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Design of Simply Supported Deep Beams Using

Strut-and-Tie Models

by Adolfo B. Matamoros and Kuok Hong Wong

A procedure to calculate the amount of reinforcement and the
strength of deep beams based on strut-and-tie models is presented.
The proposed design equations were calibrated using experimental
results from 175 simply supported beams found in the literature with
a maximum shear span-to-depth ratio of 3. The strength reduction
coefficient for concrete in the main strut was found to decrease with the
angle of inclination of the strut, resulting in lower values than those
stated in Appendix A of the 2002 edition of the ACI 318 Building Code
for beams with shear span-to-depth ratios greater than 1.
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INTRODUCTION

The use of strut-and-tie models to determine the amount
and distribution of reinforcement in concrete members
entails a departure from the traditional approach to design.
While engineers must abide by a basic set of guidelines in
selecting the configuration of a strut-and-tie model, they are
allowed to choose any model deemed suitable for the particular
problem. The actual choice of strut-and-tie model is, in
effect, intended to represent the path followed by internal
forces within the structural element. The flexibility afforded
by the method allows for the development of multiple solutions
for the same problem. Consequently, sound engineering
judgment and design experience are fundamental to achieve
a safe and optimal solution.

Because several factors affect the amount and distribution of
reinforcement in structural elements, understanding their
behavior is essential for the selection of strut-and-tie
models that lead to reasonable designs. The implications of
using different strut-and-tie models for the design of deep
beams are analyzed in reference to experimental results
found in the literature.

RESEARCH SIGNIFICANCE

A set of equations to estimate the contribution of plain
concrete to the total shear strength and the required amount of
web reinforcement is developed based on simple strut-and-tie
models representing the main load transfer mechanisms of
deep beams. The strength reduction factor for the main strut is
calculated and compared with values specified in the ACI
(ACI Committee 318 2002) and AASHTO (1998) Codes. A
simple expression for the strength reduction factor as a function
of the angle of inclination of the strut is proposed.

MECHANISMS OF SHEAR RESISTANCE IN
DEEP BEAMS
Two different mechanisms are commonly recognized
(Aoyama 1993) as the principal mechanisms of shear resistance
in deep beams with web reinforcement: 1) a truss mechanism,
which is the main shear resistance mechanism in slender
beams; and 2) an arch mechanism in which the load is
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transferred directly from the load point to the support. The
fraction of the total shear resistance associated with each of
the two mechanisms depends on several parameters,
including the amount and distribution of reinforcement in the
beam, compressive strength of the concrete, and the shear
span-to-depth ratio.

Web reinforcement in deep beams generally consists of
vertically and horizontally distributed reinforcement that is
placed in various configurations. A number of different
strut-and-tie models can be used for design, depending on
the reinforcement configuration that is adopted and the shear
span-to-depth ratio of the beam. Several models for the
design of deep beams can be found in the literature
(Rogowsky and MacGregor 1983; CEB-FIP 1990; Foster
and Gilbert 1998).

STRUT-AND-TIE MODELS USED TO CALCULATE
STRENGTH OF DEEP BEAMS

Results from four different strut-and-tie models representing
basic load transfer mechanisms in deep beams were
compared with experimental results from deep beams
subjected to point loads. The analysis presented excludes
beams in which the mode of failure was due to yielding of
the main tension reinforcement. The first model (Fig. 1(b)) is
the simplest because it neglects the contribution of web
reinforcement to the strength of the beam. It consists of a
direct strut between the load point and the support. A static
analysis shows that the relationship between the applied load
and the compressive force in the strut is given by

AT (1)

where F is the force applied at the load point.

Two other simple mechanisms that account for the contri-
!)ution of reinforcement to the total shear strength were
investigated. In the first model, shear is carried by a truss in
which the vertical tie (Element 4 in Fig. 1(c)) represents the
vert?cal reinforcement. From statics, the force carried by the
vertical tie is equal to the force applied at the load point.

Fius1=F (2)

The third load transfer mechanism accounts for the forces
carried by the horizontal reinforcement. In this case, shear is
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transferred by the truss mechanism shown in Fig. 1(d), in
which the horizontal member (Element 9) represents horizontal
web reinforcement. Assuming that the angle of inclination of the
strut is approximately equal to the arctangent of the shear span-
to-depth ratio, the force in the horizontal tie is approximately

b s = FS 3)

where a/d is the shear span-to-depth ratio.

Figure 2 shows the variation of the force in the compressive
strut, and horizontal and vertical truss elements with respect
to the shear span-to-depth ratio calculated using Eq. (1) to
(3). These forces correspond to the elastic forces in the
respective elements, assuming that the total shear force is
carried by each of the three mechanisms. Figure 2 shows that,
according to Eq. (1), the force carried by the strut in the direct
strut model (Fig. 1(b)) increases as the shear span-to-depth ratio
increases. Similarly, Eq. (3) implies that the force in the
horizontal element of the horizontal truss model (Element 9 in
Fig. 1(d)) increases with a/d. Experimental observations show
that both the force carried by the arch resistance mechanism
(de Pavia and Siess 1965; Aoyama 1993) and the effect of the
horizontal reinforcement (Rogowsky, MacGregor, and Ong
1986; Smith and Vantsiotis 1982; Warwick and Foster 1993)
decrease with the shear span-to-depth ratio. Figure 2 illustrates
that the results from simple truss models may not be consistent
with experimentally observed behavior and may lead to
reinforcement configurations that are not appropriate for the
particular stress field. The CEB-FIP model code (CEB-FIP
1990) addresses this problem by suggesting that the total shear
be distributed between different strut-and-tie models and by
providing guidance about how to distribute the total force,
depending on the shear span-to-depth ratio.

Element forces were calculated also using a fourth statically
indeterminate strut-and-tie model that was a combination of
the three models shown in Fig. 1. The support conditions
were defined so that the overall truss would be statically
determinate (Fig. 3).

The use of the stiffness method was necessary because the
truss model is statically indeterminate internally. The stiffness
coefficients were calculated based on the assumption that the
modulus of elasticity and cross section area were constant
and equal for all members. This assumption considerably
simplified the modeling and analysis of the strut-and-tie
model. The shear span-to-depth ratio was assumed equivalent to
the cotangent of 6, the angle of inclination of the strut. Figure 2
shows the fraction of the shear load acting on the vertical and
the horizontal members of the statically indeterminate truss,
for shear span-to-depth ratios ranging from 0 to 3. As indicated
by Fig. 2, the magnitude of both forces increased as the a/d
ratio increased.

Figure 2 shows that the interaction between mechanisms in
the statically indeterminate truss model resulted in a signifi-
cant reduction in the magnitude of the forces in the ties.
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Fig. I—(a) Dimensions of nodal zone; (b) compression strut
mechanism; (c) vertical truss mechanism; and (d) horizontal
truss mechanism.
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Fig. 2—Fraction of total shear load carried by truss elements
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Fig. 3—Combined strut-and-tie model.
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Fig. 4—Proposed coefficients for three load-transfer
mechanisms.

PROPOSED MODEL
To address the inconsistencies between the observed
behavior of deep beams and the magnitude of the internal
forces calculated using elastic truss models, correction
factors were developed based on experimental results. These
factors indicate the fraction of the total force carried by each
of the three load-transfer mechanisms as a function of the
shear span-to-depth ratio. Each load-transfer mechanism is
represented with a simple strut-and-tie model so design
forces in ties and struts could be easily calculated using
statics. The proposed methodology further simplified calcu-
lations by identifying key elements in each mechanism and
establishing factors directly relating the nominal strength of

those elements to the strength of the beam.

STRENGTH OF STRUT IN DEEP BEAMS WITHOUT
WEB REINFORCEMENT

In deep beams without web reinforcement, the shear force
is resisted primarily by a strut that forms between the load
point and the support. For beams in which bearing and
anchorage failures at the nodes are prevented, shear capacity
is governed by the compressive capacity of the strut. The
mean stress in the strut depends on its dimensions, which are
defined by the engineer. To conduct a consistent evaluation,
and given that some flexibility exists in defining the width of
the strut at the load point, a simple idealization of the shape
of strut was adopted (Fig. 1(b)). The strut was assumed to
have a uniform width wy, defined by the geometry of the node
at the support (Fig. 1(a)), which is based on a model used by
Collins and Mitchell (1991)
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Wy = 1p8in0 + h,cos0 4)

where /, is the width of base plate, and h,, is twice the distance
between the centroid of the main reinforcement and the
bottom of the beam. Because the expression adopted to
calculate the width of the strut is based on the geometry of
the node at the support, there are limits to its applicability.
The definition of the width of the strut that was used would
not be applicable in cases in which the main tension reinforce-
ment is not properly anchored or distributed throughout the
tie. The mode of failure of the beams used in the analysis was
described by the respective authors as shear failure, so
estimates of strength based on Eq. (4) are not applicable to
failures due to yielding of the main tension reinforcement or
to cases in which the mode of failure is due to bearing at the
nodal zones.

The angle 6 was approximated according to the following
relationship

tanez__l_ =

d
= 5
a/d a )

Analysis of the test data considered in this study showed
that the average ratio of the arc tangent of the d/a ratio to the
angle of the strut at failure was 1.05 with a coefficient of
variation of 4%. For the ideal condition, in which the strut is
subjected to a uniaxial compressive stress field, the strength
of the strut can be calculated as the product of the area of the
strut and the compressive strength of concrete. For beams with
a rectangular cross section, the nominal uniaxial strength of
the strut S,,,,, can be calculated based on Eq. (4) as

Sstrut = f Agtrur = f(1pSin0 + h cosO)b (6)

where b is the thickness of the web. A coefficient C, was
obtained relating the nominal uniaxial strength of the strut
Ssirur and the force F applied at the support. Calculations
were carried out using failure loads of beams without web
reinforcement (a full list of the specimens and their respective
references is given by Wong [2001]). This coefficient may
be interpreted as an indicator of the relative contribution of
the arch mechanism to the shear strength of deep beams.
According to Eq. (6),

CC = '3 = — - E (7)
Ssirur o (1,5In0 + h,cos0)b

Values of C,, obtained by evaluating F as the failure load
of each specimen in Eq. (7), are shown in Fig. 4 with respect
to the shear span-to-depth ratio. The following expression is
proposed as a lower bound for the uniaxial strength parameter
C. in terms of the shear span-to-depth ratio

0.3 !
C. = — <0.85s
<= d 0.85sin0 (8)

The proposed expression for C,. indicates that the contri-
bution of the arch resistance mechanism decreases as the a/d
ratio increases, which is consistent with the observed
behavior of deep and slender beams (de Pavia and Siess 1965;
Smith and Vantsiotis 1982). An upper limit of 0.85 was set
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for C. as the a/d ratio approaches zero because that
condition resembles an unreinforced concrete block subjected
to uniaxial compression.

COMPARISON OF PROPOSED METHOD AND
OTHER PROCEDURES TO ESTIMATE
STRUT STRENGTH

An approach that is commonly used for design (AASHTO
1998; ACI Committee 318 2002; CEB-FIP 1990) is to calculate
the strength of the strut Sy, as the product of a concrete
strength coefficient for the strut v and the compressive
strength of the concrete (Alshegeir and Ramirez 1992). The
strength coefficient for the strut accounts for the reduction in
compressive strength that occurs because concrete is
subjected to transverse tensile stresses and for differences
between the simple stress field of the idealized model and the
complex stress field that exists in the structural member.
Several procedures have been proposed for calculating the
magnitude of this coefficient; a summary of these expressions
is presented by Alshegeir and Ramirez (1992). Expressions
for v proposed by Warwick and Foster (1993), the 2002
edition of the ACI 318 Code (ACI Committee 318 2002),
and the AASHTO LRFD Bridge Code (AASHTO 1998),
which is based on the modified compression field theory
(Collins and Mitchell 1991), are presented and compared
with the proposed model next.

Assuming that the strut has a uniform width, the mean
compressive stress in the strut can be calculated as the force
acting on the strut divided by its cross-sectional area. For
beams with rectangular cross sections, the unit compressive
stress in the strut can be calculated based on Eq. (1) and (4).

F trut F
G — _Strut _ 9
s Aslrut WS[bSine ( )
_ F
(1,5in® + h,cos6)bsinO

At failure, the value of the dimensionless coefficient v can
be calculated based on the shear strength, material, and
geometric properties of beams without web reinforcement,
as indicated by Eq. (10).

V = FSI"MI — G.Yf:‘llf (10)
SS”'MI fC
F C,

- (f/1,sin® + h,cos0)bsinO " Sin

Based on Eq. (8) and (10), the following expression is
proposed for the strut strength coefficient in deep beams

| T (11)

a/d - sin®

Equation (11) can be solved for the limit case using Eq. (5).
The 0.85 limit for v controls for shear span-to-depth ratios
smaller than 0.38 or angles of inclination for the strut greater
than 70 degrees.
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The 2002 edition of the ACI Building Code (ACI
Committee 318 2002) includes a new appendix with provisions
for design using strut-and-tie models. According to
Appendix A of the 2002 ACI Building Code, the strength of
struts should be taken as

feu= O'SSBsfc’ (12)

where B, = 0.75 for bottle-shaped struts if the amount of web
reinforcement provided is greater than the minimum specified
in Section A.3.3, and B, = 0.60A otherwise. For normal-
weight concrete, the factor A = 1, and according to Eq. (12),
the compressive strength coefficient is

0.64 if minimum reinforcement

v = 0.85B, = requirement is met (13)

0.51 otherwise

Warwick and Foster (1993) investigated the sensitivity of
the compressive strength coefficient to four different
parameters: concrete strength, shear span-to-depth ratio,
vertical steel area, and horizontal steel area. They concluded
that the strength of the strut was not very sensitive to the
amount of reinforcement and proposed the following
expression in terms of the remaining two parameters:
compressive strength and shear span-to-depth ratio

fo5-072(5)+018(5)
=125-=--072|=]+0.18| =| fora/d<2 (14
v 500 p + p or a (14)

where f! is the compressive strength of the concrete in
MPa, and a/d is the shear span-to-depth ratio. The expression is
applicable in the range between 20 and 100 MPa.

The fourth expression presented for the compressive
strength coefficient is that adopted by the AASHTO LRFD
Bridge Design Specifications (AASHTO 1998) to calculate
the compressive strength of struts,

I
P D 15
VT 0.8+ 170g, § 2

where ¢, is the principal tensile strain in the concrete, which
is approximated as

g =&+ (E; + 0.002)/tan’0 (16)

where & is tensile strain in the ties, and 6 is the angle between
the tie and the strut. For the purpose of design, the AASHTO
LRFD Code allows the adoption of €, as the yield strain of
the web reinforcement and requires a minimum amount of
web reinforcement to limit the size of the cracks. Noting that
tan® = d/a, the compressive strength factor can be derived by
substituting Eq. (16) into Eq. (15). Assuming that the yield
strain and stress of the steel are 0.002 and 415 MPa (60 ksi),
respectively,

Ve ! . a7
1.14 + 0.68(a/d)
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Fig. 5—Comparison of strut strength factor v calculated
according to different methods.
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Fig. 6—Effective area for reinforcement.

Figure 5 shows a comparison between ACI 318 (ACI
Committee 318 2002), the Warwick and Foster (1993) model,
the AASHTO LRFD Code (AASHTO 1998) equation, and
the proposed Eq. (11). The proposed equation was more
conservative in the range of strut angles between 25 and
65 degrees (these values are presented as a reference because
the ACI Code limits the angle between struts and ties to
values greater than 25 degrees). The more conservative nature
of the proposed equation can be attributed to test results with
ald of approximately 1, which had strength coefficients as low
as 0.35 (Fig. 5). Similar coefficients were observed in
specimens with vertical web reinforcement and steep strut
angles (low a/d), in which the strength of the specimen was
primarily controlled by the strength of the strut. All methods
presented, with the exception of Appendix A of the ACI Code
(ACI Committee 318 2002), indicate that the compressive
strength factor decreases as the angle of inclination of the strut
decreases. As Fig. 5 shows, the coefficients of the ACI Code
provided reasonable estimates of strength for angles of
inclination for the strut as low as 30 degrees. If the strength
reduction factor specified by the ACI Code for strut-and-tie

708

models is considered (¢ = 0.75), the magnitude of the
strength coefficient drops to 0.48 or 0.38, depending on
whether the minimum web reinforcement requirement is
provided. These values are close to the minimum observed
for the test results that were analyzed.

STRENGTH OF DEEP BEAMS WITH
WEB REINFORCEMENT

Two additional factors were derived correlating the total
applied load with the nominal strength of the ties in the two
remaining simple models (Fig. 1(c) and (d)). The total
strength of the beam is calculated as the sum of the components
attributed to each of the three basic load transfer mecha-
nisms, represented by the forces in each of the main truss
elements, multiplied by a correction coefficient

V= CcS.vtrur i vaS!v + th Slh (18)

An effective width for the ties of the two truss models
shown in Fig. 1(c) and (d) was defined to quantify the contri-
bution of distributed reinforcement to the total shear
strength. Figure 6 shows a typical deep beam after cracking
occurs. Strains near the support and the load point are small,
reducing the effectiveness of reinforcement. Furthermore,
the strut-and-tie models in Fig. 1(c) and (d) have the horizontal
and vertical ties located at the center of the shear span and
depth of the beam. For those reasons, only the reinforcement
placed in the vicinity of the ties was taken into consideration,
and the effective widths for the vertical and horizontal ties
were defined as a/3 and d/3, respectively. The contribution
of the reinforcement outside these two bands was neglected.
According to the proposed model, the nominal strength of
each truss element is expressed as

Sstrut =f(.'bwst (19)

va = AfoyV = pwvb%lfv‘! (20)
Sp=A = b‘_i 21

th = AthSyh = Pwh 3o 21)

where f is the compressive strength of concrete; b is the
thickness of the beam; p,,,, and p,, are the vertical and horizontal
reinforcement ratios, respectively; A, and A, are the areas of the
vertical and horizontal ties falling within the effective widths,
respectively; and £, and Jfyn are the yield strengths of the vertical
and horizontal reinforcement, respectively.

According to Eq. (18), the contribution of the strut is the
product of the strength parameter C, and the nominal
strength of the strut given by Eq. (19). The value of C,
proposed in Eq. (8) was adopted, and the remaining experi-
mental results were used to calibrate the two remaining coef-
ficients. The data bank consisted of a total of 175 reinforced
concrete deep beams with various reinforcement configurations.
A detailed listing of the experimental results that were used
in the analysis and their respective references is presented by
Wong (2001). Concrete strength ranged from 14 to 73 MPa
(2.0 to 10.6 ksi) and the a/d ratio ranged from 0.35 to 2.50.
The next step consisted of developing expressions for the
coefficients C,, and C,, in terms of a/d.
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Table 1—Mean ratio of experimental to estimated strength

Horizontal and Overall, AlJ
T pe of disilgied Unreinforced | Vertical | Horizontal vertical Overall guideline
reinforcement ViestVealculated
Number of specimens 45 76 1 53 175 175
Average 1.60 1.26 127 1.45 1.40 1.07
Standard deviation 0.44 0.20 - 0.18 0.31 0.20
Maximum 2.29 1.94 — 1.84 229 1.62
Minimum 0.77 0.78 — 1.03 0.77 0.57
Coefficient of variation 0.28 0.16 — 0.12 0.22 0.19
STRENGTH OF SPECIMENS WITH .
VERTICAL REINFORCEMENT Con = 3(1 = ;,) 20 (25)

Test results for a subset of beams having only vertical web
reinforcement were analyzed to calibrate the coefficient C,,,,..
It was assumed that in these specimens the shear force was
carried by the combined action of the strut and the truss
mechanism that includes a vertical tie (Fig. 2(c)). Substi-
tuting S,;, equal to zero in Eq. (18) and solving for the

coefficient C,,,,,

V_CCS trut
= L Al 29
wv 3 (22)

tv

C

where S, and S, are given by Eq. (19) and (20), and V'is the
measured strength of the beam. Values of C,,,, calculated from
the subset of beams without horizontal web reinforcement are
shown Fig. 4. Given the high degree of scatter in the data,
particularly for low values of a/d, and the trend exhibited by
Fi.6s1 in Fig. 2 (Eq. (2)), a constant value of unity was
adopted as a lower bound for C,,,,

e (23)

At very steep angles of inclination for the strut (a/d close
to zero), it is expected that the vertical reinforcement will be
subjected to compression and still carry a fraction of the total
force proportional to the amount of reinforcement provided.

STRENGTH OF SPECIMENS WITH DISTRIBUTED
HORIZONTAL AND VERTICAL REINFORCEMENT
Similarly, the subset of beams with vertical and horizontal
reinforcement were used to calibrate the parameter C,,.
Equation (18) was solved for the parameter C,, and
proposed expressions for C. and C,, (Eq. (8) and (23),
respectively) were used to account for the contribution of the
strut and the vertical reinforcement.

th = V_CCS:trut—

Sth

CWVS!v (24)

The calculated values for C,,, are shown in Fig. 4. Past
research indicates that the effect of the horizontal reinforcement
decreases as a/d increases (Rogowsky, MacGregor, and Ong
1986; Smith and Vantsiotis 1982; Warwick and Foster
1993). The trend is reflected in the data in Fig. 4. Consequently,
an expression in which the coefficient C,; was limited to
zero for a/d greater than unity was proposed as a lower bound
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SHEAR STRENGTH ACCORDING TO JAPANESE
DESIGN GUIDELINE

The results of the proposed model were compared with
those from a design guideline by the Architectural Institute of
Japan (ALJ) (Aoyama 1993). Although this is not strictly a
strut-and-tie approach, it was selected for comparison because
it assumes that the total shear capacity consists of components
associated with a truss mechanism and an arch mechanism.
The total shear strength is obtained by adding the component
associated with the arch and truss mechanisms

V,=Vp+tV, = bj,pwow_vcotqn (26)
bg(l — B)v,04tan®
h - pwowv 20N . :
where B = == (1 + cot“0); v =0.7 — 65/195 (G5 in MPa);
VoOp

Pwfwy 2 VOp/2; and f,,, < 250p.

The value of cot¢ is the largest value within the range of

2

YoSs _4
cotd <5 o (27)

Je
Dtan6 J

In Eq. (26) and (27), j, is the distance between centroids of
axial reinforcement; p,,, is web reinforcement ratio; G,,, is the
yield strength of web reinforcement; ¢ is the angle of the struts
in the truss mechanism; D is the depth of the beam; v, is the
strength reduction factor for the strut; op is the cylinder
strength of concrete, in MPa; B is the fraction of the total force
in the strut assigned to the truss mechanism; and 6 is the angle
of inclination of the arch with respect to the specimen. For
simplification, the model assumes that the angle of inclination
of the struts in the truss and arch mechanism are equal.

ANALYSIS OF RESULTS

Figure 7 shows the ratio of measured-to-calculated
strength with respect to the a/d for all beams in the database,

709



S
w

°
2.0 ’ .
*e

Z i SR "
_3515 . . ‘
SRl L R
s Y
ﬁ 1.0 YT > 2
; » o *

0.5

0.0 . - , , .

0.0 0.5 1.0 175 2.0 25 3.0

a/d

Fig. 7—Ratio of measured-to-calculated strength versus
shear span-to-depth ratio according to proposed equations.

2.50

2.00

*

."3!‘

—
W
(=]

V test / V calculated
8
4

0.50 |

0.00 0.50 1.00 1.50 2.00 2.50 3.00
a/d

Fig. 8—Ratio of measured-to-calculated strength versus
shear span-to-depth ratio using AlJ guidelines (Aoyama 1993).

2.00

1.80 é
1.60 -

1.40 A

LN

X Beams with Vertical Web Reinforcement ‘

*

%

g

3 120
;5 100
g
»

o
* &»ﬂlm%

0.60

0.40 4
0.20

O Beams with Vertical and Horizontal Web Reinforcement \

0.00 y T T T T
0.00 2.00 4.00 6.00 8.00 10.00 12.00

Vs
ba T,

Fig. 9—Ratio of measured-to-calculated shear strength
versus shear stress carried by reinforcement according to
proposed equations.

according to the proposed model. Table 1 summarizes the
statistical results for concrete specimens with different
reinforcement configurations, including the results obtained
with the AIJ guideline. Table 1 indicates that for the
proposed model, the scatter of results was larger in the case
of specimens without web reinforcement. The coefficient
of variation was significantly lower for specimens that had
any type of web reinforcement, and no test results were
underestimated for beams with both horizontal and vertical
web reinforcement. The proposed model resulted in a mean
ratio of measured-to-calculated strength of 1.40 and a standard
deviation of 0.31, with a coefficient of variation of 0.22.
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versus shear stress carried by concrete according to proposed
equations.

The AIJ guideline (Fig. 8), which had a mean ratio of
measured-to-calculated strength of 1.07 and a standard
deviation of 0.20, provided a better estimate of the mean
strength. The lower mean obtained with the AlJ guideline,
which corresponds to approximately one standard deviation
below the proposed model, is attributed to the fact that the
proposed equations were developed to provide a lower-bound
estimate of strength. A comparison between the coefficients of
variation obtained with the two approaches—0.22 for the
proposed model and 0.19 for the AlJ guideline—indicate that
the accuracy was similar for the set of data that was investigated.

The formulation used in the AILJ guideline indicates that the
compressive stress acting on the strut of the truss mechanism
must be smaller than or equal to the effective strength of the
concrete in the web, and any remaining capacity is taken by
the arch mechanism. This establishes an effective upper limit
on the amount of vertical reinforcement that can be placed in
the web, which depends on the strength of the concrete.
According to the proposed model, any reduction in the
strength of the strut related to the amount of web reinforcement
is reflected by the coefficients for the horizontal and vertical
truss mechanisms. Warwick and Foster (1993) concluded in
their research that the amount of web reinforcement did not
have a significant effect on the strength of the strut, and their
proposed equation for the strut strength factor v depends
only on the compressive strength of concrete and the shear
span-to-depth ratio of the beam. Figure 9 and 10 show the
relationship between the ratio of measured-to-calculated
strength and the mean shear stress attributed to plain
concrete and web reinforcement, according to the proposed
model. In the majority of the beams that were analyzed, the
unit shear stresses attributed to the web reinforcement
ranged from 0 to 8Vf/ (in units of psi). The measured
strength was not underestimated in any of the specimens in
which the unit shear stresses attributed to the shear reinforce-
ment ranged between 4 and 8Vf. Figure 10 shows that in the
majority of the data the unit shear stress carried by the
concrete ranged between 2 and lO\/fC' y

Figure 11 shows the ratio of measured-to-calculated
strength versus the percentage of web reinforcement of the
specimens in the database. The figure shows that a wide range
was represented by the set of data—between 0.15 and 3.5%.

The amount of reinforcement calculated using Eq. (22)
and (24) was compared with that required by the strut-and-
tie models shown in Fig. 1(c) and 3, which may not represent
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the best choice in some instances, but are acceptable models
according to the ACI Code (ACI Committee 318 2002). The
ratio of shear force in the vertical tie according to each of the
two strut-and-tie models to the force calculated with Eq. (22)
is shown Fig. 11, for the subset of specimens with only
vertical web reinforcement. The amount of vertical reinforce-
ment required by the combined strut-and-tie model (Fig. 3)
was similar to that required by the proposed equations for a/d
greater than 1.5 (Fig. 12). In specimens that had span-to-
depth ratios less than 1.5, the combined model resulted in a
smaller amount of vertical reinforcement. A similar comparison
with the vertical truss model (Fig. 1(c)) shows that it required
approximately twice the amount of reinforcement than the
proposed equations.

In the case of horizontal web reinforcement, the comparison
was limited to only four test specimens because the proposed
equations suggest neglecting the effect of the horizontal
reinforcement when a/d is greater than 1. A comparison of
the amount of reinforcement required by the two strut-and-
tie models and the proposed showed that the amount of
reinforcement required by the combined model is slightly
less but comparable with that required by the proposed
equations. The simple strut-and-tie model (Fig. 1(d)) also
required approximately 50% more reinforcement than the
proposed equations in this case, although it is important
to point out that this particular truss model neglected the
contribution of the vertical reinforcement.

SUMMARY AND CONCLUSIONS
This investigation focused on developing a relationship
between the strength of deep beams and the forces in the
main strut and ties of models representing the load carried by
plain concrete, vertical, and horizontal web reinforcement.
According to the proposed model, the total shear strength is
given by

V= % Flbwy+ A, f+3(1—a/d)Ayf,,  (28)

where tan® = 1/(a/d), and the width wy, of the strut is calculated
according to Eq. (4). The following limits apply to Eq. (28): the
term 0.3/(a/d) has an upper limit of 0.85sin6, and the term
(1 - a/d) has a lower limit of 0.

The ratio of calculated force to nominal strength of the
strut, designated concrete strength coefficient v, was
compared with the new strut-and-tie provisions of the ACI
318-2002 Code (ACI Committee 318 2002), equations
proposed by Warwick and Foster (1993), and AASHTO
LRFD Bridge Code (AASHTO 1998). Safety was the
primary concern considered in the formulation of the
proposed equation, which resulted in a conservative estimate
of the strength in beams with strut inclination angles ranging
between 30 and 60 degrees (shear span-to-depth ratios
ranging between approximately 0.5 and 1.5). Results
indicated that the strut factor v decreased as the angle of
inclination of the strut decreased.

Estimates of shear strength according to the proposed
model were compared with estimates according to a guideline
by the AIJ (Aoyama 1993). The accuracy of the AlJ
guideline for the entire group of specimens was comparable
to that of the proposed equations (coefficient of variation of
0.19 for the AIJ guideline compared with 0.22 for the
proposed equations). The proposed equations provided safer
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Fig. 11—Ratio of measured-to-calculated shear strength
versus web reinforcement ratio for all specimens considered.
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Fig. 12—Comparison of calculated amount of vertical
reinforcement.

estimates of strength for beams with shear span-to-depth
ratios of less than 1.

A comparison of the amount of reinforcement required by
four different strut-and-tie models showed that the amount of
reinforcement required by a statically indeterminate model
(Fig. 3) was closest to the proposed equations, indicating that
the assumption of equal modulus of elasticity and cross-
sectional area for all members was adequate for design
purposes. The two simple strut-and-tie models analyzed in this
paper (Fig. 1(c) and (d)) were found to require approximately
double the amount of reinforcement required by the proposed
equations (Wong 2001), which indicates that, although their use
leads to safe designs, the results are very conservative.
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NOTATION
cross-sectional area of compressive strut
area of horizontal tie
area of vertical tie
shear span, distance between center of load to center of
reaction
width of beam
correction factor for calculated force in strut
correction factor for calculated force in horizontal tie
correction factor for force calculated in vertical tie
total depth of beam
effective depth of beam
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Ostrut

712

applied shear force

calculated force in strut

calculated force in vertical tie

calculated force in horizontal tie

compressive strength of concrete

strength of concrete in struts according to Appendix A of
2002 ACI Code

yield stress for horizontal web reinforcement in beam

yield stress for vertical web reinforcement in beam

twice distance from bottom of beam to centroid of main tensile
reinforcement

distance between centroids for top and bottom tensile
reinforcement

length of support

stiffness matrix for statically indeterminate truss model
nominal strength of struts

nominal strength of horizontal tie

nominal strength of vertical tie

calculated shear strength of beam according to proposed
model

calculated component of total strength attributed to arch
action according to AlJ guideline

calculated component of total strength attributed to truss
action according to AlJ guideline

calculated total shear strength according to AIJ guideline
width of strut

fraction of total force in strut attributed to truss mechanism
factor to account for effect of cracking and confining
reinforcement on effective compressive strength of concrete
in strut according to Appendix A of ACI 318-02
displacement vector for statically indeterminate truss model
principal tensile strain in concrete

tensile strain in web reinforcement

angle of main strut with respect to horizontal plane
correction factor related to unit weight of concrete

angle between strut and horizontal plane

effective compressive strength factor for concrete in strut
effective compressive strength factor for concrete in strut
reinforcement ratio for vertical web reinforcement
reinforcement ratio for horizontal web reinforcement
reinforcement ratio for vertical web reinforcement
compressive strength of concrete, in MPa (cylinder strength)
mean compressive stress acting on strut

tensile strength of web reinforcement
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