Metadata, citation and similar papers at core.ac.uk

Provided by KU ScholarWorks

Stochastic partial differential equations driven by colored noise

By

Jingyu Huang

Submitted to the graduate degree program in the Department of Mathematics
and the Graduate Faculty of the University of Kansas in partial fulfillment of the
requirements for the degree of Doctor of Philosophy.

Professor Yaozhong Hu, Chairperson

Professor David Nualart, Chairperson

Committee members
Professor Jin Feng

Professor Atanas Stefanov

Professor Jianbo Zhang

Date Defended: 4-14-15



https://core.ac.uk/display/213412962?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

The Dissertation Committee for Jingyu Huang certifies
that this is the approved version of the following dissertation:

Stochastic partial differential equations driven by colored noise

Professor Yaozhong Hu, Chairperson

Professor David Nualart, Chairperson

Acceptance date: 4-14-15

i



Abstract

This dissertation studies some problems for stochastic partial differential equations, in
particular, (nonlinear) stochastic heat and stochastic wave equations, driven by (mul-
tiplicative) colored Gaussian noises. These problems considered are existence and
uniqueness of the solution, Holder continuity of the solution, Feynman-Kac formula
for the solution, Feynman-Kac formula for the moments of the solution, Smoothness of
the density of the solution as a random vectors at different spatial locations, intermit-
tency (asymptotics for the high moments of the solution).

The dissertation is divided into six chapters. Chapter 1 provides a brief summary of
this dissertation and Chapter 2 provides some brief background material on Gaussian
processes and Malliavin calculus needed in this work.

In Chapter 3, we study the Holder continuity of the stochastic wave equations in
dimension three. This kind of topic has been studied in [91] for one dimensional case
and in [30] for two dimensional case. In the three dimensional case, the fundamental
solution of wave equation is not a positive function, but a measure supported in a sphere,
this poses new difficulties. In [30], this problem is studied for the noise with specific
space covariance functions, i.e., the Riesz kernel multiplied by a nice function. Our
research deals with more general space covariance function, and give some general
criteria to determine the order of the Holder continuity of the solution. We also give

several examples to show the applications of our results.
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In Chapter 4, we study the stochastic heat equation with general multiplicative
Gaussian noise. For the multiplication of the noise, we consider both Skorohod sense
and Stratonovich sense. In the Skorohod case, we obtain the Feynman-Kac formula for
the moments of the solution, and in Stratonovich sense, we get the Feynman-Kac for-
mula for the solution. These formulas are used to get some sharp exponential bounds of
the moment of the solution. We also study the solution to these equations using rough
path theory. The Feynman-Kac representation of the solution to such equations are first
studied in [56] for space time fractional noise, our research extends that case to general
Gaussian noises.

In Chapter 5, we study the smoothness of the density of the solutions to some
stochastic partial differential equations. Using the techniques of Malliavin calculus
we derive the smoothness of the density of the solution at a fixed number of points
(t,x1),...,(t,x,), with some suitable regularity and non degeneracy assumptions. We
also prove that the density is strictly positive in the interior of the support of the law.
In the end of this chapter we will give some examples to show the applications of our
results.

In Chapter 6 we study the one-dimensional stochastic heat equation driven by a
Gaussian noise which is white in time and which has the covariance of a fractional
Brownian motion with Hurst parameter H € (4117 %) in the space variable. When H < %,
there is no positive covariance function for the noise, so the classical theory developed
in [24, 31] does not apply. To overcome this difficulty, we use the fractional derivative
and some Sobolev space techniques to prove the existence and uniqueness of the solu-
tion under some conditions. We also get the moment bound and the Holder continuity
property of the solution. For a specific case, namely, the Anderson model, we also get
the moment formula for the solution and the sharp exponential bound for the moment

of the solution.
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Chapter 1

Introduction

This dissertation concerns with several topics in stochastic partial differential equations,
including (nonlinear) stochastic heat equations, stochastic wave equations, driven by
(multiplicative) colored Gaussian noises. The topics contains the existence and unique-
ness of the solution, Feynman-Kac formula for the moments of the solution, Feynman-
Kac formula for the solution, continuity of the solution, smoothness of the probability
density of the solution as a random vector, asymptotic behavior and related properties
such as intermittency and chaos.

The dissertation consists of four research articles, jointly with with my advisors
Yaozhong Hu and David Nualart, together with my collaborators Khoa Le, Xiaobin

Sun, and Samy Tindel. They are listed as follows:

(1) (included in Chapter 3)

Y. Hu, J. Huang, D. Nualart: On Holder continuity of the solution of stochastic
wave equations in dimension three, Stoch. Partial Differ. Equ. Anal. Comput.,

2, (2014), 353-407.



(2) (included in Chapter 4)

Y. Hu, J. Huang, D. Nualart, S. Tindel: Stochastic heat equations with general
multiplicative Gaussian noises: Holder continuity and intermittency. Revised for

Electronic Journal of Probability.

(3) (included in Chapter 5)

Y. Hu, J. Huang, D. Nualart, X. Sun: Smoothness of the joint density for spa-
tially homogeneous SPDEs. Accepted by Journal of the Mathematical Society of

Japan.

(4) (included in Chapter 6)

Y. Hu, J. Huang, K. Le, D. Nualart, S. Tindel: Stochastic heat equations with

rough dependence in space. Preprint.

Next chapter (Chapter 2) will provide some brief background material for Gaus-
sian process and Malliavin calculus. A list of references is provided at the end of the
dissertation.

Next we explain the contents of each of the above papers in more detail.

Due to the irregularity of the paths of Gaussian noises, the solution to stochastic
partial differential equations (abbreviated as SPDEs) are usually continuous (with some
modification) but not smooth, thus the order of Holder continuity is an important topic
for research when it comes to understanding the fine behavior of the process. They can
also be used in order to understand the behavior of extreme values of the process, as
well as in determining potential theoretical properties of the process. Some research
has been done for the Holder continuity of the solution to heat equations and wave
equations in dimensions one and two, see [91, 86, 69]. In the above listed first paper

(Chapter 3), the wave equation in dimension three for dimension three is considered.



Namely, we consider

82 .
(57 8) () = O(roxale, )W 0.5) 4 bl )

with some initial conditions. Here ¢ and b are Lipschitz continuous with some growth
assumptions. The centered Gaussian noise W is assumed to be white in time and with

a homogeneous correlation in space and can be informally written as

E[W(t,x)W(s,y)] = 8(s—1)f(x—).

Here f is a positive and positive definite function and 9§ is the Dirac function. The major
difficulty is that the fundamental solution to this equation is not a function, but a mea-
sure supported on a sphere(see [24]). Our approach to this problem is partly inspired
by [30], in which the authors consider a special case where the covariance function f is
a nice function multiplied by a Riesz kernel and use fractional derivatives and Sobolev
embedding theorem. By computing the convolution of the fundamental solution with
itself, using Fourier transform method and the specific structure of the fundamental
solution, we are able to obtain some general criteria for the Holder continuity of the
solution, both in space and time, for a large class of covariance functions f. Based on
these general criteria, we recover the results proved in [30] and simplify some of their
proofs.

Although we are able to give some general results regarding the Holder continuity
of the solution, some further research still remains to be done. For example, although
we are able to give some general criterion for the Holder continuity of the solution,
both in the space and time variable, the criterion for the time variable is not as simple

as for the space variable. This is due to the fact that the fundamental solution of the



wave equation does not enjoy shifting properties for the time variable as for the space
variable. So one direction for future research is to obtain a simple criterion for the
Holder continuity of the time variable. As an example, for the heat equation a simple
and nice criterion for the Holder continuity of the solution, both for the time and the
space, is obtained in [86]. [91] and [69] give simple criteria for the stochastic wave
equations in dimensions one and two, respectively. Our goal is to get such a simple
criterion for the wave equation in dimension three.

Another direction for future research is to extend our result to higher dimensions. In
[19], the authors studied the stochastic wave equation in dimension d > 4. Since in this
case, the fundamental solution to the wave equation is no longer a positive Schwartz
distribution (see [34]), some further generalization of the stochastic integral is required.
In that work, they consider such an equation with vanishing initial condition. They are
able to prove the moment bound and Holder continuity of the solution, in the special
case when o is affine, b is zero and the covariance function f is Riesz kernel. One
direction for future research is to consider the general Lipschitz functions ¢ and b, and
general covariance function f. Another direction of future research is to consider the
equation with non-vanishing initial conditions but a new construction of the stochastic
integral may be needed.

The above listed second paper (Chapter 4) is concerned with the d-dimensional (d >

1) parabolic Anderson model with general multiplicativeGaussian noises (see [53]), i.e.

du 1 .
i EALH—MW (0.1)



with some bounded initial condition uo(x). Where W is a mean zero Gaussian noise

with some general time and spatial covariance structure, that is

EW(s,x)W(1,y)) = v(s —)A(x—y),

where ¥ and A are some positive and positive definite functions. We also assume that
the Fourier transform of A is a tempered measure (. In the recent past there has been a
widespread interest in this model since it arises in several important areas, for example,
the homogenization problems for PDEs driven by highly oscillating stationary random
fields ([41, 47, 57]), the KPZ growth model through the Cole-Hopf’s transform ([46,
79)).

We consider the solution in two senses, namely, the Skorohod sense and Stratonovich

Sense.
Equation in Skorohod sense

This case was studied by [55] when the noise is a fractional Brownian motion with
Hurst parameter H > % in time and a standard Brownian motion in space. Our paper
[53] extends their results to the general covariance functions. Using chaos expansion,
we are able to prove the existence and uniqueness of the solution to equation (0.1) under

the condition that Y is locally integrable and that

/ p(dé) o 02)
R

a 11812

Condition (0.2) is usually referred as Dalang’s condition. This condition guarantees the
existence and uniqueness of the solution to a large class of SPDEs when the noise is

white in time, see [24]. Using a regularization technique, we are also able to give a



formula for the nth moment of the solution E (u(z,x)"):

u(t,x)") = nu '+ x)ex tts—r i —Bl)dsdr | |,
Eu(r.x)") E(H o(Bl+) p<1§§j§n/o/ﬂ( A(B,~B)) ))

here B’ are independent standard Brownian motions which are independent of W. The
chaos expansion and the moment bounds can be used to get some sharp exponential

moment bounds for the solution.
Equation in the Stratonovich sense

In this case, if we assume some stronger conditions than (0.2), we are able to give a

Feynman-Kac formula for the solution:

utt.0) =B (exp (w4 [ [ 861, ~ywianan ) ).

We can obtain some Holder continuity of the solution using this formula. The Feynman-
Kac representation is originally studied in [56] when the noise is fractional in both time
and space. Our result extends their result to the general covariance. However, the
uniqueness of the solution is open. Using the moment bound results from the previous
case, i.e., the equation in Skorohod sense, and the results in [18], we are also able
to obtain the sharp lower and upper moment bound of the solution, for some specific
choices of the covariance functions.

In this project, some questions are still open. For example, one open problem
is to prove or disprove the uniqueness of the solution to equation (0.1), interpreted
in Stratonovich sense. The difficulty of the problem comes from the construction of
Stratonovich integral, which does not have an isometric property as the Itd integral.

In [21], the authors estimated the speed of propagation for the farthest peaks of the

solution, when the dimension is 1 and the noise is white in space and time. Using our



moment formula for the solution, we hope to get some similar results for the time and

space correlated noise case. This topic remains to be a direction for future research.
The above listed third paper (Chapter 5) deals with the smoothness and positivity of

the joint probability density at a fixed number of space locations. To be more precisely,

consider the SPDE
Lu(t,x) = b(u(t,x)) + 0 (u(t,x))W (t,x),

>0, xeRY with vanishing initial conditions, where L denotes a second order partial
differential operator. The noise W is white in time and with some correlation in space
and the spatial correlation f satisfies some integrability conditions. This is a generaliza-
tion of the previous work [69]. Using the techniques of Malliavin calculus as developed
in [11, 72], we derived the smoothness of the density of the solution at a fixed number
of different points (z,x;),...,(f,x,) and also the positivity of the density in the support
of the law of the random vector (u(z,x1),u(t,x2),...,u(t,x,)).

In the above listed fourth paper (Chapter 6), we study the one dimensional stochastic

heat equation of the following form:

Ju 1 .
5 = EAu +o(u)W, (0.3)

where W is a centered Gaussian process with covariance given by
1 on 2H 2H
EW (s, )W (1,y)] = 2 (™ + 77 = = y[T) (s Ar),

with % < H< % That is, W is a standard Brownian motion in time and a fractional
Brownian motion with Hurst parameter H in the space variable. Since the spatial co-

variance function for this noise is not locally integrable, the standard methodology used



in the classical references [24, 29, 31, 75, 91] does not apply to this case. This research
is intended to fill this gap. Since the covariance of two stochastic integrals with respect
to W is expressed in terms of fractional derivatives, we need to use some Holder norm
to deal with the solution. For the uniqueness of the solution, we apply some factoriza-
tion and stopping time arguments while for the existence of the solution, we use some
tightness arguments. Right now we are only able to deal with the initial condition which
is in LP(R), to consider more general initial conditions needs further research. Some

other directions for future research are listed as follows.

1. We want to study some chaotic property of the solution as done in [23, 20, 21, 17],
that is, a change of the initial condition may result a totally different behavior of

the solution.

2. We may try to study using Malliavin calculus, under which condition the solution

has a smooth probability density.

3. We may study the equation in a finite interval, with some boundary conditions.

We may study the evolution of the energy of the solution, as done in [59, 35].

4. We may also consider other types of equations, for example, the wave equation

or more general spatial differential operators, driven by the same noise.



Chapter 2

Preliminaries

We introduce some basic elements of Gaussian analysis and Malliavin calculus, for

which we refer to [74] for further details.

2.1 Isonormal Gaussian process and multiple integrals

Let J7 be a real separable Hilbert space (with its inner product and norm denoted by
(-,+) 5 and ||-|| ,, respectively). For any integer ¢ > 1, let #°?9(#“1) be the gth ten-
sor product (symmetric tensor product) of .7. Let X = {X (h),h € .7} be an isonormal
Gaussian process associated with the Hilbert space .7, defined on a complete proba-
bility space (Q,.#,P). That is, X is a centered Gaussian family of random variables
such that E[X (h)X (g)] = (h,g) , forall h,g € .

For every integer g > 0, the gth Wiener chaos (denoted by .77;) of X is the closed lin-
ear subspace of L?(£2) generated by the random variables { H,(X (h)) : h € S, ||h|| ,,, = 1},
where H, is the gth Hermite polynomial recursively defined by Ho(x) = 1, H;(x) = x
and

Hyy1(x) =xHy(x) —qHy—1(x), g>1. (1.1)



For every integer ¢ > 1, the mapping 1,(h®?) = H,(X (h)) , where ||h|| s = 1, can be
extended to a linear isometry between .7 (equipped with norm /¢! ||-|| ;=) and 7%
(equipped with L?(€) norm). For ¢ = 0, % = R, and I is the identity map.

It is well-known (Wiener chaos expansion) that L?(Q) can be decomposed into the
infinite orthogonal sum of the spaces .77;. That is, any random variable F € L?*(Q) has

the following chaotic expansion:

[

F=Y 1,(fy), (1.2)

q=0

where fy = E[F|, and f, € 5#“9,q > 1, are uniquely determined by F. For every g >0

we denote by J, the orthogonal projection on the gth Wiener chaos .77, so I, (f,) = J,F.

2.2 Malliavin operators

We introduce some basic facts on Malliavin calculus with respect to the Gaussian
process X. Let . denote the class of smooth random variables of the form F =
f(X(h1),...,X(hy)), where hy,... hy, are in 7, n > 1, and f € C;(R"), the set of
smooth functions f such that f itself and all its partial derivatives have at most polyno-
mial growth. Given F = f(X(h;),...,X(hy)) in .7, its Malliavin derivative DF is the

#—valued random variable given by
e
pF=Y L), X ()
i=1 9%

The derivative operator D is a closable and unbounded operator on L?(Q) taking values
in L?(Q; 7). By iteration one can define higher order derivatives DF € L?(Q;.#%%).

For any integer kK > 0 and any p > 1 and we denote by D*? the closure of .# with

10



respect to the norm ||-[|, , given by:

k .
11, = LB D)
1=

For k = 0 we simply write ||F|o,, = ||F||,. For any p > 1 and k > 0, we set D™ =
Mi>oD*P and D& = M5 DFP,

We denote by & (the divergence operator) the adjoint operator of D, which is an
unbounded operator from a domain in L?(Q;.5#) to L>(Q). An element u € L*(Q; )

belongs to the domain of § if and only if it verifies
[E[DF,u) ]| < cu\/ E[F?]

for any F € D!2, where c, is a constant depending only on u. In particular, if u €

Dom 4, then §(u) is characterized by the following duality relationship
E(8(u)F) = E((DF,u) ) (2.1)

for any F € D2,
We can factor out a scalar random variable in the divergence in the following sense.

Let F € D2 and u € Dom § such that Fu € L*(Q; 7). Then Fu € Dom & and
0 (Fu) =Fo6(u)— (DF,u) ,, (2.2)

provided the right hand side is square integrable. The operators 6 and D have the

following commutation relationship

Do (u) = u+ 6(Du) (2.3)

11



for any u € D??() (see [74, page 37)).

12



Chapter 3

Holder continuity for stochastic wave equations in

dimension three

In this chapter, we study the stochastic wave equations in the three spatial dimensions
driven by a Gaussian noise which is white in time and correlated in space. Our main
concern is the sample path Holder continuity of the solution both in time variable and in
space variables. The conditions are given either in terms of the mean Holder continuity
of the covariance function or in terms of its spectral measure. Some examples of the
covariance functions are proved to satisfy our conditions, which include the case of
the work [30]. In particular, we obtain the Holder continuity results for the solution
of the stochastic wave equations driven by (space inhomogeneous) fractional Brownian
noises. For this particular noise, the optimality of the obtained Holder exponents is also

discussed.

13



3.1 Introduction

We shall study the following stochastic wave equation in spatial dimension d = 3:

(2~ A) ult.) = 6 (tx.ult, )W (1.0) +b{e.x,u(r, ),
(1.1)

w(0,x) =vo(x),  %4(0,x) = vp(x),

where ¢ € (0,T] for some fixed T > 0, x € R? and A = 5—22 + 22+ 2% denotes the
X dx5 x5

Laplacian on R3. The coefficients ¢ and b satisfy some regularity conditions which

will be specified later. The Gaussian noise process W is assumed to be white in time

and with a homogeneous correlation in space. This can be informally written as

E[W(t,x)W(s,y)] = 8(t —s)f(x—)

for a non-negative, non-negative definite and locally integrable function f, where § is
the Dirac delta function. We will explain in Section 2 how this expression can be made
formal.

It is known (see, for instance, [31, Theorem 4.3]) that if o and b are Lipschitz func-
tions with linear growth and f satisfies [}, <, f(x)/[x|dx < o, then there is a unique mild
solution to Equation (1.1). Our purpose is to establish the sample path Hélder continu-
ity both in time variable and in space variables of the solution to this equation. When
f is given by a Riesz kernel |x| B, B € (0,2), the Holder continuity of the solution
has been obtained by Dalang and Sanz-Solé€ in their monograph [30]. Their approach
is based on the fractional Sobolev imbedding theorem and the Fourier transformation

technique.

14



In this chapter, we shall consider more general Gaussian noises, and we introduce a
new approach that avoids the Fourier transform. The main idea is to impose conditions
on the covariance f itself. To be more precise, let D,,f = f(- + w) be the shift oper-
ator. We shall show that if ||Dy f — fl|11(p) < Clw|" and [|Dyf + Dy f = 2f||11(p)
Clwl|? for some y € (0,1] and ¥ € (0,2], where p is the measure on R? defined to be
p(dz) = 1, <om) fﬂdz, then the solution to (1.1) is locally Holder continuous of order
K < min(y, %) in the space variable (assuming zero initial conditions) (see Theorem
3.5).

The Holder continuity in the time variable is more involved. Following the method-
ology used by Dalang and Sanz-Solé in [30], we transform the time increments into
space increments, and we impose suitable assumptions on the modulus of continuity of
a shift operator which are formulated integrals over [0, 7] x (5%)?, equipped with the
measure dso (d€)o(dn), where o is the uniform measure on the unit sphere S? (see
Theorem 3.7).

We also obtain a theorem on the Holder continuity in the space variable using
the Fourier transform technique. More precisely, we establish the Holder continuity
of order k¥ < ¥, provided the spectral measure p satisfies the integrability condition
Jr3 1 ﬁ C"|§ » < oo and the Fourier transform of |{|*"1(d{) is non-negative. The non-
negativity condition on this measure leads to a simple proof of the Holder continuity
in the space variable which avoids the control of the norms of the increments D,, f — f
and D, f +D_,,f —2f (or their respective Fourier transforms). As an application, this
method provides a direct proof of the Holder continuity in the space variable, in the
case of the Riesz kernel. However, at this moment we are not able to use this approach
to handle the Holder continuity in the time variable.

To illustrate the scope of our results we provide some examples of covariance func-

tions f which satisfy our conditions. We consider first the Riesz and Bessel kernels.

15



Then we focus our attention to fractional noises with covariance function of the form

f(x) — |X1 |2H1_2|X2|2H2_2|X3|2H3_2,

where Hy,Hy,Hs € (1/2,1) and k := Z?:lHi — 2. We show (see Theorem 6.1) that,
under suitable assumptions on the initial conditions, if k; € (0,min(H; — 1/2,k)) and
Ko = min(kj , K2, k3), then for any bounded rectangle I C R3, there is a finite random

variable K, depending on the k;’s, such that for all 5,7 € [0,T] and for all x,y € I

Jut,x) —u(s,y)| < Ki(lxr =yi|™ + 2 = y2|* 4 [x3 = y3[® + |s = 1)

To see if the Holder exponents k;’s are optimal or not, we investigate a simple linear
stochastic wave equation with additive noise. That means, we consider the equation
(1.1) with vg =9 =0, b =0 and o = 1. In this situation, we prove (see Theorem
6.2 and a Kolomogorov lemma) that for any bounded rectangle / C R* and for any
k € (0,k), there is a random variable Ky ; such that for alll 7,5 € [0,7] and for all

x,yel

Ju,x) —uls, y)| < Kiep(lxr =1 + vz =y2|* + w3 = y3* + [s —1[%).

On the other hand, we obtain in Theorem 6.2 a lower bound on the variance of the
increments of the process u which shows that the exponent k is optimal. Notice that in
the nonlinear case (see Theorem 6.1), we need the extra conditions x; < H; — 1/2 for
i=1,2,3. Also, this extra condition is not necessary if H;+H; < 3/2 for any i # j (for
instance, if H; = H, = Hy = H < 3/4), and in this case k; coincides with the optimal
constant k. It would be interesting to know if the additional conditions k; < H; — 1/2

are due to the nonlinearity or due to the limitation of our technique.
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This chapter is organized as follows. Section 2 contains some preliminary material
about the noise process in Equation (1.1). We state our basic assumptions on the covari-
ance function f and prove a general Burkholder inequality. We also give the definition
of the mild solution and state the existence and uniqueness theorem of the solution to
Equation (1.1). Section 3 contains two main results on the Holder continuity in the
space variables. One is based on the structure of the covariance function f itself and
the other one uses the Fourier transform of f. In Section 4 we prove a criterion for the
Holder continuity in the time variable. Section 5 presents some examples of covariance
functions f which satisfy the conditions given in our main theorems. In the first ex-
ample, f is the convolution of a Schwartz function with a Riesz kernel. In the second
example, f is the Riesz kernel, which is the case studied in [30]. In the third example, f
is the Bessel kernel. Section 6 deals with the case when the noise process is the formal
derivative of a fractional Brownian field. The optimality of the Holder exponents is

discussed in this section. Section 7 contains some lemmas which are used in the paper.

3.2 Preliminaries

Consider a non-negative and non-negative definite function f which is a tempered dis-
tribution on R3 (so f is locally integrable). We know that in this case f is the Fourier
transform of a non-negative tempered measure i on R3 (called the spectral measure of

f). That is, for all ¢ belonging to the space . (R?) of rapidly decreasing C* functions

/sz(x)‘f’(x)dXZ/W%P(i)u(dé), @.1)
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and there is an integer m > 1 such that

| A+1ER) " u(dg) <o, 22)

where we have denoted by .7 ¢ the Fourier transform of ¢ € .7 (R?), given by

F(E)= [ olx)e " dx

02
Let G(t) be the fundamental solution of the 3-dimensional wave equation a_t;t =Au.
That is
1
G(t) = —o 2.3
(1) = 10 (2.3)

for any ¢t > 0, where o; denotes the uniform surface measure (with total mass 47t?) on
the sphere of radius # > 0. Sometimes it is more convenient for us to use the Fourier

transform of G given by

_ sin(7[S])

ﬂ’G(f)(ﬁ)—T,

t>0. (2.4)
Our basic assumption on f is
Iy < oo, 2.5)

It turns out (see Lemma 3.16 and Equation (7.7) below) that this is equivalent to

d
/R 3 %éfz < o, (2.6)

Notice that since we are in R3, condition (2.5) is satisfied if there is a k < 2 such that

in a neighborhood of 0, f(x) < C|x|~¥.
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The following identities will play an important role,

o MWae = [ 166)+60) @5

s—1<|x|<s+t |x|
- Rg“(d@(ng(S))(5)(9G(I))(§) 2.7)

for 0 <t <s. We refer to Lemma 3.16 and Lemma 3.17 for proofs of these two identi-
ties.

Fix a time interval [0,T]. Let C3([0,T] x R?) be the space of infinitely differen-
tiable functions with compact support on [0, 7] x R3. Consider a zero mean Gaussian
family of random variables W = {W(¢), ¢ € C5([0,T] x R?)}, defined in a complete

probability space (Q,.%, P), with covariance

Bwew )= [ [ [ otorc- v @)

Walsh’s classical theory of stochastic integration developed in [91] cannot be ap-
plied directly to the mild formulation of Equation (1.1) since G is not a function, but a
measure. We shall use the stochastic integral defined in Section 2.3 of [31]. We briefly
summarize the construction and properties of this integral.

Let U be the completion of C (R3) endowed with the inner product

0o = [ dx [ dvo@ra—ywt) = [ F@)OFWEnE), @9)

@,y € C3(R?). Set Ur = L2([0,T}; U).
The Gaussian family W can be extended to the space Ur. We will also denote by
W (g) the Gaussian random variable associated with an element g € Ur. Set W;(h) =

W (1o h) forany t € [0,T] and s € U. Then W = {W;,7 € [0,T]} is a cylindrical Wiener
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process in the Hilbert space U. That is, for any h € U, {W;(h),t € [0,T]} is a Brownian

motion with variance t|/||?,, and

E(W:(h)W;(g)) = (s A1)k, g)u-

Let .%; be the o-field generated by the random variables {W,(h),h € U,0 < s <t} and
the P-null sets. We define the predictable o-field as the o-field in Q x [0, 7| generated
by the sets {A x (s,¢],0 <s <t <T,A € Z}. Then we can define the stochastic integral
of a U-valued square-integrable predictable process g € L?(Q x [0,T];U) with respect

to the cylindrical Wiener process W, denoted by

g-W:/()T/IR3g(t,x)W(dt,dx),

and we have the isometry property

T
Elg-W2=E [ [|()|3ar. (2.10)

The following lemma provides a sufficient condition for a measure of the form

¢ (x)G(t,dx) to be in the space U.

Lemma 3.1. Consider a Borel measurable function ¢ : R> — R, such that for some

t>0,

L. [ 19000IG(.anG(r,d)fx—y) < @)
R3 JR?

Then, ¢G(t) belongs to U and

l9GOIE = [, [ 0e0)G.ancidsa—y. @12
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Furthermore, when @ is bounded,

l9GOI} = [ 17 (9G(1)) (§) m(dE). 213)

Proof. Suppose first that ¢ is bounded. Then by Lemma 3.17, the equality (2.13)
holds and [g3 |7 (9G(t))(&)|?u(d&) < . Let y be a nonnegative C* function on R?

supported in the unit ball such that [p3 y(x)dx = 1. Define y,(x) = n®y(nx), so

(¥ x (9G(0) ()= | ¥alx=3)9()G(t.d)

is in C(")°(R3), and we have

/R3 |Z (yu+ (G (1)) — oG (1)) Pu(d8)

= [ (Fw)&) - P17 (9G(1))(§)°1(dg) — 0

as n — oo, by the dominated convergence theorem. This implies that ¢G(¢) is in U, and
(2.12) holds.
In the general case, we consider the sequence of functions @ (x) = @(x)1g|<s}-

Then ¢y (x)G(¢,dx) belongs to U, and

()G (1. dx) — @(x)G(r, )|

< [ ]9 = 0@l - 006, a6l dn) ),

which clearly goes to 0 as k goes to infinity, by the dominated convergence theorem.

]
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For any x € R® we denote by G(t,x — dy) the shifted measure A — G(t,x — A).
Clearly Lemma 3.1 holds if we replace the kernel G(¢,dy) by the shifted kernel G(z,x —

dy). Applying Lemma 3.1, we immediately get the following Burkholder inequality.

Lemma 3.2. Let Z = {Z(t,x),(t,x) € [0,T] x R3} be a predictable process such that

for some p > 2 and x € R3,

[STS]

E (/Ot /IR@ - |Z(s,x—y)Z(s,x—z)|G(s,dy)G(s,dz)f(y—z)ds) < oo,

Then the measure-valued predictable process Z(s,y)G(s,x —dy) belongs L*(Q x [0, T];U)

and there exists a positive constant Cy, depending only on p, such that

Z(s,y)G(s,x —dy)W (ds,dy) ’

0 Jr3
’ </Ot /RS /]1%3 Z(s,x—y)Z(s,x—2)G(s,dy)G(s,dz) f(y — Z)dS) g

If we have

sup  E|Z(t,x)|P < oo, (2.14)
(1,%)€[0,T] xR3

then an application of Holder inequality yields

Z(s,y)G(s,x —dy)W (ds,dy) ’

R3
< C / ds (suﬂgE]Z 5,X) > </R3 R3f(y—z)G(s,dy)G(s,dZ)>2.

By Lemma 3.16, the above inequality can also be written as

Z(s,y)G(s,x —dy)W (ds,dy) ’

R3
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< C / ds (xseulé)%mz s,x)|P ) (/|x|<2s %dx)z.

Using the above notion of stochastic integral one can introduce the following defi-

nition:

Definition 3.3. A real-valued predictable stochastic process u = {u(t,x),0<t <T ,x €

R3} is a mild random-field solution of (1.1) if for all t € (0,T], x € R?,

utx) = (G #v0) () + (G(0) #70) ()
+/0t - G(t —s,x—dy)o(s,y,u(s,y))W(ds,dy)

+/o Gt —s5) (b(s,~uls, ) (x)ds  as.

Consider the following condition.

(H) The coefficients o and b satisfy

jo(t,x,u)—o(t,yv)| < C(x—y[+]u—v])

lo(s,x,u)| < C(1+ |ul)

and

[b(2,x,u) =b(t,y,v)| < Cbe=y|+|u—vl)

[b(s,x,u)] < C(1 + |ul)

for any x,y € R?, 5, € [0,T] and u,v € R.
Then one can prove the existence and uniqueness of the solution to (1.1) in exactly

the same way as in [31, Theorem 4.3].
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Theorem 3.4. Suppose the condition (2.5) holds, and o, b satisfy the condition (H).
Let vy € C! (R3) such that vy and Vv are bounded and vy is bounded and continuous.

Then there exists a unique mild random-field solution u to (1.1) such that for all p > 1,

sup  Elu(t,x)|? < co. (2.15)
(t,x)€[0,T]xR3

Along the paper, C will denote a generic constant which may change from line to

line.

3.3 Holder continuity in the space variable

In this section we will prove Theorems 3.1 and 3.2 which are the main results on the

Holder continuity of the solution of Equation (1.1) in the space variable.
Theorem 3.5. Let u be the solution to Equation (1.1). Assume the following conditions.
(a) The coefficients ¢ and b satisfy condition (H).

(b) vy € CZ(R3), vo, Vvo and vy are bounded and Avy and vy are Holder continuous

of orders 7y and Y, respectively, v, € (0, 1].

(c) The function f satisfies condition (2.5) and for some y € (0,1] and ¥ € (0,2] we

have for all w € R? such that |w| < 1

/ ]f(z+W)—f(Z)’dZ<C|W|}/ 3.1
|z|]<2T ’Z| B

and

dz < Clw|". (3.2)

/ [f(z+w)+fz—w) —2f(2)]
|z|<2T

2|
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Set k1 = min(y1, 7,7, %) Then for any q > 2, there exists a constant C such that

sup Elu(r,x) —u(t,y)|! < Clx—y[™
t€[0,T]

for any x,y € R3.

Proof. Tt suffices to assume that |x — y| < 1. Set x — y = w. Fix ¢ > 2. Then we have

E|u(t,x) —u(t,y)|? < C{E‘/O[ RSG(t—s,x—dz)G(s,z,u(s,z))W(ds,dz)

_/Ot/]R3 G(t—s,y—dz)G(s,z,u(s,z))W(ds,dz)’q
+E‘/OtG(t—s)*b(s,-,u(s,-))(x)ds

— [ 6= xb.uts,) )|
d q
‘— 1)+30) ()~ 5 (G +v0) ()

(G(r) % 7o) (x) = (G(2) *70) (¥) | }

= C(h+h+L+10L).

For 14, since v is Holder continuous with exponent » we get

q
G #50(x) = GO+ () < | [ G(r.dz) Foler—2) = oly —2)
q
< Clw|r /3 G(t,d2)| <Clwt?.  (3.3)
R
For I3, we use the identity (see, for instance, [88])
d 1 1
L G(1) #vo(x) = ~(vo * G(1)) (x) + — / (Avo) (x+1y)dy. (3.4)
dt t 4r Jiy<1
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Then, since Avq is Holder continuous with exponent 7y, we get

d d 1

G0 +0) (1) -5

(G(2)*vo) ()

C q
< —
= 1

[, G(r.d2) (ol =) = (y=2)

q
+C

/z<1 (Avo(x+12) — Avo(y +12)) dz

< Clw[n. (3.5)

For I, we use the Lipschitz condition on b and Holder’s inequality to get

L = E‘/Ol RSG(t—s,dz)b(s,x—z,u(s,x—z))ds
[ [ 6 —s.d0b(s.y—zuls,y—2)ds

Y ’
CE ([ [ 610 5.d2) (vl s v—2) = u(s.y - s

t q—1 t
CE (/ G(r— s,dz)ds) (/ G(t —s,dz)|w|%ds
0 JR3 0 JR3

-1-/0’/]1%3 G(t —s,dz) |u(s,x —z) —u(s,y—z)|qu)

‘ q

IN

IN

IN

t
Clwit+C [ ds sup Elus,z1) ~u(s,2)|". (3.6)
0

1 —=w

For 17, we apply the Burkholder’s inequality of Lemma 3.2 to get

q

no<ocnl [ [ ] oguts.8)rE-mosnun)
< (G(t—s5,x—dE) — G(t —s,y—dE)) (G(t —s,x—dn) — G(t — s,y —dn)) ds|"

.= CE|Q|}.
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The main idea to estimate the above quantity is to transfer the increments of G to

increments of f and 6. We introduce the following notation

Y(s,&) = o(s,x—&,u(s,x—=¢§)) (3.7)
ZX,y(‘s?é) = G(‘g?x_g?u(s’x_g))_G(Svy_éﬂ"(say_g))' (3.8)

Define
h = f(rl_g)zx,y(své)zx,y(san)a (3.9)
hy = (f(N—=8+w)—f(N—8))Lu(s,8)Zxy(5:M), (3.10)
h3 = (f(n_é_W)_f(n_é))zx(svn)zx,y(&é% (311)
hy = 2f(m—=8)—f(MM—8&+w)—f(n—&—w))E(s,8)Zx(s,m). (3.12)
and

1
Qi:// / G(t—s5,dE)G(t —s,dn)hds, i=1,2,3,4. (3.13)
0 JR3 JR3

Then by direct calculation, we can verify that Q = Z?:l 0Q;. To estimate IE|Q|%, we
need to estimate E|Q;|2 for i = 1,...,4. For E|Q;|2, by the assumptions on &, using

Holder’s inequality and identities (2.7) we have

Bl = E| [as [ [ Gl-sad)Ge—s.amsn-¢)

< (0 (53— Euulsx—8)) ~ 0 s,y Eaalsy —£))
(0 (5. M.u(syx= M) = 0 (53~ M.y~ )
cE| [[as [ [ Gt—s.d8)6 ~s.am)sin )
(] + (s, v— &)= ulsy = &)

X ([l |u(s,x =) —uls,y —=n)])

[S1ENY

IN

[0S
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< cfas(]. R3G(r—s,d@G(r—s,asz(n—5))g
< (wlr sup B,z - u(s2))

1 —=w
‘ @) \?
< C/ ds (/ 12) dz) (|w|q+ sup E!u(S,Zl)—M(S,Zz)’q>-
0 <2t 2] 2—2=w

By the condition (2.5), we get

t
E|Qi|f < clwle+C / ds sup Elu(s,z1) — u(s,z2)|’. (3.14)
0

1 —2=w

For E|Q,|2, we write f( — & +w)— f(n —&) =®,(n —&,w) and using the inequality

2,12 .
ab < % we obtain

Bloaf < CE([ [ [ e - mlins Ol )

< |G(t —5,dE)G (t—s,dn)ds)

CE( [ [ [ o111 = E iz, )G~ 5,02)6(0 —s.dmyas )
ser ([ [, [ R s mRG 54816l - s.amas)

[wl¥
= C(Q21+022).

IN

Applying condition (3.1), identities (2.7) and Holder’s inequality yields

IA

021
5,6

< C|w|2(// ”W f(>’dzds) < Clw|.
|lz|<2T |z]
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For the second term we obtain

_qr ! 2 2
022 = CWYB( [ [ [ 1@ =&l (WP fus,x - &)~ us.y—E))
0 JR3JR3
q
xG(t—s,d‘g’)G(t—s,dn)ds)z
q
2
< C‘W‘qf— (/ / |f Z+W ( )ld d)
|z|]<2T Z
repl ([ WEEI ) sup Elu(s, ) (s, 22)[ds
|z]<2T 0 zp—z1=
t
< C|w|q+C/ sup E|u(s,z1) —u(s,z2)|%ds.
0 —71=w

So we conclude that

t
E|0,|¢ ngwuc/ sup Elu(s,z1) — u(s, z2)|%ds. (3.15)

0 —71=w

The term E|Q3 \% can be treated in the same way and we have

t
E|0s|? §C|W|W+C/ sup E|u(s,z1) —u(s,z2)|9ds. (3.16)

0 0—71=w

For E|Qs|?, we set ®5( —&,w) = (=& +w) +f(1 =& —w) ~2f( &), and using
the assumption on &, condition (3.2), Holder’s inequality and the moments estimate

(2.5), we have

[\S10~Y

Bt = ([ [ [ 102 EmIm O mIG - 5.a8)6( - s.dn)as )

(/Ot /R3 . Dy (n —&,w)|G(t—5,dE)G(t —s,dr[)ds>

< sup E(|Z(s,&)||Zc(s,m)])?
S7 7n

IA
(ST
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- C(/t/ |f(z+w)+f(Z—W)_2f(z)‘dzds>2§C|W|q;/-
0 Jlz|<2T

2|

Combining the above expression with (3.14), (3.15) and (3.16), we can write

Y t
IlgC(\w\yqﬁ—]w]Zq)—FC/o sup El|u(s,z1) —u(s,z2)|%ds. (3.17)

—I=wW

The estimates for [;, i = 1,2,3,4, lead to

sup  Efu(r,z1) —u(t,22)[?

1 —=w
. / t
< C|w|qmm(7’1’7’2’7’2)+C/ ds sup Elu(s,z;) —u(s,z20)|9.
0

1 —2=w

An application of Gronwall’s lemma yields
; Y
Elu(t,x) — u(t,y)|? < Clx—y|7mnn272) (3.18)

for any x and y in R3 such that |x — y| < 1, which completes the proof of the theorem.
Notice that, as it can be checked throughout the proof, the generic constant C does not

depend ont € [0,T]. O

Next we give a theorem which establishes the Holder continuity in the space vari-

able using the Fourier transform.

Theorem 3.6. Let u be the solution to Equation (1.1). Assume conditions (a) and (b)

in Theorem 3.5. Suppose the following condition:
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(c') For some y € (0, 1], the Fourier transform of the tempered measure |{|*Yu(d§) is

a nonnegative locally integrable function and

udg)
—— 55 < oo 3.19
fo e o
Set k| = min(y1, %, 7). Then for any q > 2, there exists a constant C such that

sup Elu(t,x) — u(t,y)|9 < Clx—y|98
t€[0,T]

for any x,y € R3.

Proof. Tt suffices to assume that [x —y| < 1. Set x —y = w. Fix ¢ > 2, as in the proof

of Theorem 3.5, we still express E|u(f,x) — u(t,y)|? as C(I} + I + Iz 4+ I4), and the
estimates for I, I3, I; are the same as in the proof of Theorem 3.5. For I;, use the

notation (3.7) -(3.13) and we need to estimate E\Qi|% fori=1,...,4.
The estimate for E|Q; |% is the same as in the proof of Theorem 3.5.
For O, we would like to apply Equation (7.3) to ¢ =X, ,(s,n) and y = Z,(s,&).

Because these functions are not necessarily bounded we we introduce the truncations

Ns8,8) = Zu(s, &)y (5.6) 1<k (3.20)

Z)I;)’(S’n) - Zxay(san)1{|2x,y(s,n)|§k}7 (3.21)

for any k > 0. Clearly, as k tends to infinity, ZX(s, &) and Z’;’y(s, 1) converge pointwise

to Z,(s,&) and X, (s, 1), respectively. Set

QS:/tds/% %G(t—s,dg)G(t—s,dn)(f(n—<§+w)—f(n—5))E§(s,§)2§,y(s,n)-
0 R> JRR’
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Then Equation (7.3) yields

0k = /0 'ds /R F (T, )G =) (). (T, (5,)Gl = 9)) (§) (€™ = 1) (dg)

Using the estimate |e=™"¢ — 1| < C|w|"|{|" for every 0 < y < 1, Cauchy-Schwartz’s

inequality and the inequality vab < %(a + D) for any a,b > 0, we can write
t

8 < [ s [ |7 (B6060-9) (]| (2,696 =9) ()] w1 (a)

1

< [ashrr ([ |7 (Br66-9) @[ 1KPun))’

<( |7 (6060 -9) <c>12u<azc>)é

3 [ashil [ |7 (246,960 -9) @] 16Pucag)

iy [[as [ |7 (%5,6:960-9) @ wiat)

= o [Las [ dngn) [ (26,06 ~9)) (2496 -5)) | (m)
i3 [as [ ang) [ (2,6.)60-9) = (2,960 -9) | )

Ak k
= 01+ 0,

IN

where g is the Fourier transform of the measure |- |?¥u, which by our hypothesis is a
nonnegative locally integrable function. In the above formula, for any measure v, v
denotes the measure V(A) = v(—A). Treating g(n)G(r —s) * G(t — s)(1n)dn as a new

measure, and using Minkowski’s inequality, we get

Bis ¢ < e [[as( [ 3dng<n>[c;<r—s>*G(r—sn(n))g

X sup  E|X(s,&)L (s, + 1)
0<s<t,E neRr3

[STASY
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[SS13SY

<l [[as( [ 16Pm(@) 7 (60 -5)+60-5) (0

2y \ 5
< i ( [ uan);E) < el

. 2
where we have used the moments estimate (2.5), Equation (2.4), the fact that (Smf?f D) <

1+|C§\2’ when s € [0, T] and the inequality |ZI;(S>§)| < |Z(s,&)|. Therefore,

q
2

E‘Q’g < Clw]?

q
2

e~ —

—|—CE/Otds (/RS dnf(m) | (25,0506 — ) = (2, (5,16 —) )| ("))

Applying the dominated convergence theorem we can show that in the above inequality,
e . g .
as k goes to infinity, the left-hand side converges to £ |Q>|? and the expectation on the

right-hand side converges to

q
2

E [ as ( [ A0 [(E0y(5:)G( =) % (£0y(5,G -9)) | <n>)

From the expression for X, , (s, &) and using Minkowski’s inequality, we have

E|0,)f < C|W|qY+C/Otds (/R3dnf(n)(G(t—s)*G(t—S))(n))g

X sup EHG(SaX_ 77714(S,X—77)) - O-<S7y_nau(svy_n))|q]
ner3

q

! du(8) \?
C ‘”’+C/d(/— 7+ E|u(s,z1) — u(s,z)|?
| 0 s r3 1+]|C)2 Wl Zlflzlzpzw |u(s,z1) — u(s,22)|

t
C<|w|q7/—|—|w|q—|—/0 ds sup E|u(s,zl)—u(s,zZ)\q) )

1 —22=w

IN

IN

The same estimate holds for E|Q3]3.
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Consider now the term Q4. We use the truncation argument as in the estimation for

E|Q,|? and we set

05 = [las [ [ G—s.d8)G—s.dm) 25—~ f(n—E-+w)— (0 —E-w))

xZy(s,8)Zx(s,m).

Then, Equation (7.3) implies

05 = [las [ u(ag)(1—costw-£)1 (7 (Zh05,)6-9) ) (OF
2w [as [ (@)1 (7 (26060 -9) ) (©)P

—_——

= 2w [Las [ angm) (256160 —9)) (24960 —9)) ) ()

IN

Then we can use the same argument as before, to conclude that
ﬂ
E|Q4]? < Clw|?".

.. . g, .
Combining the moment estimates for £ |Q;]2,i=1,2,3,4,since [w| < 1and 0 < y < 1,
we have

t
11§C|w|q7—|—C/ ds sup Elu(s,z1) —u(s,z2)|?. (3.22)
0

1 —22=w

Finally, the estimates for I;, i = 1,2,3,4, allow us to write

sup  Elu(t,z1) —u(t,z)|?
Z1—22=X—Yy

) t
< Cle—ypm 20 ¢ [ds sup Elulsz) — uls, )|
0

Z1—2=X—Yy
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An application of Gronwall’s lemma yields
E|u(t,x) —u(t,y)| < Clx — y|4min(1-%.7) (3.23)

for any x and y in R? such that |x — y| < 1, which completes the proof of the theorem.
Notice that, as it can be checked throughout the proof, the generic constant C does not

depend ont € [0,T]. O

Under the assumptions of Theorem 3.1 or Theorem 3.2, applying Kolmogorov’s
continuity criterion, for any fixed 7 € [0, 7|, we deduce the existence of a locally Holder
continuous version for the process {u(t,x),x € R3} with exponent k > 0 where k < k.
Namely, for any ¢ € [0,7] and any compact rectangle / C R3, there exists a random

variable K, ; such that

Ju(t,x) = u(t,y)| < K, rlx = y[*

for and x,y € I.

3.4 Holder continuity in space and time variables

In this section we obtain a result on the Holder continuity of the solution of Equation
(1.1) in both the space and time variables. Let S> denote the unit sphere in R and

0 (d&) the uniform measure on it. We have the following result.

Theorem 3.7. Let u be the solution to Equation (1.1). Assume conditions (a) and (b)

in Theorem 3.5. Suppose the following conditions hold.

(1) For some 0 < v < 1, f‘z‘gh%dz < ChY forany 0 < h < 2T.
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(2) For some 0 < 1 < 1 and for any ¢ > 2 andt € (0,T], we have

Efu(r,x) —u(z,y)|? < Clx —y|™.
(3) Let & and 1 be unit vectors in R? and 0 < h < 1. We have

/OT/SZ @ lf(s(E+n)+h(E+n))—f(s(E+n)+hn)|so(dE)o(dn)ds < ChP',
@.1)

for some p; € (0,1], and

//52/92 (s(E+n)+h(&+mn))—f(s(E+n)+hS)

—f(s(E+n)+mn) + f(s(E+n))|s°0(dE)o(dn)ds < Ch (4.2)

for some p, € (0,2].

Set kK, = min(y, 7, Kl,"TH, leerl ,22). Then for any q > 2, there exists a constant C

such that

sup E|u(f,x) —u(t,x)|? < C|f — |1
x€R3

foranyt,f €1[0,T].

Proof. Fixx e R3 and q € [2,00). Forall 0 <t <7 < T we can write, by Definition 3.3,
4
E|u(t,x) - u(fux)|q < CZ T;,

where

q
T = ‘(%G(I)*vo) (x)—(%G(t_)*vo) (x)| ,
T, = [(G(1)*00)(x) = (G(7)*Po)(x)|7,
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t
; = E‘/ ds/3G(t—s,dy)b(s,x—y,u(s,x—y))
0 R
r
_/ dS/ G(f_S7dy>b(svx_y7u(s7x_y)) !
0 R3

T, = E‘/Ot/IR3 G(t—s,x—dy)o (s,y,u(s,y))W(ds,dy)

?

d q
[ [ 6=s.x=dy)o (s.y.uls.) Wids.a)["
0 JR

Let ¥ = min(y1, %3). By our assumptions on Avg and vy and by Lemma 4.9 in [30],
we have

T\ +T <Clt—77. (4.3)

Notice that Lemma 4.9 in [30] assumes that x belongs to a bounded set in R3, but from
the proof it is easy to see that the constant C does not depend on x.

The term 73 is bounded by
T3 <C(T5,1+T32),

where

q

T
ds [ G(F—s.dy)b(s.x—y,u(s,x— )
t

T —
3,1 -

Y

q

t
Iz, = ds G(t —s,dy) — G(t—s,dy))b(s,x—y,u(s,x—y))

R3

Holder’s inequality, the linear growth of b and the moments estimate (2.5) imply

7 g-1
Iz < C(/ ds/gG(f—s,dy))
C(t—

(/ ds/ G(f—s,dy) sup sup (1—|—E|u(s,x)|q)>
0<SSTx€R3

IN
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For T3>, we split the integral into a difference of two integrals and then we apply the
change of variables -~ — y and == — y, respectively. In this way, taking into account

that G(t,dy) = t=2G(1,t~'dy), we get

Tz, = E‘/tds/ G(1,dy)b(s,x— (t —s)y,u(s,x— (t—s)y)) (t —)
—[(as [ G0Lanp(syx— = s)yulsx—T—s)p) -9

q

Hence, T3, < C(T32,1 +T32), where

T3’2’1 = (f—l‘)qE

tds SG(l,dy)b(s’x_ (f—s)y,u(s,x—(f—1s)y))
0 R

and

oy = E(/O[a’s(t—s)/]RS G(l,dy)‘b(s,x—(t_—s)y,u(s,x—(t_—s)y))

q
—b(s,x = (t=s)ulsx—(t=sp)|)"
By the moments estimate (2.5) and the linear growth of b, it follows that
T37271 < C|f—t|q.

Moreover, by the Lipschitz property of b and Holder continuity assumption on the space

variable (condition (2) in the theorem), we get

Taa < CE( [ast—s) [ GOLan(G-nl

+fu(s,x— (F—s)y) —u(s,x— (t=s))]) )

(/ ds(t—s / G(1,dy) >‘1 1/dst—s)/RBG(l,dy)<(f—¢)‘1|y’fI

38

IN



o+ sup Eu(sx— (F—s)y) — u(s.x = (1= s)y)|)
x€R3
< C([F—t|9+ [F—1]9%) < C|F —t]7¥.

Combining the estimates for 73 1, 73 2 1 and 73 2 » we conclude that
I3 < Clf —t|7%. (4.4)

Next we estimate the term 7; which involves a stochastic integral. Consider the

decomposition
Ty <C(Ty1+Tap),
where
I,y =E //]R@ f—s,x—dy)o (s,y,u(s,y))W(ds, d)’)
and

q

Tur :E‘/Ot/R3 (G(f—s,x—dy)—G(t —s,x—dy)) o (s,y,u(s,y)) W(ds,dy)

By the linear growth of ¢ and Burkholder’s inequality (Lemma 3.2), we obtain

T, < CE(/tt_ds/H@ [ Gli—s.x—dy)Gli—s,x—d2)
< F=2)0 (sl )0 (82(5.2) )
- CE(/t tds/R3/ (5,x — dy)G(s,x— dz)
< f=2)0 (=5 uli—5.)) 0 (=520l =5.3) )
< CE(/Ot__tds/RS/RSG(s,x—dy)G(s,x—dz)

[NS1ASY

X =2) (T4 |u(@ = s,3)) (1 + Iu(f—w)l)) :
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Using Holder’s inequality, the moments estimate (2.5) and condition (1), we can write

q
2

IN

ta o< cr-0t [Mas( [ [ Ga-a6a-aann-o)

xsup B ((1+[u(s) A1+ Ju(s,2)?)
s€[0,T],y,z€R3

C(r‘—t)gl/of_tds (/W ASG(s,dy)G(s,dZ)f(y—Z))

ClE—1)?! /Ot_tds (/Z§2s f\(TT)dZ) j

1—t v+1

Cli—ni! /O sdds = C(i—1)4"%". 4.5)

4
2

IN

IN

IN

For T} 5, for notational convenience we denote 7 —t by h. Applying Burkholder’s in-

equality (see Lemma 3.2) yields

Ty < CE( /0 t /R 3 /R (Gl +5.dy) — Gls,dy)) (Glh + 5,d2) ~ G(s.d2))

X f(3 = 2)@x(s.1)®r(s.2)ds)

where ©; (s,y) = o(t —s,x —y,u(t —s,x —y)). By making a change of variable, we
can transform the integral in the space variable into an integral on the unit sphere S2. In
fact, denote £ = ﬁ and n = é and we recall that 6 (d&) and 6(dn) denote the uniform

measure on S2, SO

Gls.dy) = 7-50(dE),

1
G(s,dz) = Esd(dn).
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After some rearrangements similar to those made for Q in the proof of Theorem 3.6

(see also [30] for a similar strategy), we can write

q 4
" <CY ER|?,

i=1

Ty, =CE <R1 +Ry+R3 +R4)
where

Rio= [ [ R (5 mE G+ i)
< (O 5, (s &) = ©1s (5,58)) (B s, (s 1) — B s.5m)) 0(dE) o (dm)ds
Ry = [jA&y (s h)2F ((s+ I)E — (s +h)0) — s(s+ h)f (sE — (s+ 1))
% (O (5. (57+1)) = Orx(5,51) O (.58) 0(dE ) o ()
R = [ [ (G+hR7(5+WE — (4 R0 —sls+ R (5+)E —sm)
% (O (5. (5+1)E) = O0.1(5.56)) ©1. (s,5m) S (dE) o (dm)ds
Re = [ [ (W (G4 mE= s mm) = s(s+m)F (& = -+ m)
—s(s+h)f ((s+h)& =) 457 F(s& —51) ) ©11(s.58)@1.1(s. 1) (d€) o (d )ds.

We estimate each E|R,~]% separately.
For E|R | 3, using Holder’s inequality, the Lipschitz condition on ¢, the assumption
on the Holder continuity on the space variable of u (condition (2)), Lemma 3.16 and

condition (2.5), we have

TSy

Bl < o ([ GHRRA (s 1E - () o(ag)otm) ) as

= Chq’(/[ </ f(y—z)G(s-l—h,dy)G(s—l—h,dz)>zds
0 \JRr3JR3

o [ @\
= o / </Z|<2 s+h) 2] dz) ds
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< Chi*. (4.6)

In order to estimate E|R;| 7, we make the decomposition

BRlt < CB( [ [ sGHRI(s+mE — (s mm) —f (68— (s )m)

(SIS}

X [@r (s, (s+h)N) = Orx (5,5M)] |Or x (s,55) IG(dﬁ)G(dTI)dS)

B ([ [ h+R (s+mE — (s+ k)

(SIS

X | @ x(5,58)[ 1Oy x (s, (s +1)1) = O 1 (5,5M)] G(dﬁ)o'(dn)dS>

= RI+RS.

For Ré, using the Holder inequality, the Lipschitz and linear growth conditions on &, the
moments estimate (2.5), the assumption on the Holder continuity in the space variable

of u (condition (2)) and condition (4.1) with the change of variable n — —n, we have

Ry < //szxsz (s+m)|f ((s+h)E = (s+m)n)
—f(s§—(s+h)n) |G(a’§)0(dn)ds) T

(/ Jo S IE ) = 68 + (4 o @) (dm)as)

qP1+qK

IA
ke
SE

For R%, using Holder’s inequality, the Lipschitz condition and linear growth conditions
on 0, the moments estimate (2.5), the assumption on the Holder continuity in the space

variable (condition (2)) and condition (1), we have

[\S]0~Y

qtgK

C( [ [ s+ mg s mmoa)atmyas ) n*
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q
2 gtgx

|
- - dy)G h,dz)ds | h 2
< C(/o S e Rsf(y 2)G(s+ h,dy)G(s +h,dz) )

‘1 @, \?
= C(/ f I\ d) thrqu
0 S+hJig<2(s+n) |2

qtgK

< Ch:

Combining the estimates for Ré and R%, we have

P1+ )

E‘RZP < Ch . (4.7)

Similarly,

P1+ )

E‘R3‘2 < ch (4.8)

For Ry, using the linear growth of ¢, the moments estimate (2.5) and the change of

variable 1 — —1), we have

ElRy! < //Sw (s ((s+h)E — (s+h)n) —s(s+h) £ (sE — (s +)n)
—s(s+h)f ((s+h)E —s1) +5f(sE —sm)|o( dg)c;(dn)ds)i

C</()f[qzxszsz|f((s+h)§+(s+h)n)_f(sg+(s+h)n)

IN

(s WE +5m)+ F (5 +5m) o(dE)o(dm)ds)

+C([)tﬂzxszsh|f<<s+h>é +(s+h)n) = f (& + (s+ )|

q

xo(d)o(dn)ds)”
o[ [ (s I)E+ G+ hm) = £ (o R)E )

X (dg)o(dn)ds)

([ [ P mg = nmoa)atmas )

q
2

AN
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= Ry+R;+R+R]
For Ri, condition (4.2) yields
1 P2
Ry <Ch7.
For Ri and R3, applying condition (4.1) we obtain

qp1+q qpP1+q

Ri<Ch =, R<Ch 7 .

For Ri, condition (1) allows us to write

q
! 1 f(z) 2
R = cne // —dd)
! (o <2(oim) (SHR)2 12 ’

q

t 2
< Chl ( / (s+h)—2+vds)
0

g(v+1)

When v < 1,R} <Ch" 2z, when v =1, R} < Chi(log(t + h) —logh)? < Ch4(log(T +

h) —logh)? < Ch41=#) for any € > 0.

Combining the estimates for R}P Rﬁ, RZ, Ri, we have

qaP1+q

ERy|} <™ +n™" 4 ne*3 4 pa1-9)) (4.9)

for any € > 0. By (4.5), (4.6), (4.7), (4.8) and (4.9), we conclude that

Ty < ChiP (4.10)

where 0 < p < min(vTH, £ 1; =, 22 k). From the proof it is easy to see that the constant

C in the above expression does not depend on x. Then we combine the estimates of
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(4.3), (4.4) and (4.10) to obtain

sup EJu(t,x) — u(f,x) 7 < CF—1]o¥
xeR3

. +
where ¥’ € (O,mln(Yl,?’z,vTH,plz K?%? )> .

An application of Kolmogorov’s continuity criteria leads to the following Holder

continuity result in the space an time variables.

Corollary 3.8. Let u be the solution to Equation (1.1). Assume conditions (a) and
(b) in Theorem 3.5. Suppose that condition (c) of Theorem 3.1 or condition (a) of
Theorem 3.2 hold. Set k; = min(y1,%,7, %) in the first case and x| = min(y;,%,7)
in the second case. Suppose also that conditions (1), (2) and (3) of Theorem 3.2 hold.
Set ko = min(y, ¥, K1, VTH, w, %) Then, for any k < K| and K' < K> there exists
a version of the process u which is locally Holder continuous of order K in the space

variable and of order k' in the time variable. That is, for any bounded rectangle I C R>

we can find a random variable K. ' | such that

(e, ) — (s3] < Kcg (11 = 5] +x =¥

forall s,t € 0,T] and x,y € I.

3.5 Examples

In this section, we give some examples of covariance functions f satisfying the condi-

tions in the previous theorems.
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3.5.1 Example 1

Proposition 3.9. Let f be a non-negative and non-negative definite C* function. Then

condition (c) of Theorem 3.5 holds with Yy =1 and ¥ = 2.

Proof. Using some basic estimate from calculus, we have

sup|;<or+1|Vf(2)]

z|<2T 2| |z|<2T+1 H
and
[ Wermrieow e,
lz]<2T kd
I2f |1
< C/ max sup R —|w|?dz < C|w|?.
2 <27+ 1 1<i<3,1<j<3 <o 41 | 9202 | [2]
The claim follows. ]

Remark 3.10. Consider the example f(x) = (p * #)(x) where p(x) is a nonnegative
Schwartz function defined in R? such that (F ~'p)(E) > 0 (for example, p(x) = e )
and 0 < B < 3. Then it is easy to see that condition (c') of Theorem 3.6 holds for 0 <
Y < min(%, 1). The restriction y < # comes from the fact that under the condition
0 < B < 3, the Fourier transform of ﬁ is |é|c+ﬁ Jfor some constant Cg which only
depends on 3. We omit the details of the proof. Notice in this example, Theorem 3.6

gives a weaker result than what we would obtain using Theorem 3.5 as we have done

in Proposition 3.9.

3.5.2 The Riesz kernel

Before giving next example, we recall some results from Dalang and Sanz-Solé [30].

46



Let £, 17 be two unit vectors in R3 and let u be any point in R3. Suppose a, b are

positive numbers with a + b € (0,3). Then we have for any 7 € R
ju+hE| "0 — |u 0 = |h|b/3dW!u—hW|“3(!W+5|b3— wl”), (5.1
R
and

|u—{—h§ +hn|a+b73 i |u—|—h§ |a+b73 i ‘u+hn|a+b73 4+ |u|a+b73 (5.2)

< |h|b/Rddw|u—hw|“_3 w4 hE + P73 — w4 hEIP — w4 hn P73 + jw)P 3.

Proposition 3.11. Ler f(x) = |x| 7B, 0 < B < 2. Then f satisfies condition (c') in The-
orem 3.6 for any y € (0, #) and f also satisfies conditions (1), (4.1) and (4.2) in

Theorem 3.7 for v=2—, any 0 < p; <min(2—f,1) and 0 < p; <2 — .

Proof. Let us first check condition (c’) in Theorem 3.6. Since f(x) = |x| B, we have

w(dé) =C|E|3+PdE . Then it is easy to see that

pu(dé)
/Rs T+ =

since 0 < v < #, and we have
F (IEP71(d8)) (x) = CF (&[> PH21aE) (x) = Claf P42

for some positive constant C, so the above expression is nonnegative. So, condition (c’)
in Theorem 3.6 holds.

To verify condition (1) in Theorem 3.7, we notice

Edz:/ 2| P~z = cn* P,
2<h |z lz|<h
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So condition (1) in Theorem 3.7 is satisfied with v =2 — f3.
We turn to condition (4.1). We apply (5.1) with b = p; < min((2 —),1), d = 3,

a=3—p;—B,u=s(E+n)+hn to get

//Sz/ (s(G+m)+h(E+mn))—f(s(E+n)+hn)lo(dE)o(dn)ds

< hm/ / s [ dwlsE+ (s+h)m—hw| PP |lw &P — )P
0 Js2xs2 JR3
xo(d§)o(dn)ds
T
< hm/ / s/ dw|s§+(s+h)n—hw|_p1_’3 |W+§|p1—30(d§)c(dn)ds
0 J$2xS$2 Jw|<3

T
+hpl/ / s/ dwlsE + (s+ ) — hw| P B lwiP 36 (dE)o(dn)ds
0 Js2xs2 Jjw<3
T
+hp‘/ / s/ dw|sE + (s+h)n —hw| PP | lw E|P1=3 — w]P1 73|
0 Js2xs2 Jjw|>3
o(d&)o(dn)ds

= hP (h+hL+1).

For I;, making the change of variable w +h — w, using the Fourier transform (see

Lemma 3.17) and noting that /; is real positive, we can write:

T
L o< // s/ (54 1)E + (s-+h)n — hw| P17 [w|P1 3dwo (dE) o (dn )ds
0 Js2xs2 Jiw|<a

g 5 hw|—P1—B
_ c/ / / Syt hw[ P
0 Jjw|<4 JR3xR3 (s+h)2‘y |

XG(s+h, dy)G(s+h dz)|w|P' 2 dwds

_ / S sm s—l—h)m)] |§]3+p‘+ﬁei5'hwd§ds/ |W|p'73dw.
R3 (54 h)? 45 wi<4

Then using the change of variable (s+h)& = 1 and the bound |¢/s*| < 1, by direct

calculation we see that I} < oo.
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For I, we do the same calculation, but we do not need the change of variable for w.

Let 2e <2 —f — p1, then

b < /OT/R”1 \sin((s+h)|§|)sin(s|é|)||€’3+p1+ﬁd€ds/ WP 3w

+h &I Iw|<3
T _ T 1 (s+h)es|E1% , _
< c/ / s|E|3tPitB g ds+C/ / 3+PHB gE ds
0 Jg<1 d . 0 Jig[>15+h 145 d .

which is finite by direct calculation.

For I; we can write

T
_ — hw|P1B
o= ) L eslsE e PP o(ag)o(dn)an

X ds

/li| +AEP3dA
o dA W

T
o —-p1—B
< c/0 /W /SZstslsH(Hh)n hw| PP 5(d€)a(dn)

1
><(/ Iw|P=4dA)dwds,
0

where the inequality holds because |w| > 3,0 <A <1 and || = 1. We can show that
I3 < oo similarly to the proof for /> using the fact that [, 5 |w|P1=*dw < oo since p; < 1.
It is easy to see that I;, I, and I3 are finite uniformly for 0 < & < 1. Therefore,
condition (4.1) is satisfied with 0 < p; < min(2—f3,1).
For condition (4.2), applying (5.3), withd =3, b=p, <2—B,a=3—p,— B,

u=s(&+n),yields

/OT/S2 /32 [f(s(E+m)+h(E+m))—f(s(E+m)+hE)
—f(s(E+n)+hn)+f(s(§+n))| xs’c(dE)o(dn)
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IN

T
hpz/ / s? | |s(E+n) —hw|_p2_ﬁ
0 S2x S2? R3

X HW+§+77!p2_3—|W+5\p2_3—]w+n\p2_3+ywypz—3’
xdwo (dE)o(dn)ds
T
hP2</ / sz/ S(E+1) — ho| P2 B [yt £ (P23
0 JSPxs?  Jlwl<3
xdwo (d&)o(dn)ds

T
—hwl P2 B, 23 4w :
Lot WM =i s £ o ol

IN

T
w0 LRI = i e dwo (aE)o(dn)ds
0 Js2xs2  Jiwl<3

T
L 1sE ) — bl PP P dwo(dE) o (dm)ds
0 Js2xs2  Jiw|<3

T
+/ / sz/ |s(§+n)—hw|_p2_[3
0 Js2xs2 Jjw|>3

W E+n[P23 — w+EP 73 — w4 P23 4wl

xdwo(dg)o(dn)ds)

Mu]

= th( L,').

i=1

For L;, i =1,2,3,4, we can proceed exactly in the same way as for the integrals 1, I

above. For L5, we can express

WHE+NP2 — W+ E[P 0 — |w P [w]P2 3

11 52
— p2—3
/0 /0 Mau|w+lé+un| dAdu,

and since |w| > 3, [n| = 1, it is easy to see that

w+AE+un|P3| < Clw|P.

2
‘8A8u

S0 fiu>3 |w|P2=3dw is finite, and Ls is finite, by the same argument as for I3.
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So condition (4.2) is satisfied with 0 < pp < 2 — . This completes the proof. [

Notice that, with the notation of Corollary 4.2, for the Riesz kernel we can take
K=K < #, and we deduce the local Holder continuity of the solution u in space
and time variables of order k¥ < min(y;, 2, #) In this way we recover the result by

Dalang and Sanz-Solé [30].

3.5.3 The Bessel Kernel

In this subsection we consider the Bessel kernel defined by
© ass P
fx)y=[ w2e Ve wdw (5.3)
0
for some o > 1. The colored noise with this covariance has received some attention in

the literature (see for example, [, 6]).

Proposition 3.12. Let f be given by (5.3). Then f satisfies (2.5), (3.1), (3.2), (4.1),
(4.2) and condition (1) in Theorem 3.7 for any 0 < y,p1,v < min(ct — 1,1) and 0 <

Y,p2 < min(a —1,2).

Proof. First let us check condition (2.5). We have

ﬂalx:/mwm’gsew/ ¢ Wa’xdw
<t |x| 0 W<t ]

The change of variable x = 2,/wy gives

oo

o —Iy? _
&dx:4/ Wafe_w/ ¢ dySC/ W e Mdw < oo
<t | 0 i<gs b 0
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because @ > 1. To check condition (3.1), we note that for a,b > 0, we have |e” —

e | <la—b|"(e Ve ) forany0 <y < 1. So

_lemy? _ ey l2

1 ‘2
e B < e (¢ e )

y v y 1 2 2P
< Cly["(lz+y[" + 2] )W—Y e I e .

Asa consequence

/ |f(z+) —f(Z)|dZ
lz]<2T 2|

_ley?

*® g5 e 4w
< bl [ wE e ([ (el e
0 lz|<2T kd

e

s
[y ) S de ) dw
<27 2|

e

= DI [ W e 10 +I09) dw

For the integral I(y), with the change of variable z = \/wx — y, we have

a y o)
I = / w2z | ————+x———=|"" | e “dx
®) - e l< 2 ( | \/W|

0
7w vl
2 v |2
< /w@ ”C—’y+|x—i|y—1 e T dx
R3 ’X—\/—W‘ \/W
7+2
< Cw?,

x\z

|2
where the last inequality follows from the fact that \xP’e—% < Ce~ % and Lemma 17

in [76]. The term J(y) can be estimated in the same way using the change of variable

z=+/wy, and we have



Hence,

/ ‘f(Z"’y)_f(Z)'dZSCb;P’/ Wa_THe_WdWSCb)P/
|z]<2T 2] 0

for any 0 < y < ov — 1. So condition (3.1) is satisfied with 0 < y < min(a — 1, 1).

To check condition (3.2), note that

|f(z+y)+ fz—y) —2f(z)

/Wf — (A= p)y)drdp|.

So we have

[==Ay+uy* /lyﬂty\z 1 |z— lyﬂty\
< / [ (e (e Ayt o e ) anaw
_ =Aytuy? 2112 1 2
< [ [ (4—2!z—xy+uy1 D+ b ) i
2 _ 2
<c / / i

2 2 cy
Here we have used the fact that x2¢ ™ < Ce™ = By considering the cases % <1 and

, WE obtain
\f >

ey =2 _ k2

w e Aw — e dw

Y S 2 2y =y
< ’y;/’/z/ / ( A +e—‘ﬁ‘ te~ = +2e” 4W>d7td,u
w

for any 0 < ¥ <2. So we have

/ If(ery)Jrf(z—y)—2f(Z)!dZ
lz|]<2T

2|
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< Cly y?’/ /dw/ dz/ duw e
‘z‘<2T

>w2 l-+y12 =12 2N 1
X e +e 4w —|—e 4w + 2e dw ﬂdz
Z

By Lemma 17 in [76], we can write

_=(A-p)y? _ley? _=y? PN 1
/ e Sw +e w +e A 4 2e Aw dZ < CW
je|<aT 2|

where the constant C does not depend on y, A, 1. Therefore,

/ fz+y)+flz—y)—2f(z )|dz<C|y|7// de<C]y|7/
|z|<2T 2]

for any 0 < ¥ < min(o¢ — 1,2). As a consequence, condition (3.2) is satisfied with
0< ¥y <min(a—1,2).

To check condition (1) in Theorem 3.7 holds we compute

x|

e v h 2 2 1_v
/ dx:47r/ e wrdr=8nw|1l—e & | <Ch'w "2
| 0

NEE

for any 0 < v < 1. This implies that

S 4 <cn / w3 e Wdw < ChY

x<h || 0

for any 0 < v < min(a — 1,1). So condition (1) in Theorem 3.7 is satisfied with 0 <
v <min(a—1,1).

To check the condition (4.1), first we note that

_leng? 2
e 4w —e 4w

[l b M)
0 2w

1 -+ ARE[2
ie_\ +4w€\ 1
o dA
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1 anel a2
< C/ o |+7Lh€\ |x+lh§| h dl<C/ |+7Lh€\ 7L
0 NI

2 2 . .
where we have used the fact that |x|e™ < Ce™ 2. By considering the cases =<1

4

and > 1, we can write
\f

<C< h )p1/1< ,\x+8xhr:|2+ \x+4hé\2+ |i|2>dk
e w e 1% e 1%
vw/)  Jo

for any p; € [0, 1]. So we have

_ lethg? \x\z
e 4w —

f(x+hE) — F(x)] SChPI/OI/:W =

B A 1 e = 1 O
e~ 8w de W de W |dwdAi.

Therefore, for any p; € [0, 1].

/OT /Sz NG+ +h(E+M) —f(5(E+n) +hm)|so(dE)a(dn)ds

1 ) _5_
< ChP / / w
0o Jo
T _ ls+ARE+(s+)n _ s +m)(E+m) 2 _ ls&+(s+mm[?
X e 8w +e 4w +e 4w
0 Js2.Js2

xso(d&)o(dn)dsdwdA.

We claim that this quantity is bounded by ChP! if 0 < p; < min(a — 1, 1). To show this

claim, we first estimate the quantity

hem [ e S o ag o amas
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Using the Fourier transform (see Lemma 3.17), the change of variables &/w = 7, and

taking 0 < € < 1 we obtain

B W|§‘2sm(s+h)|§]sm(s+7Lh)|§| S
h= //Rs 5 h)( s—HLh) N €] g

< sz/ s(s+h)E s+ Ah)E™ 1ds/3g—2W§|2|§|28—2d§
0 R

< l1-¢ —2|1n1%) 4,262 l1-¢
< Cw /]1%3 e n| dn <Cw' ™ *.
Similarly, we have

(s+h)é+(s+h) \2
/ [, Lse 5 olag)otan)ds < ow! ¢
54 JS

and

T S S
/ //Se S 6 (48 ) o (dn)ds < Cw' .
0 Js2.Js2

Therefore,

1 oo g5
sup / / w
0<h<1
|(s+Ah 5+ s+h)n|2 s+ (E+m) P s+ (s+m)n |2
_|_e 4w +€ 4w
S2.Js?

st(a’é)G(dn)dsdwd?L
1 oo g5
< c/ / W T Y ), < oo,
0 JO

and (4.1) is satisfied with 0 < p; < min(a —1,1)).

To check condition (4.2), we note that

 x+hE+hn g  x+hn 2 k2

e 4w —e w  —e w  Je 4w
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_ |x+ARE+uhn|~ 2

w d?ta’u'

| +ARE+unm|© \2

T w 4 2<h€,x+lhé+uhn><hn,x+lhé+uhn>

——<hn h§>)dldu‘
\x+/lh§+uhn\2 1 2,9 _lrAngruwm? 1,
/ / s xt ARE Fpuhn PR e k) dAdp
4w 2w

C/ / \x+lh8€juh|2 h—zdkd

IN

IA

By considering the cases = < 1 and > 1, we have for any 0 < p, <2,

\x+h5 +hn)? |x+h&[2 lx+hn)|? P
W

—e 4w —e 4w + e 4w

h2 p2 \x+lh5+uhn\2 xthE+hm 2 g  ethn)? 12
+e 4w +e o +e dw 4o Aw dldu

= Chp2w_7qh7§’n(x,w).

IN

Therefore, we obtain

oa—5—py

£ ehE + hm) = Fx+hE) = fx-Im) + )] = Ch* [ w5 e g g w)am,

and

/ /Sz/sz (s(E+m)+h(E+mn))—f(s(S+n)+hS)
- (S(§+n)+hn)+f(s<€+n))‘ x 26 (dE)o(dn)ds

< Chpz/ // /// |(s+Ah)E s+uh |(s+AR)E+(s+ui)n[2
52.Js2

|(s+h) §+n 12 |(s+h)E+sn |2 JsEH( s+h n|? \s§+sn|

teo b E T e e )s 6 (d&)o(dn)dsdwdAdu
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We claim that when 0 < p, < min(o — 1,2), the above expression is bounded by h%.

To show this claim, we first estimate the integral

b= [ [ e R g o anas

Using the Fourier transform (see Lemma 3.17) and the change of variable v/w& = 1,

we obtain
T §2 2sin(s+ Ah)|&E| sin(s + ph)|&|
/ :/ / —2wlE] déd
= GIARGT R e A g
2 W
= Cfa T =

where the constant C does not depend on A and p. The same estimation can be done

for each of the other integrals and we obtain

|(s+h)( 5+n>\ _ (s +h)E+sn|? _lsé+(s+hn[? _ ls&+sn[?
, 2 + e 4w —|— e 4w —|— e 4w
S<JS

xc(dé)c(dn)ds < Cw.
Thus,
T
| L L6+ +a+m)
—f(s@E+m)+hE) = f(s(E+m) +hm) + £ (s(E+m))|
26(d€)o(dn)ds
< ChP / T TR e W < ChP?,
0
and the (4.2) is satisfied for 0 < p, < min(o — 1,2). This completes the proof. O
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Notice that, with the notation of Corollary 4.2, for the Bessel kernel we can take
ki = Ky < (@ —1) A1, and we deduce the local Holder continuity of the solution u in

space and time variables of order k¥ < min(y1, 7>, O‘T_] AT).

3.6 The Fractional Noise

In this section we consider the case where W (¢,x) is fractional Brownian noise in the
space variable with Hurst parameters Hy, H,, H3 in each direction. That is, suppose that

{W(t,x),t > 0,x € R?} is a centered Gaussian field with the covariance
3
E W (s,x)W(t, (sAt) H (X0, i) s,0>0,x,yeR3, (6.1)
where x = (x1,x2,x3), ¥y = (y1,¥2,y3) and

Ri(u,v) = = (Ju[* 4 [P — | — ) . (6.2)

l\JI—‘

Then W (z,x) is the formal partial derivative W%(l,x). We will require % <H;<

1,i=1,2,3. This choice of noise corresponds to the covariance function
2H|=2|, |2Hy—2|. |2H3—2
J ) = cnlxa [ e[ 7T a7, (6.3)

where H = (Hy,Hy,H3) and ¢y = [[>_; H;(2H; — 1). Here and in what follows for
simplicity, we omit the coefficient ¢y in the expression of f(x). The corresponding

spectral measure is

1(d&) = Cy|& || & 2 &1 2 (6.4)
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for some constant Cy which depends only on H. We will apply Theorems 3.6 and
3.7 to get the Holder continuity of the solution to Equation (1.1) in the space and time

variables.

Theorem 3.13. Assume conditions (a) and (D) in Theorem 3.5 and let f be given by

(6.3) (without the constant cy) with Hy + H, + H3 > 2. Set
K=H +Hy,+H3;—2, (6.5)

and choose constants x; > 0, i = 0,1,2,3 such that x; < min(H; — %, K,%,7) fori=
1,2,3, and xy < min(Kky, K>, k3). Then the solution to (1.1) is locally Hélder continuous
with exponent Ky in the time variable and with exponent K; in the ith direction. Namely,
for any bounded rectangle I C R>, there exists a random variable K (depending on I

and the constants K;’s), such that
u(t,x) —u(@,y)| < K(|x1 — 1| +x2 = 2| + a3 —y3|® + 7 —1|)

forallt,f €[0,T], x,y € L

Proof. First we consider the space variable. Proceeding as in the proof of Theorem 3.6,
itis easy to see that if for some number 0 < y < 1, .% (|§;[*u(d&)) (w) is a nonnegative

locally integrable function and

JRE 66

14 &2
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then if k; = min(Y,71,7% ), for any bounded rectangle I C R>, and for any g > 2, there

exists a constant C such that
E|u<t7x1 ,.X'Z,.X’j) - ”(%Yl ;-x27x3)|q S C|.X1 | |61K'1 (67)

forany s €[0,T] and x,y € I.
We claim that for 0 < y < min(H; — 1,%), .F (|& [*1(d€)) (w) is a nonnegative

locally integrable function and (6.6) holds. Indeed, since

H(dE) = &' 2G| 72 &) 2 Mha,

we have

F (1&udg)) (w) = F (16|72 & 720 &1 725) (w)

_ C|W1 | —2+2H1—2}/|w2|2H2—2|W3 |2H3—2 ,

which is well defined because y < H; — % To show (6.6), we have

& PTu(dE) &y |12 =Y)| £y | 1282 | E5 | 1 —2Hs
/Rs 1T 2P ‘/ I+|EP ds
P e R
Lo Ema e L tenede Lo mnate

where the @;’s are positive with o + 0 + o3 = 1. When 1 —2(H; — ) — 20 < —1,
1—-2Hy —20p < —1 and 1 —2H3 — 203 < —1, the above three integrals are finite. It is
elementary to see such ¢;’s exist under the condition Yy < H; + H, + H3 — 2. The same

argument holds for the other coordinates.
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For the time variable, we will check conditions (1) and (3) in Theorem 3.7. To see
that condition (1) in Theorem 3.7 is satisfied for some 0 < v < 1, take positive numbers
g,i=1,2,3suchthat e, +& +& =1and 2H;,—1—¢; > 0 fori = 1,2,3. Then we

have

(Z)dz < / |Z1|2H12le/ |Zz|2H22dZ2/ |13|2H37_2dz3
Zl<h |2 = Jialse n® al<h 22| esl<h |z3]%

< ChZHl—l—Sl h2H2—1—£2h2H3—1—83 — h2(H1+H2+H3—2).

So condition (1) in Theorem 3.7 is satisfied with v = min(2(H| + H, + H3 —2), 1).
To check (4.1), let x = a(& + 1) + hn. Then we decompose the difference f(x+
h&) — f(x) into the sum of three terms, each of them containing an increment in one

direction, and we obtain

[f(x+he) — f(x)]
_ Hxl+h51|2Hl—2|x2+h§2|2H2—2|x3_’_hé3|2H3—2_|xl|2H1—2|x2|2H2—2|x3|2H3—2‘
< “xl_+_h§1|2H1—2_|xl|2H1—2‘|x2_’_hé:2|2H2—2|x3+h§3|2H3—2
+|xl|2H1—2“x2+hf€r2|2Hz—2_|x2|2H2—2‘ s+ hés |22

+|)C1|2H1_2|X2|2H2_2 ||X3 +h§3|2H3_2 . |X3|2H3_2| )

We claim that for some p; € (0, 1], the integral on [0, 7] x S? x S? of each of these three
terms with respect to the measure s6(d&)o(dn)ds is bounded by ChP!. To show this
claim, we apply (5.1) withd =1, b= p; <min(2H, — 1,2H, — 1,2H3 — 1,2(H, + H, +

H3;—2)),a=2H;—p; — | and u = x; to the ith summand (i = 1,2,3) and we get

[f(x+hS) = fx)|

< P / dwlx; _hw|2H1—2—P1 “W_|_§1|P1—1 _ |W|P1—1}
R
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x|xy 4+ h& |72 3 + h& [P 2

+hP / dw|xy — hw|*H272p1 ||W+§2|p1_1 - |W|p1_1‘ ey [P 3 + &3 PR
R

+hP! / dw|xs — hw|?B=2=P1 ||w—i—‘g'3|p1_1 — jw|Pr! | ey |22y |22
R

= 1P (ghe () gl (0) + 85 ()

We want to show that fori =1,2,3

T .
s /0 /S S8 (58 + (s MM)o(dE)o(dn)ds < o= 6.8)

We will consider only the case i = 1, the other two terms being similar. By splitting
the integral with respect to w into two parts, one over |w| < 3, and another one over

lw| > 3, just as we did for the Riesz kernel, we have

T
| sshetsg+(s+hm)o(@d)o(an)ds
0 J§Zxs?
T
< 0L s [ G (s — PR (5 B sl
0 J$2x$?2 Jw|<3
< (s + B+ (s +)maP 2w &P dwo (d) o (dn)ds
T
b L s [ 1B (s R = PR s R E o (s el
0 J$2xS$2 J|w|<3
< s+ )8+ (s-+h)ma 2w}t dwo (d) o (dn)ds
T
w0 s [ B e — PR o i + (54 Ry P
0 JS$2xS2 J|w|>3
X[ (s R)E + (s A2 [ &0l = P | dwo(dE) o (dm)ds

= Lh+bL+15.
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For integral I}, using the change of variable w+ & — w and the Fourier transform, we

can write

T
h = // S/ |(s+h)E1 + (s +R)my — hw| 21 —27P1
0 Js2xs? Jiw|<4
X|(s+m) &+ (s + )M 7% (s + W& + (s + m)m 02 w]Pr !

xdwo (dn)o(d€)ds

T S .
< dwlw Pi—1 ¢y z 1=2H,+p1 yizihw z 1-2H, z 1—-2H;
- /o /|w§4 vl nen Jrs (s+h)2| il 22| |23

. 2
X <—51n(s+h)|z|> dzds.

2|

By the change of variable (s+/)z = x, the bound |¢/?"| < 1 and direct calculation, we
see the integral is finite uniformly in 0 </ < 1.

For the integral > we can write

T
b= [ [ slsE e = bR (s )G s P
lw|<3.J0 JS§2xS?

*|(s+h)& + (s +h)ns 75720 (d) o (dn)ds|wlP~ dw

T S
- — _G(s+h,dy)G(s+h,dz
/|w|<3/o /R3xR3 (s+h)? ( Y)G( )

S
X |S_|_—hY1 2 — hw[P 2Py 4 P2 |y s P 2w P T aw

x|z1 — hw |12 7P ) P2 25 P2 dzds| P dw,

where y(y) = (:31,Y2,3), and G¥ (s+h) denotes the image of the measure G(s +h)

by the mapping . Then using the Fourier transform we obtain

T S
L = /M /0 /R3—(S+h)2@(G(Hm*m(m)))(s)

Xeiélw|§1 |1+P1*2H1 |€2|172H2|€3|172H3d€ds|w|plfldw
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/ /T/ s [sin(s+m)|E]||sin(s+h)[(F751552,63)]
w3 Jo Jrs (s+h)? 4 (53761562, 63)]

x| &P | &y 172 &5 2 B aE dislw] P dw

T
/l<3/0 /§|<1|§1|1+p1_2H1‘§2|1_2Hz\§3|1_2H3d§ds|W|p1_ldw
W_ —

1

IN

19

60| P28 o] 128 5 12K g s <

X
S|

where in the first inequality above we used the fact that |e*"5‘W| < 1, and in the last
inequality we used that fact that |sinx| < |x|¢ for any € > 0. The above integral is finite
uniformly inwand 0 < h < 1.

For the third integral 3, we can bound [|w+ & [P1~" — |w|P1~!| by C|w|P1™2 as in
the example of the Riesz kernel, and proceed as in the second integral /. Applying the
same argument for the other two terms, we get (6.8) with p; € (0,min(2H, — 1,2H, —
1,2H3—1,2k). Therefore, condition (4.1) is satisfied with 0 < p; < min(2H; — 1,2H, —
1,2H; — 1,2k).

For condition (4.2), we use the inequality

[f((s+R)E+(s+Rh)N) = F((s+h)G+sn) = f((s+h)n+55)+ f(s(S+1))|
< Af(G+R)E+(s+mn) = f((s+ )& +sm)[+[f ((s+1)n +56) — f(s§ +sm)].

Then we can apply the previous procedure to both terms on the right-hand side and
the argument is the same as in the case of condition (4.1). We conclude that (4.2) is
satisfied with 0 < p, < min(2H; — 1,2H, — 1,2H3 — 1,2k).

In summary, we can take v = min(2k,1) and p; = p» € (0,min(2H, — 1,2H, —

1,2H3 — 1,2Kk)), and Theorem 4.2 together with the moment estimate (6.7) leads to the
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desired Holder continuity in the space and time variables via an application of Kol-

mogorov’s continuity theorem. [

Consider Equation (1.1) with vanishing initial conditions vg, Vo and coefficients
o =1 and b = 0. That means, we consider the stochastic wave equation with additive

fractional noise

(55 —8u) (1x) = Wi,
(6.9)

u(0,x) = 94(0,x) = 0.

The covariance function of the noise is given by (6.3) with H; > % fori=1,2,3 and
recall that Kk = Hy + H, + H; —2 > 0.

For this equation the solution can be written as

u(t,x) = /(:/RB G(t —5,x—y)W(ds,dy).

In this case we are going to show that Kk is the optimal exponent for the Holder conti-

nuity of the solution « in the space and time variables.

Theorem 3.14. Let u be the solution to the stochastic partial differential equation (6.9).

Then

(a) There are two positive constants ¢y and c; such that
erfe—yP* < E (ju(t.x) —u(t,3)?) < eal—yP* (6.10)

forall x,y € R* and t € [0,T).
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(b) For any fixed ty € (0,T] there are two positive constants ¢\ and ¢, such that
c1lf—t|** <E (Ju(r,x) — u(f,x)|2) < op|f — 1%, (6.11)

forall t,f € [ty,T] and x € R3.

Proof. Forany x € R3, set R(x) = E (u(t,x)u(t,0)). It is easy to see that

E (|u(t.2) —u(t,9)?) = 2(R(0) ~ R(x—))

Without loss of generality, we may assume that # = 1 and y = 0. We have by Lemma

3.17

1 ,
RO)V-Re) = [ ds [ n(@)(1-¢5)7G(1-5)(E)]

1 _ _ _ 1
= 5 [ Al 2 2
R3

HE
e snED
< (1~ cos(é >>(1 ma )

(6.12)

The integrand is non-negative. For clarity we may assume that |x;| < |xz| < |x3|. If

|E5| > 1, then 1 — Sinz(\zglgl) > % Thus using the change of variable Ex3 = 11, we have

R(0) —R(x)

1 1=2H) | £, |1=2H2 | £.1=2H5 (1 _ cos(E - x b
3 611G RG] (1 —cos(§ 1)

1 _ _ _
= Z|X3|2K/ Y e Y et Y EY R
[M3|> ]3]

v

1
X {1 —COS ()ﬂm +)2T12+n3>] —zdn.
X3 X3 ul
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If x is in a bounded interval /, then there is L > 0 such that |x3| < L. Thus

R(0) - R(x)

1 _ _ _
Z|X3|2K/ T et Y it B Y s
[n3|>L

1
X {1 —CoS (ﬂm +)2172—|—T[3)] —zdn
X3 X3 ul

1 . B B B
ks inf / 11 |12 | 1282 128
4 lut |, Ju2| <1 J|m3|>L

Vv

v

1
X [1—cos(uin +uanz +n3)] de.

It is easy to see that

_ _ _ 1
g(uy,up) 3:/ |2 |25 s P2 (1 — cos (uymy + uamz 4+ 13)] ——d
Im|>L |

is a continuous function of u},u; and for any u; and u,, g(u;,uy) is positive. Thus

inf g(ul,uz) >0

luy |, Juz | <1

since the infimum is taken on a compact set. This proves the left-hand side inequality
in (6.10).
To show the second inequality in (6.10), we can use the triangular inequality, and it
suffices to show the inequality for x = (x1,0,0). In this case
1 _ _ _ 1
R(0)-R(x) < 3 /R3 dg &y 72 |G| 72 & ! 2H3@ (1—cos(&ix1)).

! K —=2ily —2r) —2H3 1
bl [ a8 e g | (1 —cos(E)

IN
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which is the second inequality of (6.10). Hence, (a) is proved.

Now we turn to consider (b). Let 0 <t <7 < T. Then we have
E (|u(r,x) — u(t_,x)\2) =27,(t,f,x) +2Z(t,f,x),

where

—E (/:/]R3 G(t‘—s,x—y)W(dsadY)>2

and

2 (t,f,x) = (/ /R3 (f—s,x—y)— G(t—s,x—y))W(ds7dy))2.

Integrating with respect to the variable s yields

d 2
Zi(t,t,x) = E(/t RSG(f—s,x—y)W(dS’dy))
= ¢ [as [ 1ZGE- )@ PIEl el 2|2

_ _ o sin(2(F—1)[&]) 1=2H | g_(1-2H, | £ |1—2H;
= [, (=~ TR a2 gy gy e

With the change of variable (f — 1) — 1 the last integral becomes

Z 2% Hi—3/ _sin(2n)) 1 1—2H) |1y |1=2Hs |, |1—2H;
(Pt [ (1 S 2 e,

Therefore, we have

Cllf—l|2’_<+1 SZl(t,t_,x) SCQ‘I_—IFT(—H. (6.13)
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The term Z, is slightly more complicated. A direct integration in the variable s yields

t
nrx) = [ ds [ dgE] g )

X# (sin ((F—5)[8]) —sin ((t = )|§]))
1-2H) g (1-2Hy £ (1-2H; | . B}
& /§|2(;t)1d5\51| & 2| &] e (A(t,7,E)+B(t,7,&))

= th+bh,

where
A(t,1,6) = t(1—cos((f—1)[E]))
and
B(t,7,§) = 4|5|Sm( T—nl&])+ 2|§|Sm(( DI&l) — 4|€|sm(2t|€|)
—Msm(%m)—msm((l—l—t)m).
The change of variable (f —¢)& = 1 yields
11
> d 1-2H, 1—2H, | ¢ (|1-2H; ZA(
I R il = e
- \2K 1-2H, 1-2H, 172H3L _
> [l ) (1= cosi)
> c|f—1*%. (6.14)
Similarly,
I = d 1-2H; 1-2H, 1-2H;3 T,
2= IS B )
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1
&)

‘1 2H, ‘n2’172H2’n3‘1*2H3‘

> e [ G| ] R
&= (=)~

> —Cl(f—f)z'_m/ ‘3!711

n|=1 T

Therefore,

Zo(t,5,x) > et —t|X = A F— 1 > o [f— 1K

when |7 —¢| is sufficiently small and # > fy. So we conclude that
E ([u(r,x) — u(f,x)]z) > c1|f — 1>,
On the other hand, we have

i) < afdsf o dElE G g )

1
+er [ ds / e e e
0 Jig=—n! I35
Applying the substitution & (7 —) = 7N to both the above integrals, we see that
ZZ(tafax) < CZ’f_l|2r('
Thus (b) is proved. L]

Combining the upper bound in (6.10) and (6.11), taking into account that the pro-
cess u is Gaussian and applying Kolmogorov continuity criterion, for any § > 0 and

any bounded rectangle I C R?, there is a random variable ¢g 1 such that almost surely

uls,x) = (e, )| < g (Js =170+ b= y[*0).

The first inequalities of (6.10) and (6.11) tell us that the exponent K is the optimal.
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Remark 3.15. Theorem 5.1 in [30] shows that the result obtained in Section 5.2 is
optimal. The result in Theorem 3.14 suggests that the result in Theorem 3.13 may not
be optimal. To prove the result is optimal or to find the optimal result needs further

research.

3.7 Appendix

In this section we prove some lemmas used in this paper.

Lemma 3.16. For any s >t

1

(G(s)*G(1)) (dx) = 7]

Vs r ) (2] (7.1)

Proof. To calculate (G(t) * G(s)) (dx), let us consider two independent random vari-
ables X and Y uniformly distributed on the spheres with radii s and ¢ respectively with
s > t. Note that the distribution of X +Y is rotationally invariant. Consider a bounded

continuous function ¢ on R. We have

B(p(X+Y) = o [ [ o+ notdyotas).

It is easy to see that in the above expression, the integral with respect to o (dy) does
not depend on x, so we can take x = xo = (0,0,1), and using spherical coordinates

y = (sin¢ cos 0,sin ¢ sin 6, cos ¢ ), we have

E(p(x+7)= 5 [ ol o(dy)

= l/n(p \/s2+t2—|—2tscosq) singd¢.
2 Jo
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Making the change of variable u = \/s2 +t2 4 2tscos ¢, we obtain

1 1
X Y d = / —dz,
E(p(X+Y]) =5 / o= [ sy Q1D e

where B(0,r) is the ball in R? with center 0 and radius r. So we conclude that the

random variable X + Y has a density given by

1
p(z) = STS|Z|1[s—t,s+t](|Z|)' (7.2)

Taking into account that the distributions of X and Y are given by 1G(s,dx) and 1 G(r,dx)

respectively, we easily get the desired result (7.1). [

Our next result gives an integral identity which is used a lot in this paper. See also
Theorem 5.2 in [60] for a similar result.

The following result is related to Theorem 5.2 in [60].

Lemma 3.17. Let ¢ and y be two bounded Borel measurable functions and assume

that (2.5) holds and s >t > 0. Then for any w € R we have

/3/3 tdx ( )G(Sad)’)f(x—y+w)
R> JR
= .7 (960)) (&) 7 (WG()) (E)e ™ u(de). 73

Proof. Let ¢(x) =C exp(W%l)l[071)(]x]), where C is a normalization coefficient such
that [p3 @(x)dx = 1. Set ¢¢(x) = 8%(]5(%), with € <. Using the Fourier transform we

have

YG(s) ) * 0 ) (1) (r+ w)dx
F(9G(1)) (&) 7 (WG(s)) (E)(F9)(e&)e ™ Eu(de),  (14)

=

~~

~—~
BS]

g
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—_—

where ¢G(1)(x) = @(—x)G(t,—dx). We are going to show that

- C
(9602 wG() 0 ) ()] < 1103914 (1.5)
Indeed, since ¢ and y are bounded, we have

P

\ (((PG(r) * wG(s)) * ¢8) (x)\ < C((G(t) *G(s)) * ¢) (x)

= terinll-Dx0e) ).

Note first that the function

(T ss1-D) 06 ) 0

is supported within a ball centered at the origin with radius 3s for every € < ¢ and it

converges to |?1|1[S—t75+t] almost everywhere. Next, for |x| < 3s we have

(G tssn0D 0 ) @) = [ it e 2oetela:

B =
[ at@det [ b
F— Z)az F— Z)az
oz —2 gkl [x—2 T
2 1
= —+/ — e (z+x)dz,
2| < 2]

x|

where in the second integral we have used the change of variable z —x — z. Since in

I

the second integral |z| < %, we have [z +x| > |x| — |z| > 5, and

1 1 X B 2 x i
L<;H%@+ws/;ﬁEﬁay&—cm¢agschr

2
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where in the last inequality we used the fact that sup, ps3 X3¢ (x) < o0. So (7.5) is

proved. Then by an application of the dominated convergence theorem we have

lim [ ((0G() WG(s)) * b ) (1) (xr+w)dx

= / <(PG(I)*V/G(S)>(x)f(x+W)dx
N /R3/]R<3 G(t,dx)p(y)G(s,dy) f(x—y+w).

On the other hand, the estimate (7.5) implies that the quantity in (7.4) is uniformly
bounded in €. Hence, by Fatou’s lemma [3 |.# (¢G(1)) (§)|].7 (wG(s)) ()| u(dE) <

oo, and by the dominated convergence, the right-hand side of (7.4) converges to

|7 (960) (€7 WG Ee ™ u(at).

This completes the proof of the lemma. U

In particular, if in the above lemma, take ¢ = y, t = s and w = 0, then for any 7 > 0

we have

|, [ e@Gl.d0omG(.dn =y = | | F(9GW)E)PuE). (7.6
R> JR R

More specifically, if in addition, we take ¢ = 1, then we obtain

_ [ (sin(e|€]))?
/R3 /R3 G(1,dx)G(t,dy) f(x—y) —/R3 Tu(dé). (7.7)
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Chapter 4

Stochastic heat equations with general multiplicative

Gaussian noises: Holder continuity and intermittency

This chapter studies the stochastic heat equation with multiplicative noises: % =1Au+
uW, where W is a mean zero Gaussian noise and uW is interpreted both in the sense of
Skorohod and Stratonovich. The existence and uniqueness of the solution are studied
for noises with general time and spatial covariance structure. Feynman-Kac formulas
for the solutions and for the moments of the solutions are obtained under general and
different conditions. These formulas are applied to obtain the Holder continuity of the

solutions. They are also applied to obtain the intermittency bounds for the moments of

the solutions.

4.1 Introduction

In this chapter we are interested in the stochastic heat equation in R? driven by a general

multiplicative centered Gaussian noise. This equation can be written as

0 1 .
a_?ziAujLuW, t>0,xeR? (1.1)
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with initial condition ug = ug(x), where ug is a continuous and bounded function.

4w ( 4w
-

In this equation, the notation W stands for the partial derivative 55— oy (O 3o

when the noise does not depend on time), where W is a random field formally defined

in the next section. We assume that W has a covariance of the form
E [WixWsy] = v(s—1) Alx—y),

where y and A are general nonnegative and nonnegative definite (generalized) functions
satisfying some integrability conditions. The product appearing in the above equation
(1.1) can be interpreted as an ordinary product of the solution u; , times the noise Wt X
(which is a distribution). In this case the evolution form of the equation will involve
a Stratonovich integral (or pathwise Young integral). The product in (1.1) can also be
also interpreted as a Wick product (defined in the next section) and in this case the
solution satisfies an evolution equation formulated by using the Skorohod integral. We

shall consider both of these formulations.

There has been a widespread interest in the model (1.1) in the recent past, with

several motivations for its study:

e It is one of the basic stochastic partial differential equations (PDEs) one might wish
to solve, either by extending It6’s theory [27, 77] or by pathwise techniques [15, 43].
These developments are also related to Zakai’s equation from filtering theory.

e [t appears naturally in homogenization problems for PDEs driven by highly oscillating
stationary random fields (see [41, 47, 57] and references therein). Notice that in this

case limit theorems are often obtained through a Feynman-Kac representation of the

solution to the heat equation.
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e Equation (1.1) is also related to the KPZ growth model through the Cole-Hopf’s
transform. In this context, definitions of the equation by means of renormalization and

rough paths techniques have been recently investigated in [42, 46].

e There is a strong connexion between equation (1.1) and the partition function of
directed and undirected continuum polymers. This link has been exploited in [64, 82]
and is particularly present in [1], where basic properties of an equation of type (1.1) are

translated into corresponding properties of the polymer.

e The multiplicative stochastic heat equation exhibits concentration properties of its
energy. This interesting phenomenon is referred to as intermittency for the process u
solution to (1.1) (see e.g [21, 22, 23, 36, 62]), and as a localization property for the
polymer measure [12]. The intermittency property for our model is one of the main

result of the current paper, and will be developed later in the introduction.

e Finally, the large time behavior of equation (1.1) also provides some information
on the random operator Lu = Au+Wu. A sample of the related Lyapunov exponent

literature is given by [13, 70].

Being so ubiquitous, the model (1.1) has thus obviously been the object of numerous

studies.

Indeed, when the noise W is white in time and colored in space, that is, when 7y is the
Dirac delta function &y(x), there is a huge literature devoted to our linear stochastic heat
equation. Notice that in this case the stochastic integral involving W is interpreted in
an extended It6 sense. Starting with the seminal paper by Dalang [24], these equations,
even with more general nonlinearities (namely uW in (1.1) is replaced by o (u)W for

a general nonlinear function ¢), have received a lot of attention. In this context, the
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existence and uniqueness of a solution is guaranteed by the integrability condition

d
/Rd I“iéiz < oo, (12)

where U is the Fourier transform of A. This condition is sharp, in the sense that it is

also necessary in the case of an additive noise.

Recently, there also has been a growing interest in studying equation (1.1) when the
noise is colored in time. Unlike the case where the noise is white in time, one can no
longer make use of the martingale structure of the noise, and just making sense of the
equation offers new challenges. Recent progresses for some specific Gaussian noises
include [6, 55, 56] by means of stochastic analysis methods, and [15, 43, 33] using

rough paths arguments.

As mentioned above, we shall focus in this article on intermittency properties for
the stochastic heat equation (1.1). There exist several ways to express this phenomenon,
heuristically meaning that the process u concentrates into a few very high peaks. How-
ever, all the definitions involve two functions {a(¢); > 0} and {/(k); k > 2} such that
¢(k) € (0,0) and:

(k) == liltgscljp$log (E [|u,,x|k]> , (1.3)

where we assume that the limit above is independent of x. In this case, we call a(r)
the upper Lyapunov rate and /(k) the upper Lyapunov exponent. The process u is then

called weakly intermittent if
0(2) >0, and {l(k) <o Vk>2.

The computation of the exact value of Lyapunov exponents is difficult in general. A

related property (which corresponds to the intuitive notion of intermittency) requires
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that for any k; > k, the moment of order kj is significantly greater than the moment of
order k», or otherwise stated:
El/kl |i|ut7x|klj|

limsup —— bt L o 1.4
P gk [ur x| 2] (14)

Most of the studies concerning this challenging property involve a white noise in time,
and we refer to [4, 13, 36] for an account on the topic. The recent paper [4] tackles the
problem for a fractional noise in time, with some special (though important) examples
of spatial covariance structures, within the landmark of Skorohod equations. In this
case the results are confined to weak intermittency, with an upper bound on L* moments
obtained invoking hypercontractivity arguments and lower bounds computed only for

the L? norm.

With all those preliminary considerations in mind, the current paper proposes to
study existence-uniqueness results, Feynman-Kac representations, chaos expansions
and intermittency results for a very wide class of Gaussian noises W (including in par-
ticular those considered in [4, 24]), for both Skorohod and Stratonovich type equations
(1.1). In particular we obtain some lower bounds for /(k) defined by (1.3) for all k > 2,
which are sharp in the sense that they have the same exponential order as the upper

bounds.
More specifically, here is a brief description of the results obtained in the current

paper:

(i) In the Skorohod case, the mild solution has a formal Wiener chaos expansion,
which converges in L?(Q) provided 7 is locally integrable and the spectral mea-
sure u of the spatial covariance satisfies condition (1.2). Moreover, the solution
is unique. This result (proved in Theorem 4.8) is based on Fourier analysis tech-

niques, and covers the particular examples of the Riesz kernel and the Bessel
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kernel considered by Balan and Tudor in [6]. Our results also encompass the
case of the fractional covariance A(x) = [T% H;(2H; — 1)|x;|*"~2, where H; > %
and condition (1.2) is satisfied if and only if Z?ZIHi > d — 1. This particular

structure has been examined in [55].

(1) Under these general hypothesis to ensure the existence and uniqueness of the
solution of Skorohod type one cannot expect to have a Feynman-Kac formula for
the solution, but one can establish Feynman-Kac-type formulas for the moments
of the solution. The formulas we obtain (see (3.21)), generalize those obtained

for the Riesz or the Bessel kernels in [6, 55].

(iii)) Under more restrictive integrability assumptions on ¥ and u (see Hypothesis
4.16) we derive a Feynman-Kac formula for the solution « to (1.1) in the Stratonovich
sense. An immediate application of the Feynman-Kac formula is the Hélder con-

tinuity of the solution.

(iv) In the Stratonovich case, we give a notion of solution using two different method-
ologies. One is based on the Stratonovich integral defined as the limit in prob-
ability of the integrals with respect to a regularization of the noise, and another
one uses a pathwise approach, weighted Besov spaces and a Young integral ap-
proach. We show that the two notions coincide and some existence-uniqueness
results which are (to the best of our knowledge) the first link between pathwise

and Malliavin calculus solutions to equation (1.1).

(v) Under some further restrictions (see hypothesis at the beginning of Section 6),

we obtain some sharp lower bounds for the moments of the solution. Namely, we
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can find explicit numbers k; and k and constants c;,C; for j = 1,2 such that
Crexp(c1tMk®) <E [|ut.‘x|k} < Crexp (catMk™)

forallz >0, x € R? and k > 2.

As it might be clear from the description above, our central object for the study of (1.1)
is the Feynman-Kac formula for the solution u or for its moments, which is a very
interesting result in its own right. A substantial part of the article is devoted to establish
these formulae with optimal conditions on the covariances ¥ and A, including critical
cases. Notice that we also handle the case of noises which only depend on the space
variable. This situation is usually treated separately in the paper, due to its particular

physical relevance.

Here is the organization of this chapter. In Section 6.2, we briefly set up some pre-
liminary material on the Gaussian noises that we are dealing with. We also recall some
material from Malliavin calculus. Section 4.3 is devoted to the stochastic heat equation
of Skorohod type. Existence and uniqueness of the mild solutions are obtained, and
Feynman-Kac formula for the moments of the solution is established. Section 4.4 fo-
cuses on the Feynman-Kac formula related to equation (1.1) and studies the regularity
of the process u!” defined in that way under some conditions on ¥ and A. In section 4.5

we first prove that the process u!”

can really be seen as a solution to the stochastic heat
equation interpreted in a mild sense related to Malliavin calculus. However, uniqueness
is missing in this general context. Under some slightly more restrictive conditions on
the noises, we then study the existence and uniqueness of the mild solution to equa-

tion (1.1) using Young integration techniques. Finally, Section 4.6 is concerned with

the bounds for the moments and related intermittency results.
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Notations. In the remainder of this chapter, all generic constants will be denoted by
¢,C, and their value may vary from different occurrences. We denote by p;(x) the

d-dimensional heat kernel p; (x) = (2mt) =%/ 2¢=R/21 for any t >0, x € RY,

4.2 Preliminaries

This section is devoted to a further description of the structure of our noise W. We
consider first the time dependent case and later the time independent case. We will also

provide some basic elements of Malliavin calculus used in the paper.

4.2.1 Time dependent noise

Let us start by introducing some basic notions on Fourier transforms of functions: the
space of real valued infinitely differentiable functions with compact support is denoted
by 2(R?) or 9. The space of Schwartz functions is denoted by . (R?) or .7. Its
dual, the space of tempered distributions, is .7’ (R?) or .#". If u is a vector of tempered
distributions from R to R”, then we write u € .¥’ (Rd ,R™). The Fourier transform is

defined with the normalization

Fu(§) = /Rd e "y (x)dx,

so that the inverse Fourier transform is given by .7 ~lu(&) = (2n) " 4.Zu(-&).

Similarly to [24], on a complete probability space (Q,.%,P) we consider a Gaussian
noise W encoded by a centered Gaussian family {W(¢); ¢ € 2([0,) x R¢)}, whose

covariance structure is given by

EW@WW)= [, olswty)s—0AG—ydsdydsdr,  (2.1)

2 2d
xR
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where y: R — R, and A : RY — R, are non-negative definite functions and the Fourier

transform .7 A = u is a tempered measure, that is, there is an integer m > 1 such that
Jra(L+1E17) " (dE) < eo.
Let .7 be the completion of Z([0,%0) x R¢) endowed with the inner product
(9. ¥)w = / , o, @G p(,y) (s — 1) Alx — y) dxdydsdt (2.2)
RZ xIR2d

= [, T TV s —Ou(dE) dsd,

where .7 ¢ refers to the Fourier transform with respect to the space variable only. The
mapping @ — W (@) defined in 2([0,) x RY) extends to a linear isometry between

2 and the Gaussian space spanned by W. We will denote this isometry by

Wo)= [ [ otxwiaran

for ¢ € 7. Notice that if ¢ and y are in .77, then E[W (¢)W (y)] = (¢, ) . Fur-

thermore, 7 contains the class of measurable functions ¢ on R, x R¢ such that
/ |0(5,%)¢(1,)] Y(s — 1) A(x — y) dxdydsdt < eo. (2.3)
R% xR

We shall make a standard assumption on the spectral measure tt, which will prevail

until the end of the paper.

Hypothesis 4.1. The measure L satisfies the following integrability condition:

d
/R ) %éy)z < oo, 2.4)
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Let us now recall some of the main examples of stationary covariances, which will

be our guiding examples in the remainder of the paper.

Example 4.2. One of the most popular spatial covariances is given by the so-called
Riesz kernel, for which A(x) = |x|™ and u(d&) = cy 4|E|74" dE. We refer to this
kind of noise as a spatial N-Riesz noise. In this case, Hypothesis 4.1 is satisfied when-

ever 0 < n < 2, which will be our standing assumption.

Example 4.3. We shall also handle the space white noise case, namely A = &y (notice
that in this case A is not a function but a measure) and U = Lebesgue. This noise

satisfies Hypothesis 4.1 only in dimension 1.
Example 4.4. The spatial covariance given by the so-called Bessel kernel is defined by

n—d _ b

A(x):/ w2 e Ve wdw.
0

In this case u(d&) = cna(1+8 |2)’%d§ and Hypothesis 4.1 is satisfied if n > d — 2.

Example 4.5. An example of time covariance 7y that has received a lot of attention is the
case of a one-dimensional Riesz kernel, which corresponds to the fractional Brownian
motion. Suppose that y(t) = H(2H — 1)|t|*=2 with 3 < H < 1 and W is a noise with
this time covariance and a spatial covariance A. Foranyt > 0 and any ¢ € C‘:’(Rd), the
function 1)y ;@ belongs to the space 7, and we can define Wi (@) := W(l[()?,] ®). Then,
for any fixed ¢ € 2(RY), the stochastic process {C;I/ 2Wt(go);t > 0} is a fractional

Brownian motion with Hurst parameter H, where

co= [ |7 9EPn(ad).
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That is E[W;(@)W(@)] = Ry (s,t)cq, where for each H € (0,1) we have:

(IsP27 + e[ — [s =),

| =

RH(S,I) =

Example 4.6. In the same way, the spatial fractional covariance is given by A(x) =
M1 H; (2H; —2)|x;|*~2, where ¥ < H; < 1 fori=1,...,d. The Fourier transform of
Ais u(dE) =CyTIL, |&|' 2HidE, where Cy is a constant depending on the parameters

H;. Then an easy calculation shows that when Z?'ZI H; > d — 1, Hypothesis 4.1 holds.

If W is a noise with fractional space and time covariances, with Hurst parameters
Hp in time, and Hy,...,Hy; in space, then we can write formally W (¢) as the distribu-

tional integral [, ga @(f,%)Wp (,x)dtdx, where Wy (,x) is the formal partial deriva-

. d+1
tive aa Wr

m(r,x) and Wy is centered Gaussian random field which is a fractional

Brownian motion on each coordinate, that is,

QU

E[WH(S,X)WH(Z‘,y)] :RHO(S7t)HRHi(xi7yi)a s,t >0,x,y € Rd'
i=1

4.2.2 Time independent noise

In this case we consider a zero mean Gaussian family W = {W(¢); ¢ € 2(R%)}, de-

fined in a complete probability space (€,.%#,P), with covariance

EW (W (¥)] = [ o@w()AG—y)dxdy. @.5)

where, as before, A : RY — R is a non-negative definite function whose Fourier trans-

form u is a tempered measure. In this case ./# is the completion of Z(R¢) endowed
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with the inner product

@) = [ 0WVOAE—)dxdy = [ Fo&FyEInE). o)

The mapping @ — W () defined in Z(R?) extends to a linear isometry between .7’

and the Gaussian space spanned by W, denoted by

W(o) = [ otow (@

for ¢ € . If ¢ and y are in .77, then E[W ()W (y)] = (¢, ¥) ,» and .5 contains the

class of measurable functions ¢ on R such that
L 10G00) Al —y) dxdy < . @)

4.2.3 Elements of Malliavin calculus

Consider first the case of a time dependent noise. We will denote by D the derivative
operator in the sense of Malliavin calculus. That is, if F is a smooth and cylindrical

random variable of the form

F=fW(¢1),....W(¢,)),

with ¢; € 7, f € C;(R") (namely f and all its partial derivatives have polynomial

growth), then DF is the .7#-valued random variable defined by

DF = ¥ SLW (0. W 000,

J=1
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The operator D is closable from L?(Q) into L?(;.7#) and we define the Sobolev space
D!2 as the closure of the space of smooth and cylindrical random variables under the

norm

|DF[l12 = /E[F? + E[|DF|%,].

We denote by & the adjoint of the derivative operator given by the duality formula
E[6(u)F] =E[(DF,u) ;|, (2.8)

for any F € D''? and any element u € L?(Q;7#) in the domain of §. The operator
0 is also called the Skorohod integral because in the case of the Brownian motion, it
coincides with an extension of the Itd integral introduced by Skorohod. We refer to
Nualart [74] for a detailed account of the Malliavin calculus with respect to a Gaussian
process. If DF and u are almost surely measurable functions on R x R? verifying
condition (2.3), then the duality formula (2.11) can be written using the expression of

the inner product in ¢ given in (2.2)

E[6(u)F]=E [/R Dy F u; yy(s —t) A(x —y) dsdtdxdy)| . (2.9)

2 2d
xR

Let us recall 3 other classical relations in stochastic analysis, which will be used in
the paper:
(i) Divergence type formula. For any ¢ € 7 and any random variable F in the Sobolev

space D2, we have

FW(9)=06(F¢)+ (DF,§) . (2.10)
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(ii) A duality relationship. Given a random variable F € D%? and two elements 4, g €

7, the duality formula (2.11) implies
E[FW ()W (g)] =E [(D°F,h®g) =2 +E[F] (h,g) . (2.11)

(iii) Definition of the Wick product of a random and a Gaussian element. If F € D'?
and A is an element of .77, then Fh is Skorohod integrable and, by definition, the Wick

product equals to the Skorohod integral of Fh
O(Fh) =FoW(h). (2.12)

When handling the stochastic heat equation in the Skorohod sense we will make use
of chaos expansions, and we should give a small account on this notion. For any integer
n > 0 we denote by H,, the nth Wiener chaos of W. We recall that Hy is simply R and
for n > 1, H, is the closed linear subspace of L?(Q) generated by the random variables
{H,(W(h));h € ,||h|| » = 1}, where H, is the nth Hermite polynomial. For any
n > 1, we denote by SZ®" (resp. ##“™) the nth tensor product (resp. the nth symmetric
tensor product) of .#. Then, the mapping I,(h®") = H,(W (h)) can be extended to a

linear isometry between " (equipped with the modified norm v/a!| -|| ,y=n) and H,,.

Consider now a random variable F € L?(Q) measurable with respect to the o-field

W generated by W. This random variable can be expressed as
F=E[F]+} Ih(fa), (2.13)
n=1

where the series converges in LZ(Q), and the elements f, € 7", n > 1, are determined

by F. This identity is called the Wiener-chaos expansion of F.
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The Skorohod integral (or divergence) of a random field u can be computed by using
the Wiener chaos expansion. More precisely, suppose that u = {u; ,; (t,x) € R x R} is
a random field such that for each (¢,x), u;  is an %" -measurable and square integrable

random variable. Then, for each (¢,x) we have a Wiener chaos expansion of the form

oo

e =Eur ]+ Y L(ful-1,%)). (2.14)

n=1

Suppose also that

E [/ / / s xttsy| Y(s —t)A(x — y) dxdydsdt | < oo.
0 Jo JR2d /

Then, we can interpret u as a square integrable random function with values in .7 and

n+1) which are symmetric in

the kernels f, in the expansion (2.13) are functions in 7’ 3/
the first n variables. In this situation, u belongs to the domain of the divergence (that is,
u 1s Skorohod integrable with respect to W) if and only if the following series converges

in L*(Q)
3= | [ usOWor =WEU) + Tl (o), 219

where f;l denotes the symmetrization of f, in all its n+ 1 variables.

The operators D and 6 can be introduced in a similar way in the time indepen-
dent case. If DF and u are almost surely measurable functions on R¢ verifying condi-
tion (2.7), then formula (2.11) can be written using the expression of the inner product

in S given in (2.6):

E[6(u)F]=E {/deDxFu(y) Alx—y)dxdy| . (2.16)
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4.3 Equation of Skorohod type

The first part of this section is devoted to the study of the following d-dimensional
stochastic heat equation with the time dependent multiplicative Gaussian noise W intro-

duced in Section 4.2.1, where the product is understood in the Wick sense (see (2.12)):

du 1 4w
E_EAM_FMO—&taxl-u&xd, (31)

the initial condition being a continuous and bounded function up(x). This equation is
formal and below we provide a rigorous definition of a mild solution using the Skorohod
integral. The main objective of this section is to show that the mild solution exists and is
unique in L2(Q), assuming that the spectral measure u satisfies Hypothesis 4.1. This is
proved by showing that the formal Wiener chaos expansion which defines the solution
converges in L2(Q). In a second part of this section we obtain a Feynman-Kac formula
for the moments of the solution. In the last part we will extend these results to the case

where the noise is time independent.

4.3.1 Existence and uniqueness of a solution via chaos expansions

Recall that we denote by p; (x) the d-dimensional heat kernel p; (x) = (271) =%/ 2e— I/

for any ¢ > 0, x € R%. For each t > 0 let .% be the o-field generated by the random
variables W (¢), where ¢ has support in [0,7] x RY. We say that a random field u; ,
is adapted if for each (z,x) the random variable u, , is .%;-measurable. We define the

solution of equation (3.1) as follows.

Definition 4.7. An adapted random field u = {u; ;t > 0,x € R} such that Eluf,] < oo
forall (t,x) is a mild solution to equation (3.1) with initial condition uy € Cy,(R?), if for

any (t,x) € [0,00) x RY, the process {Pr—s(x=y)us Lo (s);s > 0,y € R4} is Skorohod
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integrable, and the following equation holds

t
Ut x = pt”0<x) +/0 /Rd pt—s(x _y)us.,y SVVs,y- (3.2)

Suppose now that u = {u; ;¢ > 0,x € R4} is a solution to equation (3.2). Then
according to (2.12), for any fixed (,x) the random variable u; , admits the following

Wiener chaos expansion

”t,x: Zln(fn('7t7x))7 (33)
n=0

where for each (¢,x), f,(+,2,x) is a symmetric element in 2#®". Thanks to (2.14) and
using an iteration procedure, one can then find an explicit formula for the kernels f;, for
n>1

1
FaS1,205 oS0, Xiy 1, X) = 3 Disg (X = Xo(n))*+ Psggay=so) (Ko (2) = ¥o(1))Psoy #0(Xo(1))

where ¢ denotes the permutation of {1,2,...,n} such that 0 < sg(1) < -+ < 5g(,) <1
(see, for instance, equation (4.4) in [55], where this formula is established in the case
of a noise which is white in space). Then, to show the existence and uniqueness of the

solution it suffices to show that for all (¢,x) we have

Y nl][ fuleo1,2) o < oo 34
n=0

Theorem 4.8. Suppose that | satisfies Hypothesis 4.1 and 7y is locally integrable. Then
relation (5.10) holds for each (t,x). Consequently, equation (3.1) admits a unique mild

solution in the sense of Definition 4.7.
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Proof. Fix t >0 and x € RY. Set f,(s,y,1,x) = fu(S1,¥1,. -8, Yn,,X). We have the

following expression

| fu(st,2) | 2pen
n n

— ! /W o folst )zt TTAGs =20 [ T rlsi = ) dvdzdsdr

< n'”lxlngo/ / gn(s,y,t,x)gn(r,z,t,x)HA(y,-—zi)Hy(si—r,-)dydzdsdr
[0,1‘]2” Ran =1 =1

where dx = dx; - - - dx,, the differentials dy,ds and dr are defined similarly and

1
8n($:0,1:%) =~ Presq (X = Yo(n))*+ Psgioy=se( Vo (2) = Yo(1)) - (3.5)

Set now u(d§) =T, u(d&;). Using the Fourier transform and Cauchy-Schwarz, we

obtain

U fast,2) | 2pen
n

n!uol% T 8n(8,,1,%)(8) F gn(r,,1,%)(E) (&) [ T v(si — ri)dsdr
0,127 JRnd

i=1
ol f (/R lfgn<s,~,r,x><5>|2u<d¢>)2

x ( TG -;tw)(é)l%(%)) % Hy( ~ ri)dsdr,

IN

IN

and thus, thanks to the basic inequality ab < %(a2 + bz) and the fact that y is locally
integrable, this yields:
n

U fulst, )| 2pen < n!HuoHi/Wn/Rndygzgn(s,-,t,x)(g)\zu(dg)ny(si—r,-)dsdr

i=1
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< C"n'Huon/

[0 ]Zn

/Rnd | gn(s,-1,%)(E) ] 1(dE)ds, (3.6)

where C = 2 [ y(r)dr. Furthermore, it is readily checked from expression (3.5) that

there exists a constant C > 0 such that the Fourier transform of g,, satisfies

Cn n )

(—)2 He_(SUU“)_sa(i))|§0(i)+'“+§a(l)\ :
n')- -

i=1

|ygn(sv'7tax>(§)|2 =

where we have set s5(,,4.1) = . As a consequence,

0 [ Fnls.o1.0(E) Pra(ag)

< [ sup [ e oot p(agy )
i=1neRrd /R
o)
n e *Uo(ir1)So(i)
= C'[] sup / y 7 €0 Axo()dxo(i
i=1nerd |/R (47F(Sc(i+1)—sc(i)))2
< C"H / ot =sow)o0l (o), (3.7)

where we invoke the fact that |¢”o(®) | =1 to get rid of the supremum in 7). Therefore,

from relations (3.6) and (3.7) we obtain

n
(sier—s)E
ot ) Bpen < 2" [ [ TTem 08P duag),  38)
Rnd 7;1(1‘) =1
where we denote by T,,(¢) the simplex
T,(1) ={0<s) < <sp <t} (3.9)

Let us now estimate the right hand side of (3.7): making the change of variables s; ;| —

si=w;forl <i<n-—1,andt—s, =w,, and denoting dw = dwdw, - - -dw,, we end
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up with

_yn N E.12 n
UL fo (o) | 2o < ||u0||iC"/Rnd/S e X lsP gy T (dé),
t,n i=1

where S; , = {(wi,...,w,) €[0,00)" 1wy +---+w, <t}. We also split the contribution

of 1 in the following way: fix N > 1 and set

_ u(dg) _ d.
CN_/|<§ZN T and Dy=pu{EeR:|§| <N} (3.10)

By Lemma 4.9 below, we can write

n < n tk n—
B < e ¥, (7) obeo ™. ean
k=0 :

Next we choose a sufficiently large N such that 2CCy < 1, which is possible because of
condition (2.4). Using the inequality (}) < 2" for any positive integers n and 0 < k < n,

we have

(o)

- 2o n\ tF _
Y 2l fast ) e < lluoll2 Y C" Y (k) aon@Cn)

n=0 n=0 k=0
t _ t _
< uoll2 Y, Y €2 DR (20n)" = o2 Y. 1 DA(2Cn) Y (20"
k=0n=k : k=0 K- —k
< o2 1 i "Dk, (2Cy) ~*(2CCy ) -
= M0=1 2ccy & k! '
This proves the theorem. ]

Next we establish the lemma that is used in the proof of Theorem 4.8.
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Lemma 4.9. Let u satisfy the condition (2.4). For any N > 0 we let Dy and Cy be

given by (3.10). Then we have

/ d/ 721 1W1|§l| dwnu dél S Z ( > DN ZCN)
R JS; k=0

Proof. By our assumption (2.4),Cy is finite for all positive N. Let I be a subset of

{1,2,...,n} and I = {1,2,...,n} \ I. Then we have

L[, TTe &  amniae)

tnj—=

= /Rd/s He el (Mg i<ny + g ny) dwu(ds)

=1

= / /S I_Ie l‘él' 1{|é|<N} X He J‘é/‘ 1{|6 |>N}dW‘u(d§)

1c{1 2,. el

For the indices i in the set I we estimate ¢~ "il5/] by 1. Then, using the inclusion
Sin CSI xSl

where ST = {(wi,i € 1) :w; > 0,Yc;wi <t} and S = {(w;,i €1¢) :w; > 0, Y e w; <t}

we obtain

L. /SHe WIS gy p (d€)

tnj=1

= /R"d/slxslcn {lil=ny % He WL g oy dw ().

I C{l 2, t i€l
Furthermore, one can bound the integral over S{C in the following way

1—e ISP

e <ep

JEI€©

/C He wjl&;l? dw</ Hg—leéjlde: H
st jere

© jere jere
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We can thus bound [ fs,,n I, e wilsil? dwu(d&) by:

Z _’( {éeRd:‘g‘gN})sz\ H‘u( 62])
1C{12, n} ! |EjI>N. VeI jege 51
ad A B
= X 701‘6' (2cn)" =Y (k) aoveew" ™,
1C{l,2,-~-,n}’ ! k=0 :
which is our claim. O]

4.3.2 Feynman-Kac formula for the moments

Our next objective is to find a formula for the moments of the mild solution to equa-
tion (3.1). For any 0 > 0, we define the function ¢@g(f) = %1[075] (t) for t € R. Then,
@s(t)pe(x) provides an approximation of the Dirac delta function dy(z,x) as € and
tend to zero.

We set

. t
WES = [ [ @slt—5)pelx—y)W(ds.dy). (312

Now we consider the approximation of equation (3.1) defined by

auff L, ¢es 6 1is€,8
at’ = EA”t,Sc +upy <>W,7); . (3.13)

We recall that the Wick product uf ’XE <>Wf,;6 is well defined as a square integrable
random variable provided the random variable ui;a belongs to the space D!? (see

(2.12)), and in this case we have

S
iy oW = /0 P85 —1)pe(y— s SW. (3.14)
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Furthermore, the mild or evolution version of (3.13) is

t
ui’x‘s = pyup(x) +/0 /Rd p,_s(x—y)uf:y‘s<>Wf§5dsdy. (3.15)

Substituting (3.14) into (3.15), and formally applying Fubini’s theorem yields

t 1
uif = prutp(x) +/ / (/ / pr—s(x—y)@s(s — ”)Pe(y_z)”iystd)’> oW,
0 JR4 0 JRd
(3.16)

This leads to the following definition.

Definition 4.10. An adapted random field utd — {uf_"f;t >0,xe Rd} is a mild solution

to equation (3.13) if for each (r,z) € [0,1] x RY the integral

1
YV?ZX :/O /Rd pt—S(X—)’)(PcS(S—’”)Ps(y—z)uf:ysdsdy

exists and Y is a Skorohod integrable process such that (3.16) holds for each (t,x).

Notice that according to relation (2.11), the above definition is equivalent to saying

that ui’f € L*(Q), and for any random variable F € D' , we have
E [Futﬁﬂ — E[F] piuo(x) + E [(Y'*, DF) ] . (3.17)

In order to derive a Feynman-Kac formula for the moment of order k > 2 of the
solution to equation (3.1) we need to introduce k independent d-dimensional Brownian
motions B/, j = 1,...,k, which are independent of the noise W driving the equation.
We shall study the probabilistic behavior of some random variables with double ran-

domness, and we thus introduce some additional notation:
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Notation 4.11. We denote by P, E the probability and expectation with respect to the
annealed randomness concerning the couple (B,W), where B = (B',... BX), while we

set respectively Ep and Ew for the expectation with respect to one randomness only.

With this notation in mind, define

1
W& = Ep [exp (W(Aif —ocf;f)] , (3.18)

where

1 SA(t—r)

a2 =5 ([ B ) Lagn), and et = 1AET R,

(3.19)

for a standard d-dimensional Brownian motion B independent of W. Then one can
prove that ui’x‘s is a mild solution to equation (3.13) in the sense of Definition 4.10. The
proof is similar to the proof of Proposition 5.2 in [55] and we omit the details.

The next theorem asserts that the random variables ui’x‘s have moments of all orders,
uniformly bounded in € and &, and converge to the mild solution of equation (3.1),
which is unique by Theorem 4.8, as d and € tend to zero. Moreover, it provides an

expression for the moments of the mild solution of equation (3.1).

Theorem 4.12. Suppose v is locally integrable and | satisfies Hypothesis 4.1. Then

for any integer k > 1 we have

supE [|uf7;fS

k] < oo, (3.20)
£,06
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the limit limg o limg uif exists in LP for all p > 1, and it coincides with the mild

solution u of equation (3.1). Furthermore, we have for any integer k > 2

[um} Es Huo (Bi +x)exp ( y / / Yis—r)A B;)dsdr> , 321
1<l<j<l<
where {B/; j = 1,....k} is a family of d-dimensional independent standard Brownian

motions independent of W.

Proof. To simplify the proof we assume that i is identically one. Fix an integer k > 2.

Using (3.18) we have

o[~ | 1 [ (w2

where forany j=1,...,k, Af’x‘s’B] and ch ;Ca’BJ are evaluations of (3.19) using the Brown-

ian motion B/. Therefore, since W(Ae 5,8 ) is a Gaussian random variable conditionally

on B, we obtain

S\k 1 331 1 & 8.BI
E[(uix):| = Ep |exp E Z A7 ||%_§Zat&:x
1 5.8 5.8
= Ep |exp 2||Z Ay “i/’__Z” AT 3
j_

= Ep|exp Z (Af’f"Bi,Af’f’Bj) %)] (3.22)

1<i<j<k

.. i J ..
Let us now evaluate the quantities (Af ’xa’B ,Ai ’X(S’B ) above: by the definition of

Ai’x‘s’B , for any i # j we have

AT = [ ] ZAE @ F A () S dud:
(3.23)
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On the other hand, for u € [0,] we can write

i ON(t—u
FAT W) = 5[ FpelBl rx=)()ds

1 5/\(t—u) £2|§‘2
= g/0 exp (— 5 +1(,Bl_,_ s+x>) ds

Thus

(AED B ALY By (3.24)

SAV r8Au i
=/ (/ / <52/ / §Bu -5 ~B]_ 52>ds1d52) }/(u—v)dudV>
R

xe 1 (de),

and we divide the proof in several steps.

Step 1: We claim that,

.o 8.B 5,8/ '
1813)1161?(}<Al€’x ACST ) e —//yu—v — B/)dudyv, (3.25)

where the convergence holds in L' (Q). Notice first that the right-hand side of equation

(3.25) is finite almost surely because

B V(;/Oty(u—v)/\ —BJ) dudv} —/ / /Rd Ve 2R (a8 dudy

and we show that this is finite making the change of variables x =u —v, y =u+v, and
using our hypothesis on 7 and u like in the proof of Theorem 4.8.
In order to show the convergence (3.25) we first let 0 tend to zero. Then, owing to

the continuity of B and applying some dominated convergence arguments to (3.24), we
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obtain the following limit almost surely and in L' (Q)

; . t ot il
lim(AS0E A808y = / ( / / ;& B">y(u—v)dudv) e €181 (ag).
sl0° 7 ’ R4 \Jo JO
(3.26)
Finally, it is easily checked that the right-hand side of (3.26) converges in L' (Q) to the
right-hand side of (3.25) as € tends to zero, by means of a simple dominated conver-

gence argument again.

Step 2: For notational convenience, we denote by B and Btwo independent d-dimensional
Brownian motions, and E will denote here the expectation with respect to both B and

B. We claim that for any A > 0

supE [exp (A <Af;8’B,Af;C8’B> )} < oo (3.27)
8’6 ) ) %

Indeed, starting from (3.24), making the change of variables u —s; — u, v—1s7 — v,

assuming 6 < ¢, and using Fubini’s theorem, we can write
=~ S 0 pt—s t—s
€6,B ,€06.B _ i 1 2 _ oy
st = [ o9
x exp(—€|& |2)?’(M +51—v—2s2) u(d&)dudvdsds; .

We now control the moments of <Af’;€5’B,Ai’f’B> s 1n order to reach exponential inte-

grability:

e8,B ,¢8,B " . 1 a >
<At,x At >%— ﬁ/oé,n /Rdn exp <—ll_21(3u/—3w)'§l>

n
¥ e X 1al [T v(w +s1—vi—5) w(d&) dsdsdudv, (3.28)
=1
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where p(d€) =1}, n(d&), the differentials ds,ds,du,dv are defined similarly, and
O5=1{(5,5,u,v);0< 5,5/ < 6,0y <t —5;,0<v; <t —5, forall 1 <I<n}.

Moreover, we have:

exp (—z (B, —Evl) . ‘g’l)] = exp (—%Var (i(Bul —gvl) él)) (3.29)
=1 =1
= exp (—% Z (ui/\uj—l—vi/\vj)éi-gj).

E

M=

1<i,j<n

Taking into account the fact that 7y is locally integrable, this yields

E [<Afx53 A85B>%ﬂ

l ~ ~ ~
/[Ot]Z" Adnexp ~ Sl/\sj‘i‘Si/\Sj)éi-gj) nu(dé)deS

C i /[Ot]nexp< s,/\sj)ﬁif]) dsp(d§).

IN

IN

Since

€X
]Rdn p

(i /\S])él 5]) u(dé)

1<i,j<n
is a symmetric function of 51,2, ...,s,, we can restrict our integral to 7,,(1) = {0 < s; <

sp < --- < s, < t}. Hence, using the convention sy = 0, we have
S\ n
E [<A§;C573,Af;f’3> ] (3.30)

< C"n!/Rdn /Tn(t)exp <_1<i7j§n(Si/\Sj>5i.§j> dsp(dé)

_i(si—si—1)|§i+-~+§n|2> dsp(dég).

~
—_
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Thus, using the same argument as in the proof of the estimate (3.7), we end up with

8.8 ,e6B\" n . —(si—si—1)|&+n?
E [<At7x A >ﬂ] C n!/Tn(l)H (nsgﬂgd/ﬂ{d DI&i+n H(d§)> ds

o !/ n / —(Si—si—l)|§i|2 dé; )d
) TH(I)E( Rde u(dé;) | ds

Making the change of variable w; = s; — s;_1, the above integral is equal to

VAN

IN

C”n!/ / He wildif? u(dé) dw<C"n'Z < ) DN (2cy)"k,
Stl‘l

where we have resorted to Lemma 4.9 for the last inequality. Therefore,

1 58 ,£8B\" e (1
_EKA A% >%}gc Y (; k'DN(ch) ,

k=0

which is exactly the right hand side of (3.11). Thus, along the same lines as in the proof

of Theorem 4.8, we get

[e)

B A" 58 ,e5B\"
Blew (2 (47774507) )] = X pE[(ard 7)) | <
Xp fx ) n;) " 1,x LX)

which completes the proof of (3.27).

Step 3: Starting from (3.22), (3.25) and (3.27) we deduce that E[(uf ’xa)k] converges as
0 and € tend to zero to the right-hand side of (3.21). On the other hand, we can also

write
/ 1 ! S/ R2
E[uf2uf | =B fexp (45274507 0)] .

As before we can show that this converges as €, 8, €', 8’ tend to zero. So, ui’f converges
in L? to some limit Vr.x, and the limit is actually in L? , for all p > 1. Moreover, E[vfc o

equals to the right hand side of (3.21). Finally, letting 6 and € tend to zero in equation
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(3.17) we get

E[Fvi ] = E[F]+E[DF,vp;—.(x =-)) 7]

which implies that the process v is the solution of equation (3.1), and by the uniqueness

of the solution we have v = u. O]

Remark 4.13. If the space dimension is 1, we can consider equation (3.1) assuming
that the time covariance function is y(t) = H(2H —1)|t|*" 2, % < H < 1, and the noise
is white in space, which means A(x) is the Dirac delta function &y(x). The integral form
of this Gaussian noise is a two-parameter process which is a Brownian motion in space
and a fractional Brownian motion with Hurst parameter H in time. This equation has
been studied in [55], where the existence of a unique mild solution has been proved,

and the following formula for the moments of the solution has been obtained

E|uf,| = Es

k . oot S
TTuo(Bi +x)exp (aH y / / ys_r\w—zéo(s;—g;)dsdr)],
i1 1<i<j<k /0 /0

(3.31)

where oy = H(2H — 1). Notice that in the above expression the exponent is a sum of

weighted intersection local times.

4.3.3 Time independent noise

In this section we consider the following stochastic heat equation in the Skorohod sense

driven by the multiplicative time independent noise introduced in Section 4.2.2:

0 1 L4
“ =—-Au-tuo

ot 2 oxi---0xg (3.32)

The notion of mild solution based on the Skorohod integral is similar to Definition 4.7.
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Definition 4.14. An adapted random field u = {u; ;¢ > 0,x € RY} such that E[Mzz,x] < oo
for all (t,x) is a mild solution to equation (3.32) with initial condition uy € C,(R?), if
for any 0 < s <t,x € R, the process {p;—s(x — y)usy;y € R} is Skorohod integrable

in the sense given by relation (2.16), and the following equation holds:

t
Us x = prutp(x) —1—/0 (/}Rd p,_s(x—y)us7y3Wy> ds. (3.33)

Suppose that u = {u; »;t > 0,x € R4 } is a mild solution to equation (3.32). Then for

any fixed (¢,x), the random variable u; , admits the following Wiener chaos expansion:

e =Y In(fa(-1,%)), (3.34)
n=0

where for each (¢,x), fu(-,7,x) is a symmetric element in J#®". Notice that here the
space ¢ contains functions of the space variable y only. Using an iteration procedure
similar to the one described at Section 4.3.1, one can find the explicit formula for the

kernels f, forn > 1:

fn(-xlu-"axl’latrx)

1

=l Jo e Prsow (X =Xg(n) *** Psoa)=son) Xo(2) = Xo(1)) Psgry40(Xa (1)) ds1 -+ -dsn,

where o denotes the permutation of {1,2,...,n} such that 0 < sg(1) <+ < Sg(n) <1
Then, to show the existence and uniqueness of the solution it suffices to show that for

all (¢,x) we have

Yl fa(ot,2) | Bpen < oo (3.35)
n=0

Theorem 4.15. Assume that | satisfies Hypothesis 4.1. Then (3.35) holds for each

(t,x) and equation (3.32) has a unique mild solution.
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The proof of this theorem is analogous to the proof of Theorem 4.8 and is omitted
for sake of conciseness. As in the previous subsection, we can deduce the following

moment formula for the solution to equation (3.32).

E[uf,] =B H o(B +x) exp( y / / A(B.— B]) dsdr)] . (336)
1<i< j<k
where B, i = 1,...,k, are d-dimensional independent Brownian motions.

4.4 Feynman-Kac functional

In this section we construct a candidate solution for equation (1.1) using a suitable
version of Feynman-Kac formula. The construction has been inspired by the approach
developed in [56] for the case of fractional noises. We will establish the existence and

Holder continuity properties of the Feynman-Kac functional.

4.4.1 Construction of the Feynman-Kac functional

We first consider the time dependent noise introduced in Section 4.2.1, and later we
deal with the time independent noise introduced in Section 4.2.2.

Time dependent noise

Suppose first that W is the time dependent noise introduced in Section 4.2.1. If the
initial condition of equation (1.1) is a continuous and bounded function ug, analogously

0 [56] we define

e = Ep [uo(Bf)exp ( / t [ (B~ )W (dr dy))} , @.1)
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where B* is a d-dimensional Brownian motion independent of W and starting at x € R?.

Our first goal is thus to give a meaning to the functional

1
Vo= [ [ (B =W (drdy) (42)

appearing in the exponent of the Feynman-Kac formula (4.1). To this aim, like in
the case of the formula for moments (see (3.12)), we will proceed by approximation.

Namely, we will approximate V by the process

t
Vi [ [ peBr —yWidndy), e>0, 43)

which is well defined as a Wiener integral for a fixed path of the Brownian motion B.
The convergence of the approximation V¢ is obtained in the next proposition, for which

we need to impose the following conditions on the function 7y and the measure u.

Hypothesis 4.16. There exists a constant 0 < B < 1 such that for anyt € R,
0 < ¥(r) < Cgle| P (4.4)

Jor some constant Cg > 0, and the measure |1 satisfies

K(ds)
/Rdm<0°. 4.5)

Proposition 4.17. Let fo be the functional defined in (4.3) and suppose that Hypoth-
esis 4.16 holds. Then for fixed t > 0 and x € R?, the random variable fo converges

in LZ(Q) towards a functional denoted by V; . Moreover, conditioned by B, V; , is a
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Gaussian random variable with mean O and variance

t t
Vary (V) = / / ¥(r— $)A(B, — By)drds. 4.6)
0 /0
Proof. Our first goal is to find

lim E[ViVZ2]. (4.7)

£1,6—0

To this aim, we set A7 .(1,y) = pe(B;_, —y)1jp,(r). Then

BVAVE] = EW ()W (42)] - [<Am A2
N U / / CTAL(u ) (8) FAZ (v, ) (E)y(u—v)pu(dE)dudv)| .
R
Furthermore, we can write for u <t
FAE (u,)(E) = Fpe,(BE, —)(E) = e 26118 +1(8.B1)

”

and thus
1e,B,— _ 1222 2
<At.X7 f,zx>!}f :/]Rd (\/['O’l}ze<é,Bv Bu>/y(u_v)dudv) e 2(81+82)‘§| ‘Lt(dg) (4.8)
This yields

E[VAVE] = Eg[(AlkAR) ]

_ / d ( /[ Peélizvuly(u_v)dudv) o HE I (4 (4.9)
R \J[0s
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Set now

_Rd

6’ = < / eélézvuly(u—v)dudv) (dé).
0.2

Is easily seen by direct integration and by using the hypothesis (4.4) that

—31EPv—ulyy ~31EPv—uly, _ ,|-B ¢
/[0,:]28 2 Y(u—v)dudv < cg [0.,426 2 lu—v| " Pdudv < [T Ep2F

Thus

2 p(ds)

which is a finite quantity by hypothesis (4.5). As a consequence, for every sequence
&, converging to zero, Vf; converges in L? to a limit denoted by V; x which does not
depend on the choice of the sequence &,. Finally, by a similar argument, we show (4.6).

This completes the proof of the proposition. [

Remark 4.18. We could also regularize the noise in time, and define
VS = WATY), (4.10)
where Aif has been introduced in (3.19). Then it is easy to check that V,i;ﬁ converges

as & tend to zero in L*(Q) to Ve

In order to give a meaning to formula (4.1) we need to establish the existence of

exponential moments for V; . To complete this task, we need the following lemma.

Lemma 4.19. Suppose that Hypothesis 4.16 holds. Then for any € > 0 there exists a

constant Cg such that for any v > 0 we have:

sup de_%|€_n‘2u(d§)§cg+ iﬁ'
v

nerd /R

4.11)
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Proof. The fact that the left hand side of (4.11) is uniformly bounded in 7 is proven
similarly to (3.7), but is included here for sake of readability. Indeed, consider n €
R?,v > 0 and define a function @ : RY — R by ¢ (&) = e~ 3161 Then according

to Parseval’s identity we have

/Rd Pn(&)u(dé) = C/Rd F Qn(x) Alx)dx = c/d v_d/ze_% e/ m) A(x)dx.

R

We now use the fact that A is assumed to be nonnegative in order to get the following

uniform bound in 1

[ on@uag) sc [ vl Awax= [ (@ n@g) = [ e uag).

R4

To estimate the right-hand side of the above inequality we introduce a constant M > 0,
whose exact value is irrelevant for our computations, and let cyr 1 = i (B(0,M)), where
B(0,M) stands for the ball of radius M centered at 0 in R?. Then the trivial bound

e 31817 < 1 yields

Lo 8 n@e) <eui+ [ e piag)
R &1>M

Invoking the fact that the function x — x! e~ is bounded on R, we thus get

3R (g c2 G
/é|>Me Hids) < le \>M\r§!2 23 vi=B Jig|>m 14 E]>28

Summarizing the above, we have obtained that

u(dg)
v1 ﬁ glsm 1+ |E[22B

/]Rde 2ENF 1 (dE) < ey +
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uniformly in 7 € R?. Our claim is thus obtained by choosing M large enough so that

czf|5|>M % < g, which is possible by hypothesis (4.5). O

The following elementary integration result will also be crucial for the moment

estimates we deduce later.

Lemma 4.20. Let o € (—1+¢,1)" with € > 0 and set |o| =Y | a;. Recall (see (3.9))
that T, (t) = {(r1,r2,...,rm) ER™:0<r| <--- <ry <t} Then there is a constant K

such that
Kmglol+m

Jo(tat) = )<
e) /mm,g(r =) S e m D)

where by convention, ro = 0.

Proof. Using identities on Beta functions and a recursive algorithm we can snow that

™ T(og+ D)gledm

It @) = o+ 1)

)

and the result follows thanks to the fact that the I" function is bounded on (&,2). O]

With these preliminary results in hand, we can now prove the exponential integra-

bility of the random variable V; , defined in Proposition 4.17.

Theorem 4.21. Let V; , be the functional defined in Proposition 4.17, and assume Hy-
pothesis 4.16. Then for any A € R and T > 0, we have sup,¢(y 7] cra E[exp(A V;4)] <

oo, In particular, the functional (4.1) is well defined.

Proof. Fix t > 0 and x € R?. Conditionally to B, the random variable Vi x 1s Gaussian

and centered. From (4.6), we obtain

E[exp(AVi )] = Es [exp (%2 [ [re-9n, —Bs>drds)} —Ej [exp (%ZY)} ,
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where

Y = /O t /0 (-~ $)A(B, — By)drds.

In order to show that E [exp(AY )] < oo for any A € R, we are going to use an elaboration
of a method introduced by Le Gall [65] (see also [55, 56]). With respect to those
contributions, our case requires a careful handling of the weights A and y. Notice
in particular that in our general setting we do not have scaling properties, and some
additional work is necessary to overcome this difficulty.

Le Gall’s method starts from the following construction: forn>1andk=1,...,2"!

we set

nk =

Jn,k =

(2k—2)t (2k— l)t)

(2k—1)t 2kt
2n n

T, 7) R and Amk ::Jn,k lek.

Notice then that {A, 4;n > 1,k=1,...,2" '} is a partition of the simplex 7>(¢), and in
addition I, y_1 N1,y = & and J,, 1 NJ, x = I (see Figure 4.1 for an illustration). We

can thus write

o 2N 1
Y = Z Z any, Wwhere ap; z/ Y(r —s)A(B, — By)drds.
n=1k=1 Ank

Observe that for fixed n the random variables {a,; k= 1,... ,2”’1} are indepen-
dent, owing to the fact that they depend on the increments of B on disjoint sets. Now,
thanks to the fact that J, x N1, x = @, for all (r,s5) € A, x we can decompose B, — By into

(B — B @-1): ) — (Bs — B ax_1): ), where the two pieces of the difference are independent
L i
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Figure 4.1: Le Gall’s partition of 75(¢) into disjoint rectangles of decreasing area.

t n q
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Brownian motions. Thus the following identity in law holds true:

d
{Br — Bg; (r,s) EAn,k} (:) {Br (2k—1)1 —Bs7 (2k—1)1 5 (F,S) EAnJ(},
R

on

where B and B are two independent Brownian motions. With an additional change of

. 21
variables r — % — r and

(2%k—1)t

> — 8 > s, this easily yields the following identity

—
~

on

ank = / y(r+s)A (B(2k1)1+ _§(2k—1)t_ ) dsdr
An,k 2n r $

—
~

= /zn 27}/(qus)A(B,4—l§vs)dsa’r::an.
0 0

Summarizing the considerations above, we have found that

2"~

. 1
Y=Y Y an, (4.12)
n=1

k=1
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where for each n > 1 the collection {a,; k= 1,... ,2"*1} is a family of independent

random variables such that
(d) . [ _
ani = ap, With ay, :/ / v(r+s) A(B, + Bs) dsdr,
0 Jo

where B,E are two independent Brownian motions. Notice that the transformation of
B, — Bg into B, + Es we have achieved is essential for our future computations. Indeed,

! in a neighborhood of 0 in R%_

it will be translated into some singularities (r —s)~
becoming some more harmless singularities of the form (r+s)~!. The proof is now

decomposed in several steps.

Step 1. First we need to estimate the moments of the random variable a,. We claim that

for any € > 0 there exist constants C¢ | > 0 and C; > 0 (which depend on ) such that

C m
E[a"] < Cem! ( zzf) . (4.13)

In order to show (4.13), we first write

= l_l’_
/[an]m/ HYV )

Let pp be the joint density of (B,, +By,,...,B,, + Bj, ), which is a Schwartz function.

dsdr.

HA<BU’+ES:’>

=1

Hence, using the Fourier transform and the same considerations as for (3.29), we get

m

HA -+ Bs,)
i=1

E

m
/]RdeA x;)pp(x)dx = /Rmd e*%ii,jzléi'éj(rimjﬂi/\sj)Hu(déi).
i=1

We now proceed as in the proof of Theorem 4.12, with an additional care in the

computation of terms. Thanks to our assumption (4.4) on ¥ and the basic inequality

115



a~+ b > 2+/ab for nonnegative a, b, we have

m m
B /[ / / d Zl = 15[ gj A /\Sj H dél H rl +Si)del"
0 15 Ln m JTRm: i=1

72}1 —

m

carurf [ et fu o
0,57]m J[0, 24 )™ JR™

) 2n ’ 2n l: 1
and thus, invoking Cauchy-Schwarz inequality with respect to the measure

m

B
H(risi)ffdrds,

i=1

we end up with

El" < (2 PcC m/ / / K21 88 ) T (s
IEERCL [o,;,,]m(w [Tuz)

D=

l:

x(/Rmde 111@5!‘“/1—[ d§l> IJr,s, 2dsdr.

Since in the above expression, both integrals with respect to the measure [T, u(d&;)
are symmetric functions of the r;’s and s;’s, we can restrict the integral to the region
Tin(57), where Ty, () has been defined in (3.9). Therefore, similarly to (3.30) and with
the convention ry = 0, we obtain that for any € > 0 the expectation E[a'] is bounded

by

1
B AR 219 2o _B
L) (A’nde Zi:l(z i—1)|&it+Enl Hu(d&l)> H|ri| 2dr

mn l:1

@ Pepym? | [ (

g(zﬁcﬁ)m(mz)Z(/Tm( ﬁ(cg+m)f[ —ri 1) zdr>2,

) i=1
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_B
where we have used Lemma 4.19 and we have bounded r; * by (r; — r,-,l)_% We now

. . 1 1 1.
resort to the inequality (a+b)2 < a2 4 b2 in order to get

m -B m 2 < \/E i _B ?
Ela,] < (277°Cg)"(m!) /T(, I1 C£+(~—-—]_ﬁ H(ri_rifl) 2dr

27 ) —1

~

2
= (@7 Pcy)"(my? </ o L HCée“l@i)(n—n_])ﬁ*“6")g‘”) |
T ~

Hence, a direct application of Lemma 4.20 shows that there exists a positive constant
K such that
(5) 78

E[d)] < K" (m!)? i(?)céeﬁ ey
(= +%+1)

We now simply bound (') by 2" and recall that (x/3)* < T'(x+ 1) < x* for x > 0.

Allowing the constant K to change from line to line, this yields

xr 2
E[d"] < K"(m!)> chsmz’(”)

Bt
2

1 —
This completes the proof of (4.13) with Ce; = (z;;ocgs—%z¥l (I')™2)2, which is

finite because this series is convergent, and C, = Kt.

Step 2. We now start from relation (4.13) and prove the finiteness of exponential mo-
ments for the random variable Y. It turns out that centering is useful in this context, and

we thus define @, x = a, x — E[a, «]. Then E[a, ;| = 0, and for any integer m > 2 notice
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that:

E[(@.)"] <2 (E[d] + (Blanid)") <2"Ela))].

Also recall that a,, (i) an. Thus, using (4.13)

amk)m]

) ).,m o
E [exp(lﬁmkﬂ = 1+ Z WE [(Enk <1 Z

m=2 """ m=2
2C27L€)

< 1+ ) Cey ( >
m=2

Now choose and fix € such that CobAe2 "1 < %, and we obtain the bound

2
E [exp(Aa,x)] <1+ C‘;il : (4.14)

for some positive constant Ce . Next we choose 0 < i < 1, define by = H],yzz (1 —
2~ _1)), and notice that limy_,. by = b > 0. Then, by Holder’s inequality, for all

N > 2 we have
N 2!
E [exp | Aby Z Z T k
n=1k=1
N—12n-1 127D
E |exp | Aby_ Z Z ap i
n=1 k=1

2—h(N— 1)

exp (lethl ; >” ,

x |E
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and taking into account the independence of the {ay j;k < 2N=11 plus the identity

(@) .
ay x = ay, the above expression is equal to

<E

IZQANBN.

l_th(Nfl)

exp (szl bl ZE m) ] ) (E[exp (62" Vay )] )

n=1 k=1

2(1-h)(N—1)

We now appeal to the estimate (4.14) and the elementary inequality 1 +x < ¢*, valid

for any x € R. This yields

2(1-h)(N—1)

By = (1 +C872512\/2_2N1222h(N_1)> < exp <C8,32_N(1"’)> ,

for some positive constant C¢ 3. Notice that this is where the centering argument on a,, x
is crucial. Indeed, without centering we would get a factor 27 instead of 272" in the
left hand side of the above expression, and By would not be uniformly bounded. Thus,

recursively we get

E
n=1 k=1

N 2n71 N
exp (le Y ) 5n,k>] <exp ( CQ"(lh)> Elexp(a),1)] <.
n=2

Recalling now from (4.12) thatY —E[Y]=Y"_, Zi:ll ay k. and applying Fatou’s lemma,

we finally get
E [exp (Abee(Y —E[Y])] < oo,

which completes the proof. ]

Our next result is an approximation result for the Feynman-Kac functional which

will be used in the next section (see Theorem 4.30). Towards this aim, for any €, > 0
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we define

uf? = E |uo(B)exp(V5Y) (4.15)
where V,i;s =W(A}: 3) and At ¢ is defined in (3.24).

Proposition 4.22. Forany p > 2 and T > 0 we have

limlim sup [|ufx6 — U x
€40 810 (4 y)e[0,T) xR

P] —0. (4.16)

Proof. First, we recall that (see Proposition 4.17 and Remark 4.18) for any fixed r > 0
and x € R? the random variable Vf);‘s converges in L?(Q) to V; x if we let first 0 tend to
zero and later € tend to zero. Then in order to show (4.16) it suffices to check that for

any A € R

D el 50 () < @

Taking first the expectation with respect to the noise W yields

B [oxp (175°)] = Ea[own (A 122713 )|

Expanding the exponential into a power series, we will need to bound the moments of

the random variable HAifS 2. To do this, we use formula (3.28) with B=Band £ = ¢/,

6 = &'. Computing the mathematical expectation of this expression, we end up with:

EU {A 52n/ /Rdn (—— Y. Es[(B,,—By,)(B u,—BVj)](5i751>>

ljl

AR

X e—SZ’,’:l |§l‘ H’}/(ul +Sl —V;— 52) ‘LL(dé)deSNdl/ldV
=1
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Thanks to the estimate

5 52/ / lu+s—v—r|” Ba’sdr<cTﬁ|u—v| A, (4.18)
O< <1

which holds for any u,v € [0,T], and owing to assumption (4.4), we get

2n t ot n
E U AE? A < gEp { /O /0 u—v| BA(B, — B,)dudv } . (4.19)
It is now readily checked that (4.17) follows from (4.19) and Theorem 4.21. ]

Time independent noise

Suppose that W is the time independent noise introduced in Section 4.2.2. The Feynman

Kac functional is defined as

o= [w(@)ew ([ [ &E-waar)|. @20

where B* = {B; +x,t > 0} is a d-dimensional Brownian motion independent of W,
starting from xm and uy € C,(IRY) is the initial condition.
As in the case of a time dependent noise, to give a meaning to this functional for

every t > 0, x € R? and £ > 0 we introduce the family of random variables

/ R pe(By W(dy)dr,

Then, if the spectral measure of the noise u satisfies condition (2.4), the family V%

converges in L? to a limit denoted by
t
Vo= [ [ (B =)W (dyar. (“21)
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Conditional on B, V; , is a Gaussian random variable with mean O and variance

t t
Vary (V;) = /0 /0 A(B, — By)drds . (4.22)

Furthermore, for any A € R, we have E[exp(AV; )] < . These properties can be
obtained using the same arguments as in the time dependent case and we omit the

details.

4.4.2 Holder continuity of the Feynman-Kac functional

In this subsection, we establish the Holder continuity in space and time of the the
Feynman-Kac functional given by formulas (4.1) and (4.20). These regularity prop-
erties will hold under some additional integrability assumptions on the measure . To
simplify the presentation we will assume that uy = 1, and as usual we separate the time

dependent and independent cases.

Time dependent noise

For the case of a time dependent noise, we will make use of the following condition in

order to ensure Holder type regularities.

Hypothesis 4.23. Let W be a space-time stationary Gaussian noise with covariance
structure encoded by y and A. We assume that condition (4.4) in Hypothesis 4.16 holds

for some B > 0 and the spectral measure L satisfies

p(dé)
/Rd 1+|&2(0-B~a) <

for some a € (0,1 — B).
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Theorem 4.24. Assume Hypothesis 4.23. Let u be the process introduced by relation

(4.1) with ug = 1, namely:

t
e =Eglexp(Viy)], where Vi = /O /}R (B, —y)W(drdy).  (423)

Then u admits a version which is (1, v)-Holder continuous on any compact set of the

form [0,T] x [-M, M), withany n < %, 1» < ot and T, M > 0.

Proof. Owing to standard considerations involving Kolmogorov’s criterion, it is suffi-

cient to prove the following bound for all large p and s,z € [0,T], x,y € R? with T > 0:
E [Jux —usy|’] < cpr (It —s|F +x —y|°‘1’> : (4.24)

We now focus on the proof of (4.24). From the elementary relation |e* — | < (e +

e”)|x —y|, valid for x,y € R and applying the Cauchy-Schwarz inequality it follows

Elurs—usyl”) = Euw [[Es[exp (Vi.0))] — Eg [exp (Vi,))]|"]
< Ew {EZ[(exp(Vi) +exp(Viy)) [Vixe — Vil } (4.25)
< BB [(exp(Vio) +exp(Viy)?] F B {EG [1Vie—Vau ]}

We now resort to our exponential bound of Theorem 4.21 for V; ., Minkowsky inequal-
ity and the relation between L? and L?> moments for Gaussian random variables in order

to obtain:

/2

2771P
E[|u; x —usy|7] < cp [E [‘Vt,x_vs,y’ H

We now evaluate the right hand side of this inequality.
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Let us start by studying a difference of the form V; ., —V; ,, forr € (0,T] and x,y € R.

The variance of V; , —V; ,, conditioned by B can be computed as in (4.6) and we can write

E[|Vic—Viy

2
]
= 2Ep [/Ot /Ot v(r —s)A(B, — Bs)drds — /Ot /Ot Y(r—s)A(B, — Bs+x—y)drds

— 2/(:/(:/]1@ Y(r—s5) (1= cos(&,x—y)) e 2P 1 (a&)drds.

Using condition (4.4) and the estimate |1 — cos(&,x —y)| < |E]?%|x — y|**, where 0 <

o < 1— B, yields

t ot 1 P
E[[Via— Vi) < ClemyP [ [ [ lr—s P trmsIP e Pop a ards.

Finally, as in the proof of Proposition 4.17, Hypothesis 4.23 implies

T ,T
/o/o/w'“”ﬁe5"s'5'2|512“u(d5)drds<oo,

and thus E[|V; , — V, y|?] < Clx —y|*%.

The evaluation of the variance of V; y —V; ,, with0 <s <t <T,x € R4 goes along

the same lines. Indeed, we write E[|V, , — Vs,x|2] <2(A1+A)), with

|

| [, @B =)= 885 —) Widrndy)

A = E

[ [, —ywaray)

A, = E

- 2]
For the term A, computing the variance as in (4.6) and using condition (4.4), we obtain

Al = Eg { /OZS /Otsy(u—v)A(Bu—BV)dudv]
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1—s t—s
< Cﬁ/o /0 /Rﬂu—wﬁe5”'5'zu(d€)dudv
t—s
< C(t—s)/o /Rduﬁeéu‘ﬂzu(dé)du.

Then, Hypothesis 4.23 allows us to write
_LE12 — _
Jroe @) =it [ g
R E1>1

for any o < 1 — 3, which leads to the bound A} < C(t —s)!T%.

The term A, can be handled as follows: as in (4.6) we write:

Ar = Eg [ /0 ' /0 (=) [ABr—u— Br—y) + A(Bs_y— By_y)

—2A(Biu—B, )] dudv} . (4.26)

and changing to Fourier coordinates, this yields:

AQSZ/OS/Osy(u—v)/Rd

Using the estimate [e ™ —e ™| < (e 4e7)|x—y

¢ HIER il I8Py (@8 Ydudv.  (4.27)

% forany0 <o <1—pBandx,y>0

and condition (4.4), we obtain

AzSC]t—Sla///d]u—v\ﬁ (o v IEP s IE) | 20y (0 .
0 JO JR

Then, in order to achieve the bound A, < |r — 5|, it suffices to prove that

Jy vl P [t i P
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is uniformly bounded for 0 < s <t < T. We decompose the integral with respect to
the measure u into the regions {|&| < 1} and {|&| > 1}. The integral on {|§| < 1}
is clearly bounded because u is finite on compact sets. Taking into account of the

hypothesis 4.23, the integral over {|&| > 1} can be handled using the estimate

sup /S /s |u —vl_ﬁe—%lt—s—u+v|\§|2dudv <ClgPF2.
S,Z‘E[OaT} 0 0

Putting together our bounds on A; and A,, we have been able to prove that E[|V; , —
Vs,x|2] < |t —s|*. Furthermore, gathering our estimates for V;  —V; , and V; , — V; ,, this

completes the proof of the theorem. [

Remark 4.25. The results of Theorem 4.24 do not give the optimal Holder continuity
exponents for the process u defined by (4.1). Another strategy could be implemented,
based on the Feynman-Kac representation for the (2p)-th moments of u. This method
is longer than the one presented here, but should lead to some better estimates of the
continuity exponents. We stick to the shorter version of Theorem 4.24 for sake of con-
ciseness, and also because optimal exponents will be deduced from the pathwise results

of Section 4.5 (in particular Proposition 4.51 ).

Time independent noise

In the case of time independent noise, the next result provides a result on the Holder
continuity of the Feynman-Kac functional defined in (4.20). In this case we impose the

following additional integrability condition on p.

Hypothesis 4.26. Let W be a spatial Gaussian noise with covariance structure encoded

by A. Suppose that the spectral measure [L satisfies

u(ds)
/Rd 1+‘§|2(17(x) <
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for some o € (0,1).

Theorem 4.27. Let u be the Feynman-Kac functional defined in (4.20) with uy = 1,

namely:

= Eglexp(Vix)], where Viy= /Ot </Rd5o(3’r‘—y)W(dy)) dr.

Then u admits a version which is (1, v)-Holder continuous on any compact set of the

form [0,T] x [-M, M4, with any 1 < HTO‘, < aand T,M > 0.

Proof. The proof is similar to the proof of Theorem 4.24 and we omit the details. [

4.4.3 Examples

Let us discuss the validity of Hypothesis 4.23 and Hypothesis 4.26 in the examples
presented in the introduction. In the case of a time dependent noise we assume that the

time covariance has the form y(x) = |x| %, 0 < B < 1.

For the Riesz kernel A(x) = [x| ™", where u(d&) = Cg|&|"9d&, we already know
that Hypothesis 4.1 holds if 1 < 2. On the other hand, Hypothesis 4.16, which allows
us to define the Feynman-Kac functional in the time dependent case, is satisfied if
N < 2—2p. For the Holder continuity, Hypothesis 4.23 holds for any a € (0,1 — 8 — 121)
and Hypothesis 4.26 holds for any o’ € (0,1 — %) Then, by Theorem 4.24 and 4.27, for
any o € (0,1 —B—1), o' € (0,1 — 1), assuming up = 0, the Feynman-Kac functional
(4.1) is Holder continuous of order & in the space variable and of order % in the time
variable, and the Feynman-Kac functional (4.20) is Holder continuous of order ¢ in the

. 4 . . .
space variable and of order “T“ in the time variable.

For the Bessel kernel, we know that Hypothesis 4.1 is satisfied when 1 > d — 2,

and Hypothesis 4.23 holds when 11 > d + 23 —2. By Theorem 4.24 and 4.27, for
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any o € (O,min(nT_d —B+1,1))and &’ € (O,min(# +1,1)), assuming uy = 0, the
Feynman-Kac functional (4.1) is Holder continuous of order « in the space variable and
of order § in the time variable, the Feynman-Kac functional (4.20) is Hélder continuous

of order &’ in the space variable and of order % in the time variable.

Consider the case of a fractional noise with covariance function y(¢) = H(2H —
D[¢?7=2 and A(x) = [14, Hi(2H; — 2)|x:|*i=2. We know that Hypothesis 4.1 holds
when Zl‘-lzl H; > d — 1. Moreover, when 2?21 H; > d—2H + 1, Hypothesis 4.23 is sat-
isfied. By Theorem 4.24 and 4.27, for any o € (O,Z?ZIHI- +2H—d—-1)and o' €
(0, Zflzl H; —d + 1), assuming uy = 0, Feynman-Kac functional (4.1) is Holder contin-
uous of order & in the space variable and of order % in the time variable, which recovers
the result in [56]). On the other hand, Feynman-Kac functional (4.20) is Holder contin-

. . / . . .
uous of order o in the space variable and of order O‘TH in the time variable.

4.5 Equation in the Stratonovich sense

In this section we consider the following stochastic heat equation of Stratonovich type

with the multiplicative Gaussian noise introduced in Section 4.2.1:

ou 1 29+lw
I i T G-D

As in the previous sections, the initial condition is a continuous and bounded function
ug. We will discuss two notions of solution. The first one is based on the Stratonovich
integral, which is controlled using techniques of Malliavin calculus and a second one
is completely pathwise and is based on Besov spaces. We will show that the Feynman-
Kac functional (4.1) is a solution in both senses, and in the pathwise formulation it is

the unique solution to equation (5.1).
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We will also discuss the case of a time independent multiplicative Gaussian noise

introduced in Section 4.2.2, that is

ou 1 4w
u_ —Au+tu

P L (5:2)

with an initial condition ug € C,(R?). As in the case of a time dependent noise, we will
show that the Feynman-Kac functional (4.20) is both a mild Stratonovich solution and

a pathwise solution.

4.5.1 Stratonovich solution

Our aim is to define a notion of solution to equation (5.1) by means of a Russo-Vallois
type approach, which happens to be compatible with Malliavin calculus tools. As usual,
we divide our study into time dependent and time independent cases.

Time dependent case

Let W be the time dependent noise introduced in Section 4.2.1. In this case, we make

use of the following definition of Stratonovich integral.

Definition 4.28. Given a random field v = {v; x;t > 0,x € R?} such that

T
/ / |Vt x| dxdt < oo
0 JRA

almost surely for all T > 0, the Stratonovich integral [] [av: W (dt,dx) is defined as

the following limit in probability, if it exists:

T
limlim / / v,7fo);5dxdt,
el06l0J0 JRA ’
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where Wf);(s is the regularization of W defined in (3.12).

With this definition of integral, we have the following notion of solution for equa-

tion (5.1).
Definition 4.29. A random field u = {u, ;t > 0,x € R?} is a mild solution of equa-

tion (5.1) with initial condition uy € Cp(R?) if for any t > 0 and x € R? the following

equation holds

t
U :p,uo(x)+/() /Rd Pi—s(x—y)usyW(ds,dy), (5.3)

where the last term is a Stratonovich stochastic integral in the sense of Definition 4.28.

The next result asserts the existence of a solution to equation (5.3) based on the

Feynman-Kac representation.

Theorem 4.30. Assume Hypothesis 4.16 holds true. Then, the process u defined in (4.1)

is a mild solution of equation (5.1), in the sense given by Definition 4.29.

Proof. We proceed similarly to Section 4.3.2. Consider the following approximation

to equation (5.1)
out® 1

= zAu875 +utSWES, (5.4)

with initial condition ug, where W,i;é is defined in (3.12). From the classical Feynman-

Kac formula, we know that

i = B wenp ([ W08 )] 53

Moreover, thanks to Fubini’s theorem, we can write

t t t—s
[wes-spas = 5 [(([7 [ pels-ywianay) ) as
0 0 Jo \J(i-s-8), Jrd
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.8 ,0
= WAL=V,

where Ai’f is defined in (3.19) and Vf);a is defined in (4.10). Therefore, the process utd

1.X

is given by (4.15), and Proposition 4.22 implies that (4.16) holds.

Next we prove that « is a mild solution of equation (5.1) in the sense of Definition
4.29. Taking into account of the definition of the Stratonovich integral, is suffices to

show that
t
G&9 .= /0 /]Rd Pi—s(x—y) (ui’y‘s — “&y) ny"s dyds

converges in L?(Q) to zero when first § tends to zero and later € tends to zero. To this

aim, we are going to use the following notation:

1
Y5y (n2) = 55y, (DPe(y—2),  and il =uiY —usy.

In particular, notice that Wff =W (wff)_ Then,
E {(Geﬁﬂ
t ot 5 es 5 5
= /0 /0 /RM Pr—s(x—=y)pr—r(x—2)E [ﬁfy ftﬁ’z w (I//fy )W (wfz )] dydzdsdr,

and the expected value above can be analyzed by integration by parts. Indeed, according

to relation (5.5), it is readily checked that 75 G5 = E,, 5(Z50,], with

265 = uo(B) [exp (V57#) —exp (V) [uo(B) [exp (VEST) — exp (V)]
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and where B,B designate two independent d-dimensional Brownian motions. More-

over, a straightforward application of Fubini’s theorem yields:

Blaadw (wi?) w(vid)] =By s {Bw 2500w (wi)w (vi?) |}

We can now invoke formula (2.11) plus some easy computations of Malliavin deriva-
tives in order to get:

E {(Geﬁﬂ — A +A, (5.6)

where

t t
A :/0 /0 /IRZd Pi—s(x—=y)pr—r(x—2)E [ﬁffﬁff] <1//§’y5,1//ff>%dydzdsdr

and

t t

S 1ed
= [ [ peste=y)pe =B[22, 158, | dydzdsar
with the notation
5 5 5.B 7 3 48,6,
Ff:ymz = <W;SJ ,Af% B 50(35"— - )>,%”<1I/§} 7A§7y B_ 60(3277 - ))Jf
5§ ,¢,6 5 5B Y
(e ALY — 8o (BY_ = ) (WP AL — 8o(BL_. = )) e

H(YES ASDE 8y (BS_ — ) (WES ASSE — §y(B)_. — )

1) 5.B D 1) 5.B n
H AR = S(BL_ =) (W AT — 8o(BL_ =)
According to Proposition 4.22, we know that

limlim sup E [|ﬁ§;5 |2} —0,
€l0440 s€[0,T],yeR4
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and with the same arguments as in Proposition 4.22 we can also show that

limlim  sup E [ 7&9 2} —0.
SJ/O E\LO §,r€ [O,T} ,y,zERd 72
Therefore, with formula (5.6) in mind, the convergence to zero of BEY will follow,

provided we show the following quantities are uniformly bounded in € € (0,1) and

o€ (0,1)

t t
6 := /0 /0 /R Mpt_s(x—y)pt—r(x—@‘(wi’y‘s,l/fffW‘dydzdsdr (5.7)

and

1—*875

S7y7r’Z

6, := /Ot/ot/ﬂwpzs(x—y)prr(x—Z)‘

2 stands for the norm of Fffy(?r,z in L?>(Q). The remainder of the proof is

) dydzdsdr, (5.8)

where Hf‘fyé, Z

thus just reduced to an estimation of (5.7) and (5.8).

In order to bound 6, we apply the estimate (4.18) and the semigroup property of

the heat kernel, which yields

(WEL WEL)
1 S r
— (ﬁ/(s—ép /(r_5)+ y(u—v)a’udv) /RZdPe(y—Zl)Pe(Z—zz)A(zl—z2)dzldz2

< cTﬁ\r—s]_ﬁ /dezg(y—z—w)A(w)dW.

Substituting this estimate into (5.7), we obtain

t t
0 < crp [ [ [ pamc o)A Ir—s| Paw

2t
< C/T,ﬁ/o /RdPZts(W)A(W)deS<00,
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where we get rid of € in Fourier mode, similarly to the proof of (3.27).

We now turn to the control of 6,: we first write, using the estimate (4.18) and the

semigroup property of the heat kernel,

) 0
(Wes ALY )

H
1 S r—o r .
- 52 /(55)+ (r—0—8)+ /() /de Pe(y—21)pe(Bs —22)y(u—v)

X A(z1 — z2)dz1dzpdodvdu

.
cT.B Pre(y—Bi_ g —w)A(w)|s — o| Pdwdo
0 JRd

IN

Invoking again arguments of Fourier analysis, analogous to those in the proof of (3.27),

4]

we can show that

i r
E / /dpze(y—chy —w)AW)|s — o| Pdwdo
0 JR

4

Y

i r
< E ‘/ A(B,—o)|s—o| Pdo
0

and
r 4
sup E / ABr—_o)|s —o| Pda| | <o
r,s€[0,T] 0
This implies that ‘ Fij(?r,z X and thus, 6,, are uniformly bounded. The proof of the

theorem is complete. [

Remark 4.31. Consider the case where the space dimension is 1, A(x) is the Dirac
delta function 8y(x) corresponding to the white noise, which in our setting means that
condition (4.5) is satisfied with 0 < B < % Then our theorems of Section 4.4 cover
assumption (4.4), with 0 < B < % too, if we interpret the composition A(B, — Bs) as

a generalized Wiener functional. Notice that in the case of the fractional Brownian
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motion with Hurst parameter H (that is y(x) = cy|x|*'=2) the condition 0 < B < %
means that H > %. In this case it is already known that the process defined by (4.1) is

still a solution to equation (5.1) (see [56]).

Time independent case

Let W be the time independent noise introduced in Section 4.2.2. We claim that as
in the time independent case, the Feynman-Kac functional given by (4.20) is a mild

solution to equation (5.2) in the Stratonovich sense.

The Stratonovich integral with respect to the noise W is defined as the limit of the

integrals with respect to regularization of the noise.

Definition 4.32. Given a random field v = {v,;x € R4} such that [ga |vy|dx < o al-
most surely, the Stratonovich integral [paviW (dx) is defined as the following limit in
probability, if it exists:

]- “78 ]l}
S\LO Rd o

With this definition of integral, we have the following notion of solution for equa-

tion (5.2).

Definition 4.33. A random field u = {u; »;t > 0,x € R4} is a mild solution of equation

(5.2) if we have

=)+ [ ([ sty wian) s

almost surely for all t > 0, where the last term is a Stratonovich stochastic integral in

the sense of Definition 4.32.
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The next result is the existence of a solution based on the Feynman-Kac represen-

tation.

Theorem 4.34. Suppose that | satisfies (2.4). Then, the process u; x given by (4.20) is

a mild solution of equation (5.2).

The proof of this theorem is similar to that of Theorem 4.30, and it is omitted.

4.5.2 Existence and uniqueness of a pathwise solution

In this section we define and solve equations (5.1) and (5.2) in a pathwise manner in RY,
when the noise W satisfies some additional hypotheses. Contrarily to the Stratonovich
technology invoked at Section 4.5.1, the pathwise method yields uniqueness theorems,
which will be used in order to identify Feynman-Kac and pathwise solutions. At a
technical level, our results will be achieved in the framework of weighted Besov spaces,

that we proceed to recall now.

Besov spaces

The definition of Besov spaces is based on Littlewood-Paley theory, which relies on
decompositions of functions into spectrally localized blocks. We thus first introduce

the following basic definitions.

Definition 4.35. We call annulus any set of the form C = {x € R? : a < |x| < b} for

some 0 < a < b. A ball is a set of the form B = {x € R : |x| < b}.

The localizing functions for the Fourier domain alluded to above are defined as

follows.

Notation 4.36. In the remaining part of this section, we shall use Y, @ to denote two

smooth nonnegative radial functions with compact support such that:
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1. The support of X is contained in a ball and the support of @ is contained in an

annulus C with a =3 /4 and b = 8/3;
2. We have x(&)+ X j509(277&) =1 forall & € RY;

3. It holds that supp(x) N supp(@(2~")) = @ for i > 1 and if |i— j| > 1, then

supp(@(27")) Nsupp(p(27/-)) = 2.
In the sequel, we set ¢;(&) := @(27/¢).

For the existence of ¥ and ¢ see [2, Proposition 2.10]. With this notation in mind,

the Littlewood-Paley blocks are now defined as follows.

Definition 4.37. Let u € .’ (R?). We set
A yu=F Yy Fu), andforj>0 Aju:,?*l(q)jﬁzu).

We also use the notation Syu = lef;]_l Aju, valid for all k > 0.

Observe that one can also write A_ju = K *u and Aju = Kjxu for j > 0, where
K=.7"'yand K;=2/4%'¢(2/.). In particular the A u are smooth functions for all
ue. s (RY).

In order to handle equations whose space parameter lies in an unbounded domain
like R?, we shall use spaces of weighted Holder type functions for polynomial or ex-
ponential weights, where the weights satisfy some smoothness conditions. In this way

we define the following class of weights.
Definition 4.38. We denote by #' the class of weights w € €;°(RY;R ) consisting of:

o The weights py obtained as functions of the form c(1+ |x|¥)~!, with k¥ > 1,

smoothed at 0.

137



o The weights e, obtained as functions of the form ce M with A > 0, smoothed

at 0.
e Products of these functions.

Notice that more general classes of weights are introduced in [90]. We have also

tried to stick to the notation given in [47], from which our developments are inspired.

Weighted Besov spaces are sets of functions characterized by their Littlewood-Paley

block decomposition. Specifically, their definition is as follows.

Definition 4.39. Let w € # and x € R. We set

==

BERY) = {f c L' RY; (| fllw := sup 2% ||\wAf|r- < °°} - (5.9)

We call this space a weighted Besov-Holder space. When w = 1, we just denote the

space by BX(R?), and it corresponds to the usual Besov space B o (RY).

Notice that we follow here the terminology of [90]. The weighted Besov-Holder

spaces are well understood objects, and let us recall some basic facts about them.

Proposition 4.40. Let w,wi,wy € #, k € R and f € BE(R?). Then the following

holds true:
(i) There exist some positive constants c}c’w,cz,gw such that c,lcij Iwlle < |1 fllwxe <

el fwlle.

(ii) For k € (0,1), we have f € BX(RY) iff fw is a k-Holder function.

(iil) If w1 < wa we have || fllw, & < || fllwy,x-

Proof. Ttem (i) is borrowed from [90, Chapter 6]. The fact that %%(R?) coincides

with the space of Holder continuous functions €’X(R?) for x € [0,1] is shown in [2,
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Theorem 2.36], and it yields item (ii) thanks to (i). Finally, item (iii) is also taken from

[90, Chapter 6]. O

Let us now state a result about products of distributions which turns out to be useful

for our existence and uniqueness result.

Proposition 4.41. Let wi,wy be two weight functions in #/, and k1, k> € R such that

K, <0< K| and k1 > | K| and let w = wiwy. Then
(f1, /) € ,%"Mfll X @'@ — f1fr € B2 is continuous. (5.10)

Furthermore, the following bound holds true:

1f1f2]l g2 < ||fl||gg§11 ||f2\|%z§%- (5.11)
Finally we label the action of the heat semigroup on functions in weighted Besov
spaces.

Proposition 4.42. Let w € ¥, k € R and f € BE(R?). Then for all t € [0,7], y> 0

and K > K we have

_k—x
1P f 1wk < Copicit™ 2 1 lhwr,  and  |[[ld = pdlfllwx—2y < comytl|f k-

Notion of solution

In order to give a pathwise definition of solution for equation (5.1), we will replace the
noise W by a nonrandom Holder continuous function in time with values in a Besov

space of distributions, denoted by W. We will show later (see Proposition 4.49) that
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under Hypothesis 4.23, almost surely the mapping t — W(l[oyt](p), ¢ € 9, is Holder
continuous with values in this Besov space. We thus label a notation for this kind of

space.

Notation 4.43. Let 6 € (0,1), kK € Rand w € #. The space of 0-Hélder continuous
functions from [0,T] to a weighted Sobolev space BY is denoted by (57? ’vf . Otherwise
stated, we have ng X =%9([0,T]; ZX). In order to alleviate notations, we shall write

(fvf " only when the value of T is non ambiguous.

Now we introduce the pathwise type assumption that we shall make on the multi-

plicative input distribution W.

Hypothesis 4.44. We assume that there exist two constants 0,x € (0,1) satisfying

HTK < 0 <1, such that'W € (KT%_GK, for any ¢ > 0 arbitrarily small.
We also label some more notation for further use:

Notation 4.45. For a function f :[0,T| — 9B, where B stands for a generic Banach
space, we set O fy = fr — fs for 0 < s <t < T. Notice that § has also been used for
Skorohod integrals, but this should not lead to ambiguities since Skorohod integrals

won’t be used in this section.

With these preliminaries in hand, we shall combine the following ingredients in
order to solve equation (5.1):
e Like the input W, the solution u will live in a space of Holder functions in time, with
values in a weighted Sobolev space of the form %’3‘ This allows the use of estimates
of Young integration type in order to define integrals involving increments of the form
udW.
e We have to take into account of the fact that, when one multiplies the function u; €

%e"f by the distribution 6 Wy, € %, ¥, the resulting distribution u;6 Wy, lies (provided
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K, > K) into the space 4, % . This will force us to assume in fact u; € %), where the
) into the space %, Y}, . This will fi t fact A, where th

weight wy € # decreases with s.

Let us turn now to the technical part of our task. We first fix positive constants A,c
and define a weight w; = e) , 5, We shall seek the solution to equation (5.1) in the

following space:

6147 U .
e = { € €0, 11X RY; | fll g < s

and || f; — fill g < cple—s% ¥O<s <1< T}. (5.12)

We introduce the Holder norm in this space by

11t = S5l
1fllgous = sup —p—g=-. (5.13)

o<s<r<r |t —s5]%

We now introduce a pathwise mild formulation for equation (5.1) in the spaces

9M7KM
Drie

Definition 4.46. Suppose that W satisfies Hypothesis 4.44. Let u € @f”(’f“ for fixed
A,0 >0, 6,+6 > 1and k, € (x,1). Consider an initial condition ug € #,". We say

that u is a mild solution to equation

du 1 IW

with initial condition ug if it satisfies the following integral equation

t
ut:ptu0+/o Pi—s (us W(ds)), (5.15)
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where the product u'W is interpreted in the distributional sense of (5.10) and the time

integral is understood in the Young sense.

Remark 4.47. Let us specify what we mean by J* := [{ pi—s (usW(ds)) under the con-

ditions of Definition 4.46. First, we should understand J;' as

t—&

J'=1imJ"¢, where J"° = Di—s (usW(ds)) .
e—0 0

The integration on |0,t — €] avoids any singularity of p;_s as an operator from B~ to
B, so that J"¢ is defined as a Young integral. This integral is in particular limit of

Riemann sums along dyadic partitions of [0,t]:

2"—1
u,€ __ 1. n n__
‘]l = llm ZO pl‘—l‘;’ <l/lt;l 6Wt;!t;l+1> 1[071‘—8] (tj+1)7 Where t] =
j:

n—oo ¢

ﬁ.

We then assume that one can combine the limiting procedures in n and € (the justifica-

tion of this step is left to the patient reader), and finally we define:

n_1
Ji' = r}i—r&JtM’nv where  J{"" = L Pi-it (”zf 5Wr§‘t<7+1) ' (5.16)

Here again, recall that the product s 5Wtjz;.'+1 is interpreted according to (5.10). This

will be our way to understand equation (5.15).

We can now turn to the resolution of the equation in this context.

Resolution of the equation

Our existence and uniqueness result takes the following form:
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Theorem 4.48. Let W be a Holder continuous distribution valued function satisfying
Hypothesis 4.44, and let A, be two strictly positive constants. Consider an initial

condition ug € %’f}{‘ Then:

(a) There exist 6,k satisfying 6,+ 60 > 1 and x, € (x,1), such that equation (5.15)

. . . . 0,,K
admits a unique solution in 9,".™".
)

. . . . K; 97_K 6, K
(b) The application (uo, W) > u is continuous from %z X €r 7, = 1o Dy

Proof. We divide this proof into several steps.

Step 1: Definition of a contracting map. We fix a time interval [0, 7], where 7 < T,

and along the proof we denote by .@f"‘c’f” and || - s the space and the Holder norm
defined in (5.12) and (5.13), respectively, but restricéed to the interval [0, 7].

We consider a map I" defined on @fﬁ‘c’f“ by I'(u) = v, where v is the function defined
by v := p;up+J;' as in Remark 4.47. The proof of our result relies on two steps: (i)
Show that I" defines a map from 9)?"‘(’;(” to 9%?”, independently of the length of the
interval [0, 7]. (ii) Check that I is in fact a contraction if 7 is made small enough. The

two steps hinge on the same type of computations, so that we shall admit point (i) and

focus on point (ii) for sake of conciseness.

In order to prove that I' is a contraction, consider u!,u? € 9;”(’;(“, and for j =1,2

1 1

set v/ = I'(u/). For notational sake, we also set u'> = u! — 4 and v'? = v! —v2. Con-

sistently with equation (5.15), v!? satisfies the relation

Notice that the function v'? is in fact defined by relation (5.16). We have admitted

point (i) above, which means in particular that we assume that the Riemann sums in
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(5.16) are converging whenever u'? € 9{’”&'{”. We now wish to prove that, provided 7 is

12 1,12
small enough, we have |[v'~|| s < 5wt -
Step 2: Study of differences. Let 0 < s <t < . We decompose v}? —v!? as L}, + 12

St

with
S t
Ll — /O Pres —1d] pey (ul2W(dv)), and 2= / Pr—y (W2 W(d)),
S

where the Young integrals with respect to W(dv) are understood as limit of Riemann

sums as in (5.16). We now proceed to the analysis of L!, and L.

. . . . 1 . .
As in relation (5.16), we write L}t = im0 Ls,’", where we consider points s} =

27"ks in the dyadic partition of [0,s] and where we set

2"—1

1, 12
L~ ZO [prs —1d] sy (uS,} SWWH) . (5.17)
]:
In order to estimate L., let us thus first analyze the quantity L;,’"H — L;,’”. Indeed, it is

readily checked that L™ — 11" = ):?:)1 L™ where L™/ is defined by:
lefmj =[p—s—1d]p,_ 1 (ulrlz+l OW i1 s ) —[pi—s —1d] Pyt (Mlgzﬂ OW i1 it ) .
J °2j

S=85j41 52741 2j+152j+2 $2j+152j+2

We now drop the index n+ 1 in the next computations for sake of readability, and write

1,n,j 11,n,j 12,n,j __ .
Lstana] — Lst ] _ Ls[ 5] Wlth

11,n,j 12 . j L
Lst " = [pt—s_ld] ps—52j+1 <6MS2js2j+l 5WS2j+152j+2> = [pl—s_Id] Lst "

12, 2 . SERY
L2 = I —1d) [peyy sy —1d] sy s (uszj 6WS2MSZH2) — [prs — 1d] 12

We treat again the two terms le,l’n’J,LSlt2 ") separately.
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Owing to Proposition 4.42, we have

| c(t—s5)%||0u2, W
Iy

<

$2j82j+1 52j+152j+2||35’;t"

9 A]]7 7.
e%v’?; S C(t—S) ! HLSI‘ " L@y’%ﬁ‘zeu M+Ku+’<

(S_SZJ'H)

Let us now recall the following elementary bound:

o —Kx

(Paﬂ((.x) =X e :> 0 S (POC,K( ) S _a

ol for x,o, ke Ry.

This entails w; < cs(t — 1241 )_thzj .1Pg, and according to (5.11) we obtain

co(t—5)0%6ul2,  SW

§282j+1 321+152]+2||9?

117n7j WYZ +1Po‘
Iy < PR
J
- (t - S)e H5u52 8241 "(%75?2]4'1 ||6W52j+152j+2 H%E;
- (s—spj41) 0t "2 0
co (1 —S)e"Hule_@fg"“ ”WH%‘?&"‘ $\ 0t
< : — .
- (s —spj51) Ot 2740 (2”)
As far as LSI,2 "™/ is concerned, we have as above:
1L Ny < (0= )% ILG™ || 20
wr

We now take an arbitrarily small and strictly positive constant € and write:

||L12n

IN

)1—9+€

12
Ps—sj11 ( 52) 6W521+152j+2>

1-6+¢

oJ ||gg$’;+29“ (52j+1 —82;

wr
(s2j+1 — $2;) b
(s— s2j+1)1+9" 0+e+ MK la s 5W521+1S2j+2 H,%‘J,K )

IN
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and thus relation (5.19) entails:

6, 12
co (t—5)%||lu o [|W|_e.—
”lemJH ke < 6( ) ” H@%&Ku ” H(g/fd )
st By =

s\ 1+¢€
1+6,—0+e+ Xk 5 <_n> )
(5 —s9jp ) HOOFEET 2

Putting together the last two estimates on L™/ and L!*"/ and choosing 6, = 1— 0 +¢,

we thus end up with:

6 12
iy o T g Wl

st

<

a )He. (5.20)

ki N
By )2—29+28+'<"TJ”<+6 <2ﬂ

(5—52j+1

. 1
Let us now discuss exponent values: for the convergence of L we need the con-
dition

K.+ K

2—-20+2e+ +o<1

to be fulfilled. If we choose K, = K + 2€, we can recast this condition into 6 > 1;—" +
35%. Since €,0 are chosen to be arbitrarily small, we can satisfy this constraint as
soon as 6 > HTK which was part of our Hypothesis 4.44. For the remainder of the

discussion, we thus assume that

K.+ K

2-20+2¢e+ +o0o=1-n, with n>0.

Step 3: Bound on LY. We express lim,, o L™ as Li;" + Y (L™ — LL"). Now

oo o 211

1,n+1 1, 1,n,j
Z ||Lstn _Lstn |%’§¢ < Z Z ||Lstnj |%{f¢a
n=0 n=0 j=0
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and plugging our estimate (5.20), we get that ) ||Lg,’”+] e | g is bounded by:

12 6 ° Ky & Ky 2”—] 1
ol goun [Wlgo v t=9% Y (52) |55 & o7 |-
’ n=0

=0 (s— §2j+1 ) t=n

Furthermore, the following uniform bound holds true:

and thus

[

o Lkl o1, 5\ ¢
Y ILg"" _Lsfn||<@:§‘t‘ <csM(t—s5)% ) (ﬁ) < s (1 —5)%
n=0 n=0

which ensures the convergence of LSI;". Finally, invoking our definition (5.17) plus the

fact that u(l)2 =0, it is readily checked that LSI;O = 0. Thus the relation above transfers

into:

I llgge < o5 [ g Wl g (e =)
< et |u(| o W] po.x (2 —5)%. (5.21)
A,0 po

Step 4: Bound on L%. The bound on L follows along the same lines as for Lg,’", and is
in fact slightly easier. Let us just mention that we approximate L2 by a sequence Lf,’”
based on the dyadic partition of [s,], namely 57 = s+ j27"(t —s). Like in Step 2, we

21 7n7j 22’”?].
7Lst

end up with some terms L, , where

2mj 12
L™ = Ps—syjp ( Ugyisaj Szj+152j+2)
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and

22n,j 12
Ly = [p52j+1*52j - Id} DPt—s3j11 <uS2j 5W52j+152j+2) .

From this decomposition, we leave to the patient reader the task of checking that rela-

tion (5.21) also holds true for 2.

Step 5: Conclusion. Putting together the last 2 steps, we have been able to prove that

for all 0 <s <t <7 we have
12_ 12 12 6.
[vi* = vl g < €T |u | g Wl o (2 =)
Thus, choosing T = (¢ HWH%G.«/Z)I/(H’”, this yields
pPo

a2 (1 —5)%,

12 12
Hvt — Vs H@v’fz; < @ff’&xu

1
2

namely the announced contraction property. We have thus obtained existence and
uniqueness of the solution to equation (5.15) on [0, 7]. In order to get a global solu-
tion on an arbitrary interval, it suffices to observe that all our bounds above do not
depend on the initial condition of the solution. One can thus patch solutions on small
intervals of constant length 7. The continuity result (b) is obtained thanks to the same

kind of considerations, and we spare the details to the reader for sake of conciseness.

]

Identification of the Feynman-Kac solution

This section is devoted to the identification of the solution to the stochastic heat equa-
tion given by the Feynman-Kac representation formula and the pathwise solution con-
structed in this section. Calling u’" the Feynman-Kac solution, the global strategy for

this identification procedure is the following:
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1. Relate the covariance structure (2.1) of the Gaussian noise W to Hypothesis 4.44.
We shall see that our Hypothesis 4.23 implies that W satisfies 4.44 almost surely

for suitable values of the parameters 6 and k.

2. Prove that u!" coincides with the pathwise solution to (5.15), by means of approx-

imations of the noise W.

We now handle those three problems.

Let us start by establishing the pathwise property of W as a distribution valued

function.

Proposition 4.49. Let W be a centered Gaussian noise defined by | and Y as in
(2.1), satisfying Hypothesis 4.23 for some 0 < a < 1 — . Then the mapping (t,®) —
W (Lo, @) is almost surely Holder continuous of order € in time with values in A, *

or arbitrarily small ¢ and for all 0,k € (0,1) such that 0 < 1 — Bandk>1—a—B.
2

That is, almost surely W satisfies Hypothesis 4.44. Moreover, is a random

p9,—K
KPG

variable which admits moments of all orders.

Proof of Proposition 4.49. Fix k > k' > 1—a — . For g > 1, let us denote the Besov

space A, - by 7,, and recall that the norm on .27 is given by:

2q, 2qP

193 = X 27281,

j>—1

We will choose ¢ large enough so that o7, — %, ¥, a fact which is ensured by Besov

embedding theorems. We will show that almost surely:

16Wtl o, < Z (2 —5)°, (5.22)
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forany 6 € (0,1 — g) and the random variable Z admitting moments of all orders. This
will complete the proof of the proposition.

To this aim, recall from Section 4.5.2 that A;f(x) = [K; * f](x), where K;(z) =
2/4K(2/z7) and K is the inverse Fourier transform of ¢. Otherwise stated, K j 1s the
inverse Fourier transform of ¢;. With these preliminary considerations in mind, set

K;(y) == K;j(x —y) and evaluate:

E[HaWﬂHi‘/fq] = j;122qj'<//RdEUW(I[XJ]@K,'J)!M]pczyq(x)dx

< ¢, ¥ 27 /R JEL[IW (1, @K [*] 937 (0)dx (5.23)

j>-1

Moreover, we have

2 2
E []W (1 ®Kj) | } - /W (/Rd |.ZK;.| u(dé)) ¥(u—v) dudv
< =P lo(7E)[ ne). (5.24)
Let us introduce the measure v(d&€) = p(d&€) /(14 |E[*'=%B)), which is a finite mea-

sure on R? according to our standing assumption. Also recall from Notation 4.36 that

Supp(¢) C {x € R?:a < |x| < b}. Hence

/Rd o (27%)‘2“(‘1&) < /Rdl[o,sz}ﬂg’) 1+ [EPU=P)| y(a&) < ¢y 220-P)J,

Plugging this identity into (5.24) and then (5.23) we end up with the relation E[|| Wy, Hfgq] <
cq(t — s)(z’ﬁ)q, valid for all 0 < s <t < T and any ¢ > 1. A standard application of

Garsia’s and Fernique’s lemma then yields relation (5.22), and thus Hypothesis 4.44

]
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Remark 4.50. In particular, equation (5.14) driven by W admits a unique pathwise
solution in .@f‘?‘(’f“, as in Theorem 4.48, for some 6, > % and x, > 1 — o — B. Notice
here that one obtains (see Theorem 4.30) the existence of a solution to our equation in
the Stratonovich sense under Hypothesis 4.16 only. We call this assumption the critical
case. In order to get existence and uniqueness of a pathwise solution we have to impose
the more restrictive Hypothesis 4.23 with an arbitrarily small constant o, which can be

seen as a supercritical situation. This is the price to pay in order to get uniqueness of

the solution.

We now turn to the second point of our strategy, namely prove that the Feynman-

F

Kac solution #" coincides with the unique pathwise solution to equation 5.14 driven by

w.

Proposition 4.51. Let u” be the random field given by equation (4.1). Assume that
W satisfies Hypothesis 4.23. Then there exist 6, > % and K, > 1 — oo — B such that

almost surely ut” belongs to the space @f“c’fl‘. Moreover, u* is the pathwise solution to

equation (5.14) driven by W.

Proof. To show that uf is the pathwise solution to equation 5.14, we use the fact that
uf . 18 the limit in L”(Q) of the approximating sequence ui’f introduced in (4.15) (see

(4.16)) as € and 9§ tend to zero, for any p > 1. On the other hand, it is clear that u% is

the pathwise solution to equation (5.14) driven by the trajectories of W&

5 t
uy® = pyug +/0 Pi—s (u?‘s Wg"s(ds)) :

Then, it suffices to take the limit in the above equation to show that uf is a pathwise
solution to equation (5.14) driven by W. In fact, that for two particular sequences &, | 0

and 8, | 0 Wenon converges to W almost surely in the space ‘51? b_GK. This implies (see
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Theorem 4.48 item (b)) that &% converges almost surely to a process u in .@f”(’f”,
which is the pathwise solution to equation 5.14 driven by W. Therefore, u = u’ and

this concludes the proof. [

Time independent case

The case of a time independent noise is obviously easier to handle than the time depen-
dent one. Basically, the Young integration arguments invoked above can be skipped,
and they are replaced by Gronwall type lemmas for Lebesgue integration. We won’t

detail the proofs here, and just mention the main steps for sake of conciseness.

First, the pathwise type assumption we make on the noise W, considered as a dis-

tribution on R, is the following counterpart of Hypothesis 4.44:

Hypothesis 4.52. Suppose that W is a distribution on R? such that W € By with

x € (0,1) and an arbitrarily small constant ¢ > 0.

Another simplification of the time independent case is that one can solve the equa-
tion in a space of continuous functions in time (compared to the Holder regularity we
had to consider before), with values in weighted Besov spaces. We thus define the

following sets of functions

65, = { £ e (0.7 xR): |,

%x?gcf}, where w;:=ej -

With these conventions in hand, we interpret equation (5.2) as a mild equation in

KLI
the spaces %ﬂl, o
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Definition 4.53. Let u € 6,"_ for A,6 > 0 and &, € (k,1). Consider an initial condi-

tion ug € %(fi‘ We say that u is a mild solution to equation

du 1

with initial condition u if it satisfies the following integral equation

t
U = piuo+ /0 Pi—s (us W) ds, (5.26)

where the product u'W is interpreted in the distributional sense.

We can now turn to the resolution of the equation in this context, and the main

theorem in this direction is the following.

Theorem 4.54. Let 'W be a distribution satisfying Hypothesis 4.52 and let A be a
strictly positive constant. Then equation (5.26) admits a unique solution in ‘ff“c, in
the sense given by Definition 4.53, with k < K, < 1.

Proof. As in the proof of Theorem 4.48, we focus on the proof of uniqueness, and fix a

small time interval [0, 7]. Consider u!, u? two solutions in ‘Kf"c and we set u'? = u' —u?.

Consistently with Definition 4.53, the equation for u!? is given by:

t
W2 — /0 iy (u2W) ds, (5.27)

and we wish to prove that u'?> = 0.

Towards this aim, let us bound the Besov norm of u starting from equation (5.27).

Owing to Proposition 4.42, we get

(Ku+k)

t t
”utIZH%’v’S? S/() | pr—s (u}ZW) H@Vrg? ds < Cr,/l,o/o (t—s)” 2 Hus12W||<%’;,’<dS-
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Along the same lines as in the proof of Theorem 4.48, we now invoke the bound (5.18),
which yields w; < ¢; 3 5 (t —5) °wyps. Hence, according to Proposition 4.40 item

(ii1), we have

(Ku+K)

t
0y < cn [ =) W] s

WsPo

Since K, > Kk, we now apply relation (5.11) with wi = wy, K1 = K, w» = pg and K = K.

We end up with
)
12 s Whws
ot~ [| g0 SC@A,GHWH%;/O (t—s)w;z;“’ ds.

Taking into account that x, + Kk < 2 and o can be arbitrarily small, our conclusion

u'? = 0 follows easily from a Gronwall type argument. [l

We now state a result which allows to identify the Feynman-Kac and the pathwise
solution to our spatial equation. Its proof is omitted for sake of conciseness, since it is

easier than in the time dependent case.

Proposition 4.55. Let W be a spatial Gaussian noise defined by the covariance struc-

ture (2.5) and (2.6). Assume that the measure | satisfies the condition

u(ds)
/Rd W < oo, (528)

for a constant o € (0,1). Then:

(i) There exists x € (0,1) such that for any arbitrarily ¢ > 0, W has a version in '@Ea’(
and the random variable ||W || By has moments of all orders, that is the trajectories of
W satisfy Hypothesis 4.52. As a consequence, equation (5.26) driven by the trajectories

of W admits a unique pathwise solution in ‘5/{( g

)
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(ii) Let u* be the Feynman-Kac solution to the heat equation given by (4.20). Then

almost surely the process u® lies into €,

) o and it coincides with the unique pathwise

solution to equation (5.26).

F

Remark 4.56. Here again, we see that the Feynman-Kac solution u* exists under the

critical condition [ga(1+|&|?) "' (dE) < oo, while the pathwise solution requires the

more stringent condition (5.28).

4.6 Moment estimates

As mentioned in the introduction, intermittency properties for u are characterized by the
family of Lyapounov type coefficients ¢(k) defined by (1.3) or by the limiting behavior
(1.4). In any case, the intermittency phenomenon stems from an asymptotic study of
the moments of u, for large values of k and r. We propose to lead this study in the

context of the general Gaussian noises considered in the current paper.

Notice that delicate results such as limiting behaviors for moments will rely on more
specific conditions on the noise W. We are thus going to make use of the following

conditions.

Hypothesis 4.57. There exist constants cy,Cy and 0 < B < 1, such that
colx| P < yv(x) < Colx| P
Hypothesis 4.58. There exist constants c¢1,Cy; and 0 < n < 2, such that

crlx| T < Alx) < Crlx| 7.
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Hypothesis 4.59. There exist constants c¢,Cr and 0 < n; < 1, with Zl‘.lzl N <2, such

that

d d
C2H|)Ci|_ni < A(x) < C2H |x,-|_77".
i—1 i=1

1

Clearly, Hypothesis 4.57 and Hypothesis 4.58 generalize the case of Riesz kernels
and Hypothesis 4.59 generalizes the case of fractional noises. Notice that under Hy-

potheses 4.58 or 4.59 the spectral measure u satisfies the integrability condition (2.4).

Theorem 4.60. Suppose that 7y satisfies Hypothesis 4.57 and A satisfies Hypothesis

4.58 or Hypothesis 4.59. Denote

n if Hypothesis 4.58 holds

Z?:l ni if Hypothesis 4.59 holds.

Consider the following two cases:

(i) u is the solution to the Skorohod equation (3.1) driven by a time dependent noise

with time covariance Y and space covariance A.

(ii) u is the solution to the Stratonovich equation (5.1) driven by a time dependent
noise with time covariance 'y and space covariance A\, and we assume that a <

2—2B.

Then in both of these two cases we have

472[5711 4—qa

a4
exp (Ct e km) <E [uﬁx] < exp (C’t4 = k‘z‘?) 6.1)

forallt >0,x € RY k> 2, where C,C’ are constants independent of t and k.

Proof. Let us first discuss the upper bound. For the Skorohod equation, using the chaos

expansion and the hypercontractivity property we can derive the upper bound as it has
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been done in [4]. For the Stratonovich equation, notice first that Hypothesis 4.23 holds
because a < 2—2f3. Using the Feynmann-Kac formula (4.1) for the solution to equation

(5.1), and applying Cauchy-Schwartz inequality yields

exp( Z /Ot /Ot y(r—s)A(Bi—B!)drds)]

1<i,j<k

Elu,] = B

exp (2 Z /0[ /Ot y(r—ﬁA(Bi—Bi)dr%)” i

1<i<j<k

Ep

1

exp (22/01 /Ot y(r—s)A(B. —Bé)drds)” j :

In the above expression, the first term is just the square root of the Feynman-Kac for-

XEB

mula (3.21) for the moment of order k of the solution of a Skorohod equation with
multiplicative noise, with covariances 27y and 2A. For this term we know that we can
derive the upper bound (6.1) using the chaos expansion and the hypercontractivity prop-
erty as it has been done in [4]. For the second factor, using the asymptotic result proved

in Proposition 2.1 in [18], we derive the estimate

t ot _2B—a
E? lexp (2 / / ¥(r —s)A(B! —Bi)drds)} < Crexp (Ct74 e k).
0 J0

Therefore, in this way we can obtain the desired upper bound of E [ufx} .

Let us now discuss the lower bound. Taking into account again the Feynman-Kac
formula (3.21) for the moments of u, it suffices to consider the case of the Skorohod
equation (it is readily checked from (3.21) that the moments of u for the Stratonovich
equation are greater than those of the Skorohod equation). The argument of the proof
is then based in the small ball probability estimates for Brownian motion. We consider

only the case when A satisfies the lower bound given in hypothesis Hypothesis 4.58
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(Riesz kernel case), since the case Hypothesis 4.59 (fractional noise) is analogous. In
this case, owing to formula (3.21) and the scaling property of the Brownian motion, it

is easy to see that

E|u,]|>E

Ll . .
exp(cocltz_ﬁ_g Z //\s—rl‘ﬂBé—Bﬂ‘”dsdr)].
0 Jo

1<i<j<k

Denote Bi’l,l =1,2,---,d the [-th component of the d-dimensional Brownian motion

B.. Consider the set

Ae=<{ sup sup sup |[BY—Bl|<e}.
1<i< j<k1<I<d 0<s,r<1

Restricting the above expectation to this event and recalling that the value of a generic

constant ¢ might change from line to line, we obtain:

E[u.Jf > E

Lol o
exp<cz2—ﬁ—3 Yy //|s—r|—ﬁ|Bg—B;|—"dsdr> 1A8] (6.2)
0 JO

1<i<j<k

ex cklk—1) 2-p—F ¢~ exp (¢t P 2k%e
p((z_ﬁ)(l_ﬁ)t e n) P(Ac) > oxp (e B2 ) P(4,).

Moreover, notice that

. ; E
ﬂleﬂldleiJ CAg, with F;= | sup B <= .
0<s<1 2
The events F;; being i.id, we get:

&€
P(Ag) Z Pkd (F£)7 with FS = ( sup |b9’ S 5) ?

0<s<1
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where b stands for a one dimensional standard Brownian motion. In addition, it is a
well known fact (see e.g (1.3) in [66]) that limg_,q P(Fg)/exp(—%) = 1. Hence, there
exists an & > 0 such that for & < &), we have P(Fe) > exp(—Ce~2), for some constant

C > 0. Under the condition € < &, this entails:

k 2-8-1,2 _ Cd
E [u; )" > exp (ct B=2i2e=m —?> :
In order to optimize this expression, we try to equate the two terms inside the exponen-
tial above. To this aim, we set
53
t 12 (ck)n2
1
(2dC)n2

and notice that for k > 2 and ¢ sufficiently large, the condition € < g is fulfilled. There-

fore, we conclude that for ¢ and k large enough

E [uﬁx] > exp ! , (6.3)

which finishes the proof of (6.1). U

We now give two extensions of the theorem above. The first one concerns the
moment estimates in the time independent case. Its proof is very similar to the proof of

Theorem 4.60, and is thus omitted for sake of conciseness.

Theorem 4.61. Suppose that A satisfies Hypothesis 4.58 or Hypothesis 4.59. Seta =1
if Hypothesis 4.58 holds, and a = 2?21 n; if Hypothesis 4.59 holds. Suppose that u is
the solution to the Skorohod equation (3.32) or the Stratonovich equation (5.2) driven

by a multiplicative time independent noise with covariance A. Then, for any x € R,
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k> 2, we have
4a 4 k y d=a  d=a
exp (Ct%ak fa> <E [”t,x} <exp (Ct —ak fa> ) (6.4)

where C,C’ > 0 are constants independent of t and k.

Finally, when d = 1 we can also obtain moment estimates in the case where the

space covariance is a Dirac delta function, that is, the noise is white in space.

Theorem 4.62. Suppose that y satisfies condition Hypothesis 4.57 and the spatial di-

mension is 1. Consider two cases:

(i) Suppose that u satisfies either the Skorohod equation (3.1) or the Stratonovich
equation (5.1) driven by a multiplicative noise with time covariance 'y and spatial

covariance A(x) = & (x). Then, for any x € R, k> 2 and t > 0, we have
exp (Ct3_2ﬁk3> <E [ufx} <exp (C’t3_2ﬁk3> ) (6.5)

where C,C' > 0 are constants independent of t and k.

(ii) Suppose that u satisfies either the Skorohod equation (3.32) or the Stratonovich
equation (5.2) driven by a time independent multiplicative noise with spatial co-

variance A(x) = 8(x). Then, for any x € R, k > 2 and t > 0, we have
exp (CPR) <E|uf,| <exp (CPH) (6.6)

where C,C' > 0 are constants independent of t and k.

Proof. In the Skorohod case with time dependent noise, the moments of u; , are given

by equation (3.31). We will only discuss the lower bound because the upper bound can
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be obtained by using chaos expansions as in [4]. We consider the approximation of the

Dirac delta function by the heat kernel p¢, and define

exp( Z /l/t y(s—r)p&Bi—B{)dsdr)] . (6.7)
1<i<j<k’0 /0

Expanding the exponential and using Fourier analysis as in [55], one can show that

lire =Ep

E [”f,x} > I ¢, for any € > 0. For any positive €, denote

1<i<kg<s<t

Aker = { max sup |Bj| < \/_}

On the event A ¢, we have pg(B. — Bl ) > \% for some positive constant C. Therefore,

using the lower bound in Hypothesis 4.57, we can write similarly to (6.2):

t rt C
I, > ex ckz// s—r|P——dsdr | P(A .
we = oo (e [ [lsmr P dsar ) P (e
Furthermore, by the scaling property of Brownian motion, P (Ak,g,t) can be written as:
k
P(Are,) =P max sup |Bi<+/¢g/ ( (max |bs| </ /t)) ,
I<i<ko<s<i

where b stands for a one-dimensional standard Brownian motion. We now invoke
again (1.3) in [66], which yields lim¢ 0 P(supp,< |Bs| < \/> )/ exp( —%é) = 1. Thus,

when € is sufficiently small,

t
P| sup |B|<\/7 >exp( C— ),
0<s<1 4 €
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for some positive constant C which does not depend on #. Hence, we end up with the

following lower bound:

g 1 t
I ke = exp <C1k2t2 B% —C2—> .

S
2
As in the proof of Theorem 4.60, we optimize this expression by choosing € = e ATl k‘;%%ﬁ ,
1
and we obtain that
Ije > exp(Cst* 2P i) (6.8)

when ¢ is sufficiently large, where the positive constant C3 does not depend on ¢ or k.

For the Stratonovich case, the lower bound is obvious and for the upper bound
we use the Cauchy-Schwartz inequality and Lemma 2.2 in [18]. The estimate (6.6) is

proved similarly, which completes the proof. [

Remark 4.63. As a consequence of Theorems 6.4, 6.5 and 6.6, the solution u of both

the Skorohod and Stratonivich equations is intermittent in the sense of condition (1.4).
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Chapter 5

Smoothness of the joint density for spatially

homogeneous SPDEs

In this chapter we consider a general class of second order stochastic partial differential
equations on R? driven by a Gaussian noise which is white in time and has a homo-
geneous spatial covariance. Using the techniques of Malliavin calculus we derive the
smoothness of the density of the solution at a fixed number of points (¢,x),..., (t,x,),
t > 0, with some suitable regularity and non degeneracy assumptions. We also prove

that the density is strictly positive in the interior of the support of the law.

5.1 Introduction

Consider the stochastic partial differential equation
Lu(t,x) = b(u(t,x)) + o (u(t,x))W (t,x), (1.1)

>0, xe R with vanishing initial conditions, where L denotes a second order partial
differential operator. The coefficients b and o are real-valued functions and the noise

W (t,x) is a Gaussian field which is white in time and has a spatially homogeneous
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covariance in the space variable. A mild solution to this equation can be formulated
using the Green kernel I'(#, dx) associated with the operator L (see Definition 5.1). This
requires the notion of stochastic integral introduced by Walsh in [91] if I'(z,x) is a real-
valued function or Dalang’s extension of Walsh integral (see [24]) when I" is a measure.

In [75], Nualart and Quer-Sardanyons have studied the existence and smoothness of
the density of the solution u(¢, x) at a fixed point (¢,x) € (0,0) x R? using techniques of
Malliavin calculus. The smoothness of the density follows from the fact that the norm
of the Malliavin derivative of u(¢,x) has inverse moments of all orders, assuming some
suitable non degeneracy and regularity conditions. The basic assumptions there are that
b and o are smooth with bounded partial derivatives of all orders, |o(z)| > ¢ > 0 for all

Z (In this chapter, we shall assume a weaker condition, see Theorem 5.3) and

cer< [ [ 1FT0)E) g < (12)

for some 1 > 0 and all € small enough, where u is the spectral measure of the noise
and .# denotes the Fourier transform. This general result extends previous work of
Quer-Sardanyons and Sanz-Solé [80] for the case when L corresponds to the three di-
mensional wave equation.

The purpose of this chapter is to establish the smoothness of the joint density of the
solution to equation (1.1) at a fixed number of points (¢,x),..., (¢,x,), where > 0 and
x; € R, This kind of problem was studied by Bally and Pardoux in [11] for the one-
dimensional stochastic heat equation driven by a space-time white noise. The extension
of this result to equation (1.1) presents new difficulties and requires additional non
degeneracy conditions, in addition to (1.2), because we need to handle the determinant

of the Malliavin matrix of the random vector u(t,x1),...,u(t,x,). The basic ingredient
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1s to impose that leading terms as — 0 in the matrix

£
(/ / <r<r,*+xj>,r<r,*+x,-)>%dr)
0 JRA 1<i,j<n

are the diagonal ones given by (1.2) (see the hypotheses (H3) and (H4) below). These
hypotheses are related, although different, to the ones imposed by Nualart in [72] to
establish the smoothness of the density for the solution of a system of SPDEs.

The chapter is organized as follows. After some preliminaries, Section 3 is devoted
to the proof of the smoothness of the density of the vector u(t,xy),...,u(t,x,). In
Section 4 we derive the positivity of the density in the interior of the support following
the general criterion established by Nualart in [74]. Finally, in Section 5, we apply
these results to the basic examples of the stochastic heat and wave equations and to the

spatial covariances given by the Riesz, Bessel and fractional kernels.

5.2 Preliminaries

The noise we are considering in this chapter is almost of the same type as in Chapter
3. We will still describe the noise in detail, for the sake of completeness. Consider a
non-negative and non-negative definite function f which is continuous on R%\ {0}. We
assume that f is the Fourier transform of a non-negative tempered measure u on R?
(called the spectral measure of f). That is, for all ¢ belonging to the space .7 (R¢) of

rapidly decreasing ¢ functions on RY

JS0ewds= [ FoE)u(de), @1
R R
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and there is an integer m > 1 such that

L A+IER) "u(dg) <.

Here we have denoted by .% ¢ the Fourier transform of ¢ € .7 (R%), given by .Z ¢ (£) =
i @(x)e i€

Let €5°([0,00) x R?) be the space of smooth functions with compact support on
[0,00) x R¥. Consider a family of zero mean Gaussian random variables W = {W (), ¢ €

%5 ([0,00) x R?)}, defined on a complete probability space (Q,.7,P), with covariance

EWeWw) = [ [ [ otxsc—yveyddar. @2

The covariance (1.2) can also be written, using Fourier transform, as

EW@Ww) = [ [ Fo0)@FvnEudg)dr.

The main assumptions on the differential operator L in (1.1) can be stated as follows:
(H1) The fundamental solution to Lu = 0, denoted by I', satisfies that for all > 0,

I'(¢) is a nonnegative measure with rapid decrease, such that for all 7 > 0

/T/ﬂﬁf(f)(éﬂzu(d&)dt<oo,
0 JR

and

sup T'(t,RY) < Cr < oo.
1€[0,T]

The basic examples we are interested in are the stochastic heat and wave equations.
More precisely, it is well-known that if L is the heat operator in RY, thatis, L = % — %A,

where A denotes the Laplacian operator in R?, or if L is the wave operator in R,
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de{1,2,3},ie,L= g—; — A, hypothesis (H1) is satisfied if and only if

u(dé)
/Rd I+EE ="

Let 7 be the Hilbert space obtained by the completion of ° (RY) endowed with

the inner product

0= [ dx [ dyol)fc=yv0) = [ FoE)FVEn@d), @3

@,y € 657 (R?). Notice that 7 may contain distributions. Set 4 = L?([0,0); 7).

Walsh’s classical theory of stochastic integration developed in [91] cannot be ap-
plied directly to the mild formulation of equation (1.1) since I may not be absolutely
continuous with respect to the Lebesgue measure. We shall use the stochastic integral
defined in [31, Section 2.3] (see also [75, Section 3]). We briefly review the construc-
tion and properties of this integral.

The Gaussian family W can be extended to the space .7 and we denote by W(g)
the Gaussian random variable associated with an element g € .7j. It is obvious that
L h is in ) and we set W;(h) = W(1jgh) for any + > 0 and h € 5. Then W =
{W,,t > 0} is a cylindrical Wiener process in the Hilbert space 7. That is, for any

he A, {W,(h),t > 0} is a Brownian motion with variance ||, and

E(Wi(h)Ws(g)) = (s A1) (h, &) -

Let .%; be the o-field generated by the random variables {W;(h),h € 5,0 <s <t} and
the P-null sets. We define the predictable o-field as the o-field in Q X [0,0) generated
by the sets {A x (s,7],0 < s <t,A € Z}. Then we can define the stochastic integral of

an .7¢-valued square-integrable predictable process g € L>(Q x [0,0); %) with respect
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to the cylindrical Wiener process W, denoted by

g W= /Ooo/Rdg(t,x)W(dt,dx),

and we have the isometry property

Elg- W =E [ |lg(0) . 4

Using the above notion of stochastic integral one can introduce the following defi-

nition:

Definition 5.1. A real-valued predictable stochastic process u = {u(t,x),t > 0,x € R4}

is a mild solution of equation (1.1) if for allt > 0, x € R¢,

u(tx) = /0[/Rdl"(t—s,x—y)d(u(s,y))W(ds,dy)

+/0t/Rdb(u(s7x_y))F(t_S’dy)ds .

Now we state the existence and uniqueness result of the solution to equation (1.1).

For a proof of this result, see, for example, [31, Theorem 4.3].

Theorem 5.2. Suppose hypothesis (H1) holds, and &, b are Lipschitz continuous. Then

there exists a unique mild solution u to equation (1.1) such that forall p > 1 and T > 0,

sup  E|u(t,x)|P < oo. (2.5)
(t,x)€[0,T]x R4

Next we recall some elements of Malliavin calculus which will be used to prove
the main results of this paper. We consider the Hilbert space .77 and the Gaussian

family of random variables {W (h),h € 7} defined above. Then {W (h),h € 5} is a
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centered Gaussian process such that E(W (h1)W (hy)) = (h1,h2) s, h1,hy € . In this
framework we can develop a Malliavin calculus (see, for instance, [74]). The Malliavin
derivative is denoted by D and for any N > 1 and any real number p > 2, the domain
of the iterated derivative D" in LP(Q; %’6®N ) is denoted by DV+”. We shall also use the
notation

D" = Mp>1Mk>1 D~P .

Note that for any random variable X in the domain of the derivative operator D, DX
defines an #)-valued random variable. In particular, for some fixed r > 0, DX (r, *) is
an element of .77, which will be denoted by D,..X.

If x1,...,x, are points in R? we will make use of the notation

u(t,x) = (u(t,x1),...,u(t,x,)).

In order to study the smoothness and strict positivity of the (joint) density of a random
vector of the form u(z,x), we need to assume some moment estimates for the increments
of the solution. We will also need to assume some integral bounds of the fundamental

solution I'. We list these assumptions below.

(H2) There exist positive constants kj and k» such that for all 5,7 € [0,T], x,y € R4,

T>0andp>1,

Elu(s,x) —u(t,x)|” <Cpr|t —s|'7, (2.6)

Elu(t,x) —u(t,y)|’ <Cpr|x—y|** (2.7)

for some constant C,, 7 which only depends on p,T.
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(H3) There exist n > 0 and & > 0 such that for all 0 < € < &,

€
Cen < [T Bpdr
0

for some constant C > 0.

(H4) Let n be as defined in (H3) and let k7 and x; be defined in (H2).

(i) There exists ; > 1 and & > 0 such that forall 0 < € < gy,
€
| )| pdr < cem. 28)
0

(ii) There exists 7o > 1 such that for each fixed non zero w € RY, there exists a
mn>n

positive constant C,, and & > 0 satisfying
€
/O (C(r,%),T(r,w+ %)) spdr < C,e™ (2.9)

forall0 < e < &.
(iii) The measure ¥(r) defined by |x|*2I'(¢,dx) satisfies [ [ra |- ZW(1)(E)|?u(d&)dr <
oo and there exists 113 > 1 such that for each fixed w € R¢, there exist a positive constant

Cy and & > 0 satisfying

E
/0 (| * 20 (r, %), T(r,w + %)) jpdr < C,, €™ (2.10)

forall 0 < € < &3.
Along the paper, C;, and C will denote generic constants which may change from

line to line and C,, depends on p > 2.
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5.3 Existence and smoothness of the density

Fix t > 0 and fix distinct points x1,...,x, of R?. Let u(t, x) denote the solution of equa-
tion (1.1). Recall that u(¢,x) = (u(t,x1),...,u(t,x,)). In this section we give sufficient
conditions for the existence and smoothness of the density of the law of the random

vector u(z,x), using Malliavin calculus. The main result is the following theorem.

Theorem 5.3. Assume that conditions (H1)-(H4) hold, and the coefficients &, b are
€ functions with bounded derivatives of all orders. Assume that there exists a positive
constant Cy such that |6 (u(t,x;))| > Cy P-a.s. for any i =1,...,n. Then the law of the

random vector u(t,x) has a € density with respect to the Lebesgue measure on R".

Remark 5.4. (1)Our assumption on & in Theorem 5.3 is implied by |0 (z)| > ¢ > 0.
(2)Using a localization procedure developed in [11, Theorem 3.1], we can prove
a version of Theorem 5.3 without assuming that |6 (u(t,x;))| > C| P-a.s., for any i =

l,...,n. In this case, we conclude that the law of u(t,x) has a smooth density on
{yeR:0o(y) #0}"

Proof. We begin by noting that according to Proposition 6.1 in [75], for each fixed
(t,x) € [0,00) x R?, u(t,x) € D™. If we denote by M, (x) the Malliavin covariance matrix
({Du(t,xi),Du(t,x;)) s)1<i,j<n, then, taking into account Theorem 2.1.4 in [74], we
only need to show that the determinant of the Malliavin covariance matrix of u(z,x) has

negative moments of all orders, that is
E (detM;(x)) 7 < o

for all p > 2. Tt suffices to check that for any p > 2, there exists an dy(p) > 0 such that
forall 0 < 8 < &y(p)
P{detM,(x) < §} < C8”,
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for some constant C independent on J.

We begin by noting that

detM;(x) > (|§?£15TM’(’—C)€)H' (3.1)

The derivative of the solution satisfies the following equation (see Proposition 5.1 in

[75])

Dy ,u(t,x)
= T(t—rx—x)o(u(rx*))+ /rl /]Rd L(t —s,x—y) 0 (u(s,y))Dysut(s,y)W (ds,dy)

—l—/r’/Rdb/(u(s,x—y))Dr’*u(s,x—y)F(t_s’dy)ds'

Therefore, we can write

t n 1
EME> [ Y Dreultx)Gl3pdr > 5.4 — ot
=€ =1
where
t n
S = [ NYTa=rx—o)o(u(s)&ldr,
—€ =1
1
oA = [ latrx|Edr,
1—&
and

a(rt,x,x) = Zn:/rt/RdF(t—s,x,-—y)G’(u(s,y))Dn*u(s,y)W(ds,dy)éi
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The term 7 can be estimated as follows

7

v

where

)1

¥2p)

13

/r (i‘if(t —r,x; —x)o(u(r,*))&;, i"lr(t —rxj—x)o(u(r,*))E;) wdr
=

/tezzglgj (t — i — )0 (u(t,x1)), T( — rox; — %) 0 (e, x}))) edr

i=1j=1

+/t£ZZ§,§j (t—rxi—x)o(u(r,x)),[(t —rx;—x)o(u(r,*)))»

i=1j=1

—(L(t —rxi—*)o(u(t,x;)),I(t —r,x; —x)o(u(t,x;))) » |dr

/rts f{ IEPIT(E = rxi — %) o (u(t,:)) I 3pdr

t n

+ Z égja—‘(l—I’,xi—*)G(M(Z,Xi)),r(l—l’,Xj—*)G(M(Z,Xj)»%dl’
18| j=1i#]

Y Y 8 06— ri )0l ), T~ gy~ )0 4))
1—€=] j=1

— (T(t — ryx; — %) o (u(t,x;)),T(t — r,x; — %) o (u(t,x;))) ] dr

| — || — | 3],

Then, using the fact that |o(u(t,x;))| > Cj, foralli=1,..., n, we have

1 1 1
ETM,(x)E > 542711 - §|£712| - §|42713| — ab
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1, 1 1
> — — —| 2| — = | 13| — A
> 2C18(8) 2| 12| 2| 13| — 2,

where

se)= [ [ 17T EPuiee)ds.

Taking € such that %Clg(e) = §'/", we obtain
g e
=1

1
< P{ EUP (|ot2| + | 3| +2.9%) > §C1g(8)}
ISlI=1

< Cpg<8)_p

E<|21|1p] IMzV’) +E<Zs§1|1p1 |m3|l’> +E(Zl|1p1 Iﬁle”>] .(3.2)

Next, we treat each of the above expectations separately. For the first expectation of

(3.2), using (2.5) and property (ii) in condition (H4), we can write

E( sup |,52%12\p>
I€l=1

:E<|21”1£1/0 Y EEHT(rx; — %) o (ut,xi)), D(rx; —*)o (ult,x;))) wdr

)

n € P
< CP Z {]E(|G(u(t,xi))6(u(t,xj))|p) / <F(r7xi_*)7r(r7xj_*)><%ﬂdr :|
i,j=1,i#j 0
< Cpe™P. (3.3)

For the second expectation of (3.2), using Minkowski’s inequality and property (i) and

(ii1) in condition (H4), we get

E( sup \&713\”)
€l=1
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IN

Cy zn: E
ij=1

xI(t — rx; —dz)T(t — r,xj — dy) f(z—y)

IN

oY ([

i,j=1

‘ p

[ ar [, [ ot otutn) - ot m)otux)

sdr/Rd /Rd||G(M(F,Z))G(u(r,y))—G(u(t,xi))a(u(;,xj))||L,,(Q)

xT(t —r,x;i —dz)T(t — r,x; — dy) f(z —y))P

IA

o ¥ (f

ij=1

Ki . |k . y|k
ar [ [+ =l b =)

xI(r,x; —dz)T(rxj—dy)f(z— )’)> ’

IN

Gy

IN

€
| T Bear
0

p p
CpeMP +Cpe™P.

p n
+Cp Y,
i,j=1

&
/0 (| % |K2F(r,*),F(r,xj — X+ %)) pdr

3.

Finally, we treat the last expectation of (3.2) and we obtain the following inequalities

E( sup MV’)
[€]1=1

t
<CyE sup/

Igl=1/r-e
t
+CpyE | sup /
Ig)=1/r-e
= T +71T.

For any @, y in %) we

g‘{/rt /Rdb'(u(s,xi—y))Dn*u(s,x—y)F(t—s,dy)dsﬁi

use the notation

<(P’ W>a75t)—e,z = /Zt8<(p(s7 *)7 W<S> *)>Jf’ds-
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2

H

2

H

dr

p

4)

dr
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Using equation (3.13) and the inequality (5.26) in [75], we obtain

n t 2p
T < CPZE / F(Z—s,xi—y)G/(u(s,x,-—y))Du(s,x—y)W(ds,dy)
i=1 1—€ R4 jﬁfs,r
2
< gl sw  E[Du(s )%,
t—e<s<txcRd '
< Cpsle)™. (3.5)

For T», using Cauchy-Schwartz inequality, our assumption on b’, Minkowski’s inequal-

ity and the estimate (5.26) in [75], we obtain the bound

n t 2p
T < CpZE/ b'(u(s,x; —y))Du(s,x; —y)T(t —s,dy)ds
i=1 1—& Rd %7&‘71
t 2p 5
< cp< / / F(t—s,dy)ds) sup  El|Du(s,x)|
t—e JR 1—e<s<tx€Rd e
< Cpgle)Pe”. (3.6)

The estimates (3.5) and (3.6) imply that

E ( sup |42%2|p> < Cpg(e)*! +Cpg(e)Pe”. 3.7)
1§l=1

Then by (3.1),(3.2),(3.3),(3.4) and (3.7), for 6 < 1, we obtain

P{detM;(x) <8} < Cpg(e) P(eMP +emP 4 gMmP + (€)% +g(e)PeP)
< CpotT,

=N M2—Mm m—n 1 2

where/'L:min{n,m TR

}. The proof is completed. O
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5.4 Strict positivity of the density

In this section, we proceed to the study of the positivity of the density p; .(-) of the law
of u(t,x), where t >0, x = (x1,...,x,) are distinct points of R?. The main theorem of

this section is:

Theorem 5.5. Assume that conditions (H1)-(H4) hold, and the coefficients ©, b are
€ functions with bounded derivatives of all orders and & is bounded. We also assume
0 # 0 on R. Then the law of the random vector u(t,x) has a €* density p; »(y), and

Prx(y) > 0 ify belongs to the interior of the support of the law of u(t,x).

To prove this theorem we will use the criterion given by Theorem 3.3 in [11]. To
state this criterion in the context of framework, first we introduce some notation and
concepts.

Given predictable processes (g!,...,g") € 7" and z = (z1,--+,z4) € R", for any

h € 2 andt > 0 we define a translation of W, (h):

Wi (h) := W (1 gh) = W (Lo gh) + ¥ 26(L0.15,85) 4.
=1

Then {VT/, ,t >0} is a cylindrical Wiener process in .77 on the probability space (Q, .7, f’),

where

—exp( ZZk// dsdy—éf 2 [ s*n%ds)-

Then, for any predicable process Z € L2(Q x [0,0); %), we can write

/ dZ(s,y (ds,dy) / / Z(s,y)W(ds,dy)+ sz/ (s5,%)) pds.
0 JR
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For any (t,x) € [0,00) x RY, let #&*(¢, x) be the solution to equation (1.1) with respect to

the cylindrical Wiener process W, that is,

F(tx) — /Ot/RdF(t—s,x—y)G(ﬁZ(s,y))W(ds,dy)
+kzzlzk/o (T(t — s, — %) (@(5,%)) & (s, ) prdls

[ b @ sx ) (s, dv)ds. (4.1)
0 JRY

Then, the law of u under P coincides with the law of #* under P.
Now we consider a sequence {g, }»>1 of predictable processes in /7" and z € R".
Let u%,(t,x) be the solution to equation (1.1) with respect to the cylindrical Wiener

process {W" 1 > 0}, where W/ (h) = V/l\/m(l[oﬂh) for any h € S, and

W™ (Liggh) =W (1o gh) + Y 2l 1h. 8k) 25 -
k=1

Set @, (t,x) := d;,u5,(t,x) and denote by @5, (,x) the n x n matrix {@;, ;(7,x/) }1<i, j<n-
Also, denote the Hessian matrix of i&%,(,x) by W5 (,x) := 0215, (¢, x), and let

v (1,x) = (W5, (t,x1), ..., W5 (t,x,)). In fact, it can be shown that

t .
0., (1.x) = /0 (Dt (1,%), 1y (7, %)) edr

We denote the operator norms of these matrices by ||@Z,(¢,x)|| and ||y, (¢,x)||, respec-
tively.

We say that y € R? satisfies H; , () if there exist a sequence of predictable processes
{&m}m>1in F], and positive constants c1,c2,ry and 6 such that

(i) limsup,,_,o, P { ([lu(t,x) —yll < r) N (|detgy(1,)] > 1)} > 0,¥r € (0,rg).

(11) limm_>°°P{Sup|z|§5 (H(plfi(tw&)” + HWI%(L)_C)H) < C2} =1
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Now we can state the criterion in [11] (Theorem 3.3) that we are going to use:
Suppose that y € R? belongs to the interior of the support of the law of u(t,x). If y

satisfies H; ,(y), then p; «(y) > 0.

Proof of Theorem 5.5 From the above criterion it suffices to check that y satisfies the
two conditions in H; (). We will do this in several steps.

Step 1. Consider the sequence of predictable processes {g }m>1 in J7", defined by
gk (s,%) = v,;ll[t,zfm’t] ($)I(t —s,x, — %) for 1 <k <n,

where

w= [ [T Puag)ar
0 R

Taking the partial derivatives on both sides of (4.1) with g replaced by g,,, we obtain

that

t .
8.7 (1,%) :/ (T(t — 5,5 — #)0 (i, (5, %)) » g1 (5, %)) el
t

FYoa [ (5w =40 @(5,)) 0y 550, (s 4)) s

k=1 =2

t

[T s 310" @ (5,9)) 95 (55)W (ds,dy)

r— —m

t
[ B @ sx = 3) 24— sx— T (s,dy)ds
i—2-m JRd J

= A, ;(t,x)+ B, (t,x)+C, ;(t,x)+ Dy, (t,x). 4.2)

Step 2. We are going to bound the moments of the four terms on the right hand

side of (4.2). We assume that ||z|| < & for some § > 0. Since o is bounded, there is a
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positive constant K such that

42, (10| < K. (4.3)

Using Minkowski’s inequality and the fact that the partial derivatives of ¢ are bounded,

we getthatforall p > 1,1 <T,

E

p
B (x| <C87  sup B0, (5.)]" (4.4)
7 (s.)€[0,T] xR

From the Burkholder-Davis-Gundy inequality and from the definition of v,,, we have

E

G, (0.9 (4.5)

27’7‘[

< ¢ s wmameal ([, [ IFTe- 0@ aeeas)

(5,y)€[0,T]x R4
< ovi oswp B[ (sy)] (4.6)
(s,)€[0,T]xR4

Since b’ is bounded and by condition (H1),
p
E|DL, (00| <27 sup  E|3,i ()] 4.7)
(s,)€[0,T] xR4

Combing (4.3), (4.4), (4.6) and (4.7) we obtain

P
sup  E|0a5,(1,0)]" SK+C(87+va+27")  sup  E|d @, (s,)]” .

(1.x)€[0,T] xRd (5,9)€[0,T] x R4
(4.8)
Proceeding as in the proof of Proposition 6.1 in [75], we can show
sup E |0.,i5,(t,x)|" < oo. (4.9)

(tx)€[0,T] xR [2| <5
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p
Then, when m is large enough and § is small enough, C(6” 4 vj;, +27""7) on the right

hand side of equation (4.8) is less than % and we obtain

sup E |0, i, (1,x)]" <C (4.10)
(t,x)€[0,T]x R4 |z| <5

for some constant C.

Recall that @;, (2, x;) = J;;ii,(t,x;). Take z= 0 and decompose (p,?% ;(t,x;) as follows
O i (t,xi) = AD, i (t,x7) + Cpy j(8,x7) + D), 5(2,x;) . (4.11)

From (4.6) and (4.7) it follows that

E[CO,;(t,%) + DL, (1,x)[” < C(va+27"P). (4.12)
ForAghj(t,x,-),
Asler) = [ D= soxi= 20 (uls.4)) gh(s.4) e ds
= [T s ) [o uls,5) — 0 a5 o)) s

t

+0'(u(t,x,~))/ (T(t = 5, — %), g (5, %)) peds

t—=2-m

By the assumption (H2) and Minkowski’s inequality, we have
E|Onj|"

i/tiZm /Rd Rd L(t —s,x; —dy)[o (u(s,y)) — o (u(t,x))]

p

xI(t —s,xj—dz) f(y—z)ds

Lr(Q)
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1
< 5 (e} f,X;
T vm /t2 m/Rd Rd” u(s,y)) — o (u(t,xi)) | (0)
P
xI'(t —s,xj—dz) f (y—Z)F(t—S,xi—dy)ds>
c/ [t
< Ul
Vin \ Jt—2-m JR4 JR4
P
XI(t = s,x; —dy) (|xi—Y|K2+|S—I\K1)F(t—s,xj—dz)f(y—z)dS>
e e
Vim

For 5,,” j» when i = j, it is easy to see that
Om,ii = o (u(t,x;)),
while when i = j, we have the pth moment bound

~ p
E ‘Om.,i,j

IN

IN

IN

(2—"11"2 ) p
C :
r\

which goes to 0 as m — oo,

E|o(u(t,x;))|’ (/tlzmﬂ“(t—s,xi— *),g%(s,*)>%ds)p

& (L[ [, [ ansts—rs.g - deyas)

(4.14)

(4.15)

Step 3. We check condition (i) in hypothesis H; ,(y). Recall that y € Supp (Pu(,é)),

there exists ry > 0 such that for all 0 < r < ry,

P{u(t,x) € B(y;r)} >0.
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By the assumption on o, there is a ¢y > 0 such that

P{(Hu(nz)—y” <r) (

u(t,x;))

>2c1>} >0 (4.16)

where
= inf o(z ,
“l (ZGB (1) H| G >
here z = (z1,...,2,). Recall that @0 (¢,x) is the matrix <¢,91j(t,xi))l< o By (4.11),
’ <i,j<n

(4.12), (4.13), (4.14) and (4.15), we obtain

n P

E |detg) (t,x) — [[o(u(t,x:))| —Oasm— oo (4.17)
i=1

Combining (4.16) and (4.17) yields

limsupP { (||u(z,x) —y|| < r)N (‘det(p,?,(t,g)! >c1)}>0.

m—yeo

Step 4. We check condition (ii) in the hypothesis H; ,(y).

We first show that there exist ¢, > 0 and 6 > 0 such that

lim P sup [|@%(¢,x)]| <c2 p =1.

Consider the following equation

Vi, (£,%) tx+sz/2

Z‘—S,X—*>Gl (ﬁfn(su *))V§17j(s7*)=gk(s7*)>%ds’

(4.18)

—m
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By the contraction mapping theorem we can prove that this equation has a unique solu-

tion v, ;(t,x) and there exists a constant C such that

sup i, (60 <C V1< j<n, (4.19)
(tx)€[0,T]xRY |z|<5

when 9§ is small.
Then we claim that for each j, v, .(t,x) — d;;ii5, (,x) converges to 0 in L (£2) norm,

uniformly in (z,x) € [0,7] x R?, and |z| < § when & is small. Indeed, we have

p

E |0, (1,x) - -(t,x)‘

p
< G F b ([ Clemss =00/ @ 0.0 4500 s
t 2 m
~ p
x  sup  E|d;u,(s,y) —v,, ;(s,y)
(5,9)€[0,T]x R4
p
G| [ T sx= )0 @y ) 92, 3)W (ds, )
1—2-m JRd Lr(Q)
p
G| [ B @l =53 3)) g 1 = 5,0 3)T (s, d)ds
t—2-m JR4 Lr(Q)
< Cp8”  sup  E\|0ig,(t,x) — j(t,x)‘p
(t.x)€]0,T]x R4 "
p
t 2
+C, (/ / / F(t—s,x—dy)f(y—i)l"(t—s,x—dﬁ)ds)
t—2-m JRd JR4
X sup E’& s ( sy)}
(5,9)€[0,T]x R4
+C, (/ / (s,dy)d > sup E’BZjﬁ;(s,y)‘p
t—2-m JR4 (s,)€[0,T]xR4
<G8 swp E|0E(6x) =i (6x)|

(,x)€[0,T]|xR4

S
+CP</0 Rd’F(S)(é)Izu(di)dS>( sup [0, (s,)["

5,y)€[0,T] x R4
t p
+C, (/ / F(s,a’y)a’s) sup E!&Zjﬁfh(s,y)‘P
t—27m JRY (5,9)€[0,T]x R4
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We can choose 6 small enough such that C,67 < % Then, using condition (H1) and

(4.10) to conclude that

p
sup E |0, ity (t,x) —v;, ;(t,x) (4.20)
(t,x)€[0,T]x R4 || <8 ’

goes to 0 as m tends to oo.
Next, we will calculate the pth moment of the increments with respect to z of

d;;ity, (,x) and vy, 5(7,x).

E |0, (1,x) — 0.1, )|
t ) . p
— _ 72 _ 4 J
< E/t_z_m<1"(t §,X— %) [G(um(s,*)) G(um(s,*))],gm(s,*)>%ds
no oot
+E Z/ <F(t—s,x—*)[sz'(u/\Zm(s,*))8Zjﬁ,zn(s,>k)
k=171=2"
0 (@ (5.)) 1y T (5, %) 8y (5,%)) eds|
t
B [ [ s x=3)[0 @ls,0)) 2,7, 5.3)
1—2-m JRd :
/ ! p
—0'(i85,(5,5)) Oz iy (5, ¥)IW (ds, dy)
t
| [ [ @) 9 - 5.5-9)
r—27m JR4

b (5 (= 5,5 )0t = 5.~ ¥) | (s, dy)ds|

Proceeding as before, we obtain that

E

/ p
0., (1,%) = Oy (1,)|” < Clz =27
uniformly in (z,x) € [0,T] x RY, |z| < & and m. Similarly, we have

E

m,j

p
Vi (00) Vi (00| < Cl=2)
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uniformly in (z,x) € [0, T] x R?, |z| < § and m. Using Kolmogorov’s continuity theorem

and (4.19), (4.20) we obtain

lim P4 sup ||, (r,x)[| <C o =1

for some positive constant C.

Next we will show that there exists a positive constant C such that

lim P{ sup [, (1,2)]] < c} ~1.

This proof is analogous to that for ¢, (z,x), but the computations are more involved.
Let us just write the equation for the quantity of interest and the main steps. Taking the

partial derivative on both sides of (4.2), we obtain

azz az,ﬁzm(tax)
t

= [ s 0)0 @y 5.50) 9y 5 5): h(5,5) s
t—2-m
t

+ <F(t — 85X *)6/ (ﬁ;(sa *)) aZjit\fn(sv *)7glln(sa *)>%ds

(—2—m
m t
FYoa [ AT sx— ) (07 @l5,)) 0y (5,59 T 5,%)
k=1 Jr=27" '

0 (55, %)) 0 i (5.%) ) 85, ) el

t
[T ) (0 (5.9)) 24 5.3) 2, (5.

t—2-m JRd

0 (5,5, 7)) 90, (5,5) ) W (ds, )

t
(@t s 90) .0 )0, 1 = 5,5~ )
t—2-m JR4

' (5, (1 5. = 7)) 9 0,8 (¢ = s,x — ) ) T(s.dy)ds

and a similar equation for d;, v}, ,(t,x).
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We can show that forevery 1 <1/, j <n,

sup E|0.,0. i, (r,x) — 5, (1.0)] =0,

Zj"m AVm,j
(,x)€[0,T)xR4 |7] <6

as m goes to . Bound d;,v;, .(¢,x) and calculate the pth moment of the increments

with respect to z of d;,d ;i (,x) and d;,v;, ;(¢,x). The result follows as in the previous
steps.

Step 5. By combining the results in step 3 and step 4, together with the criterion
developed by Theorem 3.3 in [11] that we cited just before the proof, we complete the

proof. m

5.5 Examples

In this section we will give some examples of fundamental solutions I" and covariance
functions f satisfying hypotheses (H1) to (H4). This implies that Theorem 5.3 and
Theorem 5.5 can be applied to these examples. We consider the fundamental solution
to the heat equation in any dimension and the wave equation in dimensions up to three

and the covariance functions given by the Riesz, Bessel, and fractional kernels.

5.5.1 Heat equation

Let I'(r,dx) be the fundamental solution to the heat equation on R, i.e., I'(r,dx) =
2
pr(x)dx, where p,(x) = (2mr)~%/ 2¢=% is the d-dimensional heat kernel. Then, hy-

pothesis (H1) to (H4) are satisfied for the following covariance functions:

(A) Riesz kernel. Let f(x) = |x| P with 0 < B < 2Ad. It is well-known that (H1)

holds. According to [86], (H2) is satisfied with 0 < kj < # and 0 < 1» < # In
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[72] it is proved that (H3) holds with n = # and property (i) in (H4) holds with
m= # + K.
Next we check conditions (ii) and (iii) in (H4). To show (2.9) we use the fact that

there exists a constant C > 0 such that for any non zero y € R? and r > 0
[ pro—y| Pax <l P. (5.1)

For a non zero w € R4, using (5.1) we can write

/0£<pr(*)apr(w+*)>3fdr — /:/Rd/der(x)Pr(y+W)|x—y|_ﬁdxdydr

£
C/ / pr(y+w)ly|Pdydr
0 JR4

< celw|P.

IN

So (2.9) is satisfied with n, = 1 > 1. For (2.10), using the fact that sup, . pa |)c|0‘e’)62 < oo

for any positive &, we have

€ E
[ e1pprtwt e = [ [ [ poply-t sl Patsavar
S K
< C/() /Rd /Rd r‘sz2r(X)p,(y—|—w>|x_y|_/3dxdydr
< [ rF [ e e agar

€ B o
= C/r2 dr—C82+1.

Therefore, (2.10) is satisfied with 13 = 22 4+ 1> .

oo(xdzi

xZ
(B) Bessel kernel. Let f(x) = [&"u “ewdu, d—2 < a < d. In this case

u(dE) = cqqa(1+|E?)~%dE. Hypothesis (H1) can be easily verified by direct compu-

tation. According to [86], (H2) is satisfied with 0 < kj < 2=4+% and 0 < Kk, < 2442,

188



For (H3), we note that, assuming € < 1,

| [zro@ruagar = c [ [ earigp) tazar

—d

= c// T oay
¢ o

1
> C/ r2dr/ e_|9|2—ad6
0 Rd (|6]2+1)2

Thus, (H3) is satisfied with n = O‘T_d + 1. To show (H4) we use the fact that for any
x € R4, f(x) < Clx|~¥** (see Proposition 6.1.5 in [40]). Therefore, proceeding as in the
case of the Riesz kernel with B = d — o we obtain that conditions (2.8), (2.9) and (2.10)
in (H4) hold, with n; = O‘%d +14+x,2=1and N3 = O‘T_d + 1+ %, respectively.

(C) Fractional kernel. Let f(x) = H;lzl %2172, 3 < Hj < 1 for 1 < j < d such that
Z?: Hj > d — 1. First notice that although we have assumed f(x) to be a continuous
function on R?\ {0}, it is clear that all of our theory still works for this case. Then we
note that since f(x) = [1%, [x;[**/~2, we have u(d&) = Cu[15_, |§,|'*"id&, where
Cy only depends on H := (Hy,H,,...,H;). According to [86], (H1) holds and (H2)
is satisfied for 0 < k; < 5(X9_ | Hj—d+1) and 0 < i < Y9_, H; —d + 1. For (H3),

using the change of variable /1€ — &, we obtain

/:/Rd\gzr(t)( ) u(dE)dt / /Rd —rmzn‘é 125 4¢ gy — CgZier Hid+1,

Therefore, (H3) is verified with n = Z?: 1Hj—d+ 1. For (2.8), we can proceed as in

checking (H3) to get

) € d i— d .
/ r’ﬁ”l"(r)”%dr:c/ PR Hi=d g oY Hi—d+1+k
0 0
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So (2.8) is satisfied with 1, = 2?21 H; —d+ 1+ &y which is strictly greater than 7.
To check (2.9), fix a nonzero point w = (wy,ws,...,wg) € R?, without loss of gen-

erality, we may assume that wy # 0. Then using Fourier transform and (5.1) we have
¢ € 4 2H; -2
| e T e =[] e o) [Ty =3P 2dydadr
j=1

e d 1 P _\wﬂ,ﬁ
- /H / e 7 T¢ Joxj — y1|2H Zdyjdx] dr
0 = R (27r)2 (27mr)2
€ 1 21 w2
= C / le_% —e” L |x] — y1| 12dy1dx1
0 R (27mr)2 (2zmr)2
d
<I1( / g1 ) ar
R

€ P21 by +yp 2
e e xt —y1 [ 2 dydxy
(27r)

<11 ( / e""gf'zléjll‘”fdéj> ar
j=2 \'R

€ wd g d .
C|W1\2H‘2/0 PEia it gy X Hi—d+2

IA
a

B —

IA

where in the last inequality we have used the change of variable \/r§ — &. So (2.9)
is satisfied with 1y = min1§k§d<2? o Hj—d+2), which is strictly greater than 7).
For (2.10), fixing again a non zero element w € R and using the bound |x|%p,(x) <

Cr% pay(x), for all x € RY, we have

/08(\ |20 (r, %), T (r,w+ %)) spdr

€ d
— / /d . |x|’<2pr<x>pr<y+w) H |xj _yjIZHjidedydr
0 JR4 JR i

) 7 4 2H;—2
C/O /Rd/Rdrzpzr(x)Pr(y+w)jITl|xj—yj| i~2dxdydr

VAN
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= C/ / 2‘5'2 1118 agar
1

—cf gy RS
0
So (2.10) is satisfied with 13 = KZ + Z _1Hj—d+1, which is strictly greater than 7.

5.5.2 Wave equation

Let I'y(¢,dx) be the fundamental solution to the wave equation on R¢, for d = 1,2,3,

o, (dx),

4m

ie., Ti(t,dx) = 31 ogdx, Ta(t,dx) = (2 — [x2);2dx, Ts(r,dx) =
where o; denotes the surface measure on the two-dimensional sphere of radius . We

recall that the Fourier transform of I';(z,dx) is given by

(A) Riesz kernel. Let f(x) = |x|~P with 0 < B < 2Ad. Tt is known that hypothesis
(H1)is satisfied. According to [51], (H2) is satisfied with 0 < kx] = Kk» < # In
[72] it is proved that condition (H3) is satisfied for 1 = 3 — B and (2.8) holds with
M1 = k1 +3— B > 1. To show (2.9), we fix w £ 0, and taking € such that 4 < |w| we

3[w|
2

get @ <|x—y| < if [x| < € and |w+y| < &. Then, |x—y| P is bounded by some

constant C depending on |w|. Hence we have

3 &
| Catrs) Tatrow ) edr = [ [ Tardx)Tatrwdy)e—s| Par
0 0 JRIJRA

€
< 0 [ Tutrav) [ Tarw+dy)dr
0 JRA R4

&
< Cw/ dr<C,e>.
0
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So (2.9) is satisfied with n, = 3 > 1. For (2.10), any fixed w € R?, using again the

same arguments, we have

4

A1 1Tt ). Tatw ) e
€

| L, L Tt o Tatw -+ dyls -yl Par
0 JRIJRA

&
/]r|'<2/ / Fd(r,dx)rd(r,w+dy)|x—y|_ﬁdr
0 R4 JRR4

< C8K2+3_B .

IN

Therefore, (2.10) is satisfied with Nz = ko +3—f > 1.

a X 2
(B) Bessel kernel. Let f(x) = [y u 3 2e‘”e’%du, max(d—2,0) < a <d. According
to section 3 in [72] and [51], (H1) holds and (H2) is satisfied with 0 < k; = Kk < =42,

Making the change of variable & — & and assuming € < 1, we get that

€ o~ B sin? (rl€]) _%
[ L zran@ruagar = ¢ [ [ SEEED(ER 1) Sagar

2 oa+2—d
// sin \2§| r _dEdr
REEO

roc+2—d r Sinzlg‘ 1
c fyrtar [ e (EP+DE

C8a+3—d

v

Therefore, condition (H3) is satisfied for 1 = o 4+ 3 —d. To show (H4) as in the case
of the heat equation we use the fact that for any x € RY, f(x) < C|x|~¢**. Therefore,
proceeding as in the case of the Riesz kernel with B = d — @ we obtain that conditions
(2.9), (2.8) and (2.10) in (H4) hold, with ny = a+3 —-d+«kj, N =3 and )3 = o +

3 —d + Ky, respectively.
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(C) Fractional kernel. Let f(x) = 1%, |x;|*"i=2, 3 < H;j < 1 for 1 < j <d such that
Z?:l H; > d — 1. Hypothesis (H1) is verified by direct calculation. By Section 3 in
[72], (H2) holds when d = 1 with ky,x, € (0,H;) and when d = 2, it is satisfied for
K1,k € (0,H) + Hy —1). By Theorem 6.1 in [51], when d = 3 (H2) is satisfied with
K1,k € (0,min(H; +Hy+Hz —2,H| — %,Hz — %,H3 — %)) For (H3), direct calculation

and the change of variable 1§ — & yields

| [ 17T a0 @ Puag)ar

B (sin(¢|&]))?
= //Rd Er .|§J|12d5dt

J:

_ C/ 2T H 2d+2d/ sm|§|‘§2| \5111 2Hi g
j:l

_ Ce2TiH2d43

So (H3) is satisfied with n = ZZ —2d + 3. For (H4), we will check (2.8) and
(2.10) first. For (2.8), proceeding as before,

s B (sin rm ! .
[ i Bear = [ [ SRS Hmrl ) qEd

]:
d
. C/ PKIF2EE Hj=2d42 g, cekit2E Hj=2d 43

So (2.8) is satisfied with 1 = k1 + 227:1H i —2d + 3, which is strictly greater than
7. For (2.10), noting that the support of I';(r,*) is contained in the ball centered at the

origin with radius r, we get

/O£<|>|<|K2Fd(r,*),l"d(r,v?/+*))jgodr < /8 2(Cy(ry*),Ta(r,w+ %)) pdr

sin r|.’;]
= / Kz/Rd 45 |(§’J|1 Hidgdr

j:
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Cef 2L Hj—2d+3

So (2.10) is satisfied with n3 = K, + 22;?:1 H; —2d + 3, which is strictly greater than
n. For (2.9), we need to treat the cases d = 1,2,3 separately. When d = 1, fix w # 0.
We have

€ 1 € .
/O<F1(r,*),l“1(r,w+*)>%d"=Z/O /R/Rl{xq}lx—ﬂml 1|y ] <rydydxdr.

When ¢ is small enough, we need to have |x — y| > C for some positive constant C for

the above integrand to be non zero. Hence,

> €
/()<F1(V,*),F1(I‘,W—I—*)>%dr < C/() /R/R1{|x|<r}1{|y+w|<r}dydxdr

£
— C/ r’dr=Cée>,
0

and when d =1 (2.9) is satisfied with 1, = 3, which is strictly greater than 7.
When d = 2, fix a nonzero point w = (w,w;). Without loss of generality, we may

assume w is not zero. We have

/S(Fz(r %), Do (r,w+ *)};fdr

== _ 2H1_2X _ 2H,—2
4”2/ /x<’/y+W<r _‘ ‘2’1 | [x2 = 2|

X dxdydr
- |y+W|

Again, if € is small enough, we must have |x; —y;| > C for some positive constant C

for the above integral to be non zero. Hence, using the Fourier transform we obtain

[0, Dol -2
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1
< c / / / el dxdydr
|x|<r J [y+w|<r |x|2 \/ r2— |y+w|2
1
= Clim// / e_g‘xl_y1|2|x2—)’2|2H2_2 dxdydr
50 i <r Jlyrwl<r /72— |x[2 VrE—y+w|?
. sin( r|§| 1-2H, ,—iw-E
— Cl // e "edEd
A A A ps(&1)|&l e Edr
. sin(r[&]))? 1-2H,
< cl // 2dEd
< Clm | | |§|2 ps(81)1&| Edr
= C/ / Sln|g|f22| |€2|172H2d§2d’,:C82H2+1.

Therefore, (2.9) is satisfied with 1, = min(2H; + 1,2H; + 1), which is strictly greater
than 7.
When d = 3, fix a nonzero w = (wy,wy,w3) € R3, without loss of generality, we

may assume that w; # 0. We have

/()8<F3(r, %), T3(r,w+ %)) jpdr

€ 3
I3(r,dx)['3(r,w+d xi— vyl 2dr.
Jy o JuTatranrsten-ta Tl )

Again, when € is small enough, to make x and w +y in the support of the measure

I'3(r), we must have |x; —y;| > C for some positive constant C. So

/08<F3(r, %), T3(r,w+ %)) spdr

3

&
L 2H-2
C/O /]R3 R3F3(r,dx)f‘3(r,w+dy)jl:12|xj yil“ e dr

IN

€ s ) 3
= Clim/ / I3(r,dx)I'3(r,w+d =5 l=y1l . 2H=2,
a0 Jo Jrs S 3(rdx)I3(r,w+dy)e j_l:12|xj yil r

sin r|§|

3
< Clim/ /R3 Ep pb‘(él)Hlé]”l*Zdegdr

6—0 =2
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— sin(r](&2,&3)]))? 12
B C/ /]R2 (E2+£2) ,Hz|§j|1 Hiqerdésdr

= C/ p2(H2+H3) =2 g CSZ(H2+H3)’1,
0

and (2.9) is satisfied with 1, = min(2(H, + H3) — 1,2(H; + H3) — 1,2(H, + H>) — 1),

which is strictly greater than 7.
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Chapter 6

Stochastic heat equation with rough dependence in

space

This chapter studies the one-dimensional stochastic heat equation driven by a Gaus-
sian noise which is white in time and which has the covariance of a fractional Brown-
ian motion with Hurst parameter H € (alw %) in the space variable. The existence and
uniqueness of the solution u are proved assuming the nonlinear coefficient o (u) is Lip-
schitz continuous. In the case of a multiplicative noise, that is, o (u) = u, we derive the
Wiener chaos expansion of the solution and a Feynman-Kac formula for the moments

of u. These results allow us to establish sharp lower and upper asymptotic bounds for

E[|u(z,x)|"].

6.1 Introduction

In this chapter we are interested in the one-dimensional stochastic partial differential
equation
Ju K 0u

5 =530 FOWW, 120, xR, (1.1)
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where W is a centered Gaussian process with covariance given by

EW (s, )W (t,y)] = = (x> + [y — [x=y[*") (s A1), (1.2)

| —

with % <H< % That is, W is a standard Brownian motion in time and a fractional
Brownian motion with Hurst parameter H in the space variable. For this stochastic heat
equation with a rough noise in space, understood in the Itd sense, our aim is twofold:
on one hand, for a general coefficient ¢ with 6(0) = 0 and satisfying some regularity
assumptions, we will obtain the existence and uniqueness of the solution. On the other
hand, we shall further investigate the special relevant case o (u) = u. We now detail
those two main points.

(1) Since the pioneering work by Peszat-Zabczyk [77] and Dalang (see [24]), there has
been a lot of interest in stochastic partial differential equations driven by a Brownian
motion in time with spatial homogeneous covariance. After more than a decade of
investigations, the standard assumptions on W under which existence and uniqueness
hold take the following form:

(i) E[W(s,x)W(t,y)] = A(x—y) (s At), where A is a positive distribution of positive
type.

(ii) The Fourier transform of the spatial covariance A is a tempered measure u that

satisfies the integrability condition [ 1” +(C|le§§\)2 < oo,

In case of the covariance (1.2) under consideration, one can easily compute the measure
., whose explicit expression is u(d&) = ¢ (H)|E|' 2" d&, where ¢{(H) is a constant
depending on H (see expression (2.2) below). In addition, it is readily checked that
p fulfills the condition [, % < oo for all H € (0,1). However, the corresponding
covariance A is a distribution which fails to be positive when H < 1/2, and the covari-

ance of two stochastic integrals with respect to W is expressed in terms of fractional
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derivatives. For this reason, the standard methodology used in the classical references
[24, 31, 77] to handle homogeneous spatial covariances does not apply to our case of

interest.

In a recent paper, Balan, Jolis and Quer-Sardanyons [3] proved the existence of a
unique mild solution for equation (1.1) in the case o(u) = au + b, using techniques of
Fourier analysis. The current paper can be seen as another step forward in this direction.
Indeed, we first give some a priori estimates for the moments and Holder continuity,
both in space and time. Then following Gyongy [44] Summarizing, we get a complete
basic picture of the solution to equation (1.1) as long as o is a Lipschitz coefficient and
H > 1/4. This boundary H = 1/4 is worthwhile noting, since it is also the threshold
under which rough differential equations driven by a fractional Brownian motion are

ill-defined.

(2) The particular case o(u) = u in equation (1.1) deserves a special interest. Indeed,
this linear equation turns out to be a continuous version of the parabolic Anderson
model, and is related to challenging systems in random environment like KPZ equation
[46, 4] or polymers [1, 9]. The localization and intermittency properties of the linear
version of (1.1) have thus been thoroughly studied for equations driven by a Brownian
motion (see [58] for a nice survey), while a recent trend consists in extending this kind

of result to equations driven by very general Gaussian noises [17, 53, 55, 56].

Nevertheless, the rough noise W with covariance (1.2) presented here is uncovered
by the aforementioned references, and we wish to fill this gap. We will thus particu-
larize our setting to o = Id, and first go back to the existence and uniqueness problem.
Indeed, in this linear case, one can implement a rather simple procedure involving
Fourier transform, as well as a chaos expansion technique, in order to achieve existence

and uniqueness of the solution to (1.1). Since this point of view is interesting in its
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own right and short enough, we develop it at Section 6.5. Moreover in this case we can

consider more general initial conditions.

We then move to a Feynman-Kac type representation for the equation: following
the approach introduced in [55, 53], we obtain an explicit formula for the kernels of
the Wiener chaos expansion and we show its convergence. In fact we cannot expect
a Feynman-Kac formula for the solution, because the covariance is rougher that the
space-time white noise case, and this type of formula requires smoother covariances
(see, for instance, [56]). However, by means of Fourier analysis techniques as in [55,
53], we have been able to obtain a Feynman-Kac formula for the moments that involves

a fractional derivative of the Brownian local time.

Finally, the previous considerations allow to handle, in the last section of the pa-
per, the intermittency properties of the solution. More precisely, we show sharp lower
bounds for the moments of the solution of the form E[|u(z,x)|"] < exp(CnH%t), for all
t >0, x € R and n > 2. This bounds entail the intermittency phenomenon and match

the corresponding estimates for the case H > % obtained in [53].

6.2 Preliminaries

6.2.1 Noise structure and stochastic integration

Our noise W can be seen as a Brownian motion with values in an infinite dimensional
Hilbert space. One might thus think that the stochastic integration theory with respect
to W can be handled by classical theories (see e.g [11, 24, 32]). However, the spatial
covariance function of W is not positive whenever H < 1/2 (as mentioned in the intro-

duction), and W thus lies outside the scope of application of these classical references.
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Due to this fact, we provide some details about the construction of a stochastic integral
with respect to our noise.

Let us start by introducing our basic notation on Fourier transforms of functions.
The space of real valued infinitely differentiable functions with compact support on R is
denoted by Z. The space of Schwartz functions is denoted by .7 Its dual, the space of

tempered distributions, is .. The Fourier transform is defined with the normalization

Fu(&) = /R ey (x)dx,

so that the inverse Fourier transform is given by .% ~'u(&) = (27) L% u(-&).

Taking into account the spectral representation of the covariance function of the
fractional Brownian motion in the case H < % proved in [78, Theorem 3.1], we rep-
resent our noise W by a Gaussian family {W(¢@); ¢ € 2(][0,) x R)} defined on a

complete probability space (,.%,P), whose covariance structure is given by

EW@WW)=ali) [ Fo(.6) Fu(s.E)E > dsdt, @)

where the Fourier transforms .% ¢,.% y are understood as Fourier transforms in space
only and

o1 (H) = %F(ZH +1)sin(nH) . (2.2)

The inner product appearing in (2.1) can be expressed in terms of fractional deriva-
tives. Let B € (0,1). Define (see [78]) the Marchaud fractional derivative DE of order

B of a function ¢ : R; xR — R as

Dquo(s,x) = é1i_r)r(1)D/is(p(s,x), (2.3)
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where

B . [3 “ (P(S?x>_q)(s7x+y>
D—,s(p(svx) = r(1-B) /e y1+ﬁ dy,

and define the fractional integral of order o of a function y: Ry x R — R by

P '—L s, u)(x—u)Pdu
Py(s.9) = gy [ W= au

where (x —u)_ means max(0,u —x). Note that here the fractional differentiation and
integration are only with respect to space variables. Then for our noise it is known (cf.

[78] for further details) that:

1

E[W ()W ()] = ca(H) /R XRD5‘Hw(s,x)DZ‘Hw(s,x)dsdx, 2.4)

where

oo (o ) ([ s )

Observe that if ¢ = P v for some y € L>(R; x R), then by Theorem 6.1 in [84] we
have

DPo=DFPy)=vy

and, hence,

B 2 _ 2
D" ¢o(x,s)| dsdx Y- (s,x)dsdx < oo.
R+ xR R+ xR

Based on the previous observation and relation (2.4), we introduce a new set of
functions. Indeed, let HP be the class of functions ¢ : Ry xR — R such that there

exists ¥ € L>(R, x R) satisfying @(s,x) = i v(s,x). The relation between HP and
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our noise W which corresponds to the specific case f = % — H is given in the following

proposition.

Proposition 6.1. The class of functions HP is a linear space with the inner product

(0, W) s = 027/3/R RDEQD(S,X)DIEW(s,x)dsdx. (2.5)
X

The space HP is complete and 9([0,0) x R) is dense in HP. Moreover ing denotes
the class of functions ¢ € L*>(R, x R) such that Jr, xR . Z(s5,E)2|E|PPdEds < oo,

then Hg is not complete and the inclusion Hg c HP is strict. Also forany @,y € HP ,

(0¥ =cup | XRﬁw(s,é)ﬁw(s,é)léIzﬁdéds, (2.6)

For the proof of this proposition, we refer to [78]. Note that in [78], the functions
considered there are from R to R, but by scrutinizing the proofs we see that it is easy
to be extended to our case, i.e. the functions from R x R to R. We omit the details.
For later reference, if the function f under consideration only depends on the space

variable, then the norm H B is similarly defined, i.e.,

113 = cap /R 1D £(x) .

From the propositions above we see that the Gaussian family W can be extended as
an isonormal Gaussian process W = {W (h);h € H 2-H } indexed by the Hilbert space
A Actually in most cases in the sequel, we will take S = % — H, and we will

. .1 .
abbreviate H2 " as H.

Let us now turn to the stochastic integration with respect to W. Since we are han-

dling a Brownian motion in time, one can start by integrating elementary processes.
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Definition 6.2. Let .%; be the G-algebra generated by W up to time t. An elementary

process g is given by

||
HM:

Z al,b] (h‘,l_,‘] (.X),

where n and m are finite positive integers, —0 < a; < by < -+ < a, < by, <o, h; <lI;
and X; j are F4,-measurable random variables for i = 1,...,n. The integral of such a

process with respect to W is defined as

/& /Rg(saX) W(ds,dx) =

D=
o

Xiij (1(aj,b,'} ® 1(hj,lj]> (27)

N
I
—_
~
Il
—_

Xi.j [W(bi,1j) = Wai, 1;) = W (bis hj) + W (ai, hj)] -

N
I

—_
~
I

—_

I
D=
o

We can now extend the notion of integral with respect to W to a broad class of

adapted processes.

Proposition 6.3. Let Ay be the space of predictable processes g defined on R, x R
such that almost surely g € H and E[|| g||12_1] < oo, Then, we have:

(1) The space of elementary processes defined in Definition 6.2 is dense in Ay.

(ii) For g € Ay, the stochastic integral [ [p g(s,x)W(ds,dx) is defined as a L*(Q)-

limit of Riemann sums along elementary processes approximating g, and we have:

([ g(s,x>w<ds,dx>)2

Proof. Letus prove item (i). To this aim, consider g € A ,» and set @(z,x) =

=E[|lgli3] - (2.8)

D' Hg(t,x).

According to the definition of Ay, we have: E[ [, [g[@(s,x) ?dxds) < co. Then we will
show that g(z,x) can be approximated by elementary processes in L?(Q;H) in three

steps.
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Step 1. Let J# be the class of functions f € L*>(R), such that there exists # € L*(R)
1 :
satisfying f = I* " . We show that the process g can be approximated in L?(Q; H) by

functions with the form

m

m(8,X; @) Z (ai,bi] (8)9i(x; @) , (2.9)

l:

where for each i, ¢;(x; ®) is an .%,,-measurable L*(Q; 77 )-valued random field. To see

this, we just set

m2" k2—m

m (s, @) Zl k—1)2-m k2 (s)2" / g(rx;0)dr,

(k—1)2-m

1 1_
and we easily get that D2 Hl//m(s,x; ®) — D* Hg(s,x;a)) in 2(Q xR, xR) as m
tends to infinity. In this way we get the desired approximation.

Step 2. We show that each y,(s,x;®) of the form (2.9) can be approximated by a
linear combination of elements of the form X1, (s)h(x), in L*(Q;H). Indeed, for

each ¢;(x; @), we notice that since
1
E/ D2 y(x; ) Pdx < oo,
R

p2 " 0i(x; @) can be approximated by functions with the form

N

Z Xijhj(x)

j=1

in L?(Q;L*(R)), where each X; is an .%,,-measurable random variable and each 4, is an

element in L?>(R). Thus, it is easily seen that ¢;(x; ®) can be approximated a sequence
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of functions of the form
1

N
Z x;i2 "
So we conclude that v, (s,x; @) can be approximated by

-
XijI2 " hi j(x)

m
Zla,,,

i=1

Ile

in L2(Q; /), where X; ; are .%,-measurable random variables and /; j € L*(R).

Step 3. Owing to Theorem 3.3 in [78] we know that

1
Span {D2 HI(M; h < l}

1
is dense in Ag := {D2 Hf : f € 74}, in L*(R) norm. This observation and the re-
sults in Step 2 immediately shows that ¥, (s,x; ®) can be approximated by elementary

processes in L?(Q; H). This completes the proof.
O

With this stochastic integral defined, we are ready to state the definition of the so-

lution to equation (1.1).

Definition 6.4. Ler u = {u(t,x),0 <t < T,x € R} be a real-valued predictable stochas-
tic process such that for all t € [0,T] and x € R the process { p;—s(x—y)o (u(t,y)) 1 (s),0 <
s <t,y € R} is an element of Ay, where p;(x) is the heat kernel on the real line. We

say that u is a mild solution of (1.1) if for all t € [0,T] and x € R we have:

i) = pal) + [ [ pi =)o luls.)Wds.dy) s 2.10)
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6.2.2 Elements of Malliavin calculus

We recall that the Gaussian family W can be extended to H and this produces an isonor-
mal Gaussian process, where H is the Hilbert space introduced in Proposition 6.1. We
refer to [74] for a detailed account of the Malliavin calculus with respect to a Gaussian
process. On our Wiener space, the smooth and cylindrical random variables F are of

the form:

F=f(W(@1),...,W(dn)),

with ¢; € H, f € C;(R") (namely f and all its partial derivatives have polynomial
growth). For this kind of random variable, the derivative operator D in the sense of
Malliavin calculus is the H-valued random variable defined by:

DF = ¥ SL 0. W00,

=

The operator D is closable from L?(Q) into L?(Q; H) and we define the Sobolev space
D!? as the closure of the space of smooth and cylindrical random variables under the

norm

IDF[l12 = \/E[F?] +E[|DF|}].

We denote by 6 the adjoint of the derivative operator (or divergence) given by the

duality formula:
E[6(u)F] =E[(DF,u)y], (2.11)
for any F € D!? and any element u € L?(Q; H) in the domain of §.

For any integer n > 0 we denote by H,, the nth Wiener chaos of W. We recall that
H, is simply R and for n > 1, H,, is the closed linear subspace of L?(Q) generated

by the random variables {H,(W(9));¢ € H,||¢||; = 1}, where H, is the nth Hermite
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polynomial. For any n > 1, we denote by H®" (resp. H®") the nth tensor product
(resp. the nth symmetric tensor product) of H. Then, the mapping I,(¢®") = H,(W (¢))
can be extended to a linear isometry between H®" (equipped with the modified norm
Vn!|| - || gen) and Hy,.

Consider now a random variable F € L?(Q) which is measurable with respect to the

o-field .%# generated by W. This random variable can be expressed as:

o)

F=E[F]+ Y L(fn), (2.12)

n=1

where the series converges in LZ(Q), and the elements f,, € H®", n > 1, are determined

by F. This identity is called the Wiener-chaos expansion of F.

The Skorohod integral (or divergence) of a random field u can be computed by using
the Wiener chaos expansion. More precisely, suppose that u = {u(t,x);(¢,x) € Ry x
R} is a random field such that for each (¢,x), u(t,x) is an .%;-measurable and square
integrable random variable. Then, for each (¢,x) we have a Wiener chaos expansion of

the form

u(t,x) =Eu(t,x)]+ iln(fn(-,t,x)). (2.13)

n=1
Suppose also that E[||u||12q] is finite. Then, we can interpret « as a square integrable ran-
dom function with values in H and the kernels f,, in the expansion (2.13) are functions
in H®(+1) which are symmetric in the first n variables. In this situation, « belongs to
the domain of the divergence (that is, u is Skorohod integrable with respect to W) if and

only if the following series converges in L2(Q):

8(u) = /;/Rdu(t,x) W (1,x) :W(E[u])+;1n+l(ﬁ<.,t,x)), (2.14)
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where f;l denotes the symmetrization of f, in all its n+ 1 variables. We note that

whenever u € Ay the integral §(u«) coincides with the Itd integral.
Along the paper we denote by C a generic constant that may vary from line to line.
6.3 Some a priori estimates of the solution

6.3.1 Moment bound of the solution

If B € (0,1) and f belongs to HP, then there exists a constant Cp such that

£ =Cp [, [ £ = f )Pyl Pandy. 6.1

We refer to Proposition 1.37 in [2] for the proof of this identity. The following inequal-

ity is essential in our approach.

Proposition 6.5. Let p > 2, f is a predictable random field. Then

Proof. Applying Burkholder inequality, we have

1

I/ f(s,y)W(ds,dy)HLp(Q) < @( JA Hf(s,->H§,Lp<g>dS> (3.2)

1
2
L5

’ 2
<V [ sts. s

H/OI/Rf(S’y)W(dS,dy)

The claim then follows from Minkowski inequality. 0

Lr(Q

For p > 2, 6 > 0 and € > 0, we consider the space %g ¢ consists of all space-time

random fields (u(z,x);r > 0,x € R) with finite norm

Jullxg
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= sup e V|u(t,x)| (0
1>0xeR
1

2
ve swp e ( [ ulrocy) el bR 2ay) 6

t>0,xeR

Remark 6.6. (a) The change of the value of € does not change the elements in the space
f{g’ o and in the case € = 1, we simply write f{g.
(b) The second term in the norm in (3.3) is not invariant by scaling while the first

term is. Indeed, denote f) (x) = f(Ax), then

1/2
sup ([ 15-) 2 0) P20

xeR

1/2
= 24 sup ([ ot = Sl P 2an)

x€R

This is the very reason why various orders of (t —s) appear in the proof of Proposi-
tion 6.7 below. We bypass this technical difficulty by the introduction of an additional
scaling factor € in (3.3).

(c) Another way to see the role of € is via dimensional analysis. Suppose that the
amplitude of f has unit L, the spatial variable x has unit S, while the randomness ®
is dimensionless. Then the first term in (3.3) has unit L while the second term has unit
L/ SB. Hence, in order for the two terms to have the same dimension, we multiply the

second term with a constant € having unit of SB,

Proposition 6.7. Let B € (0,1), p > 2, f be an predictable random field. We denote

A = [ [ pesa = s s nW(dsdy).
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Then the following inequality holds.

H_1 H

IAllx, < Covpllfllag, (772077 +e ke io i vexH0i ) (34

where Cy is a universal constant.

Proof. Applying inequality (3.2), we have

t 2
HA(r,x)HLp(Q)sm( / up,s<x—->f<s,->u%m(g)ds) .6

Using (3.1), we have

1pe—sCe—)f(s,) I

<C [ [ Ipiste=y =2 ssy42) = proslr=y)f (5.9 Pl 2dydz
<C [ [ 1pbemy =2 psle 0PIy + PPy

[ [ pesr= Iy 42 = £s.3) Pl vz
RJR

We then apply Minkowski inequality to obtain

1pe—s(x =) f (5. Moy = || Pr—s(x — ')f(sv')H?qHZg(Q)

<C()?+C(h)?, (3.6)
where

J1 :/R/Rlpl_s(x_y_z)_p’_s(x_y)‘2||f(s=)’+z)||1%p(g)|z|2H_2dydz
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and

b= [ [ P53 42) — 1053 oy 222

To estimate Ji, we use Fourier transform to get

—Kk(t—s)|E? | ,—i _
Lo< 0sup||f(s,x)||gp(m/R/Re K(1-9)[EP g8 _ | 2|o[2H-2g 08

xe€R

kel—s)ER £ 11—
= Csup £ (5.9l [ 0T [ ag
xeR R

- cSuﬂg||f<s,x>||ip(Q)[x<z—s)]H“7
xe

J, can be bounded by

Ty < Csup [ [f(sx+2) = fls.0) Pl el —9)] 2. (3.7)
xeR

Hence, from the above estimates we have

e % sup [A(t,%) | r(q)
xeR

l 2
t>0.xeR 0
2
vovpe s o ( [ (et — 00l 2 )
t>0.xeR R
1
' 2
o (e e —pas)
€ \Jo
< C\/l_’Hfoge(K?—ie—é’jLéK lo1)

Next, we estimate the second term in the norm ||A|[.pe. For every i € R, we apply
€

inequality (3.2) to get

|A(t,x+h) = A(t,5) || (@)
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1

< ¢4_p(/Ol||[pl_s(x+h—-)—pt_s(x—->1f(s,->||§m(g)ds)2 (3.8)

The computations are carried out as before. From (3.1), we can write

|[pr—s(x+h—=y) = pr—s(x =) f(s,9) g
SC/R/R‘[pt_s(x+h—y—Z)—pt_s(x—y—Z)]f(s,yﬂ)
2
— Pr—s(x+h—y) = p—s(x = ¥)] £ (5,9)| |21 *dydz
S/R/R\pts(erh—y—Z)—prs(x—y—Z)
— pr—s(x+h—y) + pr—s(x =) P | £ (5,5 + 2)[*|2]*" 2dydz

b [ et =) = pre (=) LA (34 2) = f(5.9) P2y

Using Minkowski inequality, we see that

I[pr—s(x+h—y) _pt—S(X_y)]f(svy)HHLl’(Q) < (Ji)l/z + (Jé)l/z (3.9)

where

fi= /R/R Pi—s(x+h—y—2)—prs(x—y—2)—pi_s(x+h—y) + pi_s(x —y)|?

1f(s,y+2) ||1%p(g) |22 dydz,

and

Jé = /R/R|pt—s(x—f—h—y) _pf—S(X—y)|2||f(S,y—{—z) _f(s7y)||%p(Q)|Z|2H_2dde.
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J1 and J), can be estimated similarly to J; and J,,

_3
Ji < suﬂg||f<s,x>||%p(g)[x(r—s)]zH 7
xXe

and

J < sup | 1 (s,2002) = f(5.0) [ o |22 dlzlic(r — )]
xXe

Combining these estimates for J/, Jé and (3.9), (3.8), similarly as the estimate for

e %"||A(t,x)||r(q) we obtain

1/2
supe ([ 4G40 Al10) o 2 2an)

xeR
3,1 1 H_ 1 _H
< CVplfllag K03 Oy flgy, k20 E
Combining altogether yields (3.4). O

6.3.2 Holder continuity estimates

Proposition 6.8. Let p > 2 and f be a predictable random field in X% Yy here 0y is any

positive number. We denote
t
A= [ [ piesle =) £l )W (ds.dy).
Then for every x,h € R, t],t, € [0,T],

2H-B B
HA([fl,tz],X—i—h) _A([tlat2]7x)”Lp(Q) < CHf“}:soeeoT’l‘z—t]’ 4 |h’2 ) VB € [072H] .

(3.10)
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In the above, the implied constant depends on T and here we are using the notation
A([t1,12],x) = A(t2,x) — A(11,x) .

In particular, if we let t| = 0, we get the Holder estimate of the space variable. For the

Holder estimate of the time variable, we have
(12, ) = At P < CY g Tl =17 (3.11)
0

Proof. To prove (3.10), without loss of generality, we assume #; < t, and denote Ar =

t» —t1. We denote

Vi(f) = supsup|[f(t,%)]r(q),

t<T xeR

1/2
() = supsup ([ 150.50) = 100y b )

t<T xeR

and V(f) = Vi(f) +Va(f). We first decompose A([t1,22],x+h) —A([t1,52],x) = A1 + A,

where

n
A] :/O /R[p[ll—s,tz—s}(x+h_y) _p[t1—57;2_s](x—y)]f(S,y)W(ds,dy),

and

Ar— / : [ ams+1=3) = pis (= 9)) (5,9 W (s ).

The computations are carried out analogously to the proof of Proposition 6.7. We have

n
A1 <C [ (An +Ar)ds
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where

All = /I‘Q/R“)[tls’tzﬂ (x—i—h—y-Z) _p[llfsahfs](x_y_z)

= Pty —s,10—s] (X—I—h —)7) +p[t1—s,t2—s] (X—y)|2||f(s,y+z)|]%p(9) ’Z|2H72dydz,

and

A12 = /l%/l'% |p[t1_s,t2_s] (x+h _y) _p[tl_SJz—S] (x—y)‘z

1 (5,3 42) = £ (59| oy |2 *dydz.
Using Fourier transform, these terms can be estimated as follows,

A < CVE(f)
/]Rx/R ‘p[ll—s.,lz—s] (h+y—Z) _p[l‘l—s,tQ—S] (y_Z)

~ Pl—sn- s(h—l—y)—I—p[,l —s,t— s]( )|2|Z|2H_2dydz
<CVR(f) [ [ e IeR e SRR e 1Pt P

<CVy (f)/ReK(tl - |€|2|€ 2yt _ 1|2|ei5h_ 1‘215‘172Hd€,

since

/tl o RER R g < LR g
0 N[4
we obtain

tl K .
/ AlldSSCK_lVlz(f)/ |e—%|5\2_1’2|el§h_1|2‘§|—1—2Hd§
0 R
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SCK_lvlz(f)/ |1_e_%\5|2|2|Sin2(§h/2)|5|—l—2Hd§'
R
By a change of variable the integral

Ii= [ (1= S8R sin® (En/2) 5|12

equals
w148 -
P [ 1= e 2 Rain2 g /2 ) 2

KAt

we then bound 1 — e~ 22 by 1 to obtain I < C|h|?.

On the other hand, another change of variable leads to

1= (kan)” | \1—e-52/212sin2<m5>|5\ 2t g

We bound the trigonometric function sin? by 1 to obtain I < (kAt)H. Interpolating

these two estimates for /, we see that
/ 11— e P2 sin2(ER/2) €]~ dE < Clxett) T (0P, VB € [0,2H].
Hence, we have shown
Ands < cx N (ka) T RBVR(F), VB € [0,2H].
Similarly,

51 3]
[Ca1ads <CVR) [ [ 1pt i (43 = Py 0) Pl

1 th—s —
<cvi(p) [ [Tl eER e

Pds|e™>" —117d¢
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<Cx VR [ 11— e %I Puind(he 2 | 2dg.

The integral on the right hand side can be estimated as before and we get

1—

Fnf . wpeo,1].

1
| Avads < cvip)an
0
Since 1 > 2H — 1, we may choose ' = B to obtain
h -1 2H-f B2
Apds < Ck (K‘At) 2 |h| Vs (f), \V/B S [O,ZH].
0
Hence, altogether yields
2 2 Mb B
41200 < CVE()(B) T8, B € [0,2H].
14212, () can be estimated analogously,

A2y S CV20) [ [ e EF sinl(ng 2018112 + 1),

Taking integration in time first, we see that

42l ) < Cx'VA(P) [ (1= sin2(hg /2) ([ 7124 + 8| 2)ae.

These two integrals can be estimated as before, thus we have

2H-B
1A2]750) < CVA(£) (@A) 2[RI, VB € [0,2H].
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Let us remark that the constants in all previous estimates depends on 7', p and k~!. In
addition, as functions of (p, k'), these constants grow at most polynomial. Hence, the
estimates for ||A; ||%,,(Q) and ||A2||i,,(9) imply the result.

Next we show (3.11). Again, we assume that #; < #,. We begin by writing

|A(t2,x) = A(t1,%) || 2o (@)

_ ‘ I [ pesta=nssowiasan = [" [ p-sc=stowds.ay

+

LP(Q)

[ [ - ste= s asa)|
0 JR Lr(Q)

[ [ peste=) 50w ds.ay

= B1+B;.

(@)

For By, using Burkholder’s inequality and Minkowski’s inequality we have

B o< €

/0 1 /R/R ‘p[ll—st—s] (x—y)f(s,y) — Plt;—s,tp—s] (X—y—Z)f(&y—i—z)}z

1
2

x |z|2 2 dzdyds

)4
2

L2(Q)
1
151 !
= C‘/ //p[zfl—S,tz—S}(x_)’)|f(57)’)_f(say+z)|2|z\2H_2dzdyds )
0o JRJR B
3l
+C'/ //|p[11s,tgs](x_y)_p[tls,tzs](X—y—Z)|2|f(S,y+z)|2
0 RJR
|
2
x|z|2 2 dzdyds )
L2(Q)
1
<

151 z
) (/0 /R/Rp%tl_s’z_s} (= Dlifs:) _f(saerZ)||124v(9)|z|2H_2dzdde)
|
+C(/O /R/R |p[11—s,12—s] (X—y) - p[fl—s,tz—s] (X—y _Z)’2
1

2
x||f<s,y+z>||,%p<g>|z|2ﬂ-2dzdyds)
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< C(BuWa(f)+BVi(f)),

here
1
5] ) 2
Bll = (/ / |p[t],s7t2,s}()€—y)| dde)
0 R
1
0 R
- C(tZ_tl)%a
and

1

151 2
B = ( /O /R /]R !ppl—s,tz—SJ(x—y)—P[zl—s,zz—s}(x—y—Z)|ZIZI2Hzdzdde)

1
! s t—s 2 3 =
= C(/()I/R/l%’e 22 K“§|2_e, ]2 K|§‘2 ‘6152_1’2‘Z|2H2dzd£ds>2
5]
= (Ll
0 JR
H

1
= C(tZ_tl)77

In— H—
2P KIER _ -1 kg

i !5\1‘2Hd€ds> ’

where we have used Fourier transform and some change of variables. Combining these
estimates we obtain

H
B1 <C(n—n)2 Hf||3egoeeoT

since H < % We estimate B, similarly to get
By <Cltr—1))? 6T
2 £ Cl=1) % fl1z M7

Combining the estimates for By and B; yields the result. 0
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6.4 Existence and uniqueness of the solution

In this section we will first given a result regarding the uniqueness of the solution.
Then we will describe the structure of some new spaces which will be used to show the

existence of the solution.

6.4.1 Uniqueness of the solution

In this subsection we give some results about the uniqueness of the solution assuming
that the solution is in some given space. To this end, we first introduce a norm || - || 27

on the random field u(z,x).

||M([,'>—I/l(l‘,'—|—h)||ip QxR ?
||MHSZTP :?l<l¥||u(t7')”LP(Q><R)+[Sl<'1¥ (/R |h|2_2H (@ )dh . (41)

Then the space fff will consist all the random fields such that the above quantity is

finite. The uniqueness result is the following.
Theorem 6.9. Assume

1. For some sufficiently big p, the initial condition ug is in L (R) and
[ o) =0+ ) 22 < . (42)

2. o is differentiable and the derivative of ¢ is Lipschitz and ¢(0) = 0.
3. u and v are two solutions of (1.1) and u,v € QFTP.

Then for everyt € [0,T]| and x € R, u(t,x) = v(t,x),a.s.

221



Proof. Assume that u solves (1.1) and u € ffyf’ . From the mild formulation of the

solution

i) = pro(@)+ [ [ preslx—)oluls, )W ds.dy),

we denote the stochastic integral in the above equation by ®(#,x) and using Fubini’s

theorem we can write

sin(wa)

D(1,x) = p-

/Oz /R(t — r)a—lpt_r(x— 2)Y (r,2)dzdr,

where

V2 = [ [ =5 pr-le=y)oluls.)W (ds,dy).

the value of a will be chosen later. We are going to prove that
sup / (D(t,x) — B(t, x+h) PP 2dh < 0o as. 4.3)
0<r<TxeR
First we bound the difference ®(¢,x) — ®(¢,x+ h) as

|CI)(t x) —P(t,x+h)|

sin(am) / L= prer=2) = pres - h=2) Y (1 2)dzdr

sm(om)
T

IN

/O(f—r)a_lﬂpzr(')—pzr('+h)|lm 1Y (r, )| 2o wydr

here % + 117 = 1. So using Minkowski’s inequality, for some p which will be chosen

later,

/R|d>(t,x)—<I>(t,x+h)|2|h|2H_2dh
([ sin(an) 2
- ()
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t 2
X/R</O (t_r)a_lHp’_’(x_')_p’_r(x+h_')||Lq(R)||Y(F,-)||LP(R)dr)

- (sin(an))z
T
X (/Ol(t—r)“_l(/Rllpt_r(x—')—pz—r(x+h—')||1%q(R)

x 2
2
< (1Y () 20y |h|2H—2dh) dr) |
For the integral
J =)= sl =) g

with the change of variable z — \/t — rz and h — +/t — rh, it yields that

J s =2 = s+ = 2) e ey 122

— (,_,,)—§+},+H/R</R

= C(t—r)

12 1 e
2 — e 0]

NN

q g
q
dZ) ’]’l|2H_2dh

Thus we obtain

/ |D(t,x) — ¢(I,X+h)|2|h]2H_2dh
R

. 2 2
SIN( LT t Ll 11
< C( (7r )) </0 (t—r)a I+5(H p 2)||Y(r")||LP(]R)dr)

t 2 .
¢ (/0 (r— r)q[a_l—i_;(H_;_’l’)]dl’) ' (/0 1Y (r, ')”Z”(R) dr> )

IA
AN
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the first integral is finite uniformly in 0 < ¢ < T if and only if

3 H
SR 4.4
o> 2p+4 5 4.4)
With this choice of o, we get
2
P
/ycptx ®(t,x+h)|*|n|*~ 2dh<c(/ 1Y (r)|7, ) ,
SO
T 2
p
sup / |d>(t,x)—<1>(t,x+h)\2]h]2Hzdhgc(/ Hy(r,->\|§p(R)dr)
0<t<TxeR/R 0
Next we will show that
T
E/O ¥ ()12 gy dr < oo, @.5)

this means that

(S hS]

sup /\cptx ®(t,x+ W) PR 2dh | < oo,
0<r<TxeR

which proves the claim (4.3).
To show (4.5), we note that using the assumption on ¢, Minkowski’s inequality, we

have

E [ [¥(r2)/"dz
= (e ) (uls ) W ds.dy)| dz

IN

CE/IR </0r/Rz<”—S)206 |pr—s(Z_)’)G(l/l<S,y))_pr—s<Z—y—h)G(u(s,y_|_h))|2
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[STaS]

X |h|2H_2dhdyds) dz

CE/ (/ /Rz ) 2% pros(z—y) — pros(z—y—h)[*

x |o(u(s,y+h))|? |h|2H—2dhdyds) dz

+CE/R(/OF/RZ(r—s ) 2P (z—y)|o(uls,y+h) — o (u(s,y))

x |2|h|2H—2dhdyds) dz

IA

[}

[}

= I+11.

Using the assumptions on o, Minkowski’s inequality and the change of variable y —

y+ 2z, we have

I < CE/ (/ /]RZ 2\ prs(z=Y) = pros(z—y—h)?

u(s,y+h)|* ]h|2H2dhdyds) dz

[ShS]

=< (/ L= pes0) = s+ s34 B
4
2
|h!2H2dhdyds> dz
) (/ Joar =97 s )= sl W s s

[STaS]

|h|?H 2dhdyds>

— (/ /R2 20 H -1, )||%p(ng)ds.)

P
2
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Similarly we get the estimate for /1,

S}

2

1< C(/ /Z(r_s)—Za—; ||M(S7'+h) _M(SV)H%P(QXR) |h|2H_2dhdS)
0 JR

Combining the estimates for / and I/ we obtain

E / ¥ (r,2)[Pdz
R

' —20+H-1 2
< C</0 /]Rz(r—S) a ||M(S,-)||LP(QXR)dS.>

—l—C(/O /Rz(l”—s)Zocé Hu(s,-_|_h) _M(S")H%P(Qxﬂ%) |h|2H2dhds) ,

14
2

[S/aS

for the integrability consideration, here we need to assume that o < 171 combining the
restriction (4.4) we see that % + i — % <o< %, this is possible since H > é—lt and p
is big enough. By assumption u € 277, the above expression is finite, uniformly in
r € 10,T]. So (4.5) holds and thus (4.3) is proved.

Next we will prove the uniqueness of the solution. Assume that u(¢,x) and v(z,x)

are two solutions of equation (1.1). Define the stopping times

T, = inf{O <t<T: sup lu(s,x) —u(s,x+h) >0 "2dh > k
0<s<t.xeR R
or sup v(s,x) —v(s,x+h)[*|h|*2dh > k} :
0<s<txeRJR

Then we note that using the property of Itd integral we have

o= E[lgyultn) —Logyp(en)

tATy
/0 /Rpr—s(x—y) [0 (u(s,y)) — o(v(s,)]W(ds,dy)

2
< E
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2
pt—s(x—y)l{Krk} [o(u(s,y)) — o (v(s,y))|W(ds,dy)

2

| pios(x=y) [0 (Lenyu(s,y)) - o (Lseqyv(s,y))| W(ds,dy)
= CE/ / Pres(x—3) = prs(x—y—h)
0 JR?
x| 0 (Lgeqyyu(s.y+h)) — & (Leqyv(s,y+h)) | [n* ~2dhdyds

+CE /Ot /R2 pi_(x—y)[o (Ls<nyu(s,y)) — o (1scqyv(s,y))

o (1jy<qyu(s,y+h))+o (l{KTk}u(s,y +h))] 2|h|2H_2dhdya’s :
then using the assumption of o, we have the following estimate
|lo(a)—o(b)—o(c)+0o(d)| <Cla—b—c+d|+Cla—b|(la—c|+|b—4d]),
applying this estimate to the above estimation, we obtain

2
h<E ‘1{f<Tk}u(tvx) - 1{z<Tk}V(tax>‘
t
B A
0 JR2
2 _
X | Lggeryu(s,y +h) = Lgeqyv(s,y+ )| |h*" ~*dhdyds
t
+CE[) /1%2 plz—S(‘x_y) |:1{S<Tk}u(s?y> - 1{s<Tk}V(S,y)
2 _
—Lyeqpu(s,y+h) + Lgeqyv(s,y+h) | |B* "2dhdyds
t
2
+CE/O /]1%2 plz_s(x—y) ‘1{5<Tk}u(s7y) - 1{s<Tk}V(Sv)’)‘

<151 (!u(s y) —u(s,y+h)|>+|v(s,y) — V(s,y+h)|2> |h|* 2 dhdyds

2
< C/ s)~ SUPE [ Lsryuls,y) = Leqyv(s,y)| ds
+C / (t—s)
0
SuﬂgE/Rl{s<Tk} |u(s,y) - v(s,y) o M(S,y+h) +v(s,y+h)|2 ’hIZH_ZdhdS
ye
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! _1 2
—}—CK/O (t—s) 2suﬂgE‘l{KTk}u(s,y)—1{S<Tk}v(s,y)‘ ds.
ye

Similar with the term /; we estimate the term

2
L = E/R\1{z<Tk}u(I,X)—1{t<Tk}V(t,X)—1{z<Tk}u(t,X+h)+1{z<Tk}V(I,X+h)|
’h‘ZHdeh

< E/R /(:/R[pzs(x—y)—prs(wrh—y)]

2
X [G(l{s<Tk}”(S,y)) - G<1{s<Tk}V(S,y))] W (ds,dy) |h’2H_2dh

' 2
[ [ [ Ipx=3) = pisteh—)
xE|o (1,cqu(s,y)) — 0 (Lgepyv(s,y)) — 0 (Lgaqyu(s,y+1))

IN

2 _ _
+6 (Lseqyv(s,y+1)) | [112H=2\n* 12 dldydsdh

!
+C/]R/O /Rz |ptfs(x_y)_pl‘fs()€+h_y)_ptfs(x—y—l)—|—pt7s<x+h_y_l)|2

2 , _
xE |0 (1iseqyu(s,y+1)) — 6 (Liseqyv(s,y+ 1) | 112720 2dldydsdh,
then we proceed as in the estimate for /; to get

t
_ 2
o< €[ =9""swpE [ (Lyenylulsi) = vis) sy +1) + (s + D))

11*H 2 dhds

!
_ 2
+CK/0 (t—s)1 lsu]gE}l{KTk}u(s,y)—1{s<Tk}v(s,y)‘ ds
ye

! _3 2
4 [[ (1 =913 SupE |1y cpyu(s,y) — ey v(siy) [ ds.
0 yeR
Then using Gronwall’s lemma we conclude that

2
E |1q, qqu(t,x) = 1joqyv(t,x)|” =0, (4.6)
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then we let k — oo to conclude that
E |u(t,x) —v(t,x)|* = 0. 4.7)
This proves the uniqueness. 0

6.4.2 Space-time function spaces

We introduce here the function spaces which form the underlying framework of our
treatments for the uniqueness of the solution. Since these spaces do not belong to
standard classes of function spaces, we describe them in detail.

We denote by Cyc([0,7] x R) the space of all continuous functions on R equipped
with the topology of convergence uniformly over compact intervals.

Let (B,|| - ||) be a Banach space equipped with the norm || -||. Let B € (0,1) be a
fixed number. For every 0 € (0,c0] and every function f : R — B, we introduce the

function V;g) : R — [0,

1

VW= ([ Wren - sl 2Pan)”

When the value of 3 is clear from the context, we will write V/ 5 instead of V}S%) . As

we will see later along the development of the paper, V/ 5(x) plays a role analogous
to the modulus of continuity of f at x around a distance 8. When & = o, we write

V¢ = V¢ . It follows from Minkowski inequality that V' satisfies

Vi (x) = Vs () < Vig5(x) (4.8)

for all 0 € (0,00, functions f,g and x in R. Thus, V is a seminorm.
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Suppose for instance that a function f has modulus of continuity around x as |h|ﬁ o(h).
Then V]% | (x) is majorized by fol @?(h)h~'dh. Thus, in order for V1 (x) to be finite, it
is sufficient that @?(h)h~! is integrable near 0. On the other hand, if V.1 1s bounded

over a domain, then f is necessary Holder continuous.

Proposition 6.10. Let I be a non-empty open interval of R and § € (0,00]. Let f be a

function on R such that sup,.;Vy s(x) is finite. Then

Tl S A ’y|ﬁ i 1.0
xeli|y|< 3 Adist(x,d1) xe

for some finite constant c(P) depends only on B.
Proof. For every x € I and positive R, R < 8, we denote f, g = # ffR fly+x)dy. We

first estimate || f(x) — fy.r|| as follows

170) — el < 5 [ 100 Fx-+ )y

g%(/ 1£G) = £l [P Zﬁdy)l/z(/i'y'”m"y)

1
— R V(ﬁ) 4.10
RPN e AR o

1/2

Let us now fix x € [ and y € R such that |y| < 6/3 Adist(x,dI). We also choose R = |y|.

It follows from triangle inequality that

1fe+3) = O < 1f (e +y) = faryr

|+ [ fetyr = ferl +[1f () = ferll - (411
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For the second term, we apply Minkowski inequality and Cauchy-Schwartz inequality

to get

| frty.R —
_4R2/ / lf(x+y+2z)— f(x+w)|dzdw

1 R 1
SR /_R (/_R||f(x+y+z) f(x+w)||2|y+z_w|—2ﬁ—ldz)

1
R )
(/ |y+z—w|2ﬁ+ldz> dw.
R

Because of the restrictions on the variables,

||fx+y,R _fx,RH < Cﬁ SUI_)Vﬂg(I)Rﬁ .

tel

The first and third terms in the right hand side of (4.11) are estimated in (4.10). Com-

bining these estimates with (4.11) yields (4.9). [

We introduce here a new space which will be used later.

Let %[Tg (B) be the space of all continuous functions f : [0,7] x R — B such that

1. (t,x) — V}B)(t,x) is finite and bounded on [0, 7] x R;

2. 1 f g = sup ||f(z,x)||+ sup Vj(.ﬁ)(t,x)isﬁnite.
X7(B) t<T;xeR t>0;xeR

We equip %[T; (B) with the norm || - || N defined as above. Then %g (B) is a normed

(B)
vector space. In fact, these spaces are complete.

Proposition 6.11. %? (B) is a Banach space.

Proof. Let {f,} be a Cauchy sequence in Z{IT} (B). Since the space C,([0,T] x R;B) of

bounded continuous functions from [0, 7] X R to B is complete, there exists a bounded
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continuous function f : [0,7] x R — B such that

lim sup ||fn(f,X)—f(l,X)|| =0.

"m0 1e[0,T];x€R

Fix € > 0, there exists ng > 0 such that

sup an*fm (t,x) <€
xeR

for all m,n > nyg. It follows from Fatou’s lemma that
< limi <
Vi —r(t,x) <TiminfVy g (,x) < &

forevery ¢ € [0,T], x € R and n > ng. This implies that lim,, ,eo SUp, < 7. [V5,— £ (t,%)| =

0 which means f, converges to f in %g (B). O

When B = LP(Q) with p € [1,00), we use the notations %gﬁp = %?(U’(Q)). A
function f in %[;’p can be considered as a stochastic process indexed by (z,x) in [0, T] x

R such that

1

2
sup | (1.3) (@) +sup ( A ||f(t,x+y)—f(t,x)||§p(g)|y|‘2ﬁ‘1dy) <o,

In the case when o is affine (i.e. o(u) = au+ b for some constants a,b), these
spaces are sufficient to show existence and uniqueness for equation (1.1). On the other
hand, the case of general Lipschitz function ¢ leads to the considerations of additional
spaces, to which we now turn.

For every h € R, let 7;, be the translation map in the spatial variable, that is 7, f (¢,x) =
f(t,x—h). Let Xf be the space of all real valued continuous functions f on: [0,7] x R

such that
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1. (t,x) — V;ﬁ)(t,x) is finite and continuous on [0, 7] X R;
2. For every positive R, lim  sup Vg ;7 1(t,x) =0.
hl0 <7 xe[~R R]
We equip Xﬁ with the following topology: a sequence { f, } in Xﬁ converges to f in Xﬁ
if for all R > 0, the sequences { f,,} and {Vy,_ ;1 } converge uniformly on [0, 7] x [-R,R]

to f and O respectively. We define a metric on Xﬁ as follows

(o]

dﬁ(f,g> _ Z hn Hf_g”nﬁ

LALLM 4.12)

where | - [|,, g is the seminorm

fllug:= swp @0+  sup V().

1€[0,T);x€[—n,n] t€[0,T);xe[—nn]
Since functions in Xﬁ are locally bounded, the topology of Xf is not altered if in the
previous definition, V1 is replaced by V s for every finite positive 6. We emphasize

that replacing & by « would create a strictly smaller space.
Proposition 6.12. Xﬁ is a complete metric space.

Proof. Let {f,} be a Cauchy sequence in Xf . Since the space Cyc([0,T] x R) is com-
plete, there exists continuous function f : [0,7] x R — R such that for all compact

intervals /,

lim  sup |fult,x) — £(t,%)] = 0.

%[0, 1) xel

Let us fix a compact interval I = [—N,N|. Fix € > 0, there exists ng > 0 such that

sup Vi _po1(t,x) <€
x€lt€[0,T]
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for all m,n > ng. It follows from Fatou’s lemma that
anifal(t7x> —_ l%njgfvjnffmal(t7x> — 8

forevery t € [0,T], x € I and n > ng. This implies that V _r | converges to 0 uniformly
on [0,T] x I. In addition, from (4.8), it follows that V.1 converges to V¢ uniformly on
[0,T] x 1, thus the continuity of V, | implies continuity of Vy ;.

It remains to check that f satisfies the condition (2). For every € > 0 and |h| <
1, choose n sufficiently large so that sup;c(o 77, vev—1.5+1] Vfu—£,1(8:X) < €. Applying

Minkowski inequality, for every (¢,x) € [0,T] x [N, N], we have

Ve r—a (%) < Vo rgp,1(8,%) + Vo, 5,1 (8,%) + Vi, p 1 (1,x) <28+ Vi p g1 (2,%).

Since f, belongs to X B limy, 0 8up; (o, 7): xe[-N,M Veufu—fun (£:X) = O which implies f
belongs to Xﬁ .

The next results give some characterizations of the space Xﬁ. [

Lemma 6.13. Let f: [0,T] x R — B be a continuous function such that t — Vy(t,x) is

continuous for every fixed x. Suppose in addition that for every R > 0,

0
lm sup [ fxety) = £ PP dy—o.
610 +€0,7);xe[-R.R]/ —9

Then Vy 1 is continuous and f belongs to Xﬁ .

Proof. Fix R > 0 and € > 0, choose & such that

1)
sup [ ) — ) Py < e
1€[0,T);x€[~-R—1,R+1] /=9
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Then for every ¢ € [0,T]; x € [-R,R] and |h| < 1

Varraex)P<e+  sup  [lmfex) = fex)] [ [y ay.
t€[0,T);x€[~R.R] ly|>é

Since f is continuous, limy—,0 Sup;c(o 7.xe[—r k] || Taf (x) — f(x)|| = 0. Together with the
previous estimate, this yields lim,,o Sup;c(o 7).xe[—r 8] Vars— 1.1 (t,x) = 0 which on one
hand, together with (4.8) implies the continuity of V;. On the other hand, it obviously
implies f € Xﬁ . [
Proposition 6.14. Let ¢ € C*(R) be supported in [—1,1], [¢(x)dx=1,0<¢ <1 and
On(x) = no (nx). Then

(i) If f is a function from [0,00) x R to R and f € XB, then f* @, — f in Xﬁ as

n — oo, where x denotes the convolution with respect to space variable only.

(ii) Cg’l([O, T] x R) i.e., the functions which are continuous in time and continuous
differentiable in space and they go to 0 as the space variable goes to infinity, is

dense in Xﬁ .

(iii) Suppose that f is a continuous function on [0,T] x R such that t — Vy 1 (t,x) is
finite and continuous in time for every fixed x € R. Then f belongs to Xﬁ if and

only if for every R > 0

)
lm sup [ f(ay) = £l P lay =0, @13)
610 +¢(0,7];xe[-R.R]/ —9

Proof. We denote f,, = f * ¢,. To show ((1)), we observe that

Ja(t,x4y) = fult,x) = f(1,x+y) + £ (2,x)
= /R[Thf(tax"i_Y) - Thf(t7x) _f(tax+y) +f(tax)]¢n(h)dh
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and hence, for every x € [—R, R], applying Jensen’s inequality, we get

1
[ alex9) =t = £ e+ £ a0 Py 2Py
1
< / / |Thf(t7x+)’) - Thf(tax) —f(t,x+y) —l—f(l‘,x)|2’y|*2ﬁ*1dy¢n(h)dh
RJ-1

< / sup szhfff,l (r,2)¢n(h)dh.
R r€[0,T);26[~R—1,R+1]

By assumption f belongs to X. p , this integral converges to 0 when n — oo, which proves
(@)

To show ((ii)), we first show that Xﬁ contains Cg’l([O,T] x R). Indeed, if g is a
function in Cg’l ([0,T] x R), by dominated convergence theorem, it is easy to show that
Vgﬁ (t,x) is finite and continuous in time for every fixed x. Moreover, for every R > 0,

we have

1)
sup / 8(t,x+y) —g(t.x)|ly| P ay < ||3xg||oo/ yI'*Pay.
1€[0,T);x[-R,R]/ —6 ly|<&
Lemma 6.13 implies g belongs to Xﬁ . Together with ((1)), this yields ((ii)).

The sufficiency of ((iii)) is in fact Lemma 6.13. We focus on the necessity of
(4.13). Assume that f belongs to Xﬁ, fix R > 0, € > 0 and choose g in Cg’l so that

SUP;¢0,7]: xe[—R,R] Vg1 (f,X) < €. Then for every & > 0 we have

0
sup [ [fax+3) = F(t.2) Ply| 2P ay

t<T;[x|<R
2 8 21.1-2B—1
<2e>+  sup lg(t,x+y) —g(t,x)["|y] dy.
t<T;|x|<R/—6

Since g is Cg’l, the last term converges to O when & | 0 and since € can be chosen

arbitrarily small, this implies that f satisfies the condition (4.13). [
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Corollary 6.15. Xﬁ is a Polish (complete and separable) space.

Proof. Completeness comes from Proposition 6.12. For separability, we invoke Propo-
sition 6.14((ii)) and the fact that the functions in Cg 1 ([0,T] x R) can be approximated

by polynomials with rational coefficients. [
Proposition 6.16. The inclusion Xﬁ C X§ holds continuously for B > a.

Proof. Suppose f belongs to Xﬁ . Fix n > 1, by Proposition 6.10, we see that

sup | f(t,x+y) —f(e.x0)] <C sup VIR (o)l
t<T;x|<n t<T;|x|<n+1

for every |y| < 1. Hence forevery t < T, |x| <n

[ s =Pty <e s v,

t<T3)x|<n+1 '

is finite. The continuity of (7,x) — [, < |f(x+y) — f(7,x) ?y| 2%~ 1dy follows at once

from dominated convergence theorem. [

Next we derive a compactness criteria for Xﬁ . We first recall some well-known
facts. An e-cover of a metric space is a cover of the space consisting of sets of diameter
at most €. A metric space is called totally bounded if it admits a finite €-cover for every
€ > 0. It is well known that a metric space is compact if and only if it is complete
and totally bounded. The following lemma is the key ingredient for many compactness

results

Lemma 6.17. Let X be a metric space. Assume that, for every € > 0, there exists some
0 > 0, a metric space W, and a mapping ® : X — W so that ®(X) is totally bounded,
and whenever x,y € X are such that d(®(x),P(y)) < 6, then d(x,y) < €. Then X is

totally bounded.
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The proof of this lemma is elementary, we refer readers to Lemma 1 in [48] for

details. The following result characterize compact sets in Xﬁ .
Proposition 6.18. A ser § in Xﬁ is relatively compact if

1. sup ez |f(0,0)] is finite;

2. Forevery fixedx € R, {f(-,x) : f € §} is equicontinuous in time;

: 5
3. Forevery R>0, 1img o Sup re 5 SUp;c(o 7):xe[- & R /-5 |/ (£,x+Y) = f(,%)
0.

2 dy  _
|y|l+2ﬁ

Proof. Suppose that § satisfies the 3 conditions. We first observe that the condition
3 together with (4.9) implies the following equicontinuity property: for every R > 0,
for every € > 0, there exists 1 > 0 such that sup,¢(y 7| f(2,x) — f(t,)| < € whenever
f €& and x,y € [—-R,R] such that |x — y| < 1. Together with condition 2, this implies
equicontinuity for § in (¢,x) € [0,T] x [—R, R]. Indeed, take N to be a sufficiently large
integer, we can set x; = —R + I%R, j=0,1,...,2N, according to (2), {f(-,x;) : f € T}

is equicontinuous in time, uniformly for j =0,1,...,2N. By writing

[ (,) = f(5,2)] < Uf(50) = f @ x) |+ 1 (05x0) = f (s500) [+ [ £ (s,x0) = f (s, %)

and x; is chosen such that |x —x;| < 7, this shows the uniformity in x.
Fix R > 0 and € > 0, from condition 3, we can choose a positive number 0; = 9 (&),

01 < 1, such that

8 dy
2sp  swp [ flery) — fl0P gy < 6
€T €[0,T);x€[—R,R] /=61 ||
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We now choose & < € such that

dy 2
2 / (38,) <€’
y[>8 y|1+2P

By the equicontinuity, we can choose a positive number 11 = 1(€), 1 < 1, such that
| f(t,x) — f(s,y)]| < & whenever f € § and (¢,x),(s,y) € [0,T] x [-R—2,R+2] so
that |t —s| + [x —y| < 7n. Since [0,T] x [-R — 2,R + 2] is compact, we can find a
finite set of points {(¢z,x;) : 1 <a,i <n} in [0,T] x [-R —2,R + 2] such that every
(t,x) € [0,T] x [-R—1,R+ 1], there is some (f4,x;) so that |t —1,| +|x—x;| < 1 and
xj—1,x;j+1] C[-R—2,R+2].

Define ®: § — R"’ by

D(f) = (f(tg,xi) : 1 <a,i<n).

Condition 1 and equicontinuity imply the image ®(F) is bounded and thus totally
bounded in R™.

Furthermore, if f,g € § with ||®(f) — P(g)||« < 8, then since for any (z,x) €

[0,T] x [-R—1,R+ 1] there are some a, j so that |t —#,|+ [x —x;| <7,

| (,20) =g (1, 0)| < [F(1%) = f (tas X)) | 41 f (1 %) = 8 (80,6 ) | + |8 (1, ) — 8 (2,%)| <382,

and sO Sup;c(o 7]:xe[-r—1,8+1] [/ (£;X) — &(t,x)| < 38,. In addition, for every (t,x) €

[0,T] x [-R,R],

(B) ) dy
V.mo(t,x) <4 sup / h(t,x+y)—h(t,x)|"——=3
f g,l( ) h=forgJ|y|<61 ‘ ( ) ( )’ ‘y|1+2ﬁ

d
4 s |fr) g =P
re(0,7);z€[~R—1,R+1] NELEN
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‘We have shown

d
sup [ 1f(tx+3) = £0,%) —glox-+) (1.0 g < 1262,
t€[0,T];x€[~R.R] /R [y|

provided that ||P(f) — P(g)|| < 8. Therefore, by Lemma 6.17, the set § is totally
bounded in Xﬁ . [

A useful consequence is the following

Corollary 6.19. Suppose oo > B. Let § be a subset of X§* such that § is equicontinuous
in time for every fixed x and Sup yczSUp,<7.|x<g ngolt) (t,x) is finite for every positive R.

Then § is relatively compact in XYI? .

Proof. It suffices to check that § satisfies condition 3 in Proposition 6.18. Applying

(4.9), for 6 small enough, the assumption on § implies

sup sup |f(t,x+y) — f(t,x)| < Cly|*
feZ 1<T;|x|<R

for all |y| < &. Hence,

sup  sup F(tx+y) = fle,2) Py 2P dy < C/ PP ay
FEF 1<T;|x|<R”I¥I<8 y|<d
which clearly implies condition 3 in Proposition 6.18 since a > 3. O

Let XI; (B) be a subset of %? (B) consisting of functions f in %[; (B) such that V;ﬁ )
is continuous and bounded on [0,7] x R. We equip il; (B) with the topology of uni-

form convergence over compact sets. More precisely, a sequence {f,} is convergent
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in il; (B) if and only if f, and Vy,_ converge uniformly over compact intervals of
[0,T] xR to f and O respectively. Similar to Proposition 6.11, it is easy to check that

i"[; (B) is complete with this topology.
Proposition 6.20. Suppose that a set § in Z%IT} (B) satisfies
1. Foreveryt €[0,T];x € R, F(t,x) :={f(¢,x): f € §F} is relative compact in B;

2. Forevery fixed x € R, {f(-,x): f € §} is equicontinuous in time;

1)
3. Forevery R > 0, limsup sup / £ (t,x+y) — f(2,%)]]? =0.
810 feFref0,T);xe[—R,R]/—0 [y[1+2P

Then § is relatively compact in .’%L; (B).

Proof. We first observe that the condition (3) together with (4.9) implies the following
equicontinuity property: for every R > 0, for every € > 0, there exists 7 > 0 such that
supepo,r] I/ (#,x) — f(2,y)|| < € whenever f € §and x,y € [-R, R] such that [x—y| < 7.
Together with (2), this implies equicontinuity for § in (¢, x).

Fix R > 0 and € > 0, from (3), we can choose a positive number §; = 8;(¢€), 8 < 1,

such that

o1 dy
dsp s [y = flen) Py < 6
[—R,R] Y —61 |y|1+2P

fe€F1€0,T];xe

We now choose & < € such that

dy 2
4 / (38,)° <e
¥[8 |y|1+2P

By the equicontinuity, we can choose a positive number 11 = 1(€), 1 < 1, such that
Hf(tax) _f(svy)H < 62 whenever f € § and (Z,X),(S,y) € [OaT] X [_R_27R+2] SO

that |[r —s|+ |x —y| < n. Since [0,T] x [-R —2,R+ 2] is compact, we can find a
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finite set of points {(¢z,x;) : 1 <a,i <n} in [0,T] X [-R —2,R + 2] such that every
(t,x) € [0,T] x [-R—1,R+ 1], there is some (f4,x;) so that |t —1,| +|x—x;| < 1 and
xj—1,x;j+1] C[-R—2,R+2].

Define ®: § — B” by

DO(f) = (f(tg,xi) : 1 <a,i<n).

Condition (1) implies the image ®(F) is relative compact and thus totally bounded in

2

B
Furthermore, if f,g € § with ||®(f) — P(g)|l« < &, then since for any (z,x) €

[0,T] x [-R—1,R+ 1] there are some a, j so that |t —#,|+ [x —x;| <7,

17 (#,%) = & (8, 0)[| < (1 (25%) = f (s ) || 41 f (s ) = 8 (s ) ||+ |8 (s %) — 8 (2,2) | < 362,

and so sup;c(o 7] xe[-r—1,8+1] | f(t:x) — &(t,x)[| < 3&. In addition, for every (t,x) €

[0,T] x [-R,R],

dy
V7 (1,x) <4 sup A (t,x+y) —h(t,x)|>
/=8 h=forg/|y|<éi |y|1+2ﬁ
dy
+4 sup ”f(r,Z) _g(raz)Hz 1428
re0,T);z€[-R—1,R+1] y>8 [yl

<2e2.

‘We have shown

1 dy
sup [ flex43) = £le%) = gt 9) + gle,0) Py < 1262,
t€[0,T];xe[~R,R] Y —1 1yl
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provided that ||®(f) — ®(g)|| < O2. Therefore, by Lemma 6.17, the set § is totally
bounded in X% O

Proposition 6.21 (Left composition). Let ¢ be a Lipschitz function on R and f be a
function in Xﬁ . Suppose that for every fixed x, the map t — Vgor,1(t,X) is continuous.
Then o o f belongs to XTI? . Furthermore, if f, is a sequence converging to f in X b , then
for every positive R

lim sup Vgofn,c;of’l(l‘,x):o.
n t<T;Jx|<R

Proof. We first show that o o f belongs to Xﬁ. We have

/y<5 (O (f(tx+y) = o (f(t.x)) Py 2P~ dy < |’6H%ipng76(t>x)

which together with the criterion ((iii)) in Proposition 6.14 imply that o(f) belongs to
xP.

For the second assertion, for every positive R, fix € > 0, choose & > 0 so that

IN

sup - V(£)—o(f),8(t:%) sup  Vo(r)s(t,x)+  sup V(s s(t,x)

t<Ti|x|<R t<T;|x|<R t<T;|x|<R

sup an_‘g(t,x)+ sup Vf75(t,x)

t<T;|x|<R t<Ti|x|<R

sup Vi _rs(t,x)+2 sup  Vs(t,x)
t<T;|x|<R t<T;Jx|<R

£,

IN A

N

then we bound

sup Vo(£)—o(f),1(t:X)
t<T3x|<R
1/2
< cexcloluy s 1) fanl ([ b )
y

1<T;|x|<R+1
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We conclude the proof by passing to the limit n — oo. O

6.4.3 Probability measures on Xﬁ

To show the existence of solution to equation (1.1) we need some tightness arguments
of the probability measures defined on Xﬁ . Let P,, be probability measures on Xﬁ. We

have the following result.
Theorem 6.22. The sequence {P,} is tight if these three conditions hold:

1. For each positive 1, there exist a and ny such that

P.(fexP 170,00 >a)<n, n>n, (4.14)

2. For every x € R, positive € and 1, there exist 8, 0 < & < 1 and nq such that

Pn<feX7‘?: sup If(t,x)—f(s,x)\ze>§n, n>ny, (4.15)

st<T;|t—s|<b

3. Forevery R > 0, for each positive € and 1, there exist € (0, 1) and ny such that

o)
Pn<f€X£1 sup \f@m+y%aﬂnﬂfwfm‘wy2€>§n, n>ny,

1<T:|x|<R/—6

(4.16)

Proof. Without loss of generality we assume ng = 1. For a given small positive number

1M, choose a so that
B.
P, (feXf:1£(0,0)2a) <m, n>1,

fix such a, we denote

B:{fexfﬂfmﬁﬂ<a},
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according to condition (3), for any integer k, N, we choose and fix 9y such that

O

1
K (f eXf: sup |f<r,x+y>—f(r,x>|2|y|—2ﬁ-‘dy2ﬁ)*énz—k—N, nz1,

t<T;|x|<N — O
for such &y, we denote

SN

e 1
AkN:{feX{?: wp [ (e ty) - 0PI 1dysk—2}.
1<T;|x|<N /=6

Then for each X € [-N,N|N ‘S"TNZ, where Z is the set of integers, we note that the

number of such ¥ has order %, we choose 8], () according to condition (2) such that

P, <f€X£3 : sup \f(t,)?)—f(s,)?)|2k1—2> §n3kN2_k_N, n>1,

t755§T7|[7S|§6]£N(i)

and denote

BkN(-f):{fGXﬁ: sup |f(t7f)_f(s7f)|§%}v

17S7ST7|1‘7S‘S6/£N(5E)

set By =N Sox ZBkN()Z), it is easy to see that
3

X€[-N,NIN

- N L e
PuBiy)< L Pu(Biy(®) < Condw2 " <Cn2” W,

fe[-N NN %Y

then we set A = Mg y(Axy N Biy) N B, then according to Proposition 6.18 we see that
the closure of A is compact in xP , and P,(A°) > 1 — Cn. This shows the tightness of

P,. [l

The next lemma gives the criterion that if a process is in X5, then its paths almost

surely lie in the space Xﬁ for some f3.
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Lemma 6.23. Let [ be a stochastic process in %%’p with pa. > 1. Assume that f is
continuous in time almost surely. Then f has a version f such that with probability

one, f belongs to Xﬁ forevery B < a — %.

Proof. Since f belongs to Z{%’p , Inequality (4.9) implies

‘|f(t7x+y)_f(t7x)HLF’Q 20—
sup sup 5 D e sup [ f ) fe 02yl 724 dy.
t<T x,yeR |y‘ t<TxcR/R

Then by Kolmogorov continuity criteria, f has a version f such that with probability

one, f satisfies

sup | f(t,x4) — F(1,x)] < ClyP

t<Tx|<n
for every n and |y| < 1, where ' is fixed such that < ' < @ — 1/p. This implies
a.s. V;ﬁ;)(t,x) is finite and V]g@ satisfies the condition (4.13). The continuity of ;ﬁ;)

follows from dominated convergence theorem. These facts imply f belongs to Xﬁ

almost surely. ]

The following proposition states that under some conditions, a sequence of pro-
cesses u, can be regarded as a tight sequence of probability measures on the space
xP
Proposition 6.24. Assume that ot,A € (0,1), pa>1, pA >l and < o0 — %. Let {u,}
be a sequence of stochastic processes such that

1. lim limsupP(|u,(0,0)| > 0) =0,

6—roo n

A

2. Forevery s,t € [0,T] and x € R, sup |[un(t,x) — un(s,%)||1r(q) < Clt =
n

3. sup ||uy || par is finite .
n T

From Lemma 6.23, the law of u, can be considered as a probability measure on Xﬁ . In

addition, as probability measures on Xf , {un} is tight.
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Proof. This proposition can be easily proved using the same idea as in the proof of

Lemma 6.23 and Theorem 6.22, we omit the details. O]

6.4.4 Existence of the solution

The main result of this subsection is the the following existence result.
Theorem 6.25. Assume that for equation (1.1),

1. For some sufficiently big p, the initial condition ug is in L (R) and
[ o) =0+ ) 22 < . 4.17)

2. o is differentiable and the derivative of ¢ is Lipschitz and ¢(0) = 0.

. . . . 1-H 1-H .
Then there exists a solution u to (1.1) with paths in the space X; ~, where X; s

defined by the condition (2) and with the metric (4.12).

Proof. We will adopt the idea from [44]. We consider the regularization of the noise,

which is smoothed in space. Indeed, for € > 0 and ¢ € H we define:

wito) = [ [ Ipexolsomwiasa = [ [ [ plspels—yWias.aviar.
(4.18)

where p;(x) = (27rt)’%e’x2/ 2. Notice that relation (4.18) can be also read (either in

Fourier or direct coordinates) as:

EW (oW W] = cu [ [ Fos.&) FyE)e 5 el Magas

= e [ [ [ @ls0sete—y)wis.y)dsdvas
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L 2 T
where f is given by: fe(x) = .Z (e €I¢I°|E|'~2H). In other words, our noise is still a
white noise in time but its space covariance is now dictated by f¢. Note that f¢ is a real

positive definite function, but is not necessarily positive. We however have
EW(p)]* <EIW(9) (4.19)

for all ¢ in H.
For every fixed € > 0, the noise W¥¢ induces an approximation to equation (2.10),

namely:

00 = paol)+ [ [ pesle o, Wids.dy), 420

where the integral is understood in the It sense. Since |& |12 ¢¢ 5P is in L! (R), | fel
is bounded, using Picard iteration it is easy to see that (4.20) has a unique random field
solution, and by estimating the pth moment of |u®(z,x) — u®(¢,x’)|, we see that each
solution u?(¢,x) is Holder continuous in space with order 3 for all B € (0, 1), thus we
conclude that ¢ in %?’p for all B € (0,1). However, using (4.19) and (3.4) (it is not
hard to see that (3.4) also applies to the approximate solution u®(z,x))and Gronwall’s

lemma, we can obtain the following uniform bound

sup [u| yp.» < oo
>0 T

forall%—H<B <H.

Then Proposition 6.10 together with Kolmogorov continuity criteria implies that
almost surely, u® belongs to Xﬁ for B € [1/2—H,H). In addition, we can show that
u® is Holder continuous in time. With these properties, we can check that the three

conditions in Theorem 6.22 are satisfied, thus ue (considered as probabilities measures
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on Xﬁ) are tight and hence weakly relatively compact (i.e. relatively compact in the
topology of distributions)(see also Proposition 6.24) .

We will use Lemma 6.26 to prove that the sequence u¢ actually converges in proba-
bility. To apply this lemma, we consider now two sequences u, := ug,, and u; := ug,, &,
and g, converge to 0 as m and k go to infinity respectively. The triplet (u,,, u;, W) is con-
sidered as probability measure on %8 := XY% H Xé My Cuc([0,T] x R). Since {ug} is
weakly relatively compact, there exist a subsequence (um(k) UL ()5 W) which converges

in distribution as k — co. Thus, by Skorokhod embedding theorem, there is a proba-

/

bility space (Q',.%#’,P’) and a sequence of probability measures z; = (um(k),u;(k),W’ )
on A such that z; has the same distribution as (um(k) U (k) W) and z; converges almost
surely (in the topology of %) to (u/,v/,W’). By Lemma 6.28 we see that both ' and
V' are solutions to equation (2.10), with W replaced by W’. Then by Lemma 6.27 and
the uniqueness result Theorem 6.9 we see that ' =V in XT% 7 From Lemma 6.26
we see that u, converges to some random field u in XT% _H, in probability, passing to
a subsequence if necessary, we see that ue converges to u in X]% e a.s., then another
application of Lemma 6.28 we see that u satisfies equation (2.10). Thus the existence

of the solution is proved.

O

Lemma 6.26. Let £ be a Polish space equipped with the Borel 6-algebra. A sequence
of E-valued random elements z, converges in probability if and only if for every pair of
subsequences 7;, 7, there exists a subsequence wy := (zl(k),zm(k)) converging weakly to

a random element w supported on the diagonal {(x,y) € EXE :x =y}.

Lemma 6.27. The approximate solutions ug satisfy the condition
sup ||ug||ng < o, (4.21)
€
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1
. . 5—H . .
Furthermore, if ug — uin X2 = a.s., then u is also in Z7.

Proof. Recall the covariance of the regularized noise is given by

E[W*(s,y)W®(t,x)] = 6(s —1) fe(x—y),

|1—2He—s|e§\2

where f¢ is the inverse Fourier transform of |& , which is bounded for each

fixed €. We will use Picard iteration to show that for each €, u, € ngp . Then we will
use the Gronwall’s lemma to show that the norms in QFT"’ of ug 1s bounded uniformly in

€. To this end, we first define

g (,%) = uo(x),

and

2 0,2) = pa()+ [ [ =)o (u(5.9)) We(ds. dy).

Then by Burkholder’s inequality we have

Elul™(t,x) — ul” (t,x)|7

! 4
- E\ [ [ st )lotal?t.9) — oale ™ 5,90 Weds. )

IN

CE /0 [ P ypie (e =)o () = o s.y))

S|

2

x[o(ul” (5,2) = o (ul" " (5,2))] fe(y — 2)dydzds

q
2

IN

cE|[ ( [ prestx =yl (5.) - c<u§"”<s,y>>|dy)2ds

q
2

IN

bl

; 2
CgE/O (/Rp,_s(yﬂu‘(g")(s,x—l—y)—u((gn_l)(s,x+y)|dy) ds
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taking the integral with respect to the space variable and using Minkowski inequality

we obtain

p
LP(R)

¢ 2
) (/Rpt_s<y>|ué"><s,y+->—ué"‘”<s,y+~>|dy> “

cE( [ t ( [P
G ( A

hence we conclude that

B[, ~ul 1)

IA

C:E

2
-6, ) as

IN

; - 2 5
ug )<s’ )= ug 1)(s’ ) HU(QXR) ds) ’

IN

2 2

t
<C, /
LP(QxR) 0

Using Gronwall’s lemma we see that for each fixed &,

ds,

e 5,) =V (5|

() =l

sup [[ue(, ) | Lo (@xr) < -
1<T

Next we estimate the second part in the norm of fo’ . Instead of Picard iteration, we

directly estimate u, to obtain

/EW&@@—%@J+MW&
R

< c /]R patto (x) — prtto (x+h)|Pdx

+Q/E
R

< € [ Ipofe) = prao(e+-1) s

[}

2

/Ot (/Rlpt—s(y)_pt—s(y+h)||ug(s’y+x>|dy) dsl dx
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[/

+(/Ot (/]R|pt_s<y)_pt_S(y+h)|dy)2||u£(s7')||%p(Q><R)ds> |

thus we obtain

dh

/ e (2,-) — e (t, + )| 7oqum)
R

|h‘2’2H

1peuto(-) = peuo (- +R)I[Z gy
< C/ |h|2—2H

» Drs(y+h)|dy)?
+C8// el |h|2—t2;1 | ‘”’d”ﬂ?””s(s")”%ﬂ(m)
S

So we conclude that for each fixed €, u; € Qpr . To prove the norms of ug¢ in Qpr are

uniformly bounded in €, we note that since u, satisfies the equation

elt.) = prto) + [ [ (=)0 ue(5:))  pel )W (ds. ),

then
E|u8(t7x>|p
< C|pruo(x)|?
P
t 2
e (/0 L1 (presr=)0 (e(s,) <é>|2e-8'52|é|1—2Hd5dS)
< C|piuo(x)|?
Cr D —y) O (ue(s,y)) — pros(x—y —2) 0 (e (5,y +2))|?
+CE ( 1L, . dzdyds
5
< Clluoll7pg) + </ t—s)” /H”s s,7) — ug(s '+h)||%p(QxR)|h\2H2dhdS>

e[ el M)
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similarly we get

/ [ue (2,-) — uelt +h)||I%P(QxR)|h|2H_2dh

< C/ l|luo(+) —MO('-l-h)HIzj )|h|2H_2dh
+C// H 1””8 )_ug(s7'+l>||[%p(ng)|l|2H_2dlds

4 [0 52 5, oy -

Thus combining the above estimates we obtain

”us(t;')”ip(QXR)+/R||M8(l’,~)—ug([7.+h)|’%p(QXR)’h‘2HZdh
< CHMOHip(R)—FC/ Huo(.)_uo(.+h>||%ﬁ(R)‘h|2H72dh
t
A€ [ =57 el e s

0= o) 5 e 7 et

lemma to the above inequality to show that

sup el | g < oo.
>0

1
. . . Li-H
Next we prove that u is in 27”. Since ug — uin X7 — a.s., so for each 7 and x ug (r,x) —

u(t,x) a.s. Thus by Fatou’s lemma,

P
[t Mernm) = (E im e 1. x>|de)

R e—0

im (& [ ue(rnrax) " <c.
£—0 R

IN
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then we conclude that sup, . [[u(?,")||zr(@xRr) i finite. On the other hand, for each x

and h we have |ug (t,x 4 h) — ue(t,x)|*> — |u(t,x+h) — u(t,x)|?, so by Fatou’s lemma

dh

/ Hu(tv'—f_h)_u(t")H%}’(QxR)
h]<1 |22

liﬂs—m Hu(t7 ' +h) - u<t> ')H[%P(QXR)
/ dh
<

h|2-2H

et + ) = (2, ) 2 )

< lim [h[2—2H

e—0/ <1

dh,
for the integral when |A| > 1, we simply bound ||u(z,- +h) — u(t, -)H%,,(QX]R) by

2 u(t,)|r@xr),

so we can conclude that

||u(t7 . +h) - u(ta ')H%P(QXR)

sup — dh < oo.
1<T JR | h|2 2H
Together with the previous estimate, we conclude that u € Q”f . O

Lemma 6.28. Let u,(t,x) be a solution to the equation

n(1,%) = prtto () + /0 ’ /R pr ()6 (n(5,3)) W' (ds, dy)

where W, is defined in (4.18) with € defined by €, such that as n — oo, &, — 0.
We assume the following conditions

1
. N . 5—H
1. with probability one, u, converges to win X;

2. sup, | g < e
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1
Then u belongs to X7 "2 ind forany fixedt <T and x € R,

/Ot /RplS(x—)’)G(un(s,y))W”(ds,dy)
converges to

/Ot /Rpt—s(x —y)G(u(s,y))W(dS’dy)
in L*(Q) as n — .

Proof. First we note that

Ot/Rp,s(x—y) (u(s,y))W"(ds,dy) //pt s(x—=y)o (u(s,y))W(ds,dy)
= 8| [[ [ s 0(0.9) *pe] G)W s

2

_ / / pi-s(x—y)o (u(s,y))W (ds,dy)

F (pr—s(x—-)o (u(s,-)) (&) |§|' P dgds,

which obviously converges to 0 as g, goes to 0 because of the finiteness of

B[ 17 (a0 (u(s.)) ()P ]2 ags

which can be seen from (6.7) and Fatou’s lemma since u,(f,x) converges to u(t,x) a.s.
for each 7 and x.
It remains to show that

lim E

n—yoo

—s(x =)0 (un(s,y))W"(dy,ds)

2

_/Ot/Rp’_s(x_y)o-(“(s>y)>W"(dy,ds) 0
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Because of our assumption on W, this moment is mojorzied by

E‘ /0 t /R Pi—s(x =) fu(s,y)W (ds,dy) 2

where f, = 6 ou, — o ou. Using Proposition 6.21 we see that f,, converges to 0 in

1_
X7 " Then an application of Lemma 6.29 completes the proof. [

31/2—H,2
EE

Lemma 6.29. Suppose f, is a sequence of stochastic processes in %[;’p NXy ith

B >1/2—H and p > 2. We assume that
1. With probability one, f, converges to 0 over compact sets of [0,T] x R;
2. Forevery x € R, sup, E|f,(t,x) — fu(s,x)|> < C|t — s|* for some positive A,
3. SI;p Hf””x?” < M where M is a finite number.

Then for everyt < T and x € R

/0[/Rpt_s(x_y)f”(suy)W(ds,dy)

converges to 0 in L*(Q).

Proof. We first show that {f,} is relatively compact in %%711’2. For this purpose, we
verify the three conditions (1)-(3) of Proposition 6.20. Condition (2) in Proposition
6.20 is evident from (2). Condition (3) in Proposition 6.20 is verified by combining the
following facts: f;, is bounded in X?’P , p>2,B>1/2—H and inequality (4.9). To
verify condition (1) in Proposition 6.20, we fix 7, x and note that (1) implies f,(¢,x) con-
verges almost surely to 0. On the other hand, E|f,(¢,x)|? is uniformly bounded. These
two facts imply {f,(¢,x)} converges to 0 in L>(Q), thus condition(1) in Proposition

6.20 is verified.
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Furthermore, condition (1) ensures that 0 is the only possible limit point of { f,,} in

“A—H?2 . s A-H2
X7 7. We conclude that f,, converges to O in X7 .

By It6 isometry, we see that

E’/Ot/Rp,_s(x—y)fn(s,y)W(ds,dy) 2 :E/Ot | pr—s(x— .)fn(s7.)||éds.

Using (3.1), we have

1pe—sr =) fus, )
SC/ / P—s(x =y = 2) fu(8,y+2) — pros(x =) fuls,9) P |22 2dydz
RJR
< C/ / |Pt—s(x—y—z) _pt_s(x_y)|2|f’1(s7y+z>|2|Z|2H_2dydz
RJR

+C/R/R‘ptS(x_y>’2‘fn(s,y+z)_fn(s’y)‘2’Z|2Hzdydz,

Thus
E|lp(x—)fuls,)If; < CUL+ 1),
where
J = /R/R|Prs(x—y—z) _pt*S(x—y)|2Efnz(S,y+z)!z]2H*2dydz
and

1= [ [ 1p s ) PEI s+ 2) — s )PP vz,

Now for every fixed € > 0 and R > 0, choose 7 so that

sup Ef2(s,y)+ sup [ E[fu(s,y+2) = fuls,y)[*|y|* 2dy < €
S<TibI<R s<Tiy|<R/R
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By making a shift in y,

Ji = /R/R|pt—S<x_)’> — pr_s(x—y+2)PEf2(s,y)|z|*2dydz

< / V> (t —s,x—y)dy sup Ef;(s,y)
y—x|<R lyI<R

+ sz(t—s,x—y)dysup sup Ef,%(r,w)
ly—x|>R n r<T;weR

<Ce+CM sz(t—s,y)dy.
y[>R

Similarly,

J, < Ce+CM pi—s(v)[*dy.
[y[>R

We now choose R sufficiently large so that

/Ot/|y|>R[|p”(y>|2 +V(t—s.y)dy <e

then E||pi—s(x — ) fu(s, ) Hi{ < Ce for n sufficiently large. This implies the result. [

Recall the space f{‘g ¢ defined in (3.3), using the same idea as in the proof of Lemma
6.27 we can show that u € %’5 ¢+ Thus in Proposition 6.7 if we take f to be the solution
to equation (1.1) u#, and combine it with the mild formulation of the solution, we will

get the bound

1

lulley, < Clluoll=+C/plull g, (k%207 % ek d07 4 pexH04 "),

H
2

1_H,  1,H )
now we choose € = k3~ 207372 to obtain

H_ 1

H_1, H
lullxp < CH+CV/pllullxy k272672,
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H_1 H

then choose 6 such that C,/pk2726"2 = %, that is

1 1 1 11 1
191 1 L
0=Cpix H, ande =CK¥ 2p2

the above inequality will give the bound
el <C.

Summarizing the above estimates, we have the following theorem about the moment

bound.

Theorem 6.30. Assume the conditions in Theorem 6.25, then for the solution we have

the following moment bound

11

sup [lu(t, %) || () < CePTE T
xeR

S

and

1

2 1
sup </ ||lu(t,x+y) —u(t,x)]|%p(g)‘y‘2H—2dy> < Cﬁ‘ﬁpﬁ—zeﬁpﬂx
xeR R

If, in addition, we assume that the initial condition ug is Holder continuous with order

Y, then by Proposition 6.7 we have

SSS

Jua(e, %) = (s, )o@y < C(lr = 5| 272+ [x = y[7) (4.22)

forall s,t €]0,T] and x,y € R.
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6.5 The Anderson model, existence and uniqueness

In this section we will study the special case of equation (1.1) when the function o is
the identity. This is a continuous version of the so-called parabolic Anderson model. In
this case equation (1.1) is reduced to

u B K d%u

E—EW—FMW (51)

with deterministic initial condition u(0,x) = ug(x). With some restrictions on the initial
condition up(x), the existence and uniqueness of the solution to this linear equation
stems directly from Theorem 6.9 and 6.25. However, we shall prove this result again
by means of two different methods: one is via Fourier transform and the other is via
chaos expansion. We include these developments here for two reasons: first they lead
to proofs which are shorter and more elegant than in the case of a general coefficient o;

secondly, the assumptions on initial conditions are different.

6.5.1 Existence and uniqueness via Fourier transform

In this subsection we discuss the existence and uniqueness of equation (5.1) using tech-

niques of Fourier analysis.

The spaces of functions adapted to the linear equation (5.1) are of the following
form: we denote by ¢ the class of functions f : R — R such that there exists g € L?(R)

such that f = Il/ 2-H

g. On the other hand, let % be the set of functions f € L?>(R) such
that [ | F f(E)?|E|' "2 dE < 0. These spaces are the time independent analogues to

the spaces .7 and .7 introduced before. Recall that the inclusion ¢ C ¥ is strict.

In the next theorem we show the existence and uniqueness result assuming that the

initial condition belongs to ¢ and using estimates based on the Fourier transform in
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the space variable. To this purpose, we need to introduce a space # (H) which is an
analogue to H in Fourier modes. Its is defined by the following semi-norm on spatial

processes defined on R:

X0y = [ EIZXE)P] (1+18]'27) a&.

Accordingly, for a fixed horizon T > 0, we denote by #7(H) the space of %-valued

predictable processes u such that

leell % ey = sup_ et )15 gy < oo (5.2)
t€[0,T]

‘We now state a convolution lemma.

Proposition 6.31. Consider a function uy € %y and zlt <H< % Foranyv € ¥7(H) we

set V.=Ty(v) in the following way:

V(t,x) ZPIMO(X)+/Ol/Rpt—s(x_y)v(s7y)W(dsady)7 t€[0,T],xeR.

Then Ty is well-defined as a map from V7 (H) to V7 (H). Furthermore, there exists two

positive constants cy,cy such that the following estimate holds true on [0,T|:

t
V) By < et ol + 2 [ (=522 o(s, By ds. (53

Proof. Let v be a process in ¥7(H) and set V =I';(v). We focus on the bound (5.3) for

V.
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Notice that the Fourier transform of V can be computed easily. Indeed, setting

vo(t,x) = prup(x) and invoking a stochastic version of Fubini’s theorem we get

FV(t,E) = Fwlt, +//(/ Pr—s(x— y)dx)v(sy)st,dy),

and according to the expression of .% p, we obtain

FV(t,E) = Fv(t +// i8558 (5, y)W (ds, dy).

We now evaluate the quantity E[ [ [ #V (1,€)|?||' > d&] in the definition of |[uy | 4, (H)

given by (5.2). We thus write:

B| [1#veoRE!2ag] <2 [ 17wl o) Plelt-as
+2 /R E“ /0 t /R e—’fye—5<f—S>52v(s,y)W(ds,dy)ﬂ |12 gE = 2(L + ),

and we handle the terms /; and I, separately.

The term /; can be easily bounded using that uy € %, that is,

— 2 —
h= [ 1 Zu0(&)Pe P 1E]"2ag < luoll s

We thus focus on the estimation of I, and we set fg(s,n) = e‘iéne_g(t_s)ézv(s,n).
Applying the isometry property (2.8) together with the Fourier transform expression

for ||h||y in (2.6), we have

t . x 2
E U/ /e_’éye_z(f_s)ézv(s,y)W(ds,dy)) }
0 JR

1) [ [E[Fasels.mP]inl'* dsan,
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where .7, designates the Fourier transform with respect to 7). It is obvious from the
definition of Fourier transform that the Fourier transform of e =¥V (y) is ZV (n + &).

Thus we have

p=cf[] e-K<’-S>‘?2E[|%<s,n+é>\2]|n|1-2H|§11—2Hdnd5ds
= o [ [ SR FvsmP] In— gl el anagas.

We now bound |1 — & |'=2H by |n|'=2H 4-|&|'=2H which yields I, < I + I, with:

t
bi = [ [ [ e IEE [ Fo(s,m) P Inl' 2] dndgds
0 JRJR
t
Iy = C / / / e KIEE | Fv(s,m) ] |EPH dndEds.
0 JRJR

Performing the change of variable & — (f —s)!/2£ and then trivially bounding the in-

tegrals of the form [ |§ |ﬁe”<‘52d§ by constants, we end up with

t
L < C/ (t—s)1 1/E m*] n|'~** dnds

Ly < / 2H 3/2/E ]dT]dS

Observe that for H € (1/4,1/2) the term (¢ —s)*7=3/2 is more singular than (r —s)7 1,
but we still have 2H — 3 /2 > —1. Summarizing our considerations up to now, we have

thus obtained

LEN#V@.8)R g2 ae

< Cur uolly gy + Cor [ (=922 [ E[1Fv(5,6)F] (1+ Il 2) & s,

(5.4)
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for two strictly positive constants Cy 7,Co 1.

The term E[ [ | ZV (¢,€)|>d&] in the definition of IVl (zy can be bounded with

the same computations as above, and we find:

LEI#V(.6)P) dé
t
< Cug o}y +Cor [ (=91 [ E[IZ0(s.E)F) (14161 ) dnds, (5.5)
Hence, gathering our estimates (5.4) and (5.5), our bound (5.3) is easily obtained, which

finishes the proof. O

As in the general case, Proposition 6.31 is the key to the existence and uniqueness

result for equation (5.1).

Theorem 6.32. Suppose that ugy is an element of 9y and % <HK % FixT > 0. Then

there is a unique process u in the space V7 (H) such that for all t € [0,T],

ut,) = po+ | ’ [ presC = y)uts. W (ds.dy). (5.6)

Proof. The proof follows from the standard Picard iteration scheme, where we just set

up+1 = I¢(uy). Details are left to the reader for sake of conciseness. ]

6.5.2 Existence and uniqueness via chaos expansions

Next we provide another way to prove the existence and uniqueness of the solution to
equation (5.1), by means of chaos expansions. This will enable us to obtain moment
estimates. Before stating our main theorem in this direction, let us label an elementary

lemma borrowed from [53] for further use:
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Lemma 6.33. Form > 1leta € (—1+¢,1)" with € > 0 and set |ot| =Y | 0. Fort €
[0,T], the mth dimensional simplex over [0,t] is denoted by T,,(t) = {(r1,r2,...,rm) €

R™:0<r) <---<rpy<t}. Then there is a constant » such that

m Smglol+m
= [ Hlinnars 20
nlt )= J =) < e

where by convention, ro = 0.

Let us now state a new existence and uniqueness theorem for our equation of inter-

est.

Theorem 6.34. Suppose that zlt <H< % and that the initial condition ug satisfies

LA+l Zuo(E)IdE < = )

Then there exists a unique solution to equation (5.1), that is a process u € Ay such that

forany (t,x) € [0,T] xR, relation (2.10) holds true.

Remark 6.35. The formulation of Theorem 6.34 yields the definition of our solution u
for all (t,x) € [0,T] x R. This is in contrast with Theorem 6.32 which gives a solution

sitting in 4 for every value of t, and thus defined a.e. in x only.

Proof of Theorem 6.34. Suppose that u = {u(t,x),t > 0,x € R?} is a solution to equa-
tion (2.10) in Ay. Then according to (2.12), for any fixed (z,x) the random variable

u(t,x) admits the following Wiener chaos expansion:

w(t.0) = Y 1u(ful1,)). (5.8)
n=0

where for each (¢,x), fu(+,2,x) is a symmetric element in H*". Furthermore, we have

seen that It6 and Skorohod’s integral coincide for processes in Ay. Hence, thanks
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to (2.14) and using an iteration procedure, one can find an explicit formula for the

kernels f, forn > 1:

fn(slaxla"'7sn7xn7t7x)

1
= Pr=sou (X = Xo(m))  Psg=sem Xo(2) = Xa(1)) Pse o (Xo(1)), (5.9)

where ¢ denotes the permutation of {1,2,...,n} such that 0 < sg(1) < -+ <s$g(,) <1
(see, for instance, formula (4.4) in [55] of formula (3.3) in [53]). Then, to show the

existence and uniqueness of the solution it suffices to prove that for all (¢,x) we have

Yl f et x) [ 7en < oo (5.10)
n=0

The remainder of the proof is devoted to derive relation (5.10).

Starting from relation (5.9), some elementary Fourier computations show that:

yﬁl(‘gl?gla”- 7Sna(§’n7tax)
Sg(])mz
)

C;l{/ - —5 6ot =560 |Eo + o —C1* o2
= —_— I 1 1] d
1T w(@)e = dL,

where we have set s5(,4.1) = f. Hence, owing to formula (2.6) for the norm in H (in its

Fourier mode version), we have:

! fa Gt 0) | e

i
n‘ [O,l‘}” n

< [TI&!' " d&ds, (5.11)
i=1

n ks (1) IC 12
/He_g(Sc(i+1)—Sc(i))|§i+“'+§1—C23‘5%([_”)6—c@
R
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where d& denotes d&; ---d&, and similarly for ds. Then using the change of variable
Ei+--+& =mn;, foralli=1,2,...,n and a linearization of the above expression, we

obtain:

n"|fn(7t7x)||%]®n

2n n
_H / / / [T 5 Cotisn=so0)n=EP+m—CP) g0 (£ Fug (1)
nl Jodn Jre JR2 ;]
 wig((EPHEP) n

xem = [[Imi— nio1|' 7 dgd dnds,
=1

where we have set g = 0. Then we use Cauchy-Schwarz inequality and bound the

term exp(—ksg(1)(|{|* +|8'[?)/2) by 1 to get

| fus1,2) o

1

c2n n 2 2 ’
< B /[w / e oo m=EF T oy — iy '~ dnds
- : i=1 i=1

R2

1
2

X (/ / ﬁe_K(sc(i+l)_s6(i))|ni_C/2ﬁ|ni_nl.1|]_2Hdnds>
0] JR" ;] i=1

| Fuo(8)||Fuo(E)|dCdl’.

Arranging the integrals again, performing the change of variables 1; := 1m; — { and

invoking the trivial bound [1; — 11 |' 727 < [m;_y|' 72 + |n;|'2H, this yields:

2
2n 1
.0 o < I ( [ L) |fuo<c>|dc) , (5.12)

where

Lut()
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k(s —s Y2 _ _
= o Jo Tt g2y 2

i=1

< [TCmil' > + 1niza|' > )dnds.
i=2

Let us expand the product [T7_, (|n:|' 727 + |n;—1|' ~*#) in the integral defining L, ().
We obtain an expression of the form Yo cp [Ti-; [7:|%, where D, is a subset of multi-
indices of length n — 1. The complete description of D,, is omitted for sake of concise-
ness, and we will just use the following facts: Card(D,) = 2"~! and for any @ € D,, we

have:
la| = Za,—n—l (1-2H), and o;€{0,1-2H,2(1-2H)}, i=1,...,n.

This simple expansion yields the following bound:

L (0) < |12 / /He Fretien el ‘”Z'Hm!“‘dnds
oceD 0.4 JR"
/[ / He K'SO-H_I) so‘ |rll| |n |1 2HH’nl|aldndS
0,7)" JR®

(XGD i=1

Perform the change of variable & = (K(sq(it1) — so(i)))l/ 27; in the above integral, and
notice that [p s’ |E|%dE is bounded by a constant. Changing the integral over [0,]"

into an integral over the simplex, we get

Ln,t(g) < C’C‘l 2H / H SH-I_Sz *%(l+0€:)d
OCED
2—2H+a; M
+enicly Y / (k(s2—51)) 2 T ((si01 —s1)) 2+ g
aeD, / Ta(t) i=2

We observe that whenever § < H < 1, we have 1(1+0;) < 1 forall i =2,...n, and it

1s easy to see that o is at most 1 —2H so 5 (2 2H + o) < 1. Thanks to Lemma 6.33
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and recalling that )" | oy = n—2nH for all « € D,, we thus conclude that:

C(tHf%KHf% + ’C‘I_ZH)H!CZZ‘"HK"H_"

Lni(6) < C(nH+1)

Plugging this expression into (5.12), we end up with:

CC?_]th KnH—n

2
0l < S ([ g Pl ag )

The proof of (5.10) is now easily completed thanks to the asymptotic behavior of the
Gamma function and our assumption of ug, and this finishes the existence and unique-

ness proof. 0

6.6 The Anderson model, moment bounds

In this section we derive the upper and lower bounds for the moments of the solution
to equation (5.1) which allow to conclude on the intermittency of the solution. We
proceed by first getting an approximation result for u, and then deriving the upper and

lower bounds for the approximation.

6.6.1 Approximation of the solution
The approximation of the solution we consider is based on an approximation of the
noise W, which defined in (4.18).

The noise W¢ induces an approximation to the mild formulation of equation (5.1),

namely:

t
u£<t,)€) :ptMO(x)+/() /Rpl‘—s<x_y>u8(s7y)Wg(dsvdy)7 (61)
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where the integral is understood (as in Section 6.5.1) in the 1t6 sense. We will start by

a formula for the moments of uf.

Proposition 6.36. Ler W¢ be the noise defined by (4.18), and assume % <H<K % and

ug is bounded such that [(1+ ]5\%’H)]ﬁuo(§)|d§ < oo, Then:
(i) Equation (6.1) admits a unique solution.

(ii) For any integer n > 2 and (t,x) € [0,T] x R, we have:

E[(u(t,x))"] = Es

lﬂluo(x+B{g)exp (cH Z Vf);j’k>] , (6.2)

=1 1< j#k<n

with

. t . ! . j
th)ébk:/ fg(B{cr—Blfcr)dVI/ /eelézml2Hel§(B{<rB’,‘cr)d§dr_ (6.3)
’ 0 0 JR

In formula (6.3), {B’;j = 1,...,n} is a family of n independent standard Brownian
motions which are also independent of W and Ep designates the expected value with
respect to the randomness in B only.

(iii) The quantity E[(u®(t,x))"] is uniformly bounded in €. More generally, for any a >0
we have:

supEp
>0

exp <a )y Vfﬂ"‘)] =, < o0

1<j#k<n

Proof. The proof of item (i) is almost identical to the proof of Theorem 6.34, and is
omitted for sake of conciseness. Moreover, in the proof of (ii) and (iii), we may take
up(x) = 1 for simplicity.

In order to check item (ii), set:
AL o(ry) = pe(By_p—y), and af = ||A7 |7 (6.4)
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Then one can prove, similarly to Proposition 5.2 in [55], that u® admits a Feynman-Kac

representation of the form:

oo Wtz L) .

Now fix an integer n > 2. According to (6.5) we have:

E[(4,)"] =Ew

HEB [CXP (W<Aif]) - Eats,;ch)}] )

j=1

. B/ B/ . . .
where forany j=1,...,n, Af”x and Otf . are evaluations of (6.4) using the Brownian
. i . B/ . . . "
motion B/. Therefore, since W(Af’;c ) is a Gaussian random variable conditionally on

B, we obtain:

BJ B/
= Ep |exp —|IZ Arx - ZII Ar; HH>]

= by ex zmM%M.

1<i<j<n

_ .
BI0E)T = Eajow( 51X “ﬂm——}:wf?]

The evaluation of <Aifi,Ai ’fj> g €asily yields our claim (6.2), the last details being left
to the patient reader.
Let us now prove item (iii), namely:

sup  sup  E[(u®(r,x))"] < eo. (6.6)
e>0r€[0,T],xeR

To this aim, observe first that we have obtained an expression (6.2) which does not

depend on x € R, so that the sup;c[o 7] xer in (6.6) can be reduced to a sup in  only.
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Next, still resorting to formula (6.2), it is readily seen that it suffices to show that for

two independent Brownian motions B and B, we have:

t ) 5
sup  Eglexp(cFEf)] <, with Ffz/ /e£|52\§|1ZHelg(B"’BK’)dédr,
£>0,t€[0,T] 0 JR

(6.7)

for any positive constant c. In order to prove (6.7), we expand the exponential and

write:
) c e\l

Eafexplcr)] = ¥ ]

=0 :

(6.8)

Next, we have:

Es |(F)'] =

/ / e & (Bxrj—Bxr;) —el&;| € ’1 2Hd§dr
0,4 Jr! 3 g

j=

/ / Kle=rom)&t—+6il g, | 1-2H gg gy
0.

IN

where o is the permutation on {1,2,...,/} such that r > Fo(l) =+ > To(1)- We have
thus gone back to an expression which is very similar to (5.11). We now proceed as in
the proof of Theorem 6.34 to show that (6.6) holds from equation (6.8).

[

Starting from Proposition 6.36, let us take limits in order to get the moment formula

for the solution u to equation (5.1).

Theorem 6.37. Assume }1 <H< % considern>1, j,k € {l,...,n} with j # k and for
(t,x) €[0,T] x R set:

. . t ) .
vk — 12(Q) — lim VEIK it Ve €.j.k / / e—e|§\2|§ |1—2Hele§(3{(r—3§,)d§dn
’ e—0 7’ 0o JR
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Then E[(u(t,x))"| converges as € — 0 to E[u(t,x)"], which is given by

E[u(r,x)"] = Eg (6.9)

[iel o0 (en T vi)

Proof. As in Proposition 6.36, we will prove the theorem for ug = 1 for simplicity. For

£,jk

any p > l and 1 < j <k <n, we can easily prove that V; " converges in L” (Q) to Vt{.;Ck

defined by:
. t o
vik = / / |E |12 ¢i8 Br—B) G E . (6.10)
’ 0 JR

Indeed, this is due to the fact that e~€/$I° |£|1-2H i (Bt—Bk) converges to |E|1-2H oiE (Btr—Bk)
in the d§ ® dr ® dP sense, plus standard uniform integrability arguments. Now, taking
into account relation (6.2), Proposition 6.36 and the fact that L?(Q) — limg oV, ; &gk
\/}{;’Ck, we obtain:

imE[(u(1,x))"] = limEp
E—

e—0

exp (CH Y Vtiéj’k>]
1< j#k<n
exp (cH Y V,{f)] . 6.11)

1< j#k<n

= Ep

To end the proof, let us now identify the right hand side of (6.11) with E[u(r,x)"],

where u is the solution to equation (5.1). For €,&’ > 0 we write:

E [ (e,x)u (1,0)] =B [exp (a5 A55),)]

where we recall that Ai’f is defined by relation (6.4). As before we can show that this
converges as &, €’ tend to zero. So, uf(t,x) converges in L? to some limit v(¢,x), and
the limit is actually in L” , for all p > 1. Moreover, E[v¥(¢,x)] equals to the right hand

side of (6.11). Finally for any smooth random variable F which is a linear combination
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of W(1j,4(s)@(x)), where ¢ is a C* function with compact support, using the fact that
Itd6’s and Skorohod’s integrals coincide on the set Ay, plus the duality relation (2.11),

we have:

E [Fuf | =E[F|+E[(Y*,DF) ], (6.12)

where

Y (s,2) = ( /R Pr—s(x=y) pe(y — 2)us,, dy) Lo,(s)-

Letting € tend to zero in equation (6.12), after some easy calculation we get:
E[Fvi ] =E[F]+E[(DF,vp,—.(x—-))g] -

This equation is valid for any F € D! by approximation. So the above equation im-
plies that the process v is the solution of equation (5.1), and by the uniqueness of the

solution we have v = u.

6.6.2 Intermittency estimates

In this section we prove some upper and lower bounds on the moments of the solution

which entail the intermittency phenomenon.

Theorem 6.38. Let % <H< % and consider the solution u to equation (5.1) and for
simplicity we assume that the initial condition is ug(x) = 1. Let n > 2 be an integer,
x € R and t > 0 sufficiently large. Then the following bounds hold true, for some

positive constants cy,ca,c3 such that 0 < ¢y < ¢y

exp(cin' ™7 k! #t) < E[|u(t,x)|"] < csexp (can% Kl_%t) : (6.13)
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Proof. We divide this proof into upper and lower bound estimates.

Step 1: Upper bound. Recall from equation (5.8) that for (¢,x) € Ry x R, u(t,x) can be
written as: u(t,x) =Y. _Lu(fin(,2,x)). Moreover, as a consequence of the hypercon-

tractivity property on a fixed chaos we have (see [74, p. 62]):

1 (fon 512 @) < (1= 1) E (| (fon (- 2,0) | 2@

and plugging our bound (5.13), we end up with:

m c2n

12 (fon (58, |22y < 22 B (fin (- 8,2)) |12 ) <

Therefore recalling the elementary bound ¥,~ox"/(n!)* < 2exp(cx'/4), which can be

found e.g in [4, Lemma A.1], we get:

Jut. )1 <ZHJ (19) ey < ¥, S <erexp (cmi KT,
m=0 (['(mH +1))?

from which the upper bound in our Theorem is easily deduced.

Step 2: Lower bound for uf. For the lower bound, we start from the moment formula

(6.2) for the approximate solution, and write:

E [(u®(1,x))"]

—Ejp | exp // emz

In order to estimate the expression above, notice first that the obvious change of variable

_lBKr!é

1 agar [ e8P 2 a

A = €!/2& yields [ e’8|’§‘2|§|1’2Hd§ = cye~ ") Now for an additional arbitrary
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parameter 11 > 0, consider the set:

; T
Ap = {a); sup sup |Bi (@)] < 3—}
1<j<n0<r<t n

Observe that classical small balls inequalities for a Brownian motion (see (1.3) in [66])
yield P(Ay) > R large enough 7. In addition, if we assume that A is
realized and |&| < 7, some elementary trigonometric identities show that the following
deterministic bound hold true: |Z;?:1 e”'B{;r‘§| > 5. Gathering those considerations, we

thus get:

E [(u®(t,x))"]
> exp (cmz/ot /OTI e£|§2\§|12Hd§dr—cznt£H1) P(Ap)

el/2
> Cexp (clnzts(lH)/
0

We now choose the parameter 1 such that kn? = £~

n
e*|€‘2|§ '2HgE — conre1H) C3nKtT[2> :
(1=H) ' which means in particular
) . 1/2 )
that 1 — o as € — 0. It is then easily seen that [y M=l E[1-2HGE s of order

eH(1=H) ip this regime, and some elementary algebraic manipulations entail:

1

E [(u®(t,x))"] > Cexp (clnthH_l(C:_(I_H)2 - cznts_(l_H)> > Cexp <C3Z‘K1_%l’l]+ﬁ) ,

H-1 1.
(I=H) — ¢ "7 n# in order to op-

where the last inequality is obtained by choosing €~

timize the second expression. We have thus reached the desired lower bound in (6.13)
. . . . [

for the approximation u® in the regime € = ckHn H(I-H)

Step 3: Lower bound for u. To complete the proof, we need to show that for all suffi-

ciently small €, E[(u®(,x))"] < E[(u(t,x))"]. We thus start from equation (6.2) and use
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the series expansion of the exponential function as in (6.8). We get:

E [(u*(,))"] = ZO%EB <1<§k< w?;””‘) ] (6.14)
m= <Jj#k<n

€,jk .

where we recall that V, ¢ is defined by (6.3). Furthermore, expanding the mth power

above, we have:

(z ve) |- 5 [, Loomsmfome) flar s
i ek, m

1<j#k<n

Ep

where K, , is a set of multi-indices defined by:
Kom={0=(j1,-- jmki,....kn) € {1,...,n}*™; j; < k; forall [ = 1,....n},

and B%(§) is a shorthand for the linear combination }') | &; (Bﬁ,] BK,Z) The important
point here is that EpeB* (%) ig positive for any o € K, ,,. We thus get the following

inequality, valid for all m > 1:

(B ] = el e s
j ek m

1<j#k<n =1
Jik
Y vk
1< j#k<n

where Vt{;k is defined by (6.10). Plugging this inequality back into (6.14) and recalling

Ep

- Ep

Y

expression (6.9) for E[(u(z,x))"], we easily deduce that E[(u®(¢,x))"] < E[(u(t,x))"],

which finishes the proof.
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