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We developed a new age-structured deterministic model for the transmission dynamics of chikungunya virus. The model is analyzed
to gain insights into the qualitative features of its associated equilibria. Some of the theoretical and epidemiological findings indicate
that the stable disease-free equilibrium is globally asymptotically stable when the associated reproduction number is less than unity.
Furthermore, the model undergoes, in the presence of disease induced mortality, the phenomenon of backward bifurcation, where
the stable disease-free equilibrium of the model coexists with a stable endemic equilibrium when the associated reproduction
number is less than unity. Further analysis of the model indicates that the qualitative dynamics of the model are not altered by the
inclusion of age structure. This is further emphasized by the sensitivity analysis results, which shows that the dominant parameters
of the model are not altered by the inclusion of age structure. However, the numerical simulations show the flaw of the exclusion
of age in the transmission dynamics of chikungunya with regard to control implementations. The exclusion of age structure fails
to show the age distribution needed for an effective age based control strategy, leading to a one size fits all blanket control for the

entire population.

1. Introduction

Chikungunya is a viral disease that is transmitted to humans
from an infected mosquito of the Aedes genus (particularly
the Aedes aegypti and Aedes albopictus mosquitoes [1, 2]).
It is an RNA virus that belongs to Alphavirus genus of the
family Togaviridae [3]. It was first described about 1952
during an outbreak in southern Tanzania [3]. Chikungunya
in the Kimakonde language (the language from where the
name was derived) means to become contorted or “bend
over” [3]. There have been numerous cases of reemergence of
chikungunya in Africa, Asia, Europe, and more recently the
Caribbean [4]. The virus was isolated in 1960s in Bangkok
and in 1964, the virus resurfaced in parts of India includ-
ing Vellore, Calcutta, and Maharastha [5]. Other outbreaks
include Sri Lanka in 1969, Vietnam in 1975, Myanmar in
1975, and Indonesia in 1982 [5]. A large outbreak occurred in

the Democratic Republic of the Congo in 1999-2000 [3]. In
the years 2005-2007, an outbreak occurred in the islands
of the Indian Ocean. Gabon was hit with an outbreak in
2007 [3]. Since 2005, India, Indonesia, Thailand, Maldives,
and Myanmar have encountered over 1.9 million cases [3].
The disease spread to Europe by 2007 with 197 cases being
recorded [3]. More recently, in December 2013, the French
part of the Caribbean island of St. Martin reported two
laboratory-confirmed autochthonous (native) cases [3, 4].
Since then, local transmission have been confirmed in the
Dutch part of Saint Martin (St Maarten), Anguilla, British
Virgin Islands, Dominica, French Guiana, Guadeloupe, Mar-
tinique, and St Barthelemy [3]. As of October 2014, over
776,000 suspected cases of chikungunya have been recorded
in the Caribbean islands, Latin American countries, and some
south American countries [3]. About 152 deaths have also
been attributed to the disease during the same period. Mexico



and USA have also recorded imported cases. On October
21, 2014, France confirmed four cases of chikungunya locally
acquired infection in Montpellier, France [3].

In 2005-2006, a major chikungunya outbreak involving
numerous islands in the Indian Ocean (notably La Reunion
Island) occurred; one-third of the population were infected
[6]. According to Schuffenecker et al. [7] and Vazeille et
al. [8], in two concurrent studies, the chikungunya virus
strains in the Reunion Island outbreak mutated to facilitate
the disease transmission by Aedes albopictus (Tiger mosquito)
[6, 9]. The mutation was a point mutation in one of the
viral envelope genes (El glycoprotein gene (E1-226V)) [10, 11].
Dubrulle et al. [6] found that this mutation allowed the virus
to be present in the mosquito saliva only two days after the
infection, instead of approximately seven days in the Aedes
aegypti mosquitoes. This shows that Aedes albopictus is a
slightly more efficient host than Aedes aegypti in transmitting
the variant E1-226V of chikungunya virus. Hence, this result
indicates that other areas where the tiger mosquitoes are
present could be at greater risk of outbreak with an enhanced
transmission of chikungunya virus by Aedes albopictus.

Following an effect bite (i.e., a bite leading to an infection)
from infected mosquitoes [1, 2], the incubation period is
usually within 3-7 days; symptoms include fever, headache,
nausea, fatigue, rash, and severe joint pain (including lower
back, ankle, knees, wrists, or phalanges) [1, 2]. There is no
antiviral medicine to treat the disease [1, 2]; all the treatments
are directed at relieving the disease symptoms [3]. There is no
preventative vaccine for chikungunya [3]; however, findings
of an experimental vaccine in an early-stage clinical trial are
promising; it prompted an immune response in all 25 volun-
teers [12].

Chikungunya rarely results in death and infected individ-
uals are expected to make full recovery with life-long immu-
nity [2]. However there are some cases where individuals
experience joint pains for several months or years after the
initial infection [3]. There have also been reports of eye, neu-
rological, and heart complications and gastrointestinal com-
plaints [3]. The disease symptoms, generally, are mild and the
infection may go unrecognized; however, several studies [13-
16] have shown that children (especially neonates), the elderly
(=65 years), and people with medical conditions (such as high
blood pressure, diabetes, or heart disease) have more severe
clinical manifestation of chikungunya than in older children
and adults (<65 years). The severity of the symptoms can be
described by a U-shaped curve, with a maximum occurring in
young infants and the elderly and a minimum in older chil-
dren [16]. Furthermore, the rate of asymptomatic infection
among children varies according to different outbreak
reports (range 35-40%) [16]; overall, approximately 3-28%
of infected individuals will remain asymptomatic [17, 18]. In
the study of the 2006-2007 chikungunya epidemic in Kerala,
South India, Vijayakumar et al. [19] showed an age distribu-
tion of people affected with chikungunya. Their study indi-
cates that the adult group (ages 15-59) were the most affected
age group; they consist of about 73.4% of the entire study pop-
ulation; this is followed by the elderly group (ages > 60); this
group make up about 15.6% of the study population. Finally,
11% of the cases occurred in persons ages <15 years. Similar
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age distribution was reported in other epidemics in India
[20], Thailand [21], and Reunion Islands [5, 22] and across
Europe [23] (including Austria, Czech Republic, Estonia,
Finland, France, Germany, Greece, Hungary, Ireland, Italy,
Latvia, Lithuania, Luxembourg, Malta, Poland, Romania,
Slovakia, Slovenia, Spain, Sweden, and United Kingdom).

A number of studies have been carried out to study the
chikungunya virus, considering different factors that effect
the outbreak of the disease (see [21, 24-30]). Ruiz-Moreno
et al. [24] analyzed the potential risk of chikungunya intro-
duction into the US; their study combines a climate-based
mosquito population dynamics stochastic model with an epi-
demiological model to identify temporal windows that have
epidemic risk. Dumont et al. [25] propose a model, including
human and mosquito compartments, that is associated with
the time course of the first epidemic of chikungunya in
Reunion Island. Using entomological results, they investi-
gated the links between the episode of 2005 and the outbreak
of 2006. Manore et al. [26] investigated, via an adapted math-
ematical model, the differences in transient and endemic
behavior of chikungunya and dengue, risk of emergence for
different virus-vector assemblages, and the role that virus
evolution plays in disease dynamics and risk. Poletti et al. [29]
developed a chikungunya transmission model for the spread
of the epidemic in both humans and mosquitoes; the model
involves a temporal dynamics of vector (Aedes albopictus),
depending on climatic factors. In the study, they provided
estimates of the transmission potential of the virus and
assessed the efficacy of the measures undertaken by public
health authorities to control the epidemic spread in Italy.
Yakob and Clements [30] developed a simple, determinis-
tic mathematical model for the transmission of the virus
between humans and mosquitoes. They fitted the model to
the large Reunion epidemic data and estimated the type
reproduction number for chikungunya; their model provided
a close approximation of both the peak incidence of the
outbreak and the final epidemic size. Pongsumpun and
Sangsawang [21] developed and studied theoretically an age-
structured model for chikungunya involving juvenile and
adult human populations, giving conditions for the disease-
free and endemic states, respectively. They also suggested
alternative way for controlling the disease.

The aim of this study is to develop a new deterministic
transmission model to gain qualitative insight into the effects
of age on chikungunya transmission dynamics and to deter-
mine the importance or otherwise of the inclusion of age in
the transmission dynamics. A notable feature of the model
is the incorporation of three different human age classes
involving juvenile, adult, and senior human populations; the
model also involves two infectious human classes, notably
the asymptomatic and symptomatic classes. The paper is
organized as follows; the model is formulated in Section 2, the
analysis of the mathematical properties of the model is stated
in Section 3. The effect of the age structure on the disease
transmission is explored in Section 4. The sensitivity analysis
of the model is investigated in Section 4.1. Following the
result obtained from the sensitivity analysis, various control
strategies are implemented in Section 5. The key theoretical
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and epidemiological results from this study are discussed and
summarized in Section 6.

2. Model Formulation

The model is formulated as follows with human and mosquito
subgroups. The human population is divided into juvenile,
adult, and senior subpopulations. The human subgroup is fur-
ther divided into susceptible (S;), exposed (E;), symptomatic
(I;), asymptomatic (I ;), and recovered (R;), wherei = J, A, S
for the juvenile, adult, and senior subpopulations. Thus, the
total human population N (t) = S;(t) + E;(t) + L;(t) +
Iy () + Ry(t) + S4(8) + E5() + T44(8) + Igu(t) + Ry(t) +
Sg(t) + Eg(t) + Ing(t) + Igs(t) + Rg(t). The mosquito popu-
lation is divided into three classes consisting of susceptible
mosquitoes (S,,), exposed mosquitoes (E,,), and infected
mosquitoes (I,;). Hence, the total mosquito population
N (t) = Spp(t) + Epg(8) + Ry(2).

Individuals move from one class to the other as their
status evolves with respect to the disease. The population of
susceptible juvenile (S;) is generated at the rate 7z; via birth or
immigration. It is assumed that there is no vertical transmis-
sion or immigration of infectious humans; thus there is no
inflow into the infectious classes. The population is reduced
by the juvenile maturation at the rate o and by natural death
at the rate y;. The infection rate of susceptible juveniles A; is
given as

_ BybyIm

@

The parameter f3; in (1) is the probability that a bite from
an infectious mosquito leads to infection of the susceptible
juvenile and the parameter b, is the mosquito biting rate. The
derivation of (1) is given in Appendix A.

Similarly, it can be shown that the rate at which
mosquitoes acquire infection from infectious (asymptomatic
and symptomatic) human hosts is given by

Brbum (IA] tlg + Iyp + Igp + Ipg + Igs)
H

The parameter f3,, is the probability that a bite from a
susceptible mosquito to a human leads to infection of the
mosquito.

Susceptible juveniles are infected by the chikungunya
virus at a rate A; and move into the exposed class. Thus, the
susceptible population is given as

ds BronSi Iy

d_tf: 1_%—045,—#[,5,. 3)
The exposed juvenile population is generated following infec-
tion of the susceptible juveniles by infected mosquitoes. A
fraction (1 - ¢;) of exposed juveniles enter the asymptomatic
class I,;(t) at the rate (1 — &;)o; and the remaining fraction
(¢;) goes into the symptomatic class (I 45) at the rate ¢;0;. The
population of the exposed juvenile is reduced by the juvenile
maturation at the rate a. The exposed juvenile population is

further reduced by natural death at the rate y;. Thus, the
exposed population is given as

dE; _ BybuS)Ly

P N, aE; — (o7 + py) Ej. (4)

Members of the juvenile asymptomatic class I 4;(t) are gener-
ated from the fraction that moved from the juvenile exposed
class. This class is reduced by maturation to the adult asymp-
tomatic class (I, 4) at the rate «, by recovery (either naturally
or via the use of treatment) at a rate y,; to the recovered
class. Similarly, members of the juvenile symptomatic class
I;(t) are populated from the fraction that moved from the
juvenile exposed class. The class is reduced due to maturation
to the adult symptomatic class (Ig4) at the rate o and by
progression to the recovered class recovery at a rate yg;. These
populations are further reduced by natural death at the rate
py; chikungunya rarely results in death [1, 2]; as such we have
ignored the disease induced death rate. Thus, the equations
for these classes are given as follows:

(5)
dlgy
= = (=) osE; —algy = (yy +py) Iy

The juvenile recovered class R; is populated from the juvenile
asymptomatic and symptomatic classes; the class is reduced
by maturation to the adult class at a rate & and by natural
death at a rate y;. The equation for this class is given as
follows:

dR,
— Yarlay + Vsl — @Ry — R, (6)

The corresponding equations (susceptible, exposed, asymp-
tomatic, symptomatic, and recovered) for the adult and senior
classes are similarly obtained; additionally there is a matu-
ration rate & from the adult population into the senior class.
We assume that the recovery rates from adults asymptomatic
and symptomatic classes are greater than those from juvenile
classes which in turn are greater than those from the senior
classes (i.e., Yaa>Vsa > VYap Vs > YasVss) [36]. Further-
more, we assume that seniors progress more quickly to the
asymptomatic and symptomatic classes than juveniles and
adults (ie., og > a],crA) [36].

The population of the susceptible mosquitoes (S,,) is
generated by the recruitment rate ), and reduced following
effective contact with an infected human. All mosquitoes
classes are reduced by natural death at a rate y,;. The equation
for this class is given as follows:

sy,
dt

7)

IA]+IS]+IAA+ISA+IAS+ISS

- Bub
Bambum Ny M

= UmSwm-



Mosquitoes in the exposed class E, are generated following
the infection of the susceptible mosquitoes. They progress to
the infected class at a rate 0,,;. The equation for the exposed
mosquitoes dynamics is given as follows:

dEM—ﬁ b Lap+ Iy + g + Igq + Iug + Igg
dr MM Ny M

(8)

= #mSm — OmEnm-

The infected mosquitoes class are populated from the
exposed mosquitoes. The equation for this class is given as
follows:

dl
d_f = omEn — Ml ©)

Combining the aforementioned derivations and assumptions
the model for the transmission dynamics of chikungunya
virus in a population is given by the following deterministic
system of nonlinear differential equations:

dr Ny
aE) Sl _
dt Ny,

dl,,
— = &;07E; — aly; — (yay + 1) Lays

ds byS, I
B PSSl

aEy — (o7 + ) Ej,

dlg
a (1-¢)0yE; — algy — (ysy + 1) Iy,

dR,
e Yarlay + vsrlsy — &Ry = 4Ry,

ds by Sal
4 _ s _ﬂAM AM _ES S,

a7 Ny

dd% =aE; + % —8E,— (04 +pa) Ess
d;—‘:A =l +e 0 By —El4p — (Yaa + #a) Laas
% = alg + (1—ep) OuEs — EIgy — (Ysa + ta) Lsas
% = &Ry +Yaalaa + Vsalsa = ERy = paRy,

% =&S, - Bsbfj% — UsSs

% =EE,+ Mxl% — (o5 + ps) Es,

dl g

e Elyp + e505Eg — (Yas + tis) Lus,
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dl
d_is = &lgy + (1 — &) 0gEs — (yss + ths) Iss»
dR
d_ts = &Ry + Yaslas + VssIss — tsRs
dSy,
dt
= 7‘[M
- ﬁMbM [ N ] SM
H
~ UnSm>
dE,,
dt
IAI+ISI+IAA+ISA+IAS+ISS
= Bubum [ N ] Su
H
—(oam + tar) Enps
dly,

—= =0y Er — Uyl
dt MEM — Bmim

(10)

The flow diagram of the age-structured chikungunya model
(10) is depicted in Figure 1 and the associated variables and
parameters are described in Table 1. Model (10) is an exten-
sion of some of the chikungunya transmission models (e.g.,
those in [21, 25-30]) by (inter alia):

(a) Including a compartment for the exposed humans
and mosquitoes (this was not considered in [21, 27,
28]).

(b) Adding a compartment for asymptomatic and symp-
tomatic individuals (these were not considered in
[25, 26, 30]).

(c) Including an age structure for humans (this was not
included in [26, 29]).

(d) Adding compartments for seniors (these were not
included in [21, 25-28, 30]).

3. Analysis of the Model

3.1. Basic Qualitative Properties

3.11. Positivity and Boundedness of Solutions. For the age-
structured chikungunya transmission model (10) to be epi-
demiologically meaningful, it is important to prove that all
its state variables are nonnegative for all time. In other words,
solutions of the model system (10) with non-negative initial
data will remain non-negative for all time ¢ > 0.

Lemma 1. Let the initial data F(0) > 0, where F(t) =
(S])E])IA])Isja R])SAa EA)IAA)ISA)RA)SS; ES) IAS) ISS)RA)SM)
Evo In). Then the solutions F(t) of the age-structured
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TABLE 1: Description of the variables and parameters of the age-

structured chikungunya model (10).

Variable Description
S.S..S Population of susceptible juvenile,
prass adult, and senior humans
E. E. E Population of exposed juvenile,
pATS adult, and senior humans
11 Population of asymptomatic and
AP symptomatic juvenile humans
11 Population of asymptomatic and
Ad>7SA symptomatic adult humans
11 Population of asymptomatic and
A 7SS symptomatic senior humans
R.R..R Population of recovered juvenile,
) RATS adult, and senior humans
S Population of susceptible
M mosquitoes
Ey Population of exposed mosquitoes
Iy Population of infectious mosquitoes
Parameter Description
- Recruitment rate of juvenile
Uy humans
T Recruitment rate of mosquitoes
o, & Juvenile and adult maturation rates
BB Transmission probability per
pEAES contact for susceptible humans
B Transmission probability per
M contact for susceptible mosquitoes
by Mosquito biting rate
U s Natural death rate of juvenile, adult,
pEaAES and senior humans
Unm Natural death rate of mosquitoes
Fraction of exposed humans
€1 €45 &5 becoming asymptomatic and
symptomatic
oo Progression rate of exposed
prATs juvenile, adult, and senior humans
Vany Recovery rate of asymptomatic and
APTS symptomatic juvenile humans
Yan Recovery rate of asymptomatic and
AdIsA symptomatic adult humans
Yass P Recovery rate of asymptomatic and
A2 1SS symptomatic senior humans
Progression rate of exposed
Om

mosquitoes

chikungunya model (10) are nonnegative for all t > 0. Further-

more

lim sup Ny (£) = -4

limsup Ny (t) = —,
1)

S I
M M M
Um el Um
FIGURE 1: Systematic flow diagram of the age-structured chikun-
gunya model (10).

with
Ny () = S5 (t) + E; (t) + Lyy (t) + Iy () + Ry (t)
+ 84 (8) + E5 (8) + Ix0 (£) + Isy (2)
+ R, (t) + Sg (t) + Eg (t) + I 55 (1) (12)
+ I (1) + Rg (1),

Ny (8) = Spp (8) + Epg (8) + Ly () -

The proof of Lemma 1 is given in Appendix B.

3.1.2. Invariant Regions. The age-structured chikungunya
model (10) will be analyzed in a biologically feasible region
as follows. Consider the feasible region

Q=0 xQy cRP xR} (13)

with
Qp = {S,, E], ISI’ IA], R,, S EpIsa> Inps Ras> Sy Es Igss

4
I Rg: Ny (t) < i (14)
H

Q,, = {SM,EM,IM Ny (b) < ”—M}
Um

Lemma 2. The region Q ¢ R:® is positively invariant for
the age-structured chikungunya model (10) with nonnegative
initial conditions in R,



The proof of Lemma 2 is given in Appendix C.

In the next section, the conditions for the existence and
stability of the equilibria of the age-structured chikungunya
model (10) are explored.

3.2. Stability of Disease-Free Equilibrium (DFE). The age-
structured chikungunya model (10) has a disease-free equi-
librium (DFE), obtained by setting the right-hand sides of the
equations in the model to zero, given by

* * * * * * * * * * * * *
&0 = (). B Ly Iy R S Bl Tao I R S5, B i
*

* % * * * T[] ‘XS]
ISS’RS’SM’EM’IM) = “_’0>0’O>0: —>0’0’

+ 1 E+vpy (15)

S*
0,0, 4. 0,0,0,0, ”—M,o,o>.
HUs Unm

The linear stability of &, can be established using the next
generation operator method on system (10). Taking Ej,
Isps Lays Egs Isas Taps Ego Isss Inss Epgs Inp as the infected
compartments and then using the notation in [42], the

k, 0 0 0
—€;0; ky 0 0
-(1-¢)o; 0 Kk, 0
- 0 o0 k;

0 - 0 —E404

V= 0 0 —a —(l-g4)0,

0 0 0 =&
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

where k) = 7, ky = a+ 07+ pp ks = o+ ya +pp ky =
a+yg iy ky = E+0 4+ pa kg = E+yantitako = E+ysatiia
ki) = Os+phs kiy = Yas+phs: ki3 = Vss s, and kyy = o+

It follows that the reproduction number of the age-
structured chikungunya model (10) is given by

Ry =p (FV_I) = \/(‘%]M + Ram + Bsn) B (18)
where p is the spectral radius and
Rym = BrowSy [kyikiokiskskskooy [(1- &) ks
+ &7k, |
+aky kpokys (07k; [(1 - €)) kskg + 7kok, ]

+0kgky [(1 - €4) kg + €4k5])
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Jacobian matrices F and V for the new infection terms and
the remaining transfer terms are, respectively, given by

F

(16)

o O O O o o o o o
S O O O o o o o o
o O O O o o o o o
S O O O o o o o o
oS O O O o o o o o
o O O O o o o o o

Cp Dy
0 0

Qpr Dy
0 0

Qp Dy

0
0
0
0
0
= 0
0
0
0
0
0 0 0

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

S O O O O o o o o o o
(=]

0
0
0
0

where ®; = Bbyuy/ky, Py = Babya/k), O = Bsby b/
prkys @op = 7 Brsbaite/ UmTTy> and

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 O 0 0
0 O 0 0 O 0 0
kg 0 0 0 0 0 0
0 ke 0 o0 o o |, 17)
0 0 ki, 00 0 0
_g 0 _8505 k12 0 O 0
0 & —(1-&)og 0 ki3 0 0
0 0 0 0 0 ky O
0 0 0 0 0 -0y MM
+&a {U}k11k7 [(1- 8}) kykgky, + 5]k4k9k13]
+ 0 akskykyy [(1—e4) kgkyy + exkgkys ]
+ ogkskykgky [(1 - &5) iy + e5kis]}] s
Ram = ﬁAbMSZk2k3k4 [GAk12k11k13 [(1 - 8A) kg
+eako] + & {oakyy [(1 - e4) kgkyy + akokys]
+ agkgky [(1— &) kyy + e5ky3]}]
R = Bsbun0sSskakskykghsko [(1 - &5) kyy + Kyses] s
R = GMﬁMSI*VI#?—IbM
MH = N
<k2k3k4k8k7k9k11k12k13k14.“M”1)
(19)
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FIGURE 2: Simulation of the age-structured chikungunya model (10) as a function of time when %, < 1. (a) Total number of infectious
(asymptomatic and symptomatic) juveniles. (b) Total number of infectious (asymptomatic and symptomatic) adults. (c) Total number of
infectious (asymptomatic and symptomatic) seniors. (d) Total number of infectious mosquitoes. Parameter values used are as given in Table 3.

Furthermore, the expression %, is the number of secondary
infections in juveniles by one infectious mosquito, & 4, is
the number of secondary infections in adults by one intro-
duced infectious mosquito, %, is the number of secondary
infections in seniors as a result of one infectious mosquito,
and lastly %, is the number of secondary infections in
mosquitoes resulting from a newly introduced infectious
juvenile, adult, and senior. Further, using Theorem 2 in [42],
the following result is established.

Lemma 3. The disease-free equilibrium (DFE) of the age-
structured chikungunya model (10) is locally asymptotically
stable (LAS) if R, < 1 and unstable if %, > 1.

The basic reproduction number &, is defined as the
average number of new infections that result from one
infectious individual in a population that is fully susceptible
[42-45]. The epidemiological significance of Lemma 3 is that
chikungunya will be eliminated from the community if the
reproduction number (%,) can be brought to (and main-
tained at) a value less than unity. Figure 2 shows convergence
of the solutions of the age-structured chikungunya model (10)

to the DFE (&) for the case when % < 1 (in accordance with
Lemma 3).

3.3. Global Asymptotic Stability of the DFE. Consider the
feasible region

Q) ={X€Q:8 <8],5, <8}, <S5, < Sy }» (20)
where X = S;,E}, I, Ly Ryy S Eas Isps Luas Ras Sso Ess I,

s> Ro» Saps Enps Iy

Lemma 4. The region Q, is positively invariant for the age-
structured chikungunya model (10).

The proof of Lemma 4 is given in Appendix D.
Theorem 5. The DFE, &, of the age-structured chikungunya
model (10), is globally asymptotically stable (GAS) in Q,

whenever R, < 1.

The proof of Theorem 5 is given in Appendix E.



3.4. Existence of Endemic Equilibrium Point (EEP). In this

section, we will investigate conditions for the existence

of endemic equilibria (i.e., equilibria where the infected

components of the age-structured model (10) are nonzero).
Let

Gy = (S B L L RS By L I Ry SE o
1

Hk pEkk pEkEk Rk qkEk Rk Rk
EA ’IAS’ISS’RS ’SM’EM’IM)

be an arbitrary endemic equilibrium of age-structured
chikungunya model (10). Also, let
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sk
/\** _ ﬂAbMIM
A - bl
N{
* %
A** _ ﬁSbMIM
S - >
N
$% sk sk ¥ % * % * %
A= Bub Ly +Ig + 1y + Iy + Iug + Igg
M = PmbOum

Ny
(22)

be the forces of infection for susceptible juveniles, adults,
and seniors and susceptible mosquitoes at steady state,
respectively. Components of the steady-state solution of the
equations of the age-structured chikungunya model (10) are

15 = BrovIn given in Appendix F. Substituting the expressions for I, I;",
/ Ny I Isa, Ing and IS into (22) for A} and simplifying gives
A** _ b]%/IﬁMIIt/P‘MH [32 (I]>!\</I*)2 + alllt; + aO] (23)
M kokskkskskoky ik (Brba gt + kyy) (Babali e + 77ks) (Bsbadif gy + 7pt4s) Ky
where + (1 - &) kghks] + 04kyks [e4 + (1 — €4) kokg])
+o kiskiykikyksk,o 4 (e4kg + (1 —€4) k
A = ﬁ]ﬁA.Bsbzzvfl‘?J {kikyikys {oykoksks [g/ky Paskiskioknkikskooy [eaks + a)ks]
+ (1= ¢) ks + o o7k [ekskeg + (1 = &) ks ] + Safyuisks (orknky lerkiskok,
+ 0 4kgks [e4ko + kg (1-€4)])} +(1- 5[) kiskgks] + 0k kyks [e4ky5ko
+ & (o7ky  k; [e5k skoky + (1 — &) kyykghs ] + (1 &) kigks] + kokgkyks [eskys + (1 - &) ki,
+ 04k kaks [kokyses + (1 —e4) kypks] +05) + §aPapisksksky (0akyy [eakisk
+ ogkokgky [eskys + (1 — &) kip])} s + (1 - eq) kskyy] + ogkoks [eskys + (1 - &5) kyp])
ay = by {07 Bk sk Ky kokgk (keBs + psPBa) + §afskskoosksksksky [eskys + (1 - &) kyp]}
(24)

egky + (1= &)) k3] + kyskyoky oy (Bapss
+ ke Bs) 1k 7k ko + ks (1 - €))] 0y
+kyks [eqgko + (1 —&4) k] 04}
+ af g fskiskik kikskyo 4 [eako + (1 —€4) kg
+ ol Bskiksky {04k, [eakisky
+ (1 = &4) kgkyy ] + ogkokg [e5kys + (1 — &) ky5]}
+ &Py (Bais + Psks) (o7ky k7 [erki3kok,
+ (1 — &) kpokghs] + 0 4k kyks [e4k 5k
+ (1= ey) kyokg | + ogkokgkyks [egky
+ (1 - &) ki ])}s
ay = 117 {0y uskyskioky kokghsk [e/ky + (1 - &)

ks ]+ apBsuskyskskiike (0}k7 [kokyex

Substituting expression for I/" into the force of infection A}
in (22) gives

byovAsr
/\;* _ ﬂ] MO M Af*”MMH (25)
ky4pnimy (A3i + ar)
and then solving for 1}; gives
. A;*klﬂ’ti/lﬂl
My =- . (26)

(A7*k14.‘4M7T1 - ﬁ]bMUM”M.“H)

Substituting this result into (23), and simplifying, leads to the
following cubic equation:

b (V) by, () +b A by (1-%2), (D)
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TaBLE 2: Number of possible positive real roots of f(x) for %, > 1.

Number of possible positive real roots (endemic equilibrium)

1
1
1

Cases ¢ c o G R, Number of sign changes
1 + + + - Ry >1 1
2 + - - - Ry > 1 1
3 + + - - Ry > 1 1
where
by

= ”?ﬁ}ﬁAﬁstﬂHﬂzzwkzksk4ksk7k9k11k1zk13k14

+ n;ﬁM."’MkMaZ’
b,

= ﬂ?ﬁ]ﬁAﬁSbM(quui/Iklk2k3k4k8k7k9kl1k12k13k14
- ”?/J’JﬂMﬁMbMUM#Haz
+ ﬂ?ﬁ]#HﬁMVMkalzlal
+ ”}l/ﬁﬁAbMﬂs.”?q.”i/szk3k4k8k7k9k12k11k13k14
+ ”}lﬁiﬁs!/‘HbM.‘lixszksk4ksk7ksk9k11k12k13k14>

(28)

b

= ﬂ]ﬂ?!"lz-lﬂMbIZ\/I/’leMao
+ ”?ﬁiﬁAbMﬂsﬂilﬂzzwhk2k3k4k8k7k9k11k12k13k14
- ”IﬁibzzwﬂMﬁMUMM?{%
+ ﬂ?ﬁ?bM/’lS/’l?itui/Ika3k4k6k7k8k9kl1k12k13k14
+ ﬂ?ﬁ?ﬁSbM(an"li/Iklk2k3k4k6k7k8k9kl1k12k13k14’
by = 11} B bypiysingk ko ksk kgkgkskoky Kook sk

Thus, the number of possible positive real roots polynomial
(27) can have depends on the signs of b, and b,. This can
be analyzed using the Descartes Rule of Signs on the cubic
polynomial f(x) = ¢;x° + ¢,x* + ¢,x + ¢y, given in (27) (with
x=MA" 6 =by,0 = by, = by, ¢ = by(1-Ry)). The various
possibilities for the roots of f(x) are tabulated in Table 2.
The following results (Theorem 6) follow from the various
possible combinations for the roots of f(x), in Table 2.

Theorem 6. The age-structured chikungunya model (10) has a
unique endemic equilibrium if R, > 1.

Numerical simulations of the age-structured chikun-
gunya model (10), depicted in Figure 3, show convergence to
a unique endemic equilibrium when %, > 1 (suggesting that
the unique EEP of the age-structured chikungunya model
(10) is asymptotically stable when it exists).

3.5. Backward Bifurcation Analysis: Special Case. Chikun-
gunya rarely leads to death of the infected individuals [1, 2];

however a number of deaths have been reported as a result
of the infection [3, 5, 30, 46, 47]. We introduced into
the asymptomatic and symptomatic human compartments
disease-induced mortality parameters (8 57, 8, 0 4 4> O54> O as»
dgs) and study the implication on the dynamics of the dis-
ease transmission. Thus, the asymptomatic and symptomatic
juveniles, adults, and seniors compartments of age-structured
chikungunya model (10) can be written as follows:

dl,,
ar &0y Ey = alay = (yay + s + 07) Lap>
I =(1- 8}) 07E; —alg — (YSJ +ugt 55}) Iy,
dl
dAA =alyy + e 0,4Ey =8y
t
— (yaa + ter +044) Lyns
(29)

dl
% =alg + (1-¢e4)04Ey =&l

— (Ysa + e + Osa) Lsas

dt = &l + &505Eg — (Yas + tr + Oas) Luss

dI
d—is = &lsp + (1 - &) 05Es — (yss + s + Oss) Iss

It can be shown that the reproduction number for the age-
structured chikungunya model (10) with the asymptomatic
and symptomatic human compartments stated in (29) is
given by

%0 = %0 |6A/’6S]’6AA’6SA’8AS’SSS #0
(30)

= \(Fnt + Fars + Fosna) R
where

Rypt = BrowS; Tkyikyskys05ksksks [(1- €5) ks
+ &7k, |
+akyy kyokys (07k; [(1 - &) kskg + €7kok, ]
+ 0 aksks [(1—24) ks + 2ako])
+&a{oky k; [(1 - &) kskgky, + &k kokys]
+ 0 akskakyy [(1 - €4) kgkyy + egkokys]
+ ogkskykgko [(1 - &5) kyp + &5ki5]}H]
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FIGURE 3: Simulation of the age-structured chikungunya model (10) as a function of time when %, > 1. (a) Total number of infectious
(asymptomatic and symptomatic) juveniles. (b) Total number of infectious (asymptomatic and symptomatic) adults. (c) Total number of
infectious (asymptomatic and symptomatic) seniors. (d) Total number of infectious mosquitoes. Parameter values used are as given in Table 3.

R ant = PabuSikaksky [0ak ok ks [(1-e4) kg
+eqko| + E{o k) [(1 - €4) kgkyy + egkokys]
+ ogkgky [(1 - &) kyy + £5k13]}

Rt = Bsbai0sSskakskakghkko [(1 - e5) ki + Kyzes] s

UM/J’MS;[P‘?JbM
k2k3k4k8k7k9k11k12k13k14HM7T;)

‘%MH:(

(3D

with ky = o + yu; + py + Ogp, ky = a + yg; + py + gy, kg =
§+Yyaatia+tOaa ko =E+ysatpa+Osa kiy = Yas+is+0as
and k3 = Ysa + phs + Osa-

Models of disease transmission typically undergo a simple
transcritical bifurcation (exchange of stability from the DFE
to an endemic equilibrium) at %, = 1. The age-structured
chikungunya model (10) with the asymptomatic and symp-
tomatic human compartments stated in (29) is investigated

for the possibility of the phenomenon of backward bifur-
cation (where a stable DFE coexists with a stable endemic
equilibrium when the reproduction number, %, is less than
unity) [48-57]. The epidemiological implication of backward
bifurcation is that the effective control (or elimination)
of chikungunya virus in the system is dependent on the
initial sizes of the subpopulations. The possibility of the
phenomenon of backward bifurcation in the age-structured
chikungunya model (10) with the asymptomatic and symp-
tomatic human compartments stated in (29) is explored
using the centre manifold theory [51], as described in [58,
Theorem 4.1].

Theorem 7. The age-structured chikungunya model (10) with
the asymptomatic and symptomatic human compartments
stated in (29) undergoes backward bifurcation at R, = 1 when-
ever inequality (G.9), given in Appendix G, holds.

The proof of Theorem 7 is given in Appendix G. The back-
ward bifurcation property of the age-structured chikungunya
model (10) with the asymptomatic and symptomatic human
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TABLE 3: Parameters values of models (10) and (32).

1

Parameter Values Range References
1 1
Ty 400 X ———— 400 x ~400 x [26, 31]
15 x 365 15 x 365 12 x 365
1 1 1
« —_ —_— Assumed
16 x 365 18 x 365 15 x 365
1 1 1
& e Estimated
50 x 365 55 % 365 45 x 365
By Ba> Bs> B 0.24 0.001-0.54 (25, 26, 29, 32, 33]
by 0.25 0.19-0.39 (26, 34]
1 1 1
Hy - Assumed
3 x 365 5x 365 1x365
1 1 1
Ha —_— P —— Assumed
40 x 365 60 x 365 18 x 365
1
Hs —_— _ Assumed
70 x 365 80 x 365 60 x 365
1 1 1
Hu . . — 26, 31]
70 x 365 76 X 365 68 x 365
€ Epr > €y 0.155 0.03-0.28 [17]
97205 ! LI Assumed
2x3 2x4 2x2
1 11
00 1 22 (5, 26, 32, 35-37]
3 4 2
Yap Vs L L1 Assumed
1.5x4.5 1.5x8 15x%x3
1 11
Yaa>Vsa _— P [26, 28, 36, 37]
4.5 7 3
Vas>¥ss Lt L1 Assumed
2.5%x4.5 25x8 25%x3
1 11
Yaw> Ysu _— P [26, 28, 36, 37]
4.5 7 3
v 500 x 0.1675 500 x 0.015-500 x 0.32 [26, 31, 38, 39]
ﬁM 0.24 0.005-0.35 [25, 29, 33, 40, 41]
1 11
O 1 L (6,28, 32, 36]
3.5 6 2
1 1 1
Yt = - [28, 32, 35-37]
14 42 14

compartments given in (29) is illustrated by simulating the
model using a set of parameter values given in Table 3
(such that the bifurcation parameters, a and b, given in
Appendix G, take the values a = 0.001792 and b = 0.09056,
resp.). The backward bifurcation phenomenon of the age-
structured chikungunya model (10) with the asymptomatic
and symptomatic human compartments stated in (29) makes
the effective control of the chikungunya in the population
difficult, since in this case, disease control when %, < 1
is dependent on the initial sizes of the subpopulations of
the age-structured chikungunya model (10) with the asymp-
tomatic and symptomatic human compartments stated in
(29). This phenomenon is illustrated numerically in Figure 4.

4. Effect of Age Structure

Following the approach in [59], the effect of age structure on
the dynamics of the age-structured chikungunya model (10)
will now be investigated by comparing its dynamical behavior

with those of an equivalent model with no age structure given

by

Sy _ . Bl

dEy _ ﬁHbMIMS

dt

dlgy

dR,,

r— &Sy — PaSw
n— By — (o + pyr) Epps
= &0 Ep — alagr — (Yag + tr) Lams

ar (1 - ey) 0By — sy = (yser + pher) Isero

I = Yarlan + Vsulsy — aRy — pyRy,

M - Bub [—
dt M MYM .

] Sm ~ US>
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FIGURE 4: Backward bifurcation plot of the age-structured model (10) with the asymptomatic and symptomatic human compartments given
in (29). (a) Asymptomatic juvenile; (b) symptomatic juvenile. (c) Asymptomatic adult; (d) symptomatic adult. (e) Asymptomatic senior; (f)

symptomatic senior. Parameter values used are as given in Table 3.
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dE I+ 1
d_;w = Bumbum [AHN—HSH] St = (0ar + tiar) Engs
dl,

at = omEn — vl
(32)

where Sy = S;+S,+Sg, By = Ej+Ep+Eg, Ly = Lyt aa+1 4

Isyy = Iy +Igp+Igs, Ry = R+ Ry + Rgand oy = 07 +0 4 +05,

Yar = Yaj + Yaa + Yas Ysu = Yoy + Ysa + Vs and &« = § = 0.
The DFE of model (32) is given by

Eo1 = (St Eppy Lipps Isp Rips Sy Erps Iy

13

and the associated reproduction number is

R

(34)

>

\]ﬂMﬂMO-MT[HﬁHb]%/I [gueuon + g5 (1 — &) 03]
929394961412\414H

where g, = py, gy = O+ e 93 = Var + be> 9a = Vsu + b
95 = ppp> and gg = O + iy

Using the approach in Section 3.3, we can show that the
reduced model (32) has a DFE that is GAS if § 4y = 8¢5y = 0,
whenever %, < 1;as such model (32) will not undergo back-
ward bifurcation since the bifurcation coefficient, g, is given

by

_ bty (vow Wy Bey + vowswe s + v,wswe )

(33) 5 (35)
Ty
- (”—H,o,o,o,o, ”—M,0,0>
Hu Um using the expression in (38) below, (35) becomes
2
_ _szsxd‘}ziazzﬂ"zzwﬁ?waM erigs + (1= en) 95)” Bri {93 9att192 + uiBra0ridy [ergs + (1~ ) 951} (36)
- 4 3333 >
Ur96TTHI3 919>

where g, = py, g, = Oy + P> 93 = Yau + > and gy =
Ysu + U

_ 2by [vawgx, (Wy + w5 +ws) By + Vw3 X6 (W5 + Wy + Wy +ws) Bag = VW3 weX: Bay]

However, if 841, 0g; # 0, then it follows that the
reduced model (32) will undergo backward bifurcation if the
coeflicient a, in this case, given as

- , 37
x? (37)
is positive, where wg > 0,
_ ~Pubuws v; =0,
1~ 5
9iim vs =0,
_b w ve =0,
w, = Bribum 8 .
N v = [erronvs + (1 = en) oyva]
_ £I‘IO’I‘IU')Z 2 gz 5
3~ 5
93
vy = (v + X6PBribu (v7 = 7o)
(1 -¢y) o, 37 g, \Yan's x ,
Wy=—",
9a
o= L (y . o XePubu (v7 —Va))
w. = (yAHw3 +Y5Hw4) 4 9 sHYs X ,
5 >
9s o -
7= T
_ X6 Prbum (ws + w4) Ys
We = — " ,
e _ (ﬁHbM"z)
g = M2
_ X6 Brrbar (w3 +wy) Um
7= > (38)

9eX1
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FIGURE 5: Backward bifurcation plot for without age-structured model (32). (a) Asymptomatic humans; (b) symptomatic humans. Parameter

values used are as given in Table 3.

with g, = py, gy = oy + P 93 = Vau + P + Oam> Gs =
Vsu + pu + Ospp> gs = ppp> and

V7 X6bp W3

b= > 0. (39)

X1

The phenomenon of backward bifurcation for model (32)
without age structure is illustrated numerically in Figure 5.

Hence, the preceding analysis shows that the age-
structured chikungunya model (10) and model (32) without
age structure have the same qualitative dynamics with respect
to the local and global asymptotic stability of the associated
disease-free equilibrium (DFE) and the phenomenon of
backward bifurcation.

Next, we compare the dynamics of the endemic equilib-
rium points of models (10) and (32). Let

&1 = (St Bl I Lo Riy > Sy o ) (40)

be an arbitrary endemic equilibrium of the reduced model
(29) and let

A** _ ﬁHbMI;\k;
H — * % 4
NH
(41)
I 4
)L** —_ b AH SH

be the forces infection for susceptible humans and susceptible
mosquitoes at steady state, respectively. Solving the equations
of the reduced model (32) at steady state gives

St = Ty
" Ap +a1)
E;-I* A;-I*T[H

g\ +g)

oo EHOHAR Y
A 939 Ay + g1) ’
5% (1_8H)O—H)L;I*7TH

919, (A +91)

SH —

oAy Ty [Vareaga + vse (1 - &) 93]

R = 95949295 (A + g1) ,
S = (o
M T H)
B - AmTTm ’
6 (A3 + ta)
I OMAM Ty

M Gottnt (A3f + ty)
(42)

Substituting (42) into (41) shows that the positive endemic
equilibrium of model (32) satisfies

i
”H%l‘?wgz.‘isgwlﬂlq (‘%i{ - 1) (43)

- TGt 19293 Gabint + OriBatrr [enonda + (1 - &) 01951} '

where #;; = & H15 57,64, #0- Hence, model (32) has a unique
endemic equilibrium (obtained by substituting (42) into (43))
whenever %, > 1.

4.1. Sensitivity Analysis. Sensitivity analysis [60-62] is carried
out, on the parameters of the age-structured chikungunya
model (10), to determine which of the parameters have the
most significant impact on the outcome of the numerical
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TABLE 4: Initial conditions used in the simulations of model (10) with age structure.

S, (0) = 1130 E; (0) = 123 I, (0) = 84 I (0) = 211 R, (0)=0

S, (0) = 2196 E, (0) = 264 I, (0) =351 Iy, (0) = 1404 R, (0)=0

S (0) = 300 Eq (0) = 224 I,5(0) =75 I (0) = 298 Rg(0) =0

Sy (0) = 500 E,, (0) = 100 1,,(0) = 250.

YsH [
Yau [
oy
&y
by b
Bu

Ty |

-02 0 02 04 06 08
()

-08 -06 -04

-08 -06 -04 -02 0 02 04 06 08 1
(b)

FIGURE 6: PRCC values for chikungunya models (10) and (32), using as response functions (a) the reproduction number Z%,; (b) the
reproduction number % ;. Parameter values (baseline) and ranges used are as given in Table 3.

simulations of the model. Figure 6(a) depicts the partial rank
correlation coefficient (PRCC) values for each parameter of
the models, using the ranges and baseline values tabulated
in Table 3 (with the basic reproduction number, %, as the
response function), from which it follows that the parameters
that have the most influence on chikungunya transmission
dynamics are the mosquito biting rate (b,,), the transmission
probability per contact in mosquitoes (f3,,) and in humans
(Bs), mosquito recruitment rate (), and the death rate
of the mosquitoes (y,,). It is interesting to note that, from
Figure 6(a), the transmission probability per contact in juve-
nile and adult (B; and f8,) is not as significant as that of
the seniors. Thus, this study identifies the most important
parameters that drive the transmission mechanism of the
disease. The identification of these key parameters is vital to
the formulation of effective control strategies for combating
the spread of the disease. In other words, the results of this
sensitivity analysis suggest that a strategy that reduces the
mosquito biting rate (reduces b,,), the mosquito recruitment
rate (reduces 7)), and the transmission probability per
contact in mosquitoes (reduces f3,) and in humans (reduces
Bs) and increases the death rate of the mosquito (increases
par) will be effective in curtailing the spread of chikungunya
virus in the community.

The sensitivity analysis was also carried out using model
(32) without age-structured with %, as the response func-
tion. The dominant parameters in this case are by, Bap Brs
7Ty and py . These results show that the same parameters are
dominant for the two response functions (%, and %#;). This
result further emphasizes the fact that the inclusion of age

structure does not alter the dynamics of the transmission of
the infection.

5. Assessment of Control Strategies

In order to reduce the number of infected human cases, values
of some dominant parameters (the mosquito recruitment
rate (7)), the death rate of the mosquito (u,,), and the
transmission probability per contact in mosquitoes (f,,)
and in humans (f;, B4, and f5)) obtained from the sensi-
tivity analysis were adjusted to capture mosquito-reduction
strategy, personal-protection strategy, and the effect of the
combination of both strategies (universal strategy). The
reduction in the mosquito biting rate, a dominant parameter,
is captured implicitly by the reduction of all the transmission
probabilities. Three effectiveness levels (low, moderate, and
high) were evaluated for each of the strategies using the initial
conditions in Table 4 obtained from [19]. The numbers in
Table 4 were estimated using the 1913 infected individuals
obtained in [19], so that 11% were in the juvenile age group,
73.4% in the adult group, and 15.6% in the seniors group age.
The susceptible population were a total of 3623 individuals
[19]; this population was distributed into juvenile, adult, and
senior age groups based on the 2015 India’s national age
distribution [63], adjusted to match the age profile in [19],
so that 31.2% were juveniles, 60.6% adults, and 8.3% seniors.
The asymptomatic populations were estimated so that 40% of
the infected juveniles were asymptomatic [16] and 25% of the
infected adults and seniors were asymptomatic, respectively
[17, 18]. Table 5 shows the initial conditions used in the
simulation of model (32) without age structure.
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TABLE 5: Initial conditions used in the simulations of model (32) without age structure.

S, (0) = 3623
Sy (0) = 500

E, (0) = 611
E,; (0) = 100

Iy, (0) = 510
1,,(0) = 250.

I, (0) = 1913 R, (0)=0

TABLE 6: Simulation results of the cumulative number of new cases at ¢t = 150 days for the age-structured chikungunya model (10) using
mosquito-reduction strategy and the control profile of model (32) without age structure.

Humans Low effectiveness Moderate effectiveness High effectiveness
Juveniles 154.1849 78.3505 16.6460
Adults 300.8889 153.0260 32.3984
Seniors 41.6331 21.2259 4.4462
Without age structure 471.2875 184.6136 51.9926

The low and high effectiveness levels were set to the upper
and lower bound, respectively, of the ranges used in the
sensitivity analysis and the moderate effectiveness levels were
set to the baseline values. It should be pointed out that the
parameters values and initial conditions used in these simu-
lations are only of theoretical sense to illustrate the control
strategies proposed in this paper.

5.1. Mosquito-Reduction Strategy. A reduction in the birth
rates (7)) and the average lifespan (y,,) of mosquitoes signi-
fies the effectiveness of adulticiding (such as the use of DDT
and indoor residual spraying). For simulation purposes, the
following three effectiveness levels of the mosquito-reduction
control strategy are considered:

(1) Low effectiveness of the mosquito-reduction strategy:
7y = 500 x 0.32/day, yy, = (1/21)/day.

(2) Moderate effectiveness of the mosquito-reduction
strategy: 7, = 500 x 0.1675/day, py, = (1/14)/day.

(3) High effectiveness of the mosquito-reduction strat-
egy: 1y, = 500 x 0.015/day, p,, = (1/7)/day.

The cumulative number of new cases of infections in juve-
niles, adults, and seniors (see Figure 7) is simulated for the
three effectiveness levels of this strategy. A comparison of
the three effectiveness levels in all the three age groups in
Table 6 at t = 150 days (the end of simulation period) shows
that the high-effectiveness mosquito-reduction strategy led
to a considerable reduction in the number of new cases; this
is followed by the moderate-effectiveness level and the low-
effectiveness level produces the most number of new cases.
Thus, there is a clear decrease in the cumulative number of
new cases with increasing effectiveness level.

A look at Table 6 shows the control profile of model (32)
without age structure; as expected, the inclusion of age struc-
ture does not change the overall total number of individuals
following the implementation of each control strategy. How-
ever, the exclusion fails to show the age distribution that will
be required for an age based cost effective control strategy.

5.2. Personal-Protection Strategy. A reduction in the trans-
mission rates (B;, B, Bs» Brr) implies the effectiveness of
an individual’s protection against mosquito bites, thereby
implicitly leading to a reduction in mosquito biting rate (by,).

This is typically achieved by using suitable insect repellents
or similar products. The following three effectiveness levels of
personal protection are considered:

(1) Low effectiveness of the personal-protection strategy:
By = Ba = Bs = Bm = 0.54/day.

(2) Moderate effectiveness of the personal-protection
strategy: B; = B4 = Bs = Bpr = 0.24/day.

(3) High effectiveness of the personal-protection strat-
egy: By = Ba = Bs = B = 0.15/day.

Simulations of the age-structured chikungunya model (10)
show a decrease in the cumulative number of new cases
with increasing levels of effectiveness (see Figure 8). The high
effectiveness personal-protection strategy at ¢+ = 150 days
(the end of simulation period) led to a considerable reduction
in the number of new cases compared to the moderate-
effectiveness level (see Table 7) at the same time period. The
low-effectiveness level performed the poorest producing the
most number of new cases.

The control profile of model (32) without age structure
and the overall total number of individuals following the
implementation of each control strategy is depicted in Table 7
and as expected, the inclusion of age structure does not
change the total number of individuals obtained after imple-
menting each control strategy. Table 7 equally shows the flaw
in excluding age distribution in the transmission model, as
the model lacking age structure fails to show the age distri-
bution required for an efficient and cost effective age based
control strategy.

5.3. Universal Strategy. Simulations for the universal strat-
egy (where both the mosquito-reduction and personal-
protection strategies are implemented at once) are assessed by
simulation of the model for the following three effectiveness
levels:

(1) Low effectiveness of the universal strategy: m,, =
500 x 0.32/day, py, = (1/21)/day, B; = B = By =
0.54/day.

(2) Moderate effectiveness of the universal strategy: 77, =
500 x 0.1675/day, uy, = (1/14)/day, B; = B = By =
0.24/day.
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TABLE 7: Simulation results of the cumulative number of new cases at t = 150 days for the age-structured chikungunya model (10) using
personal-protection strategy and the control profile of model (32) without age structure.

Humans Low effectiveness Moderate effectiveness High effectiveness
Juveniles 154.1849 98.2295 48.7211
Adults 300.8889 192.2149 95.3561
Seniors 41.6331 26.8144 13.3071
Without age structure 471.2875 192.5576 91.4392
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FIGURE 7: Simulation of age-structured chikungunya model (10) for various effectiveness levels of the mosquito-reduction strategy. (a) The

cumulative number of juveniles’ new cases. (b) The cumulative number of adults’ new cases. (c) The cumulative number of seniors’ new cases.
Parameter values used are as given in Table 3.

(3) High effectiveness of the universal strategy: m,;, =  of effectiveness for the universal strategy (see Figure9).
500 x 0.015/day, uy, = (1/7)/day, B; = Bo = Bpy = A comparison of the three effectiveness levels in Table 8 at
0.15/day. t = 150 days shows that the high-effectiveness level leads

to a considerable reduction in the number of new cases; this
The cumulative number of new cases of infections in juve- is followed by the moderate-effectiveness level and the low-

niles, adults, and seniors is simulated for the three levels  effectiveness level produced the most number of new cases.
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TaBLE 8: Simulation results of the cumulative number of new cases at t = 150 days for the age-structured chikungunya model (10) using
universal strategy and the control profile of model (32) without age structure.

Humans Low effectiveness Moderate effectiveness High effectiveness
Juveniles 154.1849 38.0114 4.4823
Adults 300.8889 74.2880 8.7228
Seniors 41.6331 10.3224 1.1966
Without age structure 471.2875 81.0076 14.1767
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FIGURE 8: Simulation of age-structured chikungunya model (10) for various effectiveness levels of the personal-protection strategy. (a) The
cumulative number of juveniles’ new cases. (b) The cumulative number of adults’ new cases. (c) The cumulative number of seniors’ new cases.

Parameter values used are as given in Table 3.

A comparison of the various high-effectiveness levels of
the three control strategies (mosquito-reduction, personal-
protection, and universal strategies) in each individual age
group at t = 150 days (see Table 9) shows as expected
that the universal strategy is more effective than the other
two strategies implemented separately. This is followed by

mosquito-reduction strategy which is more effective than the
personal protection strategy in reducing chikungunya disease
burden.

Table 9 also shows the control profile of model (32)
without age structure; as expected, the inclusion of age
structure does not change the overall total number of



Computational and Mathematical Methods in Medicine

19

TABLE 9: Comparison of the cumulative number of new cases at ¢t = 150 days for the high-effectiveness levels of the three control strategies
for the age-structured chikungunya model (10) and the control profile of model (32) without age structure.

Human . . . .
Mosquito-reduction strate Personal-protection strate Universal strate

Age groups q gy P gy gy
Juveniles 16.6460 48.7211 4.4823
Adults 32.3984 95.3561 8.7228
Seniors 4.4462 13.3071 1.1966
Without age structure 51.9926 91.4392 14.1767
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FIGURE 9: Simulation of age-structured chikungunya model (10) for various effectiveness levels of the universal strategy. (a) The cumulative
number of juveniles’ new cases. (b) The cumulative number of adults’ new cases. (c) The cumulative number of seniors’ new cases. Parameter

values used are as given in Table 3.

individuals following the implementation of each control
strategy. However, the exclusion fails to show the detailed
age distribution that will be required for an effective
age based control strategy which in turn will be cost
effective.

6. Discussion and Conclusion

In this paper, a new deterministic model is designed and
used to study the transmission dynamics of an age-structured
chikungunya model. The model stratified the population
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by age into juveniles, adults, and seniors and incorporates
notable features such as the inclusion of asymptomatic and
symptomatic individuals. In order to reduce the number of
chikungunya cases, three different control strategies (involv-
ing mosquito-reduction strategy, personal-protection strat-
egy, and universal strategy) with three different effectiveness
levels (low, moderate, and high) were implemented.

The study shows that the disease-free equilibrium of the
model is locally and globally asymptotically stable whenever
the associated reproduction number (£, an epidemiological
threshold quantity that measures the spreading capacity of
the disease) is less than unity and unstable otherwise. The
model is shown from this study to exhibit in the presence
of disease induced mortality the phenomenon of backward
bifurcation, where the stable disease-free equilibrium coex-
ists with a stable endemic equilibrium, when the associated
reproduction number is less than unity. Furthermore, the
study shows that the inclusion of age structure to the chikun-
gunya virus transmission model does not alter its qualitative
dynamics with respect to the local and global stability of the
disease-free equilibrium (DFE), as well as with respect to its
backward bifurcation property.

This study identifies (via sensitivity analysis) the dom-
inant parameters using as model outcome the basic repro-
duction number. The parameters with the largest impact are
the mosquito biting rate, the transmission probability per
contact in mosquitoes and in humans, mosquito recruitment
rate, and the death rate of the mosquitoes. The study further
shows that the inclusion of age structure does not alter the
sensitivity and dominance of the dominant parameters of the
chikungunya virus transmission model. The identification of
these key parameters is vital to the formulation of effective
control strategies for combating the spread of the disease. In
other words, the results of this sensitivity analysis suggest that
a strategy that reduces the mosquito biting rate, the mosquito
recruitment rate, and the transmission probability per contact
in mosquitoes and in humans and increases the death rate
of the mosquito will be effective in curtailing the spread of
chikungunya virus in the community.

Thus, this study shows that even though age distribution
is observed in the various epidemics in India [19, 20], Thai-
land [21], and Reunion Islands [5, 22] and across Europe [23],
the inclusion of age does not alter the qualitative dynamics of
the chikungunya virus transmission model. This implies that
the transmission dynamics can be adequately studied without
including age structure as observed in the epidemic areas.
However, the exclusion of the age structure fails to show the
age distribution necessary for adequate and effective control,
as shown in Tables 6, 7, 8, and 9. In other words, the model
with the exclusion of age structure will lead to a one size fits all
blanket control for the entire population.

In order to reduce the number of infected cases, different
parameters values were adjusted using the results from the
sensitivity analysis. The control strategies were implemented
for several cases (mosquito-reduction strategy, personal-
protection strategy, and universal strategy) with three dif-
ferent effectiveness levels (low, moderate, and high) using
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as output measure the cumulative number of new cases of
infections in juveniles, adults, and seniors. The results show
that the cumulative number of new cases of infections in juve-
niles, adults, and seniors decreases with increasing effective-
ness level, with the high-effectiveness level producing a con-
siderable reduction in the number of new cases. Further com-
parison of the three control strategies (mosquito reduction,
personal-protection, and universal strategies) shows that the
universal strategy is more effective in reducing the number
of new cases than the other two strategies implemented
separately. This is followed by mosquito-reduction strategy
which is more effective than the personal-protection strategy
in reducing chikungunya disease burden in the community.
However, to determine the best and most cost effective strat-
egy, a cost-effectiveness analysis will need to be carried out
[64]; this is a future work that is been considered in another
paper.

Hence, in this paper, we formulated and analyzed a system
of ordinary differential equations for an age-structure trans-
mission dynamics of chikungunya virus. Some of theoretical
and epidemiological findings of this study are summarized
below:

(i) The age-structured chikungunya model (10) is locally
and globally asymptotically stable (LAS) when %, <
1 and unstable when % > 1.

(ii) The model exhibits in the presence of disease induced
mortality the phenomenon of backward bifurcation,
where the stable disease-free equilibrium coexists
with a stable endemic equilibrium, when the associ-
ated reproduction number is less than unity.

(iii) The inclusion of age structure to the chikungunya
transmission model (10) does not alter its qualitative
dynamics with respect to the local and global stability
of the DFE, as well as with respect to its backward
bifurcation property.

(iv) The sensitivity analysis of the model shows that
the dominant parameters are the mosquito biting
rate (by), the transmission probability per contact
in mosquitoes (f8,;) and in humans (f;), mosquito
recruitment rate (m,,), and the death rate of the
mosquitoes (¢,).

(v) The inclusion of age structure does not alter the sensi-
tivity and dominance of the dominant parameters of
the age-structured chikungunya model (10).

(vi) The numerical simulations reveal that the exclusion of
age structure fails to show the age distribution needed
for an age based effective control strategy, leading to a
one size fits all blanket control for the entire popula-
tion.

(vii) Numerical simulations indicate that mosquito-reduc-
tion strategy is more effective than personal-protec-
tion strategy, while the universal strategy is the most
effective strategy in reducing chikungunya disease
burden in the community.
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Appendices

A. Derivation of (1)

Humans (susceptible and infected) are bitten by mosquitoes;
thus, the average number of mosquito bites humans receive
(denoted by b,,) depends on the humans in the community
and the total size of the populations of mosquitoes [65]. Thus,
it is reasonable to assume that the biting rate b,, is constant
as female mosquitoes have certain number of blood meals
over their lifetime [66]. Let by, be the rate at which bites are
received by a single host per unit time. Thus, for the number
of bites to be conserved, the following conservation law must
hold (i.e., the total number of bites by mosquitoes equals the
total number of bites received by humans):

byNa = by (N Ny ) Ny, (A1)

so that
by (Ngp, Nyp) Ny

NM: b
M

(A2)
Let B;by be the effective contact rate between a susceptible
juvenile and infectious mosquitoes, where 3 is the transmis-
sion probability per contact from an infectious mosquito to a
susceptible juvenile. Similarly, let 8,,b,, be the effective con-
tact rate between a susceptible mosquito and infectious juve-
niles, where f3,, is the transmission probability per contact
from an infectious juvenile to a susceptible mosquito. Thus,
susceptible juveniles acquire infection, following effective
contact with an infectious vector, at a rate A 7> given by

_ ﬁ]bH (NH’ NM) IM

A A3
; N (A3)
Using (A.1) in (A.3) gives
by, 1
A, = Dbl (Ad)
Ny

B. Proof of Lemma 1

Proof. Lett, = sup{t > 0: F(t) > 0 € [0,¢]}. Thus, t; > 0. It
follows from the first equation of system (10) that

4 B
ar Ny

which can be rewritten as

d t ﬁ]bMIM(C)
E{SI‘”"XP[(L N, © d“klt)”

-aS; - uS;, (B.1)

bl () "
t I
= 7Ty exp [(L —ﬁjz\]]\ij(vé) af + klt)] ,
where k; = & + y;. Hence,
b ﬁ]bMIM ©)
S] (tl) exp |:<J0 Wd( + k1t1>:| - S] (0)
(B.3)

' b Bl ©
:L ﬂ]exp|:<L —]1\17\;1{1(\2) d(+k1p)]dp
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so that
sy(6) =5, 0 enp |- ([ 2 sk, )|
+exp[—(Ll %dukltl)] e
. Lt 71y exp [(LP %d( ‘ klp)] dp
>0,

Similarly, it can be shown that F > 0 for all t > 0.

For the second part of the proof, note that 0 < E;(t) <
Ny (1), 0 < Ig(t) < Ny(t), 0 < I;;(t) < Ny(t), 0 < Ry(t) <
Ny(#),0 < Su(t) < Ny(1),0 < E4(t) < Ng(t), 0 < I, 4(t) <
Ny(#),0 < Igu(t) < Ng(t), 0 < Ru(t) < Ny(£), 0 < Sg(t) <
Ny(1), 0 < Eg(t) < Nyg(t), 0 < I,5(t) < Ny(1),0 < Ig(t) <
Ny(), 0 < Rg(t) < Ny(1), 0 < Sps(t) < Np(1), 0 < Epy(8) <
Np(8), 0 < I (£) < Ny(t).

Adding the human and mosquito component of the age-
structured chikungunya model (10) gives

ANy (t)

dt _T[I_[’lINH(t))
J ® (B.5)
N, (t
GIZ‘ =TTy = Uy Np (1)
where py; = min{yy, py, pst.
Hence,
L i ust
— < liminf Ny (t) < limsup Ny (t) = —,
Uy P t—00
(B.6)
sy .. . Usvs
—= < liminf N, (¢t) = limsup N, (t) = —
Um oo t—00 HUm
as required. O

C. Proof of Lemma 2

Proof. The following steps are followed to establish the
positive invariance of Q) (i.e., solutions in Q remain in Q) for all
t > 0). The rate of change of the total population is obtained
by adding the human and mosquito component of the age-
structured chikungunya model (10) to give

dNy (t
d—h;() =7y = ugNy (1),
(C1)
AN, (t
%() =7y =~ pmNu ()

where pp; = min{y;, py, pgl.

A standard comparison theorem [67] can then be used
to show that N (t) < Ny (0)e #* + (/) (1 = e 'y and
Ny () < Ny (0)e ™™ + (rmp,/ppg)(1 — e #4%). In particular,
Ny (t) < mp/pgy, if Ng(0) < 7y /pgy and Ny () < mpr/pyys if
N (0) < 7/ pp- Thus, the region Q) is positively invariant.
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Hence, it is sufficient to consider the dynamics of the flow
generated by (10) in Q. In this region, the model is epidemi-
ologically and mathematically well posed [45]. Thus, every
solution of the age-structured chikungunya model (10) with
initial conditions in Q remains in Q for all t > 0. Therefore,
the w-limit sets of the system (10) are contained in Q. This
result is summarized below. O

D. Proof of Lemma 4

Proof. 1t follows from the first equation of age-structured
chikungunya model (10) (where S; = 77;/(« + 4;)) that

as; 0 _ By Iy
a7 Ny,

<7y — (o + ) Sy (8)

—(a+uy)S; (1)

(D)
T
< (a+y) [—] -S (t)]
! (o + ppy) !
= (a+ ) [$7 -8, )]
Hence,
S;(1) <S5 - [S) =8, (0)] e, (D.2)
Thus, if Nj; = II;/pyy and S;(0) < Sy for allt > 0, then

S;(t) < Sy forallt > 0.
Similarly, it follows from the sixth equation of age-

structured chikungunya model (10) (where S} = (7 /(e +
1)) (ee/(§ + py)) that
ds ® by S AT
Pl a5y (- B (45,0
<aS;(t) = (E+pa)Sa(t)
<aS; = (§+pa)Sa (1), since S; < S;
D.3
<ar; : 36 sa (D3)
«
S, (t
<o) | T O
=(E+ua) [Sy—Sa ]
Thus,

Sa () <S4 =[S =S4 (0)] e @), (D.4)

Thus, if S$,(0) < S}, forall t > 0, then S,(t) < S}, forall ¢ > 0.
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Furthermore, it follows from the eleventh equation of age-
structured chikungunya model (10) (where Sg = Emyou pg(oc+
)& + py)) that

dSs (t)

Ssl
=85, (1) - /3%% HsSs (t)
< &S (1) — psSs (t) < &S () — psSs (1)
since S, < S
0 (D.5)
b S0
(@) Erp) 1
&y
< =S (t
s ps (a+ py) (€ + pa) s
= s [Ss = Ss (D] -
Thus,
Ss(t) < S5 — [Ss — Ss (0)] e (D.6)

Hence, if S3(0) < Sg for all t > 0, then Sq(t) < Sg for all £ > 0.
Finally, it follows from the fifteenth equation of age-
structured chikungunya model (10) that

dSy ()
dt
= 7'[M
Ty + 1+ I+ Tcq+14c+1
— Busbas Ay Tdgp T g +1gq +1ag + dss Sy (D7)
Ny
= Sy () < 700 — ppg S (F)
v N
St | = =S (O | = piar [Siy = Sm (D]
Um
Thus,
S (t) < Syp— [Shy — Sar (0)] e (D.8)

Hence, if Ny, = my/pp and S),(0) < Sy, for all t > 0, then
Sp(t) < Sy, forallt > 0.

Thus, in summary, it has been shown that the region Q,
is positively invariant and attracts all solutions in R'® for the
age-structured model (10). O

E. Proof of Theorem 5

Proof. To prove the global stability of the DFE, we will follow
the approach in [68].

Let X = (S;,R},S4, Ry, S, Rg, Spp) and Z = (Ej, 1y, I,
E 4, Iaas Isps Eg g, Isss Eaps Ing) and group system (10) into

X _rx0),

dt

7 (E.1)
— =G(x2),
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where F(X,0) is the right hand side of S, R;, Sy, R, S, R,
and Sy with E; = I, = Iy = Ey = Iy, = Iy = Eg = I ;g =
Igs = Epp = Iy = 0 and G(X, Z) is the right hand side of E},
I;\]’ Ié]) EA’ IAA) IS.A’ Es’ I;xs’ Iés> EM: and IM

Next, consider the reduced system d X /dt = F(X, 0) given
as follows:

ds,
i ;= (a+uy) S,
dR
d_t] =—(a+u)R;,
(E.2)
ds
d_tA =as; - (§+ua)Sas
dR
d_tA =aR; - (f + P‘A) Ry,
ds
d_ts =&S4 — UsSs»
dR
d_ts = &R, — psRs, (E3)
sy

=TTy — U Sy
It M~ BmOMm
Let

X = (5], R, S5 R S5, R Si)

. . (E.4)
=( us 0 as; gSAO”_M>

> Uy aO)_a)
aty  (E+ua) us T pu
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be an equilibrium of the reduced system (E.2) and (E.3); we
show that X™ is a globally stable equilibrium in Q.

To do this, solve the first and second equation of (E.2)
and (E.3); this gives S;(t) = m;/l; + e '[S;(0) — m;/1,],
Ry(t) = R,(O)eillt (where I} = o + y;), which approaches
m;/l; and zero, respectively, as t — oo. Next, solving for
Sa(t) and R, () and using S;(¢) and R;(¢) in (E.2) and (E.3)
give Su(1) =[], aS;(2)e"*dz + S4(0)]e™™" and R,(t) =

[[; aR;(2)e"*dz + R,(0))e™ (where I, = & + i), which
converges, respectively, to 7;a/l;l, and zero as t — o0o.
Similarly, solving for Sq(t) and Rg(t) and using S,(¢) and
R,(t) in (E2) give Sg(t) = [ [ ES4(2)e"s"dz + S5(0)]e ™" and
Ry(t) = [jot &R ,(2)es*dz + Rg(0)]e " which converges to
myad/l L g and zero as t — ©00. Lastly solving for Sy,(t) in
(E.2) gives Syy(t) = 7y /pips + € ¥ [Sy1(0) — 7150/ thns] Which
converges to 7,/ pps, as t — 0.

These asymptotic dynamics are independent of initial
conditions in Q. Hence, the convergence of solutions of (E.2)
and (E.3) is global in Q,. Next, we require G(X, Z) to satisty
the following two conditions given in [69, page 246], namely,

(i) G(X,0) = 0;
(i) G(X, Z) = D,G(X*,0)Z - G(X, Z), G(X, Z) = 0,

where (X*,0) = (m;/(a + p7),0,a8; /(€ + p14), 0,88 /s, 0,
T/ Par 0,0, 0,0,0,0,0,0,0,0,0) and D,G(X", 0) is the Jaco-
bian of G(X,Z) taken with respect to (Ej, 1}, g, E4s
Lyu> Isps Eg, Lus, Isg, Epgs Iy) and evaluated at (X, 0), which
is an M-matrix (the off diagonal elements are nonnegative).
Thus,

—k, 0 0 0 0 0 0 0 0 0 Y
go;  —ky 0 0 0 0 0 0 0 0 0
(1-¢g)oy 0 -k, 0 0 0 0 0o 0 0 0
" 0 0 —k, 0 0 0 0 0 0 Y,
0 x 0 €40, kg O 0 0 0 0 0
D,G(X",0) = 0 0 a (l-g)o, 0 —ky 0 0o 0 0 0 , (E.5)
0 0 0 ¢ 0 0 o 0 0 0 Y
0 0 0 0 & 0 &0  —k, 0 0 0
0 0 0 0 0 & (1-g)og 0 —k; 0 0
0 Yy Vi 0 ¥y Wi 0 Yy Yy —ky 0
0 0 0 0 0 0 0 0 0 oy —Hu
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where ¥; = ;b S /Nf, Yo = BabySa/Ngp s = BsbySs/
Nip, Yar = by BaSai/ Nyp» and
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0 0 0 O 0 0 0 0 0 0 Ol
0 0 0 O 0 0 0 0 0 0 O
0 0 0 O 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0 0 0 @,
0 0 0 0 0 0 0 0 0 0 0
Gx,z)=| 0o o 0 0 0 0 0 0 0 0 0 , (E.6)
0 0 0 0 0 0 0 0 0 0 DgIy,
0 0 0 0 0 0 0 0 0o 0 O
0 0 0 0 0 0 0 0 0 0 O
0 Oplyy Oyl 0 Opplyy Opplsy 0 Oplyg Oplgs 0 0
0 0 0 O 0 0 0 0 0 0 O
where @; = ﬁ]bM(S;‘/NI’;)((I - (NI’;/S;)(SI/NH)), D, = (1 - (SyN;;/NySy,) > 0; hence GZ(X, Z) = 0. Therefore, by
Baby(SH/Ni(L = (N5/SD(SA/Ny)), ©g = Peby(Sg/  the theorem in [69, page 246], the disease-free equilibrium is

N1 = (N£;/S5)(Ss/Npp)), and @y = by, B (Sy/Nip)(1 -
(NSam/SyNpp)). Furthermore, S; = (m;/k;), S = (mye/
kiks), Sg = (mya&/k ksup), Nip = (mg/py), and Sy, =
(7tp1/tig)- We have in Q, that, S; < S}, S, < ), Sg < S,
and also Sy; < S,,. Thus, if the human population is at
equilibrium level, it follows that (1 — (Ny;/S})(S;/Ng)) > 0,
(1 = (N5/S3)(Sa/Ngp)) > 0, (1 = (N£;/S5)(Ss/Ny)) > 0, and

2

o Iy
5= (Biba i b + kyy)’
E;* _ Brbad s vy ’
ky (BybaIy; by + Feyry)
= €07 Bybul g by

A ksk, (ﬁ]bMI;C/[*P‘H + k1771) ’

- (1- 8}) a]ﬁ]bMIX/I*."{HﬂI
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globally asymptotically stable since in the absence of disease
induced mortality the human population is constant. O

F. Components of the Equilibrium
&, of Model (29)

Consider
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G. Proof of Theorem 7 x,7,X15)"» model (29) can be written in the form dx/dt =

m(x), where m = (m,, m,, my, my, ms, Mg, M, Mg, My, My,

T
Proof. The proofis based on using the centre manifold theory 711> M1, My3, M4, My, My, 1117, M), as follows:
[51], as described in [58]. It is convenient to make the

following simplification and change of variables. dx; S BrbamxisX: X
L T =Ty T KXy
LetS; = x1, E; = x5, Iyy = %3, Igy = x4, Ry = x5, S, = X dt Nx
Ey = X7, Iap = Xg Isa = %9, Ry = X109, Sg = X115 Eg = X1, dx, Bybaxisx,
Ins = X135 Iss = %145 Rg = X15, Sy = X360 Epp = X7, and o m, = TN, kyx,,
Iy = xg sothat Ny = X, + X, + X5+ X, + X5+ X +X;+Xg+Xg + X
X1+ Xq1 + X153 + Xq3 + X714 + X;5. Using the vector notation x = dx,

(31 X35 X3, X4 X55 X6 X75 Xg> Xg, X105 X115 X125 X13> X145 X15> X165 dt -
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dx,
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duxs
dt
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dt
dx;

dt
dx;

dt
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dt
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dx,s
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dx,g
dt

dx,;
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dxg
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(G.1)

The Jacobian of the transformed system (G.1) at the disease-
free equilibrium &, is given by

J (&) =01 11), (G2)
where

0 0 0 0 0
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0 0 0 0 0
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0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
L ~ky, O 0 0 0
0 —uy 0 0 0
0 0 —ky, 0 0
0 0 &0y —ky, 0
0 0 (1-¢g)ag 0 —ky3
§ 0 0 0 Yas t Vss
0 0 0 —Bubmx1s —Bubrxis
X+ Xg+ X, X+ Xg+ X1,
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0 0 0 0 0

Consider the case when %, = 1. Suppose, further, that 3, is
chosen as a bifurcation parameter. Solving (29) for 8, from
Ry = 1gives By = Py The transformed system (G.1) at
the DFE evaluated at f3,; = 8, has a simple zero eigenvalue
(and all other eigenvalues having negative real parts). Hence,
the centre manifold theory [51] can be used to analyze the
dynamics of (G.1) near 8,; = f;,. In particular, the theorem
in [58] (see also [42, 51, 52]) is used. To apply the theorem, the
following computations are necessary (it should be noted that
we are using 35, instead of ¢ for the bifurcation parameter).

Eigenvectors of ](%1)|I3M=ﬁ}§4' The Jacobian of (G.1) at B, =
Bap> denoted by (&) Bu=p,» has a right eigenvector (associ-
ated with the zero eigenvalue) given by

w= (wl’ Wy, W3, Wy, Ws, We, Wy, Wg, Wy, Wy, Wy, Wyps

. (G.4)
Wiz, Wiy, Wys, Wig, Wr7s wlS) >
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(G.3)
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Also, ](gl)lﬁM:ﬁ;} has a left eigenvector v = (v, v;, V5, vy,

Vs> Vo> V75 Vs> V9> V1gs V11> V12> V13> Vias Viss Vig» V17> Vig) - (@ssoci-
ated with the zero eigenvalue), where
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v; =0
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(G.6)

Computations of Bifurcation Coefficients a and b. The appli-
cation of the theorem in [58] entails the computation of two
bifurcation coefficients a and b. It can be shown, after some
algebraic manipulations, that

+ Vi7Wie P (W3 + Wy + Wy + wys + wyy) (%) + X (G.7)

+2xyp) = wyg [(we + wy,) V%1 By
+ (wl + wll) ViXefa + (wl + ws) VleIIﬁS]
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+ W)y + Wy Wiy + W) (szlﬁj +V;x6Pa

+ V%01 Bs) = V17X 168 (W3 + Wy + wy + w5
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Furthermore,

18 52
b= V17sza 'gg
P
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(G.8)
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Hence, it follows from Theorem 4.1 of [58] that the trans-
formed model (G.1) (or, equivalently, (10)) undergoes back-
ward bifurcation at %, = 1 whenever the following inequality
holds:

a>0. (G.9)
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