis structure

Chapter 2 presents the basic concepts to understand the WGM microcavities, from their
coupled-modes equations to nonlinear interactions. To lighten the chapter reading, only the
main relations are described. An explicit derivation of the coupled-modes equations, starting
from Maxwell’s equations, is presented in the appendix B. Relations such as Raman threshold
power will be used in later chapters to support experimental results and to provide new
insights for future improvements

Chapter 3 exposes the experimental techniques and setups used during this thesis. The mi-
crospheres fabrication steps using a high power CO2 laser are reviewed. An encapsulation
method for a microsphere and a coupled tapered optical fiber is also described. Finally,
Q-factors measurements and Raman generation setups are detailed.

Chapter 4 fulfills the first thesis objective and part of the second one. It exposes the mea-
surement of high Q-factors As2S3 microspheres followed by stimulated Raman scattering
measurements. Chapter 5 addresses the last part of the second objective by describing and
characterizing the cascaded Raman emission results. Chapter 6 achieves the last thesis objec-
tive. It describes the Tm-doped monoindex fiber fabrication and the Q-factors measurements
of Tm-doped tellurite microspheres. Laser emission near a wavelength of 1975 nm is stu-
died for different pump wavelengths, hence for different Tm ions absorption cross sections.
Chapters 4 to 6 were published in peer-reviewed journals. Chapters 4 and 5 also contain
complementary results that were not included in the articles.

Chapter 7 presents a general discussion and puts back this thesis results in context. Limita-
tions and improvements are proposed. Finally, Chapter 8 concludes this thesis and expresses
recommendations toward future work directions.
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CHAPTER 2 BASIC CONCEPTS

Whispering gallery modes (WGM) are bound modes that propagate near the circumference
of a circular cavity, usually with dimensions in the micron range. They are found in many
geometries such as spheres, disks, toroids, oblate spheroids, integrated rings and racetracks.
Each geometry has its unique optical mode characteristics. Among them, the most important
attributes are the number of modes, the photon lifetime and the mode volume. The cavity
material has to be chosen carefully as it dictates the wavelength transparency range, the light
confinement, the material dispersion, the thermal properties and the nonlinear responses such
as Kerr effect and Raman scattering. Furthermore, each cavity geometry can be coupled to
an external structure to bring the light signal in and out. Integrated waveguides are the most
popular structures to couple light in and out of rings and racetracks. Tapered optical fibers
and prisms are preferred in combination with spheroids, disks and toroids. Figure 2.1 shows
typical coupler-cavity configurations. In Figure. 2.1(a), an integrated disk is coupled to a
waveguide and sits on a substrate with a lower refractive index. Figure 2.1(b) represents a
tapered optical fiber coupled to a circular cavity. Finally, light can be coupled to a cavity
using the evanescent wave of the internal reflection in a prism as seen in Figure 2.1(c).

To correctly describe the cavity’s response, the theoretical framework must be able to include
the cavity and waveguide optical modes. It needs also to describe all the possible linear
and nonlinear coupling processes between these optical modes. The coupled-modes (CM)
theory based on the eigenmodes expansion is ideal as the fast temporal components and the
normalized spatial components of the fields are grouped in propagation constants. Intracavity,
external and nonlinear coupling processes are added as perturbations. Additionally, knowing
the exact distribution of the mode fields is often not mandatory to study the modes evolution
in time. Application of the coupled-modes theory to WGM microcavities can be found in the

Si

(a) (b) (c)

n0

n0

n1 < n0

Figure 2.1 : Different coupling configurations - (a) Integrated waveguide and disk (b) Tapered
optical fiber (c) Total internal reflection in a prism.
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literature [20,30,32,34,36,49] among others. Notions on nonlinear CM theory in microcavities
can be found in [49, 53, 235, 236]. Each work has its own notation and its own analysis for
different kinds of cavities.

The following sections describe the important coupled-modes equations and cavity’s charac-
teristics for both linear and nonlinear responses. A step-by-step description of the theoretical
background, starting from the Maxwell equations to the explicit definitions of Q-factors, is
presented in the appendix Sections B.1 and B.2.

2.1 The waveguide-cavity system

Following Sections B.1.1 and B.1.2

Most of the literature works on WGM microcavities can be described by the waveguide-cavity
system shown in Fig. 2.2. An incoming light wave sL(z0) is guided through a waveguide. As it
travels by the cavity, part of its power is transfered to a cavity mode wave aj via evanescent
coupling. During its propagation in the cavity, the wave energy can be coupled to other
cavity modes such as a counterclockwise mode a−j or radiative modes for example via surface
scattering, or it can be attenuated by the material itself. It can also be coupled back into
the waveguide. The outgoing light wave sL(z1) is the resulting combination of the incoming
waveguide wave and the cavity-coupled wave. All the coupling processes are characterized by
coupling constants such as κjL. These constants depend on the spatial overlap of the optical
modes and their optical frequencies.

To describe the waveguide-cavity system, we express the cavity and waveguide electric fields

 

 

 

 

 

 

 

  

 

  

 

 

 

 

 

 

  

Figure 2.2 : Schematic of the linear coupling processes between a waveguide and a WGM
microcavity.
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as eigenmodes ej(r) and eL(r)

Ecavity(r, t) =
∑
j

Ej(r, t) =
∑
j

aj(t)e−iωjtej(r)
2
√
Nj

+ c.c. (2.1)

Eguide(r, t) =
∑
L

EL(r, t) =
∑
L

sL(z, t)e−iωLteL(r)
2
√
ML

+ c.c. (2.2)

where vectors are written in bold. The cavity mode and waveguide mode frequencies are ωj
and ωL respectively. aj(t) and sL(z, t) are the slowly varying amplitude of the cavity and
waveguide modes respectively. The normalization factors Nj and ML are written as

Nj = 1
2

∫
V
ε0(n2

0|c)|ej(r)|2dV (2.3)

ML = 1
4

∮
A

(eL(r) ∧ h∗L(r) + e∗L(r) ∧ hL(r)) · ẑdA (2.4)

where n0|c is the refractive index (RI) profile of the cavity alone in the surrounding medium :
the cavity RI, nc, inside and the surrounding medium RI, na, outside the cavity. The cavity
mode amplitudes are normalized in respect to their electromagnetic (EM) energy : |aj(t)|2

is the total EM energy stored in the j mode at given time t. Similarly, the waveguide mode
amplitudes are normalized in respect to their propagating power : |sL(z, t)|2 is the total power
circulating through the x − y plane at a given time t. This normalization allows a direct
association between the theoretical framework and the experimental power measurements.

2.2 Linear coupled-modes equations

Following Sections B.1.3 through B.2.1

The coupled-modes equations of the waveguide-cavity system are generally deduced from
Maxwell’s equations, as shown in Sections B.1.3 and B.1.4. The eigenmode equations natu-
rally come out of the perturbative approach as

∇2ej(r) + n2
0(r)|c
c2 ω2

jej(r) = 0 (2.5)

∇2eL(r) + n2
0(r)|g
c2 ω2

LeL(r) = 0 (2.6)

where n0(r)|c and n0(r)|g are the refractive index profile of the cavity and waveguide alone
respectively. In this thesis, results were obtained using adiabatic tapered optical fibers and
microsphere cavities. Fortunately, solutions can be found analytically [7, 21, 237, 238]. The
microsphere solutions ej(r) and their resonance frequency ωj are detailed in Sections 2.4 and
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B.3. They are used in the next sections to support the experimental results.

Section B.1.5 presents the final form of the linear coupled-modes equations. For modes pro-
pagating in clockwise direction, aj(t) and sL(z1, t), CM equations are written as

∂aj(t)
∂t

=
(
i[ωL − (ωj − Γjj)]− Γ′jj −

1
2τj

)
aj(t) (2.7)

+ (iΓj−j − Γ′j−j)a−j(t) +
∑
L

iκjLsL(z0, t)

sL(z1, t) = sL(z0, t) + iκLj(z1)aj(t) (2.8)

For counterclockwise modes, a−j(t) and s−L(z1, t), we have

∂a−j(t)
∂t

=
(
i[ωL − (ωj − Γ−j−j)]− Γ′−j−j −

1
2τ−j

)
a−j(t) (2.9)

+ (iΓ−jj − Γ′−jj)aj(t) +
∑
L

iκ−j−Ls−L(z1, t)

s−L(z0, t) = s−L(z1, t) + iκ−L−j(z0)a−j(t) (2.10)

where
1

2τj
= 1

2τj,0
+ 1

2τj,c
and 1

2τ−j
= 1

2τ−j,0
+ 1

2τ−j,c
. (2.11)

Each coupling constant are listed in Table 2.1 along with their roles and the explicit equation
reference. All the Γ constants are rates expressed in s−1, the κ constants are expressed in
s−1/2 and the lifetimes are expressed in seconds. Typical WGM microcavity photons lifetimes
∼ 0.1− 10 ns.

Table 2.1 : Linear rates, coupling constants, and lifetimes.

Description Symbols Definitions
Cavity phase shift due to the
waveguide and a perturbation Γjj and Γ−j−j B.43

Cavity losses due to a perturbation Γ′jj and Γ′−j−j B.47
Coupling between modes j and −j Γj−j and Γ−jj B.44

Losses during modes j and −j coupling Γ′j−j and Γ′−jj B.48
Cavity mode to waveguide mode κjL and κ−j−L B.49 and B.54
Waveguide mode to cavity mode κLj(z) and κ−L−j(z) B.50 and B.54

Intrinsic photon’s lifetime τj,0 B.45
Extrinsic photon’s lifetime τj,c B.51 and B.54
Total photon’s lifetime τj B.63
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The advantage of this approach resides in its simplicity : the coupling constants can often be
measured or deduced from measurements even if their explicit formulations are not known.
For example, for sensing applications, when the refractive index changes locally in the sur-
rounding medium or due to a particle, the values of Γjj, Γ′jj, Γj−j and Γ′j−j can change.

To understand how these constants modify the cavity’s spectral response, we need to solve
equations 2.7-2.10 for typical measurement conditions. Transmission spectrum measurements
are usually done using a monochromatic input signal with a power sL(z0, t) 6= 0 and a
frequency ωL. While the input signal frequency is tuned across the resonance, the output
signal sL(z1, t) is monitored. To measure the reflection spectrum, s−L(z0, t) is monitored
while s−L(z1, t) is set to zero. The equations can be solved for steady-state conditions for a
slowly varying input power because the cavity response is in the nanosecond range.

The steady-state or continuous-wave (CW) solutions are described in Section B.2.1. To ligh-
ten the discussion, only the graphical results are shown here for three different cases. The
transmission spectrum Tj = |sL(z1, t)|2/|sL(z0, t)|2 is depicted in black and the reflection
spectrum Rj = |s−L(z1, t)|2/|sL(z0, t)|2 in red.

Unidirectional source, single mode waveguide and no modal coupling

The simplest case is obtained when there is no perturbation with Γjj = 0, Γj−j = 0 and
Γ′jj = Γ′j−j = 0. It is represented in Fig. 2.3 for three (τj,c, τj,0) combinations : τj,c = 5τj,0,
τj,c = τj,0 and τj,c = 1

3τj,0. The resonance’s shape is a simple Lorentzian centered at ωL = ωj.
Its width and its depth depend on the values and ratio of τj,c and τj,0, as we shall see
in Section 2.3. There is complete extinction for τj,c = τj,0 or in critical coupling regime.
Undercoupling and overcoupling regime happen when τj,c > τj,0 and τj,c < τj,0 respectively.
As there is no perturbation, no signal is scattered in the counterclockwise mode a−j and thus
no signal is reflected back in the waveguide input.

Experimentally, there is always a perturbation such as dust particles, changing surrounding
medium or temperature changes. Any perturbation will cause Γjj to change at least. This
effect is shown in Fig. 2.4 for Γjj = 2

τj
representing a refractive index increase. The x-axis is

now normalized to 1/τj and τj,c = 2τj,0. The cavity resonance is red-shifted by a frequency
∆ω = Γjj but its shape is untouched. As the resonance width of WGM microcavities are
typically < 10 pm at a wavelength of 1550 nm, any dust particle attachment or comparable
perturbations will result in a detectable frequency shift.

If the cavity is enclosed in a clean and stable environment, Γjj is relatively constant over
time. For this reason, the measured resonance frequency is usually the combination of ωj and
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Figure 2.3 : Tj and Rj for Γjj = 0, Γj−j = 0, Γ′jj = Γ′j−j = 0 using Eq. B.77. Different
coupling regimes are shown : critical (line), overcoupling (dashed line) and undercoupling
(dash-dot line).

Γjj, so that we can replace (ωj − Γjj)→ ωj or use Γjj → 0 in the coupled-modes equations.
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Unidirectional source, single mode waveguide, modal coupling and δε′(r) = 0

When the perturbation is strong enough to cause a notable change to Γj−j, modal coupling
is observable spectrally. Figure 2.5 shows its effect for Γj−j = 1

τj
and fixing Γjj = 0. Two

things happen. Firstly, the resonance is split in two identical peaks. Based on Eq. B.90, the
separation distance of the transmission peaks is

δωj(Tj) = 2

Γj−j

√√√√ 1
τ 2
j

+ Γ2
j−j

(
2 + τj,0

τj,c

)2

− 1
4τ 2
j

− Γ2
j−j

(
1 + τj,0

τj,c

)
1/2

→ δωj(Tj) ∼ 2Γj−j

for Γj−j > 1/τj. By sending part of the clockwise mode into the counterclockwise mode
and vice versa, a perturbation causes both modes to interfere. This leads to symmetric
and antisymmetric standing wave superpositions often denoted a+(t) and a−(t) [71,239,240]
compared to the perturbation position. Secondly, the depth also changes because the modal
coupling adds up to other loss terms τj,c and τj,0, thus changing their ratio. Modal coupling
also implies signal reflection and its spectrum also has two identical peaks.

The resonance splitting is observable when the energy transfer rate Γj−j between the clockwise
and counterclockwise modes is larger than the modes loss rates 1

τj
. In other words, two peaks

are resolvable when they are narrow enough.
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Figure 2.5 : Tj and Rj for Γjj = 0, Γj−j = 1
τj
, Γ′jj = Γ′j−j = 0 using Eq. B.73 and B.74.
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Unidirectional source, single mode waveguide, modal coupling and δε′(r) 6= 0

Finally, transmission and reflection signals can have the shape presented in Fig. 2.6 when the
cavity mode suffers modal coupling and radiative losses : Γj−j = 1

τj
, Γ′jj = 1

10τj and Γ′j−j = 1
τj
.

The spectra are now asymmetric splittings of Lorentzian curves. This asymmetry can be un-
derstood from the symmetric/antisymmetric modes perspective. The perturbation is located
at the field maximum of the symmetric mode and at the field node of the antisymmetric
mode, hence their name. The symmetric mode suffers larger radiative losses caused by the
perturbation, leading to a broader peak.
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τj
, Γ′jj = 1

10τj and Γ′j−j = 1
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using Eq. B.68 and
Eq. B.69.
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2.3 Linear characteristics of WGM microcavities

Linear cavity characteristics are values associated to a specific mode resonance in the li-
near regime at low signal power. The explicit definitions are given in Section B.2.2 and the
important results are given here.

2.3.1 Q-factor

The Q-factor is a metric used to compare different types of optical resonators. The Q-factor
of an optical mode is proportional to the stored energy over the lost energy during one optical
cycle Tωj = 2π/ωj. It represents the number of optical cycles until the energy of its initial
value falls off to e−1. It is defined as

Qj,T = 2π
Tωj

|aj(t)|2

−∂|aj(t)|2
∂t

= ωj
|aj(t)|2

−∂|aj(t)|2
∂t

(2.12)

In the literature, we often see the simplest case where Γjj = Γ′jj = Γj−j = Γ′j−j = 0 (i.e. no
perturbation). Using steady-state solutions of Eq. 2.7 and 2.9, we have

Qj,T = ωj
|aj(t)|2(

1
τj,0

+ 1
τj,c

)
|aj(t)|2

⇒ 1
Qj,T

= 1
ωjτj,0

+ 1
ωjτj,c

= 1
ωjτj

(2.13)

More specifically, if the input signal is blocked suddenly (|sL(z0, t)|2 → 0), the mode energy
decreases as |aj(t)|2e−t/τj . This principle is exploited in cavity ring-down measurements to
find τj [24]. Thus, a cavity with larger Q-factor modes implies that it retains light more
efficiently and for a longer time.

The previous relation suggests that we can rewrite the intrinsic photon’s lifetime τj,0 as
different loss processes such as absorption, scattering or radiative tunneling, together with
their associated Q-factors [24] :

1
τj

= 1
τj,c

+ 1
τj,0

(2.14)

= 1
τj,c

+ 1
τj,abs

+ 1
τj,scat

+ 1
τj,rad

+ . . . (2.15)

1
Qj,T

= 1
Qj,c

+ 1
Qj,0

(2.16)

= 1
Qj,c

+ 1
Qj,abs

+ 1
Qj,diff

+ 1
Qj,rad

+ . . . (2.17)

where Qj,c is the coupling (or extrinsic) Q-factor of mode j and Qj,0 is the intrinsic Q-factor.
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Qj,T is the total Q-factor. It can also be written as the loaded Q-factor, QL, that implies a
loading from an external coupled source like waveguides. When the mode j denomination is
implicit, these Q-factors are usually rewritten as QT , Qc, Q0, etc.

As radiative tunneling is usually negligible, the intrinsic Q-factor upper limit is set by the
material absorption and Rayleigh scattering. Considering that ej(r) is much larger inside the
cavity, it leads to

Qj,0 = kjnc
αlin

= 2πnc
λjαlin

(2.18)

where kj = ωj/c, nc is the cavity’s material refractive index, αlin is the linear material
attenuation in m−1. This last definition of Qj,0 is often seen in the literature [1, 24].

2.3.2 Transmission coefficient

It was previously mentioned that the depth of the transmission peak depends on the ratio of
τj,c and τj,0. In the simplest case where modal coupling is null (Fig. 2.3), the transmission is
given by Eq. B.77

Tj = |sL(z1, t)|2
|sL(z0, t)|2

=
( 1

2τj −
1
τj,c

)2 + (ωL − [ωj − Γjj])2

1
4τ2
j

+ (ωL − [ωj − Γjj])2 (2.19)

The transmission value, Tj,0, at the peak center ωL = ωj − Γjj, is

Tj|ωL=ωj−Γjj = Tj,0 =
(
τj,c − τj,0
τj,c + τj,0

)2

=
(
Qj,c −Qj,0

Qj,c +Qj,0

)2

(2.20)

The normalized transmission coefficient, Tj, is bounded between 0 and 1. As mentioned ear-
lier, following Relation 2.20, complete extinction happens at critical coupling when τj,c = τj,0

or Qj,c = Qj,0.

2.3.3 Q-factor measurement

The total Q-factor can be measured using the resonance’s spectral full width at half maximum
(FWHM), ∆ωj, where |sL(z1, t)|2/|sL(z0, t)|2 = (1 + Tj,0)/2 :

1 + Tj,0
2 =

( 1
2τj −

1
τj,c

)2 + (ωFWHM − ωj)2

1
4τ2
j

+ (ωFWHM − ωj)2 ⇒ (ωFWHM − ωj)2 = 1
4τ 2
j

⇒ ∆ωj = 2(ωFWHM − ωj) = 1
τj
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⇒ Qj,T = ωj
∆ωj

≡ λj
∆λj

. (2.21)

This is not surprising since the resonance is a Lorentzian curve in the frequency domain, i.e.
the Fourier transform of a decaying exponential curve in time. It is important to note that
only a Lorentzian curve can be characterized using its FWHM value. When modal coupling
or any resonance’s asymmetry is observed, more complicated numerical fits are mandatory.

Once Tj,0 and Qj,T are known, it is possible to retrieve Qj,0 and Qj,c except for one detail :
Relation 2.20 is symmetric in view of Qj,c and Qj,0 and we usually do not know which is
larger. We have

Qj,c = 2Qj,T

1±
√
Tj,0

et Qj,0 = 2Qj,T

1∓
√
Tj,0

(2.22)

where the upper and lower signs correspond to the overcoupled regime and undercoupled
regime. To solve this issue, it is possible to take multiple transmission measurements with
different coupling conditions, hence different Qj,c. It is also possible to use a technique deve-
loped during the master’s thesis based on a Stokes parameters measurement [241].

2.3.4 Coupled power

In this thesis, many terms are used to describe power flows : the input power, the output
power and the coupled power. The input power terms were already defined as |sL(z0, t)|2 and
|s−L(z1, t)|2. They describe the power in the waveguide at the entrance of the coupling area.
Similarly, the output power terms are |sL(z1, t)|2 and |s−L(z0, t)|2. They describe the power
in the waveguide at the exit of the coupling area. When |s−L(z0, t)|2 and |s−L(z1, t)|2 are null,
input and output powers can be defined uniquely as

Input power Pin = |sL(z0, t)|2

Output power Pout = |sL(z1, t)|2.

The coupled power Pcoup is defined as the total power transfered from the waveguide to the
cavity. In other words, it is the power that is not transmitted through the waveguide. It is
written as

Coupled power Pcoup = (1− Tj)Pin
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where Tj is the transmission coefficient. Considering a linear regime and no modal coupling,
Tj is defined using Relation 2.19 :

Pcoup = 1
τj,0

1
τj,c

Pin
1

4τ2
j

+ (ωL − [ωj − Γjj])2 . (2.23)

The coupled power term is directly obtained from the transmission spectrum. Furthermore,
it carries the detuning term ωL− [ωj −Γjj] which appears in linear output power definitions,
but also in the stimulated Raman scattering output power terms (Section 2.5.1) and the laser
signal output power terms (Section 2.6). The use of Pcoup allows the direct comparison between
the theoretical framework of this thesis and the nonlinear output power measurements.

Other terms such as the intracavity power or the circulating power in the mode j and the
accumulation factor are often seen in the literature. Explicit definitions are found in Sec-
tion B.2.2, but are not discussed here as they are not used in the following chapters of this
thesis.

2.4 Eigenmodes of microspheres

The WGM microcavity structure used in this thesis is the microsphere. Usually made from
high-purity optical fiber, microspheres are made using simple melting techniques and they
offer excellent Q-factors, regularly > 107. Furthermore, the vectorial solutions of the wave
equation (Eq. 2.5) are known. In this section, we will discuss the spatial distributions of the
eigenmodes but their explicit mathematical formulations are described in Section B.3.

The solutions are written for the spherical coordinates (ρ, θ, φ) shown in Fig. 2.7 using the
form

Ej(r, t) = aj(t)e−iωjtej(r)
2
√
Nj

+ c.c.

ej(r) =
[
eρ(ρ, θ, φ)ρ̂+ eθ(ρ, θ, φ)θ̂ + eφ(ρ, θ, φ)φ̂

]
=
[
eρ(ρ, θ)ρ̂+ eθ(ρ, θ)θ̂ + eφ(ρ, θ)φ̂

]
eimjφ

The solutions are separated as transverse-electric (TE) and transverse-magnetic (TM) so-
lutions where the ρ components of the electric and magnetic fields are null respectively.
The mode frequencies, wavelengths or wavenumbers are determined by their characteristic
equations :
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Figure 2.7 : Spherical coordinates for a microsphere.

TE characteristic equation

nc
na

Jlj−1+1/2(nckjRc)
Jlj+1/2(nckjRc)

=
H

(1)
lj−1+1/2(nakjRc)
H

(1)
lj+1/2(nakjRc)

TM characteristic equation

1
nc

Jlj−1+1/2(nckjRc)
Jlj+1/2(nckjRc)

− 1
na

H
(1)
lj−1+1/2(nakjRc)
H

(1)
lj+1/2(nakjRc)

= lj
kjRc

(
1
n2
c

− 1
n2
a

)

where Jlj+1/2(x) is the Bessel function of the first kind andH(1)
lj+1/2(x) is the Hankel function of

the first kind [242]. Rc and nc are the sphere radius and refractive index. na is the surrounding
medium refractive index. lj and mj are the polar and azimuthal integers numbers of the jth

mode, similarly to the hydrogen atom solutions of the Schrödinger equation.

The WGM solutions are represented by the first solutions (smallest kj, largest λj) of the
characteristic equations for a particular lj and typically for mj = lj. Figure 2.8 shows the
TE spatial distribution of |ej|2 for an As2S3 microsphere. The mode lj = mj = 139 has a
single lobe centered at θ = π/2 and its confinement inside the sphere is assured by the high
refractive index of As2S3.

An eigenmode with a mj = lj−q has q+1 lobes along the polar direction. Figure 2.9 presents
the spatial distribution of |ej|2 for a similar wavelength, but for lj = 132 and mj = lj − 2.
The mode has now two lobes radially meaning that a wavelength of 1547 nm is the second
solution of the TE characteristic equation for lj = 132. It also has 3 lobes along the polar
direction caused by the lj −mj difference.

For a perfect sphere, the characteristic equations do not depend on mj. All the mj solutions
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Figure 2.8 : Spatial distribution of TE solutions |ej|2 for an As2S3 sphere with a radius of
15 µm. The wavelength is 1550 nm, lj = 139 and mj = lj. The dashed line is the cavity’s
boundary.

are degenerate and have the same frequency ωj. They also have the same round-trip time
since the additional time spent in the polar direction is compensated by a longer trip along
the equator (θ = π/2). Approximated solutions for kj or ωj associated to a mode lj can be

Figure 2.9 : Spatial distribution of TE solutions |ej|2 for an As2S3 sphere with a radius of
15 µm. The wavelength is 1547 nm, lj = 132 and mj = lj − 2. The dashed line is the cavity’s
boundary.
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found in [14,16].

The TE and TM mode spectra are determined by their characteristic equation solutions
kj = 2π/λj. Figure 2.10 shows the resonance positions for each lj = mj number for an As2S3

sphere with a radius of 15 µm. The top series in red are the 1st radial order solutions. The
density of modes can be quite large as the input signal can also couple to modes > 2nd order.
The density increases with the resonator size as shown in Fig. 2.11 for a sphere with a radius
of 150 µm. The spectral distance between successive lj numbers is called the Free Spectral
Range (FSR) and is ∼ 1 nm for a sphere radius of 150 µm.

Furthermore, the solutions shown in Fig. 2.10 and 2.11 are valid for lj = mj as mj solutions
are degenerate. In practice, the microspheres are not perfect and a difference between the
major axis and minor axis radius ∆Rc lifts this degeneracy as [21]

ω
(lj 6=mj)
j

ω
(lj=mj)
j

≈ 1− ∆Rc

Rc

(
2 + 3

l2j −m2
j

l2j

)
.

This usually causes the mode density to double, to triple or even more. Fortunately, large Q-
factors are associated with narrow resonance linewidths, following Relation 2.21. A resonance
with a Q-factor of 1×106 has a linewidth of 1.5 pm at a wavelength of 1.5 µm. Resonances are
usually well separated in the spectra and measurements can be done on single lines without
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Figure 2.10 : TE mode wavelengths and their associated lj numbers for an As2S3 sphere with
a radius of 15 µm. Red dots denote the 1st, 5th and 10th radial order.



28

1 . 5 1 . 6 1 . 7 1 . 8 1 . 9 2 . 0 2 . 1 2 . 2 2 . 3 2 . 4 2 . 5 2 . 6 2 . 7 2 . 8 2 . 9 3 . 0
7 0 0
7 5 0
8 0 0
8 5 0
9 0 0
9 5 0

1 0 0 0
1 0 5 0
1 1 0 0
1 1 5 0
1 2 0 0
1 2 5 0
1 3 0 0
1 3 5 0
1 4 0 0
1 4 5 0
1 5 0 0 1 s t  r a d i a l  o r d e r

1 s t  r a d i a l  o r d e r

TE
 m

od
es

 l j = m
j

W a v e l e n g t h  ( µm )

> 1 0 t h  r a d i a l  o r d e r

1 . 5 4 0 1 . 5 4 5 1 . 5 5 0 1 . 5 5 5 1 . 5 6 0
1 3 5 0
1 3 6 0
1 3 7 0
1 3 8 0
1 3 9 0
1 4 0 0
1 4 1 0
1 4 2 0
1 4 3 0
1 4 4 0
1 4 5 0
1 4 6 0
1 4 7 0
1 4 8 0

TE
 m

od
es

 l j=m
j

W a v e l e n g t h  ( µ m )

Figure 2.11 : TE mode wavelengths and their associated lj numbers for an As2S3 sphere with
a radius of 150 µm. Red dots denote the 1st, 5th and 10th radial order. Mode wavelengths of
radial order > 10th are located in the shaded area. Inset : Zoom on the C-band section to
show the high density of modes.

difficulty.

Dispersion of microspheres

The sphere dispersion – the mode frequencies as a function of their azimuthal number mj –
is especially important for phase-matched nonlinear processes such as parametric frequency
mixing. As an example, four-wave mixing processes depend on coupling terms proportional
to

ei(ω1+ω2+ω3+ω4)tei(m1+m2+m3+m4)φ.

The first part is linked by the energy conservation ~ω1 +~ω2 +~ω3 +~ω4 → 0 and the second
part is related to the WGM microcavity phase matching conditions m1 +m2 +m3 +m4 → 0.

The most studied case is the degenerate four-wave mixing (FWM) where two pump photons
are added to give one signal photon and one idler photon. The total frequency dispersion is
given by [97]

∆ωT = 2ωp − (ωs + ωi)−
2n2Ipω

2
pRc

mpc
= ∆ωlin −

2n2Ipω
2
pRc

mpc
→ 0
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where the last term is the nonlinear shift caused by the self-phase modulation and the cross-
phase modulation. n2 is the nonlinear Kerr index. Degenerate FWM is the basic principle of
parametric amplification and frequency combs generation in WGM microcavities, as seen in
Table 1.1. In WGM microcavities, successive azimuthal orders must obey

2mj −mj−1 −mj+1 = 2mp −ms −mi = 0

The linear dispersion ∆ωlin depends on the material and structure dispersions, and is defined
by the characteristic equation solutions. In the case of silica microspheres, both conditions are
fulfilled near a wavelength of 1550 nm for a diameter of 150 µm [97]. However, for As2S3, the
material dispersion pushes the zero-dispersion wavelength to longer wavelength. Figure 2.12
shows the linear dispersion ∆ωlin for an As2S3 microsphere with a radius of 150 µm.

To successfully generate signal and idler photons in As2S3 spheres, the total dispersion ∆ωT
needs to fall inside the resonance linewidth as shown in Fig. 2.12. Additionally, the nonlinear
dispersion shift is negative for As2S3. Pump wavelengths > 4 µm are then needed. A smaller
sphere radius pushes the zero-dispersion wavelength further to the IR. Consequently, dege-
nerate FWM for As2S3 spheres is limited to mid-IR wavelengths. This explains why it was
not observed during this thesis experiments : pump wavelengths were limited to λp < 2 µm.
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Figure 2.12 : Linear sphere dispersion ∆ωlin for an As2S3 sphere with a radius of 150 µm.
Two black lines indicate the resonance linewidth for a Q-factor of 1× 107.
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2.5 Nonlinear coupled-modes equations

The material response to an external optical field E(r, t) is described by the electric polari-
zation vector P(r, t). When the field intensity is small, the response varies linearly with the
field :

P(r, t) ∝ χ(1)E(r, t)

where χ(1) is the first order electric susceptibility. If the field intensity is large, this linear
description may not fully describe the material response and the electric polarization vector
needs to be rewritten :

P(r, t) ∝ χ(1)E(r, t) + χ(2)E(r, t)E(r, t) + χ(3)E(r, t)E(r, t)E(r, t) + . . .

where χ(2) and χ(3) describe the second and third order nonlinear responses. The optical
field can interact nonlinearly with itself and other fields, leading to interesting and useful
phenomena. For example, the field can interact with itself and modify its own phase through
self-phase modulation, a third order process. Frequency mixing processes such as second and
third harmonic generations are also possible and widely used.

The material response is dictated by the electronic dipoles, ions dipoles, photon-phonon inter-
actions or free charges. The dominating process depends mainly on the material composition,
and the optical field frequency and its strength. Parametric processes such as self-phase mo-
dulation and third harmonic generation result from electronic dipoles response. For some
materials, such as chalcogenide glasses used in this thesis, the optical field also strongly in-
teracts with the material’s lattice through photon-phonon interactions or Raman scattering.

This interaction can be modeled through the nonlinear coupled-modes equations, similar to
the linear coupled-modes equations of Section 2.2. The following sections highlight the main
relations used in this thesis and are based on the explicit derivation of Section B.4.

2.5.1 Stimulated Raman scattering

Raman scattering comes from the inelastic scattering of an optical signal photon and a
material phonon. Figure 2.13 shows the energy transfer of two processes. The incoming photon
with an energy ~ωp loses an energy quanta ~Ωv to the material’s lattice. The outgoing Stokes
photon has a residual energy ~ωs < ~ωp. When the incoming photon gains an energy quanta
from the lattice, the outgoing photon (anti-Stokes) goes out with an energy ~ωa > ~ωp.

Classically, the material is viewed as N diatomic molecules that vibrate with a frequency
Ωv. The atom distance from their equilibrium positions is described by the vector Qv(r, t)
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ω
ωs ωa

Ωv

ωp

Ωv

Figure 2.13 : Stokes photon ~ωs and anti-Stokes photon ~ωa creation through Raman scat-
tering of a pump signal photon ~ωp.

following the definition in [243]. The material’s polarizability α - not to be confused with the
linear attenuation coefficient - quantifies its reaction to an external optical field. In linear
optics, the sole contribution from the electrons αel, linked to χ(1), is usually considered. Here,
we will also consider the nucleus contribution when it moves out of his equilibrium position.
Its contribution is added using a linear expansion [243,244]

α = αel +
∑
i

(
∂α

∂Qv,i

)
0
Qv,i(r, t) → αel +

(
∂α

∂Qv

)
0
Qv(r, t)

where we summed the ith vector component. To simplify, we can consider that the molecule
oscillates along one direction, parallel to the external electric field. The polarizability is now
scalar.

The vibration Qv(r, t) influences the optical field through the polarizability and the electric
polarization vector

P(r, t) = NαE = N

[
α0 +

(
∂α

∂Qv

)
0
Qv(r, t)

]
E(r, t) = ε0χ

(1)E(r, t)︸ ︷︷ ︸
P(1)(r,t)

+N

(
∂α

∂Qv

)
0
Qv(r, t)E(r, t)︸ ︷︷ ︸

PRaman(r,t)

.

It splits into a linear part P(1)(r, t) and the nonlinear part of Raman scattering PRaman(r, t).

Linear coupled-modes equations 2.7 to 2.10 can be rewritten to take into account the Raman
gain for a single pump signal and a single Stokes signal. Inside the cavity, we have

∂ap(t)
∂t

=
(
i [ωL − ωp]−

1
2τp,0

− 1
2τp,c

)
ap(t)
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− gR
ωp
ωs

(
|as(t)|2 + |a−s(t)|2

)
ap(t) + iκpLsL(z0, t) (2.24)

∂as(t)
∂t

= −
(

1
2τs,0

+ 1
2τs,c

)
as(t) + gR|ap(t)|2as(t) (2.25)

∂a−s(t)
∂t

= −
(

1
2τs,0

+ 1
2τs,c

)
a−s(t) + gR|ap(t)|2a−s(t). (2.26)

where the perturbation losses and modal coupling are considered negligible and the clockwise
as and counterclockwise mode a−s are equally pumped by the Raman scattering process [123–
125]. The anti-Stokes signal is left out since the phase matching conditions were not met in
our experiments.

The output signals are given by

sL(z1, t) = sL(z0, t) + iκLp(z1)ap(t) ≈ sL(z0, t) + i
ap(t)√
τp,c

sS(z1, t) = iκSs(z1)as(t) ≈ i
as(t)√
τs,c

s−S(z0, t) = iκ−S−s(z0)a−s(t) ≈ i
a−s(t)√
τs,c

.

The cavity Raman gain gR (J−1s−1) is defined as

gR = c2g
(b)
R

2npnsVppss
(2.27)

where
Vppss =

∫
V |ep|2dV

∫
V |es|2dV∫

V |ep|2|es|2dV
(2.28)

quantifies the mode fields overlap. g(b)
R is the material Raman gain or bulk Raman gain

expressed in m/W.

The material Raman gain g(b)
R amplitude depends greatly on the material composition as seen

in Table 1.2. Following the Fermi golden rule, the Raman gain is larger if the probability of
transition from a ground vibrational state to a virtual excited state and back to a higher level
vibrational state is also larger. The classical model developed in Section B.4 shows that it
depends on

(
∂α
∂Qv

)2

0
. This value is linked to the transition dipole moment between the ground

vibrational state and a virtual excited state and to the transition dipole moment between the
virtual excited state and a higher energy level vibrational state [243]. A larger Raman gain in
silicon is understandable as the higher level vibrational state energy is the same everywhere
due to the crystalline layout. In amorphous materials, the higher level vibrational state energy
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changes with the local atomic configuration, hence distributing the Raman response over a
broader energy spectrum.

The coupled-modes equations 2.24 to 2.26 can be solved for a CW regime. The threshold
conditions for stimulated Raman scattering (SRS) are given by Eq. 2.25 or 2.26, when the
Stokes mode losses are compensated by the pump gain :

gR|ap(t)|2 = 1
2τs

The conditions are similar for the clockwise and the counterclockwise Stokes modes : they
start lasing at the same time. Furthermore, the pump mode energy is fixed by this condition,
meaning that the excess energy is converted to the Raman signal.

The link between the energy of both Stokes mode |as(t)|2 and |a−s(t)|2 and the input power
Pin = |sL(z0, t)|2 is given by Eq. 2.24 :

ap(t) = 1
√
τp,c

sL(z0, t)
1

2τp + ωp
ωs
gR (|as(t)|2 + |a−s(t)|2)− i [ωL − ωp]

.

The total SRS power PS leaving though the waveguide is the summation of the forward and
backward SRS power, |sS(t)|2 and |s−S(t)|2 respectively :

PS = |sS(t)|2 + |s−S(t)|2 = |as(t)|
2 + |a−s(t)|2
τs,c

= 1
2τpτs,cgR

ωs
ωp

√√√√ Pin

P∆L=0
in,th

− (2τp)2∆2
L − 1

 (2.29)

with ∆L = ωL − ωp

where the threshold pump power with and without laser frequency detuning ∆L, Pin,th and
P∆L=0
in,th , are

Pin,th =
[
1 + (2τp)2∆2

L

] τp,c
(2τp)2(2τs)gR

⇒ P∆L=0
in,th = τp,c

(2τp)2(2τs)gR
= π2npnsVppssQp,c

λpλsg
(b)
R Q2

p,TQs,T

(2.30)

As it is seen from Eq. 2.29, the total SRS power depends on the laser detuning. This feature is
hard to quantify, especially when the measurements are dynamic or when thermo-optic effects
are present. To remove its dependency to ∆L, we express PS as a function of the coupled
pump power PL,coup = Pin(1−Tp) where Tp is the transmission of the pump resonance at the
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position ωL :

Pin,coup = 1
2τsgR

 1
τp

√√√√ Pin

P∆L=0
in,th

− (2τp)2∆2
L −

1
τp,c


The coupled power is different from the linear coupled power of Eq. 2.23 because the Raman
gain contribution is added. We get

PS = ωs
ωp

τs
τs,c

[
Pin,coup −

1
2τsτp,0gR

]
(2.31)

It is worth noting that the total SRS power PS follows a square-root dependency of Pin. As
the input power grows and the Stokes signal get stronger, the pump signal suffers a larger
loss to the Stokes signal, limiting the power conversion. In other words, it saturates. This
also results in a variation of the extrinsic/intrinsic losses ratio and the transmission Tp. The
coupled power notation includes this square-root dependency and the transmission variation,
thus PS is proportional to Pin,coup.

Finally, external and internal power conversion efficiencies at threshold conditions are defined
as

ηex = dPS
dPin
|Pin,th = 2ωs

ωp

τp
τp,c

τs
τs,c

= 2ωs
ωp

Qp,TQs,T

Qp,cQs,c

ηin = dPS
dPin,coup

= ωs
ωp

τs
τs,c

= ωs
ωp

Qs,T

Qs,c

(2.32)

The former gives the efficiency of the device as a whole and the latter removes the contribution
of the pump signal coupling. If the external efficiency is much smaller than the internal
efficiency, it means that the device suffers from non optimal pump coupling conditions.

2.5.2 Cascaded Raman scattering

As shown in Section B.4, the generation of a Stokes signal through Raman scattering is not
limited by phase matching conditions, but follows mainly the energy conservation condition.
Practically, this means that if a first Stokes signal is strong enough, it can pump a second
Stokes signal with photon energy ~ωp−2~Ωv, as shown in Fig. 1.2. If the threshold conditions
allow it, multiple Raman orders can be observed. As an example, Chapter 5 shows the
measurements of Raman emissions up to the 5th order with a pump wavelength of 1550 nm.
More specifically, it presents the Raman power growth as a function of the input pump power
for the first three orders. Similarly to a single Raman order emission, these measurements
can be understood using nonlinear coupled-modes equations.
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Single pump & 3 Raman orders

To describe cascaded Raman emission up to the 3rd order, we need 7 coupled-modes equations
for the cavity modes :

∂ap(t)
∂t

=
(
i [ωL − ωp]−

1
2τp

)
ap(t)− gR1

ωp
ωs1

(
|as1(t)|2 + |a−s1(t)|2

)
ap(t) + iκpLsL(z0, t)

∂as1(t)
∂t

= − 1
2τs1

as1(t)− gR2
ωs1
ωs2

(
|as2(t)|2 + |a−s2(t)|2

)
as1(t) + gR1|ap(t)|2as1(t) (2.33)

∂a−s1(t)
∂t

= − 1
2τs1

a−s1(t)− gR2
ωs1
ωs2

(
|as2(t)|2 + |a−s2(t)|2

)
a−s1(t) + gR1|ap(t)|2a−s1(t)

∂as2(t)
∂t

= − 1
2τs2

as2(t)− gR3
ωs2
ωs3

(
|as3(t)|2 + |a−s3(t)|2

)
as2(t) + gR2

(
|as1(t)|2 + |a−s1(t)|2

)
as2(t)

∂a−s2(t)
∂t

= − 1
2τs2

a−s2(t)− gR3
ωs2
ωs3

(
|as3(t)|2 + |a−s3(t)|2

)
a−s2(t) + gR2

(
|as1(t)|2 + |a−s1(t)|2

)
a−s2(t)

∂as3(t)
∂t

= − 1
2τs3

as3(t) + gR3
(
|as2(t)|2 + |a−s2(t)|2

)
as3(t)

∂a−s3(t)
∂t

= − 1
2τs3

a−s3(t) + gR3
(
|as2(t)|2 + |a−s2(t)|2

)
a−s3(t).

with

gR1 = c2g
(b)
R

2npns1Vpps1s1
, gR2 = c2g

(b)
R

2ns1ns2Vs1s1s2s2
, and gR3 = c2g

(b)
R

2ns2ns3Vs2s2s3s3
.

Each Raman order has a clockwise and a counterclockwise mode and they each have similar
gain and loss terms related to the previous and the following order respectively.

The output signals are given by

sL(z1, t) = sL(z0, t) + iκLp(z1)ap(t)

sS1(z1, t) = iκS1s1(z1)as1(t) s−S1(z0, t) = iκ−S1−s1(z0)a−s1(t)

sS2(z1, t) = iκS2s2(z1)as2(t) s−S2(z0, t) = iκ−S2−s2(z0)a−s2(t)

sS3(z1, t) = iκS3s3(z1)as3(t) s−S3(z0, t) = iκ−S3−s3(z0)a−s3(t).

Again, it is possible to solve theses equations for a CW regime. The clockwise and coun-
terclockwise equations of a specific Raman order give the same threshold conditions and
dependencies :
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gR3
(
|as2(t)|2 + |a−s2(t)|2

)
= 1

2τs3
(2.34)

gR2
(
|as1(t)|2 + |a−s1(t)|2

)
= 1

2τs2
+ ωs2
ωs3

gR3
(
|as3(t)|2 + |a−s3(t)|2

)
(2.35)

gR1|ap(t)|2 = 1
2τs1

+ ωs1
ωs2

gR2
(
|as2(t)|2 + |a−s2(t)|2

)
(2.36)

ap(t) = 1
√
τp,c

sL(z0, t)
1

2τp + ωp
ωs1
gR1 (|as1(t)|2 + |a−s1(t)|2)− i [ωL − ωp]

. (2.37)

Relation 2.34 is the threshold condition for the stimulated emission of the 3rd Raman order
and Relations 2.35 to 2.37 displays the mode energy dependencies. Raman emissions of odd
and even orders are linked as shown in Fig. 2.14, and their mode energies are clamped
simultaneously [123, 124]. When the first Raman order emission grows, the pump signal
energy is clamped. When the second Raman order starts, the first order is clamped and the
pump signal power increases. Finally, when the third order is observed, the second order and
the pump signal stop increasing as the first order grows again.

The total power of the 3rd order emission PS3 is given by

PS3 = |sS3(t)|2 + |s−S3(t)|2 = |as3(t)|2 + |a−s3(t)|2
τs3,c

(2.38)

= 1
τs3,c

(
ωs1ωs3
ωpωs2

gR2

gR1gR3

)(
1

2τp
+ 1

2τs2
ωp
ωs1

gR1

gR2

)
√√√√√ Pin

P∆L=0
in,th

−∆2
L

(
1

2τp
+ 1

2τs2
ωp
ωs1

gR1

gR2

)−2

− 1


where

P∆L=0
in,th = τp,c

(
1

2τp
+ 1

2τs2
ωp
ωs1

gR1

gR2

)2 ( 1
2τs1gR1

+ 1
2τs3

ωs1
ωs2

gR2

gR1gR3

)
(2.39)

Pin,th =
1 + ∆2

L

(
1

2τp
+ 1

2τs2
ωp
ωs1

gR1

gR2

)−2
P∆L=0

in,th

We also find the total power of the 1st and 2nd order using Eq. 2.35 and 2.34 respectively :

PS1 = |as1(t)|2 + |a−s1(t)|2
τs1,c

= 1
τs1,c

(
1

2τs2gR2
+ ωs2
ωs3

gR3

gR2
τs3,cPS3

)
(2.40)

PS2 = |as2(t)|2 + |a−s2(t)|2
τs2,c

= 1
2τs2,cτs3gR3

(2.41)

showing that PS1 grows with PS3 while PS2 is clamped.
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Figure 2.14 : Schematic of the first three Raman order evolution.

Single pump & 2 Raman orders

The simpler case, limited to two Raman orders, is obtained by setting as3(t) = 0 and
a−s3(t) = 0 in Eq. 2.33 and 2.35.

The resulting total power of the 2nd order emission in CW regime, PS2, is

PS2 = |as2(t)|2 + |a−s2(t)|2
τs2,c

(2.42)

= 1
τs2,cτp,c

ωs2
ωs1

gR1

gR2

1[(
1

2τp + 1
2τs2

ωp
ωs1

gR1
gR2

)2
+ ∆2

L

]
Pin − τp,c

2τs1gR1

( 1
2τp

+ 1
2τs2

ωp
ωs1

gR1

gR2

)2

+ ∆2
L



while PS1 is clamped to

PS1 = |as1(t)|2 + |a−s1(t)|2
τs1,c

= 1
2τs1,cτs2gR2

. (2.43)

Relation 2.42 shows that, for a fixed ∆L, the 2nd order Raman emission is proportional to
the input pump power Pin, as shown in Fig. 2.14.
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2.6 Quasi-two level laser modeling

Many rare-earth dopants are used for laser applications. In their trivalent forms, optical
transitions of rare-earth ions such as Er3+ or Tm3+ happen between 4f levels at near-IR and
mid-IR frequencies. Lower level electrons (5s and 5p) shields the 4f electrons from its host
material electronic and phonon interactions [246], meaning that host material only changes
the ions absorption and emission properties slightly. Figure 2.15 shows energy levels of Er3+

and Tm3+ that are typically used for near-IR emission. Electrons from the lowest levels are
first excited to a higher level. Fast non radiative decay takes place within the upper level
manifold before the electron goes back to the ground state. Each level are Stark-split through
ions-lattice interactions. In the case of the thulium ions, this Stark-splitting allows the signal
amplification at a wavelength of 1800 nm with a pump at 1550-1600 nm between 3F4 ↔ 3H6

levels. This is similar to the transition between the 4I13/2 ↔ 4I15/2 levels of erbium ions with
a pump wavelength of 1480 nm.

To achieve population inversion for lasing behavior, the transition rate from levels 1→ 2 has
to equal the transition rate from 2 → 1. The rate of these transitions in presence of optical
signals is related to the signal intensities (number of photons) and to the ions absorption

Er
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Tm
3+

4
I15/2

4
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4
I11/2

~
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8
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3
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3
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Figure 2.15 : Typical energy level path for Er3+ and Tm3+ ions. Lines and dashed lines
express radiative and non radiative decays.
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and emission effective cross sections 1 σa,e(ω) which depend, among others, on the signal
frequencies. The 3F4 ↔ 3H6 transition of thulium ions can be represented as a quasi two-
level system because of the fast non radiative decay in the 3F4 manifold.

A simplified two-level rate equations for thulium-doped optical fibers are expressed as [247]

dN2(r, t)
dt

= Ip
~ωp

(σapN1(r, t)− σepN2(r, t)) + Is
~ωs

(σasN1(r, t)− σesN2(r, t))− N2(r)
τTm

(2.44)

with NT (r) = N1(r) +N2(r), (2.45)
dPp(z, t)

dz
= σep

∫
A
Ip(ρ, θ, t)N2(r, t)dA− σap

∫
A
Ip(ρ, θ, t)N1(r, t)dA, (2.46)

dPs(z, t)
dz

= σes

∫
A
Is(ρ, θ, t)N2(r, t)dA− σas

∫
A
Is(ρ, θ, t)N1(r, t)dA. (2.47)

N1 and N2 are the ions density (ions/m3) in the ground and upper levels respectively at
a position r. The total ions density NT is fixed and is considered to be constant in the
cavity, NT (r) → NT . The amplified spontaneous emission noise is set to zero for simplicity,
as spontaneously emitted photons with frequencies ω 6= ωs do not propagate for long in the
cavity. τTm is the decay time of the spontaneous emission of the thulium 3F4 → 3H6 transition
and is related to the ions concentration [248].

The rate equations that rule over the laser dynamics in fibers are not optimized for WGM
microcavities [249], and need to be modified to take into account mode overlap which is not
always the case for WGM laser models [40].

To solve Eq. 2.45 to 2.47, N2(r, t) distribution has to be known. Unfortunately, it depends on
the mode field distributions, the pump power, and the signal power. To deal with this issue,
we approximate N2 as

N2(ρ, θ, t)→ Nmax
2

Ip(ρ, θ, t)
Imaxp

where Nmax
2 is the N2 value at the spatial position where the pump intensity Ip is maximum.

Therefore, N2(ρ, θ, t) follows the pump field distribution. This is valid for a low signal power
regime, for example near lasing threshold, where the signal field distribution slightly modifies
N2(r, t) distribution.

Following Section B.5 derivation, Relations 2.45 to 2.47 can be adapted toWGMmicrocavities
coupled-modes equations formalism. For the microsphere TE solutions of Section B.3, no

1. Effective cross sections account for the transition between multiple Stark-split levels
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modal coupling, and no perturbation loss, we have

dNmax
2
dt

Ap|ap(t)|2
Bp

Cmax
= (2.48)

NT

[
σap
~ωp

Ap|ap|2Bp + σas
~ωs

As|as|2Bs

]
− Nmax

2
τTm

Bp

Cmax
− (σep + σap)

~ωp
Ap|ap|2Nmax

2
Bpp

Cmax

− (σes + σas)
~ωs

As|as|2Nmax
2

Bps

Cmax

dap
dt

= g
(p)
Tmap(t)−

1
2τp

ap(t) + i(ωL − ωp)ap(t) + iκpLsL(z0, t) (2.49)

das
dt

= g
(s)
Tmas(t)−

1
2τs

as(t) (2.50)

with

g
(p)
Tm = ωp

2mp

[
(σep + σap)Nmax

2
Bpp

B′pC
max
− σapNT

Bp

B′p

]

g
(s)
Tm = ωs

2ms

[
(σes + σas)Nmax

2
Bps

B′sC
max
− σasNT

Bs

B′s

]

Ap/s = mp/s

2ωp/sµ0Np/s

, Cmax =
|emaxp/s,θ(t)|2

(ρ sin θ)|max
,

Bp/s =
∫
A

|ep/s,θ(ρ, θ, t)|2
ρ sin θ ρdA, B′p/s =

∫
A

|ep/s,θ(ρ, θ, t)|2
ρ sin θ dA

Bpp =
∫
A

|ep,θ(ρ, θ, t)|4
ρ2 sin2 θ

ρdA and Bps =
∫
A

|ep,θ(ρ, θ, t)|2|es,θ(ρ, θ, t)|2
ρ2 sin2 θ

ρdA

where ep/s,θ are the eθ components of the pump and signal fields respectively. |ep/s,ρ|2 are
used for TM modes.

Equations 2.48 to 2.50 can be solved for steady-state conditions. In a low pump power regime,
the pump rate is not large enough and electrons in the upper energy levels have time to return
to the lower levels through spontaneous emission. Having N2 → 0, Relation 2.49 changes to

dap
dt

= − ωp
2mp

σapNT
Bp

B′p
ap(t)−

1
2τp

ap(t) + i(ωL − ωp)ap(t) + iκpLsL(z0, t)

= − 1
2τp,Tm

ap(t)−
1

2τp
ap(t) + i(ωL − ωp)ap(t) + iκpLsL(z0, t)

⇒ Qp,Tm = ωpτp,Tm = mp

σapNT

B′p
Bp

(2.51)

where Qp,Tm is the Q-factor contribution due ions absorption at low pump power.

When N2 is not negligible, Nmax
2 value is determined by the pump and signal mode energies
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|ap|2 and |as|2, and is given by Relation 2.48 :

Nmax
2 = NTC

max

[
σap
~ωpAp|ap|

2Bp + σas
~ωsAs|as|

2Bs

]
Bp
τTm
− (σep+σap)

~ωp Ap|ap|2Bpp − (σes+σas)
~ωs As|as|2Bps

. (2.52)

The threshold conditions for SRS signal emission are given by Relation 2.50, fixingNmax
2 → Nmax

2,th

and g(p)
Tm → g

(p)
Tm,th,

g
(s)
Tm,th = 1

2τs

⇒ Nmax
2,th =

msB′s
ωsτs

+ σasNTBs

(σes + σas)Bps

Cmax (2.53)

⇒ g
(p)
Tm,th = − 1

2τs
msωp
mpωs

(σep + σap)
(σes + σas)

BppB
′
s

BpsB′p

(
NTωsτs
msB′s

[
BpBps

Bpp

σap
(σes + σas)
(σep + σap)

− σasBs

]
− 1

)
.

(2.54)

Putting 2.52 equals to 2.53, we get the relation between the pump and signal mode energies,
|ap|2 and |as|2,

|as(t)|2 = 2τs
m2
p

m2
s

ω3
s

ω3
p

B′p
B′s

Ns

Np

(−g(p)
Tm,th)|ap(t)|2 −

2
τTm

~ω2
sµ0Ns

ms(σes + σas)
Bp

Bps

(
NTωsτs
ms

Bs

B′s
σas + 1

)
.

The output signal power PS,out(t) = |sS(z1, t)|2 is linked to the input pump power Pin = |sL(z0, t)|2

using Relation 2.49 in steady-state regime and |κpL|2 ≈ 1/τp,c :

PS,out(t) = |as(t)|
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)
.

Similarly to Section 2.5.1, we can remove the laser detuning dependency by introducing the
coupled pump power

Pcoup(t) = Pin(t)(1− Tp) = Pin(t) 2
τp,c

1
2τp,0 − g

(p)
Tm,th

(ωL − ωp)2 + ( 1
2τp − g

(p)
Tm,th)2

,
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giving

PS,out(t) = τs
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.

The output signal power is proportional to both PL,in and Pcoup.
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CHAPTER 3 EXPERIMENTATION

3.1 Microspheres fabrication

The fabrication of As2S3 and tellurite glass microspheres is based on a CO2 laser melting
method and are made from high purity optical fibers. This technique was successfully used
to produce silica spheres with large Q-factors [250], but was not used for chalcogenide glass
resonators yet. Previous melting methods rely on heating plates to transform an optical
fiber into a tapered tip and to melt this tip to form a sphere [154, 220]. The resulting Q-
factors < 2× 105 indicate that these methods could be improved. Glass contamination, slow
melting time and poor spherical shape may be to blame. On the contrary, laser melting offers
many benefits : fast forming time < 250 ms, no material contact during the fabrication, and
homogeneous heat distribution resulting from the volume absorption of the laser light.

The fabrication steps are depicted in Fig. 3.1. First, the polymer coating of a high purity
optical fiber is removed and the fiber is cleaned using isopropanol and acetone. Remaining
dust particles or polymer debris could stick on the melting glass or diffuse into it and cause
undesirable optical losses. The fiber is illuminated by a high power CO2 laser with a wave-
length of 10.6 µm (Fig. 3.1(a)). For an As2S3 fiber with a diameter of 200 µm, a laser intensity
of ∼ 50 MW/m2 over a 300 µm beam waist at the fiber level is necessary to slowly melt and
pull the fiber into a tapered fiber. To continuously pull the fiber, the laser power needs to be
increased as the fiber diameter decreases, since the absorbing glass volume is smaller. When
the fiber diameter reaches 10-20 µm, it usually breaks into a narrow tip (Fig. 3.1(b)). At this
point, the laser intensity has to be ∼ 400− 500 MW/m2 to reflow the tip into a microsphere.
The melted glass naturally forms a spherical shape through surface tension (Fig. 3.1(c)). This
process leaves a smooth surface that minimizes scattering losses. The sphere diameter can be
increased using successive laser exposures.

Images of As2S3 and tellurite microspheres obtained with the laser reflow technique are shown
in Fig. 3.2. Microspheres with diameters between 20 µm and 400 µm were fabricated using
this method. The visible images of Fig. 3.2(a) and 3.2(b) show the good symmetry and
eccentricity of the As2S3 spheres. The tellurite spheres, as displayed in Fig. 3.2(d), share the
same properties. The scanning electron microscope image of Fig. 3.2(c) shows the smoothness
and cleanness of the sphere’s surface. All these characteristics are mandatory to achieve large
Q-factors.
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direction

Figure 3.1 : Microsphere fabrication steps : (a) A high purity optical fiber is placed under
the CO2 laser illumination. (b) The fiber is heated by the laser beam and is pulled into a
tapered fiber until it breaks. A narrow tip is left. (c) A microsphere is obtained by heating
the fiber tip. The surface tension of the molten glass naturally forms a spherical shape.

3.1.1 Laser melting setup

To execute the previous fabrication steps, the laser setup has to be able to pull an optical
fiber into a tapered fiber and to produce spheres. Our setup is composed of two main parts :
the fiber pulling system and the focusing region.

The focusing region shown in Fig. 3.3(a) is designed to monitor an object while it is illumina-
ted by the laser beam. The latter enters at the top of the setup, passes through a beamsplitter
and is focused by the bottom lens. Both the beamsplitter and the concave lens are made of
ZnSe glass, transparent at a wavelength of 10.6 µm. An object placed on the 3-axis stage is
imaged using visible optics and a camera. The beamsplitter is coated to obtain a reflection
coefficient of 99 % in the visible spectrum and a transmission coefficient of 99 % at 10.6 µm
for an incident angle of 45◦. The laser power can be modified manually and it is stabilized
by an internal control loop. A CW or pulsed illumination is obtained using a shutter unit. A
gate time of 250 ms was used during this thesis based on its practicality. A object in focus on
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Figure 3.2 : Typical microspheres produced using the laser reflow technique - (a) and (b)
Images of As2S3 spheres. (c) Scanning electron microscope image of an As2S3 sphere. (d)
Visible image of a tellurite sphere.

the monitoring camera insures a reproducible laser intensity over time at the specific imaging
height.

A setup photograph is presented in Fig. 3.3(b). The red LED ring light illuminates the
imaging region when the outer protective box is closed. Nitrogen is sent to the imaging
region to reduce its oxygen content. It is intend to minimize oxidation during the melting
processes which could induce optical losses. A vacuum vent tube is also used to remove vapors
produced during the glass reflow. These vapors could condensate back on the sphere or other
optics elements of the setup and deteriorate them.

The fiber pulling system is placed under the laser beam as shown in Fig. 3.3(a). Figures 3.4(a)
presents its components. It is made of four aluminum blocks, two of them clamp an optical
fiber on one side while another one can be moved on two transversal rods. The moving block
is pulled using a rope linked to weights. It keeps the optical fiber stretched before laser
exposure. The drilled fourth block holds the rods and keeps the pulling rope parallel to the
rods, but is not clamped to the optical fiber. Grooves are carved in the blocks to keep the
fiber straight at all time.

The pulling process is shown in Fig. 3.4(b)-(e). Under laser illumination, the weights pull on
the block and the fiber starts its tapering process. With a constant pulling force, the tapered
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Figure 3.3 : (a) Laser setup - The CO2 laser beam, depicted in a false red color, is focused
on a fiber pulling system positioned by a 3-axis stage. A beamsplitter allows the simulta-
neous monitoring of the focusing spot and the target using visible optics and a camera. (b)
Photograph of the setup. Additional components are present : red LED ring light for visible
imaging, a nitrogen flow (white tube) pointing toward the focused region, and a vacuum vent
(black tube) to extract vapors from the melting.

fiber diameter can be brought to 10-20 µm before it breaks, leaving two glass tips on each
side of the pulling system. These tips are directly heated afterward to form spheres as shown
in Fig. 3.4(f).

For a glass tip size of few microns, the laser illumination with a beam waist of 300 µm
can be considered homogeneous and the heat transfer is quasi instantaneous. This results
in a homogeneous heating of the tip and leads to a symmetric sphere shape. Experience
showed that successive laser exposures produce larger spheres, but of lesser quality. This
phenomenon suggests that contaminants and oxidation incorporate the sphere each time it
is reflowed. Large sphere melting is also less homogeneous, resulting in larger asymmetrical
spheres.

3.1.2 Raman spectroscopy on As2S3 melted glass

The linear and nonlinear optical properties of glasses are given by their structural composition
and their impurity content. The latter can be minimized by working in a controlled and clean
environment. The former is affected by the physical treatment the glass undergoes such as
heat. The multiple heating and melting steps of the laser reflow technique may impact the
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(a) (b)
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Optical fiber

Pulling rope
Moving block

Figure 3.4 : Fiber pulling and tapering system used in the laser setup. (a) An optical fiber is
clamped at two locations : a fixed block on the left side and a moving block in the middle.
The moving block is linked to weights with a pulling rope. (b) While the laser beam heats
the fiber, it is pulled and a tapered shape forms. (c) The tapered shape can be reduced to
the required diameter. (d) A narrow glass filament eventually forms. (e) The tapered fiber
finally breaks into a glass tip. (f) The glass tip is heated again to form a sphere.

structural composition of the optical fiber glass. Furthermore, As2S3 glass is characterized by
a relatively low glass transition temperature Tg ∼ 180− 215◦C [147,178,191]. Crystallization
or detrimental group formation during the fabrication steps could impair the glass properties.
For example, the presence of As4S4 groups, observed in As2S3 thin films [251], is suspected
to increase the photosensitivity of the glass, even at telecommunication wavelengths [188].

To verify that the glass structure stays amorphous during the pulling and melting processes,
we performed Raman spectroscopy measurements on three locations : the unaffected fiber, the
tapered fiber and the microsphere itself. Raman spectroscopy probes the material vibration
energies of its constituent bonds. Sharp peaks indicate the presence of single vibration modes
and suggest a crystalline layout. Broader peaks can be attributed to groups of vibration
modes usually found in amorphous materials. Results are presented in Fig. 3.5, the spectra
are normalized and are offset vertically for clarity. The main broad peak is located at a Raman
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Figure 3.5 : Raman spectra of As2S3 glass for three locations : the optical fiber, the tapered
fiber part and the microsphere. The spectra are normalized and are offset vertically for clarity.

shift of 10.3 THz and the spectra are similar to other work measurements [184, 191, 251].
The absence of sharp peaks indicates that the glass structure stays amorphous during the
fabrication steps. Two factors mainly contribute to these results. First, thanks to the high
purity of the glass, crystallization centers such as contaminants are reduced in number.
Second, the melting and cooling times are below 200 ms and crystal formation is thus limited.

More measurements were made near the optical mode area on an As2S3 sphere and are shown
in Fig. 3.6. The spectra were taken along a line perpendicular to the equatorial region of the
sphere, separated by a distance of 0.5 µm. The spectra in red are taken in the optical mode
region. Again, every sphere regions favorably share the same amorphous structure.

Raman spectroscopy probes the material surface over few microns deep only. Fortunately,
the optical modes also propagate few microns from the surface as shown in Fig. 2.8 and 2.9.
Consequently, it is safe to say that the optical modes occupy the amorphous glass region.

3.1.3 Tapered silica fiber fabrication

Many guiding structures are used to couple light in and out of WGM microcavities : mainly
integrated waveguides, prisms, and tapered optical fibers. The latter is well suited for mi-
crospheres as it is highly compatible with common fiber optic components and provides low
loss monomodal coupling. This last properties is sometimes called coupling ideality [252] and
it defines how well a cavity mode couples uniquely to a single waveguide mode.
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Figure 3.6 : Raman spectroscopy spectra of an As2S3 microsphere taken along a line perpen-
dicular to the optical mode area. The spectra locations are separated by 0.5 µm. The optical
mode area is denoted by red lines. The spectra are normalized and are offset vertically for
clarity.

In this thesis, we used silica tapered fibers made from single mode Corning’s SMF-28 optical
fibers. With a diameter of ∼ 2µm, silica tapered fibers are simple to make and they are
relatively sturdy. They are pulled adiabatically, keeping much of the power into a single
mode, and they provide quasi single mode guiding over their entire length. They were made
using the facilities of the Laboratoire des fibres optiques of École Polytechnique de Montréal.
The pulling setup is shown in Fig. 3.7. A cleaned optical fiber is clamped on two 1-axis
motorized stages. A third 3-axis motorized stage controls the displacement of an oxygen-
propane flame. The flame is swept along the fiber while both stages pull the fiber apart
resulting in an adiabatic profile. The stages movements are controlled and monitored by a
NI LabVIEW program.

3.1.4 Cavity encapsulation

To keep optical losses as low as possible, it is crucial to fabricate and manipulate the micros-
pheres in a clean environment. Trials and errors show that it is difficult to clean microspheres
once they have been contaminated by dust particles. Only few micron size contaminants are
needed to decrease the Q-factor to 103 − 104. An image of a spoiled microsphere is shown
in Fig. 3.8. The presence of particles in the mode field, nearby the equator line, increases
coupling to radiative modes and modal coupling. Manipulations show that the durability of
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Motorized stage

Motorized stage Motorized stage

Figure 3.7 : Pulling setup used to fabricate silica tapered optical fiber. A flame is swept along
the optical fiber while two motorized stages are pulling it apart.

the spheres decreases after a few hours only in the laboratory environment without a proper
cleanroom ventilation system. To obtain similar measurement results over time, the micros-
phere and the coupled silica tapered fiber have to be protected, mainly from surrounding air
flows. To solve this issue, both are encapsulated in a silica glass tube with a fixed coupling
position. Figure 3.9(a) presents the assembly parts. The silica tapered fiber is transfered from
its pulling setup to two half-rod blocks glued to a bottom half-tube. The tube is closed with
the upper half-tube. A small opening on the tube’s side allows the positioning of the sphere
inside. Once the coupling conditions are optimized, the fiber tip holding the sphere is glued
to the tube’s side. All the parts are made of silica glass to follow the thermal expansion of
the silica tapered fiber. The sphere and the fiber have to be aligned within the micron range
to optimize the coupling conditions. Any displacement caused by the thermal expansion of
different materials would be critical.

A photograph of the encapsulated system is shown in Fig. 3.9(b). The device is 6 cm long and
5 mm wide. The fixed As2S3 microsphere can be seen inside the tube. Using this protection,

Figure 3.8 : An As2S3 microsphere contaminated by dust.
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Silica tapered fiber

Figure 3.9 : Packaged tapered fiber and microsphere. (a) 3D model of the silica glass tube.
The silica tapered fiber is fixed to two glass half-rod blocks. The fiber tip holding the sphere
is glued on the half-tube side. (b) Photograph of an encapsulated system.

similar results could be obtained over a long period. For example, cascaded Raman spectra
similar to Fig 5.4 were obtained two weeks apart. Furthermore, the sphere quality is not
affected by the process as no glue or contaminant touches the sphere. Using this packaging
technique, the fragile fiber-sphere system becomes a portable in-line fiber device.

3.2 Linear and nonlinear signals measurements

3.2.1 Transmission measurement setup

The linear characteristics of WGM microcavities are usually measured through their trans-
mission spectra. The simplest setup needed for these measurements is presented in Fig. 3.10
and is composed of five main elements. A tunable laser source (TLS) is used to scan across
a specific wavelength range. Its laser linewidth ∼ 300 kHz allows measurements of narrow
cavity resonances without convolution problem. The polarization controller (PC) optimizes
the polarization for the selection of TE or TM cavity modes. The signal passes through the
tapered fiber and is coupled to the microsphere via evanescent coupling. The intensity of
the transmission signal is measured by a photodiode detector (DET) and is monitored on an
oscilloscope (OSC). A trigger signal synchronizes the tunable laser sweep and the oscilloscope
monitoring. The time axis becomes the wavelength axis using λ1 = λ0 + vscan∆t where λ0

and λ1 are the initial and current wavelength positions respectively, ∆t is the elapsed time
since the trigger signal, and vscan is the laser sweeping speed. The latter is usually kept low
∼ 1 nm/s to simulate a CW input signal. The advantage of this simple technique is the achie-
vable resolution only limited by the tunable laser linewidth. The use of a broadband source
and an optical spectrum analyzer is limited to the latter’s resolution of 0.05 nm, not enough
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Figure 3.10 : Basic setup for transmission spectra measurements - TLS : Tunable laser source,
PC : Polarization controller, DET : Photodiode detector, OSC : Oscilloscope, TRIG : Trigger
signal, and SM : Single mode.

for cavity resonance linewidth < 1 pm. Furthermore, the setup contains only optical fiber
compatible elements. More complex setups were used during this thesis and are presented in
the next chapters, but their data acquisition principle remains the same.

Figure 3.11 presents typical spectra taken with a scanning range of 1 nm for an As2S3 sphere
with a diameter ∼ 30 µm and for three coupling conditions. The input power is kept constant.
The waveguide coupling is increased by approaching the silica tapered fiber near the sphere
inside its mode fields. The top spectrum shows the lower coupling case. Despite the narrow
scanning range, more than a dozen high Q-factor resonances are visible. Those resonances
are not successive azimuthal orders as the free spectral range is 10.5 nm for this sphere’s size.
They are multiple radial modes and possibly polar modes that successfully couple to the
waveguide mode. As the coupling level increases, the peak transmission coefficients decrease,
a manifestation of a decreasing coupling Q-factor Qj,c based on Relation 2.20. This also means
those resonances are in a undercoupled regime Qj,0 < Qj,c.

The smaller gap between the tapered fiber and the sphere allows more cavity modes to
overlap with the waveguide mode. This results in an increasing number of visible resonances
in the spectrum. The bottom spectrum is taken when the silica tapered fiber is in contact
with the sphere : at the maximal coupling conditions for this configuration. Peaks that were
not visible now reach transmission level below 80 %. Other peaks like those located at a
wavelength of 1552.08 nm and 1552.82 nm are now deformed, suggesting that they possess
the highest Q-factor of the region. The deformation is caused by thermal drifting and will be
discussed in Section 3.2.2.

As mentioned earlier, despite the large number of resonances, their individual measurement is
not affected by the presence of others, thanks to their narrow linewidth. Typical transmission
spectra of single resonances are shown in Fig. 3.12. Lorentzian curve fits in red are in good
agreement with the resonance shapes. Following Section 2.3.3 and Relation 2.21, the curve
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Figure 3.11 : Evolution of transmission spectra taken with an increasing waveguide coupling.
The input power is kept constant. Top spectrum has the lowest waveguide coupling. The
bottom spectrum has the largest waveguide coupling when the tapered fiber touches the
sphere.
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full width at half maximum (FWHM) is linked to the resonance’s total Q-factor Qj,T . The
left and right plots present peaks with FWHM of 0.5 pm and 0.22 pm, giving total Q-factors
of 3.1× 106 and 7.0× 106 respectively at a wavelength of 1550 nm.

The right plot of Fig. 3.12 presents a peak with a transmission near unity. Being in an
overcoupled regime, the total Q-factor Qj,T is dominated by the intrinsic losses and its value
approaches the intrinsic Q-factor Qj,0. Following the lower sign Relation 2.22, its center
transmission Tj,0 of 0.955 leads to (Qj,0, Qj,c) = (7.08 × 106, 6.2 × 108). In comparison, the
left resonance Q-factors are (Qj,0, Qj,c) = (4.2 × 106, 1.2 × 107) where Qj,T can no longer
be approximated by Qj,0. This example also shows the large range of values the coupling
Q-factor can take, and how sensitive it can be to coupling condition variations.

The single Lorentzian shapes indicate negligible modal coupling between clockwise and coun-
terclockwise modes. However, the peak splitting is easier to measure when the resonance
linewidth (Q-factor) is narrower (larger). Figure 3.13 presents two resonances affected by
modal coupling. The red curves based on Relation B.68 are fitted with good agreement. The
theoretical model allows the extraction of the resonance characteristics for Γ′jj 6= Γ′j−j and
Γ′jj = Γ′j−j. In both cases, the fitted curve agreements are similar with R2 values above 0.985.
The extracted values are shown in Table 3.1. All fits indicate an undercoupled regime with
a slightly larger coupling load for the right plot, leading to a smaller peak transmission. The
notable difference is the peak separations ∼ 2Γj−j of 180 MHz and 400 MHz for the left and
right plot respectively, relatively lower and larger than 1/τj,T .
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Figure 3.12 : Transmission measurement spectra for two As2S3 sphere resonances. Lorentzian
curve fits are used in red to extract the resonance FWHM. The resonance total Q-factors are
3.1× 106 (left) and 7.0× 106 (right).
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Figure 3.13 : Transmission measurement spectra for two As2S3 sphere resonances with notable
modal coupling. The fitted double peak curves in red are based on Relation B.68.

Finally, the losses analysis is more tricky and shows the limit of the fitted curve extraction,
mainly due to the peak symmetry. Both cases Γ′jj 6= Γ′j−j and Γ′jj = Γ′j−j give realistic and
similar values. The intrinsic and perturbation losses, represented by τj,0, Γ′jj, and Γ′j−j, can be
modified while the coupling losses remain stable without important curve shape modification.
Additional measurements are needed to settle this issue.

Table 3.1 : Extracted linear resonance characteristics of Fig. 3.13.

Left plot Right plot Left plot Right plot
Unit Γ′jj 6= Γ′j−j Γ′jj = Γ′j−j

τj,c ns 108 70.5 108 70.4
τj,0 ns 10.4 19.5 7.7 10.34

1/τj,T MHz 105 66 140 111
Γjj MHz -39.8 0.2 -39.6 0.2
Γ′jj MHz 18.7 24.8 0.6 1.3
Γj−j MHz 89.4 202 89.6 202
Γ′j−j MHz 0 0.5 0.6 1.3
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3.2.2 Thermal drifting

The position of WGM resonances is very sensitive to the environment, especially to variations
of thermal origin. Even if the surrounding medium temperature can be stabilized, heating
mechanisms that take place inside the cavity can hardly be avoided when the optical power
is large enough. Almost every WGM microcavities are affected by the heat generated by the
material absorption, leading to thermorefractive variations dn/dT and thermal expansion
of the mode region [131]. Both effects increase the optical path and red-shift the cavity
resonances. Figure 3.14 shows the main heat transfer paths inside a microsphere. The heat
builds up in the mode region due to optical absorption and is transfered to the whole sphere
through conduction. The microcavity size limits the heat outflow through convection because
the surface area is small. This results in a noticeable temperature increase that affects the
transmission spectrum of the cavity.

This phenomenon is particularly important when the transmission spectrum is measured
using a tunable laser sweeping toward longer wavelengths, for example using the setup of
Fig. 3.10. Typical thermal drifting behavior is shown in Fig. 3.15 for an As2S3 sphere. The
black, red and green curves are the transmission spectra of the same resonance with an
increasing input optical power. The resonance’s position is shifted toward longer wavelengths
because the thermorefractive coefficient dn/dT > 0. The trailing behavior comes from the
combination of the simultaneous laser sweeping and the resonance red-shifting : the resonance
is dragged with the tunable laser line. Multiple works have studied thermal nonlinearities in
WGMmicrocavities which can be used as an efficient stabilization method or for its bistability

Qabsorption

Qconvection
Qconduction

Figure 3.14 : Heat propagation in a microsphere. The optical mode is located on the equatorial
line.
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Figure 3.15 : Thermal drifting of a resonance as the tunable laser line is swept toward longer
wavelengths for an increasing optical power. The black and green lines represent the lowest
and largest power respectively.

behavior [1, 130,131].

The trail appearance depends on the resonance Q-factor and transmission coefficient, and
on the laser tuning speed and its power. It can extend easily to ten or a hundred times the
resonance original linewidth. When performing a Q-factor measurement, the input power
has to be low enough to not deform the Lorentzian curve. Only 10 µW of input power is
sometimes enough to distort the spectrum in the case of an As2S3 sphere and a resonance
with a Q ∼ 107.

3.2.3 Raman and laser signal measurements through thermal drifting

To measure the Raman or laser signals generated inside the microspheres, one could use a
tunable laser emission, tune its wavelength on a resonance and monitor the emitted signal
with an optical spectrum analyzer or an optical powermeter. However, this method is difficult
to apply. The stable positioning of the laser emission at a precise location inside resonances
with sub-pm linewidths has to rely on stabilization techniques. Furthermore, even for a
stabilized laser line, the thermal shifting of the resonance pushes it away from the laser line
as shown in Fig. 3.16. This results in a varying coupled pump power with an increasing input
pump power. Consequently, any signal power measurements as a function of input pump
power has to account for this wavelength detuning. Finally, in the case of As2S3, thermal
shifting happens at power levels below the Raman and laser power threshold values.
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Figure 3.16 : Thermal drifting of a resonance for a fixed laser line with an increasing pump
power and transmission shift dT . This effect is particularly important for As2S3 WGM mi-
crocavities.

To solve this issue, it is easier to use thermal drifting as part of the measurement tech-
nique [253]. When the resonance is dragged with the laser line, coupled pump power increases
slowly as the laser line moves. Additionally, the input pump power can remain constant. This
principle is depicted in Fig. 3.17 left plot. The coupled power in blue is deduced from the
output and input power difference Pcoup = Pin − Pout = Pin(1 − Tj). This method allows
scanning over a large range of power values. Furthermore, the pump and generated signals
can be recorded simultaneously using a single spectral scan. The theoretical model developed
in Sections 2.5 and 2.6 can be directly linked to the measurements, especially to Eq. 2.31
and 2.56.

To measure the generated signals, a setup similar to the transmission measurement setup can
be used. It is presented in Fig. 3.18. Only the detection part is modified. A wavelength division
multiplexer (WDM) is needed to record the transmitted pump signal and the generated
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Time ≡ Wavelength
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Figure 3.17 : Left plot - Increasing coupled power during thermal drifting. If the coupled
power threshold is achieved, the nonlinear or laser signal starts increasing. The constant
input power and the threshold are shown as dotted black and blue lines respectively. Right
plot - Signal power as a function of the coupled power.
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Figure 3.18 : Basic setup for nonlinear and laser measurements - TLS : Tunable laser source,
PC : Polarization controller, DET : Photodiode detector, OSC : Oscilloscope, OSA : Optical
spectrum analyzer, TRIG : Trigger signal and WDM : Wavelength division multiplexer.

nonlinear signal simultaneously. Using two optical detectors, the measured traces as a function
of time will look like the black and red curves of Fig. 3.17 left plot. The threshold curve is
plotted by comparing the signal power in red and the coupled power in blue, shown in
Fig 3.17 right plot. For Raman emission, the threshold curve slope dPS/dPin,coup is the internal
conversion efficiency as defined by Eq. 2.32.

The setup can be modified further using an optical spectrum analyzer (OSA) to spectrally
discriminate multiple emission peaks excited by a single pump resonance. The gain band-
widths from Raman scattering and rare-earth ions are large enough to overlap multiple high
Q-factor resonances. Stimulated Raman emission and laser emission start when the threshold
conditions are achieved. These conditions can be simultaneously fulfilled by multiple modes.

To measure the complete and cumulative emission spectrum generated during the tunable
laser scan, the Hold Max feature of the OSA is used. As its name indicates, this feature
records the largest power value for each wavelength increment. The emission spectrum builds
up with each spectral sweep of the pump laser. The spectra presented in Fig. 4.3(a) and 6.3
were obtained using this method.

However, the main advantage of the OSA is its use in the temporal domain 1 in combination
with its built-in filtering capability. Similarly to an oscilloscope, the OSA can follow the
transmitted pump and generated signal evolutions. The OSA spectral bandwidth can be
positioned on a specific emission wavelength to study. Its bandwidth can be adjusted to
measure a single emission peak among others.

1. The temporal domain is reached by setting the wavelength span option to 0.
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3.2.4 Self-frequency locking setup

As expressed in the previous sections, the wavelength red-shift caused by thermorefractive
changes and thermal expansion is part of any measurement using an external source tuned on
a WGM resonance. This is especially true for cavities made of As2S3 glass that has a thermal
expansion coefficient ∼ 20 × 10−6 K−1, approximately 40 times the silica’s coefficient [147].
It also decreases the effectiveness of thermal stabilization method commonly used for silica
microcavities [131]. This method is based on the principle shown in Fig. 3.16 : a laser line
with a constant power will stabilize on the blue side of the resonance. In the case of large
Q-factor resonances in As2S3, the stabilization point is rapidly pushed in the upper part of
the resonance for 10-50 µW of input power, leading to a decreased coupled power.

To obtain a stable pump signal, a microcavity can be used as part of the laser medium to filter
the gain instead of being an external component. The oscillating frequency is selected by the
cavity most suitable resonance and is able to follow the thermal drifting. A typical setup is
shown in Fig. 3.19. Similar setups were used for silica microspheres excitation [61,254]. The
gain from an optical amplifier (AMP) first passes through a tunable bandpass filter (TF).
This first filtering step is used to select a spectral region where lasing will occur. The filter
bandwidth controls the number of resonances the gain overlaps. If the bandwidth is too large
or too narrow, multiple or none of the resonances interact with the gain signal. A single
interacting resonance is preferred. The gain propagates to the microsphere using a circulator
(CIRC). Optical modes whose resonances are located inside the bandpass filter bandwidth
accumulate energy. The modes affected by modal coupling also concentrate energy in their
counterclockwise modes and couple light back in the laser loop. The reflected gain signal is
polarization-filtered using polarization controllers (PC) and a linear polarizer (POL) before
returning to the amplifier. When the threshold conditions are realized, laser emission starts

1

2

3

AMP

PC PC
POL

μsphere

OSATF Pump
Signal

CIRC

Figure 3.19 : Basic self-frequency locking setup - AMP : Optical amplifier, TF : Tunable
bandpass filter, CIRC : Circulator, PC : Polarization controller, POL : Linear polarizer, and
OSA : Optical spectrum analyzer.
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in the loop. If the circulating power in the cavity’s mode is large enough, nonlinear signal is
generated. Both the pump and signal lines are measured using an OSA.

This setup is based on the reflective filtering of the WGM microcavity. This can only happen
if a mode is affected by modal coupling. Fortunately, larger Q-factor modes are more affected
by perturbations and modal coupling is achieved more easily. They are also the preferred
modes for nonlinear signal generation.

Measurements of cascaded Raman emissions and their threshold curves shown in Chapter 5
were obtained using a similar setup. When there is no generated signal in the cavity, at low
pump power, the pump emission is stable over several minutes. Over time, slow polarization
variations inside the loop cause pump power deviations at the output.

Stable emission is also achievable when there is a single pump peak and a single signal
peak. The setup is designed to stabilize the pump emission but it does not filter the signal
emission generated inside the microcavity. The latter can be multimode if many modes reach
the threshold conditions. Mode competition over the available gain may then cause power
fluctuation and unstable emission. This issue was observed during the work presented in
Chapter 5 and is discussed in Chapter 7.
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CHAPTER 4 RAMAN LASING IN AS2S3 HIGH-Q WHISPERING
GALLERY MODE RESONATORS

Published in F. Vanier, M. Rochette, N. Godbout, and Y.-A. Peter, Optics Letters, vol. 32,
issue 23, pp.4966-4969 (2013).
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4.2 Abstract

We report the first observation of a nonlinear process in a chalcogenide microresonator.
Raman scattering and stimulated Raman scattering leading to laser oscillation is observed in
microspheres made of As2S3. The coupled pump power threshold is as low as 13 µW using a
pump wavelength of 1550 nm. The quality factor of the chalcogenide microresonator is also
the highest ever reported with Q > 7× 107.

4.3 Introduction

The process of Stimulated Raman Scattering (SRS) is significant for the operation of lasers.
In contrast with the electronic processes involved in typical rare-earth doped glasses, SRS
provides gain at essentially all wavelengths for which a glass is transparent. SRS and cascaded
SRS are specifically important for the generation of mid-IR light required in spectroscopy
and biosensing applications.

Chalcogenide glasses such as As2S3 and As2Se3 are advantageous in view of SRS emission.
As2S3 has a high Raman gain coefficient almost 100 times that encountered in silica and has
a transparency window that extends up to 6 µm in the mid-infrared [184]. SRS-based lasers
have already been demonstrated in As2Se3 fibers and microwires [197,255–257].

Whispering gallery mode (WGM) optical microcavities such as microspheres, microdisks, and
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microtoroids offer good possibilities for SRS emission thanks to their high quality factors and
small mode volume. Threshold powers as low as 74 µW and 15 µW were respectively observed
in silica microtoroids [125] and CaF2 microdisks [126], thanks to their quality factor Q > 108.
Many chalcogenide glasses WGM microcavities were reported in litterature. Ga :La :S and
Ga :La :S :O glass microspheres with Q = 8× 104 were first produced by Elliot et al. [216].
As2S3 racetrack resonators and disks, As2S3 and As2Se3 microspheres and others were re-
ported [153, 154, 207–209, 217–220]. The highest Q measured was 2.3 × 106 in As2Se3 [154].
However, no demonstration of SRS emission has ever been reported in a chalcogenide glass
WGM microcavity.

In this Letter, we present the first observation of a nonlinear process in a chalcogenide microre-
sonator, using stimulated Raman scattering in high-Q As2S3 microspheres. The microspheres
used for this experiment possess the highest quality factors reported yet with chalcogenide
glass. Using microspheres with loaded Q factors above 1× 107, stimulated Raman scattering
was measured for a threshold pump power of 35 µW with a power conversion efficiency of
11 %.

4.4 Sphere Fabrication

To fabricate the microspheres, a CO2 laser reflow process is used, similar to the technique
used for silica microspheres. For this purpose, a high purity As2S3 fiber provided by CorActive
High-Tech is cleaned with acetone to remove the polymer cladding. The fiber is melted and
pulled into a tapered fiber tip under a 3 W CO2 laser illumination. With a diameter between
10 µm and 20 µm, the broken tip is melted again under CO2 laser illumination to form a
sphere from surface tension. Successive illuminations allow the production of spheres with
diameters of 40 µm and above. The inset of Fig. 4.1 shows a typical microsphere produced
with this technique.

The quality factor of spheres under test is determined from transmission spectra using eva-
nescent coupling of a silica tapered fiber. The tapered fiber has a diameter of 2 µm. The probe
laser that propagates in the tapered fiber is scanned around a wavelength of 1550 nm and the
transmitted power is measured with a photodiode (Thorlabs DET01CFC). The transmission
spectra are recorded over time with an oscilloscope. The time scale of the oscilloscope is
converted into a wavelength scale based on the scan speed of the tunable laser. A polari-
zation controler is used to optimize the coupling conditions. Fig. 4.1 shows the transmitted
spectrum of a resonance peak measured in a sphere having a diameter of 80 µm. The full
width at half maximum indicates a loaded quality factor QL = 7×107 and an intrinsic quality
factor Q0 = 7.2× 107 assuming an undercoupled regime [241].
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Figure 4.1 : Transmission spectrum of a resonance with a QL = 7× 107. Inset : Micrograph
of a typical microsphere produced with the laser melting process.

The attenuation coefficient of an As2S3 fiber prior to the sphere fabrication provides a lo-
wer bound on the maximum achievable quality factor. Using the attenuation value of α ≈
0.115 m−1 at a wavelength of 1550 nm, the corresponding quality factor isQmax

0 = 2πn
λα
≈ 8.6× 107.

The measured quality factor indicates that the quality of the spheres produced by laser mel-
ting approaches the limit imposed by the material attenuation. Using this technique, quality
factors above 106 and 107 are regularly achieved. These values are up to 100 times larger
than values previously measured in an As2S3 microresonator and the highest reported for a
chalcogenide glass [153,154,208].

4.5 Stimulated Raman scattering measurements

With the combination of a high quality factor and a high Raman gain of g(b)
R ∼ 4.4 ×

10−10 cm/W [184], these As2S3 spheres are good candidates for stimulated Raman scattering
(SRS) and laser oscillation from a low pump power and with a high conversion efficiency.
Fig. 4.2 shows the experimental setup used to characterize SRS. In a first experiment, the
output from an Agilent 81600B tunable laser source (TLS) is evanescently coupled to the
sphere with a silica tapered fiber having a diameter of 2 µm. The transmitted Raman emission
is measured using an Agilent 86146B optical spectrum analyzer (OSA). The tunable laser is
periodically scanned over a span of 1 nm around a central wavelength of 1549 nm. The forward
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Figure 4.2 : Experimental setup for Raman laser emission measurements - TLS : Tunable
Laser Source, PC : Polarization Controler, WDM : Wavelength Division Multiplexer, OSA :
Optical Spectrum Analyzer, Det : Detector, Osc : Oscilloscope.

Raman spectrum is measured from several scan periods by using the Hold Max feature of
the OSA. The SRS emission is expected to be shifted 10.3 THz away from the pump and to
be around 1635 nm [184,251]. A microsphere with a diameter of 71 µm is used.

Fig. 4.3(a) shows in black the measured spectrum for an input pump power in the tapered
fiber Pin = 123 µW. The forward Raman emission has a peak power of 407 nW and is located
at 1636.47 nm, as expected. Only one Raman emission peak was detected at this pump power.
The spectrum fluctuations are artifacts caused by the mismatched scanning synchronization
of the OSA and the pump laser. The red curve shows the spectrum of a continuous wave laser
line tuned to 1636.47 nm, much narrower than the resolution limit of the OSA. The red curve
fits well the black one and thus the Raman laser emission spectrum from the microsphere
is expected to be much narrower than the experimental acquisition profile. Forward Raman
emission powers are plotted for different input pump powers in Fig. 4.3(b). The measurements
shows a linear dependency and indicate an input power threshold power P th

in = 61.3 µW with
a forward external conversion efficiency of 0.7 %.

To obtain the internal conversion efficiency of the process, the Raman emission in the tem-
poral domain was measured . In a second experiment, the transmitted Raman emission and
pump powers are measured with photodiodes. The backward Raman emission generated in
the sphere is collected by the tapered fiber and is sent to a third photodiode. All optical
powers are corrected for insertion loss of the components : PC, WDM, circulator and tapered
fiber. The pump power line is repeatedly scanned near 1552 nm over a 1 nm span and all
signals are recorded with an oscilloscope. The optical spectrum analyzer is set in zero-span
mode to measure temporal profiles and allows us to identify the Raman emission wavelength.
Using this setup, it is possible to plot the threshold curve in a single scan.
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Figure 4.3 : (a) Raman laser emission with an input pump power of 123 µW(black curve).
Superimposed (red curve) is the bandwidth-limited spectrum of a narrow cw laser, indica-
ting that the Raman laser emission spectrum is also bandwidth-limited by the OSA. (b)
Maxima of Raman emission spectra as a function of the input pump power. The Raman
lasing threshold power is 61.3 µW.

Fig. 4.4 illustrates the principle of the measurement. As the pump laser line shifts to gradually
superimpose with a resonance from the microsphere (black line), the increase of intra-cavity
power heats the cavity and leads to a thermal drift of the resonance, resulting in a redshift
of the transmitted spectrum as shown in Fig. 4.4(a) [131]. At threshold (dotted line), the
power coupled inside the cavity becomes large enough so that the Raman emission power
(red line) turns into laser oscillation. The coupled pump power Pcoup is related to the input
pump power Pin in the tapered fiber by Pcoup = (1−T )Pin where T is the transmission value
at a particular wavelength. The Raman emission power PR increases as long as the power
inside the optical mode increases. A higher input pump power results in a longer thermal drift
and a higher Raman emission power while the threshold coupled power P th

coup is maintained.
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Figure 4.4 : Scheme of the measurements. (a) Oscilloscope view of transmitted pump and
Raman emission power PR. (b) Raman emission power against coupled pump power Pcoup
gives the coupled pump threshold power P th

coup and the internal conversion efficiency ηin of the
Raman process. Pin and T are the input pump power and the transmission value respectively.

By plotting the SRS emission power versus the coupled pump power, a threshold curve is
obtained as shown in Fig. 4.4(b). The slope of the curve is the internal conversion efficiency
of the process ηin [124].

Fig. 4.5 shows the transmitted pump power Pout, the forward Raman emission P Forw
R and

the backward Raman emission PBack
R in black, red and blue respectively as a function of

wavelength detuning. A resonance at a wavelength of 1552.5 nm withQL = 3×107 is used. The
input pump power is 49 µW. The Raman emission wavelength is 1640.7 nm and corresponds
to the Raman shift. The forward and backward SRS emission start simultaneously at a
wavelength detuning of 2 pm when the coupled pump power reaches threshold. The forward
and backward Raman emission powers become similar as soon as the pump threshold power

Figure 4.5 : Temporal domain measurements of SRS emission for an input pump power of
49 µW with transmitted pump power in black, forward Raman emission in red and backward
Raman emission in blue. Raman lasing starts at a detuning of 2 pm.
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is exceeded, as expected.

Fig. 4.6 shows total SRS emission power as a function of the coupled pump power Pcoup
for a constant input pump power Pin = 49 µW. P th

coup = 12.9 µW and an internal conver-
sion efficiency of 10.7 % are obtained. SRS emissions up to 1.1 µW were measured with
Pcoup > 100 µW.

The center transmittivity of the resonance used in this experiment equals 63 % and leads
to P th

in = 34.9 µW. This threshold value is comparable to the values showed in CaF2 disks,
silica microspheres and silica microtoroids. The transmission value also indicates a coupling
quality factor Qc = 2.9 × 108 considering an undercoupled regime and a lossless and ideal
coupling [252]. Using

ηin = ωR
ωP

QL

Qc

(4.1)

where ωP and ωR are the pump and Raman emission frequencies, ηin = 9.8 % assuming that
the Raman mode quality factors are similar to the pump mode quality factors. This value
agrees with the measurements and indicates an external conversion efficiency ηext = 2 %. In
order to improve these external conversion efficiencies, a larger coupling coefficient is needed.
A possible solution is to use As2S3 tapered fibers which produce better phase matching
conditions compared to silica tapered fibers. The observation of higher orders Raman emission
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Figure 4.6 : Raman emission power versus coupled pump power for an input pump power
of 49 µW. Raman lasing starts at 12.9 µW of coupled power with an internal conversion
efficiency of 10.7 %.
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peaks should be possible and it is currently under investigation.

4.6 Conclusion

To conclude, we have presented As2S3 microspheres fabricated using CO2 laser melting.
These spheres regularly presents quality factors in the 106 − 107 range and up to 7 × 107,
more than two order magnitude higher than reported in litterature for As2S3 microcavities.
It also represents the highest value reported for a chalcogenide glass. Raman laser emissions
were observed with coupled pump power down to 12.9 µW and internal conversion efficiency
of 10.7 %. These results show the first observation of a nonlinear process in a chalcogenide
microcavity. The threshold values measured in this work are comparable to that obtained in
silica and CaF2 WGM microcavities despite smaller QL. Considering a transparency window
up to 6 µm, As2S3 microspheres are good candidates for mid-IR Raman-based microlaser
applications.
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4.7 Complementary results

4.7.1 Back on the Raman signal measurements

The previous sections highlight the measurements of low pump power Raman emission. Fi-
gures 4.5 and 4.6 are especially important since they show the evolution of the Raman
emission as the coupled power increases. It was measured using a constant input pump po-
wer of 49 µW but similar results can be obtained with different input powers. For example,
the measurements were repeated for input powers of 33 µW, 82 µW and 100 µW. Their
threshold curves are shown in Fig. 4.7 along the results of Fig. 4.6. As the input power in-
creases, more power is coupled to the mode. All the curves show the same Raman signal
evolution up to a larger coupled power value. The threshold and slope values are the same.
Acquisition through thermal drifting do not depend on the input power and need one scan
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Figure 4.7 : Raman emission power curves taken with four input pump powers : (a) 33 µW,
(b) 49 µW, (c) 82 µW and (d) 100 µW.
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to plot the threshold curve. It is possible to measure the Raman emission evolution fully by
setting the input power high enough. The similitude between traces also indicates that this
kind of measurement is reproducible over many laser scans and over time. Finally, clamping
behavior is even observable in the case of an input power of 100 µW in Fig. 4.7(d) for a
coupled power of 23 µW. This behavior is a sign of 2nd Raman order emission and is studied
in the next chapter.

Another feature of Fig. 4.5 is the forward and backward Raman signal similitude shown in red
and blue respectively. The setup losses were considered and the photodiodes, represented by
Det 1 and Det 3 in Fig. 4.2, were calibrated using the same optical powermeter. Both curves
even follow the variation of the pump signal due to rapid thermal fluctuations. Figure 4.8
shows the ratio of the forward power over the total Raman power. At the threshold value,
half of the power is launched forward and the other half is sent backward. Similar results
are measured with different input pump powers as well. The theoretical model presented in
Section 2.5.1 and explicitly in Section B.4 also follows this symmetric behavior. This is due
to the fulfillment of the phase matching conditions for Stokes wavevectors pointing in the
opposite direction .
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Figure 4.8 : Ratio of the forward Raman emission power over the total Raman power. The
input pump power is 49 µW.
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4.7.2 Theoretical analysis

The theoretical model, especially Relation 2.31, is easily applicable to the results of Fig. 4.6.
The predicted linear dependency on the coupled power is observable for each input power
in Fig. 4.7. The slope of the threshold curves is the internal conversion of Relation 2.32 and
reveals the signal total and coupling Q-factors ratio. The threshold value is given by

P th
in,coup = 1

τsτp,0gR
= 2ωpωsnpnsVppss

Qs,TQp,0c2g
(b)
R

Vppss =
∫
V |ep|2dV

∫
V |es|2dV∫

V |ep|2|es|2dV

where Definitions 2.27 and 2.28 were used. It links together both mode Q-factors and the
effective mode volume quantifying the mode overlap. The latter can be deduced numerically
using the sphere solutions of Section 2.4. Figure 4.9 shows the first radial TE solution of
the pump and Raman signal modes associated to a wavelength of 1552.5 nm and 1640.7 nm
respectively. The sphere diameter is 71 µm. Both modes are similar and occupy approximately
the same volume : Vp = 712 µm3 and Vs = 759 µm3. Numerical calculations give an effective
mode volume Vppss = 1454 µm3. Based on the experimental threshold value and internal
efficiency in Fig. 4.6, signal Q-factors are deduced :

Table 4.1 : Measured pump Q-factors and extracted Raman signal Q-factors.

Pump mode Raman mode
Qj,T 3× 107 7× 107

Qj,0 3.3× 107 7.9× 107

Qj,c 2.9× 108 6.2× 108

Tj,0 63 % 60 %

Figure 4.9 : Transverse view of the pump (left) and signal (right) TE modes corresponding to
a wavelength of 1552.5 nm and 1640.7 nm respectively. The first radial pump mode is linked
to mp = lp = 338. The signal mode is associated to mp = lp = 319.
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Those values are realistic and fall within the limit provided by the attenuation value of the
As2S3 fiber. To fit the measurements with the use of higher order radial or polar modes, the
increase of the effective mode volume pushes the signal Q-factors above the attenuation limit.
This suggests that the modes depicted in Fig. 4.9 are the right ones. The theoretical results
are similar using TM modes and offer no new insight.

Furthermore, the extracted Q-factor values can be used to deduce the external power conver-
sion efficiency shown in Relation 2.32 :

ηex = 2ωs
ωp

Qp,TQs,T

Qp,cQs,c

= 0.022.

Compared to the internal power conversion efficiency of 10.7 %, most of the efficiency is lost
during the pump coupling process.
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5.2 Abstract

We report the observation of cascaded Raman lasing in high-Q As2S3 microspheres. Cascaded
stimulated Raman scattering emission is obtained up to the 5th order for a pump wavelength
of 1557 nm and up to the 3rd order for a pump wavelength of 1880 nm. High-Q As2S3

microspheres are used in a self-frequency locking laser setup without an external laser source.
Threshold curves measurements are presented and follow the expected coupled mode theory
behavior with a sub-mW threshold pump power.

5.3 Introduction

Stimulated Raman scattering (SRS) and cascaded SRS are important nonlinear optical phe-
nomena for signal generation at wavelengths that are not accessible by conventional semi-
conductor and rare-earth doped sources. This is due to the fact that Raman gain is available
over the entire transparency window of the host material. This can be especially important
for the 2− 12 µm mid-IR region for molecular spectroscopy and biosensing applications.

Chalcogenide glasses such as As2S3 are ideal materials in this regard as they provide a wide
transparency window over the mid-IR. Widespread under the form of high purity fibers,
chalcogenide glasses are also known for their high Raman gain typically more than 100 times
the gain of silica [184,185]. SRS and cascaded SRS processes were already observed in As2S3

and As2Se3 fibers, tapered fibers and suspended core fibers [185,186,197,255–262].
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Whispering gallery modes (WGM) microcavities such as spheres, disks and toroids are ex-
cellent structures for SRS emission thanks to their high Q-factors and small modal volumes.
SRS and cascaded SRS emission were also demonstrated in silica spheres and toroids, CaF2

disks and LiNbO3 disks [106, 122–124, 126]. Typical input power threshold < 100 µW were
obtained for the first Raman order emission due to the cavity high Q-factor > 108 [122,126].

Chalcogenide WGM cavities such as As2S3 and Ge23Sb7S70 racetracks [208–210], As2S3 and
As2Se3 disks [207,263], As2S3 microfibers [219] and Ga :La :S, As2S3 and As2Se3 spheres [153,
154, 216–218, 220, 264, 265] were also fabricated. Despite the high potential of chalcogenide
glasses as a SRS medium, it was not until recently that SRS emission was observed in chal-
cogenide WGM cavities. First order SRS emission with a threshold pump power of 35 µW
was shown in As2S3 microspheres with a Q-factor of 7× 107 [265].

In this article, we demonstrate cascaded SRS emission in As2S3 high-Q microspheres up to
the 5th Raman order pumped at a wavelength of 1557 nm. Threshold power measurements
show the expected coupled mode theory dynamics for the first three Raman order emission.
A laser pumping setup without an external source is presented together with a packaging
technique for the microsphere and the tapered fiber. Testing was also performed using a pump
wavelength of 1880 nm. SRS emission up to the 3rd order was obtained at a wavelength of
2350 nm. These results show the potentiel of As2S3 high-Q microspheres to act as sub-mW
pump power cascaded SRS sources in the telecommunication band and in the 2 − 6 µm
mid-IR range.

5.4 Self-frequency locking laser setup

Chalcogenide glasses such as As2S3 have a relatively high thermorefractive coefficient dn
dT
. This

property makes it difficult to couple an external signal to a high-Q optical mode because the
resonance rapidly shifts away as the mode region heats up, and limits the optical power
coupled inside the cavity. To mitigate this behavior, we used a self-frequency locking laser
setup shown Fig. 5.1 [254]. The amplified signal of an Er-doped fiber amplifier (EDFA) is
sent through a tunable band-pass filter (TBF) with a bandwidth of 0.2 nm and tunable
throughout the telecommunication C-band. An isolator (Iso) prevents any back-reflection to
be amplified and ensures the signal direction in the fiber cavity. The filtered optical signal
goes through a circulator and is evanescently coupled to an As2S3 microsphere using a silica
tapered fiber with a diameter of 2 µm. The microspheres are fabricated from reshaping the tip
of a fine As2S3 wire using a CO2 laser. The Q-factors of the spheres typically reach 107 [265].
Some high-Q resonances act as narrow band mirror when they are mode-splitted by a small
perturbation such as surface roughness or a dust particle. A single laser line is typically
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Figure 5.1 : Self-frequency locking laser setup - The gain signal from a Er-doped fiber amplifer
is filtered using a 0.2 nm bandwidth tunable band-pass filter. An As2S3 microsphere acts as a
narrow-band mirror and sends back a single line emission in the fiber loop. The transmitted
pump signal and the forward Raman signal is measured by the OSA. A powermeter measures
the injected pump power in the tapered fiber.

reflected back in the fiber cavity. The bandwidth of a high-Q resonance is usually below
1 pm at a wavelength of 1550 nm. The polarization controllers (PCs) and a polarizer (Pol)
are used to optimize the coupling conditions to the microsphere. When the pump signal
power is strong enough, SRS emission builds-up in the microsphere. The emitting pump
signal and forward Raman signal are measured using a Yokogawa AQ6375 optical spectrum
analyzer (OSA). The optical power sent to the microsphere is measured using an optical
powermeter (Det). In this configuration, the signal is forced to propagate inside a high-Q
mode of the microcavity and the lasing frequency is determined by the resonances of the
microcavity.

5.5 Sphere Encapsulation

Dust particles on the sphere surface increase the scattering losses and thus decrease the
Q-factor. To avoid such detrimental contamination, the microsphere and the tapered silica
fiber are packaged in a closed glass tube. Figure 5.2 shows the glass tube packaging process.
First, glass half-rods are glued inside of the lower half of a 6 cm long glass tube with a
low-expansion UV-polymer (Fig. 5.2(a)). The tapered silica fiber is fabricated and is glued
on the half-rods (Fig. 5.2(b)). The fiber tip of the microsphere is then attached to the glass
tube once the coupling condition and the transmission spectrum are optimized. Finally, the
upper half of the glass tube is placed on top to complete the assembly (Fig. 5.2(c)). An image
of a typical As2S3 high-Q microsphere is presented in Fig. 5.3(a).

It was recently shown that an As2S3 microsphere and a silica tapered fiber can be packaged
in a UV-curable polymer [153]. Unfortunately, the additional loss caused by the polymer
touching the sphere reduces the Q-factor of the sphere. Q-factors up to 2×105 were measured
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(a) (b) (c)
5 mm

6 cm

Figure 5.2 : Glass tube packaging - (a) Glass half-rods are installed in the lower half of a
glass tube. (b) The tapered fiber is attached to the glass half-rods. While the microsphere
is in a optimal coupling condition, its fiber tip is glued to the side of the half-tube. (c) The
upper half of the glass tube is placed on top.

using this method.

In contrast, the glass tube packaging method leaves the tapered fiber and the microsphere
suspended in air. The transmission of the tapered fiber and the high Q-factor of the sphere are
not affected by this method. Resonances with a loaded Q-factor QL up to 107 are measured
at a wavelength of 1550 nm after the packaging process. A high-Q resonance transmission
spectrum is shown in Fig. 5.3(b) for a sphere with a diameter of 40 µm. Once sealed, the
glass tube could be used as a gas chamber for gas sensing measurements if a mid-IR source
were to be used.

-0,5 -0,4 -0,3 -0,2 -0,1 0,0 0,1 0,2 0,3 0,4 0,5
0,80

0,85

0,90

0,95

1,00

N
o
rm

a
liz

e
d
 T

ra
n
s
m

is
s
io

n

Wavelength shift (pm)

Q
L

= 1 x 10
7

(b)(a)

100 μm

Figure 5.3 : (a) Image of a typical packaged As2S3 microsphere. (b) Transmission spectrum of
a high-Q resonance from a packaged As2S3 microsphere. The loaded Q-factor QL = 1× 107.
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5.6 Cascaded SRS emission from the 1550 nm wavelength region

Cascaded SRS emission is obtained when the gain provided by the previous Raman orders
exceeds the losses of the present Raman order. Whispering gallery modes of cavities such as
microspheres are ideal for cascaded SRS emission since they present high Q-factors, small
mode volumes and a good mode overlap. A spectrum of the forward Raman signal power is
presented in Fig. 5.4. The sphere used has a diameter of 50 µm and is in contact with the silica
tapered fiber. SRS emission up to 5th order is observed while pumping at a wavelength of
1557 nm and with a pump power of 6.3 mW. Raman emission peaks are located in multimode
bands centered on wavelengths of 1646 nm, 1747 nm, 1861 nm, 1991 nm and 2140 nm
respectively. The Raman shift of each successive Raman order corresponds to a value of
∼ 10.5 THz. This value is in agreement with an in-house Raman spectroscopy measurement
on the surface of our As2S3 spheres. A typical Raman spectroscopy measurement is shown in
the inset of Fig. 5.4. This Raman shift for As2S3 was also predicted in [184,251].

The SRS emission is multimode due to the large Raman gain bandwidth of As2S3 glass and
the large number of high-Q cavity modes present across the spectrum. However, a single
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Figure 5.4 : Spectrum of a cascaded SRS emission of an As2S3 microsphere including 5
Raman orders generated from a pump wavelength of 1557 nm. The injected pump power
in the tapered fiber is 6.3 mW. Each Raman order bands are centered on wavelengths of
1646 nm, 1747 nm, 1861 nm, 1991 nm and 2140 nm respectively. The inset shows a typical
Raman spectroscopy measurement made on an As2S3 sphere surface.
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Figure 5.5 : Forward Raman signal power measurements for the (a) 1st (b) 2nd and (c) 3rd
Raman order. In the inset of (a), SRS threshold pump power is 370 µW. In (b), the threshold
pump power of the second order Raman emission is 430 µW. The first order Raman signal
saturates when the second order SRS emission power increases between 450 µW and 600 µW
of pump power. In (c), the threshold power of the third Raman order is 607 µW. The first
order Raman signal increases again when the third order Raman signal is getting stronger.
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pump mode contributes to the gain of all the first Raman order emission peaks. Each peak
can then provide gain for the successive Raman order emission peaks. In this multimode
regime, mode competition causes fluctuation of the output Raman power. To get a reliable
power measurement, a regime where each Raman order emission is monomode is preferred.

Figure 5.5 shows the forward Raman signal power as a function of the injected pump power
for three Raman orders. Each data point are extracted from a spectral measurement for
different injected pump power values. The pump and the three Raman orders wavelengths
are 1536 nm, 1619 nm, 1721 nm and 1830 nm respectively. In Fig. 5.5(a), as the pump power
is increased, the first Raman order emission starts at an injected pump power of 370 µW
and it follows a square root dependency as expected [123]. In the inset of Fig. 5.5(a), a
square root curve fit shows that the first Raman order emission saturates at a pump power of
∼ 450 µW. The saturation is caused by the SRS emission of a second Raman order presented
in Fig. 5.5(b). The growth of the second order follows an expected linear dependency as the
pump power increases. A linear curve fit indicates a threshold pump power of 430 µW. The
first Raman order saturation is maintained until a pump power of ∼ 600 µW where the first
order emission increases again for a higher pump power. It coincides with the SRS emission
of a third Raman order shown in Fig. 5.5(c). Again, the Raman signal power of the first and
third order are in agreement with a square root tendency [123]. A square root curve fit shows
a threshold pump power of 607 µW. The error on pump power measurement is limited by
the fluctuation of the pump power circulating in the fiber cavity. The error on the forward
Raman signal power is based on the noise level of the OSA.

The forward external efficiency ηext = dPRi/dPin, where PRi is the ith Raman order signal
power and Pin is the injected pump power, are (1.3± 0.8)× 10−2 %, (1.23± 0.02)× 10−2 %
and (7± 2)× 10−3 % for the first, second and third Raman order respectively. These relati-
vely low values are attibuted to a low coupling phase matching between the optical modes of
the cavity and the silica tapered fiber, hence being in a undercoupling condition Qc >> Q0

with the coupling Q-factor Qc and the intrinsic Q-factor Q0. The use of an As2S3 tapered
fiber would greatly increase the coupling coefficient and the Raman signal extraction.

5.7 Cascaded SRS emission from the 1880 nm wavelength region

An important property of As2S3 glass is its tranparency window across the 2−6 µm spectral
range. Combining this property, a high Raman gain and the high Q-factor of As2S3 micros-
pheres could lead to low power mid-IR sources. To test this idea, we replaced the Er-doped
fiber amplifier in Fig. 5.1 with a Tm-doped fiber amplifier to shift the Raman pump wave-
length near 2 µm. The setup is shown in Fig. 5.6. A pump signal at a wavelength of 1550 nm
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Figure 5.6 : Self-frequency locking laser setup at 1880 nm - The gain of a Tm-doped fiber is
sent to the microsphere which acts as a narrow band mirror. The reflected signal is amplified
in the fiber loop. The spectra are measured using an OSA.

is sent to a 32-cm long Tm-doped fiber. The gain signal in the 1800-1900 nm spectral re-
gion propagates to an As2S3 microsphere. Again, this setup uses the microsphere as a narrow
band mirror. The reflected signal is sent back to the Tm-doped fiber. The isolator (Iso) forces
the propagation direction. The polarization controller (PC) is used to optimize the coupling
conditions and to select a preferred resonance group. The spectra are measured with an OSA.

In Fig. 5.7, a typical spectrum is presented for a multimode pump emission centered around
a wavelength of 1880 nm. The signal power at a wavelength of 1550 nm that pumps the gain
in the Tm-doped fiber is approximately 875 mW. The multimode 1880 nm pump signal in
the microcavity leads to cascaded SRS emission up to the third order. The generated SRS
signal is also multimode. SRS emission peaks are grouped around a wavelength of 2015 nm,
2170 nm and 2350 nm for the first, second and third order respectively. Again, the Raman
shift is in agreement with the value of 10.3 THz.

These measurements show that As2S3 microspheres are good candidates for low power cas-
caded Raman sources. Furthermore, the transparency window of chalcogenide glasses such
as As2S3 offers the possibility to extend the emission wavelength to the 2− 6 µm region. The
As2S3 glass provided by CorActive High-Tech has an attenuation value below 1 dB/m across
this spectral region. An upper Q-factor limit of 1 × 107 could be achieved if this attenua-
tion value is considered. Provided that the laser fabrication technique produced microspheres
with intrinsic Q-factors near this limit [265], the realisation of mid-IR As2S3 cascaded Raman
sources with sub-mW of pump power seems possible.
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Figure 5.7 : Spectrum of a cascaded SRS emission with 3 Raman orders with a pump wave-
length band centered on 1880 nm. Multimode Raman emission band positions are 2015 nm,
2170 nm and 2350 nm respectively.

5.8 Conclusion

In this work, we presented measurements of cascaded stimulated Raman scattering emission
in As2S3 microspheres. Due to the high Raman gain of As2S3 and the high Q-factor resonances
of the microspheres, SRS emissions up to the 5th order were observed with a pump wavelength
of 1557 nm. A self-frequency locking laser setup was used to mitigate the thermal drift of
high Q-factor resonances. We introduced a packaging technique for an As2S3 sphere and
a tapered fiber which preserves the high Q-factors of the cavities. The measurements of
the Raman signal power as a function of the input pump power were shown for the first
three Raman orders. These measurements are in agreement with the expected theoretical
behavior. Another setup was built to pump the microsphere at a wavelength of 1880 nm
using a Tm-doped fiber amplifier. SRS emissions up to the 3rd order were measured. These
results reveal the potential of As2S3 microspheres as low power cascaded Raman sources at
telecommunication wavelengths and in the 2− 6 µm mid-IR range.
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5.9 Complementary results

5.9.1 Theoretical analysis : cascaded Raman with a pump wavelength of 1536 nm

The measurements shown in Fig. 5.5 display the intricate evolution of three Raman order
emissions. The theoretical model presented in Section 2.5.1 agrees with the dependencies of
these emission versus the pump power. It is especially true from the visible clamping of the
1st Raman order when the 2nd order starts increasing. It is possible to push the theoretical
analysis further and to extract the properties of the Raman modes. The top part of Table 5.1
shows the threshold powers, the external efficiencies, and the clamped powers measured for
each Raman order of Fig. 5.5. Those values are represented by Relations 2.29, 2.32 and 2.38
to 2.43. They depend explicitly on four total Q-factors Qj,T and four coupling Q-factors Qj,c

of each modes. Unfortunately, solving these relations for the eight missing variables is limited
by the fact Qp,T and Qp,c are always combined and cannot be solved completely. In other
words, two of the eight relations are redundant. However, it is possible to find realistic ranges
following the attenuation level of the glass. The extracted Q-factors are shown in the bottom
half of Table 5.1. The mode volumes and Vjjii are also shown for a sphere with a diameter of
50 µm.

Those values may look strange at first, but they are in agreement with the low external
efficiencies. Following the efficiency definition for the 1st Raman order (Eq. 2.32), such effi-
ciencies are only obtained for severe undercoupled regime case where Qj,c � Q0,T . The fact
that Raman emissions build up in these modes is not surprising. The small external coupling
load allows Raman emission power to increase rapidly and to oscillate. This also explains

Table 5.1 : Measured (top) and extracted (bottom) characteristic values of the Raman emis-
sion modes.

Pump mode 1st Raman mode 2nd Raman mode 3rd Raman mode
λ (nm) 1536 1619 1721 1830

P∆L=0
in,th (µW) - 370 430 607
ηex (%) - 1.3× 10−2 1.23× 10−2 7× 10−3

P clamped
S (nW) - ∼ 9 ∼ 30 -
Vj (µm3) 367 390 420 451
Vjjii (µm3) 748 797 858
Qj,T (×107) 0.3− 0.7 1.2− 2.5 3.2− 6.4 3.3− 6.4
Qj,c (×107) 2− 4 1300− 2600 530− 1000 1400− 2700
Qj,0 (×107) 0.35− 0.7 1.2− 2.5 3.2− 6.4 3.3− 6.4

Tj,0 50 %† 99.6 % 97.6 % 99 %
† Measured
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why the emissions of the first and second Raman orders are visible almost simultaneously.
Photons associated with the first Raman order only have a small chance to be coupled out
of the cavity and have time to interact with the glass lattice.

This behavior was regularly observed with other resonances and spheres. For example, Fig. 5.8
shows a second set of measurements for a pump wavelength of 1550 nm where the first and
second Raman order emissions starts almost simultaneously. The first three Raman order
emissions are shown and they exhibit better threshold pump powers. A square-root depen-
dency is observed for the first Raman order shown in the inset of Fig. 5.8(a). Furthermore,
clamping is seen for the first and second Raman orders but the emission behaviors are less
clear. Notably, the second Raman order emission clamps and decreases for increasing pump
power. This evolution is not predicted by the theoretical model developed in this thesis but
it may be attributed to the presence of multiple emission lines associated with the second
and third Raman orders.

The setup used in this work is designed to select the pump mode only. However, the non-
linear interactions between the sphere modes are not constrained. Consequently, only the
most suitable modes can build Raman emission. By letting the sphere choose which modes
can sustain Raman emission, the pump energy is rapidly transfered to higher order Raman
modes according to the limits fixed by the mode overlap and the Raman gain. External ef-
ficiencies and output powers suffer from this behavior. Combined with the large number of
high quality modes, the unfiltered Raman emission is also visible for multiple modes and can
cause stabilization issues. This will be discussed in Chapter 7.



85

0 50 100 150 200 250 300 350
0

5

10

15

20

25

30

35

40

Pumpµpowerµ(µW)

F
or

w
ar

dµ
R

am
an

µp
ow

er
µ(

nW
)

F
or

w
ar

dµ
R

am
an

µp
ow

er
µ(

nW
)

(a)

(b)

(c)

1stµorder
λ=1634µnm

2ndµorder
λ=1730µnm

3rdµorderµ
λ=1850µnm

F
or

w
ar

dµ
R

am
an

µp
ow

er
µ(

nW
)

0 50 100 150 200 250 300 350
0,0

0,2

0,4

0,6

0,8

1,0

1,2

1,4

Pumpµpowerµ(µW)

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

400

450

500

Pumpµpowerµ(µW)

50 75 100 125 150
0

10

20

30

40

50

60

70

F
or

w
ar

dµ
R

am
an

µp
ow

er
µ(

nW
)

Pumpµpowerµ(µW)

Figure 5.8 : Forward Raman signal power measurements for the (a) 1st (b) 2nd and (c) 3rd
Raman order. In the inset of (a), SRS threshold pump power is ∼ 70 µW. The inset shows
a close-up view near the threshold. In (b), the threshold pump power of the second order
Raman emission is also ∼ 70 µW. In (c), the threshold power of the third Raman order is
220 µW.
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CHAPTER 6 LOW-THRESHOLD LASING AT 1975 NM IN
THULIUM-DOPED TELLURITE GLASS MICROSPHERES

Published in F. Vanier, F. Côté, M. El Amraoui, Y. Messaddeq, Y.-A. Peter, and M. Ro-
chette, Optics Letters, vol. 40, issue 22, pp.5227-5230 (2015).
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6.2 Abstract

Thulium-doped (Tm-doped) tellurite glass microspheres are used as laser media. Emission
lines at wavelengths near 1975 nm are observed. The onset of laser emission is achieved
with 8.6 µW and 30 µW of coupled pump power and injected pump power respectively at
a wavelength of 1554 nm. To the authors’ knowledge, these are the lowest laser threshold
values recorded for a Tm-doped tellurite glass microcavity. Intrinsic Q-factors above 106

for the undoped tellurite glass microspheres assert the quality of the fabrication processes.
Optical intrinsic Q-factors comparison between Tm-doped tellurite and undoped tellurite
microspheres shows that ions absorption is the dominant loss source at pump wavelengths.
Lower lasing threshold powers and higher power conversion are observed at longer pump
wavelengths in agreement with theoretical models.

6.3 Introduction

Thulium-based lasers emitting near a wavelength of 2 µm are used in many applications such
as laser-assisted medical interventions [266–268], material analysis [269], gas detection [270],
and optical telecommunications [271].
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To support these applications, the use of tellurite glasses as an host material is attractive
owing to its transparency in the 1.8-2.1 µm region. Tellurite glasses also enable dissolving a
larger concentration of thulium ions compared to other mid-IR glasses such as chalcogenides.
As a tellurite glass, Tm-doped TeO2-ZnO-Na2O-ZnCl2 glass has previously shown larger
absorption and emission cross sections in the 3F4 → 3H6 transition region compared to silica
glass [248, 272, 273]. Most of the Tm-doped tellurite glass laser media are fiber-based and
provide relatively high power output but exhibit high power threshold [273].

Whispering gallery mode (WGM) cavities such as microspheres are ideal laser media as they
are compact, they can achieve high Q-factors, and they have small optical mode volumes.
Lasing in doped WGM cavities was previously shown for example in Er-doped silica and
tellurite glass [40, 79, 274], and Er-Yb codoped tellurite glass [152], among others. While
WGM lasers’ output power is usually below 1 mW, they exhibit threshold power of few
microwatts and efficient power conversion.

Threshold pump powers of 0.5 mW and up were shown in Tm-doped tellurite micros-
pheres [227–229]. It is expected that the cavity Q-factor could be increased by using spheres
of improved glass transmittance, leading to a laser threshold of few µW typically observed in
doped WGM microcavities [40,79]. In Tm-doped silica microspheres, for example, estimated
threshold pump power of 50 µW was reported for near 2 µm emission [226].

In this paper, we report lasing emission at 1975 nm of Tm-doped tellurite glass microspheres.
The threshold pump power of 30 µW for a pump wavelength of 1554 nm is the lowest ever
reported for a Tm-doped tellurite microcavity by at least an order of magnitude [227–229].
Microwatts laser threshold values were achieved from microspheres with intrinsic Q-factors
above 106, owing to the high purity and transparency of the host glass.

6.4 Tellurite fiber and sphere fabrication

The microspheres are made from a Tm-doped tellurite glass fiber. The glass is produced
from high purity oxide and carbonate (Na2CO3) powders (> 99.99%) dried separately at
high temperature and mixed together as 74TeO2-15ZnO-5Na2O-5ZnCl2-1Tm2O3 (mol%). A
second drying step is performed where the ZnCl2 compound acts as a drying agent. The
glass synthesis is done at 800◦C during 1 hour. The melted glass is then transfered to a
fiber preform and is slowly cooled down to 290◦C to prevent crystallization. The preform is
finally pulled into a monoindex optical fiber with a diameter of 210 µm. An undoped fiber
and microspheres were also fabricated using similar techniques for comparison. The dopant
concentration NT is (4.2± 0.3)× 1020 ions/cm3.
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The microspheres are fabricated using a two-step process. The tellurite fiber is first tapered
to a 10 µm tip using a high power CO2 laser. With additional laser pulses, the tip transforms
into a microsphere due to surface tension. A silica tapered fiber is used to couple light in and
out of the microsphere. The microsphere and the tapered fiber are encapsulated in a glass
tube to prevent contamination and the reduction of the Q-factor as shown in [275].

Figure 6.1(a) presents the setup used to measure the Q-factors and the laser emission of
the microspheres. The emission of a tunable laser source (TLS, Keysight 81600B) is sent to
the microsphere using a silica tapered fiber with a diameter of 2 µm. An optical spectrum
analyzer (OSA, Yokogawa AQ6375) measures the transmitted pump signal and the forward
laser emission. A part of the injected pump signal is measured with an optical detector
(DET). Finally, a polarization controller (PC) is used to optimize the coupling conditions.
Figure 6.1(b) shows the image of a typical tellurite glass microsphere.

To measure the transmission spectra and the loaded Q-factors, the wavelength of the tunable
laser is scanned over 1 nm near the wavelengths of 1504 nm, 1554 nm, 1585 nm, and 1629 nm.
The OSA is set to zero span mode with a bandwidth of 2 nm. The narrower resonances were
identified for each spectral regions, and a Lorentzian fit was used to determine the loaded
Q-factors. A low power pump signal of 800 nW was used to prevent any thermal drifting. For
the doped microspheres, additional care was taken to ensure that the Q-factor measurements
were not affected by the ions absorption intensity dependence, i.e., with an injected power
25 times lower than the threshold power. The diameters of the doped and undoped spheres
are approximately 30 µm.

Figure 6.2 presents the intrinsic Q-factors, Q0, of undoped (black diamonds) and doped
(red circles) microspheres for an undercoupled regime. The undoped microspheres resonances
exhibit similar Q0 of ∼ 2×106 between 1500 nm and 1630 nm, as expected. On the contrary,
the doped spheres resonances suffer increasing losses at longer wavelengths. The comparison
between the doped tellurite and the undoped tellurite Q-factors shows that the losses can

PC

μsphere

OSA

TLS

DET

50:50

40 um

(a) (b)

Figure 6.1 : (a) Experimental setup for Tm-doped tellurite glass microsphere laser emission -
TLS : Tunable laser source, PC : Polarization controller, DET : Optical detector and OSA :
Optical spectrum analyzer. (b) Microscope image of a typical tellurite microsphere.
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Figure 6.2 : Intrinsic Q-factor Q0 for undoped tellurite spheres (black diamonds) and Tm-
doped tellurite spheres (red circles) for an undercoupled regime. Theoretical intrinsic QTm

0
following absorption cross section values of [248,273] are also shown.

be attributed to the dopant absorption. Following the WGM laser model of [40, 247], the
intrinsic Q-factor, QTm

0 , related to the low pump power losses caused by the ions absorption
can be calculated as

QTm
0 = mp

Rcσa,p

∫
S |~ep|2dS∫

S NT |~ep|2dS
≈ mp

Rcσa,pNT

(6.1)

where mp is the azimuthal number of pump mode, σa,p is the ions absorption cross section
at the pump wavelength, Rc is the sphere radius, and NT is the ions concentration. The
approximation is valid since the evanescent field outside the cavity is negligible compared
to the optical field inside. Using Eq. 6.1, the absorption cross section values of [248, 273],
and the undoped tellurite Q0 values, theoretical Q0 can be found for Rc = 15 µm and
NT = 4.2× 1020 ions/cm3. They are plotted in Fig. 6.2 (blue rectangles and green triangles).
The decreasing Q-factor with longer wavelengths arises mainly from the increasing absorption
cross section of thulium [248,273] as presented in Fig. 6.6.

6.5 Tm-doped sphere laser emission

Figure 6.3 shows the forward emission spectrum of a Tm-doped microsphere using the Hold
Max feature of the OSA as the pump wavelength is continuously scanned from 1554 nm
to 1555 nm with a pump power of 86 µW. The Hold Max feature cumulates the emission
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Figure 6.3 : Forward emission spectrum of a Tm-doped tellurite glass microsphere. The pho-
toluminescence of the Tm ions is filtered by the cavity resonances. Multimode laser emission
lines are also visible and are centered at a wavelength of 1975 nm.

spectra resulting from the successive excitation of resonances scanned by the pump laser.
The photoluminescence of the Tm ions is filtered by the cavity resonances. It is visible from
1775 nm to 2000 nm and is centered around a wavelength of 1900 nm. It displays a free
spectral range of successive azimuthal order modes of 20.4 nm which is associated with a
cavity radius of ∼ 14 µm, in agreement with visual inspection of the sphere. Laser emission
lines are also measured and are centered at wavelengths around 1975 nm. The emission is
multimode because many modes achieve lasing threshold conditions. These modes usually
have high Q-factors and a good field overlap with the pump mode. Laser lines occur at
the long-wavelength side of the photoluminescence spectrum due to the large thulium ions
concentration. The laser signal gets absorbed and re-emits to longer wavelengths following a
non radiative decay in the 3F4 band [229,276].

Three threshold curves are presented in Fig. 6.4 for three different pump resonances near a
wavelength of 1554 nm. The measurement technique is similar to [253,265]. Similarly to the
Q-factor measurements, the OSA is used in zero span mode, and its measurement bandwidth
of 2 nm is centered on the strongest emission peak at a wavelength of 1975 nm . Linear fit are
used to extract the lasing threshold coupled power and the efficiency of the emission process.
Each curve has a different threshold value P coup

p,th of 8.6 µW, 17.2 µW, and 25 µW and internal
efficiency ηin = dPs/dP

coup
p of 4 %, 3 %, and 1.6 % respectively. This is due to their different

intrinsic Q-factors, coupling conditions, and mode overlaps with the signal mode at 1975 nm.
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Figure 6.4 : Forward signal power at a wavelength of 1975 nm versus the coupled pump power.
The input pump power is 86 µW. Curve A, B and C represent different pump resonances
near a wavelength of 1554 nm.

Based on their resonance’s transmission T , all the curves have similar threshold injected
powers P in

p = P coup
p /(1 − T ) of ∼ 30 µW. These coupled and injected power values are the

lowest measured for a Tm-doped tellurite glass microcavity to the authors’ knowledge.

Since the ions absorption cross section depends strongly on the pump wavelength, it is inter-
esting to see how it affects the threshold power and the lasing efficiency. Figure 6.5 presents
the forward signal power as a function of the coupled pump power for three different pump
modes, each near different pump wavelengths of 1504 nm, 1554 nm, 1585 nm, and 1629 nm.
The threshold coupled pump power P coup

p,th and the internal efficiency ηin tend to be lower and
higher respectively at a longer wavelength where the ions absorption cross section is more
important.
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Figure 6.5 : Forward signal power at a wavelength of 1975 nm versus the coupled pump
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triangles), and 1629 nm (blue diamond). For each pump wavelength regions, three curves
represent different pump resonances.

Both can be calculated as [40,247] 1

ηin =
m2
pω

3
s

m2
sω

3
p

Ns|~ep|2max
Np|~es|2max

τs
τs,c

γTmp(
γTmp + 1

2τp,0

) (6.2)

P coup
p,th = 2~Rc

c2τTm [σa,s + σe,s]

(
NTωsτsRcσa,s

ms

+ 1
)

ω2
s

msτs,c

Ns

|~es|2max
1
ηin

(6.3)

where Np,s =
∫
V n

2
0(~r)|~ep,s|2dV are the normalization factors and |~ep,s|2max are the maximum

values of |~ep,s|2 for the pump and emitted signal respectively, n0(~r) is the refractive index
profile and ωp,s are the pump/signal frequencies. τs,c, τp,0 and τTm ≈ 1.35 ms are the decay
time of the signal coupling losses, the decay time of the pump intrinsic losses, and the
ions lifetime of the 3F4 → 3H6 transition related to the ions concentration [248]. τs =
(1/τs,0 + 1/τs,c)−1 is the total decay time of the signal resonance without the gain of the ions.

1. This chapter is the reproduction of the submitted article to Optics Letters and the revised laser model
of chapter 2.6 was developed afterward. It is more accurate as it takes into account mode overlap for a N2
distribution that follows the pump signal distribution. The relations 6.2 and 6.3 given in this chapter are
found using a fixed N2 distribution and the maximum values |~ep,s|2max. This approximated model is valid if
both the pump and signal modes have similar field distributions and the N2 population is located near these
maxima. In microspheres, this happen when both modes are first order radial modes with lj = mj for large
resonators. These modes are used for the calculations of Fig. 6.6
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σa(e),p(s) are the ions absorption (emission) cross sections of the pump (signal) respectively. ~
and c are the Planck constant and the speed of light in vacuum. Finally, γTmp is the clamped
pump loss rate due to the ions absorption above the lasing threshold, and it is defined by

γTmp = − 1
2τs

msωp
mpωs

(
NTωsτsRc [σa,sσe,p − σa,pσe,s]

ms [σa,s + σe,s]
+ [σa,p + σe,p]

[σa,s + σe,s]

)
.

As it can be seen from Fig. 6.2, the pump mode losses are dominated by the ions absorption
while the intrinsic resonator losses such as scattering are constant. This means that γTmp
increases while τp,0 remains constant at longer wavelengths. Following Eq. 6.2 and Eq. 6.3,
for similar lasing signal modes characteristics, ηin should increase and P coup

p,th should decrease at
longer wavelengths where the thulium absorption cross section is larger, this is in agreement
with the experimental results of Fig. 6.5.

Figure 6.5 shows the emission power for a signal mode located at 1975 nm pumped by
different pump modes. The signal mode characteristic values such as the coupling Q-factors
Qc and the intrinsic Q-factor Q0 that excludes the ions gain can be extracted from these
curves using Eq. 6.2 and Eq. 6.3. Fig. 6.6 shows the extracted Q0 and Qc for each pump
wavelength. As expected, the intrinsic and the coupling Q-factors share similar values near
∼ 6 × 104 and ∼ 8 × 105 respectively. The larger variation of the Qc values can be linked
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Figure 6.6 : Signal resonance Q0 (black circles) and Qc (black squares) at 1975 nm obtained
by fitting their threshold curves at different pump wavelengths for 1st order radial modes.
The fitted absorption cross sections (red triangles) are also shown.
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to the undercoupled regime conditions where small variations of the Q0 values cause large
variations of the associated Qc values. The best results were obtained by using the pump
absorption cross section also shown in Fig. 6.6. These values are in good agreement with the
values from [248,273].

6.6 Conclusion

In conclusion, we presented measurements of low threshold laser emissions at a wavelength
of 1975 nm of Tm-doped tellurite glass microspheres. The threshold pump power of 30 µW
is the lowest value reported for a Tm-doped microcavity and at least a tenfold improvement
for a Tm-doped tellurite microcavity. Different pump wavelengths were used, and the results
show better lasing performances at longer pump wavelengths where ions absorption cross
section is larger, in agreement with the theoretical models.
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CHAPTER 7 GENERAL DISCUSSION

The broad goal of this thesis is to study As2S3 microspheres as potential mid-IR sources
for emission above the wavelength of 2 µm. Stimulated and cascaded Raman scattering
processes were chosen because of their broad applicability across the entire transparency
window of materials. Additionally, cascaded Raman generation is naturally suitable to WGM
microcavities such as microspheres. To extend the emission further in the infrared, the idea
of combining ions-doped glass laser emission and Raman emission inside the same cavity was
tested. Tm-doped tellurite glass was used due to the unavailability of good quality ions-doped
As2S3. It represents a good alternative to As2S3 since it can be produced with high purity
and possesses a good Raman gain coefficient (Table 1.2).

Chapters 4 to 6 present the results that were obtained in this thesis. The main achievements
and novelties are summarized here :

1. Fabrication of As2S3 microspheres with the largest quality factors reported for a chal-
cogenide cavity.

2. Generation of stimulated Raman scattering emission in As2S3 microspheres with few
tens of µW of input power at a wavelength of 1550 nm.

3. Generation of cascaded Raman scattering emission in As2S3 microspheres :
- up to the fifth Raman order at a wavelength of 2140 nm from a pump wavelength at
1550 nm.

- up to the third Raman order at a wavelength of 2350 nm from a pump wavelength
at 1880 nm.

4. Generation of laser emission at a wavelength of 1975 nm based on high Q-factors Tm-
doped tellurite microspheres with few µW of input power.

It is important to compare this thesis work to other Raman and cascaded Raman WGM
sources to put it in its context. Some aspects need to be discussed to explain why important
results were not obtained. Notably, it was not possible to

1. Generate long-term stable cascaded Raman emissions above the third Raman order in
As2S3 microspheres.

2. Generate simultaneous ions-doped laser and Raman emissions in Tm-doped tellurite
microspheres.

Finally, for the sake of future works, a discussion on the feasibility of Raman lasing in ions-
doped cavities is undertaken.
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7.1 Are As2S3 microspheres good Raman WGM sources ?

It is interesting to compare the Raman emission characteristics with other WGM Raman
sources. Table 7.1 gives an overview of the current SRS performances reported in WGM
microcavities, including the results presented in this thesis. Favorably, input threshold power
levels are comparable to the values obtained in SiO2 and CaF2 resonators despite the smaller
Q-factors. However, the external power conversion efficiency lacks behind.

Both internal and external efficiencies are improved if the Qj,T/Qj,c ratio are increased for
the pump and the Raman signal modes. Two solutions are possible : reducing the coupling
Q-factors or increasing the intrinsic Q-factors.

The first solution is to bring down the coupling Q-factors values closer to the intrinsic Q-
factors. To do so, the coupling load between the cavity and waveguide modes has to be
increased by reducing the gap or changing the waveguide properties. The former is not pos-
sible in our case since the tapered fiber is in contact with the sphere. The problem resides
mainly in the refractive index difference between the sphere As2S3 (n=2.43) and the wave-
guide silica (n=1.45). The phase matching conditions between the sphere and tapered fiber
modes are not optimized. For example, better conversion efficiencies are obtained for SiO2

cavities and silica tapered fibers as shown in the first two lines of Table 7.1. The effective
mode index neff would increase from ∼ 1.36 for a single mode silica tapered fiber (∅ ∼ 2 µm)
to ∼ 2.2 for a single mode As2S3 tapered fiber (∅ ∼ 1 µm), closer to the sphere’s modes
effective index.

The fabrication of single mode As2S3 tapered fibers with a diameter of ∅ ∼ 1 µm is possible
despite their fragility [196]. The use of multimode waveguides with larger diameters would

Table 7.1 : SRS performances of reported WGM microcavities.

Material λ Length Q Threshold Conversion Reference
(µm) Lc (µm) power(µW) efficiency

SiO2 1.55 40π 1× 108 62 36 %(b) [122]
1.55 55π 6× 107 74− 250 45 %(b) [124]

Ti-SiO2 0.765 - 2.4× 107 52.6 - [277]
Si 1.55 30000 3.4× 106† 80000 6 % [278]

CaF2 1.064 5000π 2.6× 1010 3 5 % [126]
1.064 100π 1× 108 15(e) - [126]
1.064 5000π 6.9× 109 78 32 % [127]

As2S3 1.55 71π 3× 107 35 2.2 %(b) This work
(e) Estimated, (b) Bidirectional, † Evaluated from the waveguide losses.
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cause mode mixing between the input and output modes, and reduce the overall coupling effi-
ciencies. Rigorous simulations such as [37] that include effects of the waveguide RI, diameter
and distance are needed in addition of precise fabrication techniques.

It is important to note that the performances of As2S3 WGM Raman sources presented
in this thesis cannot be significantly improved using the current glass purity of the fiber.
Figure 7.1 displays how decreasing Qp,c affects the input threshold power and the external
efficiency. The Raman mode properties found in Section 4.7.2 are kept constant. The input
threshold power can be reduced from 35 µW to 13 µW only if critical coupling is achieved.
At this coupling condition, the external efficiency increases from 2.2 % to match the internal
efficiency value of 10.7 %.

The second solution is to increase Qj,0 while the coupling Q-factors remain constant. It
improves Qj,T , the threshold power and the conversion efficiency. It is the best solution but
it is hard to realize. A larger Qj,0 implies the improvement of the As2S3 fiber purity, a feature
that was out of our control. It is however a realistic option for future works. Glass attenuation
values ∼ 30dB/km at 1.5 µm were obtained by others [174, 193], pushing the Q-factor limit
above 109. Based on the results of Chapter 4 and Section 4.7.2, Figure 7.2 shows how an
increase of Qp,0 improves the input threshold power and the external efficiency. The input
threshold power drops drastically and could even reach the µW level when Qp,0 = Qp,c at
critical coupling. The external efficiency also increases to equal the internal efficiency of
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Figure 7.1 : Consequence of a smaller coupling Q-factor Qp,c for the pump mode. The Raman
mode Q-factors remain constant and are based on the results of Chapter 4.
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Figure 7.2 : Consequence of a larger intrinsic Q-factor Qp,0 for the pump mode. The Raman
mode Q-factors remain constant and are based on the results of Chapter 4.

10.7 %.

By comparing both solutions in Fig. 7.1 and 7.2, it is obvious that a large change of Qp,c is
equivalent to a small change of Qp,0 when the threshold power is considered. Furthermore,
improving the purity of the glass will, in all likelihood, increase the Raman mode intrinsic
Q-factor as well. Figure 7.3 displays the case where Qp,0 = Qs,0 are increased while Qp,c =
Qs,c = 3× 108 are kept constant. Despite the small reduction of the input threshold power,
both the external and internal efficiencies are largely improved and reach ∼ 50 % for critical
coupling.

Following these remarks, the improvement of the As2S3 glass purity should be the next step
of future works to improve the WGM Raman source performances.

7.2 Are As2S3 microspheres good cascaded Raman WGM sources ?

A few works on cascaded Raman WGM sources were published [106, 123, 124, 126, 279].
Table 7.2 regroups the best performances of different materials. The performances of As2S3

and SiO2 microcavities are comparable : they present the same number of observed Raman
orders and their threshold pump powers are of the same order. A larger number of Raman
orders were demonstrated in CaF2 WGM resonators with better threshold powers. This is
largely due to their superior Q-factors. Additionally, the mode overlap is better when both
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Figure 7.3 : Consequence of a larger intrinsic Q-factor Qj,0 for the pump and the signal
modes. The couping Q-factors Qp,c = Qs,c remain constant.

modes have closer resonance wavelengths, but the Raman shift is larger at longer wave-
lengths. The Raman shift is ∼ 40 nm for CaF2 resonators at a pump wavelength of 1064 nm.
In comparison, Raman shifts are ∼ 100 nm and ∼ 160 nm at pump wavelengths of 1550 nm
and 1880 nm for As2S3 spheres. Yet, both materials have similar Raman shift frequencies.
This limits the number of observed Raman orders in our case.

However, signal generation at wavelengths above 2 µm is only demonstrated in this thesis
work. The observed output power of few µW for both pump wavelengths of 1550 nm and
1880 nm indicates that cascaded Raman performances are similar for the first two Raman
orders at least. Furthermore, the setup used for the pump emission at 1880 nm, shown in
Fig. 5.6, lacked important optical components. More specifically, with the absence of a nar-
row tunable band-pass filter and a polarizer, the pump emission becomes largely multimode,
leading to mode competition over the available gain and to emission instability. The large
number of pump modes can then feed more Raman modes, as seen by comparing the emis-
sion bandwidth of each Raman order in Fig. 5.4 and Fig. 5.7. Moreover, multimode Raman
emission is observed for both setups and makes it difficult to clearly characterize the behavior
of each Raman order.

For both pump wavelengths, second and third Raman order emissions were regularly observed
in high Q-factors As2S3 microspheres, supporting their natural ability for cascaded emission.
Fourth Raman order lines were also frequently generated with a pump wavelength of 1550 nm.
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Table 7.2 : Reported cascaded Raman performances in WGM microcavities.

Pump Raman Threshold Maximum
Material Ref. Q λ order λ power† power‡

(µm) (µm) (µW) (µW)
1 1.025 54 | 425 25 µW
2 1.060 75 | 450 10 µW

SiO2 [123] 1× 108 0.980 3 1.120 120 | 490 400 nW
4 1.180 180 | 575 50 nW
5 1.225 - | 900 0.3 nW
1 1.102 3 6 µW
2 1.142 7.5 2 µW
3 1.186 - 3 nW

CaF2 [126] 2.6× 1010 1.064 4 1.234 - 3 nW
5 1.284 - 6 nW
6 1.340 - 3 nW
7 1.400 - 600 pW
8 1.466 - 30 pW
1 1.646 370 | 70 13 µW
2 1.746 430 | 70 11 µW

1.55 3 1.861 607 | 220 3 µW
4 1.991 - 300 nW

As2S3 This work 106 − 107 5 2.140 - 500 nW
1 2.015 - 2 µW

1.88 2 2.170 - 500 nW
3 2.350 - 20 nW

† Multiple values are attributed to different sets of measurements
‡ Not related to the threshold powers

This suggests that the observation of a fourth Raman order with a pump wavelength of
1880 nm may be limited only by the optical spectrum analyzer detection range of 2500 nm.

Despite their smaller Q-factors, As2S3 microspheres perform well as cascaded Raman WGM
sources. The improvement of glass purity will certainly increase those performances by redu-
cing the threshold power of each Raman order and boosting their power conversion efficien-
cies. Additionally, future efforts should be focused on the stability of Raman emissions. This
issue is discussed in the next section and setup modifications are proposed.

7.3 Stabilization issues of the self-frequency locking laser setup

One issue of this work is the emission stabilization when multiple Raman lines are generated.
The setup presented in Fig. 5.1 filters and stabilizes the pump emission but does not affect
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the generated signals as shown in Fig. 5.4 and Fig. 5.7. Power fluctuation in each mode can
influence the whole cascading process. For example, if the first Raman order emission has
a single line, the gain available for the second Raman order emission comes from a unique
source. If the first Raman order emission is multimode, the second Raman order emission
feeds on the gain of two different sources, causing power fluctuation. This issue is transfered
to each successive Raman order and is worsened when multiple emission lines appear in each
order group. This not only renders the emission unpredictable but it also diminishes the
available Raman gain for every line.

For As2S3 spheres, many high Q-factor modes are available within the Raman gain bandwidth.
Three emission lines or more belonging to the first Raman order are regularly seen when a
third Raman order starts lasing. This random behavior prevented accurate measurements of
the emission power above the third Raman order, as depicted in Fig. 5.5.

A potential solution is to use multiple filtering steps for each Raman order. The simplest
method is to place the microsphere between Bragg mirrors as shown in Fig. 7.4. The advan-
tages are twofold : the emission wavelength of each Raman order can be selected within the
filters bandwidth and stable single line emissions would be possible. However, to optimize the
cascaded Raman emission, tunable filters are required to select the best modes sequence. Ad-
ditionally, to achieve efficient emission at wavelengths above 2 µm, silica fibers components
need to be replaced by ones transparent in the mid-IR, especially between the backward
Bragg mirrors and the forward output. Fortunately, chalcogenide glass tapered fibers [196]
and fiber Bragg gratings written in As2S3 [280] were demonstrated in the recent years. The
latter are already used as part of efficient Raman and cascaded Raman fiber lasers [257,262].
The setup implementation shown in Fig. 7.4 follows naturally the work presented in this
thesis and is conceivable within the next years.
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Figure 7.4 : Modified self-frequency locking laser setup including additional filtering steps.
EDFA : Erbium Doped Fiber Amplifier, Iso : Isolator, TBF : Tunable Bandpass Filter, PC :
Polarization Controler, Pol : Polarizer, OSA : Optical Spectrum Analyzer, Det : Photodiode
detector.
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7.4 Raman emission in Tm-doped tellurite glass WGM lasers

As mentioned previously, ions doped tellurite glasses are promising materials for combining
laser and Raman emissions. In view of mid-IR emission, lasers sources at wavelengths near
2.8 µm based on erbium ions are conceivable in tellurite glasses, unlike silica glass. Compared
to chalcogenide glasses, tellurite glasses also have better resistance to crystallization when
they are doped with rare-earth ions [233, 234], meaning that larger ions concentrations are
possible. The realization of Tm-doped tellurite WGM lasers near wavelengths of 2 µm with
a few µW of input pump power improved the current performances of tellurite microcavity
lasers. However, it was not possible to generate Raman lines combined with the laser emission
of the Tm ions.

This issue comes from the glass purity of the microspheres. Figure 6.2 displayed the measured
intrinsic Q-factors for the doped and undoped tellurite glass microspheres. The undoped
microspheres exhibit Q0 ∼ 2 × 106 at pump wavelengths between 1500 nm and 1630 nm,
at least an order of magnitude smaller than Q0 measured for As2S3 microspheres. Since the
input threshold power goes as ∝ (g(b)

R Q2)−1, it is expected to be ∼ 200 times larger for
tellurite glass spheres, near 6 mW. This value is far from the µW power levels that were used
in Chapter 6. For example, Raman emission measurements at input power of 1 mW were
unsuccessful. The same conclusions remain valid in the case of doped tellurite glass since the
fabrication steps were similar. Raman threshold conditions are expected to be even harder
to reach as the extracted Q0 at 1975 nm are ∼ 6× 104.

Again, the purification of the glass is the key element to improve. Intrinsic Q-factors ∼ 2×106

are related to attenuation coefficients αlin ∼ 4.4 m−1 or ∼ 19 dB/m at a wavelength
of 1550 nm. Fortunately, tellurite fibers of similar compositions with attenuation below
1-2 dB/m were demonstrated [281,282] 1, pushing the intrinsic Q-factor limit to 4× 107.

Compared to the attenuation of bulk glass samples, the current glass purity is not decreased
by the sphere fabrication steps, at least for the C-band wavelengths. Extracted Q0 ∼ 6× 104

at 1975 nm, however, show a large drop in quality down to ∼ 500 dB/m that cannot be
attributed to the ions absorption. The melting process in an ’open-air/nitrogen’ environment
during the fiber pulling steps and the sphere formation may have contributed to the glass de-
gradation with the incorporation of water and other contaminants. Future works should focus
not only on better purification steps, but also on studying effects of the melting environment
on the glass degradation.

1. Commercial tellurite optical fibers display an attenuation below 0.5 dB/m for wavelengths between
1 µm and 4 µm.
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7.5 Achieving Raman lasing in ions doped WGM microcavities

To push the emission wavelength toward the mid-IR, the idea to generate Raman emission
pumped by the laser signal of an ions doped cavity is worth studying. The following section
is intended to give predictions on the pump power levels needed to generate hybrid sources
and is based on the Tm-doped sphere laser characteristics.

As presented in Table 1.2, the Raman shift of tellurite glass is ∼ 19.9 THz, pushing the
Raman emission almost twice as far as the As2S3 shift. Following Chapter 6 results, a pump
wavelength of λp = 1554 nm feeds the laser signal with a wavelength of λs ∼ 1975 nm. Raman
scattering pushes the Raman lines to wavelengths λR ∼ 2270 nm. Figure 7.5 presents their
modal distributions for a sphere radius of 14 µm. Despite the large wavelength gap between
the three signals, their field distributions are similar. Additionally, the sphere dimensions
confine the optical energy into small mode volumes : Vp = 157 µm3, Vs = 207 µm3 and
VR = 243 µm3. The mode overlap of the laser signal and Raman modes is VssRR = 451 µm3.

To predict the input threshold power needed to generate a Raman signal through the laser
emission, the coupled-modes equations of the Raman emission, Eq. 2.24 to 2.26, are combined
with the laser CM relations, Eq. 2.49 and 2.50 :

dap
dt

= g
(p)
Tmap(t)−

1
2τp

ap(t) + i(ωL − ωp)ap(t) + iκpLsL(z0, t) (7.1)

das
dt

= g
(s)
Tmas(t)−

1
2τs

as(t)− gR
ωs
ωR

(
|aR(t)|2 + |a−R(t)|2

)
as(t) (7.2)

∂aR(t)
∂t

= − 1
2τR

aR(t) + gR|as(t)|2aR(t) (7.3)

∂a−R(t)
∂t

= − 1
2τR

a−R(t) + gR|as(t)|2a−R(t). (7.4)

with
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]
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∫
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|emaxp/s,θ(t)|2

(ρ sin θ)|max
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A

|ep/s,θ(ρ, θ, t)|2
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ρ2 sin2 θ
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Figure 7.5 : Transverse view of the pump (top), laser signal (center) and Raman signal
(bottom) TE modes corresponding to a wavelength of 1554 nm (mp = lp = 106), 1975 nm
(mp = lp = 82), and 2270 nm (mp = lp = 71) respectively.

The laser signal mode as(t) can now transfer energy to the clockwise and counterclockwise
Raman modes, aR(t) and a−R(t).

In a CW regime, the threshold condition for laser emission is the same :

g
(s)
Tm = 1

2τs
.
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The Raman threshold condition is achieved afterward when

|as(t)|2 = 1
2τRgR

or PS,out(t) = |as(t)|
2

τs,c
= 1

2τs,cτRgR
.

Relation 2.55 gives directly the necessary input power level

Pin,th =

1
2τRgR

+
2
τTm

~ω2
sµ0Ns

ms(σes + σas)
Bp

Bps

NTωsτs

ms

Bs

B′s
σas + 1


2τs
τp,c

m2
p

m2
s

ω3
s

ω3
p

B′p

B′s

Ns

Np

− g(p)
Tm,th

(ωL − ωp)2 + ( 1
2τp − g

(p)
Tm,th)2

where g(p)
Tm,th is defined by Eq. 2.54.

Figure 7.6 shows the evolution of the input power threshold for the laser signal (black lines)
and the successive Raman signal (blue lines) as the intrinsic Q-factors of each mode are
increased. The coupling Q-factor for the pump mode is fixed to 5 × 106, a typical value
measured with Tm-doped tellurite spheres. For both signals, the improvement of Q0 based
on better glass purification has a drastic effect on the threshold powers. The laser signal only
need few µW of pump power to oscillate at realistic Q0 ∼ 107, a tenfold improvement over
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Figure 7.6 : Input pump threshold power to achieve lasing (black lines) and simultaneous first
order Raman emission (blue lines). For each case, two curves are shown and represent two
coupling conditions : Qs,c = QR,c = Qp,c and Qs,c = QR,c = 10Qp,c. The laser signal external
power conversion efficiency, η(s)

ex , is shown in red.
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the current threshold values.

However, the Raman signal needs a few milliwatts of pump power to start if the coupling
Q-factors are equal. The large gap between both threshold powers is explained by the relati-
vely small power conversion efficiency and coupling Q-factors of the laser signal and Raman
modes. The effect of an increasing conversion efficiency is clearly seen for Q0 between 106

and 107. For an almost constant threshold power value, the excess pump power is transfered
to the laser signal more rapidly as the external conversion efficiency η(s)

ex increases (red line).
This means |as(t)|2 reaches the threshold conditions with a smaller amount of excess pump
power.

The impacts of a coupling Q-factor modification are visible through the second set of pump
threshold evolution where Qs,c = QR,c = 10Qp,c. While its impact on the the laser signal
pump threshold is small, the Raman pump threshold drops. For example, for Q0 ∼ 4× 107,
it decreases from 2 mW to 100 µW. The combined reduction of the coupling losses for the
laser signal and Raman modes improves the power accumulation in each mode and threshold
conditions are quickly reached. Furthermore, the improvement is also larger for each Q0

increment.

If ions doped As2S3 glass is successfully fabricated with purity level of the undoped glass,
the threshold powers would improve slightly through a larger Raman gain, better mode
confinement and smaller mode overlap. However, the previous discussion is still valid.

These results suggest that hybrid laser and Raman sources are realistic within the current
limitations of the glass fabrication and purification steps. The realization of these hybrid laser
microcavities would certainly open new possibilities for the generation of mid-IR frequencies.
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CHAPTER 8 CONCLUSIONS & RECOMMENDATIONS

This thesis compiles the results of my efforts done toward the development of mid-IR Ra-
man sources based on As2S3 and tellurite glasses microspheres. Along the main experimental
results of Chapters 4 to 6, basic concepts of WGM microcavities are exposed. Additionally,
measurements are related to theoretical models based on coupled-modes equations. Experi-
mental setups and challenges are also addressed. Finally, this thesis’ results are compared to
the literature and possible improvements are discussed. This thesis improves the state of art
of chalcogenide and tellurite glasses microcavities with several contributions.

The first contribution of this work was to successfully fabricate As2S3 microcavities with
Q-factors > 5 × 107. It represents a tenfold improvement for a chalcogenide microcavity. It
is more than two orders of magnitude larger than previously reported in As2S3 microcavi-
ties. This result is important since the threshold power needed to generate Raman scattering
processes is reduced quadratically with the Q-factor. The microspheres are made from high
purity As2S3 optical fibers using a laser shaping technique. The glass quality of the fibers
limits the attenuation of the microspheres to ∼ 9 × 107. The fabricated sphere Q-factors
approach this limit and confirm the laser shaping technique suitability. Furthermore, a pa-
ckaging procedure is demonstrated. A narrow tubular structure prevents dust particles from
degrading the spheres quality. Enclosed with a tapered optical fiber to couple light in and
out of the microspheres, packaged microcavities can now be used as in-line fiber devices.

The second thesis contribution is the generation of Raman lasing in As2S3 microspheres with
threshold coupled pump powers ∼ 13 µW at a wavelength of 1550 nm. Raman lasing per-
formances are comparable to other WGM Raman sources, being held back only by lower
Q-factors. The results shown in Chapter 4 are the first demonstrations of nonlinear interac-
tions in chalcogenide microcavities. Larger losses of previously reported chalcogenide WGM
microcavities limit threshold power levels to tens of milliwatts. As discussed in Chapter 7,
future works should aim at the improvement of As2S3 glass purity. Threshold pump powers
could be reduced to sub-µW levels if intrinsic Q-factors were larger. Power conversion effi-
ciencies are expected to improve as well. The performances of As2S3 microspheres as Raman
sources in the near-IR suggest similar performances in the mid-IR region. Glass purification
techniques provide relatively constant optical attenuation across the transparency window,
thus similar Q-factors are expected.

Generation of cascaded Raman scattering in As2S3 microspheres naturally follows as the
third thesis contribution. Using a pump wavelength of 1560 nm, Raman emission lines up



108

to the fifth order were observed at wavelengths of 1645 nm, 1750 nm, 1860 nm, 1990 nm,
and 2140 nm. Additionally, the Raman power was monitored for the first three orders. Their
behaviors are in agreement with the theoretical models. The self-frequency locking laser setup
used in Chapter 5 successfully maintains a single pump emission line but does not modify
the available Raman gain inside the microsphere. Simultaneous Raman emission lines are
regularly observed and cause power instability. Future improvements should include feedback
mechanisms to stabilize the emission signals and select the emission wavelengths.

To push the emission wavelengths further above 2 µm, a pumping scheme at wavelengths
∼ 1880 nm is developed based on a thulium-doped optical amplifier. Emission bands centered
on wavelengths of 2015 nm, 2170 nm, and 2350 nm are observed. This is the first demonstra-
tion of cascaded Raman lasing above a wavelength of 2 µm in WGM microcavities. Previously
reported measurements were limited to telecommunication bands. The microspheres’ ability
to generate cascaded Raman lasing with pump powers < 1 mW strengthens their potential
use as compact Raman sources in the mid-IR.

The fourth thesis contribution is the generation of laser emission at wavelengths ∼ 1975 nm
in tellurite microspheres. This demonstration is a first step toward the development of hybrid
sources based on ions-doped laser emission and Raman emission. Measured threshold pump
powers of ∼ 30 µW represent a tenfold improvement over the reported performances in
thulium-doped tellurite microcavities, thanks to larger Q-factors. Improvements of the glass
purification steps could increase the Q-factors even more. A tenfold improvement of the
Q-factors would decrease hybrid Raman lasing threshold powers below the milliwatt level.
If high quality ions doped As2S3 microspheres were obtained, the larger Raman gain could
increase the performances even more.

In view of these thesis results, few important challenges remain, but could be addressed
within the next years :

– Realistic improvement of the chalcogenide and tellurite glasses purity could enhance the
performances significantly.

– The use of chalcogenide tapered optical fibers to couple light in and out of As2S3 micros-
pheres could increase the power conversion efficiencies of the Raman sources.

– Filtering mechanisms are needed for the development of stabilized and efficient cascaded
Raman sources based on As2S3 microspheres.

By addressing these challenges, chalcogenide and tellurite microspheres could be used as low
power cascaded Raman and laser sources near a wavelength of 2 µm and further in the mid-
IR. These microsources are suitable for portable detection applications such as molecular
spectroscopy. Precise molecular vibration spectra could be obtained considering the narrow
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emission linewidth of WGM microcavities. The packaging tube can readily be modified as
a miniature gas chamber for this purpose. Furthermore, multiplexed detection channels for
different molecules sharing the same low power pump signal could be developed in a compact
manner.

Several research paths can alternatively be explored in extension to this thesis. The rea-
lization of high Q-factor As2S3 microspheres opens the way for multiple applications not
tested during this project. Some of these are mentioned in Table 1.1. WGM microcavities are
suitable for nonlinear signal generation, not only for Raman scattering processes, but also
for parametric frequency conversion processes. As it is depicted in Fig. 2.12, the dispersion
of As2S3 microspheres pushes degenerate four-wave mixing processes and frequency combs
generation to the mid-IR region. These processes can efficiently convert the pump signal to
dozens of emission lines, of interest for sensing applications. In combination with external
mid-IR sources, As2S3 microspheres could simply be used as passive components such as nar-
row band optical filters or highly sensitive biodetection devices. Additionally, the packaging
tube can act as a gas chamber for molecular sensing.

Finally, it could be interesting to test other chalcogenide glasses such as As2Se3. Table 1.2
indicates that threshold pump powers could reach a few hundreds of nanowatts only. Despite
thermal instabilities expected with input powers of tens of µW, stable Raman lasing could
be possible below this level.
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ANNEX B EXPLICIT COUPLED-MODES EQUATIONS

B.1 Explicit linear coupled-modes theory in a WGM microcavity

This section details the steps needed to obtain important formulations and coupled-modes
equations of Chapter 2.2. It offers a step-by-step description of the various constants and
definitions found in the literature, starting from Maxwell equations to Q-factor explicit defi-
nitions.

B.1.1 Fields description and Maxwell equations

Vectors are written in bold : E(r, t) ≡ ~E(ρ, θ, φ, t) or ~E(ρ, θ, z, t)

Fields notation

The total electric field is expressed as the linear combinaison of the electric fields of the cavity
modes and the waveguide modes :

E(r, t) = Ecavity(r, t) + Eguide(r, t)

=
∑
j

Ej(r, t) +
∑
L

EL(r, t) (B.1)

=
∑
j

aj(t)e−iωjtej(r)
2
√
Nj

+
∑
L

sL(z, t)e−iωLteL(r)
2
√
ML

+ c.c.

For cavity modes, aj(t) is the slowly varying component in time compared to e−iωjt. For
waveguide modes, sL(z, t) is the slowly varying component in time and in space compared
to the fast varying phase term eiβLz−iωjt. ej(r) and eL(r) are representing the constant field
distributions of the eigenmodes j and L of the cavity and the waveguide respectively. Nj is the
cavity modes normalization constant, these modes are normalized so that |aj(t)| is the total
confined energy of the jth mode. Similarly,ML is the waveguide modes normalization constant
and the modes are normalized so that |sL(z, t)| is the power propagating in the waveguide.
Figure B.1 displays the different linear coupling processes such as external coupling and mode
coupling (Section B.1.5).

The cavity field is expressed in spherical coordinates as seen in Section B.3 and the wave-
guide field is written using cylindrical coordinates with the z-direction along the waveguide.
Computations of overlap integrals should be done using the right coordinate transformations
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Figure B.1 : Schematic of the linear coupling processes between a waveguide and a WGM
microcavity.

beforehand.

Maxwell equations

In a dielectric material, the propagation of monochromatic fields can be described by the
macroscopic Maxwell equations without charge (ρ = 0) and current (J = 0) :

∇ ·D(r, t) = 0 (B.2)

∇ ·B(r, t) = 0 (B.3)

∇∧ E(r, t) = −∂B(r, t)
∂t

= −µ0
∂H(r, t)
∂t

(B.4)

∇∧H(r, t) = ∂D(r, t)
∂t

(B.5)

where we considered that the material has a null magnetic response (µr = 0) :

B(r, t) = µ0H(r, t).

The electric displacement field D(r, t) is related to the electric field E(r, t) by

D(r, t) = ε0E(r, t) + P(r, t) (B.6)

where P(r, t) is the polarization density vector or the electric polarization vector which des-
cribes the material reaction 1 in the presence of E(r, t). ε0 and µ0 are the vacuum permittivity

1. See the footnote of p.1 in M. Born & E. Wolf, Principles of Optics 6th ed., Cambridge, 1980
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and the vacuum permeability respectively.

Electric polarization and electric susceptibility

The material reaction in the presence of an electric field is due to different sources : the elec-
tronic dipoles, ions dipoles, photon-phonon interactions and free charges. The contribution
of each source depends on the material composition and the field frequency. For example, in
the visible region, electronic dipoles is the dominant response in transparent glasses such as
silica.

The response is usually proportional to E(r, t). Nevertheless, when the field intensity is large,
a nonlinear response may become important. In this case, P(r, t) depends on different field
combinations. The x field component can affect the y component and can even influence
itself. Phonon interactions are also possible for large field intensities.

The electric polarization vector depends on the applied electric field E(r, t) and can be
written, in cartesian coordinates, as

P(r, t) =
∑

i=(x,y,z)
Pi(r, t)ûi

with the unitary vector ûi for the i = (x, y, z) components and

Pi(r, t) = P
(1)
i (r, t) + P

(2)
i (r, t) + P

(3)
i (r, t) + ...

where

P
(1)
i (r, t) = ε0

∑
j

∫ ∫
∞
χ

(1)
ij (r1, t1)Ej(r− r1, t− t1)dt1dr1

P
(2)
i (r, t) = ε0

∑
j

∑
k

∫ ∫ ∫ ∫
∞
χ

(2)
ijk(r1, r2, t1, t2)Ej(r− r1, t− t1)Ek(r− r2, t− t2)dt1dt2dr1dr2

P
(3)
i (r, t) = ε0

∑
j

∑
k

∑
l

∫ ∫ ∫ ∫ ∫ ∫
∞

χ
(3)
ijkl(r1, r2, r3, t1, t2, t3)Ej(r− r1, t− t1)Ek(r− r2, t− t2)El(r− r3, t− t3)

dt1dt2dt3dr1dr2dr3.

The linear response is described by P (1). Nonlinear responses such as second order processes
and third order processes are described by P (2) and P (3) respectively. Higher order terms can
be observed if the field intensity is large enough. The material reaction at (r,t) depends on
the past value of the surrounding electric fields. Two approximations are useful.
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Local field approximation

The local field approximation considered that the response at r is not affected by its surroun-
ding. In other words, the electric susceptibility is nonzero at r1 = r2 = r3 = 0. It is written
as

χ
(3)
ijkl(r1, r2, r3, t1, t2, t3) = χ

(3)
ijkl(r, t1, t2, t3)δ(r1)δ(r2)δ(r3)

and gives

P
(1)
i (r, t) = ε0

∑
j

∫
∞
χ

(1)
ij (r, t1)Ej(r, t− t1)dt1

P
(2)
i (r, t) = ε0

∑
j

∑
k

∫ ∫
∞
χ

(2)
ijk(r, t1, t2)Ej(r, t− t1)Ek(r, t− t2)dt1dt2

P
(3)
i (r, t) = ε0

∑
j

∑
k

∑
l

∫ ∫ ∫
∞

χ
(3)
ijkl(r, t1, t2, t3)Ej(r, t− t1)Ek(r, t− t2)El(r, t− t3)dt1dt2dt3.

The spatial coordinate r is kept because it is imposed by the system geometry.

Fast response approximation

A fast response implies that the susceptibility decreases quickly around t. In our case, electric
fields are written as Eq. B.1 :

E(r, t− t1) ∝ ep(r)ap(t− t1)e−iωp(t−t1) ≈ ep(r)ap(t)e−iωp(t−t1). (B.7)

where the slowly varying amplitude ap(t) is considered constant around t, where the electric
susceptibility decreases quickly. ap(t) is then taken outside the integral and

P
(1)
i (r, t) = ε0

∑
j

∫
∞

[
χ

(1)
ij (r, t1)eiωpt1dt1

]
ap(t)e−iωptep(r)

= ε0
∑
j

χ
(1)
ij (r, ωp)ap(t)e−iωptep(r)

P
(2)
i (r, t) = ε0

∑
j

∑
k

∫ ∫
∞

[
χ

(2)
ijk(r, t1, t2)eiωpt1eiωlt2dt1dt2

]
ap(t)al(t)e−i(ωp+ωl)tep(r)el(r)

= ε0
∑
j

∑
k

χ
(2)
ijk(r, ωp, ωl)ap(t)al(t)e−i(ωp+ωl)tep(r)el(r)

P
(3)
i (r, t) = ε0

∑
j

∑
k

∑
l

∫ ∫ ∫
∞[

χ
(3)
ijkl(r, t1, t2, t3)eiωpt1eiωlt2eiωmt3dt1dt2dt3

]
ap(t)al(t)am(t)e−i(ωp+ωl+ωm)tep(r)el(r)em(r)
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= ε0
∑
j

∑
k

∑
l

χ
(3)
ijkl(r, ωp, ωl, ωm)ap(t)al(t)am(t)e−i(ωp+ωl+ωm)tep(r)el(r)em(r).

where χ(3)
ijkl(r, ωp, ωl, ωm) = T.F.

{
χ

(3)
ijkl(r, t1, t2, t3)

}
. With these approximations, the frequency

response of the electric susceptibility can be used in the temporal propagation equations.

Isotropic medium : no slow-fast axis and χ(2) = 0

In opposition to crystalline materials, glasses or amorphous media are considered to be iso-
tropic because of their lack of preferential axis on the macroscopic level. This means that the
properties of a light beam such as the polarization is not modified if the medium is rotated.
This simplifies the electric polarization vector.

On the first order, the linear response is now a scalar χ(1)
ij (r, ωp) → χ(1)(r, ωp) as each

component of the electric field sees the same material response. The second order response
χ

(2)
ijk vanishes in an isotropic medium as it is centrosymmetric [244].

For monochromatic fields of frequency ω, Relation B.6 becomes

D(r, t) = ε0E(r, t)+P(r, t) = ε0(1+χ(1)(r, ω))E(r, t)+P(3)(r, t) = ε0εr(r, ω)E(r, t)+P(3)(r, t)

where εr(r, ω) = 1 + Re[χ(1)(r, ω)] + iIm[χ(1)(r, ω)] is the dielectric constant of the medium.
It can be written as εr = (n0 + in′0)2 = n2

0 − n′20 + i2n0n
′
0 where n0 and n′0 are known as the

refractive index and extinction coefficient respectively. They are usually defined as n+ ik in
handbooks.

In a transparent material where n0 >> n′0, we have

n2
0 ≈ 1 + Re[χ(1)(r, ω)] and n′0 ≈

Im[χ(1)(r, ω)]
2n0

.

This holds for silica or silicon at a wavelength of 1.5 µm. For example, for Si, at this wave-
length, n0 ≈ 3.45 and n′0 < 10−6 [164].

The linear absorption αlin is expressed as

αlin = 2k0n
′
0 ≈

k0Im[χ(1)(r, ω)]
n0

with the wavenumber k0 = 2π
λ0
.
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B.1.2 Energy density, power, intensity and mode normalization

How do we define the energy density, the power or the intensity of an optical mode ? In
the literature, these concepts are defined using the Poynting’s theorem developed in many
references [244, 283, 284]. Considering an isotropic and linear medium without free charge
(ρ = 0), no current (J = 0) and no magnetic response :

∇ ·D(r, t) = ε0εr∇ · E(r, t) = 0 (B.8)

∇ ·B(r, t) = µ0∇ ·H(r, t) = 0 (B.9)

∇∧ E(r, t) = −∂B(r, t)
∂t

= −µ0
∂H(r, t)
∂t

(B.10)

∇∧H(r, t) = ∂D(r, t)
∂t

= ε0εr
∂E(r, t)
∂t

(B.11)

Multiplying Eq. B.10 by H(r, t) and Eq. B.11 by E(r, t) on each side gives

ε0εr
∂E
∂t

E + µ0
∂H
∂t

H = −(H · ∇ ∧ E− E · ∇ ∧H) = −∇(E ∧H)

⇒ ε0εr
2
∂E2

∂t
+ µ0

2
∂H2

∂t
= ∂

∂t

(
ε0εrE2 + µ0H2

2

)
= −∇(E ∧H)

where (r, t) is dropped for clarity. By integrating on a volume V and using the divergence
theorem (Gauss theorem), we write

∂

∂t

∫ (
ε0εrE2 + µ0H2

2

)
dV = −

∫
∇(E ∧H) dV

= −
∮

E ∧H df = −
∮

(E ∧H) · n df

where n is the unitary vector perpendicular to the surface f around the integration volume
V . By definition,

W =
∫ (

ε0εrE2(r, t) + µ0H2(r, t)
2

)
dV et S(r, t) = E(r, t) ∧H(r, t) (B.12)

are the total electromagnetic energy in the volume and the Poynting vector respectively, and

∂W

∂t
= −

∮
S · ndf. (B.13)

The Poynting vector is the energy flux density traveling through df per unit of time. This
relation simply states that the change of energy in a volume V in a time dt is equal to ingoing
and outgoing intensities that pass through the surface f — the ingoing and outgoing power.
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Normalization

Nj and ML are normalization factors and they are based on the Poynting’s theorem results
shown in Section B.1.2. For an unperturbed cavity, the average energy contained in an optical
mode j can be written as [237]

Wj =<
∫
V

(
ε0εrE2

j(r, t) + µ0H2
j(r, t)

2

)
dV >

= |aj(t)|
2

2Nj

∫
V
ε0εr|ej(r)|2dV

Averaging using < f(t) >≡ 1
T

∫ T
0 f(t)dt removes the time varying terms ∝ e−i2ωt which are

oscillating rapidly compared to the time interval T . aj(t) and sL(z, t) are considered almost
constant over T .

We wish to have Wj = |aj(t)|2, so

Nj = 1
2

∫
V
ε0(n2

0|c)|ej(r)|2dV

Similarly, for an unperturbed waveguide, the averaged power ∆PL in the optical mode L
entering or exiting a volume surrounded by a surface S can be written as [237] :

∆PL =<
∮
S

(EL(r, t) ∧HL(r, t)) · n̂dS >

= 1
4ML

∮
S
|sL(z, t)|2(eL(r) ∧ h∗L(r) + e∗L(r) ∧ hL(r)) · n̂dS

where n̂ is the unitary vector perpendicular to S and pointing outside.

For a waveguide parallel to the z axis, the field solution components are written as e(r,θ,z),L(r, θ, z) =
e(r,θ,z),L(r, θ)eiβLz. Consequently, the cross product e∗L(r) ∧ hL(r) is independent of the z co-
ordinate. Considering a large integration surface and the bounded field solutions, only the
surfaces crossing the waveguide contribute to the integral so that

∆PL = PL(z1, t)−PL(z0, t) = |sL(z1, t)|2 − |sL(z0, t)|2
4ML

∫
A

(eL(r)∧h∗L(r)+e∗L(r)∧hL(r)) · ẑdA.

where PL(z, t) is the average power traveling through the x− y plane at time t and position
z.
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We wish to have PL(z, t) = |sL(z, t)|2, so

ML = 1
4

∫
A

(eL(r) ∧ h∗L(r) + e∗L(r) ∧ hL(r)) · ẑdA.

This normalization allows a direct link with the experiment : |sL(z0, t)|2 and |sL(z1, t)|2 are
the injected power at the entrance and the measured power at the end of the coupling area
respectively. As mentioned in [32], the energy normalization of Nj andML can be problematic
since the irradiated energy blows up the integral. It is the imaginary part of the solutions
that describes these radiation losses. However, these losses are negligible when the cavity
radius is large (> 5 µm for n ∼ 1.45). We can neglect this imaginary parts and describe the
cavity modes as bounded so that the fields outside the cavity are evanescent.

Intensity and circulating power for the cavity’s modes

The intensity I is usually defined as the amplitude of the time-averaged Poynting vector :

I = |〈S〉| . (B.14)

In our case, cavity mode solutions of Eq. B.1

Ecavity(r, t) =
∑
j

aj(t)e−iωjtej(r)
2
√
Nj

+ c.c.

Hcavity(r, t) =
∑
j

aj(t)e−iωjthj(r)
2
√
Nj

+ c.c.

and the intensity of the jth mode is written as

Ij(r) = |aj|
2

4Nj

∣∣∣(ej(r) ∧ h∗j(r)) + (e∗j(r) ∧ hj(r))
∣∣∣

= |aj|
2

4Nj

∣∣∣∣∣ej(r) ∧
∇ ∧ e∗j(r)
−iωjµ0

+ e∗j(r) ∧ ∇ ∧ ej(r)
iωjµ0

∣∣∣∣∣ .
The circulating power is the intensity integrated over the transverse area :

Pj =
∫
A
Ij(r)dA

= |aj|
2

4Nj

∫
A

∣∣∣(ej(r) ∧ h∗j(r)) + (e∗j(r) ∧ hj(r))
∣∣∣ dA.
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Intensity and circulating power for the microsphere’s modes

For a microsphere, the field is written as

ej(r) = (eρ(ρ, θ)ρ̂+ eθ(ρ, θ)θ̂ + eφ(ρ, θ)φ̂)eimjφ.

Following the sphere TE and TM mode solutions of section B.3, we can apply the previous
intensity relation

ITEj (ρ, θ) ≈ |aj|2

4ωjµ0Nj

∣∣∣∣∣ 2mj

ρ sin θ |eθ(ρ, θ)|
2φ̂

∣∣∣∣∣ = |aj|2

2ωjµ0Nj

mj

ρ |sin θ| |eθ(ρ, θ)|
2 (B.15)

ITMj (ρ, θ) ≈ |aj|2

4ωjµ0Nj

∣∣∣∣∣ 2mj

ρ sin θ |eρ(ρ, θ)|
2φ̂

∣∣∣∣∣ = |aj|2

2ωjµ0Nj

mj

ρ |sin θ| |eρ(ρ, θ)|
2. (B.16)

The intensity depends on the transversal coordinates. It is usually chosen near the maxima,
|emaxθ |2 and |emaxρ |2, of the first radial order TE and TM modes lj = mj, located near ρ ≈ Rc

and θ = π/2.

ITEj (ρ ≈ Rc, θ = π/2) ≈ |aj|
2ε0c

2

2ωjNj

mj

Rc

|emaxθ |2 ≈
nTEeffε0c

2Nj

|aj|2|emaxθ |2 (B.17)

ITMj (ρ ≈ Rc, θ = π/2) ≈ |aj|
2ε0c

2

2ωjNj

mj

Rc

|emaxρ |2 ≈
nTMeff ε0c

2Nj

|aj|2|emaxρ |2 (B.18)

where Rc is the sphere radius and we used the tangential wavenumber relation

kmj = kj · φ̂ ≈
mj

Rc

≈ neffωj
c

.

Note that the approximation ρ ≈ Rc is valid for large resonators where |eθ(ρ, θ)|2 (TE) and
|eρ(ρ, θ)|2 (TM) form a narrower Gaussian-like distribution that is pushed toward the sphere’s
boundaries.

These intensity to field amplitude relations B.17 and B.18 are similar to the plane wave
intensity relation found in the literature :

Ipw = nε0c

2 < |E|2 >

where where < ... > is the time-averaged value and the factor 1/2 comes from definition of
the cavity mode solutions of Eq. B.1.
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The previous circulating power definition can be applied to the microsphere’s modes to give

P TE
j ≈ mj|aj|2

2ωjµ0Nj

∫
A

|eθ(ρ, θ)|2
ρ |sin θ| dA = |aj|2

mjc
2

ωj

∫
A
|eθ(ρ,θ)|2
ρ|sin θ| dA∫

V (n2
0|c)|ej(r)|2dV (B.19)

P TM
j ≈ mj|aj|2

2ωjµ0Nj

∫
A

|eρ(ρ, θ)|2
ρ |sin θ| dA = |aj|2

mjc
2

ωj

∫
A
|eρ(ρ,θ)|2
ρ|sin θ| dA∫

V (n2
0|c)|ej(r)|2dV (B.20)

where dA ≡ ρ sin(θ)dρdθ.

Using the large resonator approximation for the first radial mode order where the field is
located near ρ ≈ Rc and θ ≈ π/2, the integrals can be approximated and the circulating
power can be written as

P TE
j ≈ |aj|2

mjc
2

2πR2
cωjn

2
c

(B.21)

P TM
j ≈ |aj|2

mjc
2

2πR2
cωjn

2
c

. (B.22)

where |eθ(ρ, θ)| and |eρ(ρ, θ)| are considered to be the dominant vector components of the
TE and TM modes respectively and nc is the cavity refractive index.

The round-trip time is typically written as Trt = 2πRcneff/c where Rcneff is viewed as an
effective optical radius, hence having

P
TE/TM
j ≈ |aj|

2

Trt

n2
eff

n2
c

→ P
TE/TM
j ≈ |aj|

2

Trt
for large cavities. (B.23)

For a fixed ωj, a smaller mj leads to a smaller number of nodes per round-trip, hence a
smaller effective optical radius.
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Mode area and mode volume

Many definitions of the mode area and mode volume are given in the literature. In this
thesis, the definitions come directly from the intensity and power expressions B.15 to B.22.
The transverse area and the volume occupied by the mode are given by

Aj = Pj
Ij

and Vj = 2πRcAj.

Using the explicit expressions, we have

ATEj (ρ, θ) = ρ |sin θ|
|eθ(ρ, θ)|2

∫
A

|eθ(ρ, θ)|2
ρ |sin θ| dA (B.24)

ATMj (ρ, θ) = ρ |sin θ|
|eρ(ρ, θ)|2

∫
A

|eρ(ρ, θ)|2
ρ |sin θ| dA (B.25)

which are usually evaluated at the field maximum. For the first radial mode of large spheres,
it simplifies to

ATEj (ρ ≈ Rc, θ = π/2) ≈ 1
|emaxθ |2

∫
A
|eθ(ρ, θ)|2dA (B.26)

ATMj (ρ ≈ Rc, θ = π/2) ≈ 1
|emaxρ |2

∫
A
|eρ(ρ, θ)|2dA (B.27)

and

V TE
j (ρ ≈ Rc, θ = π/2) ≈ 2πRc

|emaxθ |2
∫
A
|eθ(ρ, θ)|2dA ≈

1
|emaxθ |2

∫
V
|eθ(ρ, θ)|2dV (B.28)

V TM
j (ρ ≈ Rc, θ = π/2) ≈ 2πRc

|emaxρ |2
∫
A
|eρ(ρ, θ)|2dA ≈

1
|emaxρ |2

∫
V
|eρ(ρ, θ)|2dV. (B.29)

Similar results are obtained using Relations B.17, B.18, B.21 and B.22. These definitions are
found in other works [125,285].
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B.1.3 General coupled-modes equations

The field propagation is dictated by Maxwell’s equations (Eq.B.2-B.5) which give

∇2E(r, t)−∇(∇ · E(r, t))− 1
c2
∂2E(r, t)
∂t2

= µ0
∂2P(1)(r, t)

∂t2
+ µ0

∂2P(3)(r, t)
∂t2

with the speed of light in vacuum c = 1/√ε0µ0.

Using the local field and the fast response approximations of Section B.1.1, we write the
electric polarization components as

P (1)(p1)(r, t) = ε0
∑
j

∑
p2
χ

(1)
p1,p2(r, ωl)E(p2)

j (r, t)

P (3)(p1)(r, t) = ε0
∑
l,m,p

∑
p2,p3,p4

χ
(3)
p1,p2,p3,p4(r, ωl, ωm, ωp)E(p2)

l (r, t)E(p3)
m (r, t)E(p4)

p (r, t)

where (p1, p2, p3, p4) are one of the three spatial components (e.g. (x, y, z) or (ρ, θ, z)) and
(l,m, p) represent the modes with frequencies ωl, ωm and ωp respectively. For example, E(y)

l

is the y component of the electric field associated with the mode l.

For an isotropic medium (Section B.1.1), we have

∇2E(r, t)−∇(∇ · E(r, t))− εr(r, ω)
c2

∂2E(r, t)
∂t2

= µ0
∂2P(3)(r, t)

∂t2

where εr(r, ω) = 1 + χ(1)(r, ω). It can be simplified to

∇2E(r, t)− εr(r, ω)
c2

∂2E(r, t)
∂t2

= µ0
∂2P(3)(r, t)

∂t2
(B.30)

since

∇ ·D(r, t) = ε0∇ · (εr(r, ω)E(r, t)) + ∇ ·P(3)(r, t) = 0

= ε0[εr(r, ω)∇ · E(r, t) + (∇εr(r, ω)) · E(r, t)] + ∇ ·P(3)(r, t) = 0

⇒∇ · E(r, t) = −∇ ·P(3)(r, t)
ε0εr(r, ω)

where we considered an isotropic medium ∇εr(r, ω) = 0. Relation B.30 is obtained if we
consider that

|∇2E| � |∇(∇ ·P(3))
ε0εr

|,
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which is valid when P(3) is a small perturbation. ω is the frequency of the monochromatic
signal. Using Eq.B.1 and Eq.B.30, we find

∑
j

aj(t)e−iωjt

2
√
Nj

[∇2ej(r)]− εr(r, ω)ej(r)
2c2
√
Nj

[−ω2
jaj(t)− i2ωj

∂aj(t)
∂t

+ ∂2aj(t)
∂t2

]e−iωjt+

∑
L

e−iωLt

2
√
ML

[∇2sL(z, t)eL(r)]− εr(r, ω)eL(r)
2c2
√
ML

[−ω2
LsL(z, t)− i2ωL

∂sL(z, t)
∂t

+ ∂2sL(z, t)
∂t2

]e−iωLt

= ε0µ0
∑
i,j,k

∑
l,m,p

∂2

∂t2
[χ(3)(r;ωl, ωm, ωp)E(i)

l (r, t)E(j)
m (r, t)E(k)

p (r, t)].

(B.31)

where the term on the right side is summed over the different polarization components (i, q, k)
associated with the modes (l,m, p).

The following approximation is made

∇2sL(z, t)eL(r) = sL(z, t)∇2eL(r) + i2βLeL(r)∂sL(z, t)
∂z

+ eL(r)∂
2sL(z, t)
∂z2

≈ sL(z, t)∇2eL(r) + i2βLeL(r)∂sL(z, t)
∂z

where we considered that ei,L(r, θ, z) = ei,L(r, θ)eiβLz and we neglected the second derivative
compared to the first.

Finally, in Eq. B.31, we consider that sL(z, t) is quasi constant in time and aj(t) slowly
change :

|i2ωj
∂aj(t)
∂t
| � ∂2aj(t)

∂t2
et ω2

LsL(z, t)� |i2ωL
∂sL(z, t)

∂t
|.

All these approximations result in a general coupling equation

∑
j

aj(t)e−iωjt

2
√
Nj

∇2ej(r)− εr(r, ω)ej(r)
2c2
√
Nj

[−ω2
jaj(t)− i2ωj

∂aj(t)
∂t

]e−iωjt+

∑
L

sL(z, t)e−iωLt

2
√
ML

∇2eL(r) + iβLe
−iωLteL(r)√
ML

∂sL(z, t)
∂z

+ εr(r, ω)eL(r)
2c2
√
ML

ω2
LsL(z, t)e−iωLt

= 1
c2

∑
i,j,k

∑
l,m,p

∂2

∂t2
[χ(3)(r;ωl, ωm, ωp)E(i)

l (r, t)E(j)
m (r, t)E(k)

p (r, t)]. (B.32)

It is important to note that complex conjugate terms (c.c.) are voluntarily omitted on the
left side since they have no impact on linear coupling terms. These terms are function of the
frequency difference ωj−ωp and the phase mismatch. Some terms include e∗j(r)e∗p(r)ei(ωj+ωp).
They are proportional to ei2ω and they average to zero. Nevertheless, those terms are impor-
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tant to describe nonlinear effects on the right side.

Decomposition of linear interaction

The linear interactions between modes can be described through a complex perturbative term
εr(r, ω) → εr(r, ω) + δεr(r, ω) where ω is the signal frequency. The real and imaginary part
of εr(r, ω) are linked to the signal phase velocity and to the intrinsic losses in the material
respectively. Re(δεr(r, ω)) = δε(r, ω) describe the coupling processes to other modes p of
the cavity and Im(δεr(r, ω)) = δε′(r, ω) describe the losses to radiative modes during these
coupling processes.

εr = (n0(r, ω) + in′0(r, ω))2 + δεr(r, ω) + iδε′(r, ω)

Re(εr) = n0(r, ω)2 − n′0(r, ω)2 + δεr(r, ω) ≈ n0(r, ω)2 + δε(r, ω)

iIm(εr) = i2n0(r, ω)n′0(r, ω) + iδε′(r, ω).

n0 et n′0 describe the refractive index profile and the absorption profile respectively :

n0(r) = nc inside the cavity

= na in the surrounding medium

= ng in the waveguide

n′0 is considered to be small compared to n0 and zero outside the cavity. δε(r, ω) can be linked
to a local refractive index change such as surface roughness which allows the signal to scatter
into other cavity modes or radiative modes [26]. Relation B.31 becomes

∑
j

aj(t)e−iωjt

2
√
Nj

[∇2ej(r) + n2
0|c
c2 ω2

jej(r)] + aj(t)e−iωjt

2c2
√
Nj

[n2
0|g − n2

a]ω2
jej(r)+

aj(t)e−iωjt

2c2
√
Nj

[δε(r) + iIm(εr)]ω2
jej(r) + iωje

−iωjt

c2
√
Nj

∂aj(t)
∂t

εr(r)ej(r)+

∑
L

sL(z, t)e−iωLt

2
√
ML

[∇2eL(r) + n2
0|g
c2 ω2

LeL(r)] + sL(z, t)e−iωLt

2c2
√
ML

[n2
0|c − n2

a]ω2
LeL(r)+

sL(z, t)e−iωLt

2c2
√
ML

[δε(r) + iIm(εr)]ω2
LeL(r) + iβLe

−iωLt
√
ML

∂sL(z, t)
∂z

εr(r)eL(r)

= 1
c2

∑
i,j,k

∑
l,m,p

∂2

∂t2
[χ(3)(r;ωl, ωm, ωp)E(i)

l (r, t)E(j)
m (r, t)E(k)

p (r, t)]

where n2
0|c and n2

0|g are the squared refractive index profile of the cavity or the waveguide
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alone in the surrounding medium, as shown in Fig. B.2.

We find a relation that shows the eigenmodes propagation equations explicitly for the cavity
modes j and the waveguide modes L :

∇2ej(r) + n2
0|c
c2 ω2

jej(r) = 0 (B.33)

∇2eL(r) + n2
0|g
c2 ω2

LeL(r) = 0. (B.34)

Furthermore, the coupling terms contain [n2
0|g−n2

a] and [n2
0|c−n2

a]. Since the refractive index
profiles depend on the signal frequency, the eigenmode equations are truly zero for ωj and
ωL respectively. During an experiment, we control ωL and we are interested in cases where
the laser signal couples to cavity modes, meaning that ωL ≈ ωj. The width of a WGM
microcavity resonance is typically below 0.1 nm around a wavelength of 1550 nm. In that
case, the refractive index difference is less than 0.00001 for As2S3. We can consider that these
eigenmode equations are always zero when the coupled-modes equations are used.

We finally find

iωje
−iωjt

c2
√
Nj

∂aj(t)
∂t

εr(r)ej(r) + aj(t)e−iωjt

2c2
√
Nj

[n2
0|g − n2

a]ω2
jej(r)

+aj(t)e
−iωjt

2c2
√
Nj

[δε(r) + iIm(εr)]ω2
jej(r)

+
∑
p

iωpe
−iωpt

c2
√
Np

∂ap(t)
∂t

εr(r)ep(r) + ap(t)e−iωpt

2c2
√
Np

[n2
0|g − n2

a]ω2
pep(r) (B.35)

+ap(t)e
−iωpt

2c2
√
Np

[δε(r) + iIm(εr)]ω2
pep(r)

+
∑
L

iβLe
−iωLt

√
ML

∂sL(z, t)
∂z

εr(r)eL(r) + sL(z, t)e−iωLt

2c2
√
ML

[n2
0|c − n2

a]ω2
LeL(r)

+sL(z, t)e−iωLt

2c2
√
ML

[δε(r) + iIm(εr)]ω2
LeL(r)

= 1
c2

∑
i,j,k

∑
l,m,p

∂2

∂t2
[χ(3)(r;ωl, ωm, ωp)E(i)

l (r, t)E(j)
m (r, t)E(k)

p (r, t)].

We considered a main cavity mode j that is coupled to the waveguide modes L, and to other
cavity modes p through linear and nonlinear processes.
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Figure B.2 : (a) The cavity refractive index profile n0|c. (b) The waveguide refractive index
profile n0|g.

B.1.4 Waveguide and cavity coupled-modes equations

It is easier to start with the linear case where χ(3) → 0.

Linear coupled-modes equations for the waveguide

To obtain the coupled-modes equations, we can isolate the spatial components into overlap
integrals. We can retrieve the coupled-modes equation for the mode L from B.35 by multi-
plying ∧h∗L′ from the right side and by integrating on the transverse area A, similarly to the
previous power normalization :

∂sL(z, t)
∂z

= isL(z, t)ω2
L

2βLc2

∫
A[n2

0|c − n2
a + δε(r)](eL ∧ h∗L) · ẑdA∫
A(eL ∧ h∗L) · ẑdA

− ∂aj(t)
∂t

e−i(ωj−ωL)t ωj
βLc2

√
ML

Nj

∫
A εr(r)(ej ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA

+ iaj(t)e−i(ωj−ωL)t ω2
j

2βLc2

√
ML

Nj

∫
A[n2

0|g − n2
a + δε(r)](ej ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA (B.36)

−
∑
p

∂ap(t)
∂t

e−i(ωp−ωL)t ωp
βLc2

√
ML

Np

∫
A εr(r)(ep ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA

+
∑
p

iap(t)e−i(ωp−ωL)t ω2
p

2βLc2

√
ML

Np

∫
A[n2

0|g − n2
a + δε(r)](ep ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA .

By neglecting the modal coupling between the waveguide modes so that L′ ≡ L, we obtain
a first order inhomogeneous equation.

We usually know the input power |sL(z0, t)|2 at z0 where the coupling is negligible. We
measure the output power |sL(z1, t)|2 at z1 where the coupling is also negligible. To find the



151

wave amplitude along the waveguide, we solve Eq. B.36 :

sL(z, t) = sL(z0, t)eiη(z)

+ iaj(t)e−i(ωj−ωL)t ω2
j

2βLc2

√
ML

Nj

eiη(z)
∫ z

z0
e−iη(z′)

∫
A[n2

0|g − n2
a + δε(r)](ej ∧ h∗L) · n̂dA∫

A(eL ∧ h∗L) · ẑdA dz′

− ∂aj(t)
∂t

e−i(ωj−ωL)t ωj
βLc2

√
ML

Nj

eiη(z)
∫ z

z0
e−iη(z′)

∫
A εr(r)(ej ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA dz′ (B.37)

+
∑
p

iap(t)e−i(ωp−ωL)t ω2
p

2βLc2

√
ML

Np

eiη(z)
∫ z

z0
e−iη(z′)

∫
A[n2

0|g − n2
a + δε(r)](ep ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA dz′

− ∂ap(t)
∂t

e−i(ωp−ωL)t ωp
βLc2

√
ML

Np

eiη(z)
∫ z

z0
e−iη(z′)

∫
A εr(r)(ep ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA dz′

where

η(z) = ω2
L

2βLc2

∫ z

z0

∫
A[n2

0|c − n2
a + δε(r)](eL ∧ h∗L) · ẑdA∫
A(eL ∧ h∗L) · ẑdA dz′ (B.38)

η(z′) = ω2
L

2βLc2

∫ z′

z0

∫
A[n2

0|c − n2
a + δε(r)](eL ∧ h∗L) · ẑdA∫
A(eL ∧ h∗L) · ẑdA dz′′

are the phase changes induced by the cavity. All the overlap integrals are independent of
the time component and they represent the sum of the fields overlap of the increment dz
normalized by the power.

Linear coupled-modes equations for the cavity

For the cavity mode equations, linked to the energy normalization, we multiply by e∗j(r) from
the left and we integrate over a volume V which includes the cavity and the waveguide :

iωje
−iωjt

c2
√
Nj

∂aj(t)
∂t

∫
V
εr(r)|ej|2dV + aj(t)e−iωjt

2c2
√
Nj

ω2
j

∫
V

[n2
0|g − n2

a]|ej|2dV

+aj(t)e
−iωjt

2c2
√
Nj

ω2
j

∫
V
δε(r)|ej|2dV + aj(t)e−iωjt

2c2
√
Nj

ω2
j

∫
V
iIm(εr)|ej|2dV

+
∑
p

iωpe
−iωpt

c2
√
Np

∂ap(t)
∂t

∫
V
εr(r)e∗jepdV + ap(t)e−iωpt

2c2
√
Np

ω2
p

∫
V

[n2
0|g − n2

a]e∗jepdV

+ap(t)e
−iωpt

2c2
√
Np

ω2
p

∫
V
δε(r)e∗jepdV + ap(t)e−iωpt

2c2
√
Np

ω2
p

∫
V
iIm(εr)e∗jepdV

+
∑
L

iβLe
−iωLt

√
ML

∫
V

∂sL(z, t)
∂z

εr(r)e∗jeLdV + e−iωLt

2c2
√
ML

ω2
L

∫
V
sL(z, t)[n2

0|c − n2
a]e∗jeLdV
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+ e−iωLt

2c2
√
ML

ω2
L

∫
V
sL(z, t)δε(r)e∗jeLdV + e−iωLt

2c2
√
ML

ω2
L

∫
V
isL(z, t)Im(εr)e∗jeLdV = 0.

We now have multiple coupling terms but some are negligible. We can consider that the
waveguide modes L are affected by the cavity’s presence only. Furthermore, in the first term,
we can change εr(r) for n2

0|c since |ej|2 is generally much higher inside the cavity. This gives

iωje
−iωjt

c2
√
Nj

∂aj(t)
∂t

∫
V
n2

0|c|ej|2dV + aj(t)e−iωjt

2c2
√
Nj

ω2
j

∫
V

[n2
0|g − n2

a + δε(r)]|ej|2dV

+aj(t)e
−iωjt

2c2
√
Nj

ω2
j

∫
V
iIm(εr)|ej|2dV

+
∑
p

iωpe
−iωpt

c2
√
Np

∂ap(t)
∂t

∫
V
εr(r)e∗jepdV + ap(t)e−iωpt

2c2
√
Np

ω2
p

∫
V

[n2
0|g − n2

a + δε(r)]e∗jepdV

+
∑
L

iβLe
−iωLt

√
ML

∫
V

∂sL(z, t)
∂z

εr(r)e∗jeLdV + e−iωLt

2c2
√
ML

ω2
L

∫
V
sL(z, t)[n2

0|c − n2
a + δε(r)]e∗jeLdV = 0.

We can obtain the coupled-modes equations by moving all the terms on the right side :

∂aj(t)
∂t

= iaj(t)ωj
2

∫
V [n2

0|g − n2
a + δε(r)]|ej|2dV∫

V n
2
0|c|ej|2dV

− aj(t)ωj
2

∫
V Im(εr)|ej|2dV∫
V n

2
0|c|ej|2dV

−
∑
p

∂ap(t)
∂t

e−i(ωp−ωj)t
ωp
ωj

√
Nj

Np

∫
V εr(r)e∗jepdV∫
V n

2
0|c|ej|2dV

+ (B.39)

+
∑
p

iap(t)e−i(ωp−ωj)t
2

ω2
p

ωj

√
Nj

Np

∫
V [n2

0|g − n2
a + δε(r)]e∗jepdV∫

V n
2
0|c|ej|2dV

−
∑
L

e−i(ωL−ωj)t
βLc

2

ωL

√
Nj

ML

∫
V
∂sL(z,t)
∂z

εr(r)e∗jeLdV∫
V n

2
0|c|ej|2dV

+
∑
L

ie−i(ωL−ωj)t

2
ω2
L

ωj

√
Nj

ML

∫
V sL(z, t)[n2

0|c − n2
a + δε(r)]e∗jeLdV∫

V n
2
0|c|ej|2dV

The first term on the right side shows the j mode phase change due to the waveguide and
δε. The second term describes the attenuation via the material absorption and diffusion, and
via the scattering of δε′(r). The third and fourth terms describe the coupling to other cavity
modes p. The last two terms describe the coupling to waveguide modes.
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To obtain an equation that depends on sL(z0, t), we insert Eq. B.36 and Eq. B.37 in Eq. B.39 :

A1
∂aj(t)
∂t

= A2aj(t)+
∑
p

(
A3ap(t) + A4

∂ap(t)
∂t

)
e−i(ωp−ωj)t+

∑
L

A5sL(z0, t)e−i(ωL−ωj)t (B.40)

where

A1 =

1−
∑
L

∫
V

[∫
A
εr(r)(ej∧h∗L)·ẑdA∫
A

(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

+
∑
L

i
ω2
L

2βLc2

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A
εr(r)(ej∧h∗L)·ẑdA∫
A

(eL∧h∗L)·ẑdA dz′
]

[n2
0|c − n2

a + δε(r)]e∗jeLdV∫
V n

2
0|c|ej|2dV

−
∑
L

i
ω2
L

2βLc2

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A
εr(r)(ej∧h∗L)·ẑdA∫
A

(eL∧h∗L)·ẑdA dz′
] [∫

A
[n2

0|c−n
2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

A2 =

− ωj
2

∫
V Im(εr)|ej|2dV∫
V n

2
0|c|ej|2dV

+ i
ωj
2

∫
V [n2

0|g − n2
a + δε(r)]|ej|2dV∫

V n
2
0|c|ej|2dV

−
∑
L

i
ωj
2

∫
V

[∫
A

[n2
0|g−n

2
a+δε(r)](ej∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

−
∑
L

ω2
Lωj

4βLc2

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A

[n2
0|g−n

2
a+δε(r)](ej∧h∗L)·n̂dA∫

A
(eL∧h∗L)·ẑdA dz′

]
[n2

0|c − n2
a + δε(r)]e∗jeLdV∫

V n
2
0|c|ej|2dV

+
∑
L

ω2
Lωj

4βLc2

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A

[n2
0|g−n

2
a+δε(r)](ej∧h∗L)·n̂dA∫

A
(eL∧h∗L)·ẑdA dz′

] [∫
A

[n2
0|c−n

2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

A3 =

i
ω2
p

2ωj

√
Nj

Np

∫
V [n2

0|g − n2
a + δε(r)]e∗jepdV∫

V n
2
0|c|ej|2dV
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−
∑
L

i
ω2
p

2ωj

√
Nj

Np

∫
V

[∫
A

[n2
0|g−n

2
a+δε(r)](ep∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

−
∑
L

ω2
Lω

2
p

4ωjβLc2

√
Nj

Np

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A

[n2
0|g−n

2
a+δε(r)](ep∧h∗L)·n̂dA∫

A
(eL∧h∗L)·ẑdA dz′

]
[n2

0|c − n2
a + δε(r)]e∗jeLdV∫

V n
2
0|c|ej|2dV

+
∑
L

ω2
Lω

2
p

4ωjβLc2

√
Nj

Np

×

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A

[n2
0|g−n

2
a+δε(r)](ep∧h∗L)·n̂dA∫

A
(eL∧h∗L)·ẑdA dz′

] [∫
A

[n2
0|c−n

2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV
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− ωp
ωj

√
Nj

Np

∫
V εr(r)e∗jepdV∫
V n

2
0|c|ej|2dV

+
∑
L

ωp
ωj

√
Nj

Np

∫
V

[∫
A
εr(r)(ep∧h∗L)·ẑdA∫
A

(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

−
∑
L

i
ω2
Lωp

2ωjβLc2

√
Nj

Np

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A
εr(r)(ep∧h∗L)·ẑdA∫
A

(eL∧h∗L)·ẑdA dz′
]

[n2
0|c − n2

a + δε(r)]e∗jeLdV∫
V n

2
0|c|ej|2dV

+
∑
L

i
ω2
Lωp

2ωjβLc2

√
Nj

Np

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A
εr(r)(ep∧h∗L)·ẑdA∫
A

(eL∧h∗L)·ẑdA dz′
] [∫

A
[n2

0|c−n
2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

A5 = i
ω2
L

2ωj

√
Nj

ML

∫
V e

iη(z)[n2
0|c − n2

a + δε(r)]e∗jeLdV∫
V n

2
0|c|ej|2dV

− i ω
2
L

2ωj

√
Nj

ML

∫
V e

iη(z)
[∫

A
[n2

0|c−n
2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

and, with Eq. B.38,

η(z) = ω2
L

2βLc2

∫ z

z0

∫
A[n2

0|c − n2
a + δε(r)](eL ∧ h∗L) · ẑdA∫
A(eL ∧ h∗L) · ẑdA dz′.

Each Ai are constant in regard of time but depends on optical frequencies and the spatial
components.
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Coupling constants approximations

Relations B.37 and B.40 describe the coupling processes between the waveguide modes and
the cavity modes. Nevertheless, in the literature, more approximations are used.

Firstly, in Relation B.37, we neglect the contribution of the partial time derivatives since aj(t)
and ap(t) do not vary rapidly. Secondly, in Relation B.37 A1 constant, all the summation terms
are considered small compared to unity, leading to A1 ≈ 1. Neglecting the time derivatives in
Relations B.36 and B.37 would give the same result. Thirdly, we neglect the coupling between
modes j and p due to the waveguide, i.e. the last three terms of A3 are negligible compared
to the effect of δε(r). Finally, we consider that the coupling between modes j and p is slow,
leading to

|A3ap(t)| >> |A4
∂ap(t)
∂t
|.

A more familiar form is obtained :

∂aj(t)
∂t

= (iΓjj −
1

2τj,0
− 1

2τj,c
)aj(t) +

∑
p

iΓjpap(t)e−i(ωp−ωj)t +
∑
L

iκjLsL(z0, t)e−i(ωL−ωj)t

(B.41)

sL(z, t) = sL(z0, t)eiη(z) + iκLj(z)eiη(z)aj(t)e−i(ωj−ωL)t +
∑
p

iκLp(z)eiη(z)ap(t)e−i(ωp−ωL)t.

The latter relation is usually evaluated at the waveguide’s exit z = z1

sL(z1, t) = sL(z0, t) + iκLj(z1)aj(t)e−i(ωj−ωL)t +
∑
p

iκLp(z1)ap(t)e−i(ωp−ωL)t (B.42)

where the global phase term eiη(z1) is equaled to 1 since it does not influence the measured
output power |sL(z1, t)|2. It becomes important if, for example, the waveguide-cavity system
is part of an interferometer.

The mode j phase difference constant, j − p coupling constant and the intrinsic loss rate of
the mode j are respectively

Γjj = ωj
2

∫
V [n2

0|g − n2
a + δε(r)]|ej|2dV∫

V n
2
0|c|ej|2dV

−
∑
L

ωj
2

∫
V

[∫
A

[n2
0|g−n

2
a+δε(r)](ej∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

(B.43)

Γjp =
ω2
p

2ωj

√
Nj

Np

∫
V [n2

0|g − n2
a + δε(r)]e∗jepdV∫

V n
2
0|c|ej|2dV

≈
ω2
p

2ωj

√
Nj

Np

∫
V δε(r)e∗jepdV∫
V n

2
0|c|ej|2dV

(B.44)

1
2τj,0

= ωj
2

∫
V Im(εr)|ej|2dV∫
V n

2
0|c|ej|2dV

. (B.45)
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τj,0 is defined as the intrinsic photon’s lifetime inside the cavity without external coupling
process. In other words, if the waveguide is instantaneously removed at t = 0, the power or
the energy inside the j mode reaches e−1 of its inital value at t = τj,0. Main loss processes
related to τj,0 are the material absorption, Rayleigh scattering and radiative tunneling.

Up to now, we did not discussed the imaginary part of the perturbations, i.e. iδε′(r). Within
Γjj et Γjp, this imaginary part describes the coupling process to radiative modes due to a
perturbation, for example, a dust particle on the cavity’s surface. To do so, we rewrite

Γjj → Γjj + iΓ′jj
Γjp → Γjp + iΓ′jp

with

Γ′jj = ωj
2

∫
V δε

′(r)|ej|2dV∫
V n

2
0|c|ej|2dV

−
∑
L

ωj
2

∫
V

[∫
A
δε′(r)(ej∧h∗L)·ẑdA∫
A

(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

(B.46)

≈ ωj
2

∫
V δε

′(r)|ej|2dV∫
V n

2
0|c|ej|2dV

(B.47)

Γ′jp ≈
ω2
p

2ωj

√
Nj

Np

∫
V δε

′(r)e∗jepdV∫
V n

2
0|c|ej|2dV

(B.48)

where we neglected the presence of a perturbation in the coupling area as it is small compared
to the cavity’s area, i.e. δε′(r)e∗jeL → 0 and δε′(r)(ej ∧ h∗L) · ẑ→ 0.

The coupling constants of j−L, L− j and L− p, and the loss rate due to the j−L coupling
are

κjL = ω2
L

2ωj

√
Nj

ML

∫
V e

iη(z)[n2
0|c − n2

a + δε(r)]e∗jeLdV∫
V n

2
0|c|ej|2dV

(B.49)

− ω2
L

2ωj

√
Nj

ML

∫
V e

iη(z)
[∫

A
[n2

0|c−n
2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

κLj(z) =
ω2
j

2βLc2

√
ML

Nj

∫ z

z0
e−iη(z′)

∫
A[n2

0|g − n2
a + δε(r)](ej ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA dz′ (B.50)

κLp(z) =
ω2
p

2βLc2

√
ML

Np

∫ z

z0
e−iη(z′)

∫
A[n2

0|g − n2
a + δε(r)](ep ∧ h∗L) · ẑdA∫

A(eL ∧ h∗L) · ẑdA dz′

1
2τj,c

=
∑
L

ω2
Lωj

4βLc2

∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A

[n2
0|g−n

2
a+δε(r)](ej∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA dz′

]
[n2

0|c − n2
a + δε(r)]e∗jeLdV∫

V n
2
0|c|ej|2dV
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−
∑
L

ω2
Lωj

4βLc2×
∫
V e

iη(z)
[∫ z
z0
e−iη(z′)

∫
A

[n2
0|g−n

2
a+δε(r)](ej∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA dz′

] [∫
A

[n2
0|c−n

2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV


=

∑
L

ω2
L

2ωj

√
Nj

ML

∫
V e

iη(z) [κLj(z)] [n2
0|c − n2

a + δε(r)]e∗jeLdV∫
V n

2
0|c|ej|2dV

(B.51)

−
∑
L

ω2
L

2ωj

√
Nj

ML

∫
V e

iη(z) [κLj(z)]
[∫

A
[n2

0|c−n
2
a+δε(r)](eL∧h∗L)·ẑdA∫

A
(eL∧h∗L)·ẑdA

]
εr(r)e∗jeLdV∫

V n
2
0|c|ej|2dV

where η(z) is defined in Eq. B.38.

Similarly to τj,0, τj,c is the extrinsic photon’s lifetime due to the waveguide coupling. In other
words, if the cavity’s losses were instantaneously removed at t = 0, the power or the energy
inside the j mode reaches e−1 of its inital value at t = τj,c. As we can see, τj,c depends on the
mode overlap between the modes j and L and their phase conditions.

A closer inspection of these relations reveals a link between κjL, κLj(z) and τj,c. For symme-
trical coupling conditions, we have

1
2τj,c

≈
∑
L

κjL
κLj(z1)

2 → 1
τj,c
≈
∑
L

κjLκLj(z1) (B.52)

1
2τ−j,c

≈
∑
L

κ−j−L
κ−L−j(z0)

2 → 1
τ−j,c

≈
∑
L

κ−j−Lκ−L−j(z0) (B.53)

where κLj(z) ≈ κLj(z1)
2 goes out of the volume integral of 1

2τj,c for each dz slice. Furthermore,
in the literature, the approximation

κjL ≈ κLj(z1) ≈ κ−j−L ≈ κ−L−j(z0)

is usually used, giving
1
τj,c
≈ 1
τ−j,c

≈ κ2
jL ⇒ κjL ≈

1
√
τj,c

(B.54)

with κjL being real.

All these coefficients are considered constant during measurements and they are proper to
each resonance and each coupling conditions. Specifically, they depend on the frequencies,
the material properties, the surface roughness, the cavity and waveguide geometries, the
waveguide-cavity separation and the angle between them.
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B.1.5 Modal coupling : clockwise and counterclockwise modes

In principle, only the mode p = −j, propagating in the opposite direction, has a similar
eigenfrequency that allows e−i(ωj−ωp) → 1. We can then consider that the linear coupling
between a clockwise cavity mode is limited to their counterclockwise twin. For example, if
surface roughness fulfills the phase-match conditions, energy will be transfered [26]. Those
twin modes, j and −j are degenerate and have the same frequency ωj when the cavity is
circular. They can also be described as a superposition of a symmetric and anti-symmetric
stationary wave modes with a frequency ωj. A perturbation spatially fixes these modes and
lifts the frequency degeneracy. It can be measured experimentally as double peaks [286]. As
whispering gallery modes are very sensitive to perturbation, this is useful to detect a small
particle or a biological pathogen [71,287].

Equations B.41 and B.42 give, for j et L,

∂aj(t)
∂t

= (iΓjj − Γ′jj −
1

2τj,0
− 1

2τj,c
)aj(t) + (iΓj−j − Γ′j−j)a−j(t) +

∑
L

iκjLsL(z0, t)e−i(ωL−ωj)t

(B.55)

sL(z1, t) = sL(z0, t) + iκLj(z1)aj(t)e−i(ωj−ωL)t (B.56)

and, for −j et −L,

∂a−j(t)
∂t

= (iΓ−j−j − Γ′−j−j −
1

2τ−j,0
− 1

2τ−j,c
)a−j(t) (B.57)

+ (iΓ−jj − Γ′−jj)aj(t) +
∑
L

iκ−j−Ls−L(z1, t)e−i(ωL−ωj)t

s−L(z0, t) = s−L(z1, t) + iκ−L−j(z0)a−j(t)e−i(ωj−ωL)t (B.58)

where, for the latter, the mode −j is coupled to −L modes that are propagating from z = z1

to z = z0. For coupling processes in the −L direction, integration interval goes from z = z1

to z in the definitions of 1
2τ−j,c , κ−j−L and κ−L−j(z).

We often rewrite Relations B.55 to B.58 as solutions proportional to e−i(ωL−ωj)t. Using

aj(t) → aj(t)e−i(ωL−ωj)t et a−j(t) → a−j(t)e−i(ωL−ωj)t,

we obtain, for j and L,

∂aj(t)
∂t

=
(
i[Γjj + ωL − ωj]− Γ′jj −

1
2τj,0

− 1
2τj,c

)
aj(t)
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+ (iΓj−j − Γ′j−j)a−j(t) +
∑
L

iκjLsL(z0, t)

=
(
i[ωL − (ωj − Γjj)]− Γ′jj −

1
2τj

)
aj(t) (B.59)

+ (iΓj−j − Γ′j−j)a−j(t) +
∑
L

iκjLsL(z0, t)

sL(z1, t) = sL(z0, t) + iκLj(z1)aj(t) (B.60)

and, for −j et −L,

∂a−j(t)
∂t

=
(
i[Γ−j−j + ωL − ωj]− Γ′−j−j −

1
2τ−j,0

− 1
2τ−j,c

)
a−j(t)

+ (iΓ−jj − Γ′−jj)aj(t) +
∑
L

iκ−j−Ls−L(z1, t)

=
(
i[ωL − (ωj − Γ−j−j)]− Γ′−j−j −

1
2τ−j

)
a−j(t) (B.61)

+ (iΓ−jj − Γ′−jj)aj(t) +
∑
L

iκ−j−Ls−L(z1, t)

s−L(z0, t) = s−L(z1, t) + iκ−L−j(z0)a−j(t) (B.62)

where
1

2τj
= 1

2τj,0
+ 1

2τj,c
and 1

2τ−j
= 1

2τ−j,0
+ 1

2τ−j,c
. (B.63)

The spectra depend on the frequency or wavelength difference between the laser and the
shifted resonance ωL − (ωj − Γjj). Experimentally, the ωj − Γjj shift is not important and it
is the difference between the laser line and the resonance’s center that counts, wherever the
resonance was prior to the waveguide perturbation. For this reason, Γjj and Γ−j−j are often
omitted.

Finally, by comparison, we see that

Γjj = Γ−j−j = Γ1 and Γj−j = Γ−jj = Γ2 ⇒ |Γj−j|2 = |Γ−jj|2 = |Γ2|2 = Γ2
2 (B.64)

Γ′jj = Γ′−j−j = Γ′1 and Γ′j−j = Γ′−jj = Γ′2 ⇒ |Γ′j−j|2 = |Γ′−jj|2 = |Γ′2|2 = Γ′22 (B.65)

considering that δε′(r)e∗je−j = δε′(r)e∗−jej, and that δε(r) and δε′(r) are real.
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B.1.6 Approximations summary and coupling constants index

The waveguide and cavity coupled-modes equations has been established in the previous
chapters by starting fromMaxwell equations and using many approximations. For the readers’
benefit, we briefly list the approximations used up to now and the various coupling constants
with their equation’s numbers.

Table B.1 : Linear coupled-modes approximations and outcomes.

Approximation Outcome
Non magnetic materials Null magnetic susceptibility
Dielectric materials No free charge and null current

Local field Susceptibility is spatially local
Fast response Susceptibility has no memory

Isotropic materials No slow-fast axis and χ(2) = 0
Bound modes Radiative part is not considered

No nonlinear effect χ(n>1) = 0
Slowly varying fields Time derivatives can be neglected
Transparent materials n′0 << n0

No mode coupling due to the waveguide δε(r) has a greater effect
No perturbation in the coupling area δε′(r)e∗jeL → 0 and δε′(r)(ej ∧ h∗L) · ẑ→ 0

Symmetrical coupling κjL ≈ κLj(z1)

Modal coupling Clockwise and counterclockwise mode
coupling only

Table B.2 : Linear rates, coupling constants, and lifetimes.

Coupling constant Symbol Definition
Waveguide phase shift due to the cavity η(z) B.38

Cavity phase shift due to the waveguide and a perturbation Γjj B.43
Cavity losses due to a perturbation Γ′jj B.47
Coupling between modes j and p Γjp B.44

Losses during j − p coupling Γ′jp B.48
Cavity mode to waveguide mode κjL B.49 and B.54
Waveguide mode to cavity mode κLj(z) B.50 and B.54

Intrinsic photon’s lifetime τj,0 B.45
Extrinsic photon’s lifetime τj,c B.51 and B.54
Total photon’s lifetime τj B.63
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B.2 Linear steady-state solutions and characteristics

B.2.1 Continuous-wave regime

Relations B.59 to B.62 describe the slowly varying coupling processes between waveguide and
cavity modes. To find any transient behavior, one can use numerical simulation techniques
such as Runge-Kutta. However, if a continuous-wave (CW) signal is sent into the waveguide,
the cavity response will stabilize and enter into steady-state. This is also valid for a quasi-CW
signal if it varies with a frequency ν << 1/τj.

In steady-state, we have
∂aj(t)
∂t

→ 0 et ∂a−j(t)
∂t

→ 0.

We will consider a monochromatic signal ωL launched from z0 into a mode L of a single mode
waveguide.

Unidirectional source, single mode waveguide, modal coupling and δε′(r) 6= 0

If we consider a signal sent into a single mode L at z0 (s−L(z1, t) = 0),

aj(t) = −
iκjLsL(z0, t) + (iΓj−j − Γ′j−j)a−j(t)
i[ωL − (ωj − Γjj)]− Γ′jj − 1

2τj
= −

iκjLsL(z0, t) + (iΓj−j − Γ′j−j)a−j(t)
i[ωL − (ωj − Γjj)]− γj

a−j(t) = −
(iΓ−jj − Γ′−jj)aj(t)

i[ωL − (ωj − Γ−j−j)]− Γ′−j−j − 1
2τ−j

= −
(iΓ−jj − Γ′−jj)aj(t)

i[ωL − (ωj − Γ−j−j)]− Γ−j

sL(z1, t) = sL(z0, t) + iκLj(z1)aj(t)

s−L(z0, t) = iκ−L−j(z0)a−j(t)

where γj = Γ′jj + 1
2τj and γ−j = Γ′−j−j + 1

2τ−j , giving

aj(t) =
−iκjLsL(z0, t)(i[ωL − (ωj − Γ−j−j)]− γ−j)

(i[ωL − (ωj − Γjj)]− γj)(i[ωL − (ωj − Γ−j−j)]− γ−j)− (iΓj−j − Γ′j−j)(iΓ−jj − Γ′−jj)
a−j(t) =

(iΓ−jj − Γ′−jj)iκjLsL(z0, t)
(i[ωL − (ωj − Γjj)]− γj)(i[ωL − (ωj − Γ−j−j)]− γ−j)− (iΓj−j − Γ′j−j)(iΓ−jj − Γ′−jj)

sL(z1, t) = sL(z0, t)·
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[
1 + κLj(z1)κjL(i[ωL − (ωj − Γ−j−j)]− γ−j)

(i[ωL − (ωj − Γjj)]− γj)(i[ωL − (ωj − Γ−j−j)]− γ−j)− (iΓj−j − Γ′j−j)(iΓ−jj − Γ′−jj)

]

s−L(z0, t) =
κ−L−j(z0)(iΓ−jj − Γ′−jj)κjLsL(z0, t)

(i[ωL − (ωj − Γjj)]− γj)(i[ωL − (ωj − Γ−j−j)]− γ−j)− (iΓj−j − Γ′j−j)(iΓ−jj − Γ′−jj)
.

We consider that both modes j and −j have the same intrinsic losses and waveguide cou-
pling constants, leading to τj,0 ≈ τ−j,0, τj,c ≈ τ−j,c, τj ≈ τ−j and γj ≈ γ−j. Using Rela-
tions B.64, B.65, and ∆ = [ωL − (ωj − Γjj)], we get

aj(t) =κjLsL(z0, t)·

[
∆
(
γ2
j −∆2 + Γ2

2 − Γ′22
)

+ γj (−2γj∆ + 2Γ2Γ′2)(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2

+ i
γj
(
γ2
j −∆2 + Γ2

2 − Γ′22
)
−∆ (−2γj∆ + 2Γ2Γ′2)(

γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
],

a−j(t) =iκjLsL(z0, t)·

(iΓ2 − Γ′2)
[(
γ2
j −∆2 + |Γ2|2 − |Γ′2|2

)
− i (−2γj∆ + 2Γ2Γ′2)

]
(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
,

sL(z1, t) = sL(z0, t)·1 +
κLj(z1)κjL(i∆− γ−j)

[(
γ2
j −∆2 + |Γ2|2 − |Γ′2|2

)
− i (−2γj∆ + 2Γ2Γ′2)

]
(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2


= sL(z0, t)·

[1 +
κLj(z1)κjL

[
∆(−2γj∆ + 2Γ2Γ′2)− γj

(
γ2
j −∆2 + |Γ2|2 − |Γ′2|2

)]
(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2

+ i
κLj(z1)κjL

[
∆
(
γ2
j −∆2 + |Γ2|2 − |Γ′2|2

)
+ γj (−2γj∆ + 2Γ2Γ′2)

]
(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
],
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and

s−L(z0, t) =iκ−L−j(z0)κjLsL(z0, t)·

(iΓ2 − Γ′2)
[(
γ2
j −∆2 + |Γ2|2 − |Γ′2|2

)
− i (−2γj∆ + 2Γ2Γ′2)

]
(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
.

To link these solutions to experimental values, we need to express the cavity mode energy
and the waveguide output power. We find the former, |aj(t)|2, with

|aj(t)|2 = |sL(z0, t)|2
|κjL|2(γ2

j + ∆2)(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2

The −j mode energy, |a−j(t)|2, is

|a−j(t)|2 = |sL(z0, t)|2
|κjL|2(Γ2

2 + Γ′22 )(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
.

The mode L power at z = z1, |sL(z1, t)|2, is

|sL(z1, t)|2 = |sL(z0, t)|2·[
1 +

2κLj(z1)κjL
[
∆(−2γj∆ + 2Γ2Γ′2)− γj

(
γ2
j −∆2 + |Γ2|2 − |Γ′2|2

)]
(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2

+
κ2
Lj(z1)κ2

jL(γ2
j + ∆2)(

γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2

]

=|sL(z0, t)|2·[ (
γ2
j + ∆2

)
[(γj − κLj(z1)κjL)2 + ∆2](

γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2

+ (Γ2
2 + Γ′22 )2 + 2(Γ2

2 − Γ′22 ) [γj(γj − κLj(z1)κjL)−∆2]− 4∆Γ2Γ′2(2γj − κLj(z1)κjL)(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2

]

Finally, we find the mode −L power at z = z0, |s−L(z0, t)|2, with

|s−L(z0, t)|2 = |sL(z0, t)|2
|κ−L−j(z0)|2|κjL|2(Γ2

2 + Γ′22 )(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
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Using B.52 to B.54, we obtain

|aj(t)|2 ≈
|sL(z0, t)|2

τj,c

(γ2
j + ∆2)(

γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
(B.66)

|a−j(t)|2 ≈
|sL(z0, t)|2

τj,c

(Γ2
2 + Γ′22 )(

γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
(B.67)

|sL(z1, t)|2 ≈|sL(z0, t)|2·

[

(
γ2
j + ∆2

) [
(γj − 1

τj,c
)2 + ∆2

]
(
γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
(B.68)

+
(Γ2

2 + Γ′22 )2 + 2(Γ2
2 − Γ′22 )

[
γj(γj − 1

τj,c
)−∆2

]
− 4∆Γ2Γ′2(2γj − 1

τj,c
)(

γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
]

|s−L(z0, t)|2 ≈
|sL(z0, t)|2

τ 2
j,c

(Γ2
2 + Γ′22 )(

γ2
j + ∆2

)2
+ 2(Γ2

2 − Γ′22 )
(
γ2
j −∆2

)
+ (Γ2

2 + Γ′22 )2 − 8γj∆Γ2Γ′2
(B.69)

In CW regime, the system’s output power equals the system’s input power at any time,
leading to

|sL(z0, t)|2︸ ︷︷ ︸
Input power

= |sL(z1, t)|2 + |s−L(z0, t)|2︸ ︷︷ ︸
Output powers

+ (2Γ′jj + 1
τj,0

)(|aj(t)|2 + |a−j(t)|2)︸ ︷︷ ︸
Lost cavity power

+ 2Γ′2(aja∗−j + a∗ja−j)︸ ︷︷ ︸
Lost mode coupling power

(B.70)
The first two terms on the right side define the output power through the signal’s trans-
mission and reflection. The third term is the lost cavity mode power through intrinsic and
perturbation losses. The last term is also the lost cavity mode power through perturbation,
but between clockwise and counterclockwise modes.

Unidirectional source, single mode waveguide, modal coupling and δε′(r) = 0

Solutions are similar to previous Sections B.66 to B.69, but we set γj → 1
2τj and Γ′j−j → 0

(or Γ′2 → 0) :

|aj(t)|2 ≈
|sL(z0, t)|2

τj,c

( 1
4τ2
j

+ ∆2)(
1

4τ2
j

+ ∆2
)2

+ 2Γ2
2

(
1

4τ2
j
−∆2

)
+ Γ4

2

(B.71)
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|a−j(t)|2 ≈
|sL(z0, t)|2

τj,c

Γ2
2(

1
4τ2
j

+ ∆2
)2

+ 2Γ2
2

(
1

4τ2
j
−∆2

)
+ Γ4

2

(B.72)

|sL(z1, t)|2 ≈|sL(z0, t)|2·(
1

4τ2
j

+ ∆2
) [

( 1
2τj −

1
τj,c

)2 + ∆2
]

+ Γ2
2

(
Γ2

2 + 2
[

1
2τj (

1
2τj −

1
τj,c

)−∆2
])

(
1

4τ2
j

+ ∆2
)2

+ 2Γ2
2

(
1

4τ2
j
−∆2

)
+ Γ4

2

(B.73)

|s−L(z0, t)|2 ≈
|sL(z0, t)|2

τ 2
j,c

Γ2
2(

1
4τ2
j

+ ∆2
)2

+ 2Γ2
2

(
1

4τ2
j
−∆2

)
+ Γ4

2

(B.74)

In CW regime, the power conservation is written as

|sL(z0, t)|2 = |sL(z1, t)|2 + |s−L(z0, t)|2 + 1
τj,0

(|aj(t)|2 + |a−j(t)|2) (B.75)

Unidirectional source, single mode waveguide and no modal coupling

Solutions are similar to previous Sections B.71 to B.74, but we set Γj−j → 0 (or Γ2 → 0) :

|aj(t)|2 ≈
|sL(z0, t)|2

τj,c

1
1

4τ2
j

+ [ωL − (ωj − Γjj)]2
et |a−j(t)|2 ≈ 0, (B.76)

|sL(z1, t)|2 ≈ |sL(z0, t)|2
[ 1
2τj −

1
τj,c

]2 + [ωL − (ωj − Γjj)]2
1

4τ2
j

+ [ωL − (ωj − Γjj)]2
et |s−L(z0, t)|2 ≈ 0. (B.77)

In CW regime, the power conservation is written as

|sL(z0, t)|2 = |sL(z1, t)|2 + |aj(t)|
2

τj,0
(B.78)
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B.2.2 Q-factors, transmission coefficient and intracavity power

Q-factor and Finesse

To compare different types of optical resonators, we often use two figures of merit that
characterize their mode’s resonances : the Q-factor Qj,T and the Finesse z.

The Q-factor of an optical mode is proportional to the stored energy over the lost energy
during one optical cycle Tωj = 2π/ωj. It represents the number of optical cycles Nωj until
the energy of its initial value falls off to e−1.

The Finesse z is proportional to the stored energy over the lost energy during one resonator
round-trip Trt = 2πmj/ωj. It represents the number of round-trips Nrt until the energy of its
initial value falls off to e−1.

For a mode with ωj and mj, we express both as

Qj,T = 2π |aj(t)|2

−∂|aj(t)|2
∂t

Tωj
= ωj

|aj(t)|2

−∂|aj(t)|2
∂t

(B.79)

z = 2π |aj(t)|2

−∂|aj(t)|2
∂t

Trt
= ωj
mj

|aj(t)|2

−∂|aj(t)|2
∂t

= Qj,T

mj

. (B.80)

Using d|aj |2
dt

= aj
da∗j
dt

+ a∗j
daj
dt
, Eq. B.59, and Eq. B.61, we have

Qj,T = ωj

(
2γj + iΓ2

[aja∗−j − a∗ja−j]
|aj|2

+ Γ′2
[aja∗−j + a∗ja−j]

|aj|2

)−1

(B.81)

= ωj

(
2γj + 2[γj(Γ2

2 − Γ′22 )− 2∆Γ2Γ′2]
γ2
j + ∆2

)−1

(B.82)

Qj,T
∆=0→ ωj

2γj + 2(Γ2
2−Γ′22 )
γj

= ωj

2Γ′jj + 1
τj

+ 2(Γ2
2−Γ′22 )
γj

(B.83)

In the literature, we often see a simpler case where Γ′jj = Γ2 = Γ′2 = 0 (i.e. no loss due to a
perturbation) :

Qj,T = ωj
|aj(t)|2(

1
τj,0

+ 1
τj,c

)
|aj(t)|2

⇒ 1
Qj,T

=
(

1
ωjτj,0

+ 1
ωjτj,c

)
= 1
ωjτj

(B.84)

z = Qj,T

mj

= ωjτj
mj

⇒ F = Nω

mj

= Nrt (B.85)

If the input signal is blocked |sL(z0, t)|2 = 0, the mode energy decreases as |aj(t)|2e−t/τj .
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We can also rewrite the intrinsic photon’s lifetime τj,0 as different loss processes :

1
τj

= 1
τj,c

+ 1
τj,0

(B.86)

= 1
τj,c

+ 1
τj,abs

+ 1
τj,diff

+ 1
τj,rad

+ . . . (B.87)

1
Qj,T

= 1
Qj,c

+ 1
Qj,0

(B.88)

= 1
Qj,c

+ 1
Qj,abs

+ 1
Qj,diff

+ 1
Qj,rad

+ . . . (B.89)

where Qj,c is the coupling (or extrinsic) Q-factor of the mode j and Qj,0 is the intrinsic
Q-factor. Qj,T is the total Q-factor. It can also be written as the loaded Q-factor QL, that
implies a "loading" from an external coupling like a waveguide. When the mode j is implicit,
these Q-factors are usually rewritten as QT , Qc, Q0, etc.

As radiative tunneling is usually negligible, the intrinsic Q-factor upper limit is set by the
material absorption and Rayleigh scattering. Using B.45 and Im(εr) ≈ 2ncn′c = n0αlin

kj
, we get

1
2τj,0

= ωj
2Qj,0

≈ ωj
2kj

∫
V ncαlin|ej|2dV∫
V n

2
0|c|ej|2dV

≈ ωjαlin
2nckj

⇒ Qj,0 = kjnc
αlin

= 2πnc
λjαlin

where nc is the cavity’s material refractive index, and considering that ej is much larger
inside the cavity. This last Qj,0 definition is often seen in literature [1, 24].

Normalized transmission coefficient

To obtain Qj,0 and Qj,c, we need to measure the normalized transmission coefficient Tj
at ∆ = ωL − (ωj − Γjj) = 0 and the total Q-factor Qj,T . The former is written using Re-
lations B.73, B.87 and B.89 :

Tj = |sL(z1, t)|2
|sL(z0, t)|2

=

(
1

4τ2
j

+ ∆2
) [

( 1
2τj −

1
τj,c

)2 + ∆2
]

+ Γ2
2

(
Γ2

2 + 2
[

1
2τj (

1
2τj −

1
τj,c

)−∆2
])

(
1

4τ2
j

+ ∆2
)2

+ 2Γ2
2

(
1

4τ2
j
−∆2

)
+ Γ4

2

(B.90)

leading to, for |Γ2|2 → 0,

Tj = |sL(z1, t)|2
|sL(z0, t)|2

=
( 1

2τj −
1
τj,c

)2 + ∆2

1
4τ2
j

+ ∆2
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⇒ Tj,0 = |sL(z1, t)|2
|sL(z0, t)|2

|ωL=ωj−Γjj = 4τ 2
j

(
1

2τj
− 1
τj,c

)2

⇒ Tj,0 =
(
τj,c − τj,0
τj,c + τj,0

)2

=
(
Qc −Q0

Qc +Q0

)2

=
(1−K

1 +K

)2
for K = Q0

Qc

(B.91)

where K is defined as the normalized coupling constant [36]. It indicates which loss process
is larger. The normalized transmission coefficient, Tj, is bounded between 0 and 1.

The total Q-factor can be measured using the resonance’s spectral full width at half maximum
(FWHM), ∆ωj, where |sL(z1, t)|2/|sL(z0, t)|2 = (1 + Tj,0)/2 :

1 + Tj,0
2 =

(ωFWHM − ωj)2 + ( 1
τj,c
− 1

2τj )
2

(ωFWHM − ωj)2 + ( 1
2τj )

2 ⇒ (ωFWHM − ωj)2 = −2
1− Tj,0

(
1
τ 2
j,c

− 1
τjτj,c

)
−
(

1
2τj

)2

⇒ (ωFWHM − ωj) = 1
4τ 2
j

= 1
2τj

⇒ ∆ωj = 1
τj

⇒ Qj,T = ωj
∆ωj

= −λj∆λj
. (B.92)

This is not surprising since the resonance is a Lorentzian curve, i.e. the frequency Fourier
transform of a decaying exponential curve in time. It is important to note that only a Lo-
rentzian curve can be characterized using its FWHM value. When there is mode coupling or
any resonance’s asymmetry, numerical fits are preferred.

Once Tj,0 and Qj,T are known, it is possible to retrieve Qj,0 and Qj,c except for one detail :
since B.91 is symmetric, we do not know which is larger. We get

Qj,c = 2Qj,T

1±
√
Tj,0

et Qj,0 = 2Qj,T

1∓
√
Tj,0

(B.93)

where the upper and lower signs correspond to the overcoupled regime and undercoupled
regime. It is possible to change the coupling conditions to solve this issue. It is also pos-
sible to use a technique developed during the master’s thesis based on a Stokes parameters
measurement [241].
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Intracavity power and accumulation factor

The energy stored in a high Q-factor cavity can be very large and it leads to large intracavity
circulating power. Using Relation B.23 for a first radial order mode of a microsphere, we have

Pj(t) =
n2
eff

n2
c
|aj(t)|2

Tt
=
n2
eff

n2
c

ωj
2πmj

|aj(t)|2.

An explicit expression is found, for a simple case where Γ′1 = Γ′2 = 0, using Relation B.71 :

Pj(t) =
n2
eff

n2
c

ωj
2πmj

|sL(z0, t)|2
τj,c

( 1
4τ2
j

+ ∆2)(
1

4τ2
j

+ ∆2
)2

+ 2Γ2
2

(
1

4τ2
j
−∆2

)
+ Γ4

2

Pj(t)ωL=ωj−Γjj =
n2
eff

n2
c

ωj
2πmj

|sL(z0, t)|2
τj,c

1
4τ 2
j

1[
1

4τ2
j

+ Γ2
2

]2

decreased by the counterclockwise mode coupling rate. In a case where it is negligible (Γ2 →
0), we get the accumulation factor

Υj = Pj(t)
|sL(z0, t)|2

=
n2
eff

n2
c

2ωj
πmj

τ 2
j

τj,c
=
n2
eff

n2
c

2
πmj

Q2
j,T

Qj,c

. (B.94)

Using mj = ωjneffRc/c = 2πneffRc/λj and Relation B.88, we get

Υj =
λ2
jmj

2π3n2
cR

2
c

Q2
j,T

Qj,c

= λjneff
π2n2

cRc

Qj,c

(
1 + Qj,c

Qj,0

)−2

,

similar to what is seen in literature [285]. For a typical high Q-factor cavity,Qj,T ∼ Qj,c/2 = 106,
λj = 1550 nm, Rc = 20 µm and mj = 100, we have Υj > 2300. This means that a 1 mW
signal leads to an intracavity power of 2.3 W and an intensity > 11 MW/cm2 considering a
mode area of 20 µm2. This shows why WGM microcavities are often used as low pump power
nonlinear sources.
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B.3 Eigenmodes of a microsphere

The previous sections show the coupled-modes theory for linear and nonlinear interactions.
These descriptions rely on coupling constants based on overlap integrals of the different
optical fields involed. These optical fields are solutions of the homogeneous vectorial wave
equation for the cavity B.33 and the waveguide B.34. The solutions are called the eigenmodes.
It is easier to deal with coupling constants instead of fields because the vectorial solutions
are usually not known analytically for many types of WGM structure such as disks or rings.

In the case of microspheres, the vectorial solutions are known and are described in many refe-
rences with different approximations and different notations [7,15,20,21,49] 2. The solutions
are written for the spherical coordinates (ρ, θ, φ) shown in Fig. B.3 and have the following
form [7]

Ej(r, t) = aj(t)e−iωjtej(r)
2
√
Nj

+ c.c.

ej(r) =
[
eρ(ρ, θ, φ)ρ̂+ eθ(ρ, θ, φ)θ̂ + eφ(ρ, θ, φ)φ̂

]

x

y

z

φ

θ
ρ

Figure B.3 : Spherical coordinates.

2. The solutions found in these references are not consistent even if they are referencing each other. The
solutions presented here are based only on [7] and really satisfy Eq. B.33
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B.3.1 TE solutions

For the transverse-electric solutions (TE modes), we have :

Inside TE (0 < ρ < Rc, n0 = nc)

eINρ (ρ, θ, φ) = 0

eINθ (ρ, θ, φ) = i

√
π

2mje
imjφ

Jlj+1/2(nckjρ)√
nckjρ

Pmj
lj

(cos(θ))
sin(θ)


eINφ (ρ, θ, φ) =

√
π

2 e
imjφ

Jlj+1/2(nckjρ)√
nckjρ

 [lj + 1] cos(θ)Pmj
lj

(cos(θ))− [lj −mj + 1]Pmj
lj+1(cos(θ))

sin(θ)


hINρ (ρ, θ, φ) = −i

√
π

2
eimjφ

µ0ωj

 lj(lj + 1)
ρ
√
nckjρ

Jlj+1/2(nckjρ)
Pmj

lj
(cos(θ))

hINθ (ρ, θ, φ) = i

√
π

2
eimjφ

µ0ωj

√nckj
ρ
Jlj−1+1/2(nckjρ)− lj

ρ

Jlj+1/2(nckjρ)√
nckjρ

×
 [lj −mj + 1]Pmj

lj+1(cos(θ))− [lj + 1] cos(θ)Pmj
lj

(cos(θ))
sin(θ)


hINφ (ρ, θ, φ) = i

√
π

2
mje

imjφ

µ0ωj

√nckj
ρ
Jlj−1+1/2(nckjρ)− lj

ρ

Jlj+1/2(nckjρ)√
nckjρ

Pmj
lj

(cos(θ))
sin(θ)



Outside TE (0 < ρ < Rc, n0 = nc)

eOUTρ (ρ, θ, φ) = 0

eOUTθ (ρ, θ, φ) = i

√
π

2mje
imjφCTE

j

H(1)
lj+1/2(nakjρ)√

nakjρ

Pmj
lj

(cos(θ))
sin(θ)


eOUTφ (ρ, θ, φ) =

√
π

2 e
imjφCTE

j

H(1)
lj+1/2(nakjρ)√

nakjρ

×
 [lj + 1] cos(θ)Pmj

lj
(cos(θ))− [lj −mj + 1]Pmj

lj+1(cos(θ))
sin(θ)


hOUTρ (ρ, θ, φ) = −i

√
π

2
eimjφ

µ0ωj
CTE
j

 lj(lj + 1)
ρ
√
nckjρ

Jlj+1/2(nckjρ)
Pmj

lj
(cos(θ))

hOUTθ (ρ, θ, φ) = i

√
π

2
eimjφ

µ0ωj
CTE
j

√nckj
ρ
H

(1)
lj−1+1/2(nakjρ)− lj

ρ

H
(1)
lj+1/2(nakjρ)√

nckjρ

×
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 [lj −mj + 1]Pmj
lj+1(cos(θ))− [lj + 1] cos(θ)Pmj

lj
(cos(θ))

sin(θ)


hOUTφ (ρ, θ, φ) = i

√
π

2
mje

imjφ

µ0ωj
CTE
j

√nckj
ρ
H

(1)
lj−1+1/2(nakjρ)− lj

ρ

H
(1)
lj+1/2(nakjρ)√

nckjρ

Pmj
lj

(cos(θ))
sin(θ)



Inside-Outside continuity TE Characteristic equation

CTE
j =

√
na
nc

Jlj+1/2(nckjRc)
H

(1)
lj+1/2(nakjRc)

nc
na

Jlj−1+1/2(nckjRc)
Jlj+1/2(nckjRc)

=
H

(1)
lj−1+1/2(nakjRc)
H

(1)
lj+1/2(nakjRc)

where Pm
l (x) are the associated Legendre polynomials, Jlj+1/2(x) is the Bessel function of

the first kind and H
(1)
lj+1/2(x) is the Hankel function of the first kind [242]. The solutions

explicitly show the coordinate separation in ρ, θ and φ functions. lj and mj are the polar and
azimuthal integers numbers of the jth mode, in reference to the hydrogen atom solutions of
the Schrödinger equation in quantum mechanics.

B.3.2 TM solutions

For the transverse-magnetic solutions (TM modes), we have :

Inside TM (0 < ρ < Rc, n0 = nc)

eINρ (ρ, θ, φ) =
√
π

2 e
imjφ

[
lj(lj + 1)
(nckjρ)3/2Jlj+1/2(nckjρ)

]
P
mj
lj

(cos(θ))

eINθ (ρ, θ, φ) =
√
π

2 e
imjφ

Jlj−1+1/2(nckjρ)√
nckjρ

− lj
(nckjρ)3/2Jlj+1/2(nckjρ)

×
 [lj −mj + 1]Pmj

lj+1(cos(θ))− [lj + 1] cos(θ)Pmj
lj

(cos(θ))
sin(θ)


eINφ (ρ, θ, φ) = i

√
π

2mje
imjφ

Jlj−1+1/2(nckjρ)√
nckjρ

− lj
(nckjρ)3/2Jlj+1/2(nckjρ)

Pmj
lj

(cos(θ))
sin(θ)


hINρ (ρ, θ, φ) = 0

hINθ (ρ, θ, φ) =
√
π

2
mje

imjφ

µ0ωj

[√
nckj
ρ
Jlj+1/2(nckjρ)

] Pmj
lj

(cos(θ))
sin(θ)


hINφ (ρ, θ, φ) = i

√
π

2
eimjφ

µ0ωj

[√
nckj
ρ
Jlj+1/2(nckjρ)

]
×
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 [lj −mj + 1]Pmj
lj+1(cos(θ))− [lj + 1] cos(θ)Pmj

lj
(cos(θ))

sin(θ)



Outside TM (0 < ρ < Rc, n0 = nc)

eOUTρ (ρ, θ, φ) =
√
π

2 e
imjφCTM

j

[
lj(lj + 1)
(nakjρ)3/2H

(1)
lj+1/2(nakjρ)

]
P
mj
lj

(cos(θ))

eOUTθ (ρ, θ, φ) =
√
π

2 e
imjφCTM

j

H(1)
lj−1+1/2(nakjρ)√

nakjρ
− lj

(nakjρ)3/2H
(1)
lj+1/2(nakjρ)

×
 [lj −mj + 1]Pmj

lj+1(cos(θ))− [lj + 1] cos(θ)Pmj
lj

(cos(θ))
sin(θ)


eOUTφ (ρ, θ, φ) = i

√
π

2mje
imjφCTM

j

H(1)
lj−1+1/2(nakjρ)√

nakjρ
− lj

(nakjρ)3/2H
(1)
lj+1/2(nakjρ)

Pmj
lj

(cos(θ))
sin(θ)


hOUTρ (ρ, θ, φ) = 0

hOUTθ (ρ, θ, φ) =
√
π

2
mje

imjφ

µ0ωj
CTM
j

[√
nakj
ρ

H
(1)
lj+1/2(nakjρ)

] Pmj
lj

(cos(θ))
sin(θ)


hOUTφ (ρ, θ, φ) = i

√
π

2
eimjφ

µ0ωj
CTM
j

[√
nakj
ρ

H
(1)
lj+1/2(nakjρ)

]
× [lj −mj + 1]Pmj

lj+1(cos(θ))− [lj + 1] cos(θ)Pmj
lj

(cos(θ))
sin(θ)



Inside-Outside continuity

CTM
j =

(
na
nc

)3/2 nckjRcJlj−1+1/2(nckjRc)− ljJlj+1/2(nckjRc)
nakjRcH

(1)
lj−1+1/2(nakjRc)− ljH(1)

lj+1/2(nakjRc)

TM Characteristic equation

1
nc

Jlj−1+1/2(nckjRc)
Jlj+1/2(nckjRc)

− 1
na

H
(1)
lj−1+1/2(nakjRc)
H

(1)
lj+1/2(nakjRc)

= lj
kjRc

(
1
n2
c

− 1
n2
a

)

The characteristic equations solutions kj = 2π/λj are found by matching the field components
at the sphere surface :

n̂ · (n2
cEc) = n̂ · (n2

aEa) and n̂ ·Hc = n̂ ·Ha parallel fields

n̂ ∧ Ec = n̂ ∧ Ea and n̂ ∧Hc = n̂ ∧Ha perpendicular fields

with n̂ an unitary vector on the sphere surface pointing outside.
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B.4 Explicit Raman scattering coupled-modes theory in WGM microcavities

B.4.1 Raman scattering

Raman scattering comes from the inelastic scattering of an optical signal’s photon and a
material’s phonon. Figure B.4 shows the energy transfer of two processes. The incoming
photon with an energy ~ωp loses an energy quanta ~Ωv to the material’s lattice. The outgoing
Stokes photon has residual energy ~ωs < ~ωp. When the incoming photon gains an energy
quanta from the lattice, the outgoing photon (anti-Stokes) goes out with an energy ~ωa > ~ωp.
It is possible to describe these processes classically and integrate them inside the previous
coupled-modes equations. This section is based on [243,244].

The material is viewed as diatomic molecules that vibrate with a frequency Ωv. The distance
between atoms, from their equilibrium positions, is described by the vector Qv(r, t) following
the definition in [243]. The material’s polarizability α - not to be confused with the linear
absorption - quantifies its reaction to an external optical field. In linear optics, the sole contri-
bution from the electron αel, linked to χ(1), is usually considered. Here, we will also consider
the nucleus contribution when it moves out of his equilibrium position. Its contribution is
added using a linear expansion :

α = αel +
∑
i

(
∂α

∂Qv,i

)
0
Qv,i(r, t) → αel +

(
∂α

∂Qv

)
0
Qv(r, t)

where we summed the ith vector component. To simplify, we can consider that the molecule
oscillates along one direction, parallel with the external electric field. The polarizability is
now scalar.

ω
ωs ωa

Ωv

ωp

Ωv

Figure B.4 : Stokes photon ~ωs and anti-Stokes photon ~ωa creation through Raman scatte-
ring of a pump signal photon ~ωp.
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A vibration wave of frequency ωv generated by an electric field E(r, t) follows [243,244]

βv∇2Qv(r, t) + d2

dt2Qv(r, t) + 2Γv
d
dtQv(r, t) + Ω2

vQv(r, t) = N

(
∂α

∂Qv

)
0
E2(r, t) (B.95)

where βv quantifies the wave dispersion, Γv quantifies the wave attenuation and Ωv is the
natural vibration frequency of the material. This equation’s solution is written as Eq. B.1

Qv(r, t) = qv(r, t)eikv ·r−iωvt
2 + c.c.

where qv(r, t) represents slow variations. It depends on the source term ∝ E2. Any nor-
malization factor is set to unity as it does not affect further developments. The solution of
Eq. B.95 is approximated by

− βvk2
v − ω2

vQv(r, t)− i2ωvΓvQv(r, t) + Ω2
vQv(r, t) = N

(
∂α

∂Qv

)
0
E2(r, t) (B.96)

leading to

Qv(r, t) = qv(r, t)eikv ·r−iωvt
2 + c.c. =

N
(
∂α
∂Qv

)
0
E2(r, t)

Ω2
v − βvk2

v − ω2
v − i2ωvΓv

= N

(
∂α

∂Qv

)
0
fv(ωv)E2(r, t)

(B.97)

With modal coupling, the pump p, the Stokes s and the anti-Stokes a optical waves are
represented by Ep, E−p, Es, E−s, Ea and E−a. Using the solution form B.1, we have

E2 ∝ (ep + e−p + es + e−s + ea + e−a + c.c.)2.

Following energy conservation and phase matching conditions, we have ωv = ωp − ωs =
ωa − ωp =

√
Ω2
v − βvk2

v and kv = kp − ks = ka − kp where kp,s,a are the optical modes wave
vectors. Raman scattering implies the optical phonons. Their dispersion is usually considered
constant for any kv, leading to Ωv >> βvk

2
v and

√
Ω2
v − βvk2

v ≈ Ωv. This reveals the existence
of waves with frequency Ωv and kv = kp∓ks = ka∓kp [243]. For a pump signal propagating
in a clockwise direction kp, there are two Stokes and anti-Stokes signals propagating in the
clockwise and counterclockwise direction.

The explicit formulation of B.97 is

Qv(r, t) = N

(
∂α

∂Qv

)
0
× (B.98)
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(
fv(ωp − ωs)e−i(ωp−ωs)t

2
√
NpNs

×

[
ap(t)a∗s(t)epe∗s + ap(t)a∗−s(t)epe∗−s + a−p(t)a∗s(t)e−pe∗s + a−p(t)a∗−s(t)e−pe∗−s

]
+ fv(−ωp + ωs)e+i(ωp−ωs)t

2
√
NpNs

×

[
a∗p(t)as(t)e∗pes + a∗p(t)a−s(t)e∗pe−s + a∗−p(t)as(t)e∗−pes + a∗−p(t)a−s(t)e∗−pe−s

]
+ fv(ωa − ωp)e−i(ωa−ωp)t

2
√
NaNp

×

[
aa(t)a∗p(t)eae∗p + aa(t)a∗−p(t)eae∗−p + a−a(t)a∗p(t)e−ae∗p + a−a(t)a∗−p(t)e−ae∗−p

]
+ fv(−ωa + ωp)e+i(ωa−ωp)t

2
√
NaNp

×

[
a∗a(t)ap(t)e∗aep + a∗a(t)a−p(t)e∗ae−p + a∗−a(t)ap(t)e∗−aep + a∗−a(t)a−p(t)e∗−ae−p

] )

The vibration Qv(r, t) influences the optical field through the polarizability and the electric
polarization vector

P(r, t) = NαE = N

[
α0 +

(
∂α

∂Qv

)
0
Qv(r, t)

]
E(r, t) = ε0χ

(1)E(r, t)︸ ︷︷ ︸
P(1)(r,t)

+N

(
∂α

∂Qv

)
0
Qv(r, t)E(r, t)︸ ︷︷ ︸

PRaman(r,t)

.

It splits into a linear part P(1)(r, t) and the nonlinear part of Raman scattering PRaman(r, t).

Following the energy conservation and the phase matching conditions, we get

PRaman(r, t) = (B.99)e−iωptap(t)ep ×[
Fp−s|as(t)|2|es|2

4Ns

√
Np

+ Fp−s|a−s(t)|2|e−s|2

4Ns

√
Np

+ Fp−a|aa(t)|2|ea|2

4Na

√
Np

+ Fp−a|a−a(t)|2|e−a|2

4Na

√
Np

]

+ e−iωpta−p(t)e−p ×[
Fp−s|as(t)|2|es|2

4Ns

√
Np

+ Fp−s|a−s(t)|2|e−s|2

4Ns

√
Np

+ Fp−a|aa(t)|2|ea|2

4Na

√
Np

+ Fp−a|a−a(t)|2|e−a|2

4Na

√
Np

]

+ e−i(ωs+ωa−ωp)t ×
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(Fs−p + Fa−p)
a∗p(t)aa(t)as(t)e∗peaes

4
√
NpNsNa

+ (Fs−p + Fa−p)
a∗−p(t)a−a(t)a−s(t)e∗−pe−ae−s

4
√
NpNsNa


+ e−iωstas(t)es

[
Fs−p|ap(t)|2|ep|2

4Np

√
Ns

+ Fs−p|a−p(t)|2|e−p|2

4Np

√
Ns

]

+ e−iωsta−s(t)e−s
[
Fs−p|ap(t)|2|ep|2

4Np

√
Ns

+ Fs−p|a−p(t)|2|e−p|2

4Np

√
Ns

]

+ e−i(2ωp−ωa)t
[
Fp−aa

2
p(t)a∗a(t)e2

pe∗a
4Np

√
Na

+
Fp−aa

2
−p(t)a∗−a(t)e2

−pe∗−a
4Np

√
Na

]

+ e−iωataa(t)ea
[
Fa−p|ap(t)|2|ep|2

4Np

√
Na

+ Fa−p|a−p(t)|2|e−p|2

4Np

√
Na

]

+ e−iωata−a(t)e−a
[
Fa−p|ap(t)|2|ep|2

4Np

√
Na

+ Fa−p|a−p(t)|2|e−p|2

4Np

√
Na

]

+ e−i(2ωp−ωs)t
[
Fp−sa

2
p(t)a∗s(t)e2

pe∗s
4Np

√
Ns

+
Fp−sa

2
−p(t)a∗−s(t)e2

−pe∗−s
4Np

√
Ns

]
where only the contributing terms are retained and where

Fi−j = N2
(
∂α

∂Qv

)2

0
fi−j = N2

(
∂α

∂Qv

)2

0

1
Ω2
v − (ωi − ωj)2 − i2(ωi − ωj)Γv

= N2
(
∂α

∂Qv

)2

0

Ω2
v − (ωi − ωj)2 + i2(ωi − ωj)Γv

[Ω2
v − (ωi − ωj)2]2 + 4(ωi − ωj)2Γ2

v

.

Fi−j is important since it indicates whether there is attenuation or amplification. When
±ωp ∓ ωs = ±Ωv or ±ωa ∓ ωp = ±Ωv, the real part of Fi−j is small compared to the
imaginary part. We have attenuation for Im(Fp−s)) > 0 or Im(Fa−p)) > 0 and amplification
for Im(Fs−p)) < 0 or Im(Fp−a)) < 0.

B.4.2 Coupled mode equations for stimulated Raman scattering emission

With the explicit form of PRaman(r, t), we can rewrite Eq. B.35

∑
l=p,s,a,−p,−s,−a

iωle
−iωlt

c2
√
Nl

∂al(t)
∂t

εr(r)el(r) + al(t)e−iωlt

2c2
√
Nl

[n2
0|g − n2

a]ω2
l el(r) (B.100)

+al(t)e
−iωlt

2c2
√
Nl

[δε(r) + iIm(εr)]ω2
l el(r)

+
∑
L

iβLe
−iωLt

√
ML

∂sL(z, t)
∂z

εr(r)eL(r) + sL(z, t)e−iωLt

2c2
√
ML

[n2
0|c − n2

a]ω2
LeL(r)

+sL(z, t)e−iωLt

2c2
√
ML

[δε(r) + iIm(εr)]ω2
LeL(r)
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= µ0
∂2

∂t2
[PRaman(r, t)]

Similarly to section B.1.4, we multiply by e∗(p,s,a)(r) from the left and we integrate over a
volume V. We then consider that nonlinear terms are slowly varying as

∂2

∂t2

(
as(t)aa(t)a∗p(t)e−i(ωs+ωa−ωp)t

)
∼ −(ωs + ωa − ωp)2as(t)aa(t)a∗p(t)e−i(ωs+ωa−ωp)t. (B.101)

Using the coupling constants listed in Table B.2, coupled-modes equations for Stokes modes
a±s(t) are

∂a±s(t)
∂t

=
(
iΓ±s±s − Γ′±s±s −

1
2τs,0

− 1
2τs,c

)
a±s(t) +

(
iΓ±s∓s − Γ′±s∓s

)
a∓s(t)

+ i
1
4ωsµ0c

2|ap(t)|2a±s(t)
∫
V Fs−p|ep|2|e±s|2dV
Np

∫
V n

2
0|c|e±s|2dV

+ i
1
4ωsµ0c

2|a−p(t)|2a±s(t)
∫
V Fs−p|e−p|2|e±s|2dV
Ns

∫
V n

2
0|c|e±s|2dV

+ i
1
4

(2ωp − ωa)2

ωs
µ0c

2a2
±p(t)a∗±a(t)

√
Ns

Np

√
Na

e−i(2ωp−ωa−ωs)t
∫
V Fp−ae2

±pe∗±ae∗±sdV∫
V n

2
0|c|e±s|2dV

.

For anti-Stokes modes a±a(t), we get

∂a±a(t)
∂t

=
(
iΓ±a±a − Γ′±a±a −

1
2τa,0

− 1
2τa,c

)
a±a(t) +

(
iΓ±a∓a − Γ′±a∓a

)
a∓a(t)

+ i
1
4ωaµ0c

2|ap(t)|2a±a(t)
∫
V Fa−p|ep|2|e±a|2dV
Np

∫
V n

2
0|c|e±a|2dV

+ i
1
4ωaµ0c

2|a−p(t)|2a±a(t)
∫
V Fa−p|e−p|2|e±a|2dV
Ns

∫
V n

2
0|c|e±a|2dV

+ i
1
4

(2ωp − ωs)2

ωa
µ0c

2a2
±p(t)a∗±s(t)

√
Na

Np

√
Ns

e−i(2ωp−ωa−ωs)t
∫
V Fp−se2

±pe∗±se∗±adV∫
V n

2
0|c|e±a|2dV

.

Finally, for the pump modes a±p(t), we have

∂a±p(t)
∂t

=
(
iΓ±p±p − Γ′±p±p −

1
2τp,0

− 1
2τp,c

)
a±p(t) +

(
iΓ±p∓p − Γ′±p∓p

)
a∓p(t)

+
∑
L

iκpLsL(z0, t)e−i(ωL−ωp)t

+ i
1
4ωpµ0c

2|as(t)|2a±p(t)
∫
V Fp−s|es|2|e±p|2dV
Ns

∫
V n

2
0|c|e±p|2dV
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+ i
1
4ωpµ0c

2|a−s(t)|2a±p(t)
∫
V Fp−s|e−s|2|e±p|2dV
Ns

∫
V n

2
0|c|e±p|2dV

+ i
1
4ωpµ0c

2|aa(t)|2a±p(t)
∫
V Fp−a|ea|2|e±p|2dV
Na

∫
V n

2
0|c|e±p|2dV

+ i
1
4ωpµ0c

2|a−a(t)|2a±p(t)
∫
V Fp−a|e−a|2|e±p|2dV
Na

∫
V n

2
0|c|e±p|2dV

+ i
1
4

(ωs + ωa − ωp)2

ωp
µ0c

2a±s(t)a±a(t)a∗±p(t)
e−i(ωs+ωa−2ωp)t
√
NsNa

×∫
V (Fs−p + Fa−p)(e∗±p)2e±se±adV∫

V n
2
0|c|e±p|2dV

.

From these equations, we can see that Raman scattering is a four-wave mixing process,
thus a 3rd order nonlinear effect. Some terms directly fulfill conservation of energy and phase
matching conditions. However, the anti-Stokes signal growth depends on the last term and the
phase matching conditions as the two other terms express attenuation. The phase matching
conditions depend on the cavity and material dispersion and are difficult to realize in practice.
For this reason, we can often neglect the mode equations for a±a(t).

We define the Raman gain gR (J−1s−1) in the cavity as

gR = i
1
4ωsµ0c

2
∫
V Fs−p|ep|2|es|2dV
Np

∫
V n

2
0|c|es|2dV

= i
1
2ωsc

2µ0

ε0

∫
V Fs−p|ep|2|es|2dV∫

V n
2
0|c|ep|2dV

∫
V n

2
0|c|es|2dV

(B.102)

To link it to the material Ramain gain or bulk Raman gain g
(b)
R (m/W), we consider that

Ωv = ωp−ωs = ωa−ωp and that the modes propagate mostly in the cavity as
∫
V n

2
0|c|es|2dV ≈

n2
s

∫
V |es|2dV . This leads to

Fs−p = −iN2
(
∂α

∂Qv

)2

0

1
2ΩvΓv

= −Fp−s = −Fa−p = Fp−a

and

gR ≈
ωsµ0c

2

4ε0n2
pn

2
sΩvΓvVppss

N2
(
∂α

∂Qv

)2

0

where Vppss =
∫
V
|ep|2dV

∫
V
|es|2dV∫

V
|ep|2|es|2dV

is the effective volume that quantify the modes overlap. We
find the notation of [123–125] for

gR ≈
c2g

(b)
R

2npnsVppss

g
(b)
R = ωs

2ε20c2npnsΩvΓv
N2

(
∂α

∂Qv

)2

0
(B.103)
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This results in 4 coupled equations :

∂ap(t)
∂t

=
(
iΓpp − Γ′pp −

1
2τp,0

− 1
2τp,c

)
ap(t) +

(
iΓp−p − Γ′p−p

)
a−p(t)

− gR
ωp
ωs

(
|as(t)|2 + |a−s(t)|2

)
ap(t) +

∑
L

iκpLsL(z0, t)e−i(ωL−ωp)t

∂a−p(t)
∂t

=
(
iΓ−p−p − Γ′−p−p −

1
2τp,0

− 1
2τp,c

)
a−p(t) +

(
iΓ−pp − Γ′−pp

)
ap(t)

− gR
ωp
ωs

(
|as(t)|2 + |a−s(t)|2

)
a−p(t)

∂as(t)
∂t

=
(
iΓss − Γ′ss −

1
2τs,0

− 1
2τs,c

)
as(t) +

(
iΓs−s − Γ′s−s

)
a−s(t)

+ gR
(
|ap(t)|2 + |a−p(t)|2

)
as(t)

∂a−s(t)
∂t

=
(
iΓ−s−s − Γ′−s−s −

1
2τs,0

− 1
2τs,c

)
a−s(t) +

(
iΓ−ss − Γ′−ss

)
as(t)

+ gR
(
|ap(t)|2 + |a−p(t)|2

)
a−s(t)
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B.5 Laser system in WGM microcavities

The simplest two-level rate equations for optical fibers are expressed as [247]

dN2(r, t)
dt

= Ip
~ωp

(σapN1(r, t)− σepN2(r, t)) + Is
~ωs

(σasN1(r, t)− σesN2(r, t))− N2(r)
τTm

(B.104)

with NT (r) = N1(r) +N2(r), (B.105)
dPp(z, t)

dz
= σep

∫
A
Ip(ρ, θ, t)N2(r, t)dA− σap

∫
A
Ip(ρ, θ, t)N1(r, t)dA, (B.106)

dPs(z, t)
dz

= σes

∫
A
Is(ρ, θ, t)N2(r, t)dA− σas

∫
A
Is(ρ, θ, t)N1(r, t)dA. (B.107)

N1 and N2 are the ions density (ions/m3) in the ground and upper levels respectively at
a position r. The total ions density NT is fixed and is considered to be constant in the
cavity, NT (r) → NT . The amplified spontaneous emission noise is set to zero for simplicity,
as spontaneously emitted photons with frequencies ω 6= ωs do not propagate for long in the
cavity. τTm is the decay time of the spontaneous emission of the thulium 3F4 → 3H6 transition
and is related to the ions concentration [248].

The rate equations that rule over the laser dynamics in fibers are not optimized for WGM
microcavities [249] and need to be modified to take into account mode overlap, which is not
always the case for WGM laser models [40].

The (ρ, θ, z) coordinates of the fiber geometry is replaced by the spherical coordinates (ρ, θ, φ).
The optical path increment dz is then replaced by ρdφ. dφ can then be replaced by its time
increment dφ = ωj/mjdt. The ions densities N1(r) and N2(r) are considered to be constant
along the φ coordinate, so N1/2(r)→ N1/2(ρ, θ).

The last two relations B.106 and B.107 are rewritten to take into account the curvature

dIp/s =
(
σep/sIp/s(ρ, θ, t)N2(ρ, θ, t)− σap/sIp/s(ρ, θ, t)N1(ρ, θ, t)

)
dz

=
(
σepIp/s(ρ, θ, t)N2(ρ, θ, t)− σap/sIp/s(ρ, θ, t)N1(ρ, θ, t)

)
ρ
ωp/s
mp/s

dt

⇒
d
∫
A Ip/sdA

dt
= ωp/s
mp/s

(
σep/s

∫
A
Ip/s(ρ, θ, t)N2(ρ, θ, t)ρdA− σap/s

∫
A
Ip/s(ρ, θ, t)N1(ρ, θ, t)ρdA

)

where dA = ρ sin(θ)dρdθ.
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Using Relations B.15 and B.16 for sphere’s modes, we find for TE modes

d|ap(t)|2
dt

= ωp
mp

|ap(t)|2∫
A
|ep,θ(ρ,θ,t)|2

ρ sin θ dA

[
(σep + σap)

∫
A

N2(ρ, θ, t)|ep,θ(ρ, θ, t)|2
ρ sin θ ρdA− σapNT

∫
A

|ep,θ|2

ρ sin θρdA
]

d|as(t)|2
dt

= ωs
ms

|as(t)|2∫
A
|es,θ(ρ,θ,t)|2

ρ sin θ dA

[
(σes + σas)

∫
A

N2(ρ, θ, t)|es,θ(ρ, θ, t)|2
ρ sin θ ρdA− σasNT

∫
A

|es,θ|2

ρ sin θρdA
]

where ep/s,θ are the eθ components of the pump and signal field respectively. |ep/s,ρ|2 are used
for TM modes.

Together with the rate equation B.105, these last two equations can not be solved easily as
N2(ρ, θ, t) distribution is unknown and depends on the mode field distributions, the pump
power and the signal power. Considering a low signal power regime, for example near lasing
threshold, we can approximate N2 as

N2(ρ, θ, t)→ Nmax
2

Ip(ρ, θ, t)
Imaxp

where Nmax
2 is the N2 value at the spatial position where the pump intensity Ip is maximum.

Therefore, N2(ρ, θ, t) follows the pump field distribution.

Everything can now be rewritten in a form similar to section B.1. With no modal coupling,
we have the simplest form

dNmax
2
dt

Ap|ap(t)|2
Bp

Cmax
= (B.108)

NT

[
σap
~ωp

Ap|ap|2Bp + σas
~ωs

As|as|2Bs

]
− Nmax

2
τTm

Bp

Cmax
− (σep + σap)

~ωp
Ap|ap|2Nmax

2
Bpp

Cmax

− (σes + σas)
~ωs

As|as|2Nmax
2

Bps

Cmax

dap
dt

= ωp
2mp

ap(t)
[
(σep + σap)Nmax

2
Bpp

B′pC
max
− σapNT

Bp

B′p

]
− 1

2τp
ap(t)

+ i(ωL − ωp)ap(t) + iκpLsL(z0, t)

= g
(p)
Tmap(t)−

1
2τp

ap(t) + i(ωL − ωp)ap(t) + iκpLsL(z0, t) (B.109)

das
dt

= ωs
2ms

as(t)
[
(σes + σas)Nmax

2
Bps

B′sC
max
− σasNT

Bs

B′s

]
− 1

2τs
as(t)

= g
(s)
Tmas(t)−

1
2τs

as(t) (B.110)
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where

Ap/s = mp/s

2ωp/sµ0Np/s

, Cmax =
|emaxp/s,θ(t)|2

(ρ sin θ)|max
,

Bp/s =
∫
A

|ep/s,θ(ρ, θ, t)|2
ρ sin θ ρdA, B′p/s =

∫
A

|ep/s,θ(ρ, θ, t)|2
ρ sin θ dA

Bpp =
∫
A

|ep,θ(ρ, θ, t)|4
ρ2 sin2 θ

ρdA and Bps =
∫
A

|ep,θ(ρ, θ, t)|2|es,θ(ρ, θ, t)|2
ρ2 sin2 θ

ρdA.
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