Downloaded 09/30/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SIAM J. MATRIX ANAL. APPL. (© 2008 Society for Industrial and Applied Mathematics
Vol. 30, No. 2, pp. 822-843

A NEW SCALING FOR NEWTON’S ITERATION FOR THE POLAR
DECOMPOSITION AND ITS BACKWARD STABILITY*

RALPH BYERST AND HONGGUO XU#

Abstract. We propose a scaling scheme for Newton’s iteration for calculating the polar decom-
position. The scaling factors are generated by a simple scalar iteration in which the initial value
depends only on estimates of the extreme singular values of the original matrix, which can, for ex-
ample, be the Frobenius norms of the matrix and its inverse. In exact arithmetic, for matrices with
condition number no greater than 1016, with this scaling scheme no more than 9 iterations are needed
for convergence to the unitary polar factor with a convergence tolerance roughly equal to 10~16. It
is proved that if matrix inverses computed in finite precision arithmetic satisfy a backward-forward
error model, then the numerical method is backward stable. It is also proved that Newton’s method
with Higham’s scaling or with Frobenius norm scaling is backward stable.
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1. Introduction. Every matrix A € C"*" has a polar decomposition A = QH,
where H = H* € C"*™ is Hermitian positive semidefinite and @ € C"*™ is unitary,
ie., Q*Q = I. The polar decomposition is unique with positive definite symmetric
factor H iff A is nonsingular. Its applications include unitary approximation and
distance calculations [8, 9, 12]. The polar decomposition generalizes to rectangular
matrices; see, for example, [15]. We consider only the square matrix case here, because
numerical methods for computing the polar decomposition typically begin by reducing
the problem down to the square matrix case using, for example, a QR factorization
[5, 8]. (An algorithm that works directly with rectangular matrices appears in [6].)

The polar decomposition may be easily constructed from a singular value decom-
position (SVD) of A. However, the SVD is a substantial calculation that displays
much more of the structure of A than does the polar decomposition. Constructing
the polar decomposition from the SVD destroys this extra information and wastes the
arithmetic work used to compute it. It is intuitively more appealing to use the polar
decomposition as a preliminary step in the computation of the SVD as in [12].

When A is nonsingular, one way to compute the polar decomposition is through
Newton’s iteration:

(1.1) Qr+1 = % (CrQk + (GQr) ™) Qo = A4,

where ¢ = ((Qr) > 0 is a positive scalar function of @ chosen to accelerate con-
vergence [8]. Each iterate @ has polar decomposition Qr = QHy, where @ is
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the unitary polar factor of A, Hy = H is the Hermitian polar factor of A, and
Hii1 = (CeHy + (CeHy)™1)/2, k > 0. For appropriately chosen acceleration parame-
ters (i, limy .o, Hr = I. Hence, the unitary polar factor is @ = limy_.., @k, and the
Hermitian polar factor is H = limy_.oc Q7 A.

Iteration (1.1) was first proposed in [8] and studied further in [5, 6, 14]. It is
called “Newton’s iteration” because it can be derived from Newton’s method applied
to the equation X*X = I. It is closely related to Newton’s iteration for the matrix
sign function [17, 22].

Simplicity is an attractive feature of (1.1). Apart from the computation of (y,
each iteration needs only one matrix inversion and one matrix-matrix addition. The
simplicity allows implementations of (1.1) to take advantage of the hierarchical mem-
ory and parallelism [1, 2, 13]. Many authors have studied choices of the acceleration
parameters (i [3, 4, 8, 16, 17, 22]. If {; = 1, then the iterates @y converge quadrati-
cally to the unitary polar factor @ [8]. Convergence is also quadratic if { = ((U) is a
smooth function of U € C"*™ and ((U) = 1 whenever U is unitary.

The choice

1Q% " [2
1Qkl2

where | - |2 is the spectral norm is proposed in [8]. This scale factor is optimal in the
sense that, given @y, (1.2) minimizes the next error |Qx+1 — Q2. With this scale
factor, for the matrices @y generated by (1.1), the error sequence |Qx — Q|2 converges
monotonically to zero. Unfortunately, to determine the scale factor (1.2), one needs
to compute two extreme singular values of Q)i at each iteration. In order to preserve
the rapid convergence of (1.1) with scaling (1.2), the highly accurate values of these

(1.2) =

extreme singular values are required to guarantee ¢ ,iz) — 1. This is expensive enough
to make scale factor (1.2) unattractive.

To save the cost of computing the extreme singular values, one might approximate
(1.2). A commonly used scale factor is the (1, 00)-scaling

1 1 %
1.3 (1,m><MM1ML>O> ,
- g 1Qk 1 1Qx]

(where |- |1 and |- |o are the 1-norm and oco-norm, respectively) which was proposed
by Higham in [8]. The factor (,gl’oo) is within a constant factor of (,22). It adds a
negligible amount of arithmetic work compared to the cost of Q,;l, which is needed
at each iteration anyway.

The scale factor

(1.4) G =100 12 1Qk] 2,

(where | - | is the Frobenius norm) is discussed in [5, 8, 16]. It can also be computed
at a negligible cost. It is optimal in the sense that, given @y, it minimizes |Qx+1|r
and causes the sequence |Q|r to converge monotonically [5].

Another relatively inexpensive scale factor is [4]

(1.5) D = | det(Qr) /™

The complex modulus of the determinant is very inexpensively obtained from the
same matrix factorization used to calculate Q,;l. This scaling is optimal in the sense
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that, for a given iterate Qy, it minimizes D(Qg+1) = Z?Zl(ln(a§k+1)))2, where 0§k+1)
is the jth singular value of Q+1. The function D(Q+1) is a measure of the departure
of Q+1 from the unitary matrices.

This paper considers the suboptimal scaling strategy

(1.6) Co=1/Vab, ¢ = \/iﬁ? G =1/v/p(Coe1), k=2,3,...,

where p(z) = (z+2~')/2 and a and b are any numbers such that 0 < a < |[A~!|;* <
|A]2 < b. Apart from estimating the extreme singular values of the initial matrix
Qo = A, the scale factor costs only several floating point operations per iteration.
Moreover, only the rough estimates of | A, and |A~!|; ! are needed. One may simply
choose a = |A~!| 5! and b = | A r. From Table 2.1 with such choices for any matrices
with condition number no greater than 106 and size no greater than 10!, at most
nine iterations of (1.1) with scaling (1.6) are necessary to approximate the unitary
polar factor @ to within 2-norm distance less than 10716,

We show below that, in the presence of rounding error, (1.1) with (1.6) is numeri-
cally stable assuming that matrix inverses are calculated with small forward-backward
error. This is the case, for example, when matrix inverses are computed using the
bidiagonal reduction [7, p. 252]. We also prove the numerical stability of Newton’s
iteration with any of the scalings (1.2)—(1.4).

Commenting on an early draft of this paper, Zietak pointed out that the subopti-
mal (quasi-optimal) scaling parameters were discovered independently by Kielbasiriski
but not published in the open literature. They were presented by Zietak at the 1999
Householder meeting at Whistler and the 1999 ILAS conference at Barcelona. In
section 5 of their recent paper [19], Kietbasiriski, Zieliniski, and Zigtak mention the
quasi-optimal scaling parameters. In [18], these authors gave an error analysis of
Higham’s method [8] with the same mixed backward-forward stability assumption for
matrix inversion. They gave numerical experiments in [23].

In the following A € C™*™ is always nonsingular. A = UXV™ is the SVD of A,
where U and V' are unitary, ¥ = diag(o1,---,0y,) is diagonal, and 07 > -+ > 0, > 0
are the singular values of A. The set of the singular values is denoted by o(A). The
condition number with respect to the spectral norm of A is denoted by ko(A4) = o1 /0y,
Following [7, p. 18], a flop is the computational work of a floating point addition,
subtraction, multiplication, or division together with the associated subscripting and
indexing overhead. It takes two flops to execute the Fortran statement A(I,J) =
A(T,J) + C*A(K,JD).

2. Scaling and convergence. Let A € C"*™ be nonsingular, with the SVD
A =UXV* with ¥ = diag(o1,02,...,0,). Each Newton iterate Qj in (1.1) has the
SVD Q. = UX,V*, where

(2.1) Y1 = (CkEk + (CkEk)*l) /2, Yo =2.

In particular, @ has singular values oz(lk), Uék)7 . J,Sk) (

k > 0) that obey

in no particular order when

1 1
(22) of =0;, of =2 (Cw}’“) + (k)> — p(Go), k=0,1,2, ...,
k
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where p(x) = (z + 27')/2. For appropriately chosen (i, limy_, oo a§k) = 1, and
limg 0o Qx = UV* = Q. Consequently, the convergence properties of (1.1) derive
directly from the n scalar sequences a;k) determined by (2.2). To attain good con-
vergence behavior in (1.1), the acceleration parameters (; must interact well with
plz) = (z+a71)/2.

The following two lemmas list some easily verified elementary properties of p(x) =
(x+271)/2.
LEMMA 2.1. If x > 0, then
1 p(d) = pla).
2. 1< p(z) < max(x,z7 1), with either equality iff v = 1.
3. p(x) is decreasing on x € (0,1] and increasing on x € [1,00).
LEMMA 2.2.  Suppose that 0 < a < b. Define a¢ = max{(Ca)™', (b}, and
Copt = (ab)~Y/2. Then we have the following properties.
1. For any ¢ > 0, 1 < maxqcqz<p p(Cz) = pa¢), and 1 = maxqcqz<p p(C) iff
ac=1.
2. For any ¢ >0, 1 <ming<z<p p({x), and 1 = ar<ngr<1bp(Ca:) iff Ca <1 < (b.

3. mingsoa¢ = ag,,, = \/b/a, and = (opt is the only minimizer.

4. min¢so maxe<o<p p(Cr) = mingso plac) = plag,,,) = p(/b/a).
In the following, for ease of notation let 7(x) be the function

1 1
(2.3 (x) = p(VE) = 5 (ﬁ+ ﬁ) |
The k-fold composition of 7(x) with itself is written 7%(x), i.e., 7%(z) = z, 7!(z) =
7(z), and for k > 1, 7%+l (x) = 7(7¥(x)). Similarly p*(z) is the k-fold composition of
p(z) = (z + 2~ 1)/2 with itself.

Suppose that 0 < a < 0, < 01 < b. Consider the sequence of intervals generated
by Newton’s iteration: [ag, bo] = [a,b], [a1,b1] = p(Co[ao,bo]), [az,b2] = p((i]ar, b1]),
.... It follows from (2.2) that Uj(-k) € lak,bx], 7 =1,2,...,n, k =0,1,.... Note that
mingso p(z) = 1, so for k > 1, [ag, br] C [1,bx] and

(2.4) 1< 0™ < by,

It is intuitively satisfying to choose the sequence of acceleration parameters ¢, in (1.1)
to minimize the sequence by.

From Lemma 2.2, the initial optimal scaling factor is ¢y = (ab)~/2. The initial
interval is scaled to be (o[a, b] = [\/a/b, \/b/a] which contains 1. The next interval
is

[a1, b1] = p(Cola, b)) = [1, p(v/b/a)] = [L, 7(b/a)],
where 7(z) is given by (2.3). The left endpoint is a; = 1, so the optimal scaling factor
for the next iteration is (1 = bl_l/2 = 1/4/7(b/a). The next interval is

[az, b2] = p(Gilay, bi]) = [1, p(V/7(b/a))] = [1, 7(b/a)].

An easy induction shows that the sequence of intervals is [ag, by] = [a, b] and for
k> 1, [ag, bx] = [1, 7%(b/a)], and the sequence of optimal scaling factors is

(25) 40:1/\/%7 Ckzl/\/ Tk(b/a)v kila 2,3, ...,

which is equivalent to (1.6).
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Since 7(z) = p(v/7) < p(z) for z > 1,

7(b/a) < p(b/a).

By induction we have

7" (b/a) < p*(b/a)

for all k > 1. The sequence b/a, p(b/a), p*(b/a), ..., is generated by Newton’s iteration
Trp1 = p(zk), with zg = b/a. Tt converges to 1 quadratically. Obviously 7%(b/a) > 1
for k > 0. So b/a,7(b/a),7*(b/a),... also converges to 1 at least quadratically. It is
not difficult to show that 1 < 7(z) < z for any 2 > 1. We have

b = 7%(b/a) = (tF "1 (b/a)) < 7L (b/a) = b_1.
Hence, after the first step, the sequence of intervals satisfies
[a1,b1] 2 [ag,b2] 2 -+ D [ak,bk] 2 ...,

and it converges to the single point 1 quadratically. (Note a; = 1 for all £ > 1.) The
initial interval, [ag, bo] = [a, b] is an exception, because, in general, [a, b] 2 [1, 7(b/a)].
Based on this fact and (2.4), the convergence properties of (1.1) with (1.6) are
clear, and we summarize them in the following theorem.
THEOREM 2.3. If

(2.6) O<a< AT <A <b
and Qy is obtained from the Newton iteration (1.1) with scaling (1.6), then
(2.7 Q- QI < T*(b/a) ~ 1 < PP (bJa) =1, k=1,2,....

In fact the convergence properties are highly satisfactory even when b/a is large.
Table 2.1 uses Theorem 2.3 to list the number of Newton’s iteration (1.1) with
scaling (1.6) (and exact arithmetic) required to guarantee selected absolute errors
6 > |Qr — Q|2 and values of b/a. The table demonstrates that Newton’s iteration
(1.1) with scaling (1.6) typically needs no more than nine iterations to attain typi-
cal floating point precision accuracy. The table also demonstrates that convergence
is insensitive to the choice of a and b—widely differing values of b/a need similar
numbers of iterations to attain similar accuracy. In particular the easy-to-compute
choices a = |[A™!| ! and b = |A|p satisfy (2.6) and are unlikely to lead to even one
more iteration than the optimum choices of a = |[A™!|; " and b = | A|,, particularly
for ill-conditioned matrices. For instance, for any A € C"*" with ka(A) = 10*°, for
a =AY " and b = |A|F, we have b/a < nw(A) = n10'S. Then b/a < 10?7 for any
n < 10!, and the number of iterations is 9, the same as with the optimum choices.

In Theorem 2.3, smaller values of b/a give smaller values of 7%(b/a) and hence
better error bounds. Inequality (2.6) implies that b/a > r2(A) = |A7]2]A]2, and
equality can be achieved only with a = |A~!|;! = 0, and b = |A|z = 01. With
a = o, and b = o1, the scaling factors (1.6) are

(2.8) Go=1/Voron, G =1/y/7(k2(4)), (k=1),

and the corresponding intervals are [0, o1], and [1, 7F(k2(A))] for k > 1. Let ¥, be
the matrices generated by (2.1), with @ = 0, and b = ;. It is easy to verify that in
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TABLE 2.1
The number of Newton iterations (1.1) with scaling (1.6) (and exact arithmetic) required to
guarantee absolute error |Qr — Q|2 < & for selected values of § and b/a such that 0 < a < |\A_1||2_1 <
|Al2 < b. See Theorem 2.3.

§\b/a | 10 10> 10° 105 1020 1025 10?7
10-1 2 4 5 6 6 6 6
10— 4 5 6 7 7 8 8
10~7 4 6 7 8 8 8 8
10—10 5 7 7 8 8 9 9
10-13 5 7 8 8 9 9 9
10-16 5 7 8 9 9 9 9
10-19 6 7 8 9 9 10 10

this case, the right endpoint of the kth interval is a singular value of 3. This in turn
implies that inequality (2.7) is an equality, i.e.,

1@k = Qllz =[5k — Iz = 7" (k2(4)) - 1.

The number sequence by, was also derived in [16] in order to show the convergence
behavior of Newton’s method with the optimal scale factors. It is shown that when
a = o, and b = o1, for Qj generated with CIEQ_)l defined in (1.2), one has |Qx|2 < bg
[16, 11]. Due to this fact we call (i defined in (2.5) suboptimal scale factors. Note
that by is derived based on different interpretations here. It is the right endpoint of
the kth interval generated by applying Newton’s iteration to the initial interval [a, b].
For this interval iteration, (x is the scale factor that minimizes b1 —1 (i.e., it makes
[ak+1, brpt1] as close to 1 as possible).

3. The algorithm. The Newton’s method (1.1) with scaling scheme (1.6) is
implemented by the following algorithm.
ALGORITHM 3.1 (Newton’s method (1.1) with scaling (1.6)).
Input: Nonsingular matrix A € C"*™ and a stopping criterion 6 > 0.
Output: The polar decomposition A = QH.
Step 0: a. Set Qo = A; Compute Q™
b. Choose a < [Qy'|3" and b > |Qol2; o = 1/Vab
c. Set k=0
Step 1: While |Qr — Q. "|r > 6
a Qr1 = (GQr + ¢, 'Q7)/2

b.
2

Iftk=0 G = /\/bTa+ =
Else Chy1 = A /ﬁ
End if '

c. Compute Q, 7,

d. k=k+1

End while

Step 2: Q = (Qu+Q")/2  H=L(Q A+ (Q"4))
Here are some remarks.
1. The matrix A~! = Qo ! needs to be computed in the first iteration anyway.
Hence, power iterations on A and A~! may be used evaluate the extreme singular
values o1 and o, !, respectively, using only O(n?) extra flops per iteration. These

n
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estimates may then serve as the suboptimal scaling factors b and a~*!, respectively.
Since highly accurate estimates of o1 and o, are unnecessary, a few power iterations
should suffice. Alternatively, |A|r and |A~!|' may be used for b and a.

2. The stopping criterion |Qr — Q. *|r < 6 is essentially equivalent to |Qp4+1 —
Qr|r < 6, which is used in [11, section 8.9]. This follows from the fact that when
Cr ~ 1 (which is usually the case for a small ¢),

Qi — Qe = 5(G Q" — (2- QW) ~ 3 (@5 — Qi)

In practice, in order for the computed Qj to be within O(e) of a unitary matrix,
where ¢ is the machine epsilon, it is sufficient to choose § = O(y/€). See (4.16).

3. Commonly the matrix inversion method used in the algorithm is an LU
factorization-based method such as the Gaussian elimination with partial pivoting
or complete pivoting [8]. Such an inversion method usually works well in practice
[18]. In order to guarantee the algorithm to be numerically backward stable, one may
use the more expensive bidiagonal reduction-based matrix inversion method provided
in Appendix A.1. So the computed matrix inverses satisfy the backward-forward error
model. See Assumption 4.1 in section 4 below.

4. Estimating o1 and o, usually uses O(n?) flops. Each iteration uses 2n? flops
for the matrix inverse by an LU factorization-based method and O(n?) flops for matrix
addition. Computing H uses 2n3 flops. If p is the number of iterations for convergence,
then the algorithm uses a total of roughly 2(p+ 1)n? flops [8]. When p = 9 it is about
20n3 flops, which is less than the QR-like SVD method (which takes 22n3 to 26n®
flops for the SVD and 4n® for Q and H). If the bidiagonal reduction-based matrix
inversion method is used, the total cost will be 2(3p + 1)n? flops.

5. In order to reduce the cost while maintaining numerical stability, one may
first use the bidiagonal reduction-based method for a few iterations. When ko (Qy) is
not too large, say 100, one shifts to an LU factorization-based inversion method for the
subsequent iterations. The matrix inverses essentially satisfy the backward-forward
error model in the latter case [10, section 14]. Also, it takes only a few iterations
for the condition number to drop below 100. In the case when ra(A) = 10716, with
a = o, and b = oy, then |Q3]2 = 72(10716) ~ 42. Since this is usually the worst
case in practice, the bidiagonal reduction-based method is required in no more than
3 iterations. With this strategy, the maximum cost (with p = 9) is 3 - 6n3 + (9 — 3) -
2n3 + 2n3 = 32n3 flops.

6. Although the cost for computing the scale factors (1.3)—(1.5) is negligible
in Newton’s iteration, computing the suboptimal scale factors is essentially costless.
Also, the use of suboptimal scaling simplifies the algorithm, since the “shifting scale
factor to 1”7 strategy, which is used for the (1, 00)-scaling ([8]), is not needed. Finally,
with suboptimal scaling, in general, the number of iterations is no greater than 9, and
it can be obtained by simply computing 7%(b/a) — 1. It is still not clear how to predict
the number of iterations with other scalings, although in practice it is observed that
the (1, 00)-scaling and the suboptimal scaling essentially have the same convergence
rate.

4. Stability and rounding error analysis. In this section, a first order error
analysis establishes that Newton’s method (1.1) with scaling (1.6) can be implemented
in a backward stable way. The same conclusion is drawn for the scalings (1 2), (1.3),
and (1.4). In outline, the approach is to estimate the residual HA QH]|; for the
rounding-error-perturbed unitary factor Q and Hermitian factor H produced by finite
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precision arithmetic in the algorithm in section 3. The method here is to first estimate
the forward errors ) — @Q and H — H and then use them to estimate the residual.

For the error analysis, we employ the standard model of floating point arithmetic
with machine epsilon ¢ [10, section 2.2].

We also need the following assumptions.

Assumption 4.1. If a nonsingular matrix A € C"*" is inverted using finite
precision arithmetic with machine epsilon € to obtain a “computed inverse” X, then

=(A+E)'+F
where E, F' € C"*" are perturbation matrices satisfying
|E]2 < ci(n)el A2, [F]2 < c2(n)e] A7,

and ¢;(n) (i = 1,2) are some low-degree polynomials of n.

In Newton’s method it is typical to use Gaussian elimination with partial or
complete pivoting for computing matrix inverses. Although it works well in practice,
the computed matrix inverses may not satisfy Assumption 4.1 [10, section 14.1]. We
show in Appendix A.1 that Assumption 4.1 is satisfied by a matrix inversion algorithm
that uses the bidiagonal reduction method.

Assumption 4.2.

cz(n)ra(A)e < 1,

where c3(n) is a low-degree polynomial of n.
Note that 1/k2(A) is the measure of the relative distance of a nonsingular A to
the nearest singular matrices [7, p. 73], i.e

1 . 1Bl

min
Ka(A)  det(A+E)=0 |Al2”

If such a condition doesn’t hold, then matrices like A + FE in Assumption 4.1 can be
singular. So this is a condition about the numerical nonsingularity of A. It is essential
in the subsequent first order error analysis, although it won’t be explicitly stated.

We now begin the error analysis. In practice, rounding errors perturb Newton’s
method recurrence (1.1). Under Assumptions 4.1, if Q) is the computed version of
Qp, then

Qi1 = Cka +Fpq+ — T ((@k + Fr2) "+ Fk,S)
= Ck(Qk + Fr2) + f(@k + Fi2) "+ (Fm + ﬁFk,B - C;Fk2>
(4.1) Ck(QkJFFkb)JFT(QkJFFkb) + Fy,

where Fyp, = Fy, 2 and Fip = (Fj 1+ 2( Fr3— Fkvg). The perturbation matrix Fj 1
represents rounding errors introduced by ﬂoatlng point matrix addition and scalar
multiplication, and the perturbation matrices Iy, » and Fj 3 represent rounding errors
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introduced by matrix inversion under Assumption 4.1. The F’s obey the bounds

|

> < dizmax (|G Qula, 16, Q1)
|Fials < dae]Qxla

| Fisla < dselQp "2

| Frollz < doe| Q2

[Fesls < dy 5 max (16 Qe 167 Q512 ) -

where ¢ is the machine epsilon and dy, d2 = ds, d3, and dy are some modest constants
that may depend on n, the details of the arithmetic and the inversion algorithm but
depend neither on Qi nor Q. Each )p is a smooth function of Qr_; and each
Fy.; = O(e), so, by induction,

(4.2) Qr = Qi+ O(e).

Hence, the bounds above may be loosely expressed in terms of @y as

(4.3) | Fioll2 < doe|Qrll2 + O(e?)
g — — %
|Fislz < dy 5 max (16:Qxl2: 16 ' Qx " l2) + O(e?)
(4.4) < dse|Qrs1l2 + O(£?).

Inequality (4.4) is a consequence of (2.2).

We need the following lemma for continuing our analysis.

LEMMA 4.3. Let A € C™*™ be a nonsingular matriz with polar decomposition
A = QH, with Q € C™"™" unitary and H € C"*™ Hermitian positive definite. If
F e C™™ with |F|2 =1 and t > 0, then when t is sufficiently small, A+ tF has the
polar decomposition

A+tF =Q (I +tE)+O0()) (H+tG+O(t?)),
where G € C™"*" is the unique Hermitian solution to
(4.5) F*A+ A"F =GH + HG,
and E € C™*™ is the unique skew-Hermitian solution to
(4.6) Q'F -F*Q=FEH+HE.
Also, E is given by
(4.7) E=(Q*F-G)H™ .

Proof. See proof in Appendix A.2. ]

At each of the perturbed Newton iteration (4.1) rounding errors are equivalent to
perturbing @k to @k + Fp, taking one Newton step (1.1), then perturbing the result
by adding Fjs. Let @k = Wkﬁk and @k + Frp = Wkﬁk be the polar decompositions
of @k and @k + Fyp, respectively. By Lemma 4.3,

(4.8) Wi = Wi(I + E) + O(c?),
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where Ey;, satisfies
(49) Ekbﬁk + I:jkEkb = W]:Fkb — F];kak =+ 0(82).
From (4.1),

S (Qk + Fip) + %(Qk + Fip) ™ = Qpi1 — Fiy.

Since the unitary factor in the polar decomposition of the left-hand side matrix is Wk,
applying Lemma 4.3 to Qx+1, we have

Wi, = Wi (I — Eig) + O(€2),
or equivalently,
(4.10) Wii1 = Wil + Erg) + O(e?),
where Ejy satisfies
(4.11) BygHysr + Hysr Exy = Wi Fyp — FfWieey + O(2).

Since Qg has the polar decomposition Q; = QHy, and @k satisfies (4.2), by Lemma 4.3
one also has Hy = H, +0(e), Wi, = Q+0O(e). Based on these first order error results,
(4.9) and (4.11) can be expressed as

(4.12) EwHy + H Eyp = Q*Fkb — Fl:bQ + 0(52),
(4.13) Eka;c+1 +Hk+1Ekf :Q*ka —F,:fQ-i-O(EQ).

Combining (4.8) and (4.10), one has
Wii1 = Wi(I + Ep + Egg) + O(e?).
It follows by induction (with Wy = Q) that
Wi =QU + E;) +0(e?), j>0,

where

1
(Exy + Ery).
0

e

(4.14)

k=
Suppose that Algorithm 3.1 applied to a nonsingular matrix A € C"*", with polar

decomp051t10n A QH completes after p iterations in Step 1. We obtain Qp that

satisfies ||Qp Q"2 < ||Qp Q, *|F < 6. With the polar decomposition Qp =W, H
and (2.2), we have (see the proof in Appendix A.3)

1 -~ A~ ~
(4.15) i(QP +Q,7) =W, + AQy,
where

[AQy |2 < 6°/8.
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Suppose 6 is small. Step 2 of the algorithm produces approximate polar factors
Q= %(@,,+@;*)+F, = % (@*A+A*@+K),
where F' fccounts for rq}lnding error forming @ from @p and K for rounding error
forming H from A and @Q obeying
|Fl <dre, K] < dre|Al2,

with modest constants dr and dg. So we have
(4.16) 1Q — Wyl < dre + 82/8.

Since W, = Q(I + E) with E := E, defined in (4.14), by (4.15),
(4.17) Q=QU+E)+AQ,+F=Q(U+E+L),
where L = Q*(AQ, + F) satisfies

|L|2 < dr max(e, §2)

for some modest constant dy,, which combines the rounding error F' and the effect of
stopping criterion. Both d; and dx may depend on n and the details of the finite
precision arithmetic and computational algorithm, but not on A, @, or H. With
(4.17) and the fact that E is skew-Hermitian,

=)
I

(I+E+L)*Q"A+ A*Q(U + E+ L) + K)

(1-E+L)YH+H(I+E+L)+K)

N =N =N =

(4.18) — —(2H-EH+ HE+L*H + HL + K).

So by (4.17) and (4.18), to the first order,
1
QH - A= §Q(I+E+L)(2H—EH+HE+L*H+HL+K)—A

1
:5@(2]—1—EH+HE+L*H+HL+2EH+2LH+K)—A

+ O(IL[3) + O(elLl2) + O(e?)
1
= 5Q(EH + HE+ L"H + HL+2LH + K) + O(max(e?, 6%, 6%)).

From (4.14) this expression can be written

o~ T,
QH— A= 5@ Z (ExpH + HEy, + ExpH + HEyy)
k=0

1
(4.19) + 5Q(L*H + HL +2LH + K) + O(max(e?, €62, 6%)).
Note that so far the suboptimal scale factors have not played a role. In order

to continue the analysis, we need the following lemma which involves the suboptimal
scaling.
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LEMMA 4.4. Let A € C™*™ be a nonsingular matriz with singular value decompo-

sition UXV*, ¥ = diag(o1,09,...,04,), and 01 > 09 > -+ > o,. Consider Newton’s
iteration (2.1) with scaling (1.6) and initial itemte Yo=23. Let O'(k) be the jth diago-
nal entry of X, and let aﬁngx = maxXi<j<n0; . If a,b satisfy 0 < a < oy, and b > oy,

then, for allk >0 and 1 <1i,j <mn,
(k) b

Omax

< .
ng)+0.§ ) _O'i—f—O'j

Proof. See Appendix A .4. ]
Recall that Ey, Ery satisfy (4.12) and (4.13), respectively. Let

Hy, = VS, V*

be an eigen-decomposition, where V is unitary and X is diagonal obeying (2.1).
(Recall that throughout the algorithm the singular vectors of the Qy’s are the singular
vectors of A. In particular, for all k, the unitary matrix of the right singular vectors
of A is also a unitary matrix of the eigenvectors of Hy.) In this notation, (4.12) and
(4.13) can be written

EwSk 4+ SkEry, = Frp — Ffy + O(2),
EkukJrl + Zk+1Ekf = ﬁkf — ﬁ,:f + 0(e?),
where
(4.20) Epy = V*EwV, Epp = V*ErfV, Frpy = V*Q*FiV, Frp = V*Q* FysV.
So, the (7, j)th entries of Ep and Ekf are

~ ﬁ‘jkb—fjikb 2 ~ fzjkf fgzkf
(4.21) € = —5— 4+ 0(e9), Cijhf =~ L O(e?).
J Uz(k) n UJ(_k) J (k+1) i ](k+1)
Note that |Exjla = |Ejl2 and |Fiila = |Fijlz2 for j = b, f, because V and Q are
unitary.
Multiplying (4.19) on the left by V* and on the right by V gives
p—1

V*(QH — A)V = fV*QVZ <Ekb2 + B + EngS + zEkf)

+ fV* (LH+ HL +2LH + K)V 4+ O(max(e?, £6%, 6)),

where Ekb and Ekf are glven by (4 20). From (4.21), the (i,7)th entry of the sum
(EkbE + ZEkb + Eku + EEkf) is

p—1

Y (Cijo + Cijig)(0i + 05)
k=0

bS]

1 ~ = ~ =
(fij,kb_fji,kb L fijkr — Fiiks )(Ui+aj)+0(€2)

NONNORIES +O_(k+1)

= O

k
- £ k41
:p fij ko — f]v kb (UlJrUJ)U]Snax fz] kf — f_]v kf (Ui+aj)0§11;<)
(k) Uzgk) +0§k) ok+1) 0§k+1) +U§k+1)

Omax Omax
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Inequalities (4.3) and (4.4) and Lemma 4.4 imply

p—1

Y Cijro + Cijig) (03 + 05)
k=0

(k+1)

p—1 , 5 (F)
<2EZ<db(01+0’j)0max+df((72+0'j)0'max >+O(52)

O_Z(k:)_i_o_J(_k) Z(k+1)+ J(_k+1)

< 2pe(dy + dg)b + O(e?).
Hence, the residual is bounded as
p—1
|QH — Al2 < QY (ExH + HEy, + ExgH + HEgy) /2|2
k=0
+|Q(L*H 4+ HL 4 2LH + K) /2|2 + O(max(g?,£62, 6%))
< mpe(dy + dp)b+ (2dr, + d /2) max(e, 6?)[Al2 + O(max(e?,£6%, 6*)).

In the same way, from (4.18) we can obtain

|H — H|s < |(~EH + HE) /2|3 + [(L*H + HL + K) /2|5 + O(6*)
< npe(dy + dp)b+ (dr, + di /2) max(e, 62)\|A||2 + O(maX(EZ, 5(52, (54)).

By applying Lemma 4.4 to (4.21) to estimate |E|z2, then from (4.17) we can derive

1Q — Ql2 < |QE|2 + |QL|2 < npe(dy + dy)b + dr max(e, 62),

where

1 .

= A is complex,
(422) o= { Un712+0" A is real.

(The formula in the real case is based on the fact that €;; x» = €5y = 0 from (4.21).)

We present the above error analysis results as well as (4.16) in the following
theorem.

THEOREM 4.5. Suppose that A € C"*" satisfies Assumption 4.2 and has the polar
decomposition A = QH. Let Q and H be the matrices computed by Algorithm 3.1
after p iterations with a matriz inversion method that satisfies the error model in
Assumption 4.1. Then

|QH — Aly < npe(dy + dp)b+ (2d1, + dx /2) max(e, 6%)| Alz + O(max(e?, 62, 61))
|H — H|y < npe(dy, + ds)b+ (dr, + dg /2) max(e, 6?)| Af2 + O(max(e?, 6%, 6*))
|Q — Q2 < npe(dy + dy)b + dp max(e, 62)
|Q = Wyl < dpe +6°/8,
where dy,ds,dr,di,dr are some modest constants, W, is a unitary matriz, and 0 is
defined in (4.22).
As noted in Table 2.1, in most practical situations p < 9. Therefore, if b is not too

much greater than |A|2 and the algorithm uses a stopping criterion § not too much
greater than /e, then the algorithm is backward stable.
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COROLLARY 4.6. If b= |Aly and 6 = ni /g, then
|QH — Al < (np(dy + df) + V/n(2d, + dic /2))e] Al + O(2)
[H — H|z < (np(dy + dp) + vV/n(dp, + di /2))e| Alz + O(?)
1Q — Q2 < np(dy + dy)e(0] Al2) + vndre
|Q = Wyl2 < (dr + Vn/8)e.

Note that the error bounds for |H — H|, and |Q — Q|2 coincide with the perturbation
results; see, for example, [8, 21, 20] and [11, section 8.2]. The quantity 0] Al serves
as the condition number for the perturbation of Q.

Remark 1. The same procedure can be used to give an error analysis for Newton’s
method with other scalings. Note that the backward stability depends on whether

(0; + o)) o),
(4.23) —m - = OUAl),
o, + o;

which depends on scaling factors. From Remark 2 in Appendix A.4, (4.23) holds for
the optimal scaling (1.2). Lemma A.3 in Appendix A.5 shows that (4.23) also holds
for the (1,00)-scaling (1.3) and the scaling (1.4). Therefore, Newton’s method with
these three scalings is also backward stable under the same conditions of Theorem 4.5
and an appropriate stopping criterion, when the number of iterations is not too large.
(See Remark 3 in Appendix A.5.)

We also observed that the numerical stability doesn’t necessarily depend on how
fast the method converges. In fact, one can show that when |A[2 > |A™!|2, Newton’s
method without scaling (¢ = b = 1) computes a polar decomposition satisfying the
same error bounds given in Theorem 4.5.

5. Numerical examples. We did some numerical experiments with Newton’s
method (1.1) with scaling (1.6) using a = |[A7'|;", b = |A|Fr, and also with the
(1, 00)-scaling (1.3). The main purpose is to test the numerical stability results and
convergence rate and to compare the suboptimal scaling and (1, co)-scaling. For this
reason we used the bidiagonal reduction matrix inversion method Algorithm BR for
computing matrix inverses.

All numerical experiments were done on a Dell personal computer with a Pentium-
IV processor, in MATLAB version 7.2 with machine epsilon ¢ ~ 2.22 x 10716,

In the numerical experiments we use stopping criterion § = n%\/g, where n is
the size of matrices. For Newton’s method with the (1, c0)-scaling, the scale factor
is shifted to 1 when | X1 — Xi|r/|Xes1]r < 1072, Based on the results in Corol-
lary 4.6, if @ and H are the computed unitary and Hermitian polar factors produced
by Algorithm 3.1, then we expect to observe that |A — QH|2/|Alz, |H — Hl2/|H |2,
and |Q — Q|2/ (0] A2) are not much larger than e.

In the tables we will use the following notations:

_e-QL  _H-Hp o |A-QH]|

eo = , ey = , res=-————= ror= 0*Q -1 ,
@ Tgal, T I, Il et

where the “exact” factors () and H for the matrices in the first example are obtained
from the SVD of A using MATLAB’s variable precision arithmetic vpa with 24 signi-
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TABLE 5.1

The extreme values of errors, residuals, and iteration counts from FExample 1.

kappa 102 108 1015
Min Max Min Max Min Max

p SUB 6 6 8 8 8 9
HSF 6 7 8 8 8 9

eqQ SUB | 2.6e—17 7.2e—17 | 7.4e—19 1.7e—17 | 6.9e—19 2.3e—17
HSF | 2.2e—17 7.7e—17 | 7.4e—19 1.7e—17 | 6.9e—19 2.3e—17

eg | SUB | 2.2e—16 4.1e—16 | 2.5e—16 4.1le—16 | 1.9e—16 4.4e—16
HSF | 1.7e—16 3.9e—16 | 1.9e—16 3.9e—16 | 2.2e—16 4.0e—16

res | SUB | 4.1e—16 8.9e—16 | 4.0e—16 7.5e—16 | 3.5e—16 6.3e—16
HSF | 3.5e—16 8.2e—16 | 2.7e—16 5.9e—16 | 3.9e—16 7.2e—16

ror | SUB | 7.9e—16 1.1le—15 | 8.0e—16 1.le—15 | 7.8e—16 1.3e—15
HSF | 7.0e—16 1.2e—15 | 7.9e—16 1.2e—15 | 8.2e—16 1l.le—15

TABLE 5.2

Errors, residuals, and iteration counts for Hilbert matrices from Example 2.

n 6 8 10 12 14
p SUB 8 8 9 9 9
HSF 7 8 8 9 9
eqQ SUB | 1.2e—18 1.6e—19 2.7e—19 4.1le—19 2.0e—17
HSF | 1.2e—18 1.6e—19 2.7¢—19 4.1e—19 2.0e—17
ey | SUB | 2.3e—16 1.9e—16 8.7e—17 1l.4e—16 2.3e—16
HSF | 1.9e—16 1.4e—16 8.7e—17 1.6e—16 2.7e—16
res | SUB | 2.6e—16 2.4e—16 1.8e—16 3.0e—16 3.8e—16
HSF | 2.5e—16 2.5e—16 1.8e—16 3.3e—16 6.3¢e—16
ror | SUB | 2.6e—16 3.9¢—16 6.2¢e—16 6.3e—16 6.5¢—16
HSF | 2.8e—16 5.3e—16 6.8e—16 8.5e—16 1.0e—15

ficant decimal digits. p is the number of iterations, and n is the dimension of matrices.
The symbol “HSF” refers to Newton’s method (1.1) with Higham’s (1, cc0)-scaling.
The symbol “SUB” refers to (1.1) with scaling (1.6) using the Frobenius norms for
the initial interval, i.e., a = |[A™!|z" and b= |A|p.

Ezample 1. Three groups of twenty real matrices were constructed with dimen-
sion 20 by using MATLAB’s gallery(’randsvd’,20,kappa,5), with kappa equal to
102,108,10'5, respectively. The singular values of the generated matrices are ran-
dom values with uniformly distributed logarithm. For each group the ranges of the
condition numbers k2(A) and 0] A|2 are listed below:

kappa = 10% : ko(A) € [37.7, 90.6], 0] A|2 € [33.5, 83.7],
kappa = 108 : ka(A) € [1.13, 6.75] x 107, 0| A|2 € [0.2, 5.44] x 107,
kappa = 10 : ko(A) € [6.35 x 1019, 7.53 x 10™], 0| A2 € [1.78 x 1010, 5.22 x 104].

The test results are summarized in Table 5.1, where, for each group, the minimum
and maximum values of the errors, residuals, and numbers of iterations are listed.

Ezxample 2. In this example the test matrices are the Hilbert matrices, which are
n x n matrices with entries a;; = 1/(i + j — 1). The example uses dimensions n = 6,
n=2_8,n =10, n =12, and n = 14. For every Hilbert matrix, the polar decomposition
is A, =I1,A,.

The condition number xy(A,,) ranges from 1.5 x 107 to 5.1 x 10'7, and 0] A, |2
ranges from 2.6 x 10° to 1.0 x 10'7. The test results are reported in Table 5.2.

Newton’s method with the suboptimal scaling performed well in both examples
calculating the polar factors to nearly full precision. As predicted it takes at most 9
iterations. Newton’s method with the (1, 00)-scaling performs equally well.
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6. Conclusion. The suboptimal scaling scheme (1.6) is essentially costless and
simplifies the algorithm of Newton’s iteration (1.1) for computing polar factors. In a
typical floating point system, with this scaling scheme, for matrices with xa(A) < 106,
no more than 9 iterations are needed for convergence to the unitary polar factor
with a convergence tolerance roughly equal to the machine epsilon. By employing
the bidiagonal factorization for matrix inversion, (1.1) with (1.6) forms a provably
backward stable algorithm. Newton’s method with (1, c0)-scaling and scaling (1.4) is
also proved to be backward stable, provided the number of iterations is not too large.

Appendix A.

A.1. Bidiagonal reduction-based matrix inversion algorithm.
ALGORITHM BR.
Input: Nonsingular matrix A € C**"
Output: G = A1

Step 1: Compute A = UBV™*, with U,V unitary and B upper bidiagonal.
Step 2: Solve BY = U™ for Y by back substitution.
Step 3: Compute G = VY.

In Step 1 one may use the Householder reflectors to perform the reduction. The
reduction needs %n3 flops and computing U needs %nS flops. The matrix V is stored
in factorized form. The cost for solving the matrix equation is O(n?) flops. With the
factorized form of V, it needs 2n3 flops to compute G. So the total cost is 6n> flops.

In order to show that a matrix inverse computed by Algorithm BR follows As-
sumption 4.1, we need the following lemma.

LEMMA A.1. Consider the system Bx = z, where z € C™ and B is nonsingular
and upper bidiagonal denoted by

a1 B 0
B =
ﬁnfl
0 Qo

Let & be the numerical solution with back substitution. Then T satisfies
&= B (2 + 62) + 6,
where
|62] < 3nelz| + O(e?), |6x| < 3ne|z| + O(e?).
Proof. The components of the computed vector & can be formulated as

_ Zn . ze(1+0k) = Brrp
Tp = —F—, T =
an(1+ €,) ar(l+ €)

, 1<k<n-1,

where |e,|, [6k] < e, |ex| < 3¢, E <n —1. So we have

anZn(l+€,) =2,
Oénfli'nfl(]- + 6nfl) + 577.71:%77, = Zn71<]- + 67171)

(A1) :
o1Z1(1+€1) + fr2a = z1 (1 + 61).
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Define & = [Z1,..., %7, 2 = [Z1,..., 2,)7, with

Bn=dn(lten), Fno1=ana(lten1)(lten), ... &= [[Q+e),
k=1

Zn=2n, Zn1=2Zn1(1+6, 1)1 4¢€n), oy Z=2(1+6) H (1+ep).

By multiplying (1+¢,,) to the second equation, (1+¢€,)(1+€,_1) to the third equation,
and so on in (A.1), we obtain that & and Z satisfy

Bz = Z.

1

Let 6z =% — 2z, and éx = & — Z. Then from £ = B~ Z we have

& =B (2 +62) + 6.

The error bounds for |6z| and |6z| follow simply from the definitions. d
THEOREM A.2. Let X be the inverse of A computed by Algorithm BR. Then X
satisfies Assumption 4.1.
Proof. We only consider the first order errors.
Let UBV* be the computed bidiagonal factorization of A. Then U=U+ AUq,
V=V+ AVy, where U,V are unitary and |AU; |2 < dig, |AVh|2 < dae, and
UBV*=A+E,

where |E|s < d3e| A2 for some modest constants di,dz,ds. Let Y be the numerical
solution of BY = U™ computed by back substitution. By Lemma A.1,

Y = B™YU* + Als) + AY,
where
|AVs]> < 3n¥e,  |AY]> < 3n¥e|V]o.
Let X be the computed matrix product VY. We have
X =VY +AX,
where [AX |y < dyeY |2 for some modest constant dy. Now

X = VB YU* 4+ AUy) + VAY + AX = VB U* + VBT'AU, + VAY + AX
= VB W +F=(A+E)"'+F

where
F=AViB~'U* + VB~ (AU,)" + VB'AU, + VAY + AX.

It is easily verified that |F|p < (6n? + dy + dy + dg)e| A~ . O
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A.2. Proof of Lemma 4.3. Equations (4.5) and (4.7) are established in the
proof of Theorem 2.5 in [8]. Here we slightly modify that proof to establish (4.6).

Let A(t) = A + tF have polar decompositions Q(¢)H (t). Note that H(t) =
(A(t)*A(t))Y/? (positive definite square root) and Q(t) = A(t)H(t)~! are sums, dif-
ferences, products, quotients, and compositions with C°° functions of the entries of
A(t), which is trivially a C* function. Hence, Q(¢) and H(t) are also C*°. (Here we
use the fact that A is nonsingular to observe that H(t) = (A(t)*A(t))'/? avoids the
singularity of the square root at zero.) Using Q and H to denote differentiation by ¢,
Taylor’s theorem implies that

Q(t) = Q(0) +tQ(0) + O(t*) = QI +tQ*Q(0)) + O(t*)
H(t) = H(0) + tH(0) + O(t?).

The proof of Theorem 2.5 in [8] shows H(0) = G = G*, with G given by (4.5) and
Q*(0)Q(0) = E = —E*, with F given by (4.7).

Differentiate A + tF' = Q(t)H(t) to get F = QH + QH. Evaluating at t = 0,
letting £ = Q*(0)Q(0), G = H(0) gives Q*F = EH + G. Using the facts that E is
skew-Hermitian and G is Hermitian while subtracting this equation to its Hermitian
transpose gives (4.6). The Lyapunov operator on the right is nonsingular, because A
nonsingular implies that the eigenvalues of the Hermitian polar factor H are real and
positive. Hence, the solution E is unique.

A.3. Proof for (4.15). Let @p = Up%,V, be the SVD. Recall that the singular
values satisfy afp) > 1. Then HQP - @;*Hg < 6 implies that

1
G(P)_7<5’ 1=1,2 n.

i agp) ,2,..,
Because
o1 @ + 1) —1)
@ Uz(p) gz(p) ’
we have
o o
@ (») ’
o, +1
Then
(p) 2 (p)
1 1 1 \
b O'Z(p) + ﬁ —1= (Jl ( ) ) < (O—)l 62.
2 a;’ 20," 2(0;” 4 1)2

Since the function z/(z+1)? is decreasing when z > 1, we have Ji(p)/(ofp) +1)2 < 1/4.

Hence
1 (») 1 2

and using W), = U, VS,

[AQpl2 = 1(@p + @, *)/2 = Wola = [Up((Z, + 5,1) /2 = DV o

1 1
= max ( (JZ@) + (m> - 1) < &%/8.
) o,

[\V]
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A.4. Proof of Lemma 4.4. By (2.4), JEQX < by for k> 0.
So we only need to show that

b b
T, < » k=20
0" +o; o; + 0
An easy calculation shows, for all 7 and 7,
(k) (k) _ Ck 1, (k=1) (k 1) 1
o, +0; ( +0o ) (1 + 5 =) (kl)) .
Ci10i 0

Recall by, satisfies

1 1 Ck—1 1
b, = = _1bp_ = b1 |14+ ——5—1.
B (Ck 101 + Ck—1bk—1) 5 Dk ( + Cﬁ_lbi_1>

Because a(k b (k % <bi 1
b B Ch— lbk1(1+C2 N 1)
(k) ¢ ) o k-1 k—1
o, —I—O'J Ck21(( )+ ( )) 1+W
k3 J
br—1

< 7
o 4 g FD

An easy induction on k now implies that

by bo b
< = , k>0.
al(k) + Uj(-k) 0'2(0) + aj(.o) 0+ 0j

Remark 2.
1. The condition a < |A~!'|;! is essential for proving Lemma 4.4. Without it

one may not have the inequality aék) < by, and the result cannot be proved.

2. In the case that the optimal scaling is employed, b, = al(ffgx, and one has the
same result.

A.5. Relation (4.23) for the scalings (1.3) and (1.4).
LEMMA A.3. Suppose that the matrixz sequence Qy is generated by Newton’s

iteration with scaling (y that is either Ckl’oo) in (1.3) or C;iF) in (1.4). The singular
values of Qi satisfy

(k)
Tmax I1 Al _ s 1Al :
(AQ) ( = (k) = ( 1/]) 2 §n2 727 k207 1§273§n7

g; +0; 0; +0;

where 1y = max{1, a2 (e;x ) }<Vn.
Proof. Let

1
wp = ——— . k>0.
13 Ux(x]fi)n r(gx
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_ o) _ o 19 19 e
= [OrT1Qele

using the inequalities |Al2 < /| A|1|Aloo < v/1]Al2, we have ([11, p. 208])

If

1 1
A3 — (< < ¥ .
(A.3) 7 Gk < S e
If
|Q¢ '
G=¢" = !
* [Qk]r

using the inequalities |Al2 < |A|r < /1 |A|2, we also have (A.3).
So in both cases we have

1
%kaﬁ\/ﬁ

Construct an interval [a, bk] according to the rule

ap = Jl(fi)nwk7 bk = O—I(rlfa),x7 wy < 1u
_ (k)

min?’

k
by = Ur(ngxwk, wy > 1.

ag

min %k)v e »U'Slk) € [ag, bx]. Also, in both
cases we have (Cyax) ™! = (ubr. So p(Crar) = p(Crbr) and

oM = p(Geo) € p(Grlan, br) = [1, p(Ghbr)], G =1,2,...,n.

Because a; < a(k.) and by > afﬂm we have o

Since
1 1 Crbr 1
p(Cibe) 2 (Ck i C/J%) 2 ( * (Ckbk)2> ’
we have
b 1
oty p(Cib) T (1 + (ckbm)
D), (D) = D), D
o; +o; o; +o; %(Ufk) + U](k)) (1 + C"‘“l’“”)

b (1+m)

B k k '
(Uz( ) + UJ(‘ )) (1 + zg(lcl)g(k)>
0 O

%

2
If wy, < 1, then by = or(rlfa)x. Because a(k)aj(-k) < (ar(,]fa)x) = b2, we have

AR by T
< = :
O'§k+1) + O'§k+1) Uz‘(k) + G§k) O'l(k) + 0_](]@)
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) 2
If wg > 1, then by = Jr(r]gxwk. Because ng)oj(k) < (a,(ffgx> < bi, we have

ey b otk
(k+1) ( (k+1) = (k) ® ~ YR : (k)"
o; + o; o, + o; o, + o;
Hence
(k+1) (k)

Omax Omax

T ) S e Ve = max{lwg} < Vi
0§k+1) +0_](}1(:-‘,—1) Jl(k) +J](‘k)

Then the inequalities in (A.2) can be easily derived. |

Remark 3. Suppose that Newton’s method with scaling Clgl’oo) or C;EF) terminates

after p iterations. We have the same error bounds as in Theorem 4.5 but with a factor
n*% in the first term of the bounds for |QH — A2, |[H — H|2, and |Q — Q|2. When n
and p are both large, this factor is notably large, and one may not be able to use the
bounds to claim backward stability. Unfortunately, we are unable to provide an upper
bound for p, although it is observed that p is usually moderate in practice (p < 9 for
the (1, 00)-scaling for all examples in section 5).

However, we argue that the factor nZ is an overestimate. The point is that, when
Q. is getting close to a unitary matrix, C,il’oo) and CIEF) are getting close to 1. Then
wg as well as ¥ will be close to 1. So in practice wy will be around 1 after a couple
of iterations.
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