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Abstract

Three types of stochastic partial differential equations are studied in this dissertation.
We prove the existence and uniqueness of the solutions and obtain some properties of
the solutions.

Chapter ?? studies the linear stochastic partial differential equation of fractional

orders both in time and space variables
1% .
(8[3 + 5(—A)a/2> u(t,x) =au(t,x)W(t,x).

Here W is a general Gaussian noise. dB is the Caputo fractional derivative of order o

with respect to the time variable 7.
Be(1/2,2), aec(0,2]

and a is some fixed real number.

For the case,
.

ac(0,2], Be(1/2,1), deN,

ac (0,2, Be(l,a), d=1,

o=2, Be(l,2), d=23.

\

We prove the existence and uniqueness of the solution and calculate the moment bounds

of the solution when W has Reisz kernel as space covariance.

il



For the case when

Be(1,2) and a€(0,2],

we prove the existence and uniqueness of the solution when W has Reisz kernel as
space covariance. Along the way, we obtain some new properties of the fundamental
solutions.

Chapter ?? studies the time-fractional diffusion in with fractional Gaussian noisy as

described by the fractional order stochastic diffusion equations of the following form:
(a<“> —B> u(t,x) = u(t,x) - W (x),
where
ac(0,1),

B is a second order elliptic operator with variable cooefficients and W is a time in-
dependent fractional Gaussian noise of Hurst parameter H = (Hy,--- ,H;). We obtain
conditions satisfied by & and H so that the square integrable solution u exists uniquely.

Chapter ??, we prove the existence and uniqueness of mild solution for the stochas-

tic partial differential equation
(aa _B) u(t,x) = u(t,x) ’ W(tax)a

where

o€ (1/2,1)U(1,2);

B is an uniform elliptic operator with variable coefficients and W is a Gaussian noise

general in time with space covariance given by fractional, Riesz and Bessel kernel.
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Chapter 1

Introduction

In 1827, Robert Brown observed that minute particles suspended in liquid moved con-
tinuously in a jittery way. He found that the movement was not caused by the currents
of the fluid. He also ruled out the explanation that this was the display of life in a mi-
croscopic form, because he observed the same phenomenon in non-living medium. He
didn’t put forward a theory explaining the mechanism underlying this motion, which is
now referred to as Brownian motion.

In a 1905 paper, Einstein gave the explanation which is accepted among the science
community nowadays. He suggested that the Brownian motion is caused by random
buffeting from the numerous particles in the fluid. He showed that the mean squared
displacement during a time interval of length T is proportional to T'.

Due to the irregular movement of the molecules, the substance in the area of higher
concentration are more likely spread to area with lower concentration. This spreading
process is called diffusion. For diffusion processes in more complex medium, the mean
squared displacement of the particle during time T is proportional to 7%, o« # 1. This
kind of diffusion is called fractional diffusion.

The theory of fractional diffusion has wide applications in physics and biology.

When o > 1, the fractional diffusion is referred to as super-diffusion, which describes



the diffusion in the case of turbulent plasmas, Levy flights, etc. When o < 1, the frac-
tional diffusion is referred to as sub-diffusion, which describes the diffusion in fractal,
porous media, etc.

For tutorial introduction of fractional diffusion and its theoretical framework, we
refer the reader to [?]. For more recent works on anomalous diffusions in the study of
biophysics, we refer the reader to [?], [?], [?], [?].

In this dissertation, we consider two type of stochastic fractional differential equa-
tion.

The first type is the following equation which is fractional in time,
0%u(t,x) = Bu(t,x) +u(t,x)W(t,x) (1.0.1)

Here t > 0; x € RY ; a € (1/2,1) is a positive number; B is an uniformly elliptic
operator and d% is the Caputo fractional derivative with respect to ¢ (see [?] for the
study of various fractional derivatives). When oo = 1,B = A, this equation has been
studied extensively in for some examples [?,2,?2,?2,?2,?2,?].

A. Kochubei [?] and W. Schneider el al [?] have considered the following.
0%u(t,x) = Au(t,x) (1.0.2)
Therein A. Kochubei [?] derived the explicit form of the solution of (??) in terms of the

H function:

x?

— — 2,0
Zo(l,)C) =7 d/2|)€| dHl:Z (4[_a

(1,0)
(d/2,1),(1,1) )



With the asymptotic properties of H function, Eidelman et al [?] have constructed

the following solution of the Cauchy problem of (??).

w9 = [ 205 Eu0@dE+ [ ds [ avflsn)7i—s.x-y).

When o € (1,2), A. V. Pskhu [?] considered the Cauchy problem of (??) and

showed that when B is A, the Green’s function Y of (??) is the following:
L 2(2-d) —g, o
Y(t7x)_cdt2 f%(‘xlt 27d_17§(2_d))a

Based on the above results, in chapters ?? and ?? we extend some results of [?], [?]
to

0%u(t,x) = Bu(t,x) +u(t,x)W(t,x),

where B is a second order differential operator and W is a Gaussian noise similar to [?]
or [?].

The other type of stochastic fractional equation in this dissertation is of the follow-
ing, which is referred as space-time fractional diffusion equation:

(aﬁ + %(—A)O‘ﬂ) u(t,x) = au(t,x)W(t,x), t>0,xeRe

The work by Chen and Dalang [?] deals with the case where =1, a € (1,2].
When 8 € (0,1), a = 2, A is replaced by a general elliptic operator, and W is a
fractional noise, the equation was studied in [?].

When f € (0,1), @ =2 and W is a fractional noise, the smoothed equation

(9 - %A) u(t,x) = 1P [u(e,x)W (1,2)]



(see (2?) for a generalization) was studied in [?]. In a series of papers [?, 2, ?], Nane
and his coauthors studied the case o € (0,2].

The case B € (0,1) corresponds to the slow diffusion (subdiffusion). For the fast
diffusion case (super diffusion), i.e., B € (1,2), there have been only a few works. Le
Chen has studied in [?] the smoothed equation with & = 2, d = 1 and with space-time
white noise. The corresponding non-smoothed equation is studied recently in [?]. Both
papers [?, ?] deal with the nonlinear equation, i.e., p(u)W with p being a Lipschitz
function.

Khoshnevisan and Foondun [?] and Song [?] has studied a similar equation with the
a-stable generator (—A)®/2 replaced by a general Lévy generator.

In chapter ?? we consider the general case when both derivatives are fractional and
W is the general multiplicative noise.

Chapter 3-5 are based on the following papers and draft.

e Le Chen, Guannan Hu, Yaozhong Hu and Jingyu Huang, Space-time fractional

diffusions in Gaussian noisy environment Preprint arXiv:1508.00252, 2015.([?]).

e G. Hu and Y. Hu. Fractional diffusion in Gaussian noisy environment. Mathe-

matics, 2015, 3(2), 131-152. ([?]).

e Stochastic time-fractional diffusion equations with variable coefficients, draft.



Chapter 2

Preliminaries

2.1 Fractional calculus

Here we give some definitions and basic properties of fractional calculus used in this
dissertation. For detail account of Fractional calculus, we refer the reader to [?].

The following formula is well known.

/:dx/axdx.../:q)(x)dx: (n_ll)!/:(X—l)nI(P(t)dt

Therefore naturally we define the fractional integral the following way.

Definition 2.1.1. Let ¢ (x) € Li(a,b). The following integral is called the (left-handed)

Riemann-Liouville fractional integral of order

1 x t
(IF ¢)(x) == / o) d x>a
)Ja (
From the definition one can check that

%159 =1%Fp  ap>o.



Definition 2.1.2. f: [a,b] — R and a € (0,1). The following integral is called the

(left-handed) Riemann-Liouville fractional derivative of order o

o . bd o f)
(Da+ )(X) T F(I—Ol)a/a (x—l)adt

Denote by AC([a,b]) the absolutely continuous function on [a, b]. Denote f(x) €

AC"([a,b)) if £~V (x) € AC([a,b]).

Theorem 2.1.3. Let f(x) € AC([a,b]). Then DY, exists a.e. for a € (0,1). Furthermore

Lo @
D)) = Fi g [<x—a>a+/a <x—r>a‘”}

For any real number ¢, denote [¢] the integer part of o, {a} the fractional part of

o. If o is not an integer, we define
d [a} d [(X]-i—] _
(DG f)(x) = (a> (DI ) (x) = (&) ) 2.1.1)
Therefore we have

p _ 1 d\* [ _
0800 = gy (&) | e -leld

The sufficient condition for the existence of above integral is f(x) € AC(%([a, b])

Definition 2.1.4. For a € (0, 1), the following is called Caputo derivative.

(Q%f)(x) := ﬁ {dix /: (xf_(tt))adt —(x—a)"%f(a)|.



Let f(x) € ACl%([a, b]) for any non-integer real c. By (2?) and integration by parts

we have

X (n)
(aaf)(x)zr(nl—a)/a (xft)ogt)nﬂdt, n=lal+1.

2.2 H function

The H function generalizes many special functions including the Mittag-Leffler func-
tion, and the Wright function.

The Mittag-Leffler function is defined as

Eaﬁ(Z) = kgom,a,ﬁ S (C,EK(OC),ER(B) > 0.,

where R () is the real part of the complex number «. It is as a natural generalization
of e*. As e* is involved with differential equation, Mittag-Leffler function is involved
when using Fourier transform to solve fractional differential equation. The solutions
of fractional differential equation involved in this dissertation are represented via H
function. We rely heavily on the asymptote property and differential formula of H

function to obtain the property of these solutions.

Definition 2.2.1. Let m,n, p,q be integers such that 0 <m < ¢,0 <n < p. Leta;,b; € C
be complex numbers and let ¢, B; be positive numbers, i = 1,2,---,p;j=1,2,--- ,q.
Let assume that the set of poles of the gamma functions I'(b; + B;s) doesn’t intersect

with that of the gamma functions I'(1 — a; — &;s), namely,

—bj—l 1—a;+k
{bﬂ: ﬁ 7l:Oa17}ﬂ{alk:T7k:0715}:Q

J




foralli=1,2,---,pand j=1,2,---,q. Denote

" LB+ o) T, T(1 —a; — oys)
_ j=11 )T &S] 1 1=y i~
g (5) =

Hf:n—i—l F(aj+oc,-s) ;]':m-i-l F(l —bj— OC]'S).

The Fox H-function

(ar,00) - (ap, )

H(2) = H™ |2
o [ (b1,B1) - (bgBy)

is defined by the following integral

mn 1 mn —
Hy'(z) = %/L%’;q (s)z%ds, z€C, (2.2.1)

where an empty product in (??) means 1 and L in (??) is the infinite contour which
separates all the points b, to the left and all the points a;; to the right of L. Specifically,

L is defined to be one of the following forms:

(1) L =L_. is a left loop situated in a horizontal strip starting at point —eo 4+ i¢); and

terminating at point —oo + i¢ for some —oo < @1 < ¢ < o0

(2) L =L, 1s aright loop situated in a horizontal strip starting at point +oo + i¢; and

terminating at point co 4 i@ for some —oco < @ < @ < o0

(3) L = Liy 1s a contour starting at point ¥ — iec and terminating at point y + ieo for

some Y € (—oo,00)

See the corresponding figure as an example of the contour.



(1 (2)
We will need the following notations in this section:
n )4 m q
a =Y o— Y o+) Bi— Y Bi>0;
i=1 i=n+1 j=1 j=m+1
q p
A=Y Bi—Y 0 >0;
j=1 i=1
L
6 ::H OCl ' H ﬁj ja
i=1 j=1
q p
p_
wi=Y b= Ya+ 1
j=1 i=1
Theorem 2.2.2. [f the condition
L=L_, A>0, 7#0;
L=L ., A=0, 0<|z] < 6;
L=L, A <O, 7#0;
L:L+m, A:O, ’Z‘ > 5,
T
L =Liye, a* >0, largz| < a2 , 7#0;

then the integral (??) is well defined.

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)
(2.2.7)
(2.2.8)
(2.2.9)

(2.2.10)

Furthermore if any of the conditions in Theorem ?? are satisfied, then H-function

?? is a analytic function of z. Specifically we have



Theorem 2.2.3. (1) If condition (??) or (??) are satisfied then

m oo
= § Bt
j=ll=

(2) If condition (??) or (2?) are satisfied then
(@) =~ Y Y Res [ (s)eY,

(3) If condition (??) is satisfied then H-function ?? is a analytic function of z on
largz| < C‘*T”
In this dissertation we mainly use the Theorem ?? to the following two special

cases.

A>0 L=L_., and a*>0 L=Liyw.

Based on Theorem ??, we have the following asymptotic expansions of the H-
functions at oo and 0.

Let’s first consider the case where the poles of I'(b; + B;s) :

bij:=— j=1,---.m; [=0,1,2,---
do not coincide, namely

Vi,j,  Bjbi+k)#Bibj+1), iFj i, j=12,-m; kI1=0,1,---;
(2.2.11)
In this case, we apply the case 1 of Theorem ?? and the property of gamma function
I'(z). We have

_ —b;
Res A )7 =

10



where

1) H;';Li#jr@,-—[bﬁl]gi) ;l:]r<1 —a,~+[bj+l]%>

i
j J

11, Pt T (@i = b+ 0§ ) T, T (1= bt [+ 05 )

J

*

(2.2.12)

Thus we have the asymptote expansion of Hy'(z) at 0.

e A .
Denote A ~ B, if 111’1’(1) — = C, where C is a constant.
—

Theorem 2.2.4. Suppose Hyj'(z) satisfies either A < 0,a* > 0 or A> 0. When z — 0,

we have
m oo bjtl
Hyl(z)~ Y Y Wz P, (2.2.13)
j=11=0
if the poles of I'(b;+ B;s) :
bi+1 .
bjl::_ jﬁ. ) ]Zlaym’ l:071727"'
j

do not coincide. (See (7?)).

Similarly if the poles of I'(1 — a; 4+ &;s) do not coincide, namely

Vi, J, aj(l—ai+k)#oi(l—aj+1), i#j, 6,j=12,---m; kil=0,1,---.
(2.2.14)
Using the case 2 of Theorem ??, we have the following asymptote expansion of Hy ! (2)

at o

Theorem 2.2.5. Suppose Hyj'(z) satisfies either A < 0,a* >0 or A > 0. When z — oo,

we have
Lll'— 1 —k

H;”qn(z)NZ;];)hikz @, (2.2.15)

if the poles of T'(1 — a; + ;s) do not coincide.(See (??))



Here

(_ )k HT_lr(b‘+[1—a,+k]ﬁz) n “#F(l—aj—[l—ai—l-k]z—f)

(2.2. 16)

hi ==

Now let’s consider the case when poles of I'(b; + B;s) coincide. Suppose the order

of the pole b is N*. Then

mn —s1 1 : 1 \N* s omn —s1(N*—1)
Res A3 (5)7™*) = ey il — )Y )2

Using the Leibniz rule to calculate above N* — 1 order derivative. We have

Pq
N*—1 (N*—1 IN*—1 * j i
:wz{sz(n)Cﬁme+%%mwﬁmm
i=0 n=i
(2.2.17)
where
JN* JN*
A (s) N TIT®;+Bjs) and 5 (s) = VT T+ Bjs) g™ ().
=i = (2.2.18)

Therefore we have

bj+lN —1

Res[%”m”( Z illogz]’,

12



where

(2.2.19)

Thus we have

Theorem 2.2.6. Suppose Hpj () satisfies either A < 0,a* >0 or A > 0. When z — 0,

we have
b +l

Hy(2) ~ Y iz 5 +Y Z iz P [logz), (2.2.20)
if the poles of T'(bj + Bjs) coincide. Here 23-71 is summation over j,l such that the bj

do not coincides; Z'j/_ | is the summation over j,l such that bj; coincide with order Nj’.k ;

If the poles of I'(1 — a; + as) coincides, we have the a counterpart of Theorem
?? for the case when the poles of I'(1 — a; + o;s) coincides. We don’t include it here
because this case does not apply to the H function in this dissertation. For a detailed

account of above theorems, we refer to [?].

13



Chapter 3

Space-time fractional diffusions in Gaussian noisy

environment

3.1 Introduction

We consider the following linear stochastic partial differential equation of fractional

orders both in time and space variables:

(97 + %(—A)O‘ﬂ) u(t,x) = au(t, X)W (¢, %), >0, xR,

ak

Szult,x)| = u(x), 0<k<[B]—-1,xecR4,
ot =0

3.1.1)

with B € (1/2,2) and a € (0,2], where [ ] is the smallest integer greater than or equal
to B. We limit our consideration to the above parameter ranges of 3 and « since we
plan to use some particular properties of the corresponding Fox H-functions which will
be proved only for these parameter ranges. Now let us give more detailed explanation

: : . o ab
on the terms appeared in the above equation. The fractional derivative in time 0P = E

14



is understood in the Caputo sense:

1 tf(r) .
)/0( dt ifm—1<B<m,

P r(r) = Fm=F r-epri
d" .
dl—mf(t) lfB =m,
d 32

9” . . . . .
wheret > 0. A= Z 52 the Laplacian with respect to spatial variables and (—A)®/2
i=1 9%
is the fractional Laplacian. W is a zero mean Gaussian noise with the following covari-
ance structure

E(W(t,x)W(s,y)) = A(t = 5)A(x ),

where both (possibly generalized) functions ¥y and A are assumed to be nonnegative
and nonnegative definite. We denote by u the Fourier transformation measure of A(x).

Namely,

1 E

This Fourier transform is understood in distributional sense (see Section 2). When

Alx—y) =

A(t) = 8(t) and A(x) = &(x), this noise W reduces to the space-time white noise.
v > 0 and a are some real valued parameters. The given initial conditions u(x) are
assumed to be continuous and bounded functions. The product u(t,x)W (¢,x) in the
equation (??) is the Wick one (see e.g. [?]). So, the equation will be understood in
the Skorohod sense. Let us point out that some of our results can also be extended
to nonlinear equation (namely, replace u(t,x)W (¢,x) in (2?) by o (u(t,x))W(t,x) for a
Lipschitz nonlinear function o). However, we limit ourselves to this linear case for two
reasons: One is to simplify the presentation and to better explain the ideas and the other

one is that we want to use chaos expansion method.

15



The deterministic counterparts of the equation (??) have received many attentions
and are called anormalous diffusions. They appeared in biological physics and other
fields. Equation (??) is an anormalous diffusion in a Gaussian noisy environment. More
detailed motivations for the study of this type of equations are given in [?, 2, 2, ?].

To study the equation (??) the important tools are the fundamental solutions corre-
sponding to its deterministic counterpart. Let us briefly recall them. If f is a continuous

and bounded function on R X R4, then there are two fundamental solutions

Z(tax) ::Za,ﬁ,d(tax) and Y(tvx) = Oc,ﬁ,d(tax)

such that the solution u(t,x) to the following deterministic equation (the deterministic

counterpart of (2?))

<8ﬁ+§(—A)“/2> u(t,x) = £(2,%), t>0,xeRY,
o (3.1.2)
Sput)| =), 0<k<[B]-1,xeR,
=0
is represented by
t
ult.) = Jo(t.0)+ [ ds [ dy fls,)Y (1 -sx-), (3.1.3)
0 R
where and throughout the chapter, we denote
[B1-1 L
hex)i= Y [ upg 1 ()3 2= y)dy. (3.1.4)
k=0
Here, we recall the notation 9% = g—;, k € N.

16



This motivates us to study the mild solution to (??) (see e.g. Definition ?? below),

namely, the solution to the following stochastic integral equation:

u(t,x) = Jo(t,) +/O’ /RdY(t—s,x—y)u(s,y)W(ds,dy). (3.15)

As in the classical case, the above equation can be studied by using the [tdo-Wiener chaos
expansion. To this end we need to understand well the two fundamental solutions Z and
Y. In particular, we need their nonnegativity and some heat kernel like estimates.

The nonnegativity of some Z’s is known. However, since Y is the Riemann-Liouville
fractional derivative of Z, its nonnegativity is a challenging problem. There have been
only few results: As proved in Lemma 25 of [?], ¥, g 4 with 8 € (1,2) is nonnegative
if and only if d < 3. The one dimensional case is proved in [?], namely, D;Z, g 1, and
hence Y, g 1, is nonnegative either if 1 < < a <2, orif @ € (0,1} and B € (0,2).

Here, we willshow the nonnegativity of Y in the following three cases:

(

o€ (0,2, Be(1/2,1), deN,

ac (0,2, Be(l,a), d=1, (3.1.6)

=2, Be(l,2), d=23.

\

This includes the above mentioned results as special cases. Let us also point out that
for the smoothed SPDE, only the fundamental solution Z is needed, which is usually
more regular than the fundamental solution Y.

When 3 =1 and o = 2, to show the solution of (??) is square integrable, it is

assumed in [?] and [?] that the covariance of noise satisfies the following conditions:

(1) y is locally integrable;

(i1) Dalang’s condition / . < oo is satisfied (see also [?, ?]).
R

p(dé)
14-[&[?

17



For the existence and uniqueness of the solution to the general equation (??), Dalang’s

condition will be replaced by the following condition:

H(dS)

It is obvious that if it is formally set o« = 2 and 8 = 1, then (??) is reduced to the usual

Dalang’s condition.

The remaining part of the chapter is organized as follows. We first specify the noise
structure and present the definition of the solution in Section ??. The main results
are Theorem ?? on the existence and uniqueness of the mild solution and Theorem
?? on the moment bounds of the solution stated in Section ??. The proof of these
two theorems are based on some properties of the fundamental solutions represented
in terms of the Fox H-functions. These results themselves are of particular interest
and importance. We also list them as Theorem ?? and Theorem ?? in Section ??. The
properties of the fundamental solutions (Theorem ??) are proved in Section ?? by using
the Fox H-functions. In Section ??, we obtain an expression of the density function
for the d-dimensional spherically symmetric ¢-stable distribution - an auxiliary result
(Theorem ??) which is used in the proof of Theorem ??. The existence and uniqueness
result (Theorem ??) of the solution to (??) is proved in Section ??. In Section ??, we
prove the explicit moment bounds when A is the Riesz kernel.

Our main results (Theorem ??) assume that the fundamental solutions are nonneg-
ative. However, when 1 < 8 < 2 and when the dimension is high, the nonnegativity of
the fundamental solution Y is not known yet. In this case, we shall show in Theorem ??
the existence and uniqueness of the solution of (??) for some specific Gaussian noise

whose covariance function A is the Riesz kernel.

18



3.2 Preliminaries

Let us start by introducing some basic notions on Fourier transforms. The space of
real-valued infinitely differentiable functions on R? with compact support is denoted
by 2(R?) or 9. The space of Schwartz functions is denoted by .(R%) or .7. Its
dual, the space of tempered distributions, is denoted by .’ (R?) or .#’. The Fourier

transform is defined with the normalization

Fu(&) = / e~ (x)dx,

R4

so that the inverse Fourier transform is given by .# ~'u(§) = 27) ¢ Fu(-£).

Similarly to [?], on a complete probability space (Q,.%, P) we consider a Gaussian
noise W encoded by a centered Gaussian family {W(@); ¢ € Z(R, x R?)}, whose

covariance structure is given by

EW@OWW) = [, 06w)As— Ak —y)ddydsdr, (2.1

where 4 : R — R, and A : R? — R, are nonnegative definite functions and the Fourier
transform .% A = p such that p(d&) is a tempered measure, that is, there is an integer
m > 1 such that [pa(1+ |&[*) ™™ (d&) < . Throughout the paper, we assume that A

is locally integrable and we denote
t
C = 2/ A(s)ds, ¢>0. (3.2.2)
0
Let .7 be the completion of 2 (R, x R?) endowed with the inner product
@vr = [, 0E0vEAG-DAE-ydddsdt  (323)
RZ xR

19



- ﬁ/w xw‘%”(s’g)ml(s—f)u(dé)dsdt,

where .7 ¢ refers to the Fourier transform with respect to the space variable only. The
mapping @ — W(¢) defined on Z(R, x RY) can be extended to a linear isometry

between .77 and the Gaussian space spanned by W. We will denote this isometry by

W(q)):/ooo/Rd(])(t,x)W(dt,dx), for ¢ € A,

Notice that if ¢ and y are in JZ, then E(W (9)W (y)) = (@, y) .
We will denote by D the derivative operator in the sense of Malliavin calculus. That

is, if F is a smooth and cylindrical random variable of the form

with ¢; € 7, f € C}’;’(R”) (namely f and all its partial derivatives have polynomial

growth), then DF is the .7#-valued random variable defined by
n
DF =Y SLW(61),.. W99
Xj

The operator D is closable from L?(Q) into L?(;.7#) and we define the Sobolev space
D!? as the closure of the space of smooth and cylindrical random variables under the

norm

|Fll.2 = \/EIF2] +E[|DF|1%,].

We denote by 0 the adjoint of the derivative operator given by the duality formula

E(8(u)F) =E((DF,u) ), (3.24)
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for all F € D'? and any element u € L>(Q;.5#) in the domain of §. The operator
0 is also called the Skorohod integral because in the case of the Brownian motion, it
coincides with an extension of the Itd integral introduced by Skorohod. We refer to
Nualart [?] for a detailed account of the Malliavin calculus with respect to a Gaussian
process.

With the Skorohod integral introduced, the definition of the solution to equation

(??) can be stated as follows.

Definition 3.2.1. Let Z and Y be the fundamental solutions defined by (??) and (??).
An adapted random field {u = u(t,x) : t > 0,x € R?} such that E [u?(t,x)] < +oo for

all (t,x) is a mild solution to (2?), if for all (t,x) € R, x RY, the process

{¥lt=sx=y)uls.)10(s) s 520,y e R}

is Skorohod integrable (see (??)), and u satisfies

u(t,x) :JO(t,x)—i—/ot/RdY(t—s,x—y)u(s,y)W(ds,dy) (3.2.5)

almost surely for all (¢,x) € R, x R, where Jy(t,x) is defined by (??).

The main ingredient in proving the existence and uniqueness of the solution is the
Wiener chaos expansion, to which we now turn.

Suppose that u = {u(t,x);t > 0,x € R?} is a square integrable solution to equation
(??). Then for all fixed (¢,x) the random variable u(t,x) admits the following Wiener

chaos expansion

u(t7x) = Zln(fn<'a'7t7x))7 (326)
n=0

where for each (¢,x), f,(-,-,f,x) is a symmetric element in 7®". Then, as in [?, 2, ?],

to show the existence and uniqueness of the solution it suffices to show that for all (¢, x)
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we have

Zn!an('thvx)HLz}f@ﬂ < oo, (3.2.7)
n=0

For some technical reason, we will assume, throughout the paper, the following

properties on A:

e A(x) : R? — [0,00] is a continuous function, where [0, 0] is the usual one-point

compactification of [0, o).
e A(x) < ooif and only if x # 0 or F (A)(€) € L”(R?) and A(x) < e when x # 0.

With these two assumptions, according to Lemma 5.6 in [?], for any Borel probability

measures [ (dx) and u,(dx), the following identity holds,

L[ Aw=smi@m@) = o [ Fm@Fm@nes). 628

In particular, the above result can be applied to the case when p;(dx) = f(x)dx and

2 (dx) = f>(x)dx for two nonnegative functions f; and f> € L' (R%).

3.3 Main results

3.3.1 Fundamental solutions: formulas and nonnegativity

Our first result is concerned with the fundamental solutions to (??) stated in the follow-

ing theorem. We need the two parameter Mittag-Leffler function Eq g(z):

P . Zn
Eqp(2) '_,,;,—F(anJrB)’ R(a)>0,cC,zeC, (3.3.1)
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where R () is the real part of the complex number &. When 8 = 1, we also write
Eq(z) == Eq,1(z). The H-functions appearing in the following theorem and their prop-

erties are given in Chapter 2, section H function.

Theorem 3.3.1. The fundamental solutions to (??) are given by

o o —d/2, [B]-1|,|—d 2.1 X[ [ (10,(1B1.8)
Z(t,x) :=Zg g alt,x) =1 "t x|~ Hy <2O‘_1vtﬁ W) (L) (1af2)
(3.3.2)
and
o _—d/2| | —d B—1py2,1 IX[* [ (1,1),(8.B)
(3.3.3)
If B € (1,2), then
x|

(1,1),(1,8)
(d/2,0/2),(1,1),(1,a/2) } -
(3.34)

* * d — —d 72,1
Z7(t,x) =2y g (%) = Ezaﬁ,d(’vx) = 1P| Hy (za_lvtﬁ

The Fourier transforms of the fundamental solutions are given by the following:

FZ(t,)(&) =1PITEg g (—27"viP |E|%), (3.3.5)
FY(t,)(&) =P Eg g(—27 VP |E|%), (3.3.6)
FZ(t,-)(&) = Eg(—27'wiP|g|%), ifB e (1,2); (3.3.7)

Moreover, we have the following results on the positivity of the fundamental solutions.

(a) If B € (0,1], d € Nand o € (0,2], then both Z(t,x) and Y (t,x) are nonnegative;
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(b) If B €(1,2),de{2,3}, and a =2, then both Z(t,x) and Y (t,x) are nonnegative;

(c) IfBe(1,2),d=1and o € [B,2], then all Z(t,x), Y (t,x) and Z*(t,x) are nonneg-

ative.

The proof of this theorem is given in Section 2?.

Remark 3.3.2. Here are some known special cases:

o))

2)

3)

When ¢ =2 and 8 € (0,1), it is proved in [?, ?] and in [?], respectively, that

o421~y [x] LB)
Zo(t,x) = x|~ (ZWﬁ @2 ) (3.3.8)
and
o —d)2) —d B—1 x|” | (B.B)
Yo(t,x) = w4/ <|x| % H (2\/;[3 @ ) (3.3.9)

which correspond to our Z, g 4(¢,x) and Y, g 4(t,x), respectively. The equivalence

is clear by applying Property 2.2 of [?]. For Z, g 4, see also [?, Chapter 6].
When oo =2 and 3 € (0,2), it is proved in [?] that

x|

T q(t,x) = 425~ 4P H7) (4;3

(B.B)
(d/z,1),(1,1)> ’ (3.3.10)

which corresponds to our Y, g 4 with v =2.

In [?], the fundamental solution Zj, 5 ,4(t,x) has been studied for all «,f € (0,2)
and d = 1. From the Mellin-Barnes integral representation (6.6) of [?], we see that

the reduced Green’s function of [?] can be expressed by using the Fox H-function:

1
K p(n) = 12 (W

a0
(1,1), (LB), (1, ? )>, XER, (3.3.11)
(Lo



where a and 8 have the same meaning as in this paper and 6 is the skewness:
|6] < min(a,2 — a). For the symmetric a-stable case, i.e., 8 = 0, this expression
can be simplified by using the definition of the Fox H-function and the fact that

(see, e.g., [2,5.5.5])

Cltas) 1 g
Mtas/2) vz L(1/2+as/2). (3.3.12)
Hence,
0 ), (LB)
K ﬁ< ) \/_’ ’ ((‘ |/2) ‘ (1/2,0/2),(1,1 )(1,05/2))’ xeR. (3.3.13)

This implies that the fundamental solution in [?, (1.3)]

B 1 |x]
0 _ —B/ag0 -B/a
GO g(x,t) =17 PIOKG (7 P/ox) = \/—|X|Hz3 (2%[;

) (1,B)
(1/2,2/2),(1,1), (1,2/2)
corresponds to our Z g ((t,x) with v =2.

The proof of the nonnegativity part in Theorem ?? requires a representation of the
spherically symmetric o-stable distribution from the Fox H-function, which is of inter-

est by itself. The one-dimensional case can be found in [?]; see Remark ?? below.

Theorem 3.3.3. Let X be a centered, d-dimensional spherically symmetric Q-stable
random variable with a € (0,2]. Then the characteristic function and the density of X

are, respectively,

faa(E) =exp(—|E|*), &eRY, (3.3.14)
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and

L1)

_ —d 11 (
paale) =Pl (/D] ) agy) TERL (B319)

The proof of this theorem is given in Section 2?.

Remark 3.3.4. When d = 1, the formula (??) yields a result in [?]. In particular, as

proved in [?] (see (??)), when d = 1, we have

(1,1),(1,e/2) ) _ 7r—1/2|x|—1H1'7’2l <(|x|/2)a

Pa,1(x) = |x|_1Hz],’2] (‘x|a (1,a), (1,e/2)

(L1) )
(1/2,0/2),(1,0/2))

where the second equality is due to (??) and the definition of the Fox H-function.

3.3.2 Existence and uniqueness of solutions to the SPDE

The following is one of the main theorem of the paper.
Theorem 3.3.5. Assume the following conditions.

(1) Yo a(t,x) is nonnegative;

(2) B€(1/2,2)and o € (0,2];

(3) 7vis locally integrable;

(4) U satisfies Dalang’s condition (2?);

(5) The initial conditions are such that for all t > 0,

Cii= sup |Jo(s,y)| < +oo. (3.3.16)
yeRY 5€[0.f]
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Then relation (??) holds for each (t,x). Consequently, equation (??) admits a unique

mild solution in the sense of Definition ??.
The proof of this theorem is given in Section ??.

Remark 3.3.6. From Theorem ??, it follows that the three cases in (??) satisfy the
above assumptions (1) and (2). Moreover, if u; € L“(Rd ) for the first two cases in (??),
or if uy € L°(R?) and u; (x) = u; is a constant for the last case in (2?), then by Lemma

?? below,

o(t,2)] < Mool |y + 27~ aer | oy Ly

Hence the assumption (5) is also satisfied. The Dalang condition (??) imposes a further

restriction on the possible values of (o, B) due to the spatial correlation A(x).

Remark 3.3.7 (Space-time white noise case). When the noise W is a space-time white

noise, i.e., A (t) = 8(¢) and A(x) = d(x), then Dalang’s condition (??) becomes

d 1
—+ =<2 3.3.17
p + B < ( )

This condition implies that § > 1/2. In particular, if & =2 and d = 1, then (??) reduces

to

B>2/3,

which recovers the condition in [?] and [?, Section 5.2]. If B = 1 and d = 1, then this

condition becomes
o>1, (3.3.18)

which recovers the condition in [?].
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3.3.3 The smoothed equation

The methodology used in the proof of Theorem ?? can also be used to study the fol-

lowing equation

(08 + %(—Aﬁ) u(t,x) = P17 [u(e )W (e,x)] (3.3.19)

with the same initial conditions as (??). Here Itﬁ is the Riemann-Liouville fractional

integral of order B (with an abuse of the notation f3):

Itﬁf(t):ﬁ/ol(t—s)ﬁlf(s)ds, fort >0and > 0.

Due to the fractional integral in equation (??) which plays a smoothing role, the mild

formulation for the solution can be expressed by using Z(¢,x) only, namely,

t
u(t,x) = Jo(t,x) —I—/ /dZ(t —s,x—y)u(s,y)W(ds,dy). (3.3.20)
0 JR
Then, using the same procedure as in the proof of Theorem ??, we have the following

result.

Theorem 3.3.8. Assume the conditions (3) and (5) in Theorem ?? and the other condi-

tions are replaced by the following.
(1) Zgp.a(t,x) is nonnegative;
(2’) Be(1/2,1]U(3/2,2) and a € (0,2];

(4°) U satisfies

u(ds)
L ENECEEE AN (3321)
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Then relation (??) holds for each (t,x). Consequently, the smoothed equation (??)

admits a unique mild solution in the sense of Definition ?? with Y replaced by Z.

Remark 3.3.9. The condition (1°) is different and is usually easier to verify than
the condition (1) in Theorem ??. When 8 € (1/2,1], the condition (??) becomes
Jra £ 1+|§|Q/B < oo which is also weaker than (??) (since f < 1). When 8 € (3/2,2),
u(dg)

W < oo which is also weaker than (??) (since

the condition (??) becomes [pa e

B <2).

The proof is essentially the same as that for Theorem ??, the only change in the

proof worthy to be pointed out is that instead of computing the integral

/0wﬂW—UEgm(—2—1vWﬁ|§|°‘)dw

we now need to compute the integral

= (B1-1) 2 ~1 _(2/") [1-1)/P 5(2[B1-B~1)
/OW(”ﬂ 'Ep 1 (~2 v I8 dw = S g ﬁ Epm(-vs)ds
C
:m. (3.3.22)

The integrability condition of the above equation at zero and at infinity implies that
B >0and B € (1/2,1]U(3/2,2] (which is equivalent to [ ] < B+ 1/2), respectively.

Note that this condition on f is more restrictive than the condition 8 € (0,2) in [?].

Remark 3.3.10 (Space-time white noise case). When the noise W is a space-time white

(namely u(d&) = d&), then Dalang’s condition (??) becomes

d<o2[B]-1)/B or g~|— : <%. (3.3.23)

B B
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In particular, if & =2 and d = 1, then this condition reduces to f < 2. If § =1 and

d = 1, then this condition becomes (??), which recovers the condition in [?].

3.3.4 Moment bounds

In this subsection we give some upper bounds for the p-th moment and the lower bound

of the second moment of the solution for some specific choice of the covariance kernel.
Theorem 3.3.11. Assume the following conditions.

(1) The initial conditions satisfy condition (5) of Theorem ??;

(2) (a,B,d) satisfies one of the three conditions in (??);

(3) A(x) = |x| 7%, x € RY with

0<k<min(a—oa/p,d).

Then the solution u(t,x) to (??) satisfies that for all p > 1,

20—B K

E [u(t,2)”] < CPCPexp (r(c,cctéc*a/vw“/“(zn)d>2aﬁ—“a—ﬁxp2aﬁ—a—ﬂr) (3324)

where C, and C, are defined in (??) and (2??), respectively, C = C(a, B, k) > 0, and

C.=TB—1-px/a) and C= [ Ef5(~IE[")IE[ de.

and Cy appears in the Fourier transform of |x| 7%, i.e., u(d&) = Cy|E|F~.
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In particular, if y is the Dirac delta function and if initial data uy(x) = ug > 0 is a

constant and u; = 0 when 3 > 1, then for some constant c = c(a,3,x) > 0,
~ 1
E [Ju(t,x)[2] > cudexp (r (CCl4m)~C, (2/v)"/“)2ﬁflfﬁr</a> , (3.3.25)

The proof of this theorem is given in Section ??. The same method can be used to

obtain the moment bound for the solution to the smoothed equation (??).

Remark 3.3.12. When 8 = 1 and a = 2, the equation (??) is reduced to the multiplica-
tive stochastic heat equation (1.1) considered in [?]. In this case the exponent of p in

(??) becomes
208 —Bx 4—x

20— — Bk 2—x’

which is the same as in [?, Theorem 6.1, inequality (6.1)] (with k¥ = a). If we assume

¥(t) =t=P, then C, = C+~P+!. The exponent of ¢ in (2?) is

~ a 4-2B—xK
1+(_B+1><2a[3—a—[3x> T 2-«x

which is the same exponent of ¢ as in [?], inequality (6.1). Hence, we conjecture that

the bound (??) is sharp.
Theorem 3.3.13. Under the conditions (1), (2) of Theorem ?? and

(3°) A(x) = |x| 7%, x € R? with

0 < x <min(a/B,d).
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Then the solution u(t,x) to the smoothed equation (??) satisfies that for all p > 1,

~ _ m 20[B1-Bx
E [u(r,x)?] < CPCP exp (t [CKCtCC#(Z/v)K/“] slplmep p2o‘w‘a‘5") . (3.3.26)

where C = C(at, B, k) > 0, G, is defined in (??),

Co=TQ[B1~1=Br/a) and C= | Epp(~|nl)n*dn.

and Cy is as defined in Theorem ??. In particular, if 7y is the Dirac delta function and
if initial data ug(x) = ug > 0 is a constant and uy =0 when B > 1, , then for some

constant ¢ = c(a, B, k) > 0,
1
E [|u(t,x)[*] > cufexp (z [C,(C‘(47r)’dc#(2/v)’</“] 2‘“’*’“"‘) . (3.3.27)

The proof of this theorem is a line-by-line change of the proof of Theorem ??, and

we leave it to the interested reader.

335 Casel<fB<2andd>2

When 1 < B <2 and o # 2, we could not show the nonnegativity of Y (z,x) for high
dimension (d > 2) (see Theorem ?? (b)). However, with a slightly different approach,
it is possible to obtain similar results (to Theorem ??) for Riesz kernels. Here is the

main theorem of this subsection.
Theorem 3.3.14. Assume the conditions (2), (3) and (5) of Theorem ??, and assume
(4’) A(x) = |x| 7%, x € R? with
0<x<min2a—a/B,d).
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Then relation (??) holds for each (t,x). Consequently, equation (??) admits a unique

mild solution in the sense of Definition ??.
This theorem is proved in Section 2?.

Remark 3.3.15. It is easy to see that the condition A(x) = [x| * with0 < k <2 — o/
implies Dalang’s condition (??). Condition Kk < d is to guarantee that A is a locally

integrable function.

3.4 Fox H-functions: Some proofs

3.4.1 Proof of Theorem ??

The proof of Theorem ?? will be based on following lemmas.
Lemma 3.4.1. The function Zy g 4 (t,x) has the Fourier transform given by (2?).

Proof. The proof needs the following relation between the Mittag-Leffler function and

the Fox H-function (see [?, (2.9.27)]):

Epul) =H}3 (x| EO’I; ). (34.1)

The case where 8 € (0,1], @ =2 and d € N can be found in [?, Section 4] or [?]. For
B € (0,1] and for general &, one can simply replace |&|?> by ||* in the argument of
[?, Section 4] and then use (??) to obtain (??). The case where d =1, 8 € (0,2), and
a € (0,2) is proved by [?]. For the general case, denote m = [3] — 1. We know that

Zy B ,a soOlves
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Hence, the Fourier transform of Z, g ; satisfies

m

PFLE) = VL FLuNE), oo FZaE)| =1
t=0

This equation can be solved explicitly (see, e.g., [?, Theorem 7.2, on p. 135]) as
F2(t,)(§) = I"Eg(—vI§|*%P /2),

which gives immediately (??) when m = 0. When m = 1, the integral can be evaluated
by [?, (1.99)] to give

FZt,)(§) = 1Eg 2 (~V[E[1P /2).
This completes the proof of Lemma ??. [
Lemma 3.4.2. The function Zy g 4(t,x) can be expressed in (2?).

Proof. Following Lemma ??, we need to compute the inverse Fourier transform of
(??). Instead of finding the inverse Fourier transform, it turns out that it is easier to
verify that the Fourier transform of (??) is equal to the right hand side of (??). Let now

Z be defined by (??).

Case I d = 1. Notice that x — Z(z,x) is an even function. We have that

(LD, ([B1.8)
(1/2,a/2), (1,1), (1,t/2)

FZ(t,)(E) =21/*P / dxx_lH (m )cos(xﬁ).

Write the cos(-) function in the Fox H-function form by using (2.9.8) and Property 2.4

of [?]. We have

LveB | (1/2,0/2),(1,1), (1,e/2)

oo o
FZy 5(t,)(E) = nﬂ—l/ dx —1sz1( x* D, (B1H) )
a7ﬁ(l7 )(é) t 0 X 273 206—
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<853 (421/2] 172, 0 r2am)

Now apply [?, Theorem 2.9 on p. 56]. We need to check the conditions there. The
condition a* > 0 (see (??) for the definition of ¢*) imposes that § < 2. Note that since
both v¢P and € are real numbers, agp = 0 is allowed (see the paragraph before Theorem

2.10 of [?]). Hence,

) — +IB1-1 B
FZ(t,)(&) =PI 1Hy ( ( 18" ) (1/2,a/2), (1,1), (1,0/2)

=PI Hy <2 vrﬁyi\“

(L), (1706/2)7(1/2,06/2)7(Hﬂ-,ﬁ)>

0,1)
0,1),(1-[B1, B))

where the second equality follows from [?, Properties 2.2 and 2.4]. This proves the

lemma when d = 1.

Case Il d > 2. Because the function x — Z g 4(¢,x) is a radial function, by [?, The-

orem 3.3 on p. 155],

209§ =20 [ (A

(1.1).([B1.8) s
(1/2,a/2>,<171>,<1,a/2))J(d—z>/z(X!5D(!€\x> 2,

where Jy (x) is the Bessel function of the first kind. Then we can apply Corollary 2.5.1
of [?]. Similar to the previous case, all conditions are satisfied with the condition a* > 0

imposing that f < 2. Hence,

2009 =P (2 (vPlg )

=PI Hy (2 vrﬁyé\“

(1,1), (1,0/2), (d/2,/2)., ([B].B)
(d/2,0/2),(1,1), (1,/2)

0.1)
0,1), (1-[B1, B))

where the second equality follows the same way as the previous case. This completes

the proof of Lemma ??. 0
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Lemma 3.4.3. The fundamental solutions Yy g 4(t,x) and Z;, 8 4(t,x) are given by (2?)

and (1?), respectively.

Proof. We first prove the expression for Y, g 4. By Section 2 of [?], we know that
Yy p.a(t,x) is the Riemann-Liouville fractional derivative in t of Z g 4(t,x) of order
[B]—B. Notice that Z, g 4(0,x) = 0 for |x| # 0. Denote the Riemann-Liouville deriva-

tive of order 3 by tDﬁ. By [?, Property 2.3],

20— 1yB
— 2Bl a2 (2 T
Zapalt,x) =m0 P x| Ha,z( (0.1). (1-[B1.8)

[

(1-d/2,a/2),(0,1), (0,06/2))

Because a* = (2— )+ (2— ) /2 > 0, we can apply part (i) of [?, Theorem 2.8 on p.
551,

p0—1yB

x|

[B1-B o —d/2 —d B—17y13
D Zapaltx) = m H“( 0.1),(1-[B1.8). (1-B.B)

(1—[ﬁ1,ﬁ)7(1—d/2,a/2), (071)’ (0706/2))

Then we use Properties 2.2 and 2.4 of [?] to simplify the above expression to obtain

(??). The expression for Z;y B.a CAN be proved in a similar way. [

Lemma 3.4.4. The Fourier transforms of Y g 4(t,x) and Z, 5 ,(t,x) are given by (2?)

and (??), respectively.

Proof. We first consider Yy g 4. From Lemma ?? and the proof of Lemma ?? it follows

Yy pat,)(€) = DE PP ) (27 viPgo

(0,1) )
(071)7(17”3]7[3) .
Because a* =2 — 8 > 0, we can apply part (i) of Theorem 2.8 of [?] to obtain

FYopalt;)(&) =P 3 (27 viPlE

(1_[[317 )7(071) >
(071)7(1_"ﬁ‘|7ﬁ)7(1_ﬁvﬁ) '
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This is simplified to (??) by the properties 2.2 and 2.4 of [?]. The identity (??) can be

obtained in a similar way. [

Lemma 3.4.5. Forall u > 0and 0 < 6 < min(1,u), the following H-function is non-

negative:

1,0 (1,0)
H (yxy’(u)) >0, VYxeR. (3.4.2)

)

Proof. We only need to prove that the following function is nonnegative
—1441,0 (”79)
o) =RHY (1| ), reR
By [?, Corollary 2.3.1] and the equation (??), the Laplace transform of f is equal to

/0 T dre ™ (x) = Eg y(—2).

By [?], we know that the above Mittag-Leffler function E g (—z) is completely mono-
tonic if and only if 0 < o < min(f3,1). Then the Bernstein theorem (see, e.g., [?,

Theorem 12a]) implies that the function f(x) is nonnegative. [l
Lemma 3.4.6. The nonnegative statements in Theorem ?? hold true.

Proof. We first prove the case (a). In this case, 8 € (0, 1]. Because lim; ,0Zy g 4(t,x) =

0 for all |x| # 0 and from [?, Theorem 3.8] we see
z —1 PPz — 1 Py
a,ﬁ,d(l7x) =1y a,ﬁ,d(ta)C) =1 a,ﬁ,d(tvx>'

Hence, it suffices to show the nonnegativity of Yy g 4 (t,x). Applying Theorem 2.9 of

[?] with 1 =0, 6 = 8 and z = [x|%/(2%V) to the expression of Y (7,x) (it is easy to
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verify that all conditions are satisfied) yields

a2 Bty —d [Ty —1gg1d [ X
Y(t,x)=pn /24P |x| /Odss H172 <2a_1vsﬁ

By Lemma ??, the second H-function in the above equation is nonnegative. On the
other hand, Theorem ?? tells us that the first H-function is nonnegative. Thus, Y (z,x)
is nonnegative.

As for the case (b), it is known from [?] that ¥, g 4 is nonnegative for d < 3. By the
same argument as in the proof of (a), Z, g 4 is also nonnegative.

Finally, for the case (c), it is proved in [?] that Z; ﬁjl(t,x) is nonnegative. By the
same reason as in the proof of (a), Yy g1 and Z, g ; are fractional integrals of Za B of
orders 1 — f3 and 1, respectively. Therefore, both Y, g and Z, g ; are nonnegative as

well. The proof of Lemma ?? is now complete. U

Proof of Theorem ??. The Theorem ?? follows from the above lemmas. ]

3.4.2 Proof of Theorem ??

Proof of Theorem ??. The characteristic function (??) of X is proved in [?, (7.5.3) on
p. 211]. For the density py 4, we need to compute the inverse Fourier transform. From

[?, (7.5.5)] this inverse transform is

Pa.a(r) = (2m)~/2!1=4P2 /0 Ty p(rt 1.

By (2.9.18) and (2,9.4) of [?], we have that

r2t2
R 1

(d/271>7<171>)
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and

Hence,

_ I Al AN
paat) = w4 "ot ((5)

1,0
(d/z,a/2>,<1.,a/z>> Ho (t ‘ <o,1/a>> dr.

Application of [?, Theorem 2.9] to evaluate the above integral yields the theorem. [

3.5 Proof of Theorem ??

Proof of Theorem ??. Recall that Jy(¢,x) defined by (??) is the solution to the homoge-

neous equation. Using an iteration procedure as in [?], we have

fn(slvxl;" : ,sn,xn,t,x) :gn(slvxla" : 7Sn7xn7t7x)‘]0(sc(l)7x0'(1))
where
1
gn(S1,X1, "+ 5 Sn, Xn, 1, X) = ay(t_so(n%x_xo(n)) Y (56(2) = Sa(1):X6(2) — Xo(1)) s

and o denotes a permutation of {1,2,---,n} such that 0 < sg(j) <+ < s$g(y) <t. Fix

t >0andx € RY, set f,(s,v,2,x) = fu(S1,91," - +8n,Yn,,X). Then we have that

n'“fn(a '7t7x)‘|,27f®”
n

:I’l'/ de}"/ dydzfn(s,y,t,x)fn(r,z,t,x)HA(y,-—zi)Hl(si—r,-). (3.5.1)
[071«]2}1 R2nd i1

i=1
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where dy = dy - - - dy,, the differentials dz, ds and dr are defined similarly. Set u(d&) :=
" u(d&;). Using the Fourier transform and Cauchy-Schwartz inequality together

with (??), we obtain that

n'||fn<,,,>||%®n_c"' [ o P00 @ P () [T A s

S(i;ln!d /[OJ]”‘ </R"d( T gn(s, 1, )(5))2U(d5>)1/2

1/2

X (/Rnd (ﬁgn(r,-,t,x)(é))zu(d§)> H?L s;—r;)dsdr,

where the constant 6} is defined in (??). Thus, thanks to the basic inequality ab <

27!(a® + b?) and the fact that A is locally integrable, we obtain

n’”fn(v e )H%W — 275 (Y\nd /012”/R”d gn b )(§)|2u<d§)ﬁl(si_ri>der

<G [ [P PR

where the constant C; is defined in (??). Furthermore, from the Fourier transform of

Y (¢,-) we can check that

2
~ ()2 {“"("H)_S"("))ﬁIEBvB(_ZIV(SGO'H)—Scr(i)>ﬁ|5a<i)+~'-+§a(1)\“) ,

—
N

where we have set s5(,4.1) = . As a consequence,

/Rnd . F gu(s,,1,x)(E)P(dE)
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S 2HSUP / o(i+1) ~So(i)s ) *¥Y (Sa(i+1) = So(i)» ) (i) €M O A (xg (i) )
1
< /(Y( So(i+1) —So(i)s ) * Y (So(it1) = So(i)» ) (Ko (i) ) A (Xa(i) )Xo (i)
(n!) 1] /re
| _ 2
S(m)zH /Rd [(Sa(is1) = 5o’ Epp (= 27"V(so(i1) = 50()? 18| *) ] 1(dEs (i),

(3.5.3)

where we have used the fact that ]eix"(")‘”\ =1 and that Y and A are nonnegative to get

rid of the supremum in 7). Therefore, using Fourier transform again we have

cxcy
n'”fn(a by )H%ﬁz@ng (277: ”d/Rd / ds
2 _
XH Si1 —Si) - Eﬁg( 2 1V(Si+1—Si)ﬁ\§i\a),
=1
l (3.5.4)
where T,,(¢) denotes the simplex
T,(t):={s=(s1, ,sn): 0<s1 <---<s, <t} (3.5.5)

By the change of variables 5,11 —s;=w;for 1 <i<n—1and?—s, =w,, we see that

[T 2E3 5 (— 2 v &%) dwip (&),

nd Stl

’\zcn
oot Bpon < oy |,

where

Sl‘,l’l:{(wla"' 7Wn) c [O,OO)n: W1++Wl’l S[}

We take N > 1 which will be chosen later, and let

p(dé)

= JepyiEpe-aB Dy =u{ eR?:|§| <N} (3.5.6)
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Let I be a subset of {1,2,---,n} and I° = {1,2,--- ,n}\I. Then we have

/Rnd/s szﬂ "Ef (=2 vwl 1517 dwint(d8)

tn j—

:/Rnd/s HwizﬁizEé,/s(—TlVWi 11%) (1112ny + Lgjg >ny) dwint (&)

D) }/ dw/ (@) [TER 5 (—2 vl &I 21 g <m

IC{IZ, -1 icl

2 1, B 282
Xl;,l.Eﬁvﬂ(—z vl )W g oy -
j C

where dw = dw; ---dw,,. For the indices i in the set I, for some constant Clg > 1 (one

may choose Cg = '(B)~?)
E} g(—27 vl &%) < Cp. (3.5.7)
Now using the inclusion S;, C S x S with

S = {(w,-,iel):w,-zo,zw,-gt} and S{C:{(Wi,iEIC)iWiZQ sz'ét},

we obtain that

/M/S HW?B*ZE/%?;;<—2*vw?|@-|“)dwiu<déi>

< C\II / / dw
R"d SIxst

Ic{l 2,1

_ 22 2 —ly P
<TTw? Varam T g ony B (=27 v 161
i JEIC
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Furthermore, one can bound the integral over S{C in the following way

202 — 262 —
/SICHWjﬁ Ejg(-2 1vwf|§j|a)dwj§/Rﬂ.rIIWjﬁ E3 5 (=27 v |&)|%) dw;.
+ Jel¢

t jelI¢

Then make the change of variables w? |&i|* — v; to obtain

2212 -1, Bz . l 1 UBE2  o-Tyn \dy,
/[O’M)[CjEI-IICWj Eﬁ7ﬁ(_2 ij\ﬁjla)dwj H & |20 a/B/ [37[;( 27 vy;)dy;

JEI©

1]
=C BH’§’2a o/’

where

=] 1 _ .
Cv’ﬁ:/o EVI l/ﬁEl%’ﬁ(—2 Lyv)dv.

Note that the integrability of the above quantity at zero and at infinity implies that

B > 1/2and B > 0, respectively. Thus we have the following bound.

| /S waﬁ B p (=27 v &1 dwin (d&)

II/ 2B-2 d. |
< C WP 24w (nie eRY: g <N} e /
1c{12, o S’zlgl ( vh j\>NVJ€1‘jelc |§J|2a /B

1 2p—1)|1] IICI
CB C,

u(dg))

1] ~n—|1]

D Cr

_Ic{1§.. ((2ﬁ—1)|l|+1) N
" n t2B—1)k ok
<G pkcnk.

N kzo(k)l"<(2ﬁ—1)k+1) NN

where C, = rnax(Cﬁ,Cv ﬁ), and Cy and Dy are defined in (??). Observing the trivial

inequality ( ) < 2" we have

((2B—1)k

N

an!an(-,-,t,x)Hif@n < (27[)"‘1 k) (C*Ct)n
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G gy DyCYF(2C.CC
< - « n.
~ (2m)nd ,;(),;_kr((zﬁ —Dk+1) VN (2C.CCr)
Choosing N sufficiently large so that 2C.C;Cy < 1 yields
> 2 é\tz > t(zﬁ_l)k k ~—k <2C*C[CN)k
Zn!||fn('7'7t7x)||jf®n§ d NN T A A~
oy 2m)md = T((2B —1)k+1) 1 -2C.GCy
This proves (??), and thus the existence and uniqueness of the solution. 0

3.6 Proof of Theorem ??

Lemma 3.6.1. Suppose that the initial conditions uy(x) = uy are constant. Then under

the three cases of (??), we have that

uo if B €(0,1],
Jo(t,x) = (3.6.1)

wo+P"luy ifpe(1,2).

Proof. By Theorem ??, we know that under the first two cases of (??), the fundamental

solutions are nonnegative and hence,

[B1-1

B1-1
Jo(t,x) =) “[ﬁ]lk/d9kz(l,x—)’)dy= Y ”[[ﬂ—lfkg[akz(ta')] (0),
k=0 R k=0

which is equal to the right hand side of (??). As for the last case in (??), because Z is
still nonnegative, the contribution by 1y can be computed in the same way. However, we
do not know whether Z* is nonnegative, and thus we cannot use the Fourier transform

arguments to compute the contribution by u;. Instead, we compute it directly:

o

* _ —d2 [T 120 X
/RJZZ,B,d(tax)dX—Sd—ln /ox H1,2 (ZVtﬁ
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(d/2,1),(1,1)) dx,



where

27'Cd/2

Sd_l - W (362)

Then by [?, Corollary 2.3.1], we have the following Laplace transform:

RS-
0 L2\ 2B

Then by [?, Theorem 1.3],

(lvﬁ) _ 1,2 ﬁ 2 (71/331)7(071)
(d/2,1),(1,1))dx_H272 <2W ¢ ‘(0,2),(0,5) >

I'(3/2)

g(0) =hyo = >

Putting these identities together, we have that

RdZ;7ﬁ’d(t,x)dx — 1

This completes the proof of Lemma ??. [

Proof of Theorem ??. Since A(x) = |x|7¥, we have p(d&) = C|E|¥~¢, for some co-
efficient Cy; see, e.g., [?]. We begin with the upper bound. By the hypercontractivity

property of the n-th chaos, i.e.

n(faCs st lr@) < (P = DTS 1,2)) 20 (3.6.3)

On the other hand, from the proof of Theorem ?? (see (??)) it follows

Hln(fn<',',l',X))Hi2 —l’l‘an(, IS )H%ﬂ®n

/\ZCncn 126252 k—d
o o M1 =50 72E3 52 vl =PIl ads
]Rd
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a2/ v)Knle b
B (2;){” / /WHS!H—SJB - “E2 5 (=Ml )|~ “dnids;

_carer(2/v)eriecn

2_7
g N | (CER e L

where 6} is defined in (?7?),

Cim [ B p(—Imi) i~ dn = Suy | BF p(~1" e,

and S;_; is defined in (??). According to the property of the Mittag-Leffler function
at zero and infinity, if 0 < k¥ < 2, then the above constant C is finite. Then, under
the condition that k¥ < (2 —1/f) (this condition implies 0 < k¥ < 2a), the integration
over ds can be evaluated explicitly; see [?, Lemma 4.5]. Hence,

1 (2[3 1- (z/v)xn/a

e TE e s

HI (fn(7 [Ag] ))||L2 < (

where C,. :=T'(28 — 1 — Bk/a). Denote

1
O, := L ——CxC.GC (2/v) /.
Thus we obtain
. @;1/2 <ﬁ—%—ﬁ>n
[ (fa (1,0 | 20) < G . (3.6.4)

L((2B—1—E)n+1)2

This bound together with the hypercontractivity implies that

(3.6.5)

n/2 (B—1—Exy, n
~ 0, a/M(p—1)2
Ot Dl <G ro L

(28 —1—E5)n41)
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Therefore,

@"/ztﬂnpz

lu(t, )| Lr (@ <Z||1 st )@ <G Y

where

0:=B—1/2—Bx/(2a).

Then by the fact that T'(1+ 2x) > I'(1 +x)? for x > —1,

o n/2 on.. 1
t9p7 o
L = GEg (0% 2)

[u(t, )| () < G m

1
2

SOT(20n+1)7

(3.6.6)

n=
< CCrexp (H(CeGCC,(2/ V)% (2m) )y =as pra-ap )

for some positive constant C = C(, 3, k), where in the last step, we have used the

asymptotic property of the Mittag-Leffler function (see, e.g., [?, Theorem 1.3]).

Now we consider the special case when A is the Dirac delta function. By Lemma

?? and the assumptions on the initial conditions we have
~1
Jo(t,x) = uo+1P""uy 1ggo 1y = uo.

From the proof of Theorem ?? (see (??) and (??)), we see that

20

_ 1 G )26-2
ARG 2W,/Ot]n /Rnddgnsm B

i=1

xEj g (_2_1V(So(i+1) —560)P Eoi) + +50(1)\a) &l

ds
t) R

g d& J](siv1 — 5i) 2P 2
i—1
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) Ef (=27 Visir —si)P &+ + &) |61,
Then by the change of variable & + --- & = 1; and replacing R" by R"?, we obtain
that

2

uCy n 2
(27r)nd /Tn(t) /Rndg(sl—i-l S,)

X E/%,ﬁ <_271v(5i+1 _Si)ﬁ|ni|a> Ini — Miy | 4dEds;

2n n
uoCr / / o gy2B2
(27r)nd T(t) Ridil;!(sl—i-l 5i)

X E/%,ﬁ <_2_IV(SH—1 _Si)ﬁ|ni|a> 1n: — M1 | 4dEds;

> M%Cﬁ/ / ﬁ(s, | —s;)2P2
= (Zﬂ)nd Tn(l) R:l,dizl 1+ i

X El%,ﬁ <_2_1V(Si+1 _Si)ﬁ|77i|a> |Tli|K_dd§,~ds,~,

Hln<fn(7 '7t>x))|’1%2(g) =

>

where 19 = 0. Then with another change of variable (v/2)1/“(s,-+1 - si)ﬁ/o‘ni = N

and by the same reasoning as before, we obtain that

n B 7& -
/Rmzn(si"‘l _si)Zﬁ 2 aEéﬁ (_mi‘a)miwc ddéidsi

() JRY =1

2n ~\" n
_ 4G (€ ’fx"/ o o2p2-Br
_<27-L-)nd (2d> (2/v) )H(SH-I 5i) ds;

Tn t i=1

urCn
et gy > o |

_tn(Zﬁ—l—%)(Z/V)Kn/augcg5n<4n)—ndcg
T(n(2B —1-E5)41) ‘

Therefore, by the asymptotic property of the Mittag-Leffler function,

2 g —de \" n2B—1-E5) Kn
R L R
Pl )]zn;) L(n(2B—1-E5)+1)
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~ 1
>cudexp ((CxC(am)~C,(2/v)*/*) BT war)

for some positive constant ¢ = c¢(a, B, k). This completes the proof of Theorem ??. [

3.7 Proof of Theorem ??

In this section, C = Cg g ... denotes a positive constant, possibly dependent on o, B.d,v,---.

Lemma 3.7.1. Assume that B € (0,2), a > 0 and d € N. Then there is a nonnegative

constant Cy g 4 such that for all 0 < § < min(d/a,2),

21 ([ (11),(B.B) 5
’st (Z ’ (d/z,a/z),(l,l),(l,oc/z)) ‘ <Copa 41’ forall z20.

Proof. Notice a* =2 — 3 > 0 and condition (??) is sastidfied. We apply Theorem ??

to obtain

Lll'flfk

2,1 (_|(1L1),(B.B) L& =
Hy’ (Z‘(d/z,a/z),(l,l),(l’a/z))N;};)hikz i, Z—>oo.

By the definition of &y in (2?), it’s not difficult to see that all i, € R for 8 € (0,2), ¢ >

0. Especially, we have

r(Hr(1
b _TOM0
I(B)r(0)
Therefore
N a;—1—k aj—1 ap—1-1 ap—1-1 1
Zhikz o :hIOZ o —I—hHZ o +0(Z o )Sca,ﬁ,dg; 7 — oo,
k=0
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When (1+M)o # d + 2K for all M,K = 0,1,2,..., so condition (??) is satisfied.

Theorem ?? case (1) implies that

2,1 (1,1),(B.B) N > (b +0)/8;
Hy (Z ’ (d/2,a/2),(1,1),(1,a/2)> j—ZlZZ)h lz js z—0.

Our assumption (1 4+ M)a # d + 2K guarantees [, i#jf‘(bi— b+ ]ﬁz) e R.
With this observation and the definition of h}fl in (??), it’s not difficult to check that

h% € Rfor B €(0,2), > 0. Especially we have

=T

Therefore we have

hz (bj+0)/B; —=h}yz bi/Bi +o(z 51/51) + o2 by/Ba +h32 (b2+1)/B2 +0(Z(b2+1)/ﬁ2)

Ms

>

j=1¢

0

d
<Capaz®+Copai’s 270,

When (1+ Mj)a =d+ 2K; for My, K; € {0,1,2,...}, J € {l1,2,---}, we can
apply Thereom ??.

For the first summation We just proved

b+l

Z.jzhjlZ I <Cqpaz*+Cqpaz" z— 0.

For the second summation

b+/

X, ¥ e s
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we first need to check H}kli € Rfor B € (0,2),a > 0but it’s routine using by its definition

).

Furthermore
bj+l b+l
ﬁ ﬁ
Z Z jiiz [logz]’ Z] 1=K, Z j1iz [logz]’
b1+Kq b1+Kq
=H{x, 0z P +Hig, z P logz
b1 +Ky b1 +Ky

+H1KOZ B +H1K1Z B logz+

z— 0.

SCa7ﬁ7dZa + CaJ;QdZa

In sum, we have shown

d d
H2,1< )(1,1),(/3,;3) Copalze +zo|logz] +22);  z—0;

23 \* <d/2,a/z>./<1,1>7<1.,a/2>) = |
Caﬁ’dz; Z —> 0,

(1,1),(B.B) >
(d/2,2/2),(1,1),(1,a/2)

is continuous when z > 0. This completes the proof of Lemma ??.

Lastly, the conditions of Theorem ?? are satisfied, so sz 31 (z ‘

Lemma 3.7.2. Forall a € (0,2], d € Nand x < min{2a,d}, one can find { < min(d/ct,2)

and a nonnegative constant C (independent of a) such that
/d x—a| *@(x)dx < C <o  forallacR?
R

where

1
|x|oc+d + |x|d—§a ’

O(x) =
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Proof. We divide the integral domain into {|x| < 1} and {|x| > 1}. Over the domain

{|]x| <1}, we have

1
x—aKGxdx</ x—al ¥——dx
/MSJ rewars [ -l Mg

1
x—al™* dx+/ x—al™*
<1, x| <[x—al =al 46 pr—al<[x|<1 i =al @6

1 1
< X K dx—i—/ X—dad _K—dx
_/x<1,|x|<xa|| | |6 \H\<|x|s1| | x —ald—c

‘Z|Sl ’Z’Kerf{och - C

<2

The last inequality is valid since we can choose { sufficiently close to min(d/a,2) so

that K +d — {a < d. On the other hand, over the domain {|x| > 1}, we have

x—a_K®xdx</ x—al ¥ dx
/x>1| O < |x\>1| | ||+
1 1
< x—a|™" dx+/ x—al ¥ dx
/|xa|2|x|>1| | x|+ \x\>|H|>1| | x| +d
1
+/ x—al™¥ dx
|x|>12|x—a|| | x|+

1
_2/ —dz+/ z|7Xdz < C.
j2l>1 |2]* T4 \z|§1’ |

Note that the above constant C does not depend on a. [

Lemma 3.7.3. Assume kK < min{2a,d}. Then for all s,r >0 and x; ,y, € R4, we have

that

/]RM ¥ (s,x1 —22)Y (r,y1 — y2)| [x1 — y1| " dxidyr < Cypavi(s7)°,

where C does not depend on x; and y, € R?, and
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Proof. We use the notation ®(x) in Lemma ??. By Lemma ?? and the expression of Y

through Fox H-function (??), we see that for any { < min(d/a,2), there is a constant

Ca.p.4,v,c such that

||
Y(t,%)] < Copayeld P! 2

AT

Therefore, by Lemma ??, we have

[V sxt =) (3 =32)] by =iy

_1_Bd X1 —Xx2 yi—y»2 _
< Cqpavc(sr) e /de®< Ba >®( oy )\Xl—yl\ “dxidy,

—K
_1_Bd yi—y2
<Cqpdvch £ 5P Kﬁ/a/Rd </Rd 7= @)(Zl)le)@( o )dyl

_1_Bd g _ 1—
< Capaver’ s Kﬁ/a/ﬁ@d(a( rBlo )dy]

-1 p-1-KB/a

Y1 —Xx
sB/a

<Capdvc’

By symmetry, we also have

// (5,31 —x2)Y (r,y1 = y2)| [x1 = 31| Fdxidy) < Cop gy gsP 1P 1FP/

Now from the fact that ¢ < a and ¢ < b implies ¢ < v/ab, the lemma follows. U]

The following lemma is from [?, Theorem 3.5].

Lemma 3.7.4. Let T, be the simplex defined in (??). Then for all h > —1, it holds that

_ d+mr
/,,(t)[(t_s")(sn_s”_l)"'(S2_Sl)]hds— F(n(1+h)+1)t (1+h)
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Proof of Theorem ??. Following the same notation and arguments as the proof of The-

orem ?? until (??), we have

n'”fn(v '7l7x)||2',jf®n
n n

1
<C— de”/Randdegn(S,y,f,x)gn(hzaf,x)HA(yi—Zi)HMSi—Vi)-

n! Jio 2 i=1 i=1

Furthermore, by Cauchy-Schwarz inequality, we obtain
n
dydz ga(s,y,7,X)gn(r,2,1,%) [ A — 21)
i=1

1/2
n
S { Rznddydzgn(s7y7lax)gi’l(s727t7x)EA(yl'_Zi)}

R2nd

n 1/2
X {/RW dydzgn(r,y,t,x)gn(r,z,z,x)HA(yi_Zi)}

i=1

Applying Lemma ?? to the above two integrals, we have

n

dydz gn(s,y,,%)gn(r,2,1,%) [ [AGi —21) < Cly g4 (9(5)0()°,
i=1

R2nd

where

n n

¢)(S) = H(SG(Z-+1) _Sc(i)) and ¢)(7‘) = I_Tl(rp(iJrl) — rp(i)>7

with

0< So(1) <So(2) < --- <S5(n) and 0< Fo(1) <Tp@2) <---<TIpn-
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Hence,

et ) < 2 2 TR 0090 st

othv;c1 20 20
. /MMH?L —r,( )29 +¢(r) )dsdr

(XﬁdVK 29
A(si—ri) dsdr
Ot]an !
n

Cgﬁdvrcc

n!

29
aﬁdv:c t/ ¢(s)"ds

- C%B,d,v,KC?F(ZG + 1)”;(29+1)n
(20 +1)n+1) ,

¢( )*%ds

where C; is defined in (??). Therefore,

c? ct
.,
a9 e S B T 1)

and ¥, 1! (-, 1,%)]12 Spen converges if © > —1/2. Finally, the condition 6 > —1/2,
which is equivalent to k < 2o — o/ 3, guarantees both condition 6 > —1 in Lemma ??
and the assumption K < 2¢¢ used in Lemma ??. This completes the proof of Theorem

2?. []
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Chapter 4

Stochastic time-fractional diffusion equations with

variable coefficients and time independent noise

Here is the organization of the chapter, Section 2 will describe the operator B and the
noise W/ and state the main result of the chapter. In our proof we need to use the
properties of the two fundamental solutions (Green’s functions) Z(z,x,&) and Y (¢,x, &)
associated with the equation d%*u(r,x) = Bu(t,x), which is represented by the Fox’s H-
function . we will recall some most relevant results on the H-function and the Green’s
function Z(¢,x,£) and Y (¢,x,&) in Section 3. A number of preparatory lemmas are
needed to prove main results and they are presented in Section 4. Finally, the last

section is devoted to the proof of our main theorem.

4.1 Main result

Let
d 82 d 0
B= iz_:l Cli7j(X)m + ;b](x)a—x] +C(X)
7J_ J=
be a uniformly elliptic second-order differential operator with bounded continuous real-

valued coefficients. Let uy be a given bounded continuous function (locally Holder
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continuous if d > 1). Let {W (x),x € R’} be a time homogeneous (time-independent)
fractional Brownian field on some probability space (Q,.% , P) (Like elsewhere in prob-
ability theory, we omit the dependence of W (x) = W (x,®) on @ € Q). Namely, the
stochastic process {W# (x),x € R?} is a (multi-parameter) Gaussian process with mean

0 and its covariance is given by

d
E (W2 )W (y)) = [ Ru (xi,31). “.1.1)
i=1
where Hy,--- ,H; are some real numbers in the interval (0,1). Due to some technical

difficulty, we assume that H; > 1/2 for all i = 1,2,---,d; the symbol E denotes the

expectation on (Q,.% , P) and

(I |y M — i = yi™) . Vxiyi €R

| =

Ry, (xi,yi) =

is the covariance function of a fractional Brownian motion of Hurst parameter H;.
Throughout this chapter we fix an arbitrary parameter o € (0, 1) and a finite time
horizon T € (0,00). We study the following stochastic partial differential equation of

fractional order:

d%u(t,x) = Bu(t,x) +u(t,x) - WH (x), t€(0,T], xeRY;
4.1.2)

u(0,x) = up(x),

where

9%u(t,x) = ﬁ {% /O (= ) %u(t, x)dT — ~u(0,x)
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is the Caputo fractional derivative (see e.g. [?]) and W (x) = &xl‘?fiaxd WH (x) is the dis-

tributional derivative (generalized derivative) of WH  called fractional Brownian noise.
Our objective is to obtain condition on & and H such that the above equation
has a unique solution. But since W/ is not differentiable or since W (x) does not
exist as an ordinary function, we have to describe under what sense a random field
{u(t,x),t > 0,x € R} is a solution to the above equation (??).
To motivate our definition of the solution, let us consider the following (determinis-
tic) partial differential equation of fractional order with the term u(t,x) - W (x) in (2?)

replaced by f(¢,x):

0%i(t,x) = Bii(t,x) + f(t,x), t€(0,T], xeR%;
(4.1.3)

i(0,x) = up(x).

Here ug(x) is bounded continuous function(locally holder continuous if d > 1). The
function f is bounded and jointly continuous in (¢,x) and locally Holder continuous in

x. In [?], it is proved that there are two Green’s functions:
{Z(t,x,é), Y(t,x,E),0<t<T,xE¢ ]Rd},
such that the solution to the Cauchy problem (??) is given by

i(t,x) :/RdZ(t,x,ﬁ)uo(é)dé—|—/Otds/RdY(t—s,x,y)f(s,y)dy. (4.1.4)

In general, there is no explicit form for the two Green’s functions {Z(¢,x,&), Y (z,x,&)}.
However, their constructions and properties are known (see [?], [?], [?], and the refer-

ences therein). we will recall some needed results in the next section.
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From the classical solution expression (??), we expect that the solution u(z,x) to

(??) satisfies formally

w0 = [ 20.5Eu0(@dE+ [ ds [ Ya—sxmnuls )W )y,

The above formal integral [{ds [pa Y (t —s,x,y)u(s,y)WH(y)dy can be defined by Ito-
Skorohod stochastic integral fga [[o Y (1 — 5,x,y)u(s,y)ds| WH (dy) as given in [?].

Now, we can give the following definition.

Definition 4.1.1. A random field {u(t,x) ,0<t<T,xe Rd} is called a mild solution

to the equation (??) if
(1) u(t,x) is jointly measurable in t € [0,T] and x € RY;
(2) V(t,x) € [0,T] x RY, [ [ra Y (t — 5,x,y)u(s,y)dsWH (dy) is well defined in £?;

(3) The following holds in £
t
utx) = [ ZoxEu(E)de+ [ [ ¥e—sxy)uls W dds. @.15)

Let us return to the discussion of the two Green’s functions {Z(¢,x,§), Y (¢,x,§)}.

d

If a = 1, namely, if d% in (??) is replaced by d; and B=A := Z 8)%, then
=1

1=

2
Z(t,x,E) =Y(t,x,) = (4m)d/2exp{—%} . (4.1.6)

In this case the stochastic partial differential equation of the form

du(t,x)
ot

=Au(t,x)+u-WH(x), xeRY, 4.1.7)
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was studied in [?]. The mild solution to the above equation (2?) is proved to exist

uniquely under conditions

1=

d
Hi>1/2, i=1,---.d and Hi>d-1. (4.1.8)
=1

The main result of this chapter is to extend the above result in [?] to our equation

7).

Theorem 4.1.2. Let the coefficients a;j(x), bi(x),i,j=1,---,d, be bounded and con-
tinuous and let them be Holder continuous with exponent Y. Let a;j(x) be uniformly

elliptic. Namely, there is a constant agy € (0,0) such that

d
Y aij(0)&E > aolé)* V&= (&, &) ERY.

ij=1

Let ug be a bounded continuous (and locally Holder continuous if d > 1). Assume

: if d=1,2,34
H; > (4.1.9)
1-2- 1 if d>5
and
d 1
ZHpuha+a. (4.1.10)

i=1

Then, the mild solution to (??) exists uniquely in L*>(Q, % ,P).

Remark 4.1.3. (i) When « is formally set to 1, the condition (??) is the same as the
condition (??) given in [?]. So, in some sense our condition (??) is optimal.

(ii) Since H; < 1 forall i = 1,2,--- ,d the condition is possible only when ¢ > 1/2.
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4.2 Green’s functions Z and Y

Example 4.2.1. To compare with the classical case o = 1, we consider the case m = 2,

n=0,p=1,g=2a1=0y=by=P; =P, =1and by = ¢. Let L = L_... Then, we

have
ol | (L1 L TE I +s) )
Hi; {Z (%71)’ (171)} = 27ri/L (1 +9) zd

1 d
= — [ I'(= —d
27ti/L (2 +5)z *ds

d d
= Z lim (s+=+v)I(z+s)z°
v=05——(%+v) 2 2

<IN Fv+4+s+1)
= Z lim i y
V:()s%f(%Jrv) (S+§+V— 1)"'(S—f—§)

Z—S

- 1
_ Z Zd/Z(_l)v_'Zv
v—0 V.

= 2exp(—2). 4.2.1)

4.2.1 Green’s functions Z and Y when B has constant coefficients

In this subsection let us consider Z and Y when the operator B in (??) has the following

form
d 02
B= i)
izl ij 8xl~<9xj
WJ=
where the matrix A = (q;;) is positive definite. In this case, Z and Y (we call them Z

and Y to distinguish with the general coefficient case) are given as follows.

/2 d i) —d/2
Z = AW xix ;i
o(t,x) (detA) 12 sz_’l xxj]
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where (A(/)) = A~! and

7—d/2 d i) —d/2 el
i,j=1
d , a,o
xH7Y H’“ ¥ A0 | (4 ]
ij=1 (%71)7 (171)

It is easy to see that for the constant coefficients, both of the Green’s functions are

homogeneous in time and space. Namely,

Zo(t,x,é):Zo(t,x—Jj), YO(I,X,&)ZYO(I7X—§).

In particular, when o = 1, it is easy to see from the above expression and the explicit

form (??) of HY)(z) that

& AG) (e EN(ps &,
Zo(l,x,&) :Y()(t?xaé) = (47T)_d/2det(A)_]/2exp{_Z’JZIA ’ ( ;t él)( J éj)} .

which reduces to (??) when A = I is the identity matrix.
With the above expression for Zy and Yy and the properties of the H-function, one

can obtain the following estimates.

Proposition 4.2.2. Denote

p(t,x) :exp(—cfﬁwﬁ), t>0,xeR?, (4.2.2)
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where ¢ € (0,0) is generic positic constant whose exact value may vary at occurrence.

Then, we have the following estimates:

Ct= 2 p(t,x) when d=1
’ZO(t=X)| < Cl_aH log |;C—(|Xz| + l]p(t,x) when d=?2 (423)
Ct=*|x|>~9p(t,x) when d >3,
\

o o,
Zo(t,x)| < Ct™ 2 p(t,x) means that there are positive constant C and

where for instance,
positive constant G such that the above inequality holds. In what follows the positive

constants C and © are generic, which may be different in different occurrences.

Proof. Denote R = |x|?/t*. From [?], Proposition 1, it follows that when R < 1, we

have )

Ct % when d=1

1Zo(t,0)] < § Cro[|log 2L +1] when d=2

Ct=%|x|>~4 when d >3,
\

Since when R < 1, p(t,x) is bounded from below. This proves the inequality (??) when
R<1.

When R > 1, then by [?], Proposition 1 we have |Zy(z,x)| < Ct_apo(Lx). It is clear
that this implies the inequality (??) when d = 1 and d = 2. Now, we assume that d > 3.

‘We have

d
a AN
i) < ¥ <ar i (B pe

< o YxPp(t,x),
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2\ -1
where we used the fact that <|f—(!,> ’ p(t,x) < p(t,x) for a different o in the later

p(l‘,x). L]

Similarly, we can use [?], Proposition 2 (for d = 1 case) and [?], Section 4.2 (for

d > 2 case) to obtain the following estimates for Yj(z,x).
Proposition 4.2.3. We follow the same notation p(t,x) as defined by (??). We have

(i) Whend =1, we have the following estimates:

Ct2 'p(t,x) when 1 ¥x>>1
Yo(rx)|<q (4.2.4)
Ct2! when = %|x|* < 1.

(ii) When d > 2, we have the following estimates:

p

Ct~'p(t,x) when d =2

Ct=271p(t,x) when d =3
[Yo(7,%)] < 4 (4.2.5)

Ct*“*1[|log|f—f|+l]p(t,x) when d=4

Ct= % Hx[*9p(t,x) when d>35,
\

Yo(t,x)| < Ct~p(t,x) means that there are positive constant

where for instance,
C and positive constant G such that the above inequality holds. In what follows
the positive constants C and © are generic, which may be different in different

occurrences. when

When the constants «;; are dependent on &, we use

ZO(tvx7€) :Zo(tvx_éaé)v Yo(t,x,é) :Yo(tvx_gvé)'
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to denote the Green’s functions. The above estimations are still valid and the constants

in the estimations are independent of &.

4.2.2 Green’s functions Z and Y in general coefficient case

If the coefficients of B are not constant, then the Green’s functions Z and Y are more
complicated and may be obtained by a method similar to the Levi parametrix for the

parabolic equations.

Denote
d 02
Mt ) = Y layls) —ay(E)5 T alrx—E )
ij=1
d
P bi) 2ol v— )+ eafi e &.8)
i=1 l
d 02
Klexd) = % lays)—ay(E)) 5 No(rx—£.8)
ii=1
d d

—|—Zbi(x)gYo(t,x—é,é)—f—c(x)Yo(t,x—é,é).

i=1 t

Let O(s,y,&) and ®(s,y,&) be defined by
01x.8) =Mt x.8)+ [ ds [ Kit=5.x5)00.8)d.

@(15,8) =K 8)+ [ ds [ Kli—s.x)@(5.08)dy
The following proposition is prove in [?], see section 2.2, Theorem.

Proposition 4.2.4. Let the coefficients a;j(x) and b;(x) satisfy the conditions in Theorem

??. Recall that v is the Holder exponent of the coefficients with respect to the spatial
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variable x. Then, the Green’s functions {Z(t,x,&),Y (t,x,&)} have the following form:
Z(erug) - ZO(tax_ gaé) ‘f‘VZ(l‘,X,é);

Y(t,x,?j):Yo(t,x—é,'g')—I—Vy(t,x,é), (4.2.6)

where

Velt8) = [ ds [ Yol —500)005.. €00y

Vi (t,x,&) = /Ota’s/RdYO(t—s,x,y)@(s,y,ﬁ)dy.

Moreover, the function Vz(t,x,&),Vy(t,x,&) satisfy the following estimates.

(

Ct(y_l)%p(t,x—g), when d =1;
Ct%’“p(t,x—é), when d =2,
|VZ<Z‘,X,§)|§ na
Ctr ~Ox—EPd4r-0p(r,x— &), when d =3 ord >5;
Ctr 05— x — E|7247-20 (¢t x — &), when d =4
\
4.2.7)
and
CroHr-D5 p(r.x— &), when d =1;
Ct%_lp(t,x—i), when d =2,
[V (t,x,8)| <
CtO0tN G =1y — E|2=d+(r-10)/2p(¢, x — E) when d=3ord>5;
Crr=0 51 x — |72 p (s, x— &), when d =4
) (4.2.8)

Here Yy is any number such that 0 < Y < Y and in the case d > 3, the constant C

depends on .
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4.3 Auxiliary lemmas

To prove our main theorem, we need to dominate certain multiple integral involving
Y(t,x,&) and Z(t,x,&). Since both Y (¢,x,&) and Z(¢,x,&) are complicated, we will
first bounded them by p(z,x — &) from the estimations of |Yy(¢,x,&)| and |Vy (¢,x,&)].

More precisely, we have the following bounds for Y (z,x,&).

Lemma 4.3.1. Let x € R?t € (0,T]. Then

Ct '3 p(t,x— &), d=1;
Ctp(t,x—&), d=2;
expl<] & O

Ct= 203 x — E[72r20p(t, x— &), d=4;

Ct= (W E -1 x — g|2-d+(r-1)/2p(r x— &), d=3 ord >5.
(4.3.1)

Proof. we will prove the lemma case by case. First, when d = 1, by Proposition ??, we

have

ha—gg) < § O PEE) Tk EP L
o\HA—6, =

Ct271, ¥ x—EPP <1

If = %x—&|> < 1, then

o t o
Yolrx—&,&)| <cr+d P o1y 1 g,

e—G

Therefore

Yo(t,x=&,8)|+ [Vr (,x,6)]

< U p - E) O T p(r,x - &)

Y (1,x,5)]

IN
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Ct "ip(tx—&).

IN

Now we consider the case d = 2. From the following inequalities:

Ve (t,5,6)] < C"2 ' p(t,x—&);

|Y0(t7x_§7€)| < Ct_]p(tvx_g)

we have easily

|Y<t7xa§)’ < ‘YO(tax_évé)‘ + ’VY(tvx7€)| < Ct_ll?(t»x_@-

We re going to prove the lemma when d = 3. From Proposition ?? we have

’YO(I7X_§7€)‘ S Ctigilp(tvx_é)
w 1=(r=%)/2
= Cr Wil g7+ 0rn)/2

p(t,x—é)

x—¢

12
< 0T g2 x— &)

Combining this inequality with Proposition ?? we obtain
¥ (6,2, 8) < G T e — g0 p(1 x - &),

We turn to consider the case d = 4. Proposition ?? yields that for any 6 > 0 the follow-

ing holds true:

Yo(t,x—E,&)| < Ct_“_lec;—aé'z)e%-(ﬁ)jp(hx—é)é

= ¢! (|xia§|z)9 [('x;f|2)29+ l]p(t,x—é).
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1f 255 5 1, then

K'x;f'zfeﬂ}p(r,x—é) < z("‘jaé'z)zep(r,x—é) <Cp(t.x—§).

As a consequence, we have

tOC

k=&

0
|Yo<r,x—5,é>rscr—°‘—1( ) Pt x—E).

2
It ‘x:f‘ < 1, then the above inequality is obviously true. Now, we can choose 6 > 0,

such that —26 > (—2+ 7y —27%). Thus, we have

|Y0(t7x _ §7§)| — Ct—oc—l+a9+(—29—(—2+y—2y0))% |x o 5 |—2+'y_2'y0

( x— | ) —20—(-2+y-2p)

o

p(tax_g)
12

< G g M (r x — &),
Combining the above inequality with Proposition ?? we have

Vx| < oy g - 8)
FCr DGy g2 200 (p x — E)
< Ct*(?’*%’o)%*l’x_5‘—2+y—2y0p(t’x_ £)
since —(y—210)% — 1< () +7)%— 1.
Finally we consider the case d > 5. From the estimates |Yy(r,x—&,&)| < Cct—o-1 lx—
E[*9p(t,x — &) we obtain

—(r—1)/2

2
Yo(t,x—E,8) < Cr—%”"i‘—wx—élz“””‘””zxt—%é‘ pltx=8)
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< I g0 2 (s x — &),

Therefore, we have
Y (t,x,&)| < Crm MGty — g2dr /2 p (e &)

The proposition is then proved. U

The bound (??) will greatly help to simplify our estimation of the multiple integrals
that we are going to encounter. However, when the dimension d is greater than or equal
to 2, the multiple integrals are still complicated to estimate and our main technique is
to reduce the computation to one dimensional. This means we will further bound the
right hand side of the inequality (??) by product of functions of one variable. Before

doing so, we denote the exponents of 7 and [x — &| in (??) by {; and k;. Namely, we

denote )
-1+ 9, d=1,
-1, d=72;
Ca = (4.3.2)
—(y—2m)5—1, d=4
—(y—w)§—-1, d=3ord>5.
\
and
)
0, d=1,2;
Kei={ 24y 2m d—4 (43.3)

2—d+(y—m)/2, d=3ord>S5.
\
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2
From now on we will exclusively use p(7,x) = exp ( — ot Ta |x| ﬁ) to denote a func-
tion of one variable. However, the constant o may be different in different appearances
of p(t,x) (for notational simplicity, we omit the explicit dependence on o of p(t,x)).

With these notation Lemma ?? yields

Lemma 4.3.2. The following bound holds true for the Green’s function Y :
d
Y (t,x,8) < CT [t/ )i — &/ p(t,2 - &). (4.3.4)
i=1

Proof. It is easy to see that

d 1/2 d
2 1
= ‘ > ax > | d
|x| (E%) =z 1I§ni§d |x,| = iI:II |x,|

Thus for any positive number o > 0, |x|~* <[], |4

On the other hand,

1
2—o

d P
K7 — [2 |x,~|2} > [max |x,~|2}
“~ 1<i<d

xi 7 > : Zd,| =
frd ile—a — |4
1oy X —dA S

Combining the above with (2?) yields (??) since the exponents in |x — &| in (??) are

negative. [

Lemma 4.3.3. Let —1 < B < 0,x € R. Then, there is a constant C, dependent on G, o

and B, but independent of & and s such that

Otﬁ o
sup/ x|Pp(s,x—E)dx<Cs? 7.
Eer/R
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Proof. Making the substitution x = ys% we obtain

[ Eptsx-glas = ¥ [P e (ol 5
R R X

OtB o
s2+2(/ |y|ﬁdy+/exp(—c7‘y— =
ly|<1 R s2

CsOCTﬁ+

IN

NIR

IA

since the two integrals inside the parenthesis are finite (and independent of s and §). [

The following is a slight extension of the above lemma.

Lemma 4.3.4. There is a constant C, dependent on 6, o and B, but independent of &

and s such that

o |«
sup [ 5P gl s, - &5 F [1 4 ogsl)
cR

Proof. we will follow the same idea as in the proof of Lemma ??. Making the substi-

. a .
tution x = ys2 we obtain

|l g e pls.x — E)dx

Lﬁ+ﬁ ﬁ gﬁ
<5 [ P (og |+ [1ogs]-exp ( ~ oy~ 5| )y

o | a
<cs 8 togsi( [ biP el [ e (~oly- 5
ly[<e R s2

aB | a
<Cs2 T2(1+|logs|).

This proves the lemma.

Lemma 4.3.5. Let 0) and 6, satisfy —1 < 0; <0,—1 < 6, < 0. Then for any p1,T; €

R,p1 # 1,
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(i) If 0, + 6, = —1, then
/R|p1—T1|61|p2—P1|02P<32—51aP2_pl)dpl < C+Cllog(pr—11)].
(ii) If 01 + 6, < —1, then
/R|Pl—Tl|91|P2—P1|92P(S2—317P2—P1)dp1 < Clpy— 1| HO 8.

Proof. Without loss of generality, suppose 71 < p,. We divide the integral domain into

four intervals.

/R Ip1 — 71 (% |p2 — p1| % p(s2 — 51,02 — p1)dpi

311 -P
_p
= / o1 =711 P2 — p1|* p(s2 — 51,02 — p1)dp
T +p2
2 6, 6, d
sy _p, IP1— T P2 = P12 p(s2 = 51,02 — p1)dpy
2
3p2—7:1
wip 1P1=711% 2= p1|%p(s2 = 51,2 = p1)dpy
nie

(o)

+ [ o [P1 =71 P2 = p1| % p(s2 = 51,02 — p1)dpy
o
= L+bL+L5+14.
3T1—p2 TI+P2

2 72
Noticing p(s2 —s1,p2 — p1) < 1, we have the following estimate for /,:

. pr—T
Let us consider I, first. When p; € [ } we have [py — pi| > B

T1+p2

0,
pP2—T1 2
Bos (B50) [ -l

2

pr—t\% | (122 g
< ( 3 ) / (p1—11)%dp1 + 32y py (T —p1)?dp
7 -7
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1+91+92
= C<p2 — ’L']> .

With the same argument, we have

1+9|+92
L<C <P2 - T1> :

Now, we study /;. The term /4 can be analyzed in a similar way. Since p; < %T—pz <
T1 < P2, we have

311-p2

I1§/ ’ (71 — 1) % p(sy — 51,02 — p1)dpy -

—00

To estimate the above integral, we divide our estimation into three cases.
Casei): 61+ 6, < —1.

In this case, we bound p(sy — s1,p2 — p1) by 1. Thus, we have

371-P2

14+6,+6,

2 1 p2—1T

I < —p)t0gp, = .
! _/_oo (Tl pl) p1 1+6,+ 6, 2

Case ii): 0 + 6, = —1, 2257 > 1.

In this case, we have 3“%’)2 < 11 — 1. Thus, we have

—o0

T1—1
I < / (71— p1) "' p(s2 — 1,02 — p1)dp1

T1—1
< / p(s2—s1,p2—p1)dpi

—o00

< / p(s2—s1,p2— p1)dpi

—00

which is bounded when s and s, are in a bounded domain.

Case iii): 01+ 6, = —1,’)2—511 < 1.
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In this case, we divide the integral into two intervals as follows.

3-p
n=/ T (m—p) M p(sy— 51,02 — p1)dpi
T1—1 ] MT_pZ !
S/ (t1—p1)” P(Sz—S1,P2—P1)dP1+/1 (t1—p1)" p(s2—s1,p2—pP1)dpi
— 0 T —
3711-p2
2 -1
< C+/ (t1—p1) dp
T1—1

< C+C|In(py —11)|.
Similar argument works for /4. Combining the estimates for I;,k = 1,2,3,4 yields the
lemma. [

Lemma 4.3.6. Let 0, and 0, satisfy —1 < 01 <0,—1 < 6, <0and 6, +260, > —2. Let

0<ri<rn<Tand0<s| <sy <T. Then for any p;,T, € R,p; # Ty, we have

/R2 o1 — 11|92 — p11% |72 — 11 |%2p(s2 — 51,02 — P1)p(r2 — 11, T2 — 71 )dprd Ty

a(61+6,+1) a(6ry+1)

C(SZ_SI) 2 (I’z—rl) 2, 0, +6, >—1;
(6, +26,+2)
= C(r2— ’"1)#, 0+6,<—1; 4.3.5)
OC(92+])

C(rz—rl) 2 [1—}—\10g(r2—r1)|], 0, +6,=—1.

Proof. First, we write

I = /R2|P1—T1|9‘|P2—P1|92|72—T1|92P(S2—S1,P2—P1)P(F2—r1,fz—Tl)dpldﬁ

= /Rf(TlaPLSl,SZ; 61,6) |1 —11|%2p(ry — 11,10 — 1)d7y, (4.3.6)

where
f(T1,p2,51,52,01,62) = /R Ip1 — 1% |p2 — p1| % p(s2 — 51,02 — p1)dp -
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‘We divide the situation into three cases.
Casei): 0+ 6, > —1.

In this case we apply the Holder’s inequality to obtain

1
91+92
f(t1,p2,51,52,01,602) < {/R|P1—’51!9'+92P(S2—Sl,Pz—Pl)dpl}

)

91+92
'{/R|P2—P1|91+92P<52—SlaPZ_P1>dPI}
a(61+6,) | «
< Clo—s1)” 778, 43.7)

where the last inequality follows from Lemma ??. Substituting the above estimate (??)

into (??), we have

I = /Rf<flap2731732791792)|fz—T1‘92P("2_rlaTZ—Tl)dfl

(61+6-)
< C(Sz—sl)a = +g/ "L’z—T1|62p(r2—r1,T2—Tl)d’cl.
R

Using Lemma ?? again we have,

(61+6-)
ISC(SQ—Sl)a 12 : +%(r2—r1)7+%.

Case ii): 01+ 6, < —1.

In this case, from Lemma ??, part (ii) it follows

f(flap27S1,S2,91,92) < C‘pZ—T1‘91+92+1_

Hence, we have
I < C/R\Pz—T1\91+92+1\Tz—Tllezp(rz—rl,fz—ﬁ)dfl-
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Now, since from the condition of the lemma, 6; +26, +1 > —1, we can use Holder’s

inequality such as in the inequality (??) in the case (i), to obtain

I < C/R|P2—T1|91+62+1!T2—Tl\62p(7’2—Fl,Tz—Tl)dﬁ

(6] +26,)
< C(rp—r) 2z **

Caseiii): 61+ 6, = —1.

In this case, we first use Lemma ??, part (i) to obtain

f(T1,p2,51,52,01,62) < C[1+|log|pr—11]]] .

Thus, using Lemma ??, we have

I < C/R{l—i—|10g|p2—T1|]}|T2—T||92p(r2—r1,12—’cl)drl

(X(92+1)
2

< C(rp—r) [1+|log|r —r]]] -

The lemma is then proved. 0

Corollary 4.3.7. Let 6, and 0, satisfy —1 < 0; <0,—1 < 6, <0and 6, +26, > —2.

Let0<r; <rp <Tand 0 < s; < sy <T. Then for any p1,T, € R,p; # T, we have

/]RZ o1 — 11|92 — p1]% |10 — 11 |® p(s2 — 51,02 — p1) p(r2 — 11, T2 — 71 )dp1d T

a(6+26,+2) a(6]+26,+2)
C(Sz—sl) 1+4 = (7"2—7'1) I+4 = 5 91—|—9275—1
<
- a(6y+1) a(6y+1)
C(Sz—sl) 4 (I’z—l’l) 4 [1+|log(r2—r1)|+]10g(s2—s1)]; 91+92:—1.
(4.3.8)
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Proof. Consider first the case 8; + 6, < —1. Denote the integral on the left hand side

of (??) by I. Then the inequality (??) implies

(6, +26,)
ISC(I’Q-I’]) 7 T

In the same way we have

O{(91+292)
I<C(sp—s1) 2 o

Now we use the fact that if three numbers satisfyinga < banda < c, thena = a'/2q!/? <

pl/2p1/2.

(X(91+292) a(91+292)
ISC(VZ—ﬁ) 7 +a/2(s2—s1)74 +o/2

which simplifies to (??). The exactly the same argument applied to the case 0; 4 6, =

—1 and the case ) + 8, > —1. Thus, the inequality (??) implies (2?). ]

Lemma 4.3.8. Let py,---,p, > 0. Then for any T > 0,

T" [T T(pe)
pit-+patl)
(4.3.9)

/ (50— Sne1)P Lo (5o —s1)P2 71D s =
0<s1 <+ <5y <T F(

Lemma 4.3.9. Assume that ug is bounded. Then

sup dZ(t,x,i)uo(é)dégc.
xeRJ/R

Proof. Weuse Z(t,x,8) = Zy(t,x—&,&) +Vz(t,x,&). Since ug is bounded,

’/Rdzo(faxai)uo(é)dé‘ < C/]Rd 1Zo(t,x,&)|déE
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which is bounded by the estimates in (??) and a substitution & = x + t%y. In fact, we

have, for example, when d > 3,

2—d)a
| 2olex—E)lag < c [ o TSy dexpl~olyl ety < cl ¥ <.
R R

Similarly, using the estimation for V(¢,x, &) given in Proposition ?? we can bound

Jra |Vz(t,x,&)|d& by a constant. In fact, for example, when d = 3, we have

30 (Y—1w-1)

/Rlez(fmé)!di < Ctmza“"/Rdtzt E 7 lexpl—aly|r e ldy < Cr'F <C.

The other dimension case can be dealt with the same way. [

4.4 Proof of the main theorem ??

Change ¢ to s and x to y and the equation (??) for mild solution becomes

u(s,y) = / Z(s,y,8 )uo( dé+// —ry,2)u(r,2)WH (dz)dr.

Substituting the above into (??), we have

i) = [ Z0xEu@as+ [ [ -5 E)u(E)dew (@v)as
_1_///]1%2 —5,x,9)Y (s — r,y,2)u(r,2) W (dz)drw" (dy)ds .

We continue to iterate this procedure to obtain

- i W, (1,x) (4.4.1)
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where W, satisfies the following recursive relation:

oltx) = [ Z(xEuo(E)dg

\Pn-l-l(t?x) = //Rd sxy (S,y)WH(dy)dS, I’l:O,l,2,'-'

To write down the explicit expression for the expansion (??), we denote

fn(t7X;x17"' 7-xi’l> :/7: RdY(t_Snrx?xn) Y(SZ —Sl,XZ,Xl)Z(Sl,Xl,é)uo(é)déds,
4.4.2)
where

T,=0<s1<s1<--<s851<t and ds=dsidsy---ds,.

With these notations, we see from the above iteration procedure that

Wa(t,x) = L(fult,))
_ / Falt,xsx, o) WH (dx) )WH (dx) - WH (dx,)

= [ i )W @)W () W dy). (443)

where I, denotes the multiple Itd type integral with respect to W(x) (see [?]) and

fult,x;x1,--- ,x,) is the symmetrization of f,(¢,x;x1,--- ,x,) with respect to xp,--- ,x:
~ 1
fn(t,x;xl,---,xn)z—' Z fn(tax;-xila"' 7xi;1)7
i1,,in€0(n)
where o(n) denotes the set of permutations of (1,2,---,n).

The expansion (??) with the explicit expression (??) for W, is called the chaos

expansion of the solution.
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If the equation (??) has a square integrable solution, then it has a chaos expansion
according to a general theorem of It6. From the above iteration procedure, it is easy to
see that this chaos expansion of the solution is given uniquely by (??)-(??). This is the
uniqueness.

If we can show that the series (??) is convergent in L?(Q,.%, P), then it is easy to
verify that u(r,x) defined by (??)-(??) satisfies the equation (??). Thus, the existence
of the solution to (??) is solved and the explicit form of the solution is also given (by
?7-(??)). We refer to [?] for more detail.

Thus, our remaining task is to prove that the series defined by (??) is convergent in
L?*(Q,.7,P). To this end, we need to use the lemmas that we just proved.

Let now u(t,x) be defined by (??)-(??). Then we have

(o)

Elu(t,x)?] = Y E[L.(fa(t,x))]

n=0
= Z fmfn
< Z (fu, fudH (4.4.4)

where

n
(f:8)n = AanH¢H(ui,Vi)f(u1,~‘~ )8V, v )duydvidundvy - - - duydv,
i=1
(4.4.5)
and the last inequality follows from Holder inequality. Here and in the remaining part

of the chapter, we use the following notations:

u, = (uil,"',uid> dui:duil"'duid, i:]’2’...,n

d
or(ui,vi) = []on,(uij,vij) = HH (2H; — 1) |uzj — v |2
Jj=1
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We use the idea in [?] to estimate each term ©,,(7,x) = n!(f,, f,) g in the series (2?).

By the defining formula (??) for f,, we have

o) = ntf | 2nd+2i1i<pH<éi—ni> V(= 505,80) Y (52— 51,6, 61)

'/RdZ(Sh&l:éO)uO(éO)déO'Y(t_rnyxa M) Y(ra—ri,M2,M1)

- /R Z(r1;m1,m0)uo(10)dnod S dndsdr.

Application of lemma ?? to the above integral yields

0.0 < ant [ [ Mﬁ%(é—ni)Y(t—sn,x,én)~--Y(S2—S1,§z,§1)

Y(t —I'n, X, nn) T Y(}"z —r, M, nl)dgdnder
Using lemma ?? to the above integral, we have
d
0,(t,x) < Cnn!/2H®i7n(t,xi,s,r)dsdr, (4.4.6)
Iii=1

where

k=1

n ¢ K
®i,n(t7xivsar) = /Rzn {H (PHi(pk_ Tk)} |t _Sn|7d’xi _pnljdp(t — SnyXi _pﬂ)

7] L]
ez = s[4 lp2—pi| 4 pls2 —s1,p2—p1)
%] L] %]
|t =1l @ |xi — T p(t — rpyxi — Ty) -+ |12 — 1y | 4

Ka
-‘72—71’ d p(rz—rl,fz—fl)dpdl'.
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Here we use the notation py = &; and 7 = Ny, k = 1,--- ,n. The quantity ®;, can be

written as

9] & & (9]
@,-,n(t,x,-,s,r) = |Z‘—Sn‘ d ]t—rn| d "-|S2—S1| d |7‘2—I’1‘ d

‘/Rh {H QDHl.(pk - Tk)} |xi _pn|7dp(t — Sn,Xi _Pn)
k=1

K4 K4
xi = Tl @ p(t — 1y xi — Ta) -+ [P2 — P1] @ p(s2— 51,02 — P1)

"‘\T2—Tl|%l?(r2—r1,f2—f1)dpdf- (4.4.7)
From the definition (??) of k; we see easily % > —1. We assume

2K,
2H; + 7" >0. (4.4.8)

Under the above condition we can apply the Corollary ?? with 6; = 2H; —2 > —1,
6, = % > —1 to the integration dp;dT; in the expression (??) (Condition (??) implies

that 6; +26, > —2). Then, when 8; + 8, # —1, we have

7] Sa Sa Sa
Oin(t,xi,8,x) < Clt—syld |t —ry|d - |s3—s2]d |r3—12|4d

4
.|52_Sl|7d+ 2d a|r2—r1|7

./2 -2 {HQDHi(pk_Tk)} |xi—pn|7dp(t—sn,xi—pn)
R k=2

K K
|Xi — T @ p(t — rp, Xi — Tp) -+ |P3 — P2| @ p(s3— 52,03 — P2)

H:d+x H:d+x
id+Ky S, I5d ¢

Ka
---|T3 —T3| d p(r3—r2,‘L'3 —Tz)dpn---dpzdfn---dfz.

Repeatedly applying this argument, we obtain

n

Oin(t,xis,x) < C" [t — tul s — sl (4.4.9)
i1
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where we recall the convention that 7, | = and s, 11 = s and where

Lo Hid+xy
g 5d  TidtKa
=gt a ¢

Substituting the above estimate of ®; , into the expression for ®,, we have

O, (t,x) < Cn/TZH(Sk—H—Sk)K(’"k—H—”k)gder
n k=1

= "

2

n
/H(Sk—i—l—sk)(ds :
Ink=1

where
Hla ko0 . d
;= —_—t — th |H|= H;.
bty vk HI=)

M=~

) —
1

~.

Now, we apply Lemma ?? to obtain

I Te+1) 77
Ot,x) < C {m}

R %
= T@a{l+1)

This estimate combined with (??) proves that if
2(04+1)>1, (4.4.10)

then ¥, ®,(t,x) is bounded which implies that the series (??) is convergent in L?(Q, .7, P).
Using the explicit expressions of {; and k,;, we analyze the condition (??) for the

casesd =1,d =2,d =4 and d = 3 or d > 5 separately, then we see that the condition

(??) is equivalent to

d
1
H>d—2+—. (4.4.11)

1=
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For instance, when d = 1,

1 2 1 2 o 1
241> 1 |H| >~ —kg— 8 |H| > — — —(—1+2)=——1.
o o o o o

When 6, + 6, = —1, Corollary ?? implies that for any € < 0,

/R2 o1 — 71|92 — p11% |7 — 71| p(s2 — 51,02 — P1)p(r2 — 11, T2 — 71 )dprd Ty

a(6,+1+¢) o(6r+14++¢)
< Clsa—s1) T (ra—r) 3

Now we can follow the above same argument to obtain that if

200+1)>1, (4.4.12)

where ¢ = 7, + %95t o then @,(t,x) is bounded. In the same way as in the case

0, + 6, # —1, we can show that the condition (??) implies (2?).
Now we consider the condition (??). From the definition (??) of k;, we see that
when d = 1,2,3,4, H; > 1/2 implies (??). When d > 5, then the condition (2?) is

implied by the following

by choosing Yy sufficiently small.

Theorem 2 is then proved. [J.
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Chapter 5
Stochastic time-fractional diffusion equations with

variable coefficients and time dependent noise

5.1 Introduction

In this article we prove the existence and uniqueness of the mild solution of the equation

(0% —B)u(t,x) = u(t,x)W(t,x), t €(0,T], x e RY,

ok (5.1.1)
Szult,x)| = u(x), 0<k<[a]—1, xeR?

ot =0

with any fixed T € RY, o € (1/2,1)U(1,2), where [a] is the smallest integer not less

than o. Here we assume

e up(x) is bounded continuously differentiable. Its first order derivative bounded

and Holder continuous. The Holder exponent y > Z_TO‘

e u;(x) is bounded continuous function(locally holder continuous if d > 1)
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In this equation, W is a zero mean Gaussian noise with the following covariance struc-
ture

E(W (t,x)W(s,y)) = A(t = 5)A(x ),

where A (-) is nonnegative definite and locally intergrable and A(-) is one of the follow-

ing situations:

U

(i) Fractional kernel. A(x) := [2H:2H; — 1)|x;|*!, x e R? and 1/2 < H; < 1.
i=1
(i) Reiszkernel. A(x):=Cgqlx| X, xe R?and 0 < k <d and Cq g =T(5)2-%x~4/2/T(%).

—1x?
(iii) Bessel kernel. A(x) := Cqy [ a)_g_]e_“’eJT)lda), xeRY 0< k<d, and Cy =
0

(47)%/°T (0 )2).

3 2y
B:= aj j(x)s=—=—+ ) bj(x)=—+c(x)
ij=1 b 8xl~8xj j=1 J 8)6]'
is uniformly elliptic. Namely it satisfies the following conditions:

(i) aij(x),b;(x) and c(x) are bounded Holder continuous functions on RY

(ii) Jag > 0, such that Vx,& € R?,

d
Y, aij(0)&&; > a0l .

i,j=1

The fractional derivative in time 0% is understood in Caputo sense:

t (m)
! /drf—(r) fm—l<a<m,
)Jo

o I'm—a — ) ot1—m
9% f(t) =
;—m £0) if o =m.
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Throughout this chapter, the initial conditions u(x) are bounded continuous(Holder
continuous, if d > 1) functions. The study of the mild solution relies on the asymptote

property of the Green’s function Z,Y of the following deterministic equation.

(% —B)u(t,x) = f(t,x), t>0,xcRY

BY: (5.1.2)
_ku(t,x) :Ltk(X), 0<k< ’706—‘_17 XERda

or t=0

In chapter ?? we cover the case & € (1/2,1). When a € (1,2), [?] showed that when

B is A, Green’s function Y of (??) the following:

o

Y(t,x) = Cr ¥ fy (el %1d - 1,52~ ),

where

2 ° o u_
fe(zp,6) = 2
(04
¢(_575;_Z)7 .LL:O,

The solution of (??) has the following form:

u(t.x) = doft,0)+ [ ds [ dy f(s.3)Y (1 =s.x-), (5.1.3)
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where and throughout the chapter, we denote

fa]—1

Jot0)i= Y [ ) Zen (e -y)dy. (5.14)
k=0 7R

For case of a € (1/2,1), we use Z in place of Z;. We have the following facts about
Z1(t,x), Z»(t,x) and Y (¢, x).

Z1(t,x) = D* 1Y (1,x); Zi(t,x) = %Zz(t,x)

As in the chapter ??, We first get the estimation of Y, then use Wiener chaos expan-
sion to obtain relation between the parameter &, d, H; and k such that the mild solution
exist.

The rest of the article is organized as follows. Section 2 gives more details about the
solution of (??), estimation of Y for & € (1/2,1) and some preliminaries about Wiener
spaces. Section 3 gives the estimation of Y for o € (1,2) and further estimations before
proving the existence of the mild solution.

Notation: Throughout this chapter we denote

~
N\Q| =

2
2—o
)

where o > 0 is a generic positive constant whose values may vary at different occur-

p(t,x) :=exp { —c

rence, so is C.
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5.2 Preliminary

We consider a Gaussian noise W on a complete probability space (Q2,.%,P) encoded
by a centered Gaussian family {W(¢@); ¢ € L>(R, x R?)}, whose covariance structure

A(s—1t) is given by

EWQWW) = [ 0wy)As—Ax—y)ddydsdr, (521

where A : R — R, is nonnegative definite and locally intergrable. Throughout the

chapter, we denote
t
C = 2/ A(s)ds, t>0. (5.2.2)
0

A :R?4 — R is a fractional, Reisz or Bessel kernel.

Definition 5.2.1. Let Z and Y be the fundamental solutions defined by (??) and (??).
An adapted random field {u = u(t,x) : # > 0,x € R?} such that E [u?(t,x)] < +oo for

all (t,x) is a mild solution to (2?), if for all (t,x) € R, x RY, the process

{¥lt=sx=y)uls.)10(s): 520,y e R}

is Skorodhod integrable (see (??)), and u satisfies

u(t,x) :Jo(t,x)—|—/()t/RdY(t—s,x—y)u(s,y)W(ds,dy) (5.2.3)

almost surely for all (¢,x) € R, x R, where Jy(t,x) is defined by (??).
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We use a similar chaos expansion to the one used in chapter 3. To prove the exis-

tence and uniqueness of the solution we show that for all (¢,x),

Y nl £t )5 pen < oo (5.2.4)
n=0

5.3 Estimations of the Green’s functions

The fundamental solution of (??) is constructed by Levi’s parametrix method. We refer
the reader to [?] for detail of this method. In this section x := (x1,x2,--- ,x4) € R? .7
are defined the same way; t € (0,T]. We use ¥ to denote the Holder exponents with

respect to spatial variables. We can assume they are equal. For o € (1,2), we assume
2
>2——.
4 o

For o € (%,1), Chapter 4 gives the estimations the Z and Y. For o € (1,2), we need
some lemmas before we can estimate Z,Z, and Y.

From [?] we have

Zi(t,x— &) =Z)(t,.x—E,&) + Vg, (1,::8),  j=1,2.

Y(tax_é) :Yo(tax_éag)"’—VY(t’)C;é)‘

We refer the reader to [?] for the definitions of ZD (t,x— &, &), Yo(t,x— &, &) and Vy (t,x;€).
Here we list their estimations which we use to get the estimations of Z; and Y in section

3. These estimations are given in section 2.2 of [?] or Lemma 15 in [?].
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Lemma 5.3.1.

2t x—&m)| < CrF (3 x—E)p(t,x— &),

ad _a
23, x—E.m)| <Ctm T (12 =& ple,x = &),

where
1, d=1,
pa(z) =14 1+|logz|, d=2; (5.3.1)
zz_d, d>3
Lemma 5.3.2.
Yo(r,.x—&m)| < Cr* (e~ e — E)ple,x— &),
where
1, d <3;
Ha(z) =4 1+|logz|, d=4; (5.3.2)
A d>>5.

The following estimations of Vz,Vz, and Vy are from Theorem 1 of [?], where

vi € (0,1), suchthat y>v; >2— 2 and vo = v; =2+ 2.
Lemma 5.3.3.

Ct(y’l)%p(t,x—é), :
(5.3.3)

Vz (t68)) <
CHHe g — [TV 1 E),
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Lemma 5.3.4.

Vet p(tx— &), d=1;
Votxg)l<§ (5.3.4)
Ct 8 1m0y — E| V2V x — £, d=2
Lemma 5.3.5.
Ct“*”(”*l)%p(t,x—é), d=1;
Vol x:E)| < 3:2)
CiMel e — g~V 0p(x-E), d 22

Based on the above three lemmas we have

Lemma 5.3.6. Let x € Rt € (0,T]. Then

|Y(tx—§)|< CtilJr%p(tvx_é)a d=1; (536)
DT | et g8, a2

Proof. We ”add” together the estimation of ¥j in Lemma ?? and V) in Lemma ?? to get

the estimation of Y. We use the following inequality throughout the proof.

b /b
a,b,c6 >0, then FJ0,C>0, st x% % <Ce °F,

First whend = 1,

Y(r.x—&) < |Yolt,x—E&,E)| +|Vy(t,x,E)|
< GO DIpx - E) O e p(r,x— &)
< " ip(ex—&).
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When d > 5, by the fact

2
Vo=VI—2+2/« and y>v1>2—a,

we have
4—v+2v 2 _ +2v+2>0
Y 0= = Y 1+, 29
Therefore
4—d
_ad_{|X—
M-8, < a*E T E g
. g —dty-2votE | g A-r2vg—2
= Cta_Td_l % : gg p(tvx_é)
12 12

< Ctaf%}%voa—z’x _ 5 \*dﬂ'*zv‘ﬁ%p(t,x _ 5) ]
Furthermore because of the assumption

2
Y > 2— &7

we have

o
a—5y+vooc—2<v0(x—1.

Therefore

Y(,x=8)| < [Yo(t,x—¢,S)l+[Vy(t,x,8)]

< Ctoc—%y+vooc—2|x_él—d+y—2vo+%p(t,x_ £)
n Ctvooc—1|x_é|—d+y—2vo+ép(t,x_ £)

< Ctoc—%y—i—vooc—2|x_§|—d+y—2vo+§p(t,x_ £).
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When d =2 and d = 3, as in the previous cases, we first have

|Y0(t?x_€?€)| < Ctai%ilp(tax_g)

< Ctaf%y+voa72|x . ‘fdﬂ/fzv(ﬁ%p(t’x —§).
Then as the last step in the case of d > 5, we have
Y(tx—&)| < CromTrHe 2y g md 20ty x - g).
When d = 4, let’s first transform the estimation of Y into the following form:
(St — &[5 p(r,x— ).

‘We have

|Y0<t7x_é7é)| < Cta_azd_l{

< Cta—%d—l

forVe > 0.

If |*55| < 1, then
t2

{

x—8&
a
2

5
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if y%| > 1, then
t

x_g 206 x & 20
a +1 p(t7x_5) S 2 o p(t,x—é)
12 12
< Cp<t>x_§)'
Therefore if we choose 6 > 0 such that
2
o
we have
od X—é -0
Yo(t,x—&,&)] < 271 =—2| pltx—§)
. g —d+y-2vo+2
S Ctadeil : ag p(t7x_€)
2

< Ctaf%}”rvoafz‘x_§|fd+y72vo+%p(t’x_ é)
As in previous two cases, we end up with
_a _ e 2
¥(tx—E)| < Cr% STHa2) -0t g py x ).

]

Let’s denote the the estimation function of ¥ by #%|x — &|¥d p(r,x — &). For the esti-
mation of integral (??) involving Y and fractional kernel it more convenient to represent
the estimation of Y as the the product of one dimensional functions. To this purpose,
as in the case of 0 < o < 1, the estimation of Y is represented as the product of one

dimensional functions, which is shown in the following lemma.
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Lemma 5.3.7. Let x;,& € R,t € (0,7
d

Y (t,x— &) < CT [/ )i — &/ p(t, - &), (5.3.7)
i=1

where {; and K, are the powers of t and x — & in the estimation of Y, i.e.,

(
¢ -1+ 7, d=1;
=4 (5.3.8)
a—$y+voa—2, d>2.
\

and
)
0, d=1;
K; = (5.3.9)
—d+y-2v+2, d>2.
\
Lemma 5.3.8.
- zk+1<r,x—é>uk<r,¢>d5\ <c k=01
tx |JRA

Proof. First recall that uy(x) are bounded. Thanks to the following fact from [?]

/RdZ?(t’x’é)dézl and /Rdzg(r,x,g)dgzty

we only need to show

sup sz(t,x,é)dg < C7
tx JRE

since uy, are bounded.
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Let’s consider the case d > 3 and d = 2 for V,, as examples. When d > 3, by the

estimation of Vz, in Lemma ??, we have

[ Vattxo)lag < [ o it fegplec—Edy

< [ o i @plx—E)d:
Ct

< -%id

< C,

due to the factr € (0, 7.

For the case d = 2,7, notice that
V0 >0,3C>0 s.r. (loglz|+1) <c|z®,

as shown in the case of d=4 in the proof of ??. Then the above argument ends proof.

The proof for the rest of the cases is almost the same, so we omit it.

5.4 Miscellaneous estimations

For fractional kernel, we need the following estimation, which is immediate from

Corollary 15, [?].

Lemma 5.4.1. Let 0 <r,s <T and

2
2H;+—>0. (5.4.1)
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Then for any p1,T € R, p| # 1o, we have

_ kg Kq )
/Rz o1 =@ P2 o2 = 1| 4 |7 — 11| € p(s,p2— p1)p(r, 22 — m)dprdey < C(sr)?,

where
Hid+1('d
C(sr) 2d (X’ 2Hi—2+Kd/d7£—1;
61: d€+Kd+d
C(sr)” & %, 2H; —2+x,/d =—1.

Proof. In Corollary 15, [?], let 6, = 2H; —2,60, = k;/d. Then notice that for0 < r < T

Ve <0,3C>0, s.t. logr<Crt.

The next lemma can be proved as in Lemma 11, [?].

Lemma 5.4.2. Let —1 < B < 0,x € R Then, there is a constant C, dependent on o,

o and B, but independent of & and s such that
/d |X|Bp(s,x— §)dx < Cs%ﬁ+%d'
R

For Bessel kernel, we need the following lemma.
Lemma 5.4.3. Assume 0 < s,r <T and y1,y7,21,220 € R4, we have that

~lyi—z1

/RZd|Y(r,y1—yz)Y(S,Z1—22)|/0 0 2 le % % dodydz <C-(rs),

where

(04 o o
l = Cd_ZK+EKd+Ed
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Proof. Recall that the estimation of Y (z,x) in (??) and (??) has the following form:
Cs%|x|%p(r,x).
By substituting Y, we have

K_ —ly1

oo —z ‘2
/RM|Y(F7Y1—yz)Y(Sazl—Z2)|/O 0 2 le % dodydz;

gC/Rdst]Q—z'fd\p(s,zg—zl)rcf’/o I-a)*gfle*wd(udzl,

where

13:/ Iyz—y1|"deXp{—6
Ry

For I, we have two estimations:

y2—JYi1

r2

2 2
o 1 — 21
T e S
2
2—-a
}dyl

y2—Jy1

a
2

IS/ Iyz—y1|""eXp{—G
Ry

Sxy+5d
< Cr2%dT2%

and

2
I< o Ky _|y1_Z1| d
_/Rdlyz yil eXp{ Pl

K,

l+g
<Cwz277,

by Lemma ??.
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With the estimations of I, we have

ot K ra K e K
/ I-a)_z_]e_“’da):/ I-a)_z_le_“’daH—/ I-0 2 e ?w
0 0 re

< rg’“ﬁgd_g’“—%/ 0?0 e .
ra

K

00 d K el K d
/ 0ot e o< [ w? T de
:

I
Q
N

Q
~

M‘@

+

(ST

|

s

Therefore we end up with
/wl 0 e o < Cra(%+%_§).
0

The estimation of integration with respect to z; is straightforward thank to fact that

C is independent of z;.
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‘We have

/Rdsc"kz—zﬂp(s,a—zl)rc"/O I-a)_g_]e_“’da)dzl

K, K,
< Cro(#+5-5) pla . soa(F+5-5) G

)

by Lemma ??.

By symmetry, we have

~ly =z

Lty =3)¥ .z =2)| [ 07325 dadyidz,

< Cs@(E+5-5) . o(F+g-5),8
Combining the two estimations we get the estimation in the lemma.
The following lemma is Theorem 3.5 from [?].

Lemma 5.4.4. Let T,(t) = {s = (51,...,5,) : 0<s1 <s$0 < ...<sp,<t}. Then

_ r(+n"
/Tna)[(t_s”)(s"_S"—1>---<Sz—81)]hds— Tl +h)+1) e,

if and only if 1 +h > 0.

5.5 Existence and uniqueness of the solution

Theorem 5.5.1. Assume the following conditions:
(1) A(t) is a nonnegative definite locally integrable function ;

2) ae(1/2,1)U(1,2).
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Then relation (??) holds for each (t,x), if any of the following is true. Consequently,

equation (??) admits a unique mild solution in the sense of Definition ??.

(i) A(x) is fractional kernel with condition:

1 _

5 d=1,2,34
Hi>q31-2- L d>50¢c(0,1)

1-2, d>5oc(1,2)

and
d

1
ZHi>d_2+_-
i=1 o

(ii) A(x) is the Reisz or Bessel kernel with condition:

K<4-2/a;

Proof. Fixt >0and x € R?.

Let

<S7y7l7-x> = (Sla)’h"’ 7Sn7yn7t7x);

1
8n($,3,0,) 1= Y (1 = S(n), ¥ ~Yo(w) - Y (S6(2) = So(1):Yo(2) ~Yo(1))}

fn(sayata-x) = gl’l(sayutax)JO(S()'(l)7xG(l))7

where ¢ denotes a permutation of {1,2,--- ,n} such that 0 < So(1) < <Sg(n) <I.

By iteration of u(z,x), we have

n'”fn(a '7t7x)||2jf®"
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n

—n! /M dsdr [ dydz s, vt fulrat ) [JAGi— ) [[Alsi—r), (5.5.1)

i=1 i=1

where dy := dy; - - - dyy, the differentials dz, ds and dr are defined similarly. Set p(d§) :=

i pu(d&;).

Recall that Jj is bounded, so we have

n'“fn(a '7t7x)H,2%ﬂ®"
1

n
< C [O l‘]2n der/Ran ddegn(s,y,t,x)gn(}gz,t,x) HA(yl _Zi) Hl(si - ri)-

Furthermore by Cauchy-Schwarz inequality,

n

R2nd ddegn(s,y,t,x)gn(r,z7[,x) HA(yl _Zi)
i=1

{/ ddegn(s yatvx)gn(s Z7t7x Yi—Zi }

n
{ Rzndddegn(ry7t’x 8n rZ7t7-x HA i — i }

i=

(i) Let A(-) = @g(+) and use the estimation of Y in Lemma ??, we have

n

dydz ga(s,y,1,x)gn(s,2,1,) [ JAGi —21)
i=1

< CH/zn H<PH Yik = Zik)On(t,Yik, 8)On(t, ik, )dyidzi  (5.5.2)

R2nd
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where

K,

[ L7
On(t,Yiks$) = S5 (k1) =S ()| @ Vio(k+1) = Yie(k)| @ P(So(kr1) —So(k)sVio(k+1) —Vio(k))s

Yi = (yi17yi27" s Yiks 7yin)7 2= (Zi],ZiZ," * 5 kst 7Zin);

n n
dyi:=[ldva  dzi:=[]dzus
k=1 k=1
and

Yo(kt1) =Zo(kr1) =3 So(ntl) = Fo(nr1) =1

Let’s first consider the case 2H; — 2+ k;/d # —1. Applying Lemma ?? to

n
/RZn [T o8 ik — zik) @ (2, ik, $)On (2, zik, 8 )dyidz (5.5.3)
k=1

for dyis(1)dzis(1), We have

n
/Rzn [T o8 ik — zik) ®u (2, ik, $)On (2, zik, s )dyidz
k=1

n
é C(SiO'(Z) — Sic(l))zéi /RZn H (PHi()’ik _Zik)@)n(t,yik,S)®n(t,Zik,S)dyide
k=2

where
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Applying Lemma ?? to (??) for dys(1)dzis (), k = 2, -+ ,n, we have

d n n
H/Rz" T a1 ik — zi) ®u(t, yik ) O (¢, 23, 8 )dyidzi < [ [ €™ (5 41) — Sc(k))%
i=1 /R =1 k=1

where

d K0 d
(=Y li=li+—F—+—— with [H|=) H;.
j i=1

Due to the same argument, we have

(5.5.4)

d n n
II/R%ICI—[](PH,-()’ik_Zik)®n(tayikar)®n<tazik>r>dyidzi < kr[lcn(rp(kﬂ) — 7o)
l: - —_—

Therefore

n

[ &gl 008zt 0 [TAGi=2) € (0990

i=1

where
0(s) =] Gt —5s@)s 00 =] 1oy =70
i=1 i=1
with
0< So(1) < So(2) < - <Sg(n) and 0< Tp(1) <Tp(2) <. <Tpn)-
Hence,

Moot Dl pen < / MHA (59 (r))'dsdr
_11‘2/0;2:11—1;L < 2€+¢() >der
= /0 2nH)L i— 1)@ 2gdsdr
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cnct

< t 20

<= /[Oﬂnrp(s) ds

—cer / 0 (s)%'ds
Tu(1)

_CMCIT(26+ 1) 6D
T T((2+1)n+1)

Y

where C; = 2 [{ A(r)dr. The last step is by Lemma ??.

Therefore,
c'cy

2 o <
A =T(20+ Dn+1)°

n!||fn<'7'7t7x>|

and ¥, n!|[ fu(-,-,1,%)||3pen converges if £ > —1/2.
Next we need to show
1
(>—-1/2 < |H| >d—2+a.
Firstly by definition of £ (??)
(>—-1/2 < |H| > ! K, ZC
o d oS-

Then using the definition of {; and k; in (??), (??), (2?), (??) we have:

when 1/2 < a <1,

—1+L, d=1;
R o d=2;
O‘dad_l )
lyo, d=4;
L—2+d, d=3ord>5;
\

107



when 1 < o < 2,

1 2 “ltg,  d=1

—_—K;— — =
5 K aCd 1
d—2+a, dZZ;

For case 2H; — 2+ k;/d = —1, applying Lemma ?? to (2?), we have

d n n
H/RZH T @6 ik — 2it) @t Yiks $)On(t, 2k, 5)dyidzi < [[ C(s6k11) — Soa)*" »
i=1 /R 2] k=1

where
de+x;+d

)
0=+ 1

d
o with [H|=) H;.
i=1
Using the relation 2H; — 2+ k;/d = —1, we have

da
=0+ —¢.
+48

Since

1
|H|>d_2+& = (>-1/2,

we can choose € big enough such such

1
|H| >d=2+_ = 0>-1/2.

Lastly, when o € (1/2,1), for d < 4,H; > 1/2 implies condition (2?); for d > 4,

condition (??) is implied by
2 7
H>1—-—-——
a2
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with 9y sufficiently small; when a € (1,2) ford = 1,H; > 1/2 implies (??); ford > 2,
(??) is implied by

2
Hi>1—2

with vy sufficiently small. This completes the proof of Theorem ?? for case of A(-) =

@r ()
(i) Let x = (x1,X2,--- ,x4) € RY. For Reisz kernel, notice that
d K
< ]l
i=1

so this case is reduced to case (i) with H; = (—% +2)%, i=1,2,---.d.

d
Correspondingly
|H| >d—2+ é
1s
K<4-2/a,

which also guarantees condition (?7?) .

For Bessel kernel, applying Lemma ?? for dys(;)dzs(;) in the order of i = 1,2, -+ ,n

to

n
g 42 gn(s,,1,%)gn(s,2,1,) g/\(yi —z)

yields

n n

/sz dydz gu(s,y,1,%)gn(s,2,1,%) [JAG: — z1) < T[] C"(Sothr1) — o)) >
i=1 k=1
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where

o (04 o
{ = gd—ZK'—i- 5Kd+5d

As in case (i), ¥,50n!|[fu(:,",1,X)||%pen converges if £ > —1/2. Then using the

definition of {; and x; in (??), (2?), (2?), (2?), we have
(>—-1/2 <= k<4-2/a.

This finishes the the proof of the theorem. [
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