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Abstract. We derive formulas for the minimal positive solution of a particular nonsymmetric
Riccati equation arising in transport theory. The formulas are based on the eigenvalues of an asso-
ciated matrix. We use the formulas to explore some new properties of the minimal positive solution
and to derive fast and highly accurate numerical methods. Some numerical tests demonstrate the
properties of the new methods.
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1. Introduction. We consider nonsymmetric matrix Riccati equations of the
special form

(1.1) XA+DX —-XBX —-C =0,
with
A=T—pel, D=A—-ep’, B=pp', C=ceel,
where
I :=diag(y1,.--,v), A :=diag(d,...,d,),
p=1[p1,...,pa)", e=[1,...,1]7T,

and v, > - >y >0,0, >---,61 >0, and p1,...,p, > 0.

Such Riccati equations arise in Markov models [28] and in nuclear physics [8,
18, 22]. In the latter application, to study the transport of particles, one introduces
integral equations of the form

(1.2) {1 42 }T(m,y)zﬁ[l—i—%/l MdtHH%/:Mdt],

r+oa y—« o Tt t—«

where the unknown function T'(x,y) : [—a, 1] X [, 1] — R is called the scattering
function, o € [0, 1) is an angular shift, and § € [0, 1] is the average of the total
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number of particles emerging from a collision. (Here RT denotes the set of positive
real numbers.)

To solve this integral equation numerically, one approximates the integrals via
classical quadrature formulas [29]. For this the function T'(z,y) is approximated via
a matrix X = [x;;], where z;; is an approximation of T'(u;,v;) with p;, v; being the
1th and jth nodes of the quadrature formula on [—«, 1] and [«, 1], respectively; see,
e.g., [18].

In this discretization the matrix X has to satisfy the matrix Riccati equation (1.1)
with coefficient matrices

1 1 cj
1.3 = = = Y
(1.3) K B(l—a)w;” 7 B+ a)w,’ P 2w;’
for j = 1,2,...,n, where {¢;}7_;, {w;}}_; are the sets of weights and nodes of the

specific quadrature rule that is used on the interval [0, 1]. These typically satisfy
n

(1.4) Ctyen >0, Y =1 I1>w; > >w, >0.
j=1

In [20] it is shown that the Riccati equation (1.1) has two entrywise positive solutions
X = [z],Y = [yi;] € R™", which satisfy X <Y, where we use the notation that
X <Yifxy <y foralli,j=1,...,n

In the applications from transport theory, only X, the smaller of the two positive
solutions, is of interest. Therefore, in this paper we consider only the computation of
the minimal positive solution X. The computation of this minimal solution has been
investigated in several publications. Various direct and iterative methods [1, 2, 12,
13, 14, 15, 16, 17, 18, 19, 25] have been proposed by either directly solving the Riccati
equation or by computing specific invariant subspaces of the 2n x 2n matrix

A -—-B

(1.5) H=| .

that is formed from the coefficient matrices.

In [20] even an explicit solution formula has been derived that is based on the
eigenvalues H. Motivated by this result, we derive different explicit formulas, one of
which is mathematically equivalent to the one in [20], but of a much simpler form. We
will use these formulas to derive both entrywise and normwise bounds for the solution
matrix and show that the entries of the solution have a graded entry property. We
will also use the formulas to develop fast and highly accurate numerical algorithms
for the minimal positive solution of (1.1).

This paper is organized as follows. In section 2, we will reformulate the associated
eigenvalue problem via an appropriate balancing strategy. We use the associated
secular function to derive some properties of the eigenvalues of H. In section 3, we
then derive four formulas for the minimal positive solution based on the eigenvalues.
Entrywise and normwise bounds for the minimal positive solution are provided in
section 4. Numerical algorithms and an error analysis are presented in section 5 and
some numerical examples are shown in section 6. A conclusion is given in section 7.

Throughout this paper, A(A) denotes the spectrum of a square matrix A, and I,
(or simply I) is the n x n identity matrix. The norm used in this paper is the spectral
norm.
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2. Spectral properties of the matrix H. In this section we analyze the
spectral properties of the matrix H in (1.5) defined by the coefficient matrices of (1.1).
In order for all of the eigenvalues of H to be real, we assume that the condition

- 11
(2.1) 1= pj<—+—)zo
=\ 9

holds. The transport problem with the coefficients defined in (1.3) and (1.4) is a
special case where this assumption is satisfied.

The first step in our analysis is a balancing of the coefficient matrices. Since the
entries of the vector p are positive, we may define

® := diag(\/P1, - - -, /Pn), ¢ = [\/D1y---s\/Dn)" -

Using ® to scale the Riccati equation (1.1) via

S
I

X

?

A=d71Ad =T — o7,

D=3Dd ' = A — ¢¢",
B=9o""'Bo7! = ¢o",
C=oC0=¢¢" =B,

we obtain the equivalent Riccati equation

(2.2) XA+ DX -XBX -B=0,

and obviously, X is a solution to (1.1) if and only if X = ®X® is a solution to (2.2).
For the associated matrix formed from the coefficients we then have

(e o] [® o
H= H
0 <1>_ 0 o1
A -B] [r o o 1161

and we see that H is similar to H and is a rank-one modification of a diagonal matrix,
which is analogous to the real symmetric rank-one updating problem discussed in [9].
It follows that the eigenvalues of H can be obtained cheaply and accurately via the
solution of secular equations by using a method similar to the one discussed in [10,
section 8.5].

Furthermore, it is well known (see, e.g., [23]) that X is a solution to (2.2) if and
only if X satisfies the invariant subspace equation

ﬁ{é}—[é]@_gm

In [20] it was shown (for the original solution X') that X is the minimal positive
solution if and only if all of the eigenvalues of A — BX are nonnegative.
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In order to analyze the properties of the matrix H and thus also of the similar
matrix H, we first derive some properties of the eigenvalues of H.

Consider the rational function

n pj n pj
(2.4) X(A\) =1+ - .
; A= Vi = A+ 5j

Then, since

n

(2.5) det(A — H) = x(\) [ [TA =) 3 +65) |,

=1

it follows that the eigenvalues of H are just the roots of the secular equation x(A) =0,
and thus the computation of the spectrum of H can be carried out very efficiently
by solving the secular equation; see [11, 27]. Furthermore, we have the following
interlacing properties.

LEMMA 2.1. Consider the matriz H defined via the coefficients of the Riccati
equation (2.2), and suppose that (2.1) holds. Then H has 2n real eigenvalues, —vy, <
< =11 <0,0< A\ < - < Ay, that satisfy the inequalities

0< N < <1< < < VUp1<0p_1<VUp<iy,
and
D<M <M <A<y < <A1 <Y1 <A < Yn.

Moreover, the following cases can be considered:
1. vy =0 and A\ > 0 if and only if x(0) = 0 and x'(0) > 0.
2. v1 >0 and Ay = 0 if and only if x(0) =0 and x'(0) < 0. )
3. v1 = A1 =0 if and only if x(0) = x'(0) = 0. In this case, H has a 2 x 2
Jordan block associated with the eigenvalue 0.

Proof. The proof is basically given already in [20] based on the properties of the
secular function x(A). Note that assumption (2.1) implies that x(0) > 0.

The second part of the third case has already been shown in [12] in a more general
setting. O

Remark 2.2. Suppose the quadrature formula that is used to discretize the inte-
gral equation (1.2) is of order greater than or equal to 3; i.e.,

- 1
k
E cjwjfk T k=0,1,2,3.
j=1
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With (1.3) it is easily verified that

x(0>—1—2<pf g;)l-ﬂzc]1 8,

=1 N
X' (0) = Z <_p_]2 + 52) = 2a52zcﬂwﬂ =af?,

X'(0)=-2%" <% + zg_;) —92(1 + 302 53chw — %(1 +302)3,
J J

7j=1

X" (0) :62 (—p—i +§i> =24a(1 + a?) [3420]10 = 6a(1 4 a?)p*
j

7j=1

Since x’(0) > 0, we have that case 1 in Lemma 2.1 happens when 8 =1 and a > 0
and case 3 happens when =1 and o = 0. Case 2 will never happen.

3. Formulas for the minimal positive solution. In this section we will derive
explicit formulas for the minimal positive solution of (1.1) in terms of the eigenvalues
—V1,. .., =Un, AL, ..., Ay of H (or H). For this we need the following lemma.

LEMMA 3.1. Suppose in the following that X € R™". The following statements
are equivalent.

(a) X is the minimal positive solution of (2.2).

(b) X satisfies
I, I,
X | | X

where Ry =A—BX and U(Rl) ={M,.... \}
(c) XT is the minimal positive solution to the dual Riccati equation

Rlv

(3.1) YD+ AY —YBY — B =0.

(d) X satisfies

_ | XT XT | .
3.2 a = Ro,
32 I, Lo |
where Ry = —(D — BXT) and o(Ry) = {—v1,..., —Vn}.

Proof. The equivalence of (a) and (b) is given in [20]. The equivalence between
(a) and (c) is obvious by taking the transpose on both sides of (2.2) or (3.1). The
equivalence between (c) and (d) is shown in [12]. O

With formulas for Rl, RQ as in Lemma 3.1 and the formulas for A D and B it
follows that the minimal positive solution X of (2.2) satisfies the following relatlons.

(33) F—(béT :Rl, O'(Rl) Z{/\l,...,/\n},
(34) A—¢ﬁT = —RQ, O'(—RQ) = {Vl,...,Vn},
(3.5) XI'+ AX =7¢",
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where
E=T+XT)p, =T +X)o.

The last equation is a reformulation of (2.2). It thus follows that if the vectors € and
7 can be determined, then X can be easily formulated based on the simple Sylvester
equation (3.5).

The following result shows that 5 and 77 can be determined based on the relations
(3.3) and (3.4).

PROPOSITION 3.2 (see [26]). Suppose that matrices A, B are given such that
A = diag(ay, . .., an) with distinct diagonal entries ai,...,a, € R, and B € R™"™ with
A(B) = {b1,...,bn} for distinct by,...,b, € R.

Let g1,q2,...,q, € R\ {0} and define

q:[q17QQa"'7qn]Ta Q:diag(qlaQ27"'7Qn)

as well as
n n n T
[T(a b)) [T(ax —b;) [T —1))
f= = ...,j:1 ,...,j:1
[ —a)) [1(ax —a;) [1(an—a))
J#1 Jj#k Jj#En

If a vector z € R™ satisfies A — qz7 = B, then

T
(3.6) =Q'f= [fl ﬁ}
q1 qn
Using (3.6), (3.3), (3.4), and (3.5), we obtain the following explicit formulas for
X.
THEOREM 3.3. Consider the Riccati equation (1.1). Introduce for k = 1,...,n
the scalar quantities
ITew=2) [JO2) [T +6)) H (0k +5)
g = 1) o = 2 i o = =L
hE e =, Kp =, = )
s 51— 5.
| e | R N | (O
J#k JFk =1 =1

the associated vectors and matrices

§=[&1,.. .67, E = diag(&1, -, &n),
n=[n,.on", B =diag(n,. .. ),
(3.7) k=[k1,...  kn]7, K = diag(k1,...,kn),
e=ler,. .. en]t, & = diag(e, ..., €n),

and the Cauchy matrix
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Let

P = diag(p1,...,Pn),
with the p; defined in (1.1). Then we have the following solution formulas for (1.1):

(3.8) X =P 'EQ=P,
(3.9) X = PT'EOK,
(3.10) X =£0=P7 1,
(3.11) X = £OK.

Proof. To prove the formulas, we apply Proposition 3.2 to (3.3) and obtain
g=07l¢,
where € is defined in (3.7). Similarly, from (3.4) we obtain
=071,
where 7 is defined in (3.7). By solving the Sylvester equation (3.4) we obtain
X =0"'EO=0 !,

with E, Z as in (3.7). Then, (3.8) follows by using X = ®~' X&' and P = ®2.
In order to get the other formulas we need only show that == PK and E = P¢.
Since —v1, ..., —Vn, A1,. .., \n are the eigenvalues of H, it follows from (2.5) that

H()\— A+v;) = meH)\ ’YJH/\+5
Jj=1

<
~—

j=1 j=1 m=1 Jj#Em
(3.12) -3 p HA_%')H A +6;) + [T =) [T+ 65).
m=1 Jj=1 VE) Jj=1 7j=1

By inserting A = v, we obtain
n n n
TTOw = 2) TTOw +v3) = e [T =) TT Ok + 65)
j=1 j=1 £k j=1
which implies that
fk:PkFék; k:172a"'7n

We then have = = PK.
Similarly, by inserting A = —§j, in (3.12) we get

Nk = Pk€k, k:]-v"'an

and thus £ = PE. Then the other formulas follow. O
Note that formula (3.9) needs only the eigenvalues —uvy, ..., —vy,, while formula
(3.10) needs only the eigenvalues A1, ..., \,. Numerically, these two formulas provide

very cheap procedures to compute the minimal solution X of (1.1).
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Remark 3.4. In [20] an explicit formula for the minimal solution of (1.1) was
already given that is equivalent to (3.10). However, there a different expression for ey,
was introduced as

n 1 H(’Yj_/\m)
— =1
ek—1+mz::15k+>\m H()\j_/\m)

JjFm

This expression is less compact and its evaluation has a higher complexity than the
expression in Theorem 3.3.

In this section we have derived new explicit formulas for the minimal solution X
of (1.1) and we will use them in the next section to derive some further properties of
X.

4. Properties and bounds for the minimal positive solution. The simple
expressions of the quantities &, ki, N, €x in the explicit formulas (3.8)—(3.11) and the
eigenvalue interlacing property for the eigenvalues of H allow one to derive further
properties of the minimal positive solution of (1.1). For this we first prove the following
lemma.

LEMMA 4.1. The coefficients i, 0y in (1.1), the eigenvalues —vy, Ay, of H in (2.3),
and the quantities &g, Nk, Kk, €k, k = 1,...,n in (3.7) satisfy the following inequalities.

1.
0 <ap <mp <op —v1 <, 0<bp <& < — A <Y,
0 0 1) 1)
l<ern < k+%§ k“"Yn, 1<m€<’7k+n§’7k+ n
O+ M1 Ok Vi 4+ 11 Vi
where
e = Y R
6n_l/n; k‘:n,
(e =2) A1 —7%)
bk = Yn—"Vk ) 1 < k< n,
Pyn_>\n7 k:n
2.
1<e, <e€p_q1 <---<eq, 1 <bp <bpo1<---<Ki.

Proof. To prove the first part, we use the interlacing property in Lemma 2.1 and
obtain

0<6f’“_%<1, 1<j<k ‘;:%gjn, 1<j<k,
and
0<%V 1 pcj<n  BITUHL g g icq
5 — 0, 3 — 0
For1<k<n
n—1
= O Vékk fk(; ven) ng_% llli‘s’;k _Vg1>ak,
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and

5k Vjt1 i 1
= (6, — J L < 8 — 11 < 6.
e = (O 1/1)j1_[1 r =6 1115k—5<k V) < 0k

Finally, for £ = n we obtain

nn:(én_yn) 5 —o.
n — 0j

j=1
and
n—1 S — s
nn:(én_yl) gijéﬂ<6n_l/1§5n~
j=1 0
This proves the inequalities for the 7, and clearly we have ap > 0 for k=1,...,n.
The inequalities for the & can be derived in the same way by using the interlacing
property for the eigenvalues A1, ..., \,. This interlacing property also gives
0 + Ok T
&= H Sk + A
and

n—1
€r = 6k+7nH65k+71 6k+7n<6k+7n.

O + A1 j=1 Ok + )\j+1 (5k + M T Ok

Similarly, one can prove the inequalities for k.
To prove part 2 we consider the function

lj lj(H t+>\/\j)

Since 7, — A; > 0 for j = 1,...,n, it follows that ¢ (¢) is decreasing as ¢ increases.
Since () = €, for k=1,...,n, and §; < --- < d,, we thus have

€1 > €3 > > €p.

Obviously ¥(t) > 1 for any ¢t > 0, and hence ¢, = ¥(d,,) > 1.

The monotonicity k1 > - -+ > k, > 1 follows in the same way. d

With the help of Lemma 4.1 we can now prove the following entrywise mono-
tonicity property of the minimal positive solution X of (1.1).

THEOREM 4.2. Let X = [z;;] € R™™ be the minimal positive solution of (1.1).
Then for any i > k and j > 1 with (i,7) # (k,1), the entries of X satisfy

Tij > Tkl
Proof. Since

0<y < <, 0<6b <<y,
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and by Lemma 4.1,
l1<e,<---<e1, 1<ky<- <k,

with (3.11), for 1 < 4,5 < n, if i < n, it follows that

€iRj > €i+1RK5

R
VUG T G+

= Titlj-

If j < n, then
€iRj €iRj+1
= >
Oi 7 0+ Vit

Tij =i+ 0

The quantities in Lemma 4.1 also provide upper and lower bounds for the entries
of the minimal positive solution X of (1.1).

THEOREM 4.3. Let X = [z;;] € R™™ be the minimal positive solution of (1.1).
Then

0; +5

Wi
0; +5

<z <

)

where

b b
’U}ij:HlaX{az—j7 %, —j, 1},
bip; Pi Pj

WU:mm{gﬁ @ﬁ%+%)(@+%hj(@+%M%+&J}

pip;’ piv; dipj 0iy;

Proof. The bounds follow from the formulas (3.8)—(3.11) and the inequalities
given in the first part of Lemma 4.1. O

COROLLARY 4.4. Let X = [z;;] € R™™ be the minimal positive solution of (1.1),
and let w;j, W;; be as in Theorem 4.3. Then

w W:
2 <y <@y < a1 < 1
On + Tn 01 +m

fori,j=1,... n.

Proof. The inequalities follow from Theorems 4.2 and 4.3. O

By taking advantage of the scaled equation (2.2), we also obtain a bound for the
spectral norm of the minimal positive solution X of (1.1).

THEOREM 4.5. Let X € R™" be the minimal positive solution of (2.2). Then

IX1 <1,
and | X| = 1 if and only if x(0) = 0 and x'(0) = 0.
Moreover, the minimal positive solution X of (1.1) satisfies

1

IxXj< .
i Pj

_ Proof. Let X; > X be another positive solution of (2.2) [20]. Since both X and
X, are positive, it is easily verified that

[X1% = p(XTX) < p(XTX2),
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where p(Z) is the spectral radius of Z. Lemma 3.1 shows that X7 is the minimal
positive solution of the dual equation (3.1). By Lemma 12 of [7], p(X7X,) < 1.
Hence |X| < 1, and |X| = 1 if and only if X, = X. The last equality holds if and
only if 0 is a double eigenvalue of H, which is equivalent to the conditions x(0) =0
and x'(0) = 0, by Lemma 2.1.

The upper bound for | X | follows from the relation X = @1 X &1, ]

Various lower bounds for | X | can also be derived by using the inequalities for the
entries of X, but we will not pursue this topic here.

At the end of this section we also provide a formula for the inverse of X.

THEOREM 4.6. The minimal positive solution X = [x;;] of (1.1) is invertible and
with P,© as in Theorem 3.3, ils inverse is given by

X' =prPoeTaPr,

where
Q:diag(q17"'7qn)a G:diag(g17"'7gn)7
with
Ve + 0; Ok +;
Qk—HPy_)\y gk_Hék—z/j

fork=1....n
Proof. Since 7, > -+ >y > 0and 6, > --- > d; > 0, it follows (see, e.g., [6])
that the Cauchy matrix © is invertible and

o' =Qe’a,
where
Q = diag(gu,---,4n), G = diag(gr,....9n),

with

[T +6)) [T +7)

Q= = ==
E= ey k= oo

1Tow =) [Tk -6

J#k J#k
for k =1,...,n. Since all of the diagonal matrices in (3.8) are invertible, it follows
that X is also invertible and the formula for X ~1 follows from (3.8) using © 1. O

5. Numerical algorithms. The formulas given in section 3 can be used to de-
velop the following numerical algorithms for computing the minimal positive solution
of (1.1).

ALGORITHM 5.1. For the Riccati equation (1.1) this algorithm computes the
minimal positive solution.

1. Compute the eigenvalues —v1, ..., —vp, A1,...,Ap of H in (2.3) by applying
a root finding solver to the secular equation x(A\) = 0 given by (2.4).

2. Use either of the formulas (3.8) or (3.11) to compute the minimal positive
solution X of (1.1).
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We can also use either of the formulas (3.9) or (3.10).
ALGORITHM 5.2. For the Riccati equation (1.1) this algorithm computes the
minimal positive solution.

1. Compute the eigenvalues —vy, ..., —v, of H in (2.3) by applying a root finding

solver to the secular equation x(\) = 0 given by (2.4).

2. Use formula (3.9) to compute the minimal positive solution X of (1.1).
ALGORITHM 5.3. For the Riccati equation (1.1) this algorithm computes the

minimal positive solution.

1. Compute the eigenvalues A1, ..., A\, of H in (2.3) by applying a secular equa-

tion solver to x(A) = 0.

2. Use formula (3.10) to compute the minimal positive solution X of (1.1).
Note that Algorithms 5.2 and 5.3 need only compute half of the eigenvalues.
The success of these three algorithms depends on how fast and accurately the

eigenvalues can be computed and how sensitive the evaluation of the formulas (3.8)-
(3.11) is. This requires an efficient and reliable secular equation solver. The osculatory
interpolation methods of [3, 24] that were developed in the context of the divide-and-
conquer eigenvalue methods ([10, section 8.5], [4, 5, 9]) may not be applicable directly,
since the secular function x(A) has quite different properties than the secular equation
derived in the symmetric divide-and-conquer method. For this reason we propose the
following hybrid method for the computation of roots of the secular function. We
consider only the case for computing the eigenvalues A\ as the method for computing
the eigenvalues v is analogous. Our approach treats \; differently from the other
eigenvalues Ao, ..., \,, because of the different properties that A; has.

5.1. Computation of A\ with k > 1.

1. Initial guess. To compute an initial guess, we basically follow the procedure sug-
gested in [24]. We first evaluate x(my), where my, is the midpoint of the
interval (yx—1, ). Because x(A) has only one root in (yx—1, V&), and since
lim/\ﬂmi1 X(A\) = oo, and lim)ﬁka X(A\) = —o0, based on the sign of x(my),
we can easily determine in which half of the interval Ay is located. Simple
geometry shows that if y(my) > 0, then \g is closer to 7y, and if x(my) < 0,
then Ag is closer to yx—1. We then consider the equation

Pr—1 Pk
_|_
A=Yo—1 A=Yk

+ 7, =0,

with 7, = x(mg) — pe—1/(mk — Ye—1) — P/ (Mi — Vi), which can be obtained
during the evaluation of x(my) without any extra cost. We then take the
root of this equation in (yx—1, %) as our initial guess zg. It is easily verified
that 22 and A\, are in the same half interval. We also choose an initial interval
so that the x values on endpoints have opposite signs (which guarantees that
Ak is in this interval). If y(mg)x(22) < 0, then we use my, z{ for the interval.
Otherwise, we use the asymptotic properties of x to find another A\ value to
replace my. Let us denote the resulting interval by [ug, vo]. _

2. Iteration step. For a current approximation zj, we first evaluate x’(z]) and use
one step of Newton’s method to determine the next approximate zi“. If

2" is inside the current interval [u;, v;], then we evaluate x(z]™"). We then
replace one of u;,v; and its corresponding x value with zi“ and X(Ziﬂ)

based on the sign of X(Ziﬂ) and move on to the next iteration. If zi“ is

outside [uj, v;] (maybe even outside of (yx—1, 7&)), then we apply one step of
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the secant method with u;,v; and their corresponding x values to get zi“.
We then evaluate X(zi“), update [u;, v;], and continue. If this zi“ is still
outside of [uj, v;], then we use one step of the bisection method with u;,v;
to get zi“.

When the iterates zi get close to the root A;, then, due to rounding errors,
it becomes more difficult to compute a reliable value of X(Zi) (This happens
typically for small roots.) This may cause the sign of x to alternate between
positive and negative values in the Newton iteration and the secant iteration,
which may have the effect that the sequence {z]} does not converge. If we
observe such a behavior and the function values for y are also small in absolute
value, then we run a step of the bisection method. This procedure has turned
out to be very successful during our numerical tests.

3. Stopping criterion. In order to compute the root A\; accurately, we actually use
the shift s = A — 441 or s = X\ — =y initially, depending on whether Ay is
closer to y,—1 or v;. The iteration step is then applied to the new variable s
to generate a sequence of approximate values sg, s1,...,$;,.... The iteration
can be written as

sj+1 = 85 + Asj,

where As; is the jth correction.
We use the stopping criterion

(5.1) |As;| < cemlsjyal,

where g is the machine epsilon and ¢ is a modest constant (which is set to
48 in our tests).
The procedure for the computation of v (k= 2,...,n) is analogous.

5.2. Computation of A;.

1. Initial guess. The strategy for choosing starting values 2z and starting intervals
[uo, vo] is slightly different than in the case of the other eigenvalues. Since
we know that Ay € [0,71), we first evaluate x(mq), where m; = ~v1/2. We
use the sign of x(mq) to determine if \; is closer to 0 or 7;. We then use the
root 2 € [0,7) of the equation

b1
A—m

+T1:05

with 7 = x(m1) — p1/(m1 — y1), as the initial starting value.
If x(m1), x(2}) < 0, then we use m1, 29 to form the initial interval [ug, vo).

If x(m1),x(2}) > 0, then we replace m; by another value such that the
corresponding y value is negative, by using the fact hm)ﬁ“/f (A) = —c0. In

the case that x(m1), x(2?) < 0, if x(0) > 0, we replace m; with 0. If x(0) = 0,
we still need to check the sign of x/(0). If x’(0) > 0, we may use it to find
a small positive number such that its corresponding x is positive. We then
replace m; with this number. If x/(0) < 0, we simply set A; = 0, and no
iteration is required.

Note that for the transport theory problem, x(0) and x’(0) can be easily
determined by the formulas given in Remark 2.2.
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2. Tteration step. We first use the same iteration steps as described for the eigenvalues
Ak, k > 2, to an approximation of A;. This usually works well for \; >
c14/€n with some positive constant c;. If, however, Ay is too small, then it is
difficult to get accurate function values for x and x’, which then may cause
convergence problems. In order to overcome this difficulty, once we observe
that the jth approximate z{ satisfies 2] < c1,/Ep (we used ¢; = 100 in
our tests), we evaluate X(z{) and x’ (z{ ) by using their corresponding Taylor
polynomials at 0, given by

I\ ~ N (Z{)Q "
x(21) = x(0) + 21x'(0) + 5 X (0),
1IN mo A Jn (Z{)Q "

X (21) = x'(0) + 21 x"(0) + 5 X (0),

and use these values in the next step of the Newton iteration. If x'(z7) is also
very small in modulus, then we approximate x”(z7) by

X" (21) = X"(0) + 21X (0).

We then use the approximations for X(z{),_ Y (2)), X" (1) to construct the

second degree Taylor polynomial for x at zJ and use one of the roots of this

polynomial (if it exists) as our next iterate 27"
For a general secular equation, the computation of x(0), x’(0), x”(0), and
X"’ (0) requires extra cost and it is not clear if the values can be evaluated
accurately. In the secular equation from the transport problem, however,
this computation is essentially cost-free since we may use the formulas in Re-
mark 2.2, and because of the simple formulations the values can be computed
accurately.

3. Stopping criterion. We use again the stopping criterion (5.1) (with o := 0).

The procedure for the computation of v; is analogous.

5.3. Costs. The main cost in Algorithms 5.1-5.3 is the evaluation of x and x’
during each iteration step. In order to evaluate x(A) and x'(\), we first compute
A=, A+, for j = 1,...,n. We then compute p;/(A — ;) and p;/(A + ;).
After this x(A) can be evaluated. We continue to compute [p; /(A —;)]/(A—1;) and
[pj/(A+0;)]/(A+0;)], which costs one extra flop for each term, and then evaluate x’(\).
So if the Newton iteration is used in the iteration step, then the cost per iteration
step and per eigenvalue is about 10n flops. If the average number of iterations is
M, then the cost for Algorithm 5.1 is about (20M + 9)n? flops, and the cost for
Algorithms 5.2 and 5.3 is about (10M + 9)n? flops. Note that it requires 3n? flops
to compute each set of the values &, n, Kk, €, and it requires another 3n? flops to
compute the components of X. Note also that in these complexity estimates we did
not count the cost for the computation of the initial values.

5.4. Error analysis. To analyze the computational errors in the described pro-
cedures, we first estimate the errors in the computed eigenvalues; see also [30]. We
assume that the iteration for each eigenvalue stops when (5.1) holds, and the com-
puted sequence satisfies the conditions in the following lemma observed by Kahan
(see, e.g., [24]).
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LEMMA 5.4. Let {x;}32, be a sequence of real numbers produced by some rapidly
convergent iteration scheme, such that lim;_,x; = x*. If the sequence of ratios
% is decreasing for j > k, and if % <1, then

|Ths1 — p]?
|z — 21| — |Zrr1 — k]

[Te41 — 27| <

Let Aj, v; be the exact eigenvalues of H, and let 5\j, 7; be the corresponding
computed eigenvalues. With the discussed properties of the eigenvalues, the presented
procedures, and Lemma 5.4, it is reasonable to assume that the computed eigenvalues
satisty

(5.2) |)\] — ;\jl < C,\J.EM min{’yj — )\j7 )\j — ’Yj—l}a
(53) |Vj — lA/jl < Cz/jEM min{éj —Vj, Vj — 5j_1},
for j =1,...,n, where 79 = dp = 0 and C),, C,, are some modest constants. We then

have the following lemma. A
LEMMA 5.5. Suppose that the computed eigenvalues Aj, —; of H as in (1.5)

satisfy (5.2) and (5.3). Let ks Tk, €, Rr be the computed quantities determined via
the formulas given in Theorem 3.3. Then

& = &(1+nCeenr), = ne(1+nChenr),

R Zﬁk(l—l—nCRkEM), €k zek(l—i—nC'ek&M),
fork=1,...,n, where C¢,, Cp,, Cg,, Ce, are constants.
Proof. For the proof we just consider the first order error.
Note that & is actually computed by the formula

110w =2/ Tk = 7)s

J#k
i.e., A; is replaced with j\j. We then have

Aj

Aj

14+ 25—
Ve —

e = Al = 1 = Ag) + (g = M)l = e = A =: [y = NlI1+ Cuzeml,

for j =1,...,n, where by (5.2) and the interlacing property of the eigenvalues

~ 1
Crjl = —
| k]| Y

Aj— A
Tk — Aj

min{y; — Aj, Aj =1}
7k = A

< ij < ij.

With this relation, it is not difficult to obtain that

& =& (1 + nCe,enm),

where C¢, is a constant. The corresponding relations for the other terms follow in
the same way. O

Using this lemma we obtain the following relative errors for the components of
the minimal positive solution computed by the formulas given in section 3.
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THEOREM 5.6. Consider the problem of computing the minimal positive solution
X = [x;j] of (1.1) using formulas (3.8)—(3.11), and suppose that the computed eigen-
values satisfy the relations (5.2) and (5.3). Then for the computed solution X = [&;;],
the relative error estimate
Bie — qas
M:DijneM, ,7=1,...,n
Lij
holds, where D;;’s are positive constants.
Proof. The relative error estimates follow from Lemma 5.5. O

6. Numerical examples. In this section we present some numerical test results
for the problems from transport theory; see [20, 21]. The weights c1, ..., ¢, and nodes
w1, ...,w, are generated from the composite four-node GauBi-Legendre quadrature
formula on [0, 1] with n/4 equally spaced subintervals; see, e.g., [29]. All the numerical
examples were tested in MATLAB version 7.1.0 with machine precision e, ~ 2.22¢ —
16. We solved the problem for various numbers of the parameters a and § and the
size n. We used all four formulas to compute the minimal positive solution, with a
secular equation solver as described in section 5.

The computed minimal positive solutions via formulas (3.8)-(3.11) are denoted
by XM, X®@ XG) X® respectively. In the following we display the test results.
We present one table for each pair (o, 3) and various values of n. (The used norm is
always the spectral norm.) In each of Tables 6.1-6.6, we list the following results:

e Maximum residual:

R= max [XDT+AX0 —(e+ XDp)(e” +pT XD)].
j6{1,2,3,4}

e Maximum and minimum entrywise relative errors:

(@) (j)|

|z, —x
kl kl
REmax = .em{1a2x3 9 e m1 O
1,7 1439, P 3
i#] LefLymm} min{z,;, zy," }
(3) (4)
[T — 2|
: kl kl
REInin = El{llln3 o ki l1 - (7,) (]) .
2,7 1459, cer
i#] de{lent min{ay), 2’}

Largest entry x11 (determined by one of the four solutions).

Smallest entry x,, (determined by one of the four solutions).

Norm |X| (X is one of the four solutions). Note that we have proved that
| X| <1, which translates to | X| < 1/minp;.

e Number of iterations for vq: N_.

e Number of iterations for A\j: N,.

e Average of the number of iterations for all 2n eigenvalues: N.

We also give the eigenvalues —r1, A1 in the caption.
We can summarize the numerical results as follows.

1. The values of R in the tables are usually the residual of X(). The other

residuals are basically the same, but some can be one order smaller.

2. Since we do not know the exact solution, we use RE\,.x and RE,;, to detect
if high relative accuracy can actually be achieved. The values of REy,,x and
REin do support the high relative accuracy result. (Note that z,,, is small
in all examples.)
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shows the numerical difficulty when the eigenvalues —1; and A\ are getting
close to each other. However, our computed values of v, A\; are much more
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accurate than those obtained by running the MATLAB code eig on H.

4. Our MATLAB implementation of the root finder based on the secular equa-
tion is still not very robust. In general, about .5% of the eigenvalues need
100 iterations, the maximum iteration number used in our experimental code.
Some further improvement could enhance these convergence properties.

TABLE 6.1
a=05, 8=05, (—v1, 1)~ (—1.166, 3.996).

n R REmax | RBmin | 711 Tom X1 N_ | Ny | N

64 2.70e-13 | 1.83e-14 | 6.80e-15 | .263 | 8.23e-04 | 7.87e+400 8 7 5

128 1.27e-12 | 6.72e-14 | 3.33e-14 | .263 | 4.09e-04 | 1.57e+01 9 8 5

256 5.35e-12 1.64e-13 | 7.73e-14 .264 | 2.04e-04 | 3.15e+401 9 9 5

512 1.97e-11 2.70e-13 1.34e-13 .264 1.02e-04 | 6.29e+01 10 8 5

TABLE 6.2
a=0.1, =099, (=1, 1)~ (=7.98¢ — 02, 3.83¢ — 01).

n R REmax REwmin 11 Tnn HX" N_ N+ N

64 5.16e-13 | 2.65e-14 | 1.23e-14 | 2.70 | 2.19e-03 | 6.12e401 8 6 5

128 2.43e-12 | 9.67e-14 | 4.06e-14 | 2.72 1.08e-03 1.22e4-02 10 5 5

256 8.48e-12 | 1.46e-13 | 7.03e-14 | 2.72 | 5.37e-04 | 2.45e+402 9 5 5

512 3.48e-11 4.21e-13 | 2.04e-13 | 2.72 2.67e-04 | 4.89e+02 10 6 6

TABLE 6.3
a=10"% f=1-10"8, (—v1,\1) =~ (=7.91e — 05,3.79¢ — 04).

n R REmax | RBmin | 711 Tom X1 N_ | Ny | N

64 2.46e-11 1.48e-12 7.35e-13 | 4.19 | 2.24e-03 | 8.59e+01 23 16 5

128 1.02e-10 5.16e-12 2.57e-12 4.21 1.10e-03 1.72e4-02 26 25 5

256 4.66e-11 1.24e-12 5.60e-13 | 4.22 5.48e-04 | 3.43e+02 19 25 5

512 5.43e-10 | 7.02e-12 | 3.48e-12 | 4.22 | 2.73e-04 | 6.87e+402 34 25 6

TABLE 6.4
a=10"" B=1-10"1", (—v1,)\1) =~ (=1.73¢ — 07,1.73¢ — 07).

n R REmax | RBmin | 711 Tom X1 N_ | Ny | N

64 6.09e-13 | 2.52e-14 | 1.02e-14 | 4.19 | 2.24e-03 | 8.59e401 28 26 6

128 2.72e-12 7.80e-14 | 3.15e-14 | 4.21 1.10e-03 1.72e+02 28 26 5

256 1.02e-11 1.85e-13 | 8.30e-14 | 4.22 5.48e-04 | 3.44e+02 28 26 5

512 4.28e-11 4.12e-13 1.60e-13 | 4.22 2.73e-04 | 6.87e+402 28 26 6

TABLE 6.5
a=10"8 B =1, (—v1,A1) = (0,3.00e — 08).

n R REmax REwmin 11 Tnn HX" N_ N+ N

64 7.74e-13 | 4.84e-14 | 1.94e-14 | 4.19 | 2.24e-03 | 8.59e+01 0 30 5

128 2.95e-12 | 8.97e-14 | 4.07e-14 | 4.21 1.10e-03 1.72e+02 0 30 5

256 1.21e-11 1.76e-13 | 7.39e-14 | 4.22 5.48e-04 | 3.44e402 0 32 5

512 4.51e-11 4.14e-13 1.87e-13 | 4.22 2.73e-04 | 6.87e+02 0 30 6
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TABLE 6.6
a=10"1% B=1, (-v1,\1) = (0,3.00e — 15).

n R REmax REmnin Z11 Tnn HX" N_ N"r N
64 6.97e-13 | 3.39e-14 | 1.42e-14 | 4.19 | 2.24e-03 | 8.59e+4-01 0 55 5
128 2.71e-12 | 7.83e-14 | 2.91e-14 | 4.21 | 1.10e-03 | 1.72e+02 0 55 5
256 1.02e-11 | 1.60e-13 | 7.47e-14 | 4.22 | 5.48e-04 | 3.44e+02 0 55 5
512 4.19e-11 | 3.71e-13 | 1.53e-13 | 4.22 | 2.73e-04 | 6.87e+02 0 55 5

7. Conclusion. We have presented four formulas for the minimal positive solu-
tion of the nonsymmetric Riccati equation (1.1) that depend on the eigenvalues of the
associated matrix. With the help of the formulas we have given some properties and
entrywise bounds for the minimal positive solution. We have used the formulas to
develop fast numerical algorithms for computing the minimal positive solution. If the
eigenvalues can be computed accurately, then the computed minimal positive solution
has high relative accuracy.
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