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For a stochastic differential equation(SDE) driven by a fractional
Brownian motion(fBm) with Hurst parameter H > %, it is known that
the existing (naive) Euler scheme has the rate of convergence n' =2,
Since the limit H — % of the SDE corresponds to a Stratonovich SDE
driven by standard Brownian motion, and the naive Euler scheme is
the extension of the classical Euler scheme for 1t6 SDEs for H = %, the
convergence rate of the naive Euler scheme deteriorates for H — %
In this paper we introduce a new (modified Euler) approximation
scheme which is closer to the classical Euler scheme for Stratonovich
SDEs for H = %, and it has the rate of convergence v, ', where 7,, =
n?1=1/2 when H < 3, ym=n/y/logn when H =2 and v, =n if H >
%. Furthermore, we study the asymptotic behavior of the fluctuations
of the error. More precisely, if {X¢,0 <t < T'} is the solution of a SDE
driven by a fBm and if {X{*,0 <t < T'} is its approximation obtained
by the new modified Euler scheme, then we prove that v, (X" — X)
converges stably to the solution of a linear SDE driven by a matrix-
valued Brownian motion, when H € (%, %] In the case H > %, we
show the LP convergence of n(X;{* — X¢), and the limiting process is
identified as the solution of a linear SDE driven by a matrix-valued
Rosenblatt process. The rate of weak convergence is also deduced for
this scheme. We also apply our approach to the naive Euler scheme.

1. Introduction. Consider the following stochastic differential equation
(SDE) on R%:

t m t
(1.1) Xt:x—i—/ b(XS)derZ/ oI (X, dBI,  te[0,T),
0 =0
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2 Y. HU, Y. LIU AND D. NUALART

where x € RY, B = (B',...,B™) is an m-dimensional fractional Brown-
ian motion (fBm) with Hurst parameter H € (%, 1) and b,0!,...,0™:R? —
R? are continuous functions. The above stochastic integrals are pathwise
Riemann-Stieltjes integrals. If 0%, ..., 0™ are continuously differentiable and
their partial derivatives are bounded and locally Holder continuous of or-
der § > % — 1 and b is Lipschitz, then equation (1.1) has a unique solution
which is Holder continuous of order + for any 0 <y < H. This result was
first proved by Lyons [14], using Young integrals (see [33]) and p-variation
estimates, and later by Nualart and Rascanu [25], using fractional calculus;
see [34].

We are interested in numerical approximations for the solution to equa-
tion (1.1). For simplicity of presentation, we consider uniform partitions
of the interval [0,71], t; = %, 1=0,...,n. For every positive integer n, we
define n(t) =¢; when t; <t <t; + L. The following naive Euler numerical
approximation scheme has been previously studied:

(1.2) Xt":x+/ b(X]\, ds—i—Z/ ol(Xp)dBl,  te[0,T].
This scheme can also be written as
m
X =X] +b(X])(t—tr)+ Y o/ (X]) (B - B),
j=1

for t, <t <tp41, k=0,1,...,n—1 and X§ = 2. It was proved by Mishura
[17] that for any real number € > 0 there exists a random variable C. such
that almost surely,

sup | X7 — X;| < Con!—2HFe,
0<t<T

Moreover, the convergence rate n'=2 is sharp for this scheme, in the sense

that n2#~1[X? — X;] converges almost surely to a finite and nonzero limit.
This has been proved in the one-dimensional case by Nourdin and Neuenkirch
in [18] using the Doss representation of the solution; see also Theorem 10.1
below. Notice that while H tends to l the convergence rate 2H — 1 of the
numerical scheme (1.2) deteriorates, and so it 1s not a proper extension of
the Euler-Maruyama scheme for the case H = ; see, for example, [7, 12].
This is not surprising because the limit H — 5 of the SDE (1.1) corresponds
to a Stratonovich SDE driven by standard Brownian motion, while the Fuler
scheme (1.2) is the extension of the classical Euler scheme for the It6 SDEs.
It is then natural to ask the following question: Can we find a numerical
scheme that generalizes the Euler—-Maruyama scheme to the fBm case?
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In this paper we introduce the following new approximation scheme that
we call a modified Euler scheme:

t moot '
Xf:x—l—/ b(Xn(S))ds—l—Z/ ol (X)) dB]
0 —Jo
7j=1

(1.3) .
+HY [ [(Toloh) (X5 = () ds.
j=17"

or

X[ =X+ b(XP)(t—tr)+ Y o?(X)(B] — B)
j=1
1 .
+5 > (Volal) (Xt — t,)*",
j=1

for any t € [tg,tr41] and X} = . Here Vo’ denotes the d x d matrix

(92 )1<ik<a, and (Volol)i =370, G gik,
Notice that if we formally set H = % and replace B by a standard Brow-

nian motion W, this is the classical Euler scheme for the Stratonovich SDE,

t m t
Xt:x—l—/ b(XS)derZ/ o (X)) dW!
0 . 0
J=1

t mo t m
:x+/ b(Xs)ds—i—Z/ Jj(XS)5Wg+%/ Z(Vajoj)(Xs)ds.
0 j=1"0 0 j=1

In the above and throughout this paper, d denotes the Stratonovich integral,
and 0 denotes the It6 (or Skorohod) integral.

For our new modified Euler scheme (1.3) we shall prove the following
estimate:

(1.4) sup (E|X; — XP[P)YP <O,
0<t<T

for any p > 1, where

=120 L H < 3,
n
g 5 f H = §7
(1'5) Tn \/m 1 1
n, if 2 <H<1.

Note that in (1.4), if we formally set H = %, then the convergence rate is
n~1/2, which is exactly the convergence rate of the classical Euler—Maruyama
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scheme in the Brownian motion case. This suggests that the modified Fuler
scheme should be viewed as an authentic modified version of the Euler—
Maruyama scheme (1.2). The cutoff of the convergence rate for the Euler
scheme has already been observed in a simpler context in [19]. The Lévy area
corresponds to the simple SDE with b =0, o'(z,y) = (1,0), o?(z,y) = (0,z).
In particular, one has Vo?o? =0, j =1,2 here, that is, no diagonal noise.

The proof of this result combines the techniques of Malliavin calculus
with classical fractional calculus. On the other hand, we make use of uniform
estimates for the moments of all orders of the processes X, X" and their
first and second-order Malliavin derivatives, which can be obtained using
techniques of fractional calculus, following the approach used, for instance,
by Hu and Nualart [8]. The idea of the proof is to properly decompose the
error X; — X} into a weighted quadratic variation term plus a higher order
term, that is,

m nt/TJ s
(1.6) Xp =X = > 9t / / SBLSBI + R},
ij=1 k=0 te tk

where |z | denotes the integer part of a real number z. The weighted quadratic
variation term provides the desired rate of convergence in LP.

To further study this new scheme and compare it to the classical Brownian
motion case, it is natural to ask the following questions: Is the above rate
of convergence (1.4) exact or not? Namely, does the quantity ~,(X; — X}*)
have a nonzero limit? If yes, how does one identify the limit, and is there
a similarity to the classical Brownian motion case (see [10, 13])? In the
second part of the paper, we give a complete answer to these questions. The
weighted variation term in (1.6) is still a key ingredient in our study of the
scheme. As in the Breuer— Major theorem, there is a different behavior in
the cases H € (1,3] and H € (3,1). If H € (2, 3], we show that v, (X; — X}*)
converges stably to the solutlon of a linear stochastic differential equation
driven by a matrix-valued Brownian motion W independent of B. The main
tools in this case are Malliavin calculus and the fourth moment theorem. We
will also make use of a recent limit theorem in law for weighted sums proved
n [3]. In the case H € (3,1), we show the convergence of v, (X; — X7') in
LP to the solution of a linear stochastic differential equation driven by a
matrix-valued Rosenblatt process. Again we use the technique of Malliavin
calculus and the convergence in LP of weighted sums, which is obtained
applying the approach introduced in [3]. We refer to [20] for a discussion
on the asymptotic behavior of some weighted Hermite variations of one-
dimensional fBm, which are related with the results proved here.

We also consider a weak approximation result for our new numerical
scheme. In this case, the rate is n~! for all values of H. More precisely, we
are able to show that n[E(f(X;)) — E(f(X}"))] converges to a finite nonzero
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limit which can be explicitly computed. This extends the result of [31] to
H> % Let us mention that the techniques of Malliavin calculus also allow us
to provide an alternative and simpler proof of the fact that the rate of con-
vergence of the numerical scheme (1.2) is of the order n'=2#  and this rate is
optimal, extending to the multidimensional case the results by Neuenkirch
and Nourdin [18].

If the driven process is a standard Brownian motion, similar problems
have been studied in [10, 13] and the references therein. See also [2] for the
precise L2-limit and also for a discussion on the “best” partition. In the case
i < H< % the SDE (1.1) can be solved using the theory of rough paths
introduced by Lyons; see [15]. There are also a number of results on the
rate of convergence of Euler-type numerical schemes in this case; see, for
instance, the paper by Deya, Neuenkirch and Tindel [4] for a Milstein-type
scheme without Lévy area in the case % < H< %, the paper by Friz and
Riedel [5] for the N-step Euler scheme without involving iterated integrals
and the monograph by Friz and Victoir [6].

The paper is organized as follows. The next section contains some basic
materials on fractional calculus and Malliavin calculus that will be used
throughout the paper, and introduces a matrix-valued Brownian motion and
a generalized Rosenblatt process, both of which are key ingredients in our
results on the asymptotic behavior of the error; see Section 6 and Section 8.
In Section 3, we derive the necessary estimates for the uniform norms and
Holder seminorms of the processes X, X™ and their Malliavin derivatives.
In Section 4, we prove our result on the rate of convergence in LP for the
numerical scheme (1.3). In Section 5, we prove a central limit theorem for
weighted quadratic sums, and then in Section 6 we apply this result to the
study of the asymptotic behavior of the error ~,, (X; — X{") in case H € (%, %]
In Section 7, we study the LP-convergence of some weighted random sums.
In Section 8, we apply the results of Section 7 to establish the LP-limit of
n(X; — X7') in case H € (2,1). The weak approximation result is discussed
in Section 9. In Section 10, we deal with the numerical scheme (1.2). In the
Appendix, we prove some auxiliary results.

2. Preliminaries and notation. Throughout the paper we consider a fixed
time interval [0,7']. To simplify the presentation we only deal with the uni-
form partition of this interval; that is, for each n>1 and ¢ =0,1,...,n, we
set t; = % We use C' and K to represent constants that are independent of
n and whose values may change from line to line.

2.1. Elements of fractional calculus. In this subsection we introduce the
definitions of the fractional integral and derivative operators, and we review
some properties of these operators.
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Let a,b € [0,T] with a < b, and let 5 € (0,1). We denote by C%(a,b) the
space of S-Hoélder continuous functions on the interval [a,b]. For a function
x:[0,T] = R, ||x|/4pp denotes the S-Hélder seminorm of = on [a,b], that is,

2llas =sup{%;a <u<v< b}.
v—u
We will also make use of the following seminorm:
(2.1) ||J:Ha,b,57n:sup{%;a§u<v§b,n(u):u}.
v—1u

Recall that for each n>1 and 1 =0,1,...,n, t; = % and n(t) =t; when
ti<t<ti+ZL

We will denote the uniform norm of x on the interval [a,b] as ||z4p,00-
When a =0 and b =T, we will simply write ||z||« for ||z]jo 7 and ||z|/s for

1zllo,7.5-
Let f € L'([a,b]) and a > 0. The left-sided and right-sided fractional

Riemann-Liouville integrals of f of order « are defined, for almost all
t € (a,b), by

1800 = e [ =" s

and

_1\—« b
i 0= 5 [0 ) ds

respectively, where (—1)* = e~ and (o) = [;°r ~"dr is the Gamma
function. Let I, (L?) [resp., I;* (L)] be the image of L”([a,b]) by the oper-
ator I¢, (resp., I ). If fe I (LP) [resp., fe€ ;' (LP)] and 0 <« <1, then
the fractional Weyl derivatives are defined as

o 1 t Eft)— f(s
(2.2) D¢, f(t) = T —a) ((tf—(a))a +a/a 7(i15)a(+1) ds>

and
N ~1)* t bF@) - f(s
e D= (g e [ et o)

where a <t <b.

Suppose that f € C*(a,b) and g € C*(a,b) with A+ g > 1. Then, ac-
cording to Young [33], the Riemann—Stieltjes integral fab fdg exists. The
following proposition can be regarded as a fractional integration by parts

afle

formula, and provides an explicit expression for the integral fab fdg in terms
of fractional derivatives. We refer to [34] for additional details.
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PROPOSITION 2.1.  Suppose that f € C*(a,b) and g € C*(a,b) with \ +

uw>1. Let A\>« and > 1—«. Then the Riemann—Stieltjes integral fffdg
exists, and it can be expressed as

b b
(2.4) / fdg=(~1) / DE, f(t)DY" g, (¢) dt,
where gy (£) = Lia) () (g(t) — 9(0-)

The notion of Hélder continuity and the above result on the existence of
Riemann-—Stieltjes integrals can be generalized to functions taking values in
some normed spaces. We fix a probability space (£2,.%#, P) and denote by
|| - [, the norm in the space LP := LP(Q2), where p > 1.

DEFINITION 2.1. Let f={f(t),t €[0,7]} be a stochastic process such
that f(t) € LP for all ¢t € [0,T]. We say that f is Hélder continuous of order
B8>0in LP if

(2.5) 1£8) = f(s)ll, < Clt = s/,
for all s,t€[0,7].

The following result shows that with proper Holder continuity assump-

tions on f and g, the Riemann—Stieltjes integral fOT f dg exists, and equation
(2.4) holds.

PROPOSITION 2.2.  Let the positive numbers pg, A, p, p, q satisfy po > 1,
A4 p>1, %—i—%: 1 and pop > %, Poq > % Assume that f={f(t),t€[0,T}
and g={g(t),t € [0,T)} are Hélder continuous stochastic processes of order
woand X in LPP and LP°9, respectively, and f(0) € LPOP. Let m:0 =1ty <
t1 <--- <ty =T be a partition on [0,T], and & :t;—1 <& <t;. Then the
sum Zf\ilf(fi)[g(ti) — g(ti—1)] converges in LP° to the Riemann—Stieltjes
integral f(;ffdg as || tends to zero, where |7| = maxi<;<n |t; — ti—1|, and

equation (2.4) holds.

Proposition 2.2 can be proved through a slight modification of Zahle’s
proof in the real-valued case [34] using Holder’s inequality.

2.2. Elements of Malliavin calculus. We briefly recall some basic facts
about the stochastic calculus of variations with respect to an fBm. We refer
the reader to [22] for further details. Let B = {(B},...,B"),t € [0,7]} be
an m-dimensional fBm with Hurst parameter H € (%, 1), defined on some
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complete probability space (2, %, P). Namely, B is a mean zero Gaussian
process with covariance

E(Bng):%(tQH—i_SZH_ |t_8‘2H)5ij7 Lj=1,...,m,

for all s,t € [0,7], where §;; is the Kronecker symbol.
Let H be the Hilbert space defined as the closure of the set of step func-
tions on [0,7] with respect to the scalar product

(Ljo.g- Lo, = 3 (27 + 82 — |t — 1),

It is easy to see that the covariance of fBm can be written as

t s
aH/ / lu — v|*H =2 du dv,
0 Jo

where oy = H(2H — 1). This implies that

T T
<¢7¢>H=OZH/O /o Yud|u — 0?22 dudo

for any pair of step functions ¢ and % on [0,77].

The elements of the Hilbert space H, or more generally, of the space H®!
may not be functions, but distributions; see [28] and [29]. We can find a
linear space of functions contained in H®! in the following way: Let |#|®!
be the linear space of measurable functions ¢ on [0,7)' € R! such that

615y e = O‘ZH/ |bulldv[ur — 0122wy — o2 dudv < oo,
[0,7]2!
where u = (uy,...,uw),v = (vi,...,v;) € [0,T]". Suppose ¢ € LYH ([0, T]").
The following estimate holds:

(2.6) [l et < bralldll Lra o,y

for some constant bg; > 0; the case [ =1 was proved in [16], and the exten-
sion to general case is easy; see [9], equation (2.5).

The mapping 1jg 4] X -+ X Ly, 1= (Bj,,..., B{") can be extended to a
linear isometry between H'™ and the Gaussian space spanned by B. We de-
note this isometry by h+ B(h). In this way, {B(h),h € H™} is an isonormal
Gaussian process indexed by the Hilbert space H™.

Let S be the set of smooth and cylindrical random variables of the form
F = f(Bs,,...,Bsy),

Y SN

where N >1 and f € Cg°(R™). For each j=1,...,m and t € [0,T], the
derivative operator D7F on F € § is defined as the H-valued random vari-
able

N
. of
DgF: E @(3517"'7BSN)1[O,Si](t)? tE[O,T]
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We can iterate this procedure to define higher order derivatives D71t
which take values on H®'. For any p > 1 and any integer k > 1, we define
the Sobolev space D*P as the closure of S with respect to the norm

k m ‘ ' p/2
(3 o) |

=1 \J1,....71i=1

Ik, =EIFP]+E

If V is a Hilbert space, D*?(V) denotes the corresponding Sobolev space of
V-valued random variables.

For any j =1,...,m, we denote by ¢/ the adjoint of the derivative operator
DJ. We say u € Dom 7 if there is a ¢/ (u) € L?(€2) such that for any F € D2
the following duality relationship holds:

(2.7) E((u, D'F),,) =E(& (u)F).

The random variable ¢/ (u) is also called the Skorohod integral of u with
respect to the fBm B/, and we use the notation 6/ (u) = fOT utdBf.

Let F' € D%? and u be in the domain of §’ such that Fu € L?(€;H). Then
(see [23]) Fu belongs to the domain of §7, and the following equality holds:

(2.8) 8 (Fu) = F& (u) — (D F,u),,,

provided the right-hand side of (2.8) is square integrable.

Suppose that u = {u,t € [0,7]} is a stochastic process whose trajecto-
ries are Holder continuous of order v > 1 — H. Then, for any j=1,...,m,
the Riemann—Stieltjes integral f(;f Uy dBtj exists. On the other hand, if u €

DY2(H) and the derivative Diu; exists and satisfies almost surely

T T
/ / | Ddug||t — s 72 ds dt < o0,
o Jo

. e . T j
and E(||D9u||%1/H([O’T]2)) < 00, then (see Proposition 5.2.3 in [23]) [, u:0B]
exists, and we have the following relationship between these two stochastic
integrals:

T , T , T T
(2.9) / us dBj :/ w0 B} —I—aH/ / Diug|t — s|*H 2 ds dt.
0 0 o Jo

The following result is Meyer’s inequality for the Skorohod integral; see,
for example, Proposition 1.5.7 of [23]. Given p > 1 and an integer k > 1,
there is a constant ¢, such that

(2.10) ||(5k(u)||p < g pllullprr e for all u € DEP(HEF).
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Applying (2.6) and then the Minkowski inequality to the right-hand side of
(2.10) yields

16° (), < Clllullpll 175 0,77y
(2.11)

k m
O3S Dl oz

I=171,...5i=1

for all u € DFP(H®), provided pH > 1.

2.3. Stable convergence. Let Y,, n € N be a sequence of random variables
defined on a probability space (2,.#, P) with values in a Polish space (E, &).
We say that Y,, converges stably to the limit Y, where Y is defined on an
extension of the original probability space (2, .#’, P'), if and only if for any
bounded .#-measurable random variable Z, it holds that

(Yo, 2) = (Y, 2)

as n — 0o, where = denotes the convergence in law.

Note that stable convergence is stronger than weak convergence but weaker
than convergence in probability. We refer to [11] and [1] for more details on
this concept.

2.4. A matriz-valued Brownian motion. The aim of this subsection is to
define a matrix-valued Brownian motion that will play a fundamental role
in our central limit theorem. First, we introduce two constants () and R
which depend on H.

Denote by p the measure on R? with density |s — ¢|>/=2. Define, for each

pEZ,
Q(p):T4H/01 /pp+1/0t/psu(dvdu)u(dsdt)

Ry =0 | 1 / o / 1 / " (v dupu(ds )

It is not difficult to check that for 1 < H < 3, the series > pez @(p) and
ZpGZ R(p) are convergent, and for H = %, they diverge at the rate logn.

Then we set (we omit the explicit dependence of @ and R on H to simplify
the notation)

(2.12) Q=Y Q(), R=)_ R(p),

pEZL PEZL

and
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for the case H € (3,2), and

4H
0= lim LpinQP) _ T R qim 2l i

n—oo  logn 2 n—oo  logn 2

for the case H = %.
LEMMA 2.1. The constants Q and R satisfy R < Q.

PrOOF. If H=2, we see from (2.12) that these two constants are both
equal to #. Suppose H € (%, %) Consider the functions on R? defined by
(Pp(va 3) = l{pgvgsgp—f—l}a %(’U, 3) = 1{p§s§v§p+1}> p € Z. Then

n—1 2

Z(Sop —p)

p=0

1

n

L2(R?,p)

9 n—1
Z (<1{p§v§5§p+1}’ 1{QSv§5§q+1}>L2(R2,M)
p,q=0

n
— (Lp<v<s<pti Lg<s<o<q+1}) 12(R2 )

n—1
=23 Q) - Rp—0)).

p,q=0

It is easy to see that the above is equal to

n—1 7
233 (@) - Rek)

=0 k=—j

It then follows from a Cesaro limit argument that the quantity in the right-
hand side of the above converges to 2(QQ — R) as n tends to infinity. Therefore,
Q>R O

Let WO = (W2 t€[0,T]}, i< j,i,j=1,...,mand W4 = {W} t e
0,7}, 4,5 =1,...,m be independent standard Brownian motions. When i >
J, we define Wto’” = WI,IO’J ‘. The matrix-valued Brownian motion (W%)1<; j<m.,
i,7=1,...,m is defined as follows:

Wit — a_\/l%(\/Q_"_—R,Wl’LZ)

and

Wi — a_\/f%(, /Q) — RWLI 4 \/EWO’U) when 7 # j.
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0.8
0.7

0.6} /o

Value of gand r
o o
B w
T T

o
w
T

0.2

Ol ] L L L
0.5 0.55 0.6 0.65 0.7 0.75
Value of H

Fic. 1.  Simulation of ¢ and r.

Notice that this definition makes sense because R < Q). The random matrix
W, is not symmetric when H < 3; see the plot and table below. For 4, j, i/, j' =

1,...,m, the covariance E(Wtij Wsilj /) is equal to
% (t A s)
T

where ¢ is the Kronecker function.
In the Figure 1 and Table 1, we consider two quantities for H € (%, %),

(Rdjir0ijr + Q05 0iir),

2 2
_ YH _ %
4= @ and 1=k

We see that the values of ¢ and r approach 0.5 and 0 as H tends to %,
respectively, and both of them tend to infinity when H gets closer to %.

2.5. A matriz-valued generalized Rosenblatt process. In this subsection
we introduce a generalized Rosenblatt process which will appear in the lim-
iting result proved in Section 8 when H > %. Consider an m-dimensional
fBm B, = (B},...,B}") with Hurst parameter H € (2,1). Define for iy, i, €
1,...,m,

o /] e . .
ZiR(t)=n / (B — B{1)6B2.
7=1 tj
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TABLE 1
Simulation of ¢ and r

H 0.5010 0.5260  0.5510  0.6010  0.6260  0.6510  0.7010  0.7260
q 0.4990 0.4763  0.4580  0.4369  0.4375  0.4522  0.5669  0.7290
r 9.9868x10™*  0.0256  0.0503  0.1053  0.1400  0.1845  0.3689  0.6149

When i1 =iy =i, we can write

- per /1] ,
70 = g D Ha(§),
i=1

where Hs(z) = 22 — 1 is the second degree Hermite polynomial and g;” =
T-Hn" (B}, — B}). It is well known (see [20]) that for each i =1,...,m,
the process Zy'(t) converges in L2 to the Rosenblatt process R(t). We refer
the reader to [30] and [32] for further details on the Rosenblatt process.

When iy # ia, the stochastic integral féj“ (Bit — BZ;)&B? cannot be writ-
ten as the second Hermite polynomial of a Gaussian random variable. Never-
theless, the process Z,"*?(t) is still convergent in L2. Indeed, for any positive
integers n and n’, we have

E(Z,™2 ()2, (1))

/ (k+1)/m)T ) i1 )
=nn' Y Y E[ /( (B! = B nyr)0 B¢

k=0 k=0 k/m)T
/((kJrl)/n’)T(B.1 Bit )5B'2}
x & = Bl )95,
(k /)T (k/n"\T
lnt/T] '/ T] (k1) /)T p((K'+1) /)T pt 5
=nn'a?; Z Z / / / / p(dv du)
=0 k=g J(k/n)T (k' /n/)T (k/n)T J (K" /n/)T
x p(dsdt)
T2 2 t t
— aH//|u—v\4H4dudv
4 0 Jo
p—r—]
as n’,n — +o0o, where cy = %. This allows us to conclude that

Zn2(t) is a Cauchy sequence in L?. We denote by me the L2-limit of
Zii2(¢). Then Z;'" can be considered a generalized Rosenblatt process.
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It is easy to show that
E(|Z{" — Z22 ) < Clt — 5|2,
and by the hypercontractivity property, we deduce
(2.13) E[ 27 — Zi2 ) < Gylt — P

for any p > 2 and s,t € [0,7]. By the Kolmogorov continuity criterion this
implies that Z""2 has a Holder continuous version of exponent A\ for any
A<2H —1.

3. Estimates for solutions of some SDEs. The purpose of this section is
to provide upper bounds for the Hélder seminorms of solutions of two types
of SDEs. The first type [see (3.1)] covers equation (1.1) and its Malliavin
derivatives, as well as all the other SDEs involving only continuous inte-
grands which we will encounter in this paper. The second type [see (3.13)]
deals with the case where the integrands are step processes. These SDEs
arise from approximation schemes such as (1.2) and (1.3).

For any integers k, N,M > 1, we denote by CF(RM;RY) the space of k
times continuously differentiable functions f:RM — RY which are bounded
together with their first k partial derivatives. If N =1, we simply write
CF(RM).

In order to simplify the notation we only consider the case when the fBm is
one-dimensional, that is, m = 1. All results of this section can be generalized
to the case m > 1. Throughout the remainder of the paper we let 5 be any
number satisfying % < < H. The first two lemmas are path-wise results,
and they will still hold when B is replaced by general Holder continuous
functions of index v > . The constants appearing in the lemmas depend on
B, H, T and the uniform and Holder seminorms of the coefficients. We fix
a time interval [7,7T], and to simplify we omit the dependence on 7 and T’
of the uniform norm and S-Hélder seminorm on the interval [7,77].

LEMMA 3.1. Fiz 7€ [0,T). Let V ={V;,t € [,T]} be an RM-valued
processes satisfying
t

t
(3.1) Vi=S+ / [gl(Vu) + U&Vu] du + / [gg(Vu) + UgVu] dBy,

-
where g1 € Cp(RM;RM), g, € CHRM;RM) and U' = {Uj,t € [7,T]}, i=1,2,
and S = {S;, € [1,T]} are RM*M _yalued and RM -valued processes, respec-
tively. We assume that S has B-Hélder continuous trajectories, and the pro-
cesses U', i =1,2, are uniformly bounded by a constant C.

(i) If U =U? =0, then we can find constants K and K' such that (t —
s)P|Bllg < K, 7<s<t<T implies

IVils.t.8 < K'(I1Bllg + 1) + 2[5 -
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(ii) Suppose that there exist constants Ko and K}, such that (t—s)?||B||5 <
Ky, 1<s<t<T implies

(3.2) 1U2]5,0,6 < Ko (I Bllg +1).
Then there exists a positive constant K such that

1/8
(3.3) max{ ||V |loc, |V ]| 5} < Ke"1Pls (1S, |+ [|S]|5 +1).

PrOOF. The proof follows the approach used, for instance, by Hu and
Nualart [8]. Let 7 <s <t <T. By the definition of V,

t t
(84) ViV, =S — Sy + / (Vi) + UMV du + / (92(Vi) + U2V, dB,.
S S

Applying Lemma A.1(ii) to the vector valued function f: (u,v) — g2(v) +uv
and the integrator z = B, and taking 8’ = 3 yields

Ve = Vil < 1115t = 8)” + (g1 lloc + ClIV [ls,4,00)(t = 5)
+ K1 (llg2lloc + ClIV lls,t,00) [ Blls (t — 5)"
+ K2(|[Vaalloo + OV lls,ll Blls(t — 5)*
+ K|V 5,00 [U 1,511 Blls (¢ = £)*.

Step 1. In the case U! = U? = 0 (which means that we can take C' =0
and ||U?|s+5 =0), dividing both sides of (3.5) by (¢ — s)” and taking the
Holder seminorm on the left-hand side, we obtain

Vllses <1ISlg +ci(t—s)F + Kie1||Bllg

(3.5)

(3.6) ,
+ Kaar||V sl Bllg(t = 5)7,

where (and throughout this section) we denote

(3.7) c1 = max{C, [|g1loc, |92lls0; [V g2[loc }-

Take K = (Kyc1)~!. Then for any 7 < s <t <T such that (¢t — s)°|| Bz <
K, we have

IV |5, < 2[1Sl + 2¢1(t — s) 7 + 2Ky c1|| B 5,

which implies (i).
Step 2. As in step 1, we divide (3.5) by (t — s)? and then take the Holder
seminorm on the left-hand side to obtain

IVlse8 < NSl +cr(L+ 1V |ls00) (t = 5)' 77
+ Kie1(1+ [V ]|s,t,00) | Blig
+2Kac1 [V [[s,0,5] Bll g (t — 5)°
+ K|V [s.t,00lU? [l gl Bl (8 = 5)°.

(3.8)
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If (t — s)°||B||g < 3(K2c1)7!, then the coefficient of ||V||s: s on the right-
hand side of (3.8) is less or equal than %. Thus we obtain
IV lls,t.6 < 201 ll5 + 2e1(1+ | V][ ,00) (= 8)' 7
+2K1c1 (14 [V [ls0.00) | Bllg
+ 2Ka|V [ls,0,00|U | 1,511 Bll s (t = 8)°.

On the other hand, assuming (¢ — s)?||B||s < K¢ and applying (3.2), we
obtain

(3.9) 1Vls,t.8 < 2118l + Cr(1 + [ Bllg) (L + [V ls.t,00)
for some constant C'. This implies

IV llst,00 < Vsl +2(t = )7 (IS5 + C1t = ) (L + [ Blls) (L + [V [|s,1,00)-

Assuming (t — )% B||s < ﬁ and (t —s)? < ﬁ A 3, we obtain
(3.10) IV lls.,00 < 2/ Vs| +2[I5]g + 1.

Take A = [||B\|Elmin(ﬁ,f(o, ﬁ)]l/ﬁ A (ﬁ A $)1/8. We divide the in-
terval [7,T] into N = LTETJ + 1 subintervals and denote by s1,s9,...,sy the
left endpoints of these intervals and syy; =7T. Applying inequality (3.10)
to each interval [s;, s;41] for i=1,..., N yields

(3.11) IV llso < 2VF1(S7] +211S]|5 + 1)

From the definition of A we get

T 1
(3.12) Nﬁl—i—z§1+Tmax(027c3‘|3||5/ﬁ)7

for some constants Cy and C3. From inequalities (3.11) and (3.12) we obtain
the desired estimate for ||V ||oc-

If t,s € [r,T] satisfy 0 <t — s <A, then from (3.9) and from the upper
bound of ||Vl we can estimate (‘;:S‘)/g by the right-hand side of (3.3) for
some constant K. On the other hand, if t — s > A, then

Vi — Vil
(t—s)°
We can obtain a similar estimate from the upper bound of ||V ||s and from

the definition of A. This gives then the desired estimate for ||V 3, and hence
we complete the proof of (ii). O

<2|[V]leA™

For the second lemma we fix n and consider the partition of [0,7] given
by ti:i%, i=0,1,...,n. Define n(t) =t¢; if t; §t<ti+% and £(t) :ti—l—%
ift; <t<t;+ L.
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LEMMA 3.2.  Suppose that S, g;, U?, i =1,2 are the same as in Lemma 3.1.
Let g € C([0,T)). Let V ={V;,t € [1,T]} be an RM -valued processes satisfy-
ing the equation

T

tve(r)
w=&+/> 191 (V) + Uy Vi Jg( — () du
€
(3.13)

tve(r)
+ /( ) [QQ(Vn(u)) + Us(u) Vn(u)] dB,,.

(i) If UL =U? =0, then we can find constants K and K' such that (t —
s)P|Bllg < K, 7<s<t<T implies

Vllst,6:m < K'(1Bl5 +1) + 2[5l -

ii) Suppose that there exist constants Ko and K}y such that (t—s)?||B||s <
0 B
Ko, 1 <s<t<T implies

(3.14) 10|58 < Ko(IBllg +1).
Then there exists a constant K such that

1/8
max{||V ||, |V |5} < Ke"I1PIs" (1S, + [|S]|5 +1).

REMARK 3.1. The proof of this result is similar to that of Lemma 3.1.
Nevertheless, since the integral is discrete, we need to replace the Holder
seminorm || - ||s s by the seminorm || - |5+ ., introduced in (2.1).

PrOOF OF LEMMA 3.2. Let s,t € [1,7] be such that s <t and s =
n(s). This implies s > (7). As in the proof of (3.5), applying Lemma A.1(i)
[instead of Lemma A.1(ii)] yields

Vi — Vil
<118115(t = )7 + (lgrlloo + CIV lls,t.00) llglloo (t = 5)
+ K1 ([lg2lloc + ClIV lls,t,00) [ Blls (t — 5)"
+ K3[(IVa2lloo + OV lis8.0 + IV Ils.t00 U2 5, [ Bll g (t = ).

Dividing both sides of the above inequality by (¢ —s)? and taking the Holder
seminorm on the left-hand side, we obtain

IVlls.e.80 < 1S5+ lgrlloe + ClIV lls t.00) l9lloo (t — )7
+ Ki([lgzlloo + ClIVls.t.00) [ Bllg

+ K5([|Vg2lloo + OV ls 8l Blls(t — 5)°
+ K3 Vlls,t,001U s,6,80 | Blla(t = 5)°.

(3.15)
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Step 1. In the case U' = U? =0, (3.15) becomes

IV'lls.2,6.n
<1Slls +erllglloc(t = )7 + Kreal|Bllg + Kser |V [|s,e,.0l Blls(t — )7,

where ¢; is defined in (3.7). Taking K = £ (K3zc1)~!, for any 1 <s<t<T
such that (t — s)°||B||s < K, we have

IVlls.t,8.0 < 2118l +2e1llglloo(t = 8)' 7 + 214 || Bl -

This completes the proof of (i).

Step 2. In the general case, we follow the proof of Lemma 3.1, except that
we assume s =17)(s) and use the seminorm || - |5+ 3, instead of || - |55 We
also apply (3.14) instead of (3.2). In this way we obtain inequality (3.9) with
IV 1,6 replaced by [V ]ls1,3,0, that is,

(3.16) IV llst..n < 2015l + Cr(1+ 1Bllg) (14 [[V'[ls,t,00)
for some constant Cj. Inequality (3.10) remains the same,

(3.17) IV lls,t00 < 2IVal + 2155 + 1,

provided s =7(s), and both t — s and (¢ — s)?||B||s are bounded by some
constant Cy.
Take A = (Ci/ﬁHBHgl/ﬂ) A Cy. We are going to consider two cases de-

pending on the relation between A and 2L.

n
If A> 2L we take N = L%T_ff(mj and divide the interval [e(7),e(T) +
N %] into IV subintervals of length %. Since the length of each of these subin-

tervals is larger than %, we are able to choose N points s1, s3,...,sy from
each of these intervals such that s; =¢(7) and n(s;) =s;,i=1,2,...,N. On
the other hand, we have s;41 —s; <A foralli=1,..., N — 1. Applying in-
equality (3.17) to each of the intervals [s1, s2], [s2,53],...,[SN—1,5N], [sn, T
yields

(3.18) IVlle(r) 700 < 2V (182 + 21115 + 1)

From the definition of A we have

2T
(3.19) N< T <K+K|B|f”,

for some constant K depending on 7" and Cy. From (3.18) and (3.19) and
taking into account that

(3'20) ||VHT,E(T),OO = ||S||T,5(T),oo < ‘ST‘ + T’BHSHg’

we obtain the desired estimate for ||V|s.
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IfA< %, that is, when n < 2L < K—I—KHBH;/’B, then by equation (3.13)
we have

Vil < Vol + 15t = Sy + (e1 + ClVaw Dllglloo (T/n)

+ (e1+ CVyw DI Blls(T/n)?
<Ap+ Bn|v17(t)‘7
for any ¢ € [1,T], where
An = [ISI15(T/n)? + c1llglloo (T/n) + e1||Blls(T/n)”
and
By =1+ Cllglloo(T/n) + C||Blls(T/n)".
Iterating this estimate, we obtain

HVHE(T),T,OO < ‘SE(T)‘BT? + nAntil
(3.21)

K|B|Y*?
< K(ISe(n| + ISlls +1)e"IE0
for some constant K independent of n, where we have used the inequality

n K(1+||B 1-5
B'<e (A+(IBllg)n ’

and the fact that n < K + K||BH;/5 for some constant K. Taking (3.20) into
account, we obtain the desired upper bound for ||[V||«.

In order to show the upper bound for ||V|; 73, we notice that if 0 <
t—s <A, then from (3.16) and from the upper bound of ||V||; 7,00, we have

1/8
Vlle(s).t.6.m < K(IS7[ + [S]l5 + 1)eK”B”B ,
for some constant K. Thus

Vi — Vi Veis) — Vsl
LA R S
(t_s)ﬂ — HVHE(S),tWB,n—i_ (E(S) —8)6

1/8
< K(|S; ]+ 18] + 1)e™ 1Bl

If t —s > A, we can obtain the upper bound of ||V||g by an argument similar
to that in the proof of Lemma 3.1. The proof of (ii) is now complete. [

The following result gives upper bounds for the norm of Malliavin deriva-
tives of the solutions of the two types of SDEs, (3.1) and (3.13). Given
a process P = {P;,t € [r,T]} such that P, € D2, for each t and some
N > 1, we denote by Zy P the maximum of the supnorms of the functions
P, DTIPTO,...,D%.",TNPTO over ro,...,ry € [7,T], and denote by ZnP
the maximum of the random variable Z3 P and the supnorms of ||P||s,
Dy Pllry 7,85 |DY i Pllriveven s over ro,....rn € [r,T]. If N =0,
we simply write Z5P = || P||oc and ZyP = max(||P||, || P|g)-
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LEMMA 3.3. (i) Let V' be the solution of equation (3.1). Assume that
g1 = g2 = 0. Suppose that U' are U? are uniformly bounded by a constant C,
and assume that there exist constants Ko and K|, such that (t — s)?|B||s <
Ky, 1<s<t<T implies
(3.22) 10?506 < Ko (I Bllg +1).

Suppose that S,U',U? € DV2 where N >0 is an integer, and D, Sy = D, U} =
0,:=1,2, if 0<t<r<T, and suppose that there exists a constant K >0
such that the random variables IS, .@X,Ul, InU? are less than or equal

1/8
to KefWBIs™  Then there ewists a constant K' >0 such that DNV is less
than K’eK,”BHE’/B.
(ii) Let V' be the solution of equation (3.13). Then the conclusion in (i)
still holds true under the same assumptions, except that in (3.22) we replace

105,58 0y U ]1s,t,8,n-

PRrOOF. We first show point (i). The upper bounds of ||V||« and ||V]|g
follow from Lemma 3.1(ii). The Malliavin derivative D, V; satisfies the equa-~
tion (see Proposition 7 in [26])

t t
D,_vt:st(%r/ U;D,_Vudw/ U2D,V,dB,

T

while t € [rV 7,T] and D,V; =0 otherwise, where
t t
3.23) S .=D,S, + U2V, + / (D, UMV, du + / [D,U2]V, dB,

for t € [r vV 7,T]. Lemma 3.1(ii) applied to the time interval [r,T], where
r > 7, implies that

1/8
max{|| DV ||r 100, | DrVllrr,5} < K" IPIE (S| 4+ SO 7 5+ 1).

Therefore, to obtain the desired upper bound it suffices to show that there
exists a constant K independent of r such that both ||[S™M ||, 7« and [[SM||,. 1.4

1/8
are less than or equal to Ke™I'Blls Applying Lemma A.1(ii) to the second

integral in (3.23) and noticing that | D,U?||s, | DrU?|lr1.8: |V lsos IV |Ir15
1/8
are bounded by KeXIPls" we see that the upper bound of [|SM)]|s is
1/B
bounded by K HIBIS  On the other hand, in order to show the upper

1)

_g
bound for ||SM)|, 74, we calculate Si(t_sfg using (3.23) to obtain

St(l) — Sgl) s t .
D 1D Sy + (= 5) / (D, UV, du

t
+(t—s)"" / [D, U2V, dB,.
S
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Now we can estimate each term of the above right-hand side as before.
Taking the supremum over s,t € [r,T] yields the upper bound of [|SM|},.7 5.

We turn to the second derivative. As before, we are able to find the equa-
tion of D%MQVt; see Proposition 7 in [26]. The estimates of waQVt can then
be obtained in the same way as above by applying Lemma 3.1(ii) and the
estimates that we just obtained for V; and DV}, as well as the assumptions
on S and U’. The estimates of the higher order derivatives of V can be
obtained analogously.

The proof of (ii) follows along the same lines, except that we use Lem-
ma 3.2(ii) and Lemma A.1(i) instead of Lemma 3.1(ii) and Lemma A.1(ii).
O

REMARK 3.2. Since 8 > %, from Fernique’s theorem we know that

K eKHBHﬁl?/B has finite moments of any order. So Lemma 3.3 implies that the
uniform norms and Hélder seminorms of the solutions of (3.1) and (3.13)
and their Malliavin derivatives have finite moments of any order. We will
need this fact in many of our arguments.

The next proposition is an immediate consequence of Lemma 3.3. Recall
that the random variables 75, P and 2y P are defined in Section 3.

PROPOSITION 3.1. Let X be the solution of equation (1.1), and let
X™ be the solution of the Euler scheme (1.2). Fix N >0, and suppose
that b€ CN (R4, RY), 0 € CéVH(Rd,Rd) (recall that we assume m =1). Then
there exists a positive constant K such that the random variables PnX

1/8
and I X" are bounded by KKIBlls for all n € N. If we further assume
o€ Cév+2(Rd,Rd), then the same upper bound holds for the modified Euler
scheme (1.3).

PRrROOF. We first consider the process X, the solution to equation (1.1).
The upper bounds for || X|| and || X]|/g follow from Lemma 3.1(ii). The
Malliavin derivative D, X; satisfies the following linear stochastic differential
equation:

t t
(3.24) DX, = o(X,) + / Vb(Xo) Dy Xo du + / Vo(Xy) Dy Xa dBu,

while 0 < r <t <T, and D, X; =0 otherwise. Then it suffices to show that

1/B
(3.25) sup P (DrX) < KBl
rel0,T7]

for M = N — 1. We can prove estimate (3.25) by induction on N > 1. Set
Sy =0(X,), Ul = Vb(X;) and U? = Vo (X;). Applying Lemma 3.1(i) to X
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we obtain that U? satisfies (3.22). Therefore, Lemma 3.3 implies that (3.25)
holds for M = 0. Now we assume that

1/p
sup Zum(DyX) < KeXIBls
rel0,7]

for some 0 < M < N — 2. It is then easy to see that
1/8
Dt (U N Zap (U V Daga(S) < KeFIPIET

taking into account that b € C}¥(R%RY), o € C’év (R, R?), which enables
us to apply Lemma 3.3 to (3.24) to obtain the upper bound of the quantity
sup,.co,1] Zm+1(Dr X).

The estimates of the Euler scheme and the modified Euler scheme and
their derivatives can be obtained in the same way. We omit the proof, and
we only point out that one more derivative of ¢ is needed for the modified
Fuler scheme because the function Vo is involved in its equation. [

4. Rate of convergence for the modified Euler scheme and related pro-
cesses. The main result of this section is the convergence rate of the scheme
defined by (1.3) to the solution of the SDE (1.1). Recall that =, is the func-
tion of n defined in (1.5).

THEOREM 4.1. Let X and X™ be solutions to equations (1.1) and (1.3),
respectively. We assume b € C(R4GRY), o € CEHREGR™). Then for any
p > 1 there exists a constant C' independent of n (but dependent on p) such
that

sup E[|X7 — X, [P]'/? < Oyt
0<t<T

ProOOF. Denote Y := X — X". Notice that Y depends on n, but for
notational simplicity we shall omit the explicit dependence on n for Y and
some other processes when there is no ambiguity. The idea of the proof is
to decompose Y into seven terms [see (4.7) below| and then study their
convergence rate individually.

Step 1. By the definitions of the processes X and X", we have

t
Y= / [B(X,) — B(XZ) + b(X2) — b(X",, )] ds

Y / (09(X,) — o (X2) + 07 (X2) — 07 (X7, )] dBBE
j=17"

m t . _
-} | (0909055 = ()~ .
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By denoting
. . . 1
o (s) = (Volo?)(X))), b1(s) :/0 Vb(0Xs+ (1—-60)X7)do,

. 1 .
ol (s) = /0 VoI (0X, + (1 — 0)X™) dob,

we can write

t mooet . t
Y, = / bi(s)Yeds + > / ol (s)Y, dBI + / B(XZ) — b(X],)]ds
0 =170 0

mtj"_gjn Jj_ mtajss—sw_ls
+j;/o[a(XS) (X)) dB; H;/o 0(8)(s —n(s)) ds.

Let A" = {A},t €[0,T]} be the d x d matrix-valued solution of the fol-
lowing linear SDE:

¢ mooet '
(4.1) A?:I—I—/ bl(s)A?ds—l—Z/ ol(s)AL dB,
0 — /o
j=1

where [ is the d x d identity matrix. Applying the chain rule for the Young
integral to 'Y A}, where I'}, ¢ € [0, 7] is the unique solution of the equation

t moo .
(4.2) - / I (s)ds — 3 / 7ol (s) dBY,
0 . 0
J=1

for t € [0,T], we see that I'A} = APT'} = I for all t € [0,T]. Therefore,
(A7)~ exists and coincides with T'?.
We can express the process Y; in terms of A} as follows:

t
Y = / APTR[B(XT) — b(X))] ds
0
(4.3) Y / AT o7 (X2) — o (X)) B
j=17"

m t '
-1y [ AT (s)(s =) ds
j=1

The first two terms in the right-hand side of equation (4.3) can be further
decomposed as follows:

| Aol () - 07 (3 ) ]
0
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t . .
- / APTT (5)(s — n(s)) dBI
(4.4) Yy / AT (s)(Bi — Bi)) dB
=1
t . .
+ [ Arpoie)s - ()™ B

= Iy 5(t +ZI3JZ )+ 1a,5(t),

where
1
I(s) = / Vol (07 + (1= 0)X))b(X).) O,
A= [ VXD + (10X ) (),
m
a3 (s) /VJJ (X5 + (1 = 0) X5, ZU
=1
and

t
A7 /0 PR[B(XT) — b(XT )] ds

(4.5) =A} /O T"b3(s) [b(Xn(s +Zaﬂ ne)(BL—= Bl )
+> > a(s)(s—n(s)*" | ds
j=1

=T (t —I—meg )+ Li(t),

where bs(s fo Vb(OXT + (1= 0)X7 )

(4.6) Tt =~HA} [ Tiad(s)(s = n(s)* " ds.

Substituting equations (4.4), (4.5) and (4.6) into (4.3) yields

(47) Y = IH+ZIHJ+113+ZIQJ+ Zlg,ﬂJrZIMJrZIg,J

J,4=1

df. We also denote
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Step 2. Denote by (A™);,i=1,...,d, the ith columns of A™. We claim that
(A™); satisfy the conditions in Lemma 3.3 with M =d, 7 =0, U} = by (t),
U? =0i(t) and N =2. We first show that U? satisfies (3.22). Taking into
account that b € C3 (R4 R?), o € CHRER*™), it suffices to show that both
X and X" satisfy (3.22). This is clear for X because of Lemma 3.1(i). It
follows from Lemma 3.2(i) that there exist constants K and K’ such that
(t—s)?||Blls < K, 0<s<t<T implies

1X"s150 < K'(IBllg +1).
Notice that

Xp - xp| X0 - Xl X — XY
(t—s)F = (t—e(s)? (e(s) —5)P
|Xn,, - X2
<||x™
= H HS,t,B,n + 6(8) _s

for t,s:t > e(s), where we recall that (s) =t;41 when s € (¢, tg41]. There-
fore, to verify (3.22) for X™ it suffices to show that

X", < K'(I1Bllg +1)
for s,t € [tg, try1] for some k. But this follows immediately from (1.3). On the

1/p

other hand, the fact that Z2;U' and 2,U? are less than K HIBIS for some
K follows from Proposition 3.1, and the assumption that b € Cg’(]Rd;]Rd),
o € CH(RGRX™) | where 25 and %5 are defined in Section 3.

In the same way we can show that the columns of I'” satisfy the assump-
tions of Lemma 3.3. As a consequence, it follows from Lemma 3.3 that

1/8

(4.8) DAV DT < KeKIBI

Step 3. From (4.8) and from the fact that b € C3(R%R?) and o € C}(R%;
R4™) it follows that

4.9)  E(In@®)P)P<cnt and E(Ls@))? <conH.
Notice that n~' and n=2 are bounded by 7, !. Applying estimates (A.4)
and (A.5), inequality (4.8) and Proposition 3.1, we have for any j

w0 E( Lo, () <Cn™t E(IL(0)f) P <7,
4.10

E(|Li;(0]")" < Cn2",
Now to complete the proof of the theorem it suffices to show that for any 7,
E(| S0, Is,5.4(t) + I5 ;()[P)1/P < C; b For any fixed j we make the decom-
position

m
(4.11) D Isji+Is;=FEj+Eyj+ By,
=1
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where

Bus(t) = A7y /O (703 (s) — T (Vodo) (X0 | (B — B ) dBI,
=1

Bos() = A7 /O I (Volo') (X2 )(BL - B ) dB]
=1

t .
CHA} /0 n 3 04(s)(s — n(s) P ds,

Bsglh) = HAL /0 () — T (s)(s = n(s)*" " ds.

Applying (4.8) for the quantities ||[A"| s and [|[I'™|g, it is easy to see that
E(|E5;(t)[P)Y/P < Cn'~2H=F for any 1 <3< H. On the other hand, apply-
ing estimate (A.15) from Lemma A.5 to E; j, we obtain E(|Ey ;(t)[?)Y/? <
Cn'=38 for any % < B < H. Notice that the exponents n'=27=6 and n!—38
are bounded by v, ! if 3 is sufficiently close to H.

Taking into account the relationship between the Skorohod and path-wise
integral, we can express the term F» ; as follows:

(4.12) Byj(t)=ApY o / 6B.SBI,
i=1 k=0 b b

for t € [0,T], where F/""/ =T7(Voio')(X1), and we define t,, 1 = (n—+ HL.
From (4.8) and Proposition 3.1, we have

xi - . 1/8
(413) (|| Dy, B | Dy, Dy 0 < KRBT

Hence, applying estimate (A.8) from Lemma A.4 to FE3;(t), we obtain
E(|Bs,;(t)|?)}/? < C~;'. The proof is now complete. [

The following result provides a rate of convergence for the Malliavin
derivatives of the modified scheme and some related processes. Recall that
0 satisfies % <pB<H.

LEMMA 4.1. Let X and X™ be the processes defined by (1.1) and (1.3),
respectively. Suppose that o € C(R4GR>*™) b e CHRERY). Let p > 1. Then:

(i) There exists a constant C' such that the quantities || Ds Xy — D X['||p,
| Dy Ds Xy — Dy D XP||p, |DuDrDs Xy — DDy Ds X7 are less than Cn'=28
for all u,r,s,t €[0,T] and n € N.
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(ii) Let V and V™ be d-dimensional processes satisfying the equations

t m t . )
v;=v0+/ F1 (X Xo) Vi du+ S /fé(Xu,Xu)vudBa,
0 . 0
Jj=1

t mooet '
th:VOJr/ fl(Xu,Xg)Vu"dquZ/ fH (X0, XMV dBI,
0 - 0
J=1

where fi1 € C3(R? x REGRXY) and fg € CH(R? x R%GRI*9). Then there ex-
ists a constant C' such that the quantities ||V — V||, [|DsVi — DV ||,
| D, DsVi — D DV}*||, are less than Cn'=28 for all r,s,t € [0,T] and n € N.

REMARK 4.1. The above results still hold when the approximation pro-
cess X" is replaced by the one defined by the recursive scheme (1.2). The
proof follows exactly along the same lines.

PrROOF OF LEMMA 4.1. (i) Taking the Malliavin derivative in both sides
of (4.3), we obtain

Dy(X, — X]) = / D AT (b(X2) — b(XT%,,))] ds
Y / DL AT (07 (X2) — 07 (X)) dBI
j=1"0

+ ) AT (X)) — 0! (X))
j=1

m t '
-3 | Doz o)~ ) s

Proposition 3.1 and equation (4.8) imply that the first, third and last terms
of the above right-hand side have LP-norms bounded by Cn'=2. Applying
estimate (A.16) from Lemma A.5 to the second term and noticing that
| X|ls and sup,¢(o 7 [ DrX||s have finite moments of any order, we see that
its LP-norm is also bounded by C'n'=28.

Similarly, we can take the second derivative in (4.3) and then estimate
each term individually as before to obtain that the upper bound of || D, Ds X; —
D, Ds X}, is bounded by Cn'=25.

(ii) Using the chain rule for Young’s integral we derive the following ex-
plicit expression for V; — V,":

t
VoV = / T (1 (X Xo) — f1(Xey XT)) VI ds
0
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(4.14)
+Z [ e X st X

where T = {Y;, t € [0, 7]} is the R?*?-valued process that satisfies
t mooot '
T, :I+/ fl(Xs,XS)TtderZ/ FI(Xs, X)X, dBY.
0 — /o
Lemma 3.3 implies that there exists a constant K such that for all n € N,
u,r,s,t €[0,T], we have

/8
(415) max{Tt, DY, D, DYy, DuDrDsTt} < KeKHB“B

Therefore, applying estimate (A.4) to the second integral in (4.14) with v =0
and taking into account the estimate of Lemma 4.1(i), we obtain

|V =V"|,<Cn'™?,
Taking the Malliavin derivative on both sides of (4.14), and then applying
estimates (A.4) from Lemmas A.3 and 4.1(i) as before, we can obtain the de-

sired estimate for || DsV; — DV} ||,. The estimate for || D, DsV; — D, DV,
can be obtained in a similar way. [

We define {A,t €[0,T]} as the solution of the limiting equation of (4.1),
that is,

t m t ) )
(4.16) A =1+ / Vb(X)Asds+ D / Vol (X,)AsdBJ.
0 . 0
=

The inverse of the matrix A;, denoted by I'y, exists and satisfies

/ I, Vb(X ds—z / I''Vol(X,)dBJ.

It follows from Lemma 4.1 that if we assume that o € Cp (R4 R>™) and b €
CHR4;RY), then the estimate in Lemma 4.1(ii) holds with the pair (V, V™)
being replaced by (I';,I'7") or (A;,Al'), i =1,...,d, where the subindex i
denotes the ith column of each matrix.

5. Central limit theorem for weighted sums. Our goal in this section is
to prove a central limit result for weighted sums (see Proposition 5.5 below)
that will play a fundamental role in the proof of Theorem 6.1 in the next
section. This result has an independent interest and we devote this entire
section to it.



EULER SCHEMES OF SDE DRIVEN BY FBM 29

We recall that B ={By,t € [0,T]} is an m-dimensional fBm, and we as-
sume that the Hurst parameter satisfies H € (2, 4] For any n > 1 we set

tj = ]T , 7=0,...,n. Recall that n(s) =tx if ¢t} < s < txy1. Consider the
dxd matrlx—valued process
- it ) . )
—n,i, i i ..
=t J:'YnZ/t (B — U(S))(ng’ 1<i,j<m,
—_ 2

where we denote {t} = |2] for t € [0,T) and {T'} =t,_1.

ProprosITION 5.1.  The following stable convergence holds as n tends to
infinity
(E",B) = (W, B),

where W = {W,;,t € [0,T]} is the matriz-valued Brownian motion, introduced
i Section 2.4, and W and B are independent.

PROOF. From inequality (A.8) in Lemma A.4 it follows that

(5.1) B(=p, - =519 < o £ j) |

n

for any j < k. This implies the tightness of (", B).

Then it remains to show the convergence of the finite dimensional dis-
tributions of (2", B) to that of (W, B). To do this, we fix a finite set of
points r1,...,7r41 € [0,7] such that 0 =r] <re <--- <rp41 <T and de-

fine the random vectors By = (B, — Byy,..., By, — Bp), E7 = (2], —
B, —EY) and W= Wy, = Wey oo Wy — Wy ). We claim
that as m tends to infinity, the following convergence in law holds:

(5.2) (Ez,BL) :>(WL,BL).

For notational simplicity, we add one term to each component of Z7, and
we define

{riay
(5.3) OF (i) = ZpT — =i 4 () =5 S,
k={r/}
for 1<I<L,1<14,5<d, where

topr , .
¢, —/ (Bi — B )6BI.
173

Then Slutsky’s lemma implies that the convergence in law in (5.2) is equiv-
alent to

(@?(273)71 < Za] Sd,l < l < LaBL) = (WLuBL)'
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According to Peccati and Tudor [27] (see also Theorem 6.2.3 in [21]), to
show the convergence in law of (©7, By,), it suffices to show the convergence
of each component of (0%, Br) to the correspondent component of (Wp, By)
and the convergence of the covariance matrix.

The convergence of the covariance matrix of ©7 follows from Propositions
5.2 and 5.3 below. The convergence in law of each component to a Gaus-
sian distribution follows from Proposition 5.4 below and the fourth moment

theorem; see [24] and also Theorem 5.2.7 in [21]. This completes the proof.
U

In order to show the convergence of the covariance matrix and the fourth
moment of 6,, we first introduce the following notation:

(54) Dy ={(s,t,v,u):tp <v<s<tpy1,u,t€[0,T]},
Dk1,k2 = {(87t7v7u) :tkz S v S S S tk2+17tk1 S u S t S tk1+1}'

The next two propositions provide the convergence of the covariance
E[O}(,7)07](i,7)] in the cases [ =1" and [ # l’, respectively. We denote
/Bk/n(s) = 1[tk,tk+1](8)'

PROPOSITION 5.2.  Let ©}'(i,j) be defined in (5.3). Then
N Ti41— T
(55)  EO}(,5)OF (0,5)] = af— " (Rojudiyr + Q0jyrdi),

as n — +oo. Here §; is the Kronecker function, o = H(2H — 1) and Q
and R are the constants defined in (2.12).

PrROOF. The proof will involve several steps.
Step 1. Applying twice the integration by parts formula (2.7), we have
E[©7 (i, 507 (i,4)]
(5.6)
{risa} o
S | DLDIO} (5 )u(dv du)(ds )
k={r} = 7k

where we recall that {t} = 2| for t € [0,T) and {T} =t,_1, and Dy is
defined in (5.4). Since
D,Die} (i, j)
(5.7)
{riga1}
=Tn Z (L0 (W) Brepn (£)050 0ir + L1y 2 (8) B (W) i G ),
k={r:}
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the left-hand side of (5.5) equals

{ri4a}

O‘H’Yn Z / {1[tk/t /Bk’/n()]]’(;u

k,k'={r}
+ Lt ) (8) Brr yn (1) 65 81 } pu(dv du) p(dss dt)
= a2 (G18j16i + Gadjirdijr).
In the next two steps, we compute the limits of v2G7 and v2Gy as n tends

to infinity in the case H € (1,3) and in the case H = 3 separately.
Step 2. In this step, we consider the case H € (5 Z) Recall that

:T4H/O /:H /Ot/pslu(dvdu),u(dsdt)

= ntt / w(dv du)p(dsdt),
D

Kk +p

which is independent of n, where the set Dy, 1, is defined in (5.4). We can
express 172G in terms of Q( ) as follows:

{ri41}

VG = Yy / p(dv du)p(ds dt)
Dy

ko k'={r}
{rix1t—{m} {riea}—pIN{ri41}

> > e

p={ri}—{r+1} &'=({r}-p)v{r}

= > Y (pQ®),
where
wp(p) = WP e S =p v Andy )

The term ¥}(p) is uniformly bounded and converges to """ as n tends to
infinity for any fixed p. Therefore, taking into account that Zp_f Q)=
@ < 00, the dominated convergence theorem implies

Tl41 — T
hm 20 =——Q.
1Yy T @
Similarly, we can show that
20, LT
e G2 =
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Step 3. In the case H = %, we can write

n2 {ria}
2
G = g w(dv du)p(ds dt
Tt lognkk/{ /D vduulds dt)

{risat={r} {ri41}

=n1§gn S 3 Q)

p={ri}—{ri41} k'={r}

1 {ri}=p=1  Aripadt—{n} {ripa}
_nlogn{ Z Z T Z Z }Q(p)

p={ri}—{ri41} k'={r} p=1  K={r1}—p+l

Taking into account that Q(p) behaves like 1/|p| as |p| tends to infinity, it is

then easy to see that G2 converges to zero. On the other hand, recall that

. 2 |pl<n QP)
Q =lim; 400 7@1@” 2

This gives the limit of ¥y2G;. The limit of 42G5 can be obtained similarly.
O

. This implies that G1; converges to %(Tl+1 —ry).

ProposITION 5.3. Let I,I' € {1,...,L} be such that | #1'. Let O™ be
defined as in (5.3). Then

. ny -l nge - .
(5.8) lim E[O} (i, 1)6] (i.)] = 0.

ProOOF. Without any loss of generality, we assume I’ <[. As in (5.6) we
have

{riy1}
B[O} (i, 507 (i, /)] = afm Y / DiLDIOR(, ') p(dv du)p(ds dt).
k={r.}

Taking into account (5.7), we can write
E[07 (i, 5107 (i, )]

{rig1} {rvgqt

_O‘H’Yn Z Z / {1[tk/t )ﬁk’/n( ) J]’éu

h={ri} k'={ry} " Ok
= a%{%%(éléjjféii/ + 625ji’5ij’)~
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In the case H € (1,3) we have

{ri41} {Tl’+1}

mCGr=n'""1 30 Y Ly () (t)p(dv dup(ds dt)
k={ri} k'={r;}” Dk

1 {rigi—{rp} {rvdrl{riga}-p)

=— > > Q(p)
p={rh—{ru 1} K=(r}—p)Viry)

o0

= > Q)

p=—00

where ®}'(p) is equal to

max{({ry41} —p) A} = (i} —p) VA7), 0h
- [y~ (e}~ )] (P):

The term ®}'(p) is uniformly bounded and converges to 0 as n tends to
infinity for any fixed p because | <[’. Therefore, taking into account that
E;ozfooQ(p) = (@@ < oo, the dominated convergence theorem implies that
7,21(?1 converges to zero as n tends to infinity. Similarly, we can show that

2G5 converges to zero as n tends to infinity.
In the case H = %, since

9 {riga} {rvga}

2 =
v,G1 = o Z Z /D , p(dv du)p(ds dt)
k:{rl} k/:{Tl/} Kk

1 {ripy—{rp}y {repidn{riga}—p)

=— ) > Q(p),

P:{Tl}—{ﬁ/+1} E'={ri}=p)V{ry}

we have

{rigt—{rp}t {ris1}-»

s Y Y QW)

p={ri}—{ryp1} K'={ry}
0

> (r+1)Q(p).

<
“nlnn
Noticing that Q(p) = O(‘%‘), we conclude that 42G; < % This shows

that 'y%él converges to zero as n tends to infinity. In the same way we can

show that ’)/%ég converges to zero. [J
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The following estimate is needed in the calculation of the fourth moment
of ©}'(4,7) in Proposition 5.4.
LEMMA 5.1. Let H € (%, %] We have the following estimate:

n—1

Z <ﬁk1/na /Bkg/n>7'l</6k2/n7 ﬁkg/n>7‘i<ﬁk3/nu /Bk4/n>7-l (ﬂkl/ny ﬁk4/n>H

k1,k2,k3,ks=0
<Cn %y, %

PrROOF. Since the indices k1, ko, k3, k4 are symmetric, it suffices to con-
sider the case k1 < ko < k3 < k4. By definition of the inner product we have

Z <5k1/n> ﬁkz/n>7-[ </8k2/n> 5k3/n>7{<5k3/n7 /8k4/n>H </8k1/n> 5k4/n>7~l

0<k1<ko<k3z<ks<n—1

8Hn1n1 n—1 n-—1

24n8HZ Z Z Z (| — ky 4+ 1125 4 |ky — by — 1122

k1=0ko=k1 k3=k2 ky=

— 2lky — ky|*H)
X (|kg — ko + 1|27 + kg — ky — 1121
— 2|ks — ko)
X (|ky — k3 + 1|25 + |ky — k3 — 1121
— 2|ky — ks|*)
X (Jkg — ky + 125 4 |ky — Ky — 1121
— 2k — Ky |H).

Denote p; = kjt1 — ki, 1 =1,2,3. Then the above sum is bounded by

C 1-8H Z p2H 2 gH 2p§H 2(p1_’_p2_’_p3)2H—27
p1,p2,p3=1

which is again bounded by

1-8H 2H -2, 2H -2, AH—4
Cn g DI D5 Ds .

P1,p2,p3=1
In the case H € (3,2), the series > a1 ' pafT=* is convergent. When H = 3
it is bounded by C'logn. So the above sum is bounded by Cn~4H~1 if % <

H< % and bounded by Cn~4logn if H = %. The proof is complete. [

The following proposition contains a result on the convergence of the
fourth moment of O (i, 5).
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PROPOSITION 5.4.  The fourth moment of ©7(i, ) and 3E(|O}(i,j)[*)?
converge to the same limit as n — .

PROOF. Applying the integration by parts formula (2.7) yields

E[O©7 (i, 5)*]
{ri41}

=Y Z o, E[D: D! [07 (i, 7)%]) u(dv du) pu(ds dt)
k={ri}

{ri41}
—aipn S [ U379 DLDIO}G )
k={r} Dk
l
+607(i,5) D 07 (i, 5)]
x D, [07 (i, )]} pu(dv du) u(ds dt)
:251 +62-

Since D! D][©7'(i,)] is deterministic, it is easy to see that G1 = 3E(|©]'(4,
7)|?)2. We have shown the convergence of E(|©! (i,7)|?) in Proposition 5.2.
It remains to show that Go — 0 as n — oo.

Applying again the integration by parts formula (2.7) yields

{riga}
@—angj/ D, D} D][8} (1. )1Di 6} .)}
kk'={r} Dy, XDys
X p(dv" du")p(ds" dt’)p(dv du)p(ds dt).

Using equation (5.7) we can derive the inequalities

{7’1+1}

Ty < 6oy L B0yt ) ()
kK hh/ {1} PexDys
+ Bhjn () Brjn (W) B (w) By () }
X p(dv'du ) p(ds' dt' ) p(dv du)p(ds dt)
{riga}
<1247, D Bujns Beym)H(Bu s Brsn) s (Bhms By
k! b/ ={r}

X <5h’/n7/3k’/n>ﬂ

The convergence of Gy to zero now follows from Lemma 5.1. [
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We can now establish a central limit theorem for weighted sums based
on the previous proposition. Recall that C” = ftk“ (Bt — Btk)(SBﬁ, k=

0,. n—landC’Jn:

PROPOSITION 5.5. Let f={f;,t €[0,T]} be a stochastic process with
values on the space of d x d matrices and with Hélder continuous trajectories
of index greater than % Set, fori,j=1,...,m,

{t}

‘I’Z’] Z ft

Then, the following stable convergence in the space D([0,T]) holds as n tends
to infinity:

tntato)te 011 { ([ irawy) e 0.1},

where W is a matriz-valued Brownian motion independent of B with the
covariance introduced in Section 2.4.

Proor. This proposition is an immediate consequence of the central
limit result for weighted random sums proved in [3]. In fact, the process

W4 (t) satisfies the required conditions due to Proposition 5.1 and the esti-
mate (5.1). O

6. CLT for the modified Euler scheme in the case H € (2, 7l- The fol-

lowing central limit type result shows that in the case H & (2, 4] the process
Y (X — X™) converges stably to the solution of a linear stochastic differen-
tial equation driven by a matrix-valued Brownian motion independent of B
as n tends to infinity.

THEOREM 6.1. Let H € (2, 4] and let X, X™ be the solutions of the
SDE (1.1) and recursive scheme (1.3), respectively. Let W = {Wy,t € [0,T]}
be the matriz-valued Brownian motion introduced in Section 2.4. Assume
o € CP(RER™) and b € CE(R%RY). Then the following stable convergence
in the space C(|0,T]) holds as n tends to infinity:

(6.1) {om(Xe = XP"),0 €[0, 71} = {Us,t €0, 77},
where {U,t € [0,T)} is the solution of the linear d-dimensional SDE

t m t ) )
U, = / V(X )Usds+ Y / Vo' (X,)U, dB!
0 . 0
7=1

(6.2)

+ Z / (Vo o®) (X)) dWH .
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REMARK 6.1. It follows from [13] that when B is replaced by a standard
Brownian motion, the process /n(X — X™) converges in law to the unique
solution of the d-dimensional SDE

m
dU; = Vb(X)Usdt + > Vo (X;)Up dBY

j=1
(6.3)
T m
\/5 Z (Volo')(X;) dW}?
with Uy = 0. Here W%, i,j =1,...,m are independent one-dimensional

Brownian motions, independent of B. To compare our Theorem 6.1 with
this result, we let the Hurst parameter H converge to l Then the con-
stant R will converge to 0, and £ \/ @ — R converges to \/7 This formally
recovers equation (6.3).

REMARK 6.2. The process U defined in (6.2) is given by

(6.4) /At (Volo™)(Xs)dWi,  te0,T),
4,j=1

where we recall that A is defined in (4.16) and T' is its inverse.

Proor orF THEOREM 6.1. Recall that Y; = X; — X;*. We would like to
show that the process {7, Y;, By, t € [0, T]} converges weakly in C([0, T]; R4T™)
to {U, By, t €[0,T]}. To do this, it suffices to prove the following:

(i) convergence of the finite dimensional distributions of {v,Y;, B;,t €
(0,71}

(ii) tightness of the process {v,Y:, By, t € [0,T]}.

We first show (i). Recall the decomposition of Y; given in (4.7) and (4.11),
and recall the estimates obtained for each term in the decomposition of Y;.
Since the other terms converge to zero in LP for p > 1, from the Slutsky theo-
rem it suffices to consider the convergence of the finite dimensional distribu-
tions of {v, Y_7" | B2 ;(t), Bi,t €[0,T]}, where Ey ; is defined in Theorem 4.1
step 3. Set

(6.5) FiI .= APT™(Volo)(XT) — MTs(Vol o) (X).
It follows from Lemma 4.1 and Remark 4.1 that

sup  ([E71l, VIDsE ||, V| Dy Ds F7 ) < Cn' =27,
r,s,t€[0,T
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Denote
m |nt/T) b s
(6.6)  Eo (1) Y T (Voloh)(Xy,) / §B.SBI,
i=1 k=0 tk tk

fort €0,7), and ’EV‘QJ'(T) = Eg,j (T'—). Then applying Lemma A.4 (A.9) with
F* defined by (6.5), we obtain that

Yol Ba,j(t) = Ea(t)]|, < Cynn 0! =2,

which converges to zero as n — oo since 8 can be taken as close as possible
to H. By Slutsky’s theorem again, it suffices to consider the convergence of
the finite dimensional distributions of

(6.7 {%ZEQJ By.te, T]}

Applying Proposition 5.5 to the family of processes ff I = I:(Vaio)(Xy),
we obtain the convergence of the finite dimensional distributions of

{%Zrt@] , By, t €0, T]}

to those of {I'tUy, By, t € [0,7]}. This implies the convergence of the finite
dimensional distributions of

{%ZEQJ ), By, t €0, T]}

to those of {Uy, By, t € [0,T]}.
To show (ii), we prove the following tightness condition:

(6.8) SUp E(|ya(X; — X7) = (X — XD)|') < C(t - 5)”.

n>1

Taking into account (4.7) and (4.11), we only need to show the above in-

equality for v, 111, Ynli2,5, Ynl13, Ynl2js Ynlaj, YnE1j, ko, and v, E3 ;.
The tightness for the terms 7,11, 7,113 and v, E3 ; is clear. Now we consider
the tightness of the term I ;. We write

t . )
I (1) — I j(s) = (A — A7) /O I (s) (s — 1(s)) dB?

+ [ AT - w) B,
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Then it follows from Lemma A.3 (A.4) that

t .
E(I%(A?—A?)/O Tib(s)(s —n(s)) dBi|") < C(t — ) (B[ A"[5) "

< C(t—s)*8.

Lemma A.3 (A.4) also implies that the fourth moment of the second term
is bounded by C(t — s)*#. The tightness for v, 12,5, Ynlaj, B, YnE2,;
can be obtained in a similar way by applying the estimates (A.5) and (A.4)

from Lemma A.3, (A.15) from Lemma A.5, and (A.8) from Lemma A.4,
respectively. [J

7. A limit theorem in LP for weighted sums. Following the methodology
used in [3], we can show the following limit result for random weighted
sums. The proof uses the techniques of fractional calculus and the classical
decompositions in large and small blocks.

Consider a double sequence of random variables ¢ = {(xn,n € N,k =
0,1,...,n}, and for each t € [0,T], we denote

[nt/T|

PROPOSITION 7.1. Fiz A>1—03, where 0 <3 <1. Letp>1 andp’,q >
1 such that ﬁ + % =1 and pp’ > %, pq > % Let g, be the sequence of
processes defined in (7.1). Suppose that the following conditions hold true:

(i) for each t €[0,T], gn(t) — z(t) in LPY;

(ii) for any j,k=0,1,...,n we have

E(|gn(KT /1) — gn(GT/n)|P") < O(Ik — j| /n) .

Let f ={f(t),t €[0,T]} be a process such that E(HfHZp,) < C and E(|f(0)[P"') <
C'. Then for each t € [0,T],

|nt/T |

(7.2) F"(t thkgkn%/f )dz(s m LP as n — oo.

REMARK 7.1. The integral fo s)dz(s) is interpreted as a Young inte-
gral in the sense of Proposition 2.2, Wthh is well defined because f and z,
as functions on [0,7] with values in LPP" and LP?, are Hélder continuous
[conditions (i) and (ii) together imply the Hélder continuity of z] of order
£ and A, respectively. Recall that the Holder continuity of a function with
values in LP is defined in (2.5).
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REMARK 7.2. Convergence (7.2) still holds true if the condition
E(f ng ) < C'is weakened by assuming that f is Holder continuous of order
B in LP¥ . The proof will be similar to that of Proposition 7.1.

PrROOF OF PROPOSITION 7.1. Given two natural numbers m < n we

consider the associated partitions of the interval [0,7] given by ¢ = ’%T,

k=0,1,...,n and u; = %, [=0,1,...,m. Then we have the decomposition
[mt/T| [mt/T|
( Z f ul Z Ckn"" Z Z ul)]Ck ns
kel (1) 1=0  k€Eln(l)

where I, (1) :={k:0 <k < [ 2], t € [w, 1)}

Because of condition (i) and the assumption that E(|f(t)|”*) < C for
all t € (0,7, the first term on the right-hand side of the above expression
converges in LP, as n tends to infinity, to

[mt/T]

Z flun)[z(wigr) = 2(w)]-

Applying Proposition 2. 2 to f and z we obtain that the above Riemann—

Stieltjes sum converges to the Young integral fo s)dz(s) in LP as m tends
to infinity. To show convergence (7.2) it suffices to show that
|mt/T) p
neN 1=0 kelm(l)

Notice that k belongs to I, (1) if and only if u; <t < e(w;41) and t < n(t).
Recall that e(u) =tg4q if ¢ <u <tpy1 and n(u) =t if tp <u<tpi1. As a
consequence, we can write

|mt/T)
Z Z J ()]G
1=0  keln(l)
|mt/T
— g /(ahbl)[f(s)—f(al)]dgn(3)7

where a; = u; and by = e(u;1) A (n(t) + %) By the fractional integration by
parts formula,

/ [F(s) — £(an)] dan(s)
(az,by)

b

= (=1 [ DG 1f(s) = f(a))Dy *[gn(s) — gn(bi=)] ds,

ay

(7.5)
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where we take a € (1 — \,8). By (2.2), it is easy to show that

D5 L) = Flall € ey g sl =)™

< O||fllgm*".
On the other hand, by (2.3) we have
‘D;Z:O‘[gn(s) = gn (b1 =)
_ L | gn(8) = gnlbi—) " gn(s) — gn(u)
~F| S 0 [

We can calculate the integral in the above equation explicitly.

[ el=nw),

(u—s)2~@

:/bl 9n(8) = gn(w)

(s) (u—s)*«

(7.6)

(7.8) t
- Z [9n(8) — gn(tr)] / (u— S)O‘*Z du

k:trp€le(s),br) te

= Y 1gale) gt [ )™ = (s — )]

1
k:tkE[é(S),bl)
Substituting (7.6), (7.7) and (7.8) into (7.5), we obtain

/ [F(s) — f(an)] dan(s)
(az,by)

< CO||f||sme" / IDE2ga(s) — ga(bi—)]|ds

tet+1
<C|flgme? Y / IDE(gn(5) — galbr—)]| ds

ke ti€ln(ar),b) !

tet1
<Clfllem®® D lgn(te) = gn(bi—)| (b —s)*'ds
k:tip€n(ar),br) b

+C| fllgm®" > |9n (t1) — gn(t))]

k.g:m(ap) <t <t;<b

bt a—1 a—1
<[ = 9 = =9 s
k

41
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We denote the first term in the right-hand side of the above expression by
Ay, and the second one by A ;.
Applying the Minkowski inequality, we see that the quantity

p\ 1/p
(7.9) E( )
|mt/T] 1

is less than
t
> > E(Ilfllﬁ\gn(tk)—gn(bz—)lp)l/p/ (bi—s)*""ds

=0 k:tp€[n(ar),b) &

Lmt/T]

Z Aqg
=0

CmeB

)

so by applying the Holder inequality, condition (ii) and the assumption
E(||f||§p ) < C to the above, we can show that quantity (7.9) is less than

mt/T] Tt
(710)  cm* P YT N (-t / (b — )" ds).
=0 k:tp€[n(ar),b) b

Since

> (-t /tk+l (br—s)*"'ds

k:tx€[n(ar),by) b

1/T Mo [
= — by —t A b — ) 1d
a(ﬂ) + > (br —tx) / (b —s)* " ds

k:tr€n(ay),bi—T/n) e

<= - by — ti) (b — i)t
< () +— > (br — tx)" (b1 — trq1)

« n
k:tp€n(ar),by—T/n)

A+
< l z “ 4 CI ﬁm—a—kl—)\
T a\n nm

<Om™A,

where in the second inequality we used the assumption that o > 1— X and the
fact that the number of partition points {tx,k=0,1,...,n} in [n(a;),b; — %)
is bounded by 2, the estimate (7.10) of (7.9) implies that

m

|mt/T| p\ 1/p |mt/T |
(7.11) E( > Ay > <Cm®* P Y mer<om! A =0
1=0 =0

as m tends to oco.
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Using an argument similar to the estimate of quantity (7.9), it can be

shown that the quantity
p\ 1/p
mt/T |

|
m* PN > jt — ;1

1=0 k,j:n(a)<tp<tj<b

« /t Tty — 97 = (440 — )] ds|.

k

Lmt/T]

Z As
=0

is less than

C

The summand in the above can be estimated as follows:

lkt1
St / (1 — )27 = (tj41 — ) ds
k

k,j: T](al)gtk <t]'<bl

a+A
<Cn <T>
m\n

tet1
4 3 TR / (1 — )2 — (141 — 5)° ) ds
tg

k,j:n(ar) <tq1<t;<b

T a+A T 2
ore(z) T el

Ek,j:n(ap) <ty1<tj<b

<
<

<o
m
k,j:n(a))<tp41<t;<b
T a+A n/m
< Cﬁ - + Cn—2n2—)\—a£ Z(p _ 1)a—2+)\
m m
p=2
< Cm a—X\
Therefore, we have
[mt/T| Lmt/T|

—0 as m — 00.

p\ 1/p
E( Z Ay ) =Cm* P Z m—e A
=0 =0

The above convergence and equality (7.11) together imply convergence (7.4).
The proof is now complete. [

This result has the following two consequences.
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COROLLARY 7.1. Let B={By,t€[0,T]} be an m-dimensional fBm with
Hurst parameter H > 3/4. Define

ij 1 i i
k,n =n ¢ (Bs - 17(3))5387
k

fori,j=1,...,m and k=0,...,n—1, where we recall that tk:kTT. Set also

Can=0. Let A= %, and 3, p, p', ¢, [ satisfy the assumptions in Proposi-
tion 7.1. Then

> s [ f0)dzi i
k=0 0

where Z" is the generalized Rosenblatt process defined in Section 2.5.

Proor. To prove the corollary, it suffices to show that the conditions in
Proposition 7.1 are all satisfied here. We have shown in Section 2.5 the L?
convergence of g, (t) = ,Eit(/)TJ C,ZC] ,, to Z}7. This convergence also holds in L?
due to the equivalence of all the LP-norms in a finite Wiener chaos. Applying
(A.8) in Lemma A.4 with F'=1 and taking into account that 7, =n when

H > 2, we obtain condition (ii) in Proposition 7.1 with A= 3. [
The following result will also be useful later.

COROLLARY 7.2. Let B={B;,t€[0,T]} be one-dimensional fBm with
Hurst parameter H € (%, 1). Define

tht1
(7.12) Con = / (s —n(s)) dB,

tk

for k=0,...,n—1. Set also ¢, =0. Let A\=H, and B3, p, p, ¢, [ satisfy
the assumptions in Proposition 7.1. Then for each t € [0,T],

[t/ t
ny f(tk)gk,n_)g/ f(s)dBs,
k=0 0

i LP, as n tends to infinity. This convergence still holds true when we
replace the above (i, by

B tet1
Ck‘,n = / (Bs — Bn(s)) ds.

ty
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PROOF. As before, to prove the corollary it suffices to show that the
conditions in Proposition 7.1 are all satisfied here. Let us first consider the
convergence for (j . Set

[nt/T|

=n Z Ckrw

where (j p, is defined in (7.12). Condition (11) follows from estimate (A.4) in
Lemma A.3 by taking F' =1 and v = 1. The covariance of the process g, is
given by

E(gn(t)gn (t —aHnn// w— 1 (w) (0 — 1 (v)) (du do)

T
—>IaH/ / lu — v|*H =2 du dv

T2

4
as n,n’ — oo, which implies that g,(t) is a Cauchy sequence in L2 Here
n(t) = %2 when %z <t< %(z—i— 1) and n,(t) = %z when L i<t <;; (z-i— 1).
In fact, we can also calculate the kernel of the limit of zn( ). Suppose that

On € ’H satisfies g, (t) =d(¢ . Then for any ¢ € H,
n(t)
R ETES nOéH/ / (u— Y (v) [ — v 22 du dv
— §<¢ [0,]) %5

as n — 4o00. This implies that the kernel of the limit of g, (t) is %1[07,5]; in
other words, the random variable g, (t) converges in L? to —Bt
The convergence result for (; , can be shown by noticing that

B =B [ (s n(s) dB.

173

- tet1
Ck,n = / (Bs - Bn(s)) ds=

173

This completes the proof of the corollary. [J

8. Asymptotic error of the modified Euler scheme in case H € (%, 1).
The limit theorems for weighted sums proved in the previous section allow
us to derive the LP-limit of the quantity n(X; — X}') in the case H € (3,1).

THEOREM 8.1. Let H € (%,1). Suppose that X and X™ are defined by
(1.1) and (1.8), respectively. Let Z¥,i,j =1,...,m be the matriz-valued gen-
eralized Rosenblatt process defined in Section 2.5. Assume o € Cp(R%; RI>*™)
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and b € C}H(RGRY). Then
n(X,— X" = U,

in LP(QY) as n tends to infinity, where {U;,t € [0,T]} is the solution of the
following linear stochastic differential equation:

t moort ) _ .
U, - / VH(X,)U,ds+ 3 / Vol (X,)U, dB]
0 i 0
j=1

+ > /O (Volo)(X,)dZY

,j=1

t t
5 [ ds g [0 am,
T~ "o :
—l-Ejz;/o (Vo b)(XS)ng'

PROOF. Recall the decomposition Y; = X; — X{* given in (4.7) and (4.11).
We have shown that nli3(t), nly ;(t), nEy j(t) and nks ;(t) converge in L?
to zero for each t € [0,7]. It remains to show the L” convergence of nl;;(t),
nlz;(t), nly ;(t) and nEsy ;(t) and identify their limits.

Step 1. Recall Eg,j(t) is defined in (6.6). It has been shown in the proof of
Theorem 6.1 that n(Es ;(t) — Ea (t)) converges to zero in L”. On the other

hand, applying Corollary 7.1 to nks ;(t) yields
mo
nky;(t) = / AT(Voioh)(X,)dZY  in L.
i=170

Therefore, nF5 ;(t) converges in LP, and the limit is the same as nEQJ (t).
Step 2. Denote

- nt/T] . th1/\ .
Lyt)=A 3 Ty (Volb)(X,) / (s —n(s)) dBY,
k=0 122

for t € (0,77 [as before, we define t,41 = Z(n+1)]. Applying Corollary 7.2
to nly ;(t) yields

~ T [t ) .
nlyj(t) — 5/ MTs(Vo'b)(Xs)dB] in L.
0

We want to show that nls j(t) and nly j(t) have the same limit in LP. Write
n(Io,j(t) = I2(t))
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t . . .
(82  =n / (APT™B)(s) — ATby(s)) (s — () dBI

t _ . .
+n /O A(TaB(5) — Tyge) (VoIB) (X)) (5 — (s)) dBY

where b} (s) = fol Vol (0 X+ (1—0) X, (5))b(X,5)) d6. It suffices to show that
the two terms on the right-hand side of (8.2) both converge to zero in LP. The
convergence of the second term follows from estimate (A.16) of Lemma A.5.
Lemma 4.1 implies that the LP-norms of [APTb(s) — ADsb%(s)] and its
Malliavin derivative converge to zero as n — oco. So applying Lemma A.3
(A.4) with v =1 and Fs = AT} (s) — Ay I'sb)(s), we obtain the convergence
of the first term.

Step 3. Following the lines in step 2 we can show that nlig j(t) converges
in LP to

T [t . .
a / AT (Vbo? ) (Xy) dB.
0

Instead of (A.4) and (A.16) in step 2, we need to use estimates (A.5) and
(A.15) here.

Similarly, it can be shown that nl;; converges in LP to
T t
: / AT (Vbb)(X,) ds.
0

Step 4. We have shown that n(X; — X[*) converges in L? to Uy, where we
define, for each ¢ € [0,T],

B m t o .. T t
U= / MTs(Vola')(Xs) dZ) + / AT (Vb)(X,) ds
0 2 Jo

i,j=1
T rt T [t . .
+= / AT (Vo) (X,)dBy+ = / AT (Volb)(X,) dBI.
2 Jo 2 2 Jo

The theorem follows from the fact that the process U satisfies equation (8.1).
O

9. Weak approximation of the modified Euler scheme. The next result
provides the weak rate of convergence for the modified Euler scheme (1.3).

THEOREM 9.1. Let X and X" be the solution to equations (1.1) and
(1.8), respectively. Suppose that b € CH(R%RY), o € CHRYGRX™). Then
for any function f € Cg’(Rd) there exists a constant C independent of n
such that

(9.1) sup [E[f(Xy)] - E[f(X})]| < Cn .
0<t<T
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If we further assume that b€ C*, o € C® and f € C*, then for each t € [0,T],
the sequence

n{E[f(X,)] - E[f(X{)]}, neN,
converges as n tends to infinity, and the limit is equal to the sum of the
following two quantities:

AT SN [ttt o o
gT Z/o /0 /o E{D, D7 [V f(Xe)ATs(Volo")(X,)]}

7yi=1

(9.2)
X u—s|?H2|s — r[P1 "2 du ds dr

and
T t t
EE{Vf(Xt)At [ /0 T (Vbb)(X,)ds + /O ' (Vbo)(X,)dB,
(9.3) .
+j§::1 /O I, (Volb)(X,)dBI

}.

PRrROOF. We use again decompositions (4.7) and (4.11) of ¥; = X; — X7,
t €[0,T], and we continue to use the notation there. Given a function f €
C3(R?), we can write

1
n{E(f(X)] - E[f (XP)]} = n /0 B[V £(20)Yi] o,

where we denote Zf =0X;+ (1 —0)X, 0<t<T.

Step 1. In this step, we show that supg<,<r |E[Vf(Z?)Y;]| < Cn~!, which
implies (9.1). From estimates (4.9) and (4.10) it follows that this inequality is
true when Y is replaced by I11, I3, 112, I2; or I4 ;. Therefore, it suffices to
show that |E[Vf(Zt9)Ei,j(t)]\ <Cn'fori=1,2,3 and j=1,...,m, where
E;;(t) are defined in Theorem 4.1 step 3. Consider first the term i = 2.
The use of expression (4.12) and an application of the integration by parts
formula yield

E[V f(Z])E2;(t)]

Y N VAN ) )

,%,] 2 J

F}! / §Bi5BI
t

k tx

9 t tk+1/\t t S X . 0 ..
Y S w|[ [ [ [ oiviwsasm

ty 0 Jtg

(9.4)

X p(dudv)p(ds dr)} ;
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where we recall that EF"" = TM(Voio)(XP). [As before, in the above equa-

tion we set tp,41 = (n + 1).] Therefore,
tkr1 rt ol 2
[E[Vf(Z])Ea,;(t)| <C'Z/ / / / p(dudv)p(drds)
tr 0 Jitg 0
<Cn™ L.

For the term containing E7 ; we can write

E[Vf(ZbEu(t)]:ij[ /0 tHS“’( B] n<s)>dB]
=1

where H{"™ =V f(Z))A}[Lo3"(s) — I, (Volo") (X)) An application
of the relation between the Skorohod and path-wise integrals (2.9) yields

t
| [ #p(si- By s
0
—an [ [RGB - Byl - dsdu
—aH/ / (DI g™ (B BZ( ))]\s—u\2H_2dsdu

+CYH/ /E[Hg’i’j]l[n(s)ﬁ}(u)éij|5—u|2H2d5du
o Jo

= A1 + AQ.
By the integration by parts we see that A; is equal to

T pt pT ps
a%{/ / / / E[D:;Diﬂg’i’j]l[n(s),s](U)|7)_T‘2H72|S—U‘2H72dvdrdsdu.
0o Jo Jo Jo

Using sup, ,, |E[D:D}H!"]| < Cn~F for any + < B < H we obtain

(9.5) |A;| < Cn~ 1P,

On the other hand, it is easy to show by the definitions of I'", X™ and X that
the quantity [[o2"(s) — FZ(S)(Vajai)(X”( ))] can be expressed as the sum
of integrals over the interval [n(s),s]. So by applying (2.9) and integration
by parts we can show that |E[HZ""’]| < Cn~!, which implies

(9.6) |Ag| < Cn2H.

From (9.5) and (9.6) we conclude that |E[V f(Z?)Ey ;(t)]| < Cn~!. Finally,
for the term containing E3 ; we have

B[V f(20)Bs ;(1)] = /0 ELJ™9](s — n(s)?H 1 ds,
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where J"" = HVf(Zf)A?(FZ(S) —T")o?(s). By expressing the term O
I'?) as the sum of integrals over the interval [n(s), s| and then applying (2.9)
and integration by parts, we can show that sup,ejo 7 E[J"] < Cn~L. This
implies

(9.7) EIVF(Z))Es;(t)]] < On2H,

which completes the proof of (9.1).

Step 2. Now we show the second part of the theorem. From estimates (4.9),
(4.10), (9.5), (9.6) and (9.7) we see that the expression nfo [V F(Z0)Y:) do
converges to zero as n tends to infinity when Y; is replaced by I13(t), 14,(t),
E1 j(t) or E3 j(t). Therefore, it suffices to consider n fo [V £(Z2)Y;] df when
Y; is replaced by the remaining terms in the decomposition of Y;.

Consider first the term Ej ;(t), and denote

Gw = DyDIIV f(Xe)ADs(Volo") (X5)).

It is clear that

m  |nt/T]

not 3 / / / / GEJ o du dv)u(ds dr)

i,j=1 k=0
(9.8)
///GQJM ls — v|?H 2| — s|?H 2 ds dv dr,

almost surely. Therefore, by the dominated convergence theorem, the ex-
pectation of the left-hand side of the above expression converges to the
expectation of the right-hand side, which is term (9.2). From Lemma 4.1,
we have

IDLDIN f(Z]) A Fi) — Dy DIV f(X) ATy, (Voo ) (X, )],
9.9)
<cn'~?,

which, together with equation (9.4), implies that nZTzlE[Vf(Zf)Eg,j (t)]
converges to the same limit as the expectation of the left-hand side of (9.8).

The results in steps 2 and 3 of the proof of Theorem 8.1 imply that the
terms nE[V£(Z{)I1 ()], nEV f(Z{)112,,(t)] and nE[VF(20) Y7, Io(0)
converge to the second, third and fourth term in (9.3), respectively. For
example, let us consider nE[V f(Z9) >i1 I2,j(t)]. We have shown in Theo-
rem 8.1 that

T t . .
nla(t) 3As [ TU(VOIB)(X,) dB:
0
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in LP for any p > 1. So it follows from the Holder inequality that

'E[nv F(ZOIo4(t) =V f(Xt)gAt /O t FS(VUjb)(XS)ng} —0

as n — oo. The other two terms can be studied in similar way. This completes
the proof of the theorem. [

REMARK 9.1. Theorem 9.1 may be used to construct a Richard extrap-
olation scheme with error bound o(n~!).

10. Rate of convergence for the Euler scheme. In this section, we apply
our approach based on Malliavin calculus developed in Section 4 to study
the rate of convergence of the naive Euler scheme defined in (1.2). Our first
result is the rate of the strong convergence of the naive Euler scheme. As
we will see, the weak rate of convergence and the rate of strong convergence
are the same for the naive Euler scheme. We still use X" to represent the
naive Euler scheme (1.2). This will not cause confusion since we will only
deal with this scheme in this section.

THEOREM 10.1. Let X and X™ be the processes defined in (1.1) and
(1.2), respectively. Suppose that b € C}(R%RY) and o € CEH(RYGRYX™). Then
for each p > 1, we have

n*1=1 sup E(|X, — Xﬂp)l/p <C.
t€[0,T]
If we assume b € C(R%GRY) and o € CHRYGRX™), then as n tends to in-
finity,

2H—1 ™M

t
5 Z/O AT (Volol)(X,) ds,
j=1

n?H-1 (X, — X)) —

where A is the solution to linear equation (4.16) and Ty = A;l, and the
convergence holds in LP for all p > 1.

Proor. We let YV; = X; — X[*, t € [0,T]. Then as in the proof of Theo-
rem 4.1, we can derive the decomposition of Y;

t m
Vi = A?/O I b3(s) [b(Xf,‘(s))(S —0(s)) + Yo' (Xj) ) (BL = By | ds
=1

+ 3 [ Aersves — ks 4z,
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nnJZ %
+§:/AF )(BL - Bl dBl

,j=1
:h0+b@+k@+h@,

where A, T, bl(s), 03"(s) and bs(s) are the same terms as those defined
in the proof of Theorem 4.1 with the scheme X" replaced by the classical
Euler scheme (1.2).

It is clear that ||I;(¢)|l, < Cn~!. On the other hand, estimates (A.4) and
(A.5) of Lemma A.3 imply that ||I2(t)], <Cn~t and ||I3(t)|, < Cn~t. Fi-
nally, as in the proof of (A.15) in Lemma A.5 we obtain ||I4(t)||, < Cn!2H.
This completes the proof of the first part of the theorem.

Applying the integration by parts to I4(t) yields

t . .
R AR
t . . . .
= [ wriod)(Bi- By 6B
+aH/ / DI[APTY o (5)](BE — Bl )u(ds dr)

+ (5ZJOZH/ / A”F” 1[77(3) }( )/,L(ds dT‘)
— AL() + AZ () + A3 (2).
From (A.8) we have ||AL(t)||, < Cv,!. Applying (A.5) with F, replaced by
| DT ) = 2
0

we obtain || A2 ()|, < Cn~!. So it suffices to identify the limit of n?H~1 A3 (¢)
in LP. It follows from Lemma 4.1 and Remark 4.1 that

IAPT 2097 (s) — MTs(Volol ) (X)||, < Cn' 27,

Therefore, n?#~1A3(t), and the quantity

t ot o
p2H-1 / / ATs(Vo? 07 ) (Xs)Lpyys),6 ()7 — S\QH_Q dsdr
0 Jo

converges to the same value in LP. The theorem now follows by noticing
that

t t o
2t -1 / / AT (Vo7 07) (X)L 0y (F) 1 — 5?2 dsdr
0 0
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t 2H—-1
_ 2H-1 J (s —n(s))
n / MTs(Valo?)(Xs) SH -1 ds

T2H-1
—

/AtF (Voiol)(X,) ds,

200y
in LP forall p>1. [

As a consequence of the above theorem, we can deduce the following
result.

COROLLARY 10.1. Let X and X™ be the processes defined in (1.1) and
(1.2), respectively. Suppose that b € Cg(Rd;Rd), o€ C’gl(}Rd;Rdxm) and f €
CZ(R?). Let A be defined in (4.16). Then we have the following LP-convergence
asn— oo for all p>1:

T2H1m

Z/ VI (X)ATs(Volod)(X,)ds.

(XD — (X

Proor. We can write
1
W) - )] =2 ([ szt ap) (xp - x0),

where we denote Z¢ = 0X; + (1 — )X}, t € [0,T]. Then the result follows
from Theorem 10.1, the convergence of X;* to X; and the assumption on f.
O

The above corollary implies the following weak approximation result:
Tim " HEF(X)] ~ ELF(XP)])

T2H1m

Z / V(X)) AT (Voiol) (X,)] ds.

APPENDIX

A.1. Estimates of a Young integral. In this section, we give an estimate
on the pathwise integral using fractional calculus.

LEMMA A.1. Let z ={z,t €[0,T]} be a Holder continuous function
with index B € (0,1). Suppose that f:RF™ — R is continuously differen-
tiable. We denote by V.f the l-dimensional vector with coordinates g—f

x;

i=1,...,1, and by Vyf the m-dimensional vector with coordinates 83{;-7
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i=1,...,m. Consider processes x = {z¢,t € [0,T|} and y={y,t €[0,T]}
with dimensions | and m, respectively, such that ||x|jors and ||yllor,s n
are finite for each n>1, where 8 € (0,1) is such that 3’ + 3> 1. Then we
have the following estimates:

(i) for any s,t € [0,T] such that s <t and s=mn(s), we have

/ f Ly Yn(r) er

< Ky sup | f(zr, yner)l|2ll5(E — 5)°

rels,t]

+ Ky sup Vo f (@ Ygie)ll2lls 1211 (¢ = )77

r1,r2€[s,t]

+ K3 sup |V f (@, vy lsesmll2lla(t — )7

r1,m2€[s,t]
where the K;, i=1,2,3, are constants depending on 3 and [';
(i) if the function f only depends on the first | variables, then the above
estimate holds for all 0 <s <t <T.

PRrROOF. Take « such that 8/ >a >1— (. Let s,t € [0,T] be such that
s=rm(s) and s <t. Applying the fractional integration by parts formula in
Proposition 2.1, we obtain

t
(A1) < / 1D, £ (e, )| DYz — 20)

By the definition of fractional differentiation in (2.3) and taking into account
that a4+ 8 — 1> 0, we can show that

t
f(xry yn(r)) dzy

(A-2) D=z — )| < Koll2llg(t —r)**771, s<r<t,
where Ky = m On the other hand, using (2.2) we obtain
|Dsa+f($r>y77(r))|
< 1 ‘f(ajryyn / | f( x?“uyn(r f(ajuyyn(u)” du
" Tl—a)| (r—s)~ —u)otl
1

ST(-a)

(A.3)

sup ‘f(mﬁ yn(r))|(r - 8)_a
re(s,t]

T
+ (6% Sup ‘v$f(xrl’yn(T2))‘||xHS,t,ﬁ’/ (r,n _ u)ﬁ —a—1 du
S

r1,r2€[s,1]

r | - B8
n(r) —n(u)|
+a  sup \Vyf(fﬁmym”HZ/Hs,t,/BCn/ (T—U)O‘"H du.
S

r1,m2€[s,t]
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Inequalities (A.1), (A.3) and (A.2) together imply

t
/ f(@rsynery) dzr
S

1 /t[ _
Si Sup firuy T r—s «
L(l—a)/s re[s,t}‘ (@ tnir) I )

+ o sup |v$f(x7’17yn(7‘2))‘||xH57thl

r1,m2€[s,t]

X / (r— u)ﬁ/*o‘*l du

+ « sup |Vyf($1“17y7“2)|Hy||$7t,6,7n

r1,m2€[s,t]
/ [n(r) = n(u)|” V} "
T—U

x Kol|z]|g(t — T)OH'ﬂ_l dr

<K s?pt]\f(wmyn lIzlls(t — s)?
rels

+ Ky sup |Vof (2r, Yy | lollses 2l5(t — )7+

r1,m2€[s,t]

+ K3 sup [V f (@ ym) 1y lls,enllzlla(t — )7

r1,r2€[s,t]

L(B+1) F(1—a)T'(B+p+1)(8' —a)

where Ky = Ko [ Ky = Ko f Pt NP0t | [y = KoKy oy and
K, is the constant in Lemma A.2. This completes the proof. O

LEMMA A.2. Let 3, 5" and o be such that 3’ > o >1— 3. Then for any
s,t €[0,T] such that s <t, s =mn(s), there exists a constant K4 depending
on a, B and T, such that

[t [ HOIO e

ProoOF. Without loss of generality, we let T'= 1. Note that when 7(s) =
s <t <mn(s) + L, the double integral equals zero. In the following we will

assume ¢ >n(s) + L.
We first write

t T () — n(u)l?
/S(t_r)a—kﬁ—l/s |"7§r)_ QZEHF)J du dr
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_ /t (t o T)a-l-ﬂ—l /n(r) \77("”) — "7(“)\[3/ du dr
n(s)+1/n ) (r—uw)tt

n(s)+1/n n(r)-1/n Jn(s) (r—u)ot!

=J1 + Js.

On one hand, notice that in the term Jo we always have r —u > %, and
thus 7(r) —n(u) <r—u+ 2 <2(r —u). Therefore,

: W) =1/ o8 (1 _ .\
Jo </ (t—’r)o”rﬁl/ %dudr
n(s)+1/n n(s) (r—u)

< K(t—s)Pt7,

On the other hand,

t n(r) — g
J1 Z/ (t— T)aJrﬁl/ %dudr
n(s)+1/n n(r)—1/n (T ’LL)

/ ¢ 1 1
<Kn %(t-s O‘J“Bl/ [ - dr
e N [ e o W y s
t
/ 1
<Kn? t—sa+ﬂ_1/ ———dr
N R (e )

< Ko (g UL UM ) 1)

< K(t—s)t7,

The lemma is now proved. [

A.2. Estimates for some special Young and Skorohod integrals. In this
section we derive estimates for some specific Young and Skorohod integrals.
We fix n € N and consider the uniform partition on [0, 7.

LEMMA A.3. Let B={B;,t<€[0,T]} be a one-dimensional fBm with
Hurst parameter H > %. Fiz v >0 and p > 4. Let F = {F,,t € [0,T]} be
a stochastic process whose trajectories are Holder continuous of order v >
1 — H and such that F; € DY, t €[0,T)], for some q >p. For any p>1 we
set

By p,= sup (|[Fill, VIDsFellp)-
$,t€[0,T]
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Then there exists a constant C (independent of F') such that the following
inequalities hold for all 0 <s <t <T:
t
/ Fu(u—n(u))” dB.|| <Cn"(t— )" i,
S
t

(A.4) ‘ p

<Cn Yt —s)TF,

(A.5) | p

/ Fu(By — Byuy) du

S

PROOF OF (A.4). Applying (2.9) we can decompose the Young integral
as the sum of a Skorohod integral plus a complementary term,

t
[ Futw=n(w)” a,
(A.6) :/ Fy(u—mn(u))"0B,

t T
oy / / (1= ()" Dy Pl — ul? =2 dr du.
s 0

It follows from (2.11) that the LP-norm of the first integral of the right-hand
side of (A.6) is bounded by Cn~"(t — s)? Fy ,. On the other hand, from
Minkowski’s inequality it follows that the LP-norm of the second integral is
less than or equal to Cn™"(t — s)F} ,. These estimates imply (A.4) because
(t—s)<(t—s)HT=H, O

PROOF OF (A.5). Ift—s<1 we can write

t
/ Fu(Bu — Bn(u)) du

t
P S

<C sup ||Fyllyn~ (¢ — )
t€[0,T]

<C sup HFthnfl(t — s)H,
t€[0,T

where the first inequality follows from Minkowski’s inequality and the second
one from Hoélder’s inequality. Suppose that ¢ — s > % Applying Fubini’s
theorem for the Young integral, we obtain

t t e(v)
/ Fu(By — Byyy) du = / (/ 1 (u) Fy du> dB,.
s n(s) \Jov

Applying (A.4) with v =0 we obtain

t e(v)
/ (/ 1 (u)Fy du> dB,
n(s) \Jv

< C(t—n(s)"'n Py,
p
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(A.7) 0o
<C(t—s)"n""Fip.

This completes the proof of (A.5). O

LEMMA A.4. Let B {Bq,t E [0,T]} be an m-dimensional fBm with
Hurst parameter H > 4. Fiz p> %. Let F = {F,,t € [0,T]} be a stochastic
process such that Fy € ]D)Z’q t €10, T] for some q > p. For any p>1 we set

Fop= sup ([|Fll,V IDsEillp V IDrDsFyllp).
r,8,t€[0,7T]

Set also

Fo= sup (|F|V|DsF |V |DyDsFl).
r,s,t€[0,T

Then there exists a constant C (independent of F') such that the following
holds for all0 <s<t<T,i,7=1,...,m

|nt/T] thi 1 A ' '

a8 | Y m 6BzaBa <Oy (t - )| Fly
k=|ns/T| teVs p
Lnt/T] teat At pu

wo) | Y m / / 5BisBI|| <Cn (- Fy,.
k=|ns/T| Vs Stk p

Proor. Using (2.8), we can write

L"t/TJ tepAE pu
/ 0B, B
k= Lns/T | teVs te
(A.10) = / Fy) (B, = Bly)0Bj,
+ aH/ / DIF, () ( B;(u))u(drdu).
Applying (A.5) to the second integral of the right-hand side of (A.10) with
F, replaced by fo Fylr — u? =2 dr (notice that here we do not need

the Holder contlnulty of the integrand for the Young integral to be well
defined) yields

JF ) ( (B! —Bf?(u)),u(drdu) )
T
(A.11) <CnYt—s)"Fy, sup / lr — w212 dr
uel0,7]J0
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<COn Yt —s)"Fy,

This implies both estimates (A.8) and (A.9).
Applying (2.8) to the first summand on the right-hand side of (A.10)
yields

t

(A.12)° t -
:/ FuaBgaBngaH/ {/ / D;’,Fuu(drdv)}aBg.
s JIn(u) s Uoo i)

Now we apply (2.11) to the second term of the right-hand side of (A.12),

and we obtain
t T u ] )
/ {/ / D; F,pu(dr dv)}(SBi
s 0 Jn(u) P

T u
Log) [ [ tdrdo)
0 Jn(u)
H

< CFyyn 't —s)

Again, this inequality implies both estimates (A.8) and (A.9).
It remains to estimate the term I, := fst fnu(u) F,6B.6Bj],. Tt follows from
(2.11) that

(A.13) <Ch,

LY/H([0,77)

[ Ls,tllp < CFopl| s (W)L ) ) (0 L1772 10, 172
< CFQJ,n*H(t — S)H,

which completes the proof of (A.9).
To derive (A.8) we need a more accurate estimate.
Meyer’s inequality implies that

1 Zs,tllp < ClIIL s, () Ly g (V) Full g2l
+ 11, () L) ) (V) D Pl [ g0 1L,
+ 11,6 (@) L ) g (V) Dy Dy Fu |l g4l ]
< ClFlpll s, (@) L) ) (0) | 302

Therefore, to complete the proof, it suffices to show that

Hlst( )1[77( ( )HH®2

(A.14) —ozH///u/ /n(u (dv dv') p(du dud)

<(t—s)v,
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Imthecaset—s>l

///n(u /u (dv dv' du du’)

|_nt/TJ twre1 (e
/ / / / (dv dv' du du’)
k= I_ S/TJ tyr tr tpr Jitg

thtpt1  ftet1
< / / / / (dv dv' du du’)
tktp 23 titp Itk

k= Lns/TJp 1-n

=n "N Q)

k=|ns/T| p=1-n
<C(t—s)7"

where we recall that Q(p) is defined in Section 2.4, and inequality (A.14)
follows.
In the case t — s < l, we have the raw estimate

///n(u/ w(drdr’ dudu’) // (dudu) (t—s)QH

n2H (=) < (t =), "

So (A.14) is also true for this case. The proof of the lemma is now complete.
(]

LEMMA A.5. Let B={B;,t€[0,T]} be a one-dimensional fBm with
Hurst parameter H > %. Suppose that F = {F;,t € [0,T}, G ={G;,t €[0,T]}
are processes that are Hélder continuous of order B € (%,H) Then there
exists a constant C' (not depending on F' or G) such that for all0 <s <t <
T, v>0,

t

(A.15)

< C(|Fllos + I FII) G sl1BIIER' (¢ = )°
and
(A.16) ’

C(IFlle + IF IG5l Bllgn' 27" (t = 5)°.
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PROOF OF (A.15). We assume first that s,t € [tg,tg+1] for some k =
0,1,...,n—1. By Lemma A.1(ii),

t
s

<K Sl[lp]|Fu(Gu — Gy,)(Bu = By)|[|Blls(t — )"
u€e|(s,t

+ Ky sup [|Fu(Gy — Gy,)|||IBl3(t — 5)*
(A7) u€ls,t]
+|Fu(Bu = Byl GlglIBl s (t — 5)*
+[(Gu = G, )(Bu = By Fl gl Bllo(t — 5)*]
< Crg(F,G)n=2P(t — s)P,
where rg(F,G) = (||[F|le + ||F||5)||G||5||BH% In the general case, we can

write

t
/ Fu(Gu - Gn(u))(Bu - Bn(u)) dB,
s

e(s) nt/T] tht1 t
= / + Z / +/ Fu(Gu - Gn(u))(Bu - Bn(u)) dBy,
s k=|ns/T|+1" t n(t)
[nt/T|
< Crg(F,G)n™ [<e<s> =)'+ t-n)’+ Y. (T/n)
k=|ns/T]+1

< Crg(F,Gn"[(e(s) = 9)” + (t = (1)) + (n(t) = =(s))n' "]
< COrg(F,G)n' =3P (t — 5)P,
where the first inequality follows from (A.17). O
PROOF OF (A.16). This estimate can be proved by following the lines of

the proof of (A.15) and noticing the fact that (v —n(u))” has finite v-Holder
seminorm on (tg,tgy1) for each k=1,...,n—1. O

Acknowledgment. We wish to thank the referee for many useful com-
ments and suggestions.
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