View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by KU ScholarWorks

The Annals of Probability

2011, Vol. 39, No. 5, 1938-1982

DOI: 10.1214/11-AOP651

© Institute of Mathematical Statistics, 2011

POISSON SPLITTING BY FACTORS

BY ALEXANDER E. HOLROYD'!, RUSSELL LYONS? AND TERRY SO0>

Microsoft Research, Indiana University and University of Victoria

Given a homogeneous Poisson process on R4 with intensity A, we prove
that it is possible to partition the points into two sets, as a deterministic func-
tion of the process, and in an isometry-equivariant way, so that each set of
points forms a homogeneous Poisson process, with any given pair of inten-
sities summing to A. In particular, this answers a question of Ball [Electron.
Commun. Probab. 10 (2005) 60-69], who proved that in d = 1, the Poisson
points may be similarly partitioned (via a translation-equivariant function) so
that one set forms a Poisson process of lower intensity, and asked whether
the same is possible for all d. We do not know whether it is possible similarly
to add points (again chosen as a deterministic function of a Poisson process)
to obtain a Poisson process of higher intensity, but we prove that this is not
possible under an additional finitariness condition.

1. Introduction. Let B = B(R?) be the Borel o-field on R?. Let M be the
space of all Borel simple point measures on (R, B), and let M be the product o -
field on M (we give detailed definitions in Section 2). Given an isometry 6 of R?
and p € M, we define 6 (w) to be the measure given by () (A) = w(®~1(A)) for
all A € B. We say that a measurable mapping ¢ : Ml — M is isometry-equivariant
if 6(p(u)) = ¢p(B(w)) for all u € M and for all isometries 6 of R4, Similarly we
say that ¢ is translation-equivariant if it commutes with all translations of R?. We
define a partial order < on M via u; < uy if and only if w1 (A) < uz(A) for all
A € B. We say that a mapping ¢ is monotone if either ¢ () < u for all © € M, or
uw < ¢(u) for all u € M.

Our main result is the following.

THEOREM 1. For all d > 1 and for all .. > )" > 0, there exists a monotone
isometry-equivariant mapping ¢ : M — M such that if X is a homogeneous Pois-
son point process on R with intensity A, then ¢(X) and X — ¢(X) are homoge-
neous Poisson point processes on R with intensities ' and ) — ), respectively.

In other words, Theorem 1 states that the points of a Poisson process may be col-
ored red and blue, in a deterministic isometry-equivariant way, so that both the red
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process and the blue process are Poisson processes. Ball [3] proved that in the case
d =1, forall A > A" > 0, there exists a monotone translation-equivariant mapping
¢ : M — M such that if X is a Poisson point process with intensity A, then ¢ (X) is
a homogeneous Poisson point process with intensity A’ (in other words, the Pois-
son process may be “thinned” in a deterministic translation-equivariant way). Ball
asked whether the same is possible in higher dimensions, and also whether the con-
dition of translation-equivariance can be strengthened to isometry-equivariance.
Theorem 1 answers both questions affirmatively, and also provides the additional
property that X — ¢ (X) is a Poisson process. Evans [4] recently proved that Pois-
son processes cannot be thinned in an equivariant way with respect to any affine
measure-preserving group that is strictly larger than the isometry group.

If all considerations of monotonicity are dropped, then the following result of
Ornstein and Weiss applies, even without the restriction that A > A/,

THEOREM 2 (Ornstein and Weiss). Foralld > 1 and all ,, )" € (0, 00), there
exists an isometry-equivariant mapping ¢ :M — M such that if X is a homoge-
neous Poisson point process on R with intensity X, then ¢(X) is a homogeneous
Poisson point process on R? with intensity 1.

Ornstein and Weiss [19] proved Theorem 2 as part of a much more general
theory. In particular, they proved the existence of an isomorphism, whereas The-
orem 2 asserts the existence only of a homomorphism. The tools we develop to
prove Theorem 1 allow us to give an alternative proof of Theorem 2. The map
we construct is explicit, and it satisfies an additional continuity property (see The-
orem 4 below). In addition, the map we construct is source-universal; that is, in
Theorem 2 the map ¢ does not have to depend on the intensity of X. When A" > A,
we do not know whether the condition of monotonicity can be added to Theorem 2
(in other words, whether a Poisson process can be deterministically “thickened”).

QUESTION 1. Letd > 1 and let \' > A > 0. Does there exists a monotone
isometry-equivariant ¢ : M — M such that if X is a homogeneous Poisson point
process on R? with intensity ., then ¢ (X) is a homogeneous Poisson point process
on R? with intensity 1'?

However, we can prove that the answer to Question 1 becomes no when ¢ is
required to satisfy the following additional condition. For i € M, we define the
restriction of u to aset A € B via: u|a() :=u(-NA) (so u|a € M). Let || - || be
the Euclidean norm on R¢. The open ball of radius r centered at x is denoted by
B(x,r):={y:|lx — y| < r}. Let X be a Poisson point process on R? with law P.
We say that a translation-equivariant measurable mapping ¢ : Ml — M is strongly
finitary with respect to P if, for P-a.e. u € M, there exists a positive real number
n = n(w) such that for P-a.e. 1’ € M, we have ¢ (1)|50.1) = ¢ ()| 50.1) when-
ever t|p.n) = ' |B©,n)- [In other words, the restriction of ¢ (1) to the unit ball
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is determined by the restriction of u to a larger ball, of random but finite radius.]
With the addition of this condition, we can answer Question 1 in the negative, even
if we drop the condition of isometry-equivariance.

THEOREM 3. Letd > 1 and M > A > 0. Let X be a homogeneous Poisson
point process on R? with intensity ) and law P. There does not exist a translation-
equivariant monotone measurable mapping ¢ : M — M such that ¢ (X) is a homo-
geneous Poisson point process on R? with intensity \', and ¢ is strongly finitary
with respect to P.

In fact, our proof of Theorem 3 will not use the assumption of translation-
equivariance either, so we actually prove the stronger statement that no mapping
¢ satisfying the other conditions can have have the property that the restriction of
¢ (w) to the unit ball is determined by the restriction of u to a larger random ball,
as defined above.

In Section 11, we shall show that the mappings that we produce to prove The-
orems 1 and 2 are strongly finitary. The mapping produced in [3] is also strongly
finitary.

THEOREM 4. Theorems 1 and 2 hold even with the further requirement that
the isometry-equivariant mapping ¢ be strongly finitary with respect to P, where
P is the law of X.

Sometimes deterministic translation-equivariant maps like the ones of Theo-
rems 1 and 2 are called factors. Factors are of basic importance in ergodic theory
and continue to play a central role in applications of ergodic theory to combi-
natorics. The combinatorial and probabilistic aspects of factors themselves have
received attention in recent years as well. It turns out that factors are intimately
related to Palm theory and shift-coupling. For more information, see [9, 16, 27]
and [28]. Factor graphs of point processes have also received considerable atten-
tion (see [5, 8, 30]). Following [8], a factor graph of a point process X is a graph
whose vertices are the points of X and whose edges are obtained as a deterministic
translation-equivariant function of X. An important special case of a factor graph is
a translation-equivariant matching (see [7] for some striking results on this topic).
Finally, we refer interested readers to [19] for very general results regarding factors
of Poisson processes and the well-studied isomorphism problem.

One can ask questions similar to ours about factors in a discrete setting.
Translation-equivariant matchings of i.i.d. coin flips on Z¢ are considered in
[25] and [29]. Much is known about factors of Bernoulli shifts on Z (e.g., see
the monograph of Ornstein [18]). In particular, it is a classical result of Sinai
[24] that if B(p) and B(g) are Bernoulli shifts on {0, 1,...,d — 1}Z (i.e., 1.1.d.
{0,1,...,d — 1}-valued sequences with laws p and ¢g), and the entropy of p is
strictly greater than the entropy of ¢, then there is a factor from B(p) to B(g).
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Recently, Ball [2] proved that if the entropy of p is strictly greater than the entropy
of g, and p stochastically dominates g, then in the special case d = 2, there is a
factor map ¢ from B(p) to B(q) that is monotone [i.e., ¢ (x); < x; for almost all
xe€{0,1,....,d —1}* and all i € Z].

The factor map ¢ given in [2] is also finitary; that is, ¢ is continuous on a set
of measure one, when {0, 1,...,d — 1}% is endowed with the product topology.
Keane and Smorodinsky improved on results of Ornstein by producing explicit
finitary factors between Bernoulli shifts. We refer the interested reader to the orig-
inal papers of Keane and Smorodinsky [13, 14] and the recent survey article on
finitary codes by Serafin [23].

Finally, we also mention the work of Angel, Holroyd and Soo [1] concerning
monotone deterministic functions of Poisson point processes on finite volumes. In
particular, if » > A/, and X is a Poisson point process of intensity A on [0, 1], that
article provides a necessary and sufficient condition on (A, A”) for the existence
of a monotone deterministic map ¢ : M — M such that ¢ (X) is a Poisson point
process on [0, 1] of intensity A'.

2. Some remarks about the proofs. We next motivate the proofs of Theo-
rems 1 and 2 via some simple examples of mappings ¢ : Ml — M having some of
the required properties. The proof of Theorem 3 is much shorter and is treated in
Section 3. Of course, one of the requirements of ¢ is that it be measurable. All the
maps we define will clearly be measurable; we provide the formal definition of the
o -field for M below.

Measurability. The o-field M of subsets of M is defined in the following way.
Let N={0,1,2,...} be the natural numbers, Z* = {1,2,3, ...} be the positive
integers and N be N U {oo}. For B € B, the projection map pg:M — N is defined
by pp(n) = n(B), for all u € M. We let M be the smallest o-field such that all
the projection maps are measurable.

Note that throughout this paper, the only laws we consider on M will be homo-
geneous Poisson point processes on R? and their restrictions to subsets of R¢. We
say that U is a U[O0, 1] random variable if it is uniformly distributed in [0, 1]. Let
L denote Lebesgue measure. Similarly, we say that V is a U[ B] random variable if
it is uniformly distributed in some Borel set B with finite nonzero Lebesgue mea-
sure; that is, P(V € -) = L(- N B)/L(B). In the next examples and throughout this
paper, we shall assert that certain random variables can be expressed as functions
of U[0, 1] random variables. This can be justified by appealing to the Borel iso-
morphism theorem [26], Theorem 3.4.24. However, very often we need only the
following two results, which are consequences of the Borel isomorphism theorem.
Because of the need for isometry-equivariance in our constructions, we shall often
need to be rather explicit about such functions.
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LEMMA 5 (Reproduction). There exist measurable deterministic functions
{gi}ien, where g;:[0,1] — [0, 1], such that if U is a U[O, 1] random variable,
then {g;(U)}ien is a sequence of i.i.d. U[0, 1] random variables.

For an explicit proof, see, for example, [12], Lemma 3.21.
Let X be a Poisson process of intensity A on RY. We say that Z is a Poisson

process of intensity A on a set A if Z 4 x [A-

LEMMA 6 (Coupling). Ler ' > 0. There exists a collection of measurable
mappings ¢° = {¢E}A€5, where for each A € B, the map ¢§ = ¢FA,A’) :[0,1] —
M is such that if U is a U[0, 1] random variable, then ¢§(U ) is a Poisson point
process on A with intensity ).

PROOF. By the Borel isomorphism theorem there exists a measurable function
g:10, 1] — M such that if U is a U[0, 1] random variable, then g(U) is a Poisson
point process on R9 with intensity A’. Set qﬁg(U) =g(U)]a. O

EXAMPLE 1 (A Z?-translation-equivariant mapping between Poisson point pro-
cesses of arbitrary intensities). Ler A > 0. Let X be a Poisson point process on
R? with positive intensity and law P. Let Co be a cube of side-length 1 containing
the origin 0 € 74, and let C; := Co + i fori e 74 . Assume that Cy is such that
the collection P = {Ci};cza is a partition of R?. The mapping ¢ will be defined
by specifying ¢ (-)|c for all C € P. We shall define ¢ only off a P-null set; it is
not difficult to extend ¢ to all of M so that it still commutes with all translations
of Z% . Let g : [0, 11 = M be a measurable function such that if U is a U[0, 1] ran-
dom variable, then g(U) is a Poisson process on Cy with intensity )'. We shall
define a measurable map h: M — [0, I]Zd with the following properties: h(X) is
a collection of i.i.d. U[0, 1] random variables, and for all translations 6 of Z¢ we
have h(0(X)); = h(X)g-1;y for all i € Z*. For all i € Z4, let 6;(x) = x + i for all
x € RY. Given the mapping h, it easy to see that by taking

¢ (X)lc; = 6i(g(h(X)i))

forall i € Z%, we have that ¢ commutes with translations of Z¢ and that ¢ (X) is
a Poisson point process on R? with intensity ). It remains to define h.

If X(C) =1, then we say that C is special. Let K (i) be the index of the first
special cube to the right of cube i; thatis, K(i) =i+ (n,0, ...,0) where n = n(i)
is the smallest nonnegative integer such that Ciy.0....,0) is special. Note that P-
a.s. K is well defined. For each special cube C;, let z(i) be the unique point x € C;
such that X ({x}) = 1. Since X is a Poisson point process, the random variables
{X|c,};ezae are independent, and also conditional on the event that C; is special,
z(i) is a U[C;] random variable. Let f:Cy — [0, 11N be a measurable Sfunction
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such that if V is a U[Cy] random variable, then f (V) is a sequence of i.i.d. U[0, 1]
random variables. For all i € 72, let

h(X)i = f(z(K@) — K@),

It is easy to verify that h satisfies the required properties.

Let us remark that in Example 1, the map ¢ does not depend on the intensity
of X and thus is source-universal. The most important fact we used was that if X
is a Poisson process, then conditional on the fact that it has one point in A, the
location of that point is a U[A] random variable. This elementary fact is true for
any Poisson process of positive intensity and will often be useful. We shall appeal
to it again in the next example and in the proofs of Theorems 1 and 2. We refer the
reader to [15] or Theorem 1.2.1 of [22] for background and state a slightly more
general result in the lemma below.

LEMMA 7. Let X be a Poisson point process on R? with intensity A. Let A € B
be a Borel set with positive finite Lebesgue measure. Let K be a Poisson random
variable with mean ML(A). Let {V;};en be a sequence of i.i.d. U[A] random vari-
ables that are independent of K . Then X| 4 has the same law as Z := YK | 8y..

A central requirement in Theorems 1, 2 and 3 is that ¢ be a deterministic func-
tion of X. The mapping in Example 1 is a deterministic function of X and com-
mutes with all translations of Z¢. Given a U[Cp] random variable V, independent
of X, we can modify Example 1 by starting with a randomly shifted partition
{Ci 4+ V};cza of RY and obtain a mapping @ that is a function of X and V.
As a result of starting with a randomly shifted partition, the joint distribution of
(X, (X, V)) is fully translation-invariant. However, ® is no longer a determinis-
tic function of X.

Instead of using the lattice Z¢, we shall use randomness from the process to
define a partition of R?. It is straightforward to do this in an isometry-equivariant
way. The difficulty lies in choosing a partition that avoids potential dependency
problems.

We now turn our attention to Theorem 1. Let A > A" > 0. It is nontrivial to
show that there exists a (not necessarily translation-equivariant) monotone map-
ping which maps a Poisson point process of intensity A to a Poisson point pro-
cess of intensity A’. In Example 1, we asserted the existence of a certain coupling
between uniform random variables and Poisson point processes via a measurable
function g : [0, 1] — M such that whenever U is a U[0, 1] random variable, g(U) is
a Poisson point process. Due to the monotonicity requirement in Theorem 1, we
require a more specialized coupling.

An important tool in the proof of Theorem 1 will be Proposition 8 below, which
is motivated by one of the key ideas from Lemma 3.1 of [3]. Proposition 8 provides
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a coupling between a Poisson point process X in a finite volume and another, Y,
of lower intensity, such that ¥ < X and the process X — Y is also a Poisson point
process. The process Y is not a deterministic function of X, but the coupling has
certain other useful properties.

Throughout this paper, it will be convenient to encode randomness as a function
of U[0, 1] random variables, as was done repeatedly in Example 1. For any point
process Z, the support of Z is the random set

[Z]:={xeR?: Z({x}) =1}.

Elements of [Z] are called Z-points. We call a mapping ®:M x [0,1] - M a
splitting if ®(u, u) < u forall (i, u) € M x [0, 1], and if for some A > A" we have
that ®(X, U) and X — ®(X, U) are Poisson point processes with intensities A" and
A — A/, respectively, whenever X is a Poisson point process of intensity A, and U is
a U[0, 1] random variable independent of X. For example, consider the coupling
between a Poisson point process X on R¥ of intensity A and another, Y, of lower
intensity A/, that is given by coloring the points of X independently of each other
red or blue with probabilities kx’ and 1 — %/ and then taking the red points to be
the set of Y-points. It is easy to see that both Y (the red points) and X — Y (the
blue points) are independent Poisson point processes on R¢ with intensities A’ and
A — A/. This elementary result is sometimes referred to as the coloring theorem
[15] and this coupling can be expressed as a splitting since all the required coin-
flips can be encoded as a function of a single U[0, 1] random variable. We shall
revisit this elementary coupling in more detail in Section 5. The coupling given by
Proposition 8 below is also a splitting.

PROPOSITION 8 (Splitting on finite volumes). Let A > A" > 0. There exists a
finite constant K = K (A, \') and a family ¢™ of measurable mappings qbgn S0
that for each A € B with finite Lebesgue measure larger than K, the map ¢§n =
¢(ﬁ£,x,x/) :M x [0, 1] = M has the following properties:

(a) The map ¢§n is monotone; that is, ¢2n(u, u) < uforall (u,u) e Mx [0, 1].

(b) Forall (u,u) € M x [0, 11, we have 8P (w, u) = ¢ (1|4, ).

(¢) If X is a homogeneous Poisson point process on R with intensity i, and
U is a U[0, 1] random variable independent of X, then qbg“(X |a, U) is a Poisson
point process of intensity X' on A, and X|s — ¢2“(X la,U) is a Poisson point
process of intensity .. — )/ on A.

(d) For all (u,u) € M x [0,1], if u(A) =1, then (Z)gn(,u,u) = 0, while if
1 (A) =2, then ¢ (1, u) = 1] A

(e) The family of mappings ¢™™ has the following isometry-equivariance prop-
erty: for any isometry 6 of R, and for all (., u) € M x [0, 1],

(PR (i, 1)) = Bfiay (O (1), w).
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We shall prove Proposition 8 in Section 4. Property (d) of Proposition 8 will be
vital to the proof of Theorem 1. It states that whenever X |4 has exactly one point in
its support, ¢f““(X |4, U) will have no points, while whenever X |4 has exactly two
points in its support, X|4 — (/55‘1“(X |4, U) will have no points. Hence when X| 4 has
exactly one or two points the locations of these points provide a possible source
of randomness. The next example will illustrate how property (d) is exploited and
will help to motivate the proof of Theorem 1. To make use of property (d), we shall
need the following elementary lemma.

Let & denote addition modulo one; that is, for x, y € R, let x & y be the unique
z€[0,1) suchthat x +y — z € Z.

LEMMA 9 (Adding U[0, 1] random variables modulo 1). Let Uy and U, be
U[0, 1] random variables that are measurable with respect to the o -fields F| and
F> and such that U is independent of F», and U, is independent of Fy. If U :=
Ui & Uj, then U is independent of F1, U is independent of F, and U is a U[0, 1]
random variable.

PROOF. The proof follows from the Fubini theorem and the fact that for every
x €e Rwehave U & x 4 U;. Let E € >, and let Q be the joint law of U, and 1.
Let B € B. By symmetry, it is enough to show that P({U € B} N E) =P(U; €
B)P(E). By the independence of U; and >, we have

PGUGBMHD:/P@M@xeBﬁdQ@J)

:fp(ul € B)idO(x,i)
=P(U, € B)P(E). O

EXAMPLE 2 (A monotone map ¢ : M — M which maps a Poisson process X
to another of lower intensity such that X — ¢ (X) is also a Poisson process). Let
A > A > 0. Let X be a Poisson point process on R with intensity ) and law P. Let
P ={C;}ien be an indexed partition of R? into equally-sized cubes, all translates
of one another, large enough so that the Lebesgue measure of each cube is larger
than the constant K (1, ') from Proposition 8. The monotone mapping ¢ will be
defined by specifying ¢ (-)|c forall C € P.

Let U = {U,};eN be a sequence of i.i.d. U[0, 1] random variables that are inde-
pendent of X. Let

O(X,U) =) ¢l (X, Uy,
ieN
where ¢ is the splitting from Proposition 8. The map ¢ will be defined so that
dX) L ®(X,U) and X — ¢(X) L X — &(X, U). By properties (c) and (b) of
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Proposition 8, we deduce that ¢ (X) and X — ¢ (X) are Poisson point processes on
RY with intensities . and » — 1.

If X(C) =1, then we say that C is one-special, while if X(C) = 2, then we
say that C is two-special. Let k' and k* be the indices of the one-special and
two-special cubes with the least index, respectively. Note that P-a.s. k' and k>
are well defined. Let Z' be the unique X -point in Cii. Let Z% and Z% be the two
X-points in Cy2, where Z% is the one closest to the origin. Let Cqy be the cube
containing the origin. Fix a measurable function fc,:Co — [0, 1] such that if V
is a U[Cy] random variable, then fc,(V) is a U[0, 1] random variable. For each
C e P, let c € C be so that C — ¢ = Cy, and let fc:C — [0, 1] be defined via
fc(x) = fcy(x — ¢). Since X is a Poisson point process, it follows from Lemma 7
that conditional on k' we have that Z" is a U[C 11 random variable. Moreover it
is easy to see that S' := ka (Z Y is in fact a U[0, 1] random variable independent

of
Fli=o(x(c)21Xlc i €N).
Similarly, it is easy to define S* as a function of (Z?, Z%) so that §? is a U[0, 1]
random variable independent of
F?i= o(LixchznXlc, i €N),
namely,
§% = fe,(ZD) ® fc,(23).

To see why the above definition works, consider the random variables Y| and Y3,
defined as follows. Choose, with a toss of a fair coin (i.e., independent of X), one
of Z} or Z3 to be Y1, and let Y3 be so that {Y1, Y2} = {Z3, Z2}. Clearly Y, and Y,
are independent U[C,2] random variables and §2 = kaz YD @ kaZ (Y2).

Note that S' is measurable with respect to F», and S2 is measurable with re-
spectto F'. Let

S:=S'@ s>

By Lemma 9, we have that S is independent of F1, and S is independent of F>. For
alli e N, let

P (X)lc; = p¢ (X, gi(S)),
where g; is the sequence of functions from Lemma 5. By property (b) of Proposi-
tion 8, we see that ¢ is monotone. We shall now show that ¢ (X) 4 O(X,U) and
X —p(X)L X — d(X,U).
Observe that by property (d) of Proposition 8, for each one-special cube C we
have

¢(X)lc =P(X,U)|c=0.
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Since S is independent 0f.7’-“1 and {gi (S)}ien 4 {U;}ieN, we have that

d
(X)) =D x(cp#de (X, 8i($) =Y AxcH=11¢eN (X, Up) = (X, U).
ieN ieN

Thus ¢ (X) 4 (X, U). Similarly, by property (d) of Proposition 8, for each two-
special cube C we have

(X — ¢(X))|C = (X — d(X, U))|C =0.
Since S is independent of F 2 we have that
X—¢X) =Y lixc)=a(Xle, — p¢NX, 8i(S)))

ieN

d

<3 ixeza(Xle, — ¢ (X, Up)
ieN

=X —d(X,U).

Thus ¢(X) £ &(X, U) and X — ¢(X) L X — (X, U).

As an aside, one might ask whether the two Poisson processes X and X — ¢ (X)
in Example 2 or Theorem 1 can be made independent of each other, but it turns out
that this is easily ruled out. (It may come as a surprise that two dependent Poisson
processes can have a sum that is still a Poisson process; see [11].)

PROPOSITION 10. There does not exist a monotone map ¢ : M — M such that
if X is a homogeneous Poisson point process on R, then ¢(X) and X — ¢ (X)
are independent homogeneous Poisson point processes on R¢ with strictly positive
intensities.

PROOF. Let X be a Poisson point process on R¢ with intensity A > 0. Let o €
(0, 1). Toward a contradiction assume that ¢(X) and X — ¢ (X) are independent
Poisson point processes in R? with intensities aA and (1 — a)A. Let 9% and B be
independent Poisson point processes on R with intensities a4 and (1 —a)A. Note
that

(1) (R, B. R+ B) £ ($(X). X —$(X). X).
Now let Z :=R + B and let B = B(0, 1), and consider the events
E:={Z(B)=1}N{R(B) =1}
and
E":={X(B)=1}N{p(X)(B) = 1}.
Clearly, P(E | Z) = a1;z(p)=1]. but since E’ € o (X), we have that P(E’ | X) =

1z Since @ € (0, 1), we conclude that P(E | Z) % P(E’ | X), which contra-
dicts (1). O
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Outline of the proofs. Following the lead of Examples 1 and 2, we shall intro-
duce an isometry-equivariant partition of R¢. The partition will consist of globes,
which will be specially chosen balls of a fixed radius, together with a single un-
bounded part. The partition will be chosen as a deterministic function of the Pois-
son process by a procedure that does not need to examine the Poisson points inside
the globes. The precise definition of this partition and its properties are somewhat
subtle; see Sections 5 and 6. The most important property is that conditional on
the partition, the process restricted to the bounded parts is a Poisson point process
that is independent of the process on the unbounded part. This may be regarded
as an extension of the following property enjoyed by stopping times for a one-
dimensional Poisson process: Conditional on the stopping time, the process in the
future is a Poisson process independent of the process in the past. The precise
formulation of the property we need may be found in Proposition 16.

To prove Theorem 1, we shall employ the splitting from Proposition 8 on the
bounded parts as in Example 2. The Poisson points in the unbounded part will be
split independently of each other with probabilities (%, 1-— %). When one of the
balls of the partition contains exactly one or two points, the splitting from Propo-
sition 8 is completely deterministic. Thus the locations of these points provide a
source of randomness that can be used to facilitate the splitting from Proposition 8
on the other balls of the partition, as in Example 2, and, in addition, can be used to
independently split the points that do not belong to a bounded part. Of course, we
cannot use randomness precisely as in Example 2 since that privileges the origin
and therefore is not equivariant. Instead, we use randomness from the available
source that is (essentially) nearest to where it is used.

Aside from some careful bookkeeping to ensure isometry-equivariance, the two
main ingredients for the proof of Theorem 1 are an isometry-equivariant partition
with the independence property described above and the splitting from Proposi-
tion 8. Next we focus our discussion on these two ingredients.

The radius R of the balls of the isometry-equivariant partition will depend on
(A, A,d).Forall x € R? and all 0 < s < r, we define the shell centered at x from
s to r to be the set

A(x;s,r)i={yeR s <|lx —y| <r}.

Let X be a Poisson point process on R¢ and x € R?. A single ball of radius R
contained in B(x, R + 10) will be chosen to be a globe (a member of the partition)
only if two properties are satisfied: the shell A(x;3R 4+ 75+ d,5R + 100 + d)
contains no X -points; and the shell A(x; R+ 10,3R +75+4d) is relatively densely
filled with X -points, that is, every ball of radius 1/2 that is contained in A(x; R +
10, 3R + 75 + d) itself contains an X-point. A minor complication is that the set
of x € R? satisfying these properties is not discrete, but consists of small well-
separated clusters. Each cluster will have diameter at most 2 and will be contained
in a unique ball of minimum diameter; the centers of these balls will be the centers
of the globes.
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The key step in defining the splitting in Proposition 8 is to construct a coupling
of Poisson random variables with the analogous properties of Proposition 8 (save
isometry-equivariance). We shall obtain the joint mass function of the required
coupling by applying a finite sequence of perturbations to the joint mass function
for two independent Poisson random variables X and Y. Each perturbation will
redistribute the joint probabilities associated with three consecutive values of each
of X and Y, while preserving the marginal distributions of X, Y and their sum. See
Lemma 12.

The isometry-equivariant partition used in the proof of Theorem 1 is used again
in the proof of Theorem 2, except that the radius R of the balls will not depend on
(A, A, d), and we shall set R = 1; given this partition, the ideas in Example 1 can
be easily adapted to prove a (weaker) translation-equivariant version of Theorem 2.
It requires some additional effort to prove Theorem 2 in its entirety. The proof
of Theorem 4 is not difficult and will follow from the definitions of the maps in
Theorems 1 and 2.

Organization of the paper. The rest of paper proceeds as follows. In Section 3
we prove Theorem 3. This section is independent of the other sections. Section 4 is
devoted to a proof of Proposition 8. In Sections 5 and 6 we specify the properties
that the isometry-equivariant partition must satisfy and prove that such a partition
does indeed exist. In Section 7 we define some desired properties of a procedure
that assigns randomness from the globes that contain exactly one or two points to
the other globes and to the points of the unbounded part. The proof of Theorem 1
is given in Section 8, and the existence of the procedure that assigns randomness
is proved in Section 9. In Section 10 we prove Theorem 2. In Section 11 we prove
Theorem 4. Finally, in Section 12 we state some open problems.

3. Proof of Theorem 3. In this section we shall prove Theorem 3. The proof
is by contradiction. The basic idea is as follows. Let X be a Poisson point process
on R? with positive intensity A and law P. Let ¢ : M — M be strongly finitary with
respect to P such that ¢ (X) is a Poisson point process on R¢ with intensity 1’ > A
and X < ¢(X). Since ¢ (X) has greater intensity than X, with nonzero probability
we have X (B(0,1)) =0 and ¢ (X)(B(0, 1)) > 1. Since ¢ is strongly finitary with
respect to P, there is a fixed deterministic M such that with nonzero probability,
we also have ¢ (X)|g0.1) = ¢(X')|B(0.1), Where X’ is equal to X on B(0, M) but
is resampled off B(0, M). Define a new simple point process Z from ¢(X) by
deleting all points in B(0, 1) and by deleting each point in [¢ (X)| (0,1)c] indepen-
dently with probability A /A" conditional on ¢ (X). See Figure 1 for an illustration.
Since ¢ (X) is a Poisson point process, ¢ (X)| p(0,1) is independent of ¢ (X)|g(0,1)c,
and we may define Z so that it is independent of ¢ (X)|p(,1). Since X < ¢ (X),
there is a nonzero probability that Z|g,m) = X|a(0:1,m). Moreover, conditional
on the event that X (B(0, 1)) =0 and ¢ (X)(B(0, 1)) > 1, there is a nonzero prob-
ability that ¢(Z)|g,1) = ¢(X)|p(0,1). Clearly, this contradicts the independence
of Z from ¢ (X)|p0,1); the following lemma formalizes this intuition.
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FIG. 1. The dots are the original points of X, and the squares are points of ¢(X) \ X. The
shaded region is B(0, 1), and the unshaded shell is A(0; 1, M). By selecting subsets of the points
in A(0; 1, M) uniformly at random there is nonzero probability that we shall select all the dots.

LEMMA 11. Let (S,S) be a measurable space. If X and Y are independent
random variables taking values in S and if A :={y € S:P(Y = y) > 0}, then
PU{X=Y}N{Y e A°}) =0.

PROOF. We apply the Fubini theorem and the independence of X and Y as
follows. Let px be the law of X. Then
PUX=Y}N{Y € A) =PH{X =Y}N{X € A)})

=fACIP(Y=X)de(X)
=/ACOd,ux(x)=O. 0

With Lemma 11 we can now make the above argument for Theorem 3 precise.

PROOF OF THEOREM 3. Let A’ > A > 0. Toward a contradiction, let X be
a Poisson point process on R? with intensity A and law P. Let ¢:M — M be a
mapping that is strongly finitary with respect to P such that X < ¢ (X) and ¢ (X)
is a Poisson point process on R? with intensity A’. Since X < ¢(X) and ¢ (X) has
greater intensity, we must have that

P({¢(X)(B(0, 1)) = 1} N{X (B(0, 1)) = 0}) > 0.

Since ¢ is strongly finitary, for P-a.e. u € M, let N = N (u) be the smallest natural
number such that for P-a.e. 1’ € M we have ¢ (u)|g0.1) = ¢ ()| 0.1) Whenever

wlBo,n) = 1o, N). Let
E:={NX) <M}N{p(X)(BO, 1) = 1}N{X(B(0, 1)) =0}

for some M > 0. Since ¢ is strongly finitary with respect to P, we have that
P(N(X) < 00) =1, and we may choose M so that

() P(E) > 0.
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Note that on the event E we have that

d(X)|Bw0,1) = O(Xla@;1,m) + WIB(O,M)L‘)}B(O,U,

where W is independent of X and has law P. Let U be a U[0, 1] random variable
independent of X and W. We shall show that there exists a measurable function
H:M x M x [0, 1] — M such that

(3) P{H(¢(X)|a@:1,m), W, U) = (X)|po,n} NE) > 0.

Define a measurable function s : M x [0, 1] — M such that if M(Rd ) = 00, then
s(u, u) =0 for all u € [0, 1], while if u(R?) < oo, then [s(u, U)] is a uniformly
random subset of []. Since X < ¢(X) and since U is independent of X, we
claim that for any event E’ that is measurable with respect to X and has positive
probability,

4) P({s(¢(X)|aw:1,m), U) = Xla@:1,m} NE') > 0.
To verify (4), let

1
L:= /o 1s(@(X)a:1,m), 1) = X|a:1.00)] du.
By the Fubini theorem and the independence of X and U, we have that

P({s(¢(X)|a@:1,m), U) = Xla@:1,m} NE) =EL1g.
Observe that from the definition of s and the fact that X < ¢ (X), we must have

that L > 0 P-a.s. Since 1z > 0 and Elg/ > 0, it follows that EL1 g > 0.
Hence taking E’ = E, from (2) and (4) we have that

©) P({s(#(X)|a@:1.m), U) = X|a@:1.m)} NE) > 0.
For all (i, u', u) € M x M x [0, 1], define

H(w, 1 u) =@ (s (1l a;1,m), ) + W 10.my¢) | 3o, 1)-
From (5), the definition of H and the definition of E, it is obvious that (3) holds.
Since ¢ (X) is a Poisson point process, ¢ (X)|p(0,1) and ¢ (X)|a0:1,m) are in-
dependent, and since U and W are independent of X, we have that ¢ (X)|g(,1) is
independent of H (¢ (X)|a(0:;1,m), W, U). In addition, P(¢(X)|p,1) = ) =0 for
all w e M\ {0} and ¢(X)|B(0,1) # 0 on the event E. Thus equation (3) contradicts
Lemma 11. O

4. Proof of Proposition 8. The proof of Proposition 8 is based on a specific
coupling of two Poisson random variables.

LEMMA 12. Forany a € (0, 1), there exists a k(«) such that if A > k(«), then
there exist random variables X and Y such that X, Y and X + Y have Poisson
distributions with respective means al, (1 — a)X and A, and

PY=0|X+Y=1D)=1=PX=0[X+Y=2).
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PROOF. Write niy := e~V y'/i! for the Poisson probability mass function. We
must find an appropriate joint mass function for X and Y, that is, an element Q of

2 . . . .
the vector space RN with all components nonnegative and satisfying

1—
(6) > 0ij=ml, > 0i,= JTJ(- o > Qik-i=m}
j i i

and
(7 Qo,1=01,1=020=0.

Let P € RV be the mass function for independent Poisson random variables,
that is, P; j := JTZF"AJTJ(.I_“))”, and note that P satisfies (6) (with P in place of Q).

For s, ¢ € N define ES' e RV by E};:=0for (i, j) ¢ [s,s +2] x [1,1 +2], and

iNJ |t t+1 142
St s 0 -1 1
LIS s 4] 1 0o -1
s+2 | —1 1

and note that Y, E;7j =Y, E;7j = Y Ejy_; =0.
Now let '

Q:=P+ Py E* — (—Py1 + Pro)E"C — (= P01 + Pro+ P 1) E™L.

From the definition of Q, itis easy to verify that (7) holds. [The idea is that adding a
multiple of E%! moves mass from location (s, f + 1) to (s + 1, #), without affecting
the locations (i, j) with i + j < s + ¢. First we transfer mass Py from location
(0, 1) to (1, 0); this results in mass P> o — Pp.1 at (2,0), which we then transfer
to (1, 1); finally we similarly transfer the current mass at (1, 1) to (0, 2).] The
equalities in (6) follow from the above observations on sums involving P and E,
so it remains only to check nonnegativity of Q for A sufficiently large. This follows
by noting that for some ¢ = c(k, @) > 0 we have Py j > cAP; j wheneveri+j =k
and i’ + j/ = k + 1; therefore it suffices to take A large enough compared with
clba)y ™. e )7l O

For later convenience we next rephrase Lemma 12 in terms of a mapping that
constructs X from X + Y.

COROLLARY 13. For any o € (0, 1), there exists a k(c) such that for x>
k(a), there exists a measurable function F:N x [0, 1] — N with the following
properties:

(a) Forall (n,u) € N x [0, 1], we have that F(n,u) <n.
(b) Forallu €10, 1], we have that F(1,u) =1 and F(2,u) = 0.
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(©) If X is a Poisson rgndom varigble with mean X, qnd U is a U[0, 1] random
variable independent of X, then F(X,U) and X — F (X, U) are Poisson random
variables with means a) and (1 — a) A, respectively.

PROOF. Leta € (0, 1) and k(«) be as in Lemma 12. Let X be a Poisson ran-
dom variable with mean A > k(a), and let U be a U[0, 1] random variable indepen-
dent of X. By Lemma 12, let X and Y be Poisson random variables with respective

means oA and (1 — &)X such that X + Y 2 X . Define F so that
X FX.UNE(X+Y.X). 0

With Corollary 13 the proof of Proposition 8 is relatively straightforward, ex-
cept that property (e) requires a little care. We next present some definitions and
elementary facts about Poisson processes that will be useful in the proof and in the
rest of the paper.

Recall that for u € M, we denote the restriction of © to a set A € B via

plaC) = p-NA).

Recall that || - || is the Euclidean norm in R?. We say that the inter-point distances
of a point measure u € M are distinct if for all x, y, u, v € [u] such that {x, y} #
{u, v} and x # y, we have that ||x — y| # |lu — v]|.

LEMMA 14 (Elementary facts about Poisson point processes). Let X be a
Poisson point process on R? with positive intensity and law P.

(a) Let a € R%. The distances from the X -points to the point a are distinct P-
a.s.

(b) Forall d > 1, the inter-point distances of X are distinct P-a.s.

(c) P-a.s., every set of d elements of [X] has linear span equal to all of RY.

PROOF. The proof follows easily from Lemma 7. [J

PROOF OF PROPOSITION 8. Let X be a Poisson point process on R? with
intensity A > 0. Let @ := A’/A, and let k(«) be defined as in Corollary 13. Let
K >0 be so that A := KA > k(). Let A € B have Lebesgue measure larger
than K. Let X := X (A), so that X is a Poisson random variable. Let F be a func-
tion as in Corollary 13. Let U be a U[0, 1] random variable independent of X.
Let g1, 82:[0, 1] — [0, 1] be two functions as in Lemma 5 so that Uy := g (U)
and U; := go(U) are independent U[0, 1] random variables. Note that by prop-
erty (a) of Corollary 13, F(X(A),U;) < X(A). We shall define ¢£an so that
[qbgn (X, U)] is a subset of [ X|4] of size F(X(A), Uy). Moreover, conditional on
F(X(A),Uy) = j, each subset of [ X|4] of size j will be chosen uniformly at ran-
dom using the randomness provided by U;. To do this carefully, we shall tag the
points in [ X | 4] and specify a way to use the randomness provided by U;.
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Let u € M. Consider the following enumeration of the points in [x|4]. The
center of mass of a Borel set C with positive finite Lebesgue measure L(C) > 0 is
given by

1 d

Let a be the center of mass of A. We say that p admits the centric enumera-
tion on A if u(A) > 0 and if the distances from a to the points in [u|4] are
distinct. The centric enumeration on A is given by the bijection t = ¢, : [u|a] —
{1,2,..., u(A)}, where t(x) < t(y) iff |[x —a| < ||y —all. Note that by Lemma 14,
part (a), X admits the centric enumeration on A P;-a.s. when X (A) > 0.

Now we define some auxiliary functions that, when composed with U[O0, 1] ran-
dom variables, yield random variables with certain distributions. For any set B, let
P(B) denote the set of all subsets of B. Let {s; j};<; be a collection of measur-
able functions where s; ; : [0, 1] — P({1,2,...,i}) has the property that if U’ is a
U[0, 1] random variable, then s; ; (U ") is uniformly distributed over subsets of size
jof{1,2,...,i}.

For all © € M that do not admit the centric enumeration on A, if £(A) # 2, then
set ¢ (w, u) =0 for all u € [0, 1], and if ;2(A) = 2, then set ¢ (11, u) = p for all
u € [0, 1]. Otherwise, for (u,u) € M x [0, 1], we proceed as follows. If ©(A) =
i,lett:[ula]l — {1,...,i} be the centric enumeration. Suppose F (i, g1(u)) = j.
Define (/52“(“, u) to be the simple point measure with support {x € [u|4]:t(x) €
si,j(g2(u))}.

Clearly, by definition, d)f““ is monotone and qbg“(u, u) = ¢2“(,u| A, u). From
Corollary 13, property (c), it is immediate that qﬁgn(X ,U)(A) and X(A) — ¢2“ (X,
U)(A) are Poisson random variables with means A'£(A) and (A — A)L(A), re-
spectively. Moreover it is easy to check with the help of Lemma 7 that in fact
¢§“(X ,U)and X|4 — d)fi“(X , U) are Poisson point processes on A with intensi-
ties A" and A — A/, respectively. Thus properties (¢), (a) and (b) all hold. It is easy
to see that property (d) is also inherited from property (b) of Lemma 13. Moreover
we have the required property (e) since we enumerated the points in the support of
|4 in an isometry-equivariant way via the centric enumeration, while the func-
tions g1, g2, F, s; j are fixed functions independent of y and A. [

5. Selection rules. We shall now define an important class of isometry-
equivariant partitions that will have a certain independence property. Recall that
the open ball of radius r centered at x is denoted by B(x,r) :={y e R¢: |x — y| <
r}. The closed ball is denoted by B(x, r) :={y € R?: ||x — y|| <r}. Let § C B de-
note the set of closed subsets of R?. An R-selection rule is a mapping W : M — &
that has the following properties:

(a) If X is a Poisson point process on R¢ with intensity A > 0 and law P, then
Pj-a.s. W(X) is a nonempty union of disjoint closed balls of radius R.
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(b) The map W is isometry-equivariant; that is, for all isometries 6 of R? and
all u € M, we have that ¥ (Ou) =0V ().

(c) Forall u, ' € M, provided n and 1’ agree on the set

_ c
©) H(u) = Ho (1) :=( U B(x,2>) ,
xeW(n)

we have that W () = W (u).

(d) The map W is measurable; see below for the precise meaning of this.

Let W be an R-selection rule, and let u© € M. We call the connected components
of W () the globes (under 1), and we denote the set of globes by Globes[W (w)].
The ether is W ()¢ := R? \ W(u). Note that the set of globes together with the
ether form an isometry-equivariant partition of R?.

Note that the set H () is obtained by first extending W (u) by distance 2 and
then taking the complement of the enlarged set. The idea behind the key condition
(c) is that W (u) is determined only by the restriction of u to W(u)¢ [for techni-
cal reasons it is convenient to insist that it is determined even on the smaller set
H(u) C ¥(w)¢, although it seems plausible that the proof could also be pushed
through without this additional restriction]. This will have the consequence that for
a Poisson point process X, conditional on W (X), the process restricted to W (X) is
still a Poisson point process.

PROPOSITION 15. For all d > 1 and all R > 0, there exists an R-selection
rule.

We postpone the construction of selection rules until Section 6. Sometimes
when the value of R is not important we shall refer to W simply as a selection
rule. The key property of selection rules is the following.

PROPOSITION 16 (Key equality). Let X and W be independent Poisson point
processes on RY with the same intensity. For a selection rule W, the process Z =
Wlwx) + Xlwx)e has the same law as X and ¥ (X) =V (Z).

Proposition 16 states that conditional on W(X), not only is X|y(x) a Poisson
point process on W (X), it is also independent of X |y x)c.

Some remarks on measurability. 1t will be obvious from our construction of
selection rules that measurability will not be an issue. However, for the sake of
completeness and since we want to prove Proposition 16 before providing the ex-
plicit construction of selection rules, we assign the Effros o -algebra to §. For each
compact set K € B, let §x :={F € §: F N K # &}. The Effros o-algebra for §
is generated by the sets §x for all compact sets K € . Let (2, F, P) be a proba-
bility space. We call a measurable function X : Q — § a random closed set. Thus
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if X is a Poisson point process and W is a selection rule, then W (X) is a random
closed set. We shall not need to use any results from the theory of random closed
sets; we refer the interested reader to [17] for background.

Remarks on the proof of Proposition 16. It is immediate from property (c) that
W (X) = W(Z). The isometry-equivariance of selection rules [property (b)] will
not play a role in the proof of Proposition 16. For the purposes of the following
discussion, let us assume that W does not have to satisfy property (b). Temporarily
suppose instead that W satisfies the following additional requirement:

(b’) There exists a fixed Borel set D such that if X is a Poisson point process
on R, then W(X) C D C Hy(X)".

For any random variable Y, we let o (Y) be the o-algebra generated by Y. By
property (c) in the definition of a selection rule, it is easy to see that W (X) is
o (X|pc)-measurable. Since X|p and X|pc are independent, we have that

d
Wipnwx) + X|pnwx)c = X|p,

where W £ X and W is independent of X. Moreover, one can verify (see Lem-
ma 18 below) that

d
(10) W|Dﬂ\IJ(X) + X|D(‘]\I/(X)C + X|Dzr =X.

If W satisfies condition (b’), then the left-hand side of (10) equals W|yx) +
X|w(x)c, and Proposition 16 follows.

The above argument suggests that to prove Proposition 16, we should examine
events where W (X) is contained in some deterministic set. However, in general,
such events will have probability zero. We can overcome this problem by con-
sidering events where for some bounded Borel set A, we have that W(X) N A is
contained in some deterministic set. For each bounded Borel set A, Lemma 17
below specifies some additional useful properties that we require of such events.

LEMMA 17. Let X be a Poisson point process on R¢ with positive intensity.
Let W be an R-selection rule, and let H be defined as in (9). Let A be a bounded
Borel set. There exists a finite set F, a collection of disjoint events {E(«)}qer and
a collection of bounded Borel sets {D(«)}qcr with the following properties:

(i) Forall o € F, on the event E(a), we have that
W(X)NACD() C HX).

(i1) Forall a € F, the event E(a) is 0 (X|p(a)c)-measurable.
(iii) The disjoint union \ J,cr E() is an event of probability one.
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We shall prove this later.

The following lemma will be useful in the proof of Proposition 16. In particular,
it justifies equation (10) when W satisfies condition (b’). The lemma is a technical
generalization of the fact if X and W are two independent Poisson point processes
on R? with the same intensity, then for all s € B we have

(11) Wi+ X|se £ X.

LEMMA 18. Let X and VW be independent homogeneous Poisson point pro-
cesses with equal intensity on some Borel set D C R¢. Let T be a random closed
set, and let S := T N'D. Let Y be any point process and let V be an event. Let
S":=D\S.If (X, W) is independent of (S, Y, V), then for all measurable sets of
point measures A € M,

P{X+Y e ANVY)=P({(W|s+X|s+YVeANV).

PROOF. Let pux be the law of X, and let Q be the joint law of S, ) and 1y,.
From (11) it is easy to see that for all Borel s C D, and for all A" € M,

/IXI,s+X\S/eA/ dux(x)=PX e A)
(12) :[P(Wh +X|s/ c A/)
Z// 1[w|s+x|s/eA’] dux(w)dpx(x).

Let Ae M and L :=P({X + Y € A} NV). By the independence of X and
(S,,V), we have that

L= / / ryeavdir (1) dO(s. . v)
(13)

-/ ( J RIS dMX(X))de(S,y, ).
Applying (12) to (13), we obtain that
(14) L= / / / Ul x4 yea v d e () d i () d QGs. v, v).

Since X and W are independent, and (X, W) and (S, )V, V) are independent, we
easily recognize that the right-hand side of equation (14) is equal to P({W|s +
Xlsg+YVeAny). O

With the help of Lemmas 17 and 18 we now prove Proposition 16.

PROOF OF PROPOSITION 16. Let X, W:Q — M be independent Poisson
point processes on RY with the same intensity, defined on the probability space
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(2, F, P). We shall use w to denote an element of the probability space, and dur-
ing this proof X (w) will denote the point measure that is the image of w under
the random variable X (not “the number of X-points in ”). Let W be an R-
selection rule, and let Z := Wiy (x) + X|w(x)c. Let A € M. It suffices to show
that P(X|4 € A) =P(Z]|4 € A) for all bounded Borel sets A. Let A be a bounded
Borel set, and let {E(a)}qer and {D(«)}qecF be collections of events and subsets
of R? that satisfy the conditions of Lemma 17. We shall show that for all « € F,

(15) P({X|4 € A} N E(@)) =P({Z|4 € A} N E(a)).

By summing over all « € F, we can then conclude by property (iii) of Lem-
ma 17 that P(X |4 € A) =P(Z|s € A). Let us fix « € F, and set E := E(x) and
D := D(x). Observe that for all wi, wy € E, we have V(X (w1)) = V(X (w2))
whenever X (w1) = X (wp) on D€. This follows from property (c) in the defini-
tion of a selection rule and property (i) of Lemma 17. Now define S := W (X|pc).
Clearly, S is o (X|pc)-measurable, and on the event E, we have that § = WV (X).
Since X is a Poisson point process, we have that X|pn4 is independent of X|pen4.
Also, by property (ii) of Lemma 17 we have that E € o (X|pc). See Figure 2 for
an illustration.
By applying Lemma 18 with the following substitutions:

D=DNA, X = XIpna, W= W|pna,
T=S5, Y = X|pena, V=1,
it is easy to check that
P({X]a € A}N E) =P({WI|pnans + X|pnanse + X|pena € A} NE).
Thus from the definition of S and property (i) of Lemma 17, we have that
P({X|a € AANE) =P({Wl|wx)na + Xlw(x)na € A} NE).

FI1G. 2. An illustration of the deterministic sets A, D and the random set S, on the event E which
depends only on X|pc. The set A is the large enclosed space, D is the black disc and S is the union
of the hatched discs. The hatched disc contained in D is S N A and its location within D depends
only on X|pe.
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By the definition of Z, we see that we have verified equation (15) as required. [
It remains to prove Lemma 17.

PROOF OF LEMMA 17.  We need some preliminary definitions. The open cube
of side length 2r centered at the origin is the set (—r, ). The diameter of aset A C
RY is sup, yeallx — yl. Let X be a Poisson point process on R?, and let ¥ be an
R-selection rule. Recall that by property (a) in the definition of a selection rule, all
globes are balls of radius R. Fix a bounded Borel set A. Let A" := (J, 4 B(x,2R).
Let {ci}{v be a collection of disjoint cubes of diameter % such that their union
contains the set A’. Thus, some cubes may not be open. Let a; € ¢; be the centers
of the cubes. Let F; be the event that the center of some globe (under X) is an

element of the cube ¢;. For a binary sequence « € {0, l}N of length N, define

E(oz)::( N F,~)m< N Ff).
I1<i<N: 1<i<N:
a(i)=1 a(i)=0

Set F :={a € {0, 1}V : P(E(«)) > 0}. Note that the events {E («)}qcF are disjoint

and their union over all « is an event of probability 1, so that condition (iii) is
satisfied. Note that if x € R? and ||x — a;|| < % then

(16) B(x,R) C B(aj, R+ 1) C B(x,R+2).
Define
D(a) := U B(a;, R +1).

1<i<N:

a@)=1
Since every globe that intersects A has its center lying at distance at most R
from A, every globe that intersects A must have a center in some cube c;. By
definition, for every @ € F, on the event E(«) we see from (16) and (9) that

W (X)NAC D) C HX)S,

since the diameter of each cube ¢; is % See Figure 3 for an illustration.

Thus condition (i) is satisfied. Observe that for each « € F, we have that E () €
0 (X|p()c) by property (c) in the definition of a selection rule, so that condition
(i) is also satisfied. [

Proposition 16 will be instrumental in proving Theorems 1 and 2. In Corol-
lary 20 below, we make an important step in this direction by constructing a split-
ting that involves different mechanisms on the globes and on the ether. Before
stating this result, we need some preliminary definitions. In particular, recall the
elementary fact that if each point of a Poisson point process X with intensity A



1960 A. E. HOLROYD, R. LYONS AND T. SOO

atl.
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FI1G. 3. The grid is an illustration of the cubes c;. The black squares are the centers of the globes.
The hatched discs are the globes, the union of the black discs is the set D(«) that contains the globes
intersecting A and the area contained in the largest circles is part of the set H(X)€.

is deleted independently of all others with probability %/, where A” < A, then the
remaining points and the deleted points form independent Poisson point processes
with intensities A’ and A — A’. To facilitate later variations on this theme, we shall
give a very explicit version of this fact.

Sometimes it will be convenient to specify a well ordering of the sets [u],
[lw )] and Globes[\IJ(,u)] This can be done in the following way. Consider
the ordering < on R? in which x < y iff ||x|| < ||y]| or iff ||x|| = ||y|| and x is
less than y in the lexicographic ordering of R?. Thus we can well order [] and
[l (u)c] via < and well order Globes[W (u)] by well ordering the centers of the
globes via <. We shall call < the radial ordering.

Define Feoin — F(CAO‘; ‘R4 x [0, 1] — M via

(17) FM(x, u) == Lpu<ir/3)6x-

Define ¢md qbadk/) ‘M x [0, 1] — M by

o
(A8)  ¢0%, (o) =Y F%N (i, gi(w),  (u,u) €M x [0, 1],
i=1

where {x; }?il is [] ordered by < and the g; are from Lemma 5. We shall call ¢ind
the standard splitting. The following fact is elementary.

LEMMA 19 (Independent splitting). If X is a Poisson point process on R?
with intensity A, and U is a U[0, 1] random variable independent of X, then for all
A € B and for all ) < A, we have that ¢ng (X|4,U) and X4 — ¢gdk, (X|a,U)
are independent Poisson point processes on A with intensities X' and » — )/, re-
spectively.

COROLLARY 20. Let X be a Poisson point process on R¢ with intensity ., and
let )/ < M. Let '™ be the splitting from Proposition 8. Let W be an R-selection rule,
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where the Lebesgue measure of B(0, R) is larger than that of the constant K (A, \")
from Proposition 8. Let {b;};cy+ = Globes[W (X)], where we have ordered the
globes via the radial ordering. Let U be a U[O0, 1] random variable independent
of X, and let g; :[0, 1] — [0, 1] be a sequence of functions as in Lemma 5. The
mapping ® = &, ;) defined by

QXU = Y Gl sy Xlo &1 (U) + 655 (Xlwoe, g0(1))
ieZ*
is a splitting such that ®(X,U) and X — ®(X, U) are Poisson point processes
with intensities ) and A — )\, respectively.

PROOF. The inequality ® (X, U) < X is obvious from the definition of ®, so
we just need to check that ®(X, U) and X — @ (X, U) have the right distributions.
This is made possible via Proposition 16. Let W be a Poisson point process on
RY with intensity A that is independent of X and U. Let Uy, U, be independent
U[0, 1] random variables that are also independent of X and W. From the defini-
tion of ¢, it is easy to see that

. e .
0L Wleoo + Xlwooe. Un) = 055 (Wlex. Ut) + (5%, (Xlwxe. Ua),

since the ordering of the points of Wy (x) + X|w(x)c is irrelevant as long as
the ordering is independent of U; and U,. By Proposition 16, we have that

x4 Wlox) + Xlox), so we obtain that

. d . .
19) B3 X, U Z 605 (W, Un) + ¢0%) (X lw e, Ua).

From property (c) of Proposition 8 and Lemma 19, it is easy to see that for any
A € B with finite Lebesgue measure larger than K, we have

$I(Wa, Up) £ 6™ (W4, Uy).
Moreover, since X and W are independent, it follows that
(20) P(Z PENW iy, gi(U1) € - | X) =P(¢" (Wl Ur) €] X).
ieZ*

(Recall that {g; (U)};en is a sequence of i.i.d. U[0, 1] random variables.) Clearly
by Proposition 16 and the definition of ®, we have

d
O(X,U) = D(Wlwx) + Xlwxye, U)

[

> (Wi, g (UD) + ¢™ (X |w(xye, Ua).
i€Z*

From equation (20) and the fact that X and W are independent, it is easy to
verify that

. _
(21) DX, U) Z o™(Wlyxy, Ur) + ™ (X |wxye, Ua).



1962 A. E. HOLROYD, R. LYONS AND T. SOO

Putting (19) and (21) together, we obtain that ® (X, U) 4 ¢EK?A/)(X, Ujp). Thus
from Lemma 19 we have verified that ® (X, U) is a Poisson point process of in-
tensity A'.

The proof that X — ®(X, U) is a Poisson point process of intensity A — A fol-
lows by the same argument since ¢/ is a splitting by Proposition 8 and ¢ is a

splitting by Lemma 19. [J

Let us remark that for Corollary 20, in order for ® to be a splitting we must
apply the splitting ¢ in all the globes and not just the globes that contain exactly
one or two points. For example, if X is a Poisson point process on a bounded Borel
set B, the following procedure will not result in a splitting: apply ¢fi" if there are
exactly one or two X points, otherwise apply ¢'"d.

Before we begin the proof of Theorem 1, we first provide a construction of
selection rules along with some other minor constructions that will be needed.

6. Construction of selection rules. Fix d > 1 and R > 0. We shall now con-
struct an R-selection rule. We need some preliminary definitions. Recall the defi-
nition of the shell,

Alx;s,r)={yeR:s<|x —y| <r}.

Let X be a Poisson point process on R? with intensity A > 0 and law P;. A point
x € R? is called a pre-seed if B(x, 5R + 100 + d) has the following two proper-
ties:

(@) X(A(x;3R+75+d,5R+100+d)) =0;
(b) forevery open ball B of radius % satisfying B C A(x; R+10,3R+75+d),
we have X (B) > 1.

Given u € M, we also say that x is pre-seed under u if (a) and (b) hold with X
replaced by u. If x is a pre-seed, we call A(x;3R +75+4+d,5R + 100 + d) the
associated empty shell and A(x; R+ 10, 3R + 75 + d) the associated halo. Clearly
pre-seeds exist Pj-a.s. An R-selection rule will be defined so that its globes will
be balls of radius R contained in B(x, R 4 10) for some pre-seed x. See Figure 4
for an illustration of a pre-seed.

Observe that if x, y € R? are pre-seeds, then ||x — y|| ¢ (2,2(3R + 63) +d));
otherwise the empty shell of one pre-seed would intersect the halo of the other in
such a way as to contradict the definition of a pre-seed. Also note that the width of
the empty shell is chosen to be greater than 2(R + 10); this is needed in the special
case d = 1 to ensure that if x, y € R? are pre-seeds, then ||x — y|| ¢ (2,2(3R +
63) + d)). We say that two pre-seeds x, y are related if ||x — y|| < 2. This gives an
equivalence relation on the pre-seeds.

We next associate with each equivalence class a single point in an isometry-
equivariant way. Let C be an equivalence class of pre-seeds under p. Observe that
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FI1G. 4. An illustration of a pre-seed. The outer shell (the empty shell) contains no X -points. The
intermediate shell (the halo) is relatively densely filled with X -points. The shaded area is unspecified
in terms of X.

C is contained in some ball of radius 2, which also contains a unique point ¢ € R?
that is the center of the ball with the smallest radius that contains C; we declare
that ¢ is a seed. Note that ¢ might not be a pre-seed (but it has properties similar to
a pre-seed).

If ¢ is a seed (under 1), we call B(c,R) a globe (under w). Define the mapping
Wr:M — § by stipulating that for each p € M, the Borel set W (1) is the union
of the set of globes under . Given any two seeds, it is easy to see that their globes
do not intersect. Thus the definition of a globe given here is consistent with the
definition of a globe given in Section 5.

Next, we show that for R > 0, the mapping Wg is a selection rule, thus proving
Proposition 15.

LEMMA 21. Let W = Vg be the mapping defined above. For all j, u eM, if
w=u on H(u):= (Uxeq,(u) B(x,2))¢, then u and ' have the same pre-seeds.

PROOF. Assume that ; and ' agree on H(w). Let z € R? be a pre-seed un-
der u. We claim that

/
M| A(z: R410,5R+100+d) = M | A(z; R+10,5R+100-+d)

from which we deduce that z is also a pre-seed under .

Let C(z) be the equivalence class of pre-seeds to which z belongs, and let ¢
be the corresponding seed. Since ¢ has distance at most 4 from z, and z has
distance at least 2(3R + 63 4+ d) from any pre-seed (under w) not in C(z), we
have that ¢ has distance at least 2(3R + 63 + d) — 4 from any pre-seed (under
w) not in C(z). Let m > 0 be the minimal distance from ¢ to another seed (un-
der w). Clearly m > 2(3R + 63 +d) — 8. Since u = ' on H(u), we have that
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MlAe: R+2,m—R=-2) = M’|A(C;R+2’m7R72). Since z has distance at most 4 from c,
clearly 4|4 (z; R410,5R+100+d) = K| A(z: R+10,5R+100+d) as Tequired. []

PROOF OF PROPOSITION 15. Let R > 0 and d > 1. We shall now check that
W = Wy is indeed an R-selection rule.

Property (a): Let P be the law of a Poisson point process on R¢ with positive
intensity. Note that pre-seeds occur P-a.s. Therefore, we have that seeds occur P-
a.s. and W(u) # @ for P-a.e. u. Also, by definition, if ¥ (u) # &, then W(w) is a
disjoint union of balls of radius R.

Property (b): Let 6 be an isometry of R?. If x € R is a pre-seed under s, then
6 (x) is a pre-seed under 6 (). Therefore if C is an equivalence class of pre-seeds
under p € M, then 6(C) is an equivalence class of pre-seeds under 6 (). Also,
if ¢ € R? is the center of the ball with the smallest radius that contains C, then
0 (c) is the center of the ball with the smallest radius that contains 8 (C). Hence if
b is a globe under p, then 0(b) is a globe under 6 (w). So clearly, W is isometry-
equivariant.

Property (c): Let u, 1’ € M, and assume that u = ' on H(n). By Lemma 21,
w and p' have the same pre-seeds. Thus, they have the same seeds, and hence the
same globes. Therefore by the definition of W, we have ¥ (u) = ¥ (x/). 0O

7. Encoding and distributing randomness. Unfortunately, our proofs of
Theorems 1 and 2 do not follow from Proposition 16 alone. Recall that in Ex-
amples 1 and 2 we partitioned R¢ into cubes, and the cubes that contained exactly
one or two Poisson points were special. The locations of the Poisson points in
a special cube were converted into sequences of i.i.d. U[0, 1] random variables
whose elements were then assigned to the other cubes of the partition. The pur-
pose of this section is to state a lemma that asserts the existence of a function that
encapsulates the task of encoding and distributing randomness in the more com-
plicated case where a deterministic partition is replaced by the selection rule from
Section 6, and Example 2 is replaced by Theorem 1.

Let W be a selection rule. We say that a globe under u is one-special if it hap-
pens to contain exactly one p-point, and two-special if it happens to contain ex-
actly two p-points. A globe is special if it is either one-special or two-special.
Denote the set of one-special globes by Globes![W ()], the set of two-special
globes by Globesz[\IJ(u)] and the set of special globes by Globesl’Q[\I/(/L)]. Also
let W!l(w), l112(,11) and \111’2(/1) denote the union of the set of one-special, two-
special and special globes, respectively. Let (\Ill(u))c, (Wz(u))c and (\Ill’z(u))c
denote the respective complements in R¢. Note that by Proposition 16, if X is a
Poisson point process on R¢ with positive intensity and law P, then one-special
globes and two-special globes exist under X P-a.s.

LEMMA 22 (Assignment function). Letd > 1 and R > 0. Let ¥V = Wg be the
selection rule from Section 6. There exists a function U= Uy : M x (§ UR?Y) —
[0, 1] with the following properties.
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(a) Let X be a Poisson point process on R with positive intensity. Let
{k(X)i}ien := Globes[W(X)] U [X|w(x)c], where we have ordered the set using
the radial ordering. (Recall that globes are ordered by their centers.) If {U;}ieN is
a sequence of i.i.d. U[0, 1] random variables that is independent of X, then

(X ew1 e WX, W(X), (UK, k(X)i)}ien)

(22) )
= (Xl oy XD, W(X), (Uidien)
and
(Xl w20y WX, W(X), {UX, k(X)i)}ien)
(23)

= (Xl (w20 WHX), W(X), {Ui}ien).

(b) The map U is isometry-invariant; that is, for all isometries 6 of R¢ and for
all (i, b) € M x (FURY), we have Ui, b) = U0 (1), 0(b)).

We call Uy the assignment function for the selection rule W. Thus if X is a
Poisson point process and b € Globes[W (X)] or if b € [X|y(x)c], then the assign-
ment function assigns a U[0, 1] random variable U(X, b) to b. Property (a) states
that the U[0, 1] random variables have a certain independence property; the val-
ues of X on both the one-special and two-special globes are needed to determine
the values of the assignment function. The map that we shall define in the next
section to prove Theorem 1 will use U to assign U[0, 1] random variables to the
globes and the points of the ether. We shall see that property (a) makes proving
Theorem 1 easy. Property (b) is necessary to ensure that the map that we define is
isometry-equivariant.

Let us also remark that since by property (c) in the definition of a selection rule,
W (X) depends only on X|yx)c C X|(\I,1,2(X))c; therefore the addition of W (X) in
(22) and (23) is actually redundant. We now have all the tools we need to prove
Theorem 1. We defer the proof of Lemma 22 to Section 9. Much of the proof is
bookkeeping, but for property (a) we shall need to appeal to Proposition 16.

8. Proof of Theorem 1. We are now in a position to prove Theorem 1. First
we give the definition of the mapping that satisfies the conditions of Theorem 1.
Let X be a Poisson point process on R? with intensity A, and let A’ < A. Recall the
definition of the splitting #"" from Section 2 (Proposition 8) and the definitions of
F" and ¢™ from (17) and (18) of Section 6. Let R = R(x, A/) > 0 be so that the
Lebesgue measure of B(0, R) is larger than the constant K (1, 1) of Proposition 4.
Let W = Wg be the R-selection rule from Section 6, and let U be the assignment
function from Lemma 22. Define I' = T'(; ;) as follows. For all u € M,

P:= Y ¢l U, b))
beGlobes[W ()]

+ > FEW (.U, x)).

x€[ply el

(24)
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PROOF OF THEOREM 1. From the definition of I' it is easy to check that it
is isometry-equivariant; we need only recall that by Lemma 22, the assignment
function U is isometry-invariant and that the splitting " and selection rule ¥ are
isometry-equivariant. Also it is obvious that I" is monotone, so it suffices to check
that I'(X) and X — I"(X) are Poisson point processes on R¢ with intensities A’ and
A — A/, respectively.

Let U be a U[0, 1] random variable independent of X, and let g; : [0, 1] — [0, 1]
be the functions from Lemma 5. Let {b;};cz+ = Globes[W (X)], where we have
ordered the globes via the radial ordering. Similarly, let {x;};cz+ = [X|w(x)c]. Let
® be the splitting defined in Corollary 20. Note that & is a version of I' that
uses randomness from U instead of from certain points of X. By property (d) of
Proposition 8 we have that

DX, U) =Y Lxpn£uon (Xlp,. gi(U))

ieZ+t

(25) o
+ ¢" (X |w(x)e, go(U))
and
X=X, U)= Y Iixpz2a(Xls, — ¢p"(Xlp,. 8 (U)))
ieZt
(26)

+ Xlwx) — ¢ind(X|\1/(X)f, go(0)).
We shall show that T'(X) < & (X, U) and X — ['(X) £ X — & (X, U). Set
=Y o (Xlp. UX, b)),

ieZ*
IB = Z FCOin(Xi, U(X’ Xj)),
ieZ+t
o 1= 37 (Xl — &4 (Xp, . UCX, b))
ieZ*
and
B = Xlwooe — 3 FON(x;, UK, x).
ieZt
By definition,

'X)=a+p and X-TX)=d +p8.
By property (d) of Proposition 8,

o= lixe)endi(Xly, UX, b))

ieZ+t
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and
o' = 3" Txppza(Xle — 637 (X1p, UKX, b))).
i€Z*
By property (a) of Lemma 22, we have that
d .
a+BS Y Axap2ndh Xlb. g2:(U)) + Y FO™ (i, g2i1(U)

i€zt ieZ*

and
d
o +B =Y Iixpn (Xl — $" (X, 82i(U)))
ieZ*

+ Xlwx)e — Z FN(x;, g2i41(U)).

ieZt
Thus, by (25), (26), (17) and (18) it is easy to see that
a+pLOX,U)
and

o+ B Lx X, U).

1967

Hence by Corollary 20, we have that I'(X) and X — I'(X) are Poisson point

processes with intensities A" and A — A/, respectively. [

9. The assignment function. In this section we shall prove Lemma 22. Many
of the same tools will be useful again in the proof of Theorem 2. Recall that the
assignment function contained within it the two tasks of generating and distribut-
ing uniform random variables. First we discuss how we generate uniform random

variables.

The following lemma describes explicitly how we convert the position of a sin-
gle X-point in a ball (which is a uniform random variable on the ball) into a single
uniform random variable on [0, 1]. We need to be explicit to preserve equivariance.

LEMMA 23 (Uniform random variables). Foreveryd >1,c € R and R > 0,

define fj . gy: B(c, R) — [0, 1] via

) _(lx=cll\?
TBe.ry™) -—< R ) :

The collection of mappings { f..g)}ccra has the following properties:

1. If Visa U[B(c, R)] random variable, then fé(c,R)(V) is a U[0, 1] random

variable.
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2. We have isometry-invariance; that is, for any isometry 6 of R%, f B(c,R) (x) =
Jo(B(c.ry) @ (X)) forall x € B(c, R).

PROOF. Here we shall make good use of the fact that we are working with
balls. Recall that the Lebesgue measure of a d-ball of radius R is given by C(d) R¢
for some fixed constant C(d) > 0 depending only on d. Let V be a uniform random
variable on the ball B(c, R). Then for0 <x <1,

L(B(Rx'/))
B(f5en (V) <x) =PV —cl < RV = =22z =x. g

Each globe or X-point not in a globe will be associated to a one-special globe
and to a two-special globe. It will be necessary to allow more than one globe or
X-point to be associated to each special globe. First we need to develop some
infrastructure. Recall that by Lemma 5 a single uniform random variable can be
used to generate a sequence of i.i.d. U[0, 1] random variables.

Encoding functions. We associate to every special globe a [0, 1]-valued se-
quence in the following way. Let {f5.. g)}cere and {gi}ien be the collections
of functions from Lemmas 23 and 5, respectively. Let ¥ be an R-selection rule.
For each b € Globes' [V ()], let xp, denote the unique w-point in b, and for each
be Globesz[\IJ(/L)], let x,l and x,% be the two u-points in b, where we take x,l to
be the one closest to the origin in a lexicographic ordering. Recall that @& denotes
addition modulo one. Let i’ = W'y : M x §F — [0, 1]and h = hy : M x § — [0, 11N
be defined as follows:

1 (xp), if u € M, b € Globes'[W ()],
Q7)) Wby =1 fo(e) ® fo(xp),  if u €M, b e Globes’[W(uw)],
0, if € M, b ¢ Globes"2[W(w)],
and
(28) hy (i, b) :={gi(h' (1, b))}ien.

We call hy the encoding function for the selection rule W, and we call 7'y the
simplified encoding function for the selection rule W.

LEMMA 24. Letd > 1 and R > 0. Let ¥ be an R-selection rule. Both the
encoding and the simplified encoding functions h, h’ satisfy the following proper-
ties:

(@) The maps h, h' are isometry-invariant; that is, for all isometries 6 of R? and
forall (n,b) € M x §, h(u, b) = h(0(w), 0(b)) and h' (1, b) = h'(0 (1), 6 (b)).
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(b) Let X be a Poisson point process on R¢ with positive intensity. Let
{b}}ien := Globes![W(X)] and {b?}ien := Globes?[W(X)], where we have or-
dered the sets of one-special and two-special globes by the radial ordering. If
{Ui}ien is a sequence of i.i.d. U[0, 1] random variables that is independent of X,
then

(X|(\pl(x))c, ‘III(X), {h/(X, b,'l)}ieN) i (X|(\pl(x))c, ‘IJI(X), {Ui}ieN)
and

(X|(\112(x))m WZ(X)» {h/(Xa biZ)}iEN) i (X|(L112(X))Ca WZ(X), {Ui}ieN)-
Similarly, if {U!}ien is a sequence of i.i.d. random variables, independent of X,
where U{ 4 {U;}ien, then

d
(X|(\pl(x))c, ‘I’I(X), {h(X, b,'l)}ieN) = (X|(q/1(x))c, ‘Ifl(X)a {Ui/}ieN)
and

d
(X|(\1/2(x))c, LIJZ(X)» {h(X, biz)}ieN) = (X|(w2(x))c, ‘I’Z(X), {Ui,}ieN)-

PROOF. The proof of property (a) follows immediately from the definition of
an encoding function, property (b) of a selection rule and Lemma 23. We now
focus our attention on property (b). From the definition of 4 and the fact that the
g; satisfy the conditions of Lemma 35, it suffices to verify the condition for the
simplified encoding function A4’.

We need some additional notation. Let {b; };cny = Globes[W (X )], where we have
ordered the globes via the radial ordering. Let ¢; € b; be the centers of the globes.
Also let cl-l € bi1 and cl.2 € bi2 be the centers of the one-special and two-special
globes. Let Vl.l be the unique X-point in each bl.l. Similarly, let Vl.z be the set of
unordered X-points of each biz. Let 6, be the isometry of R such that for all
x € R?, we have 0y (x) = x + y. Assume X has intensity A.

It follows from Proposition 16 that {9; L(x| b;)}ieN 1s a sequence of i.1.d. Poisson

point processes on B (0, R) with intensity A; furthermore, the sequence is indepen-
dent of (X|w(x)c, ¥(X)). Hence by Lemma 7, {Vl-1 — cl-' }ien 18 a sequence of i.i.d.
U[B(0, R)] random variables that is independent of (X lewt (x)yes wl(X)). Simi-
larly, we have that {QCEIV,Z}ieN is a sequence of i.i.d. pairs of unordered U[B(0, R)]

random variables tha‘é is independent of (X |(\112( X))es w2(X)). By the definition of
h’ and Lemmas 23 and 9, the result follows immediately. [J

We turn now to the task of distributing randomness. A natural approach is to
have each nonspecial globe request randomness from the closest available special
globe (where distances are measured between the centers of the globes). However,
we do not know much about the process of globe-centers. In particular, it is not
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immediately obvious that it has distinct inter-point distances P-a.s. To avoid this
problem, we shall make use of some of the other properties of seeds. Recall that if
x is a pre-seed, we call A(x; R+ 10,3R + 75 + d) the halo. If x is a seed, then
we shall also call A(x; R+ 10,3R + 75+ d) the halo. We shall associate to every
globe a point in its halo in an equivariant way.

Tags. Let W be the selection rule from Section 6, and let the inter-point dis-
tances of u € M be distinct. For each globe under u, we choose a point in its
halo in the following isometry-equivariant way. First note that the halo contains
more than three p-points. Take the two mutually closest points in the halo, then
choose the one of this pair that is closest to the other points in the halo. We call
this point the tag of the globe. We note that by Lemma 14, part (b), tags are well
defined and exist for every globe P-a.s. For completeness, if the inter-point dis-
tances in the halo are not distinct, we take the tag to be the center of the globe. Let
f=ty:MxF—>RIU {oo} be the measurable function defined as follows:

the tag of b, if w € M, b € Globes[W (u)],
29 tw(n.b):=x, if e M, b={x},x € [pulwe],
00, otherwise.

We call ry the tagging function for the selection rule W.

LEMMA 25. Letd > 1 and R > 0. Let ¥V = Wy be the selection rule from
Section 6. The tagging function t = ty :M x § — R4 U {00} has the following
properties:

1. The map t depends only on (W(u), itlw(w); that is, for all p, ' € M if
(W (), plwge) = (W), gy, thent(u, ) =t (', -).

2. The map t is isometry-equivariant; that is, for all isometries 0 of R? and for all
(u,b) e M x §, 0(t(u, b)) =t(0(1), 0(b)). Here we take 0 (00) = 00.

PROOF. The result follows immediately from the definition of the tagging
function. [

Partners and ranks. Let W be the selection rule from Section 6. We shall now
measure distances between globes, as well as distances between globes and -
points, via the distances between their tags. Let the inter-point distances of u € M
be distinct and also assume that Globesl[llf(pc)] and Globesz[\ll(,u)] are both
nonempty. For each globe b € Globes[W (1)] we call its closest one-special globe
its one-partner, and its closest two-special globe its two-partner. Similarly, for
each x € [u|y(u)c] we call its closest one-special globe its one-partner and its clos-
est two-special globe its two-partner. Suppose that a globe b has a special globe
B € Globes"2[W(1)] as a partner; then B assigns the number 2n to b if there are
exactly n globes with B as partner that are closer to B than b. We call the number



POISSON SPLITTING BY FACTORS 1971

that b is assigned by its one-partner its one-rank and the number that b is assigned
by its two-partner its two-rank. Similarly, a special globe B € Globesl’z[llf(pc)]
assigns the number 2n + 1 to x if it is a partner of x € [u|w(u)c], and there are
exactly n partners in [u] that are closer to B than x; we also call the number
that x is assigned its one-rank or two-rank depending on whether it is assigned
by its one- or two-partner. Let M’ be the set of point measures of M that have
both one- and two-special globes and have distinct inter-point distances. We de-
fine p = py : M x (SUR‘I) — § x § as follows:

pw(u, b) := (one-partner of b, two-partner of b)

if © € M’ and b € Globes[W ()] U [it]w(u)c] and pw(u, b) := (b, b) otherwise.
We also define r = ry : M x (FUR?) — N x N as follows:

ry(u, b) := (one-rank of b, two-rank of b)

if w € M and b € Globes[W (u)] U [t|w(u)c] and ry(u, b) := (0, 0) otherwise.
We call py the partner function for the selection rule W, and we call ry the rank
function for W. Also let

X () = (T (), W), W2 (W), 1lwge)
for all u € M.

LEMMA 26. Letd >1and R > 0. Let V be the selection rule from Section 6.
The partner and rank functions p = py and r = ry have the following properties:

1. The maps p,r depend only on x (w); that is, for all v, u' € Mif x (n) = x (1),
then p(u,-) = p(u',-) and r(p,-) =r(u’, ).

2. The map p is isometry-equivariant; that is, for all isometries 6 of R¢ and for
all (n, b) e M x §, 0(p(, b)) = p(0(1), 0(b)).

3. The map r is isometry-invariant; that is, for all isometries 0 of R? and for all
(n, ) e M X §, r(u,b) =r@(w),0(b)).

PROOF. The result follows immediately from the definitions of the partner and
rank functions and Lemma 25. [

Assignment functions. We shall now combine the encoding, partner and rank
functions to obtain an assignment function. Let W be the selection rule from
Section 6. Define U = Uy :M x (§ U Rd) — [0, 1] as follows. Let & = hy,
p = py and r = ry be the encoding, partner and rank functions. Recall that
h:Mx §— [0, 11N, For all (u, b) € M x (F UR?), let

(30) U, b) :==h(w, p(t, b)1)reby, © h (e, p(s £)2)r (10,8, -

PROOF OF LEMMA 22. The isometry-invariance of U follows immediately
from the definition of U and Lemmas 24 and 26. Let X be a Poisson point process
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in RY. Let {k;};en := Globes[W (X)]U [X |w(x)c], (b} }ien := Globes! [W(X)], and
let {bl.z},-eN = Globesz[\II(X )], where we have ordered the sets using the radial
ordering. Let {U;};cn be a sequence of i.i.d. U[0, 1] random variables indepen-
dent of X. Let {U/};en be an i.i.d. sequence (independent of X), where U7 is a
sequence of i.i.d. U[0, 1] random variables. From Lemma 26, p(X, -) and r(X, -)
depend only on y (X). It is clear that both x(X) and h(X, biz) depend only on
(X! (x> W'(X)), so that by Lemma 24

(Xlewt e WX, x (X0, (X, b)}ien, {R(X, b])}ien)

L (Xl e ¥ OO X XD AU ien, (1(X, b)) ien).-

From the definition of the assignment function, it is clear that U(X, -) depends only
on

€19

X (X), th(X, b})}ien, h(X, b})}ien).

It is also easy to see that x (X) depends only on (X|y1.2(x))c, (X)), ¥2(X)).
Thus from the definition of the assignment function, (31) and Lemma 9, it follows
that

d
(X|(q11(x))c, ‘I"I(X), {U(X, Ki)}ieN) = (X|(q/1(x))c, ‘Ijl(X)a {Ui}ieN)-

Similarly, we have that

(Xl w2cxyer W20, X (X, (X b)) Yienv, {h(X, BD))ien)

L (X1 g2 xyes W20, X (XD, {h(X, b)) ier. (U] }iew),

from which it follows that

d
(Xl w200y WX UK, k) }ien) = (Xl g2y $2(X), (Uikiew). O

(32)

10. Proof of Theorem 2. In this section, we shall show how the tools used
to prove Theorem 1 can be adapted to prove Theorem 2. As a first step we prove
a source-universal translation-equivariant version of Theorem 2. That is, given A/,
we define a translation-equivariant map ®': M — M such that if X is a Poisson
process on R of any positive intensity A, then ®'(X) is a Poisson process of
intensity A’. By modifying the map ®" we shall obtain a map Y that is isometry-
equivariant and satisfies the conditions of Theorem 2. We need some preliminary
definitions before we can give the definition of @’.

Voronoi cells. The Voronoi tessellation of a simple point measure 1 € M is a
partition of R¢ defined in the following way. The Voronoi cell of a point x € ]
is the set of all points y € R? such that ||x — vl < Iz — y| for all z € [u] \ {x}.
The unclaimed points are the points that do not belong to a cell. We define the
Voronoi tessellation V() to be the set of all Voronoi cells along with the set of
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unclaimed points. Note that if p is locally finite and not identically zero, then
the set of unclaimed points has zero Lebesgue measure. Note that the Voronoi
tessellation is clearly isometry-equivariant; that is, for any isometry 6 of R¢ we
have V(@) =0V (u) :={0v:v e V(u)}.

For each A € B with positive finite Lebesgue measure, let c4 be its center of
mass. Let ¥ be the R-selection rule, and define ¢ = ¢y : M — M via

(33) W= Y b

beGlobes[V ()]

Note that ¢ is also isometry-equivariant. The map @’ will be defined by placing
independent Poisson point processes in each Voronoi cell of V(e(it)). Recall that
the globes do not intersect so that a Voronoi cell will always contain the globe
with the same center. Let 6, be the isometry of R? such that for all x € R?, we
have 6, (x) =x + y. We define @’ in the following way. Let W be the R-selection
rule from Section 6, where we may choose R = 1. Let ¢F be the collection of
mappings from Lemma 6. Let U be the assignment function from Lemma 22. The
map ¢’ = @/, is defined via

BH V= ) > licufe, (b1, 0, U1 0)).
veV(ce(w)) beGlobes[W (11)] i

Note that ® depends only on the parameter A/, since U depends only on R, which
we have set equal to 1.

PROPOSITION 27. The map ®' has the following properties:

(a) The map @' is translation-equivariant.
(b) If X is a Poisson process on RY with positive intensity, then ®(X) is a
Poisson process on RY with intensity ).

PROOF. Part (a) follows from the fact that the assignment function is isometry-
invariant and that the selection rule, Voronoi tessellation and the map ¢ are all
isometry-equivariant. From the definition of ®’, one can verify that it is translation-
equivariant since any two translations of R? commute with each other. How-
ever, since translations and reflections do not necessarily commute, we have only
translation-equivariance. Part (b) follows from Lemma 6 and Lemma 22 once we
note that the Voronoi tessellation and the centers of the globes and Voronoi cells
depend only on ¥ (X). [J

The following example elaborates on the difficulty of defining an isometry-
equivariant version of @’.

EXAMPLE 3. Let A > 0. Let B* C B be the set of Borel sets with positive finite
Lebesgue measure. There does not exist a family of measurable functions ¢P such
that for each A € B*, qﬁ :[0, 1] = M has the following properties:
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1. If U is a U[0, 1] variable, then (l)g(U) is a Poisson point process on A with
intensity A'.

2. The map @P is isometry-equivariant; that is, for all isometries 6 of R?,
Pha(U) =08} (U).

PROOF. Toward a contradiction, let ¢P satisfy the above properties. For each
x € RY, let x; be the ith coordinate. Consider A := B(0, 1), the unit ball centered
at the origin, and let A" := {x € A: x| > 0}. Let 6 be the reflection of the first coor-
dinate; that is, if y = (y1, ..., yg) for some y; € R, then 0(y) = (—y1, y2, ..., Yd)-
Let U be a U[0, 1] random variable. The event E := {qﬁz(U)(A) = d)Z(U)(A’) =
1} occurs with nonzero probability. However, 8(A) = A, so that whenever E oc-
curs, ¢p ,(U) £ 045 (U). O

Note that in the proof of Example 3, the counterexample used a set A that is
invariant under rotations and reflections. One would guess that the Voronoi cells
of a random process such as the centers of the special globes should lack such
symmetries. However, rather than dealing with the symmetries of the Voronoi cells,
we proceed as follows.

Let X be a Poisson process on R¢ with positive intensity, and let W be the
selection rule from Section 6. Let b € Globes[W (X)] and for simplicity assume
that its center is at the origin. From the definition of a globe, there will always be
at least d points in the halo of a globe. We shall choose d points from the halo and
use them to associate an isometry to the globe. By choosing from the halo of b
in an equivariant way d points {x, ..., x4} that are linearly independent, we shall
define an isometry 6 with the following properties:

1. We have 8(0) =0 € R?.

2. For all i, j such that 1 <i < j <d, we have 0(x;)j; = 0 € R; that is, the jth
coordinate of 0 (x;) € R? is zero for j>1i.

3. Foralli suchthat 1 <i <d, we have 6(x;); > 0.

Selecting d points from the halo of a globe is an easy extension of the idea of a tag
of a globe. Also to prove that such an isometry exists and is unique, we appeal to
the tools of linear algebra, in particular the QR factorization lemma.

Notations and conventions. To use the tools of linear algebra, it will be conve-
nient to identify elements of R? with column vectors; that is, R? = R¢*!. Given
an isometry 6 of R? and a matrix A € R?*?_ we let 0(A) € ]Rd *d pe the matrix
obtained by applying 6 to each of the columns of A. Let 1 € R4 denote the row
vector with all ones in its entries. Thus given ¢ € R?, c1 is the d x d matrix where
each of its columns is equal to c. We also denote the identity matrix by I € R¥*.

d-tags. Let W be the selection rule from Section 6, and let the inter-point dis-
tances of u € M be distinct. The d-tag of a globe b € Globes[W (w)] is a matrix
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A € R?*? defined inductively as follows. The first column of the matrix is the
tag of b. Given that the (i — 1)th column is already defined, the ith column is the
w-point in the halo of b that is closest to the (i — 1)th column and is not equal
to any of the first i — 1 columns. For completeness, if the inter-point distances in
the halo are not distinct, we take the d-tag to be the matrix in R9%d \where each
column vector is the center of the globe. Let 7 = 7y : M x § — R¥*? U {oo} be the
measurable function defined as follows:

- .| the d-tag of b, if uw € M and b € Globes[W (u)],
(35)  twln,b):= { o0, otherwise.

We call 1y the d-tagging function for the selection rule W.

LEMMA 28. Letd > 1 and R > 0. Let ¥V = Vg be the selection rule from
Section 6. The d-tagging function t = ty : M x § — R?*4 U {oo} has the following
properties:

1. The map t depends only on (V(1), itlw(ue); that is, for all p, ' € M, if
(W (), o) = (W), W lwgye), then t(w, ) =t(u', -).

2. The map t is isometry-equivariant; that is, for all isometries 6 of R¢ and for all
(u,b) eM x §, we have 0(t(w, b)) =1(0(w), 8(b)). We take 0(00) = 00.

PROOF. The result follows immediately from the definition of the d-tagging
function. [

We note that the d-tag of a globe is almost surely a nonsingular matrix by
Lemma 14(c). The following lemma allows us to associate an isometry to each
globe and its d-tag. Recall that every isometry 6 of R? that fixes the origin can be
identified with a unique orthogonal matrix Q € R¢*¢; that is, there is a unique ma-
trix Q such that 00T = QT Q =1 e R¥*? and Qx =6 (x) forall x € RY = R¥*1,
For background, see [21], Chapter 1.

LEMMA 29 (QR factorization). For all d > 1, if A € R?*? is a square ma-
trix, then there exists an orthogonal matrix Q € R¥*? and an upper triangular
matrix A € R4 such that A = QA. Furthermore, if A is nonsingular, then the
factorization is unique if we require the diagonal entries of A to be positive.

For a proof, see, for example, [10], Section 2.6.

Upper triangular matrices and fixing isometries. Let W be a selection rule
from Section 6, and let b € Globes[WV (w)]. The upper triangular matrix for b is
the matrix A € R9*4 defined as follows. Let ¢} be the center of the globe b. Let
A’ € R?*4 be the d-tag for the globe b. Let A := A’ — ¢, 1. If A is singular, then we
take A =0 € R?*¢. Otherwise, by Lemma 29, there exists a unique factorization
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such that A = QA, where Q € R?*¢ is an orthogonal matrix, and A € R?*? ig
an upper triangular matrix such that all its diagonal entries are positive. When A
is nonsingular, we say that the unique isometry o such that o(cp) =0 € R4 and
o (A") = A is the fixing isometry for the globe b.

Let A=Ay :M x § — R?*4 pe the measurable function defined as follows:

Ay (i, b) := the upper triangular matrix for b

if w € M and b € Globes[W ()], while Ay (i, b) := I € R4*¢ otherwise. Let
0 c (R? )Rd be the function that sends every element of R to 0 € R¥. The fixing

isometry function o =ogy M x § — (Rd )Rd for the selection rule W is defined as
follows:

oy (i, b) := the fixing isometry for the globe b,

if u € M, b € Globes[W ()], and the d-tag of b is nonsingular, while oy (1, b) :=
0e (Rd)Rd otherwise.

LEMMA 30. Letd > 1 and R > 0. Let WV = Vg be the selection rule from
Section 6. The map A = Ay :M x § — R4*4 and the fixing isometry function

o=0y:Mxg§— (Rd)Rd have the following properties:

1. The maps A and & depend only on (W (i), ptlwu)e); that is, for all p, ' € M
if (W (), ilwqor) = (Y (). 1w, then A, ) = A, ) and o (i, -) =
o(u',).

2. The map A is isometry-invariant; that is, for all isometries 6 of R? and for all
(i, b) € M x §, we have A(u, b) = A(n), 6(D)).

PROOF. The first property follows immediately from the definitions of the
maps and Lemma 28. We prove the second property in the following way. Let 6
be an isometry of RY. Let A’ € R¥*? be a nonsingular matrix, let a’ € R¢ and
set A:= A" —d'l. Let A= QA be the unique QR factorization of A, where all
the diagonal entries of A are positive. From the definition of the upper triangular
matrix for a globe, it suffices to show that for some orthogonal matrix Q”, we have

0(A") —0(@a)1=Q"A.
Note that there exists an orthogonal matrix Q' and ¢ € R? such that for all x €
R4 =R¥*! we have 6 (x) = Q'x + c. Observe that
0(A) —0@)1 =0 A +cl—(Qd +cl)
= Q' -dh=0'A
=(Q'O)A. [

We are now ready to give the definition of the mapping that satisfies the condi-
tions of Theorem 2. Set R =1, and let ¥ be the R-selection rule from Section 6



POISSON SPLITTING BY FACTORS 1977

with R=1.Leto :M x § — (R? )Rd be the fixing isometry function for W, let ¢*
be a collection of functions from Lemma 6 and let U be the assignment function
from Lemma 22. Define Y = Yy, : M — M as

T(w)= ) > 1pcv Lo (u,6)0]
veV(e(n)) beGlobes[W ()]
(36)

X 6 (1, ) (Dl 1.y .2y (U1, b))
for all u € M.
PROOF OF THEOREM 2. From the definition of Y it is almost immediate that

it is isometry-equivariant. It suffices to check the following claim. Let v € 15, let
b € Globes[W(11)], and let 6 be any isometry of R?. We claim that for all u € M,

0 (014, 0b) " (b5 (9,0.00)(6v) U (O 11, 0b)))

=0(0 (1, 5) ™ (D5 (. vy (U1, b)))).

To check (37), observe that by Lemma 30 and the definition of the fixing isometry
function,

(37

o (Ou,0b)=0(u,b)ob "

Hence, 0 (B, 0b) ' =60 oo (i, b)"! and o (B, Ob)(Ov) = o (1, b)(v). In addi-
tion, by Lemma 22(b), U(u, b) = U@ u, 6b), whence

B 010,000 VO, 05)) = BF (1 10y (U, D).

Thus, (37) holds.

Let Y be a Poisson point process on R¢ with intensity A’ > 0. It follows from
Lemmas 6, 22 and the fact that the d-tags of all globes are nonsingular a.s. that
T(X) Ly , where X is any Poisson point process on R¢ with positive intensity.
We need only note the following: the Voronoi tessellation and the centers of the
globes and Voronoi cells depend only on W (X) (as in the case of @’ from Propo-
sition 27) and from Lemma 30, the fixing isometry function ¢ also depends only
on (\IJ(X), X|\p(X)C). O

Let us remark that the fact that the map Y is source-universal would not be
very interesting without the additional fact that it is strongly finitary, since using
Theorem 2 we can define the following source-universal mapping. Let A’ > 0. For
each A > 0, let ¢, /) be the isometry-equivariant mapping from Theorem 2, so
that if X is a Poisson point process on R? with intensity A, then ¢ ;) (X) is a
Poisson point process on R? with intensity A’. Also, let J:M — [0, c0) be an
isometry-invariant map such that for any A > 0, if X is a Poisson point process on
R with intensity A, then J(X) = A a.s. Clearly, the mapping Y : M — M defined
by i+ @)1 (1) is isometry-equivariant, and if X is a Poisson point process
on R with positive intensity, then Y (X) is a Poisson point process on R? with
intensity A’.
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11. Proof of Theorem 4. In this section, we shall prove Theorem 4 by show-
ing that the map I" defined in (24) and used to prove Theorem 1 and the map Y
defined in (36) and used to prove Theorem 2 are both strongly finitary. We shall
prove the following stronger result from which Theorem 4 follows immediately.

THEOREM 31. Let " and Y be the maps defined in (24) and (36), respectively.
There exists amap T : M — N U {oo} such that if X is a Poisson point process on
R? with positive intensity, then ET (X) is finite and for all ., i’ € M such that
T(w), T () < oo and u|pw,ry = ' B©,1), we have

Loy =T pwo.1y and Ylpo,1 =T pw.1)-

Let P be the law of X. Since ET (X) < oo implies that 7' (X) is finite P-a.s.,
Theorem 31 implies that I and Y are both strongly finitary with respect to P.

We shall require the following additional property that the selection rules de-
fined in Section 6 satisfy.

LEMMA 32. Let Wg be the selection rule from Section 6. For any z € R4
any w,u' € M, if B(z,R) is a globe under ., then whenever [1|p(; 5R+120+d) =
W | B(z.5R+120+d), We have that B(z, R) is also a globe under '

Lemma 32 is a localized version of property (c) in the definition of a selection
rule. We omit the proof of Lemma 32, which uses the definition of pre-seeds and
seeds and is similar to that of Lemma 21.

PROOF OF THEOREM 31. Let W = Wy be the R-selection rule from Section 6
that is used to define the map I' = I'; /). Recall that we use the R-selection rule
with R =1 to define the map Y. We now work toward a definition of 7. Fix
r :=100(5R + 101 4 d). Let {C;};c7« be an indexed partition of R into equal-
sized cubes of side length r such that C; is centered at ir. For all i € Z¢, let
¢; C C; be the ball of radius 1 concentric with the cube C;, and let E; € M be
the set of measures such that ¢; contains a seed. Because the radius of c¢; is 1,
it never contains more than one seed. Let X be a Poisson point process on R?
with positive intensity and law P. It follows from the definition of a seed and
Lemma 32 that {1xcE,};cz« is a collection of i.i.d. random variables with positive
expectation. For each i € Z¢, let E il C E; be the set of measures where the globe
corresponding to the seed in ¢; is one-special, and similarly let E12 C E; be the
set of measures where the globe corresponding to the seed in ¢; is two-special.
By Proposition 16, it follows that {1 E! Vieza and {1y Eiz}iezd are collections of

i.i.d. random variables with positive expectation. Let
T () :=inflneZt:pe E(ln,O,...,O) and for some 0 < k1 <k <n,

we have p € E(lk,,o o) for j = 1,2}

.....
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and
T,ll(/L) = inf{n eZtne E(l_n’o """ 0) and for some 0 < k1 < kp < n,
we have u € E(l—kj,o ..... o) for j =1, 2}
Also define
TE () = inflneZt:pne E(Zn’o ’’’’’ o) and for some 0 < ki <k <n,
we have u € E(zkj’O 77777 o) for j =1,2}
and

T2, () := inflneZt:pne E(z—n,O,...,O) and for some 0 < k1 <k < n,
we have p € E(z—kj,o,...,O) for j =1,2}.

Note that if we wanted to prove Theorem 31 only for the map I', it would be
enough to set 7 = 8r(T11 + le), but we will require a slightly more complicated
map T to prove Theorem 31 for the map Y. Thus also similarly define Til, Tiz, T_ll-
and Tfi for all 2 <i < d by using coordinate i. Clearly, for all 1 <i <d, each of
Tl.1 (X), Tiz(X), T_ll. (X) and T_zi (X) have finite mean. We set

d
T:=8Y r(T} + T7+ T, + T2).

i=1
We now show that I" satisfies the required property. Let My C M be the set of
point measures such that u € My iff T(u) < co. Observe that since I" is mono-
tone, to determine I" ()] (o, 1) it suffices to determine which points of [©]N B(0, 1)
will be in [I"(w)] N B(0, 1). If x € [u] does not belong to a globe, then whether
or not it is deleted depends on the value of U(u, x). Recall that U is the assign-
ment function for V. If x € [u] N B(0, 1) does belong to a globe, then whether or
not it is deleted depends on the globe b for which x € b, on U(u, b), and on the
splitting ¢£“(/L|b, U(u, b)). Let ¢ be defined as in (33), the point process of the
centers of the globes. Thus it suffices to show that for all u, u' € My such that

I1B©,7(0) = I 1B©,T (), We have:

(@) ¥(uw)NB(0,1)=W(u)NB(0,1)and c(¥(u))lpw®,1) =c(¥u))Bo,1):;
(b) U(u,x) =U(u, x) forall x € B(0, 1);
(¢) U(u, B(y,R)) =U(/, B(y, R)) forall y € B(0, 1).

Write T = T (u). Property (a) follows from p| 0,7y = 1’| B0, 7) and Lemma 32.
Property (b) follows from the following observations. If B(z, R) is a partner of
some x € B(0, 1), then |x — z|| < r max(7}, le). Thus B(z,5R + 120+ d) C
B(0,T). In addition, if y € [u] shares a partner with x and has lower one- or
two-rank than x, then ||x — y|| <2r max(Tl, le), so that y € B(0, T'). Also note
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that the tag of a globe B(z, R) is contained in B(z,5R + 120 + d). Hence by
Lemma 32, the partners and ranks of x are determined on B(0, 7). Thus

p(u,x)=p',x) and r(u,x)=r(, x)

for all x € B(0, 1) and all u, ' € Mr such that u|p,7) = 1’| B0, 7), Where p,r
are the partner and rank functions of V. From the definition of U, property (b)
follows.

Similarly, if y € B(0, 1), b = B(y, R) is a globe and B(z, R) is a partner of b,
then B(z, 5R 4+ 120+ d) C B(0, T). In addition, if B(y’, R) shares a partner with
b and has a lower rank than b, then B(y’,5R 4+ 120+d) C B(0, T). Thus property
(c) also holds.

The proof that Y has the required property is similar. Recall that Y is defined by
placing Poisson point processes inside each member of 1 (¢) using the assignment
function U. Recall that V(i) is the Voronoi tessellation of the point process pu,
and each Voronoi cell receives the U[O0, 1] variable assigned to the globe that is
contained in the Voronoi cell. For all x € R, let v(x, ) be the member of V(e(1))
to which x belongs. From the definition of 7 and Lemma 32, it follows that for
all x € B(0, 1) and all u, u’ € My such that u|p, 7)) = 1’| B0, T(1)), We have
v(x, n) = v(x, u'). Moreover, it is not difficult to verify that for each x € B(0, 1),
if b C v(x, ) is a globe, then its partners, rank and assignment function are also
determined on B(0, T (w)). O

12. Open problems. Question 1, in the Introduction, asked whether a homo-
geneous Poisson point process X on R? can be deterministically “thickened” via
a factor—that is, whether there exists a deterministic isometry-equivariant map ¢
such that ¢ (X) is a homogeneous Poisson process of higher intensity that contains
all the original points of X.

We also do not know the answer to the following question, where we drop the
requirement of equivariance.

QUESTION 2. Letd > 1, and let \' > A > 0. Does there exist a deterministic
map ¢ such that if X is a homogeneous Poisson point process with intensity A, then
@ (X) is a homogeneous Poisson point process on R with intensity A', and such
that all the points of X are points of ¢ (X)?

We can also ask similar questions in the discrete setting of Bernoulli processes.
We do not know the answer to following simple question.

QUESTION 3. Let X = {X;}icz be a sequence of i.i.d. {0, 1}-valued ran-
dom variables with E(Xp) = %. Does there exist a deterministic map f such
that {f(X)i}icz is a sequence of i.i.d. {0,1}-valued random variables with
E(f(X)o) = 1 and f(X); = X; forall i € Z.?
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Note that there does not exist a translation-equivariant map ¢, a factor, that
satisfies the condition of Question 3; if ¢ is a factor, then by the Kolmogorov—
Sinai theorem, the entropy of ¢ (X) cannot be greater than the entropy of X. See
[20], Chapter 5, for more details. More generally, if B(p) and B(q) are Bernoulli
shifts on {0, 1,...,d — 1}, where the entropy of p is less than the entropy of ¢,
one can ask whether there exists a deterministic map ¢ from B(p) to B(g) such
that we have ¢ (x); > x; forallx € {0,1,...,d — 1} and all i € Z. Also see [2] for
more open problems.

Remark. Ori Gurel-Gurevich and Ron Peled have informed us that they have
answered Questions 1-3 (with respective answers no, yes and yes) in a manuscript
entitled “Poisson Thickening” [6].

Acknowledgments. We thank the referee for providing a detailed and insight-
ful report. In particular, the referee pointed out a small error in an earlier version of
this paper and provided a somewhat simpler way to define a seed given an equiva-
lence class of pre-seeds.

REFERENCES

[1] ANGEL, O., HOLROYD, A. E. and So0o0, T. (2011). Deterministic thinning of finite Poisson
processes. Proc. Amer. Math. Soc. 139 707-720. MR2736350
[2] BALL, K. (2005). Monotone factors of i.i.d. processes. Israel J. Math. 150 205-227.
MR2255808
[3] BALL, K. (2005). Poisson thinning by monotone factors. Electron. Commun. Probab. 10 60-69
(electronic). MR2133893
[4] EVANS, S. N. (2010). A zero—one law for linear transformations of Lévy noise. In Algebraic
Methods in Statistics and Probability I (M. A. Viana and H. P. Wynn, eds.). Contempo-
rary Mathematics 516 189-197. Amer. Math. Soc., Providence, RI. MR2730749
[5] FERRARI, P. A., LANDIM, C. and THORISSON, H. (2004). Poisson trees, succession lines
and coalescing random walks. Ann. Inst. Henri Poincaré Probab. Stat. 40 141-152.
MR2044812
[6] GUREL-GUREVICH, O. and PELED, R. (2011). Poisson thickening. Israel J. Math. To appear.
Available at arXiv:0911.5377.
[7] HOLROYD, A. E., PEMANTLE, R., PERES, Y. and SCHRAMM, O. (2009). Poisson matching.
Ann. Inst. Henri Poincaré Probab. Stat. 45 266-287. MR2500239
[8] HOLROYD, A. E. and PERES, Y. (2003). Trees and matchings from point processes. Electron.
Commun. Probab. 8 17-27 (electronic). MR1961286
[9] HOLROYD, A. E. and PERES, Y. (2005). Extra heads and invariant allocations. Ann. Probab.
33 31-52. MR2118858
[10] HORN, R. A. and JOHNSON, C. R. (1990). Matrix Analysis. Cambridge Univ. Press, Cam-
bridge. Corrected reprint of the 1985 original. MR1084815
[11] Jacop, J. (1975). Two dependent Poisson processes whose sum is still a Poisson process.
J. Appl. Probab. 12 170-172. MR0370750
[12] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Springer, New York.
MR1876169
[13] KEANE, M. and SMORODINSKY, M. (1977). A class of finitary codes. Israel J. Math. 26 352—
371. MR0450514


http://www.ams.org/mathscinet-getitem?mr=2736350
http://www.ams.org/mathscinet-getitem?mr=2255808
http://www.ams.org/mathscinet-getitem?mr=2133893
http://www.ams.org/mathscinet-getitem?mr=2730749
http://www.ams.org/mathscinet-getitem?mr=2044812
http://arxiv.org/abs/arXiv:0911.5377
http://www.ams.org/mathscinet-getitem?mr=2500239
http://www.ams.org/mathscinet-getitem?mr=1961286
http://www.ams.org/mathscinet-getitem?mr=2118858
http://www.ams.org/mathscinet-getitem?mr=1084815
http://www.ams.org/mathscinet-getitem?mr=0370750
http://www.ams.org/mathscinet-getitem?mr=1876169
http://www.ams.org/mathscinet-getitem?mr=0450514

1982 A. E. HOLROYD, R. LYONS AND T. SOO

[14] KEANE, M. and SMORODINSKY, M. (1979). Bernoulli schemes of the same entropy are fini-
tarily isomorphic. Ann. of Math. (2) 109 397-406. MR0528969

[15] KINGMAN, J. F. C. (1993). Poisson Processes. Oxford Studies in Probability 3. Oxford Univ.
Press, New York. MR1207584

[16] LAST, G. and THORISSON, H. (2009). Invariant transports of stationary random measures and
mass-stationarity. Ann. Probab. 37 790-813. MR2510024

[17] MOLCHANOV, 1. (2005). Theory of Random Sets. Springer, London. MR2132405

[18] ORNSTEIN, D. S. (1974). Ergodic Theory, Randomness, and Dynamical Systems. Yale Univ.
Press, New Haven. MR0447525

[19] ORNSTEIN, D. S. and WEISS, B. (1987). Entropy and isomorphism theorems for actions of
amenable groups. J. Anal. Math. 48 1-141. MR0910005

[20] PETERSEN, K. (1989). Ergodic Theory. Cambridge Studies in Advanced Mathematics 2. Cam-
bridge Univ. Press, Cambridge. Corrected reprint of the 1983 original. MR1073173

[21] REES, E. G. (1983). Notes on Geometry. Springer, Berlin. MR0681482

[22] RE1ss, R. D. (1993). A Course on Point Processes. Springer, New York. MR1199815

[23] SERAFIN, J. (2006). Finitary codes, a short survey. In Dynamics & Stochastics. Institute of
Mathematical Statistics Lecture Notes—Monograph Series 48 262-273. IMS, Beach-
wood, OH. MR2306207

[24] SINAIL J. G. (1962). A weak isomorphism of transformations with invariant measure. Dokl.
Akad. Nauk SSSR 147 797-800. MR0161960

[25] Soo, T. (2010). Translation-equivariant matchings of coin flips on Z4. Adv. in Appl. Probab.
42 69-82. MR2666919

[26] SRIVASTAVA, S. M. (1998). A Course on Borel Sets. Graduate Texts in Mathematics 180.
Springer, New York. MR1619545

[27] THORISSON, H. (1996). Transforming random elements and shifting random fields. Ann.
Probab. 24 2057-2064. MR1415240

[28] THORISSON, H. (2000). Coupling, Stationarity, and Regeneration. Springer, New York.
MR1741181

[29] TIMAR, A. Invariant matchings of exponential tail on coin flips in 74, Preprint. Available at
arXiv:0909.1090.

[30] TIMAR, A. (2004). Tree and grid factors for general point processes. Electron. Commun.
Probab. 9 53-59 (electronic). MR2081459

A. E. HOLROYD R. LYONS
MICROSOFT RESEARCH DEPARTMENT OF MATHEMATICS
1 MICROSOFT WAY INDIANA UNIVERSITY
REDMOND, WASHINGTON 98052 BLOOMINGTON, INDIANA 47405-5701
USA USA
E-MAIL: holroyd @microsoft.com E-MAIL: rdlyons @indiana.edu
URL: http://research.microsoft.com/~holroyd URL: http://mypage.iu.edu/~rdlyons
T. Soo

DEPARTMENT OF MATHEMATICS AND STATISTICS
UNIVERSITY OF VICTORIA

PO BOX 3060 STN CSC

VICTORIA, BC V8W 3R4

CANADA

E-MAIL: tsoo@uvic.ca

URL: www.math.uvic.ca/~tsoo


http://www.ams.org/mathscinet-getitem?mr=0528969
http://www.ams.org/mathscinet-getitem?mr=1207584
http://www.ams.org/mathscinet-getitem?mr=2510024
http://www.ams.org/mathscinet-getitem?mr=2132405
http://www.ams.org/mathscinet-getitem?mr=0447525
http://www.ams.org/mathscinet-getitem?mr=0910005
http://www.ams.org/mathscinet-getitem?mr=1073173
http://www.ams.org/mathscinet-getitem?mr=0681482
http://www.ams.org/mathscinet-getitem?mr=1199815
http://www.ams.org/mathscinet-getitem?mr=2306207
http://www.ams.org/mathscinet-getitem?mr=0161960
http://www.ams.org/mathscinet-getitem?mr=2666919
http://www.ams.org/mathscinet-getitem?mr=1619545
http://www.ams.org/mathscinet-getitem?mr=1415240
http://www.ams.org/mathscinet-getitem?mr=1741181
http://arxiv.org/abs/arXiv:0909.1090
http://www.ams.org/mathscinet-getitem?mr=2081459
mailto:holroyd@microsoft.com
http://research.microsoft.com/~holroyd
mailto:rdlyons@indiana.edu
http://mypage.iu.edu/~rdlyons
mailto:tsoo@uvic.ca
http://www.math.uvic.ca/~tsoo

	Introduction
	Some remarks about the proofs
	Measurability
	Outline of the proofs
	Organization of the paper

	Proof of Theorem 3
	Proof of Proposition 8
	Selection rules
	Some remarks on measurability
	Remarks on the proof of Proposition 16

	Construction of selection rules
	Encoding and distributing randomness
	Proof of Theorem 1
	The assignment function
	Encoding functions
	Tags
	Partners and ranks
	Assignment functions

	Proof of Theorem 2
	Voronoi cells
	Notations and conventions
	d-tags
	Upper triangular matrices and fixing isometries

	Proof of Theorem 4
	Open problems
	Remark

	Acknowledgments
	References
	Author's Addresses

