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Abstract. In this work, we examine effects of permanent charges on ionic flows through ion
channels via a quasi-one-dimensional classical Poisson—Nernst-Planck (PNP) model. The geometry
of the three-dimensional channel is presented in this model to a certain extent, which is crucial for
the study in this paper. Two ion species, one positively charged and one negatively charged, are
considered with a simple profile of permanent charges: zeros at the two end regions and a constant
Qo over the middle region. The classical PNP model can be viewed as a boundary value problem
(BVP) of a singularly perturbed system. The singular orbit of the BVP depends on Qg in a regular
way. Assuming |Qo| is small, a regular perturbation analysis is carried out for the singular orbit. Our
analysis indicates that effects of permanent charges depend on a rich interplay between boundary
conditions and the channel geometry. Furthermore, interesting common features are revealed: for
Qo = 0, only an average quantity of the channel geometry plays a role; however, for Qo # 0, details
of the channel geometry matter; in particular, to optimize effects of a permanent charge, the channel
should have a short and narrow neck within which the permanent charge is confined. The latter is
consistent with structures of typical ion channels.
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1. Introduction. In this work, we analyze effects of permanent charges on
ionic flows through ion channels, based on a quasi-one-dimensional classical Poisson—
Nernst—Planck (PNP) model. The geometry of the three-dimensional channel is pre-
sented in this model to a certain extent, which is crucial for the study in this paper.
We start with a brief discussion of the biological background of ion channel prob-
lems, a quasi-one-dimensional PNP model, and the main concern of our work in this

paper.

1.1. Ionic flows and the model. Ton channels provide a major way for cells
to communicate with each other and with the outside world to perform group tasks.
They are large proteins embedded in cell membranes that have “holes” open to the
inside and outside of cells. Once channels open, ions (charged particles) flow from the
outside to inside of cells and vice versa. The ionic flow produces electrical signals that
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control many biological functions. The study of ion channel properties consists of two
related topics: structures of ion channels and ionic flow properties. The key structure
of an ion channel is the channel shape and the permanent charge. The shape of a
typical ion channel is cylindrical-like with variable cross-section areas along its axis.
Within an ion channel, amino acid side chains are distributed, with acidic side chains
contributing negative charges and basic side chains contributing positive charges. It
is the specific of side chain distributions in an ion channel that is referred to as the
permanent charge of the ion channel [11, 12, 40].

With a given structure of an ion channel, the main concern is then to understand
its electrodiffusion property. The basic continuum model for electrodiffusion is the
PNP-type systems, which are reduced models that treat the medium (aqueous within
which ions are migrating) as a dielectric continuum:

V- (5r(X)20V@) = —e (Z Zata + Q(X)> ,
s=1

1
V- T=0, —Tn=—=Di(X)exVpr, k=1,2,...,n,
kT

where X € Q with € being a three-dimensional cylindrical-like domain representing
the channel, Q(X) is the permanent charge density, ,(X) is the relative dielectric
coefficient, ¢ is the vacuum permittivity, e is the elementary charge, kp is the Boltz-
mann constant, 7" is the absolute temperature; ® is the electric potential, for the
kth ion species, ¢ is the concentration, z; is the valence (the number of charges per
particle), px is the electrochemical potential depending on ® and {¢;} (see discussions
below), Ji is the flux density, and Dy (X) is the diffusion coefficient.

PNP systems can be derived as reduced models from molecular dynamic models
[48], from Boltzmann equations [4], and from variational principles [23, 24, 25]. More
sophisticated models have also been developed. Coupling PNP and Navier—Stokes
equations for aqueous motions was proposed (see, e.g., [7, 10, 13, 17, 22, 47]). In
[13], the coupled system was derived from the energy variational principle. In [10],
the coupled system was studied numerically for ion channel problems. In [47], the
coupled system was studied numerically for electrolyte osmosis through membranes
modeled by capillaries. In [17, 22], Onsager’s reciprocal law was rigorously estab-
lished for the relations between the three fluxes (solvent flux, relative solute flux, and
electrical current) and the three forces (pressure, osmotic potential, and electrical po-
tential), and the nine coefficients in the relation are explicitly identified. A more fully
developed two-fluid model was proposed in [7] which reduces to previously known
models in various simpler situations. Conformations of channel geometries were also
incorporated [53, 54]. Reviews of various models for ion transports and comparisons
among the models can be found in [2, 26, 46, 54]. While these sophisticated systems
beyond PNP systems can model the physical problem more accurately, it is a great
challenge to examine their dynamics analytically and even computationally. Focusing
on key features of the biological system, PNP systems represent appropriate models
for analysis and numerical simulations of ionic flows.

Our analysis is based on a further reduction of PNP models. On the basis that ion
channels have narrow cross sections relative to their lengths, PNP systems defined on
three-dimensional ion channels are further reduced to quasi-one-dimensional models
first proposed in [41] and, for a special case, the reduction is rigorously justified in
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[37]. For a mixture of n ion species, a quasi-one-dimensional PNP model is

1 d o -
[, r(aj‘) h(aj)— = —€ ZsCs + Q(Jf) )
7(x) dz (5 =0 dx) <Z_; )

dJy 1 dpg
— — T =——D 2)Cp —— =1,2,...
dr 07 \7]@ kBT k(ﬂf)h(fr)Ck dx ) k y &y y 1y

(1.1)

where z € [0, 1] is the coordinate along the axis of the channel that is normalized to
[0,1], h(z) is the area of cross section of the channel over the location x.

Equipped with system (1.1), we impose the following boundary conditions (see,
[14] for a reasoning), for k = 1,2,...,n,

(1.2) (0) =V, cx(0)=Ly>0; ®(1)=0, cx(1) =Ry > 0.

For ion channels, an important characteristic is the I-V (current-voltage) relation.
Given a solution of the boundary value problem (BVP) (1.1) and (1.2), the current Z
is

(13) =357
j=1

If boundary concentrations Ly’s and Ry’s are fixed, then [Ji’s depend on V only and
formula (1.3) provides a dependence of the current Z on the voltage V.

An important modeling component is the electrochemical potential py. It consists
of the ideal component yi(z) given by

(1.4) 18 (z) = ze®(x) + kpTln ckc_(x)
0

with some characteristic number density co, and the excess component u§”(z). The
ideal component pi?(z) contains contributions of ion particles as point charges and
ignores the ion-to-ion interaction. PNP models including ideal components are re-
ferred to as classical PNP models. Numerical studies have shown that classical PNP
models provide good qualitative agreement with experimental data for I-V relations
[4, 5]. Dynamics of classical PNP models has also been analyzed by using asymptotic
expansion methods [1, 6, 32, 42, 49, 50, 52, 55] and geometric singular perturbation
approaches [14, 15, 35, 36, 39].

The excess component uf*(x) accounts for ion sizes, which is a crucial component
for many important properties of ion channels such as selectivity. Modeling of the
excess component pu¢” (z) is extremely challenging and is not completely understood.
A great deal of effort has been attributed to approximations of u{* (x) based on mean-
spherical approximations, fundamental measure theory, and density functional theory
(e.g., [8,9, 43, 44, 45]). Numerical simulations of PNP with approximated models of
15" () have been conducted for ion channel problems in comparison with experimental
data and have shown great successes for properties such as ion permeation and ion
selectivity (e.g., [18, 19, 20, 21]). Other important phenomena involving u§” () such as
steric effects, layering, charge inversion, and critical potentials have also been studied
[3, 16, 23, 24, 25, 27, 30, 31, 33, 34, 38, 56].

In this work, we will take classical PNP models that include the ideal component
pid(z) in (1.4) only to examine permanent charge effects on ionic flows.
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1.2. Basic concerns and a brief description of main results. As observed
in [15], the Nernst—Planck equation in (1.1) for the flux J; gives

T
U )Cle

1 kp B
(15) 5 | B -

Thus, the sign of J is determined by the boundary conditions—independently of the
permanent charge Q(z). However, magnitudes of Ji’s, and, hence, the sign and the
magnitude of Z, do depend on the permanent charge Q(z) in general. This motivated
the following question raised and examined in [15]: can permanent charges produce
zero current? For the case Dy(x) = h(z) = 1 with a simple profile of a permanent
charge

ik (0) — pge(1).

0, 0<zx<a,

(1.6) Qx)=1 Qo, a<z<b,
0, b<z<l,

where Qg is a constant, the authors of [15] derived a single algebraic equation (equation
(3.2) in [15]) that determines the answer; that is, there is a Qo such that T = 0 if and
only if the algebraic equation has a real root. Furthermore, even for simple settings
with two oppositely charged ion species, there are extremely rich phenomena for the
effects of permanent charges, many of which are far from intuitive (see section 4 in
[15]).

In this work, we will consider a simple setting with n = 2 and Q(x) as in (1.6) with
|Qo| small relative to the boundary concentrations Lj’s and Ry’s. Treating system
(1.1) as a singularly perturbed problem (see section 2 for details), we will apply the
geometric singular perturbation method [14, 36] to study the BVP (1.1) and (1.2).
For the zeroth order approximation of the BVP (1.1) and (1.2), if we consider its
dependence on @y and write, particularly,

(L7 Tk(Qo) = Tko + Tk1Qo + O(Q3) and Z(Qo) = o + T1 Qo + O(Q7),

then Ji1’s and Z; contain the leading information about effects of the permanent
charge Q(x) on ionic flows. The main objective of this paper is to study dependences
of Jx1’s and Z; on the boundary conditions V, Ly’s, Ri’s, and the channel geometry
h(z).

Our analysis indicates that effects of permanent charges depend on a rich inter-
play between boundary conditions and the channel geometry. Yet, we are able to
characterize these complicated interplays in precise terms (see section 4). Further-
more, interesting common features are revealed: for Qg = 0, only an average quantity
of the channel geometry plays a role; however, for Qg # 0, details of the channel ge-
ometry matter; in particular, to optimize effects of a permanent charge, the channel
should have a short and narrow neck within which the permanent charge is confined.
We remark that the latter was not anticipated by the authors in the beginning. It is
the analysis that leads to this finding, which is consistent with structures of typical
ion channels. To the best of the authors’ knowledge, this work is the first analysis on
roles that channel geometry plays in ionic flows.

The rest of this paper is organized as follows. In section 2, we provide the setup
of our problem, review briefly the geometric singular perturbation theory for classical
PNP models, and recall the governing system from [14] for singular orbits of the BVP.
In section 3, the singular orbit, determined by the solution of the governing system,
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is expanded in )y near Qo = 0 to obtain expressions for Ji1’s and Z; defined in
(1.7). Section 4 is devoted to a detailed analysis of dependences of Ji;’s and Z; on
the boundary conditions V, L’s, Ry’s, and the channel geometry h(xz). The paper
ends with concluding remarks in section 5.

2. Problem setup and the governing system. Our study of effects of per-
manent charges on ionic flows starts with an analysis of the BVP (1.1) and (1.2).

2.1. The assumptions. For the BVP (1.1) and (1.2), we will take the same
setting as that in [14]:
(A1) We consider two ion species (n = 2) with z; > 0 > 2.
(A2) For Q(x) in (1.6), we assume |Qo| is small relative to Ly ’s and Ry ’s.
(A3) For uy, we only include the ideal component 1 as in (1.4).
(Ad) We assume that e.(x) = &, and Dy(z) = Dy, are constants.
In what follows, we will assume (A1)—(A4). With the rescaling

Tk
@, V = —V, s f— -,
kgT kgT c e? Dy,

and the expression (1.4) for uy, = pid(x), the BVP (1.1) and (1.2) is, for k = 1,2,

e e o EreokpT

¢ Jk

2

(W 0) = —sre1 2200 ),

h(x) da dx
21) d dé dJ
Cl o _k _
h(x)% + zkh(az)ck% = —Jk, T 0
with the boundary conditions
(2.2) ¢(0) =V, ck(0) = L;  ¢(1) =0, cx(1) = Ry.

We will assume ¢ > 0 small and treat system (2.1) as a singularly perturbed
system and apply the geometric singular perturbation framework from [14] for the
BVP (2.1) and (2.2) (see [36] for a general setting with arbitrary n).

2.2. Geometric singular perturbation theory for (2.1)—(2.2). We will
rewrite system (2.1) into a dynamical system of first order ordinary differential equa-
tions and convert the BVP (2.1) and (2.2) to a connecting problem. .

Denote the derivative with respect to = by an overdot and introduce u = ¢ and
7 = x. System (2.1) becomes, for k = 1,2,

Ed):u, E’[:L:—2101_2202_Q(T)_Eh7(7-)u’
h(7)
(2.3) E |

System (2.3) is a singularly perturbed dynamical system with phase space R and
state variables (¢, u,c1, ca, J1, J2, 7). System (2.3) is the so-called slow system. The
rescaling x = €€ in (2.3) gives rise to the fast system, for k = 1,2,

=u, u =—z1c1—z2c0—Q(T) — EhT(T) ,
h(r)

(2.4) e, o -

- m ks E— Y T =€,

where prime denotes the derivative with respect to the variable &.
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Let By, and Bg be the subsets of the phase space R defined by

Br ={(V,u, Ly, Ly, J1,J5,0) € R" : arbitrary u, Jy, Jo},
Br = {(0,u, R, Ry, J1, Jo,1) € R" : arbitrary u, J;, Jo}.

Then, the BVP (2.1) and (2.2) is equivalent to a connecting problem, namely,
finding an orbit of (2.3) or (2.4) from By, to Bg.

A general approach to the connecting problem. A strategy for analyz-
ing this connecting problem of classical PNP models was developed in [14] (in [36]
for a general setting), which has been successfully extended to handle PNP with
hard-sphere ions in [27, 34, 38]. The classical PNP system is first reduced to two
subsystems: the limiting fast and the limiting slow system. Due to two special struc-
tures of the classical PNP system, the limiting slow and limiting fast systems can
be integrated. A singular orbit, the zeroth order approximation, for the connecting
problem is constructed by matching slow orbits (those of the limiting slow system)
and fast orbits (those of limiting fast system). The matching leads to a system of
algebraic equations, the governing system for singular orbits of the connecting prob-
lem (see [14, 36]). Once a singular orbit is constructed, under a certain transversality
condition, one can apply exchange lemmas (see, e.g., [28, 29, 51]) to show that there
is a unique solution of the BVP for small £ > 0 in the vicinity of the singular orbit.

For the present problem with small |Q|, one can obtain explicit expansions in Qg
of singular slow and fast orbits. Application of the matching to the expansions will
lead to an ezplicit expansion of a singular orbit for the connecting problem.

A shortcut based on the governing system. One can also start with the
governing system in [14] directly and apply regular perturbation theory to obtain the
singular orbit for small |Q|. This will be the approach adopted in this paper to
complement the general full procedure described above and developed in other papers
mentioned before.

We comment that, for Qo = 0, the BVP (1.1) and (1.2) was shown to have a unique
solution in [39] for a general n with distinct z;’s and for h(z) = 1; in particular, the
transversality condition for an application of the exchange lemma is established. This
result applies immediately to the present problem for |Qq| small. We thus will focus
on singular orbits in the following.

We now summarize the construction of a singular orbit that leads to the governing
system derived in [14] and recast in (2.7) and (2.8).

Due to the jumps of the permanent charge Q(z) in (1.6) at * = a and = = b,
one splits the construction of a singular orbit on the interval [0, 1] into that on three
subintervals [0, a, [a,b], and [b, 1] first. For the latter, we preassign (unknown) values
of ¢, c1, and c3 at x = a and x = b:

(2.5) é(a) = ¢, ci(a) =cf, c2(a) =c5;  @(b) = ¢, c1(b) = cll’, co(b) = cg.

In terms of these sixz unknowns, one can construct singular orbits on each subinterval.
(i) The singular orbit on [0,a] consists of two boundary layers (fast orbits) I'?
at x =0, I'f" at = a, and one regular layer (slow orbit) A; over (0,a) with

(¢, c1,c2,T) being

(V,L1,L2,0) at = 0 and (¢°, c{,c5,a) at x = a.

In particular, given (¢, cf,c3), the scaled flux densities J{, J} and the value
uy(a) are uniquely determined.
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(ii) The singular orbit on [a, b] consists of two boundary layers I'?, at z = a, I'?,
at © = b, and one regular layer A, over (a,b) with (¢, ¢1, o, 7) being

(¢, ¢, c5,a) at @ = a and (¢°, 5, ch,b) at « = b.

In particular, given (¢, ¢{, c3) and (¢°, ¢%, ¢4), the scaled flux densities JJ*, J&"
and the values u,,(a) and u,,(b) are uniquely determined.

(iii) The singular orbit on [b, 1] consists of two boundary layers T'® at x = b, I'% at
x = 1, and one regular layer A, over (b, 1) with (¢, c1,ca,7) being

(%, b, c5,b) at 2 = b and (0, Ry, Ry, 1) at = = 1.

In particular, given (¢°, b, %), the scaled flux densities J7, J4 and the value
u,(b) are uniquely determined.
To obtain a singular orbit on [0, 1], one requires the following matching conditions:

(26) Ji=Jgm=Jr, J=Jr=J5 w(a)=un(a), unb)=mu(b).

This consists of siz conditions, exactly the same as the number of unknowns preas-
signed in (2.5). The matching conditions (2.6) then reduce the singular connecting
problem to the governing system, system (43) in [14], recast below (note that o and
B in [14] are related to z; and 29 in this paper as a = z1 and 8 = —z3):

Zlczlzezl(¢a*¢a'm) + Z2cgezz(¢a*¢a’m) + Qo =0,

b_ bm b_ sbm
210?621@1’ —¢”™) 4 chgezz((z) —¢”™) +Qp=0,

zZ9 — 2 a a,m a a,m
222 1C¢1z,l _ Cllj,ezl(¢ —¢ ) + Cgezg((ﬁ —¢ ) + QO((ba _ d)a,m)’

Z9 — Z ,m ,m
T = e g e 4 Qu(¢0 - gt ),

22

27) lecf‘—cil’l(mw—wl)): T (HM>

H(a) Inck —In ¢t H(1) - H(b) Incd" —In ek

pododt (| ae oo AT o (et - o)
H(a) Inck —Incd! | H(1) — H(b) k)’

PP = ™ — (211 + 22.02)Y,

bom _ zizo(Ji+J2)y am % ( _ z1z2(J1+J2)y)
C = e c 1 . |
1 ' z1(J1 + J2)
Jl + J2 — (Zl - zg)(clf}m — cll);m) + ZQQO((ZSa’m o ¢b7m)

z(H(b) — H(a)) ’
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where y > 0 is also unknown, and

1 —zoL 1 —2R
ot =V — In—222 R —=_ In =22
Z1 — 22 ZlLl Z1 — 22 ZlRl
1 —29C5 —22¢}
! 269 b b 22
¢ =9 ————In——F, T =¢ — ——In—=7,
1— 29 z1cq 21— 22 z161
1 —z z] ]. _—z2 21
i = L L) T (L) H, o = - L (al) T (-l TS,
1 2
—z9 zq —z2 S
C¢11»l _ Z_l(zlclll) Z1—22 (_chg) 122 C;’l = —2—2(2’10(11) Z1—22 (—ZQC%) 122
(2.8)
1 _—Z2 A1 1 —Z2 21
b= Z_l(zlclf)”*z? (—22ch)7i72, o = _z_z(zlclf)“*z? (—zach) 7172,
czlz,m _ 621(¢a*¢a’m)c¢11’ cllm’n _ 621(¢b*¢b’m)c?7
R 1 —zg B R 1 _—Zz2 1
= —(21R1)21’22 (—22]%2)21’22 s Cy = ——(ZlRl)zl’ZQ (—ZQRQ) F1TF2

H(z) = /O "1 (s)ds.

Once a solution for (2.7) and (2.8) is obtained, one can determine a singular orbit
g
TYUAUTE)UTe UA, UTE ) U (T U A, UTL) to connect By, and Bp.

3. Expansion of singular solutions in small |Qg|. As mentioned in the
introduction, we will assume that |Qo| is small. With this assumption, we expand all
unknown quantities in the governing system (2.7) and (2.8) in Qo; for example, we
write

¢" = ¢ + &1 Qo + #5Q% + 0(QF), " = df + 3] Qo + $HQ% + 0o(QF),
(3.1) cff = ¢y + Qo + caQf + 0(QF), ¢ = Ry + 41 Qo + 1oQF + 0(QF),
y=1v0+11Qo + 1203 +0(Q2), Ji=Jro+ Jr1Qo + Jk2Q2 + o(Q2).

For the expansions, we will determine the coefficients of the zeroth order and first
order terms for dominating effects of the permanent charge on ionic flows.

3.1. Zeroth order solution of (2.7) and (2.8). The problem for Qo = 0
has been solved in [35] for h(z) = 1 and, for a general h(x), it can be solved as in
[14] over the interval [0,a]. One can also obtain the zeroth order solution directly
by substituting (3.1) into (2.7), expanding the identities in @, and comparing the
terms of like powers in QQg. We summarize the result for the zeorth order terms below.
Denote

_ H(a) _H®)
(3.2) o= ) and (= IOk
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PROPOSITION 3.1. The zeroth order solution in Qo of (2.7) and (2.8) is given by

)l )
Clll() = CtllOm = CtllO = Cf + O‘(C{{ - ClL)a Zlclllo = _ZQCgOa
b, b, b L R L b b
o = ¢y =g =cf +B(er =), 216 = —zac5,
(ba»l _ ¢a,m = ¢t = In C{z —Inciy | Incfy — 1nClL gbR
0 0 7 ek —Inck Inclf —Inck ™ 7
b b L
Gom b b Inclt —Indy, ,; N Inc}y, —Inct oF
0 0 O In cf —Inck Inclf —Inck ™ 7
L R
yO — H(l) ln (1 - B)cl + ﬁc]_
z1(z1 — 22) (e =) T (1 — a)cl + aclt’
L R
cf —c¢
Jio = ! ! z21V+InL; —InRy
H(1)(Inck —Incl) ( )
b — cf
Jog = R (22V+1DL2—1DR2).

H(1)(Inck —Incl)

COROLLARY 3.2. Under electroneutrality boundary conditions z1 L1 = —zoLo = L
and z1R1 = —z2Rs = R, one has CJL-’ =1L, Cf =Rj, ot =V, ¢B =0, and

zlc'fél =21y =z1¢5y = (1 — )L+ aR, z1cfy = —2205,
zeyyt = zicly =y = (1—B)L+ BR, =1y = —zachy,
In((l —a)L+aR)—InR
a,l a,m a
%" =% =% = InL—-InR Vi
In((1-p)L+BR)—InR
b,m b,r
%" =% :(bg: InL—-InR Vi
B H(1) In (1—a)L+aR
N — )L —R) "(1-B)L+BR
L—R
Jio = (#1V+InL—1InR),

L—-R

S0 = T WL~ R)

(z2V+InL—-InR).

3.2. First order solution in Qg of (2.7) and (2.8). For the first order terms

. . . . . 1 1 .
in Qo, we will first express the intermediate variables such as ¢7”, ¢/}, etc., in terms
of zeroth order terms and ¢, cf,, etc.

LEMMA 3.3. One has

1 1
acfy + 2 = -5, AT =91+ 221 (21 — 22)c%y’
10
1 1
b b b,m b
z1C ZoCoy = —=, = e
111 * 2521 2 ¢1 (bl + 22’1(21 — ZQ)CI{O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/05/16 to 129.237.46.8. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

EFFECTS OF PERMANENT CHARGE AND CHANNEL GEOMETRY 123

Proof. We will derive the first two identities. Substitute (3.1) into the first
equation in (2.7) and expand in Q) to get, for the zeroth order in Qq, z1¢5y+22¢5, =0
that is stated in Proposition 3.1; for the first order in Qy,

z1¢%y + zocq; + 1
- 2 .a 2..a
Ziciy T 25C5

(3.3) ¢ — " =

Substituting the expression for ¢! from (2.8) into the third equation in (2.7) and
expanding the resulting equation up to Q% order terms, one has that

(211 + 22051)2 2
0

_Zl — 22 a a a _
7 cfo + (€11 + ¢31)Qo (21 — 22)21cty

= (cfo + c59) + (€11 + ¢31)Qo

2 .a 2..a
21Cp T 253¢5

+ (21€fy + 2265y +1)(] — 07 ™)QF + TR (01 - 61 )?Q

The zeroth and first order terms on both sides are identical. The Q2 terms give

(z1¢f; + 22051)2

2 .a 2 .a
ziciy + z5¢
T ol N a (zlcllll + 22031 + 1)(¢l11 - lllm) 0 220

(8% — 67>,

2(z1 — 2z2)21¢5 2
Substitute (3.3) for ¢§ — ¢]"" into the above to get
(z1¢) + 22¢51)?  (216%) + z2¢3; +1)?
= 2 2
(21 — 22)z1¢4, zicip + 25¢5
Note that (21 — 22)21¢f, = 2§¢{y + 25¢5y. We thus have z1¢{y + z2¢3;, = —3. The
latter and (3.3) then give the second identity. O
LEMMA 3.4. One has
a a a a a a a a
al _ ga _ Clo®1 = €011 Lal _ z2(cfy +¢5y) el — z1(cfy +¢5y)
1 =P 7. v a 1T o G = 5
(21 — 22)c50 50 29 — 21 21 — %9
Ca,m _ Ca 1 Cbnn o Cb 1
11 =Cli— 57—~ €1 =Cii— 5.
2(21 — 2’2) 2(2’1 — 22)
b b b b b b b b
br & Cl0C21 — €20€11 b Z2(ciy 4 c3q) b  21(cip 4 c3p)
1 —¢1——b L Y L .
(z1 — 22)c]0C30 29 — 21 21 — 29

Proof. One expands the relevant identities in (2.8) in Qq, compares the first order
terms in g, and uses the results for the zeroth order terms in Proposition 3.1 and the
relation in Lemma 3.3. The relations then follow. The details will be omitted. 0
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Applying the same procedure as above to the last four identities in (2.7) and using

the results in Proposition 3.1 and Lemmas 3.3 and 3.4, one obtains directly

ool —cy)
aH(1)(Inck —Iney)
a _ 22(8" — ¢§)(cfy + ¢51) ~ CloC — S
X ¢1 L a a a .a
(22 = z1)(Iney —Incfp)efy (21— 22)ctochy

B z2(cty +¢5y) (1+ z1(g" —¢8))

(220 — z1)aH(1) Inct —Inc,

z1(ho — eff)
(1 —=pB)H(1)(In c{% —1In cll’o)

« (gbll’ - z2(¢" — 9f) (e}, + 5)) ochi — Cgoclfl)

zo —z1)(Ineff —Inchy)hy (21 — 22)cfch

_ za(chy +cBy) <1 i 21(¢" — 9b) )
(21 — 22)(1 = B)H(1) Ineft —Inch, )’

z2(cy — )

aH(1)(Inck —Incgy)

% (¢a _ 21(¢" = 84) (et + ¢51) 1051 — Cg(ﬁfl)
1T G —m)Inck —Inch)ly (21— 22)chochs

B z1(cty +¢5y) (1+ (9" _¢8))

(21 — 22)aH(1) Incl —Incg,

Jo1 = —

(34) o alde—ed)
(= Y H () § —nhy)
» (st o z(@" =) (e +B) ek — Cgoclﬁ)
b (s - z)Ine —Indhy)dhy (21— 22)chocho
z1(chy +cBy) <1 i z(¢" — 9b) )
(21 — 22)(1 = B)H(1) Inclt —Incs, )’
b a o — cfo
1 =97 + — — (21J10 + 22J20)y1 — (2111 + 22J21)y0,
2z1(21 — 22)cpcio
1 J A 1
b a 10 10
=y — + —
1 1 2(2’1 — 22) Zl(Jl() + JQO):| Clllo 2(2’1 — 2’2)
+ z120¢%0((J10 + Jo2o)y1 + (J11 + Jo1)yo) — ¢,
21(J10 + J20)
Tiit Toy = (22 —2)(chi —ch) o6 — @8

2(6—a)H(1) (8 —a)H(1)

We are now ready to obtain the first order terms.
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PROPOSITION 3.5. First order terms of the solution in Qg to system (2.7) are
given by

o _molh=dp) 1, aoh-d) 1
21 — 29 2(z1 — 22) 29 — 21 2(z9 — 21)
g 2= 1, a0-peg—d) 1
21 — 29 2(z1 — 29) 29 — 21 2(z2 — 21)
b0 = (14 21 0) (1 + 220) (B — b)) (IncF —Incy)
21(21 — 22)cdycho(Inelt — Inck)
1 z20(¢ — 0§)
221(z1 — 22)cfy (21 — 22)cy
o = (14 210 (1 + 2220) (g — %) (Inck —Inchy)
z1(21 — 22) ¢yt (Inclt — Incl)
21— )65~ h),
2z1(z1 — 22)ch (21 — z2)cb ’
_ (= B)ek +ael)(65 —éh) | (nefy —Inchy)(65 ~ o)
z1(21 = 22)(J1o + J2o)cfocly  21(21 — 22)(J10 + Joo)(cf — cff)
(2210 + 21J20) (¢fy — o)
2329(21 — 22)(J1o + J20)%c§o by
A(z(1 —B)A+1 A(z1(1—=B)A+1
= ((21(— 22)1)7(1) )(Zl)\+ D Ju= ((22(— Zl)l)q(l) )(22)\+ b
where
_ ol — ot : _ (cf —ef')(cho — C‘fo)’
(3.5) Inck —Inclt cfocto(Inck —Inelt)
B Inct, —Incé, _ (Inct —Ineft)(Inchy — Inegy) b
A (ef — ef)(cdo — cfo) o
Proof. The two equations z1cf; +22¢5, = —% and 21}, +22¢4; = —% in Lemma 3.3

together with the seven equations in (3.4) form a system of nine linear equations in the
nine first order term variables (c%y,c3;, b, ¢S, ¢%, @5, y1, Ji1, Jo1). Other quantities
in the system are zeroth order terms. The solution of this linear system gives rise to
the expressions of the first order terms. We omit the details. a

Remark 3.6. In Proposition 3.5, we have expressed the first order quantities
#%, ¢4, y1, and Jg1's in terms of zeroth order quantities, such as ¢, cft, ¢f,, ¢4,
associated with the first ion species. Of course, they can all be expressed in terms
of zeroth order quantities associated with the second ion species; that is, on the
right-hand sides of the formulas for ¢¢, ¢4, y1, and Jy1’s, one can interchange the
subscripts 1 and 2 to get the same results, after applying the results in Proposition
3.1. There is another symmetry; that is, if one flips the channel with the formal
transformation (V, Ly, 0, Ri;a,b) — (0, Rk, V, Li;b,a), then it should result in the
change (¢¢,c?,, %, 21, y1, Jr1, o, B) — (95, by, %, &y, —y1, —Jk1, 1— B, 1—a). These
two symmetries can be verified for the corresponding formulas in Proposition 3.5 easily
and we have done so.

4. Effects of permanent charge and channel geometry. In this section, we
study effects of permanent charges and channel geometry on individual fluxes and on
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I-V relations under electroneutrality conditions
(4.1) Z1L1 = —ZQLQ =L and ZlRl = —Z2R2 = R.

This will be based on the singular orbit of the BVP constructed in the previous section.
For |Qo| small, the flux Jj of the kth ion species and the current Z are

Tk = DiJro + D JinQo + O(Q), T =Ty +T1Qo + O(Q}),
where
(42) To = z1D1J10 + 20D2Jog and Iy = z1D1J11 + z9DoJo.

The quantities Jy; and Jz; encode the leading effects of permanent charges and
channel geometry on the ionic flow and will be analyzed for this purpose.

4.1. A comparison between zeroth order and first order in Qg. For the
kth ion species, denote the difference of its electrochemical potentials at the two
boundaries by

(4.3)  pl = pd(V; Ly, Ri) = pur(0) — pur(1) = kpT(2V + In L, — In Ry,).
Under the electroneutrality conditions (4.1), from Corollary 3.2,

" O S HMW)(InL —ImR) kT HQ)(InLy —InRy) kgT’
' . R-1L B Ly — Ry i
20 —

2H(1)(InL —InR) kgT  H(1)(InLy —In Ry) kpT"
Also, it follows from Proposition 3.5 that
A(z2(1=B)V +InL—-1InR) uf
(21 —22)H(1)(InL —In R)? kpT’
A(z1(1—=B)V +InL—InR) 4
(20 —21)H(1)(In L —InR)? kT’
where, in terms of o and /5 defined in (3.2), A and B defined in (3.5) become
(8 —a)(L - R)?
(1—a)L+aR)(1-B8)L+BR)(InL —InR)’
In((1 - B)L+ BR) —In((1 — o)L + aR)
A
LEMMA 4.1. The quantities A = A(L,R), B = B(L,R), and p3(V; L, R) scale
invariantly in (L, R); that is, for any s > 0,
A(sL,sR) = A(L,R), B(sL,sR) = B(L,R), and u3(V;sL,sR) = ul(V; L, R).
Proof. Tt follows directly from the expressions for A and B in (4.6), and for uz in
(4.3). O
PROPOSITION 4.2. The quantities Jyo(V; L, R) and Zo(V; L, R) scale linearly in
(L,R), and Jx1(V; L, R) and I, (V; L, R) scale invariantly in (L, R); that is, for any
s> 0,

Jii =

(4.5)

Jor =

A= A(L,R) = -

(4.6)

B=B(L,R) =

Jo(VisL,sR) = sdiyo(V; L, R), Io(V;sL,sR) = sly(V;L,R),
Jk1(VisL,sR) = Ju(V; L, R), ©L(V;sL,sR)=1(V;L,R).

Proof.  The statements follow directly from (4.2), (4.4), (4.5), and Lem-
ma 4.1. O
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Remark 4.3.

(i) Formulas (4.4) and (4.5) for the approximations up to order O(Qq) of Jxo’s
and Jg1’s are consistent with the formulas in (1.5), that is, for |Qo| small,
T = DiJio + Dy Jip1 Qo is positively proportional to ui = pr(0) — g (1).

(ii) Note that Jyg is independent of the other type of ion species; that is, for differ-
ent values of 29, Jig stays the same as long as the electroneutrality conditions
hold. Likewise, Joq is independent of z; in the same sense. However, Jy; does
depend on zo and Jo; does depend on z;. This is expected since a permanent
charge Q(z) provides an agency for one ion species to interact with the other
through the electric field.

(iii) The channel geometry does have effects on Jig and Jag but in a simpler way
through the average quantity H (1) on the denominator in (4.4). More details
of the channel geometry through « and § in addition to H(1) are involved in
(4.5) for Jy1 and Jo;. We will examine the roles of channel geometry on the
signs of Jx1 and on the magnitudes of Jg; in the next part.

To end this part, we introduce a function that will be used in a number of places

below. For ¢t > 0, set

_tlnt—t+1
(t—1)Int

One establishes easily the following.

LEMMA 4.4. Fort>0,0<~(t) <1, +(t) >0,

for t#1 and ~(1) = %

lim~(t) = 0, lim ~(f) = 1.

4.2. Dependence of signs of Jg; on channel geometry. In this part, we

will determine the signs of Ji;’s relative to those of Ji’s in terms of the channel
geometry («, 8) and the boundary condition (V, L, R).

LEMMA 4.5. Assume z1 > 0 > z5. Then, A and R — L have the same sign.
Proof. This follows from the expression for A in (4.6). O
LEMMA 4.6. Sett = L/R and let v(t) be as in (4.7). Then, B > 0 and lim;_,1 B =

Fort > 1, one has
(i) if a < ~(t), then there exists a unique $1 € (o, 1) such that

1-B<0 for B€(a,81) and 1 —B >0 for g€ (f1,1);
(ii) if o> ~(t), then 1 — B > 0.
Fort <1, one has
(i) of 1 — B < ~v(1/t), then there exists a unique ay € (0, 58) such that
1-B<0 for a€(a1,B) and 1 —B >0 for a€ (0,a1);
(iv) if 1 — B > ~(1/t), then 1 — B > 0.
Proof. Since both A and In((1 — 8)L + SR) —In((1 — o) L+ «R) have the opposite

sign to that of L — R, it yields that B > 0. With ¢t = L/R,

_ 9(B)
A I V2
where
gB)=(1-a)t+a)((1-p)t+pB)Intln % +(B—a)(t—1)2

With a direct application of I'Hospital’s rule, one has lim;—,;(1 — B) = 0.
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For the other statements, we will establish (i) and (ii) for ¢ > 1. Those for ¢t < 1
can be established in a similar way.
It’s clear that (1 — B) has the same sign as that of g(). Note that,

JdB)=(1-a)t+a)(1-1t) lntln% + (@ — (1) (t —1)*Int,
iy I=—a)t+a N

where 7(t) is defined in (4.7). Therefore, for t > 1, g(5) is concave upward. Further-
more, since limg_,o g(8) = 0, one has, for ¢t > 1,
(i) if @ < 7(t), then limg_,, ¢’(8) < 0, and hence, there exists a unique 1 > «
such that ¢g(8) < 0 for 8 € (o, f1) and g(B) > 0 for 5 > B;
(ii) if & > (), then limg_,, ¢’(8) > 0, and hence, g(3) > 0 for § > a.
It remains to show that $; < 1, which is implied by ¢g(1) > 0. For ¢ > 1, set

Fl@) ==g(1) = —((1 — )t + a) IntIn((1 — a)t + &) + (1 — a)(t — 1)2.

It follows from f”(a) = —% < 0 that f(«) is concave downward for ¢ > 1.
Note that f(1) = 0. Thus, ¢g(1) > 0 is implied by f(0) > 0. Set now p(t) := f(0) =

—t(Int)? + (¢t — 1)2. Then,
2
ﬂ@):—@nﬁ—2m¢+2@—nzmdﬂﬁ):¥@—1—hn)>0

Since p(1) = p/(1) = 0 and p”(t) > 0 for ¢ > 1, one concludes that p(t) = f(0)
> 0. O

THEOREM 4.7. Suppose B = 1 where B is in (4.6). Then, JipJ11 < 0 and
JoogJ21 > 0.

Proof. Tt follows from formulas (4.4) for Jio’s, (4.5) for Ji1’s, and Lemma 4.5. 0O

THEOREM 4.8. Suppose B # 1 where B is in (4.6). Let V! and V2 be as

InL—-InR

lnL—lnR.
22(1 — B)

(48) V) =V/NL,R) = S(i-B)

. and V. =V2(L,R) =
that is, zp(1 — B)V,) +InL —In R =0 and z;(1 — B)V}+InL —In R = 0.
Then, fort =L/R>1, A <0, where A is in (4.6), and
(i) if oo < ~(t) where (t) is in (4.7) and B € (o, B1), then V) <0 < V2 and
(il) fOT’ Ve (Vl, ‘/(12)’ J1oJ11 <0 and Jogdo1 > 0,’
(12) fO’l“ V< V:I , JioJ11 > 0 and JogJor > 0;
(13) fO’I“ V> ‘/:12, JioJ11 < 0 and JogJo1 < 0;
or, equivalently, for V > Vql, (small) positive Qo reduces |J1| and, for V <
V!, (small) positive Qo strengthens |.Ji|; and for V > V2, (small) positive
Qo reduces |Ja| and, for V < V2, (small) positive Qo strengthens |Jo|;
(i) if either o <~(t) and B € (B1,1) or a >(t), then V! > 0> V?; and
(iil) fO’l“ Ve (V2, V:]l), JioJ11 < 0 and JygJo1 > 05
(112) fO’l“ V> V:] , JioJ11 > 0 and JogJor > 0;
(113) fOT’ V< ‘/q2’ JioJ11 < 0 and JygJa1 < 0;
or, equivalently, for V < Vql, (small) positive Qo reduces |J1| and, for V >
V!, (small) positive Qo strengthens |J1|; and for V- < V2, (small) positive
Qo reduces | Jo| and, for V> V2, (small) positive Qq strengthens |.Jo|.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/05/16 to 129.237.46.8. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

EFFECTS OF PERMANENT CHARGE AND CHANNEL GEOMETRY 129

Fort=L/R<1, A>0, and

(iti) if 1 — B <~(1/t) and a € (an, ), then V} > 0> V2; and
(iiil) fO’l“ Ve (V2, ‘/:11), JioJ11 < 0 and JygJo1 > 05
(iii2) fO’l“ V> V:] , JioJ11 > 0 and JogJor > 0;
(iii-?)) fO’l“ V< ‘/:12, JioJ11 < 0 and JogJo1 < 0;
or, equivalently, for V < Vql, (small) positive Qo reduces |J1| and, for V >
V!, (small) positive Qo strengthens |J1|; and for V. < V2, (small) positive
Qo reduces | Jo| and, for V> V2, (small) positive Qo strengthens |.Jo|;

(iv) if either 1 — 3 < ~(1/t) and a € (0,a1) or 1= > ~(1/t), then V! <0 < V2;
and
(iVl) fOT’ Ve (Vl, ‘/qz), J1oJ11 <0 and Joogdo1 > 0,’
(iVZ) fOT’ V< ‘/q , JioJ11 >0 and JogJa1 > 0;
(IV?)) fOT’ V> ‘/q27 JioJ11 < 0 and JygJo1 < 0;
or, equivalently, for V > Vql, (small) positive Qo reduces |Ji| and, for V <
V', (small) positive Qo strengthens |J1|; and for V > V2, (small) positive
Qo reduces |Ja| and, for V < V2, (small) positive Qo strengthens |.J|.

Proof. We will establish the statement for case (i1) with ¢t = L/R > 1. The others
can be established in a similar way.

It follows from Lemma 4.6 and z; > 0 > 29 that, for this case, z3(1 — B) > 0 >
z1(1 — B). Thus, from (4.8), one gets V! < 0 < V2. Furthermore, for V e (V!,V2),
one has z2(1—B)V +InL—InR > 0and z;(1 - B)V +InL —In R > 0. Since A <0,
one concludes that

A(z2(1 = B)V +InL —InR) <0 and A(z1(1 - B)V +InL —InR)

(4.9) (21 — 22)H(1)(In L — In R)? (22 —2z1)H(1)(In L — In R)?

> 0.

Note that, from (4.4), Jio is a scalar multiple of ui with positive multiplier. The
claim in (i1) then follows from (4.5) and (4.9). O

PROPOSITION 4.9. The potentials V' (L, R) and V7 (L, R) scale invariantly in
(L, R).

Proof. This follows from the expressions (4.8) for V:Il and qu and that B =
B(L, R) scales invariantly in (L, R) as in Lemma 4.1. O

4.3. Dependence of magnitudes of Jg; on channel geometry. We now an-
alyze how magnitudes of Ji; depend on the channel geometry («, 8) and the boundary
condition (V, L, R). It turns out that there is a common feature that is essentially
independent of the boundary condition (V, L, R).

Recall that (a, 8) € Q:={0<a < g <1}. Write
Jll _ pl(avﬁ):u(]?(vaLaR) and ng _ p2(avﬁ)lu’g(vaLaR)

kpT(z1 — 2z2)H(1)(In L — In R)? kpT(z2 — z1)H(1)(In L — In R)?’

where
(0, 8) = (o —B)(L — R)*(2V +InL —InR) VI (1-B8)L+pBR
PR = (A a) L+ aR)((1 - B)L + BRYIL —mR) 2 "(I—a)L +aR’
(o, ) = (o —B)(L—R)*(z1V +InL —InR) o VIn (1-B8)L+BR
PRSP = (= a)L +aR)(1 - B)L + BRYIL —mR) " "(1-a)L+aR

LEmMmA 4.10. If vf = v(L/R) — Z21V € (0,1), where v(t) € (0,1) is defined
in (4.7), then |p1(«, B)| attains its mazimum at either (0,~7) or (v1,1). Otherwise,
Ip1(ex, B)| attains its mazimum at (0,1).
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Similarly, if v4 = v(L/R) — 11V € (0,1), then |p2(c, B)| attains its maximum at

z

either (0,77) or (v5,1). Otherwise, |p2(a, B)| attains its mazximum at (0,1).
Proof. We prove the statement for p;(«, 5). Note that pi (o, @) = 0.

_ (L-R*zV+IhL-InR) R-L

Oap1(a, B) = (1 =)L +aR)?2(InL — In R) +22V(1 —Oz)L—I—OzRv
— 2 - -

Dopr(,B) = — (L—R)*(22V+InL—1nR) — R—L

(1—B)L+BR2(InL —IR) (1-pB)L+pR’

Therefore, any critical point («, 3) satisfies « =  where p; vanishes. Hence, the
maximum of |p;(a, §)| on € is attained on the boundary

{a=0,€0,1}U{ac0,1],8 =1}

On the portion of the boundary {a = 0,8 € [0, 1]},

_ B(L=R)*(zV+InL—-hR) (1-B)L+BR
O ¥ (S LT [ T i A
 (L-=R)*(%V+mlhL—-InR) R—-L
0500 0) = (=B L+ pREE—mR) 2 (1= BIL+ AR
The critical point of p1 (0, 3) is
L 1 1

B=N=T"F WL WmE oV

To have 77 € (0, 1), necessarily,

1 1
—y(t —— < 1= t)—1< — t
) < = <1=3() or A1) 1< = <70,

where t = L/R and 7(t) € (0,1) is defined in (4.7).
On the boundary {« € [0,1],58 =1},

(a —1)(L - R)*(22V +InL — In R) R
1) = — m—_
ple ) = A o reRm—mR) 2 A el TeR
L—R) InL -1 L
a1 (0,1) = ( R)*(zV +In nR) bV R

(1-a)L+aR)?>(InL —InR) (1—-a)L+aR’

The critical point of py (e, 1) is clearly o = 77
It remains to compare p1(0,77), p1(77,1), and p;1(0, 1) for extrema of p;(a, 5).
Direct computation gives

p1(0,v]) = — (1 —wr +Inwr) 22V, pi(y1,1) = (1 —wr +Inwg) 25V,

where

(L—R)(z2V +InL —1InR)
zV(InL —InR)L

(L—R)(22V +InL —1InR)
zV(InL -InR)R

wy, = and wr =

—_

It is easy to check that 1—w+Inw < 0 for any w > 0. Therefore, p1(0,~7) and p1 (77, 1)
have opposite signs. Note also that, for any v € [0, 1], p1(0,7) + p1(v,1) = p1(0,1).
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We thus conclude that, in the case that 75 € (0, 1), |p1(«, 5)| attains its maximum at
either (0,~7) or (7, 1); otherwise, |p1(«, 8)| attains its maximum at (0, 1). O

In summary, one has the following.

PropPOSITION 4.11. If 7F & [0,1], then the mazimum of |Ji1| occurs when
(o, 8) = (0,1). If v € [0, 1], then the mazimum of |J11| occurs when either (o, 3) =
(Ov’ﬁ) or (avﬁ) = (’Yikv 1)

Ifv5 ¢ [0,1], then the mazimum of |J21| occurs when (o, ) = (0,1). Ifv5 € [0,1],
then the maximum of |Ja1| occurs when either (o, 8) = (0,73) or (o, 5) = (75, 1).

Recall that o = H(a)/H(1) and 8 = H(b)/H(1). It is easy to see that o = 0 and
B ~ 1 can be realized in two ways: (i) (a,b) ~ (0,1) and h(x) is uniform for = € (0, 1);
(ii) b —a < 1 and h(x) for z € (a,b) is much smaller than h(z) for & [a,b]. The
latter means that the neck of the channel to which the permanent charge is confined is
short and narrow. Note that, in order to produce the same permanent charge density
Qo, it requires many more numbers of charges for setting (i) than for setting (ii). In
this sense, setting (ii) for ion channels is optimal for effects of permanent charges on
ionic flows.

One can also check that, if v} € [0,1], then the “optimal” setting is as follows:

o If (o, B) = (74, 1) provides the maximum of |Jx1|, then there exists 0 < ¢ < a
such that b—c < 1, and h(z) is small for x € [c, b] (in particular, for x € [a, b])
and large otherwise.

e If (o, 8) = (0,~;) provides the maximum of |Ji1 /|, then there exists b < ¢ < 1
such that ¢ —a < 1, and h(z) is small for x € [a, ¢] and large otherwise.

Remark 4.12. In all cases, h(z) should be small for = € [a,b] and b — a < 1; that
is, the channel neck to which the permanent charge is confined should be short and
narrow.

4.4. Permanent charge effects on I-V relation. It follows from (4.4) and
(4.5) that

L—R D — Doy A
4.1 To = ;oA L
(410 T HOMWML-WmR) ksT ' (a1 - 2)H(Q) (V5 L, R),

where, with A = V/(In L — In R),

(411) P =P(V;L,R) = z122(21D1 — 22D3)(1 — B)\?
+ (Z%Dl — Zng + leg(Dl — Dg)(l — B)))\ + (ZlDl — ZQDQ),

and A and B are defined in (4.6).
THEOREM 4.13. For Qg = 0, the zeroth order in € approximation of the reversal
potential V.., is given by

Dy — Dy

‘/rev = -
21D1 — 20D>

(InL —InR).
Hence, Ty > 0 if V> Ve, and Ly < 0 if V < Vygy.

Proof. Recall that V' = V,., is such that Zo = 0. The latter is equivalent to, from
(4.10),

5 5

M1 Ho

— D
YigT — PkpT

D = (ZlDl - Z2D2)‘/T@U + (Dl - Dg)(lnL - 1DR) =0.

The formula for V.., then follows. 0
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We now examine the sign of Z; to determine the leading effects of the permanent
charge on the current. Note that, if B = 1, then

5 (
(21 —22)H(1)(InL —In R)

I, = (2Dy — 25D2)V + (21D — 22D5)(In L — In R)) .

For 22D — 23D5 # 0, let

21D1 — 22D>

yo— 272 ®ere
Z%Dl — Z§D2

(InL —InR).

THEOREM 4.14. Suppose B = 1.

If 22Dy — 23Dy = 0, then Ty > 0 for L < R and Z; < 0 for L > R.

If 22Dy — 23Dy < 0, then Ty > 0 for V> VY and Z; <0 for V. < V.

If 22Dy — 23D3 > 0, then Iy > 0 for V< V® and I, < 0 for V. > VO.

If B # 1, then P = 0, where P is defined in (4.11), is a quadratic equation in A
whose discriminant is A = 223(Dy — D3)?*(1—B—r_)(1—B—7r,), wherer_ <1, <0
are given by

— (21\/D1 —22\/D2)2 and 1. — (21\/D1 +22\/D2)2
 z122(vVD1— VD3)? * z2122(v/ D1 + /Da)?
Note that, if D1 = Do, then
2
r_ =—o00 and ry = 7(21 + 22) .
4212’2

THEOREM 4.15. For the factor I in (4.10), one has the following results.

(i) If1—=B € (r—,ry), then P(V;L,R) > 0, and hence, Ty > 0 for L < R and

71 <0 for L > R.

(i) If 1 — B = ry, then there is one potential V,) = V)(L, R) such that

(iil) f V = qu, then P(qu; L,R) =0, and hence, I, = 0;

(ii2) i V # V?, then P(V;L,R) > 0, and hence, T > 0 for L < R and
71 <0 for L > R.

(i) If 1 — B ¢ [r_,r4], then there are two potentials V;* = VE(L, R) such that

(iiil) f V = V:Ii, then P(V:Ii; L,R) =0, and hence, Iy = 0;

(iii2) if V e (V,,V,") and 1 - B <0, then P(V; L, R) <0, and hence, I, >0
for L >R and T) <0 for L <R; if Ve (V,,V;5) and1— B >0, then
P(V;L,R) >0, and hence, Iy >0 for L < R and Z; < 0 for L > R;

(iii3) if V €[V, ,V,"] and 1= B >0, then P(V; L, R) <0, and hence, T, >0
for L >R andZ; <0 for L< R; if V¢ [V, ,V,"] and 1 — B <0, then
P(V;L,R) >0, and hence, Iy >0 for L < R and Z; < 0 for L > R.

Proof. The statements follow from the sign of P determined by the conditions in
each case and that A has the opposite sign as that of L — R in Lemma 4.5. a

Remark 4.16. In Theorem 4.15, conditions in terms of 1 — B can be made in
terms of «, 8, L, and R incorporating with Lemma 4.6.

PROPOSITION 4.17. The critical potentials Vyeo(L, R), VX(L, R), and V;*(L, R)
scale invariantly in (L, R).

Proof. The scaling invariance of V,..,,(L, R) follows from the formula for V,..,,(L, R).
Since B is scaling invariant and other quantities in the coefficients of P are indepen-
dent of L and R, the scaling invariance of the other critical potentials, as roots of
P(V;L,R) =0, follows directly. O
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5. Concluding remarks. In this work, we analyzed effects of a simple perma-
nent charge profile with a small nonzero portion and channel geometry on individ-
ual fluxes and on I-V relations for ionic flows with two ion species via a quasi-one-
dimensional classical PNP model.

Without permanent charges, the flux of one ion species is independent of the other
based on the classical PNP models for dilute mixtures (as is well known); for PNP
with hard-sphere potentials, the flux of one ion species does depend on the other in
the first order of characteristic ionic radius (see, e.g., [27, 34, 38]) due to ion-to-ion
interactions. In this case, for both classical PNP and PNP with hard-sphere potentials
studied in the abovementioned papers, only the average quantity H (1) of the channel
geometry affects the fluxes.

With the presence of a permanent charge, as expected, the classical PNP model
also shows the dependence of the flux of one ion species on the other ion species. Most
importantly, effects of permanent charges on ionic flows could be very complicated,
depending on the interplays between boundary conditions and the channel geometry.
Our analysis leads to an interesting conclusion that, to optimize the effects of a per-
manent charge, the neck of the channel to which the permanent charge is confined
should be short and narrow.

For large |Qo| or a more general form of a piecewise constant permanent charge
Q(x), although a governing system for singular orbits is available ([14, 36]), it is
very challenging to obtain reasonably explicit expressions for the fluxes. It would be
extremely important for a comprehensive analysis of permanent charge effect if this
difficulty can be overcome in some way.
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