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In this paper we study backward stochastic differential equations
with general terminal value and general random generator. In par-
ticular, we do not require the terminal value be given by a forward
diffusion equation. The randomness of the generator does not need
to be from a forward equation, either. Motivated from applications
to numerical simulations, first we obtain the LP-Hoélder continuity
of the solution. Then we construct several numerical approximation
schemes for backward stochastic differential equations and obtain the
rate of convergence of the schemes based on the obtained LP-Holder
continuity results. The main tool is the Malliavin calculus.

1. Introduction. The backward stochastic differential equation (BSDE,
for short) we shall consider in this paper takes the following form:

T T
(1.1) Yt:§+/ f(T,YT,ZT)dr—/ Z.dW,, 0<t<T,
t t

where W = {W,;}o<t<7 is a standard Brownian motion, ¢ is the given ter-
minal value and f is the given (random) generator. To solve this equation
is to find a pair of adapted processes Y = {Y;}o<i<r and Z = {Z;}o<i<r
satisfying the above equation (1.1).

Linear backward stochastic differential equations were first studied by
Bismut [3] in an attempt to solve some optimal stochastic control problem
through the method of maximum principle. The general nonlinear backward
stochastic differential equations were first studied by Pardoux and Peng [15].
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Since then there have been extensive studies of this equation. We refer to
the review paper by El Karoui, Peng and Quenez [7], to the books of El
Karoui and Mazliak [6] and of Ma and Yong [12] and the references therein
for more comprehensive presentation of the theory.

A current important topic in the applications of BSDEs is the numerical
approximation schemes. In most work on numerical simulations, a certain
forward stochastic differential equation of the following form:

t t
(1.2) Xt = Xo —|—/ b(r, X,,Y,)dr +/ o(r, X,)dW,
0 0

is needed. Usually it is assumed that the generator f in (1.1) depends on X,
at the time r: f(r,Y,, Z,) = f(r, X,,Y,, Z,), where f(r,z,y,z) is a determin-
istic function of (r,z,y, z), and f is global Lipschitz in (z,y, z). If in addition
the terminal value ¢ is of the form £ = h(X7), where h is a deterministic
function, a so-called four-step numerical scheme has been developed by Ma,
Protter and Yong in [11]. A basic ingredient in this paper is that the so-
lution {Y;}o<t<7 to the BSDE is of the form Y; = u(t, X;), where u(¢,x) is
determined by a quasi-linear partial differential equation of parabolic type.
Recently, Bouchard and Touzi [4] propose a Monte-Carlo approach which
may be more suitable for high-dimensional problems. Again in this forward—
backward setting, if the generator f has a quadratic growth in Z, a numerical
approximation is developed by Imkeller and Dos Reis [9] in which a trunca-
tion procedure is applied.

In the case where the terminal value ¢ is a functional of the path of the
forward diffusion X, namely, & = g(X.), different approaches to construct
numerical methods have been proposed. We refer to Bally [1] for a scheme
with a random time partition. In the work by Zhang [16], the L2-regularity
of Z is obtained, which allows one to use deterministic time partitions as well
as to obtain the rate estimate (see Bender and Denk [2], Gobet, Lemor and
Warin [8] and Zhang [16] for different algorithms). We should also mention
the works by Briand, Delyon and Mémin [5] and Ma et al. [10], where the
Brownian motion is replaced by a scaled random walk.

The purpose of the present paper is to construct numerical schemes for
the general BSDE (1.1), without assuming any particular form for the termi-
nal value ¢ and generator f. This means that £ can be an arbitrary random
variable, and f(r,y,z) can be an arbitrary F,-measurable random variable
(see Assumption 2.2 in Section 2 for precise conditions on & and f). The
natural tool that we shall use is the Malliavin calculus. We emphasize that
the main difficulty in constructing a numerical scheme for BSDEs is usually
the approximation of the process Z. It is necessary to obtain some regular-
ity properties for the trajectories of this process Z. The Malliavin calculus
turns out to be a suitable tool to handle these problems because the random



MALLIAVIN CALCULUS, NUMERICAL SOLUTION OF BSDE 3

variable Z; can be expressed in terms of the trace of the Malliavin derivative
of Y;, namely, Z; = D;Y;. This relationship was proved in the paper by El
Karoui, Peng and Quenez [7] and was used by these authors to obtain esti-
mates for the moments of Z;. We shall further exploit this identity to obtain
the LP-Holder continuity of the process Z, which is the critical ingredient
for the rate estimate of our numerical schemes.

Our first numerical scheme was inspired by the paper of Zhang [16],
where the author considers a class of BSDEs whose terminal value ¢ takes
the form ¢(X.), where X is a forward diffusion of the form (1.2), and g
satisfies a Lipschitz condition with respect to the L> or L' norms (simi-
lar assumptions for f). The discretization scheme is based on the regular-
ity of the process Z in the mean square sense; that is, for any partition
T={0=ty<t; <---<t, =T}, one obtains

n—1 tiv1
(13) SR / 12— 202 412 — Z,,, [P} dt < K|z,
i=0

where |7| = maxo<j<p—1(ti+1 —t;), and K is a constant independent of the
partition 7.

We consider the case of a general terminal value & which is twice differen-
tiable in the sense of Malliavin calculus, and the first and second derivatives
satisfy some integrability conditions; we also made similar assumptions for
the generator f (see Assumption 2.2 in Section 2 for details). In this sense
our framework extends that of [13] and is also natural. In this framework,
we are able to obtain an estimate of the form

(1.4) E|Z — Z,|P < K|t — s[P/?,

where K is a constant independent of s and t. Clearly, (1.4) with p =2
implies (1.3). Moreover, (1.4) implies the existence of a y-Hélder continuous
version of the process Z for any v < % — Il]. Notice that, up to now the
path regularity of Z has been studied only when the terminal value and the
generator are functional of a forward diffusion.

After establishing the regularity of Z, we consider different types of nu-
merical schemes. First we analyze a scheme similar to the one proposed

in [16] [see (3.2)]. In this case we obtain a rate of convergence of the follow-
ing type:
T
B sup [Vi— 7P+ | BIZ- 27 dt < K|+ Blg - €°P)
0<t<T 0

Notice that this result is stronger than that in [16] which can be stated as
(when €7 =¢)

T
sup IEDQ—Yt”P—i—/ E|Z; — ZF|* dt < K|z
0<t<T 0
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We also propose and study an “implicit” numerical scheme [see (4.1) in
Section 4 for the details]. For this scheme we obtain a much better result on
the rate of convergence,

T p/2

B sup Vi ¥7P 4 B( [ 1z~ 2Pdr) < K(xP? 4Bl - €P),
0<t<T 0

where p > 1 depends on the assumptions imposed on the terminal value and

the coefficients.

In both schemes, the integral of the process Z is used in each iteration,
and for this reason they are not completely discrete schemes. In order to
implement the scheme on computers, one must replace an integral of the
form fttii“ Z7 ds by discrete sums, and then the convergence of the obtained
scheme is hardly guaranteed. To avoid this discretization we propose a truly
discrete numerical scheme using our representation of Z; as the trace of the
Malliavin derivative of Y; (see Section 5 for details). For this new scheme,
we obtain a rate of convergence result of the form

E max {|Y;, = YT + | Z;, — Z P} < K|a[P/>~
0<i<n g v
for any € > 0. In fact, we have a slightly better rate of convergence (see
Theorem 5.2),

p/2
B gua (Vi = 7P+ (2, — ZEJP} < Kinp/2-2/ost/0) g L)
0<i<n v ¢ |7T|
However, this type of result on the rate of convergence applies only to some
classes of BSDEs, and thus this scheme remains to be further investigated.

In the computer realization of our schemes or any other schemes, an ex-
tremely important procedure is to compute the conditional expectation of
form E(Y'|F;,). In this paper we shall not discuss this issue but only mention
the papers [2, 4] and [8].

The paper is organized as follows. In Section 2 we obtain a representa-
tion of the martingale integrand Z in terms of the trace of the Malliavin
derivative of Y, and then we get the LP-Hdolder continuity of Z by using
this representation. The conditions that we assume on the terminal value &
and the generator f are also specified in this section. Some examples of ap-
plication are presented to explain the validity of the conditions. Section 3
is devoted to the analysis of the approximation scheme similar to the one
introduced in [16]. Under some differentiability and integrability conditions
in the sense of Malliavin calculus on ¢ and the nonlinear coefficient f, we
establish a better rate of convergence for this scheme. In Section 4, we in-
troduce an “implicit” scheme and obtain the rate of convergence in the LP
norm. A completely discrete scheme is proposed and analyzed in Section 5.

Throughout the paper for simplicity we consider only scalar BSDEs. The
results obtained in this paper can be easily extended to multi-dimensional
BSDEs.
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2. The Malliavin calculus for BSDEs.

2.1. Notations and preliminaries. Let W = {W;}o<t<7 be a one-dimen-
sional standard Brownian motion defined on some complete filtered proba-
bility space (Q, F, P,{Ft}o<t<T). We assume that {F; }o<t<7 is the filtration
generated by the Brownian motion and the P-null sets, and F = Fp. We
denote by P the progressive o-field on the product space [0,7] x Q.

For any p > 1 we consider the following classes of processes:

e M?P_ for any p > 2, denotes the class of square integrable random variables
F with a stochastic integral representation of the form

T
F:EF+/ Utth,
0

where u is a progressively measurable process satisfying supy<;<r E|uP <
00.

e HZ.([0,T]) denotes the Banach space of all progressively measurable pro-
cesses ¢:([0,7] x Q,P) — (R, B) with norm

T p/2\ 1/p
ol e = <E</ \sOtIth> ) < 0.
0

e S%.([0,T]) denotes the Banach space of all the RCLL (right continuous
with left limits) adapted processes ¢: ([0,7] x ,P) — (R, B) with norm

1/p
Illse = (B sup |eil?) " < oc.
0<t<T

Next, we present some preliminaries on Malliavin calculus, and we refer
the reader to the book by Nualart [14] for more details.

Let H = L%([0, 7)) be the separable Hilbert space of all square integrable
real-valued functions on the interval [0,7] with scalar product denoted by
(-,ya. The norm of an element h € H will be denoted by ||h|/z. For any
h € H we put W(h fo t) dWy.

We denote by C’°° (R™) the set of all infinitely continuously differentiable
functions g:R" — R such that g and all of its partial derivatives have poly-
nomial growth. We make use of the notation ;g = g whenever g € C1(R").

Let S denote the class of smooth random variables such that a random
variable F' € S has the form

(2.1) F=gW(h1),...,W(hn)),

where g belongs to Cp°(R"™), hy, ..., hy, are in H and n > 1.
The Malliavin derivative of a smooth random variable F' of the form (2.1)
is the H-valued random variable given by

DF =Y "0;g(W(ha), ..., W (hn))hs.
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For any p > 1 we will denote the domain of D in LP(2) by DY, meaning
that DYP is the closure of the class of smooth random variables S with
respect to the norm

I1F]l1,p = (BIFIP + E||DF|[§y) /7.

We can define the iteration of the operator D in such a way that for a smooth
random variable F, the iterated derivative DFF is a random variable with
values in H®*. Then for every p > 1 and any natural number k > 1 we
introduce the seminorm on S defined by

k 1/p
| Ellk,p = (E\F\”ZEIID’FII%@) :

j=1

We will denote by D*P the completion of the family of smooth random
variables S with respect to the norm || - |1 .

Let u be the Lebesgue measure on [0,7]. For any k> 1 and F € D*?, the
derivative

D*F={Df , Fit;e[0,T)i=1,...,k}

is a measurable function on the product space [0, T]* x Q, which is defined
a.e. with respect to the measure p* x P.
We use Lo to denote the set of real-valued progressively measurable
processes u = {us bo<t<7 such that:
(i) For almost all ¢ € [0,T],u; € D'P.
.. T T (T
(i) E((fy [wl?dt)?’?+(fy Jy [Deow|?dodt)?/?) < oo.
Notice that we can choose a progressively measurable version of the H-valued
process {Duy fo<i<T-

2.2. Estimates on the solutions of BSDFEs. The generator f in the BSDE
(1.1) is a measurable function f:([0,7] x @ x Rx R,P® B® B) — (R, B),
and the terminal value £ is an Fp-measurable random variable.

DEFINITION 2.1. A solution to the BSDE (1.1) is a pair of progressively
measurable processes (Y, Z) such that f(;f | Z4|? dt < o0, fOT |f(t,Y:, Zy)| dt < oo,

a.s. and

T T
Yt=§+/ f(r,YT,ZT)dr—/ Z,dW,, 0<t<T.
t t

The next lemma provides a useful estimate on the solution to the BSDE (1.1).
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LEMMA 2.2. Fiz q > 2. Suppose that & € L9(2), f(¢,0,0) € H%([0,T7)
and f is uniformly Lipschitz in (y, z); namely, there exists a positive num-
ber L such that px P a.e.

|f(t791721) - f(t7y2722)| < L(‘yl - yQ‘ + |Zl - 22‘)
for all y1,y2 € R and z1,2z0 € R. Then there exists a unique solution pair
(Y, Z) € S4([0,T]) x HE([0,T]) to (1.1). Moreover, we have the following
estimate for the solution:

T a/2
E sup |Yt\q+E</ \Zt|2dt>
0<t<T 0

T q/2
< (mer+( [ 1re00pa) )
0

where K is a constant depending only on L, q and T.

PROOF. The proof of the existence and uniqueness of the solution (Y, Z)
can be found in [7], Theorem 5.1, with the local martingale M = 0, since the
filtration here is the filtration generated by the Brownian motion W. Esti-
mate (2.2) can be easily obtained from Proposition 5.1 in [7] with (f!,¢1) =

(f,€) and (f2,€2)=(0,0). O

As we will see later, for a given BSDE the process Z will be expressed in
terms of the Malliavin derivative of the solution Y, which will satisfy a linear
BSDE with random coefficients. To study the properties of Z we need to
analyze a class of linear BSDEs.

Let {oy}o<t<r and {B;}o<i<r be two progressively measurable processes.
We will make use of the following integrability conditions:

ASSUMPTION 2.1.
(H1) For any A >0,

T
C')\::Eexp<)\/ (\at|+ﬁt2)dt> < 0.
0

(H2) For any p > 1,
K, = sup E(|ou|? +|58|F) < o0.
0<t<T

Under condition (H1), we denote by {p;}o<i<7 the solution of the linear
stochastic differential equation

dpt = QP dt + /Btpt th> 0<t< T>
(2.3)
po=1.
The following theorem is a critical tool for the proof of the main theorem
in this section, and it has also its own interest.
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THEOREM 2.3. Let ¢>p>2 and let { € LI(Q) and f € H%([0,T]). As-
sume that {ayto<i<r and {B:}o<i<T are two progressively measurable pro-
cesses satisfying conditions (H1) and (H2) in Assumption 2.1. Suppose that

the random variables Epr and fOT prfedt belong to M9, where {p;}o<i<r is
the solution to (2.3). Then the following linear BSDE,

T T
(2.4) Yt:§+/ [arYr—l—ﬁrZr—kfr]dr—/ Zp dW,,  0<t<T,
t t

has a unique solution pair (Y,Z), and there is a constant K >0 such that
(2.5) E|Y; - Y,[P < K|t — s[P/2
for all s,t €[0,T].

We need the following lemma to prove the above result.

LeEMMA 2.4, Let {at}o<i<r and {Bt}o<t<T be two progressively measur-

able processes satisfying condition (H1) in Assumption 2.1, and {p:}o<i<T
be the solution of (2.3). Then, for any r € R we have

(2.6) E sup pj <oo.
0<t<T

PRrROOF. Let t €[0,T]. The solution to (2.3) can be written as

t 2 t
pt:exp{/o <as—%> ds—l—/o ﬂdes}.

For any real number r, we have

t 2 t

E sup p; =E sup exp{/ r<as—&> ds—H“/ 5SdWs}
0<t<T 0<t<T 0 2 0

g 1 N
<E(expylr| [ las|ds+S(Ir|+77) [ Bids

0 2 0
t P2 [t

X sup exp{r/ Bdes——/ ﬁgd8}>.
0<t<T 0 2 Jo

Then, fixing any p > 1 and using Holder’s inequality, we obtain

t pr? [t 1/p
(2.7) E sup p§<C<E sup exp{rp/ IBSdWS_T/ ﬂfds}> )
0 0

0<t<T 0<t<T

T q T 1/q
C= <Eexp{q|r\/ las| ds + 5(\T|+T2)/ Bgd8}>
0 0

1 1 _
and 5"‘5—1

where
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Set My = exp{r fot Bs AWy — g fg 32 ds}. Then {M;}o<i<7 is a martingale
due to (H1). We can rewrite (2.7) into

1/p
(2.8) E sup p; < C(E sup Mf) .
0<t<T 0<t<T
By Doob’s maximal inequality, we have
(2.9) E sup M} <c¢,EME
0<t<T

for some constant ¢, > 0 depending only on p. Finally, choosing any v > 1,
A > 1 such that % + % =1 and applying again the Holder inequality yield

T - T
EM;:E<eXp{rp/O B dWs — EpQTQ/O 5? ds}
B T
X exp{’yp 1pr2/ 55 ds})
2 0
T 1 T 1/’Y
< <Eexp{7“m / Bs dW, — 572292?“2 / 82 d8}>
0 0
Ayp— 1 T 1/
X <Eexp{%pr2/ ﬁfds})
0

. T /A
= <Eexp{7/\(7p2 1)pr2/ 5§ ds}) < 0.
0

Combining this inequality with (2.8) and (2.9) we complete the proof. [

PrROOF OF THEOREM 2.3. The existence and uniqueness is well known.
We are going to prove (2.5). Let ¢ € [0,T]. Denote v; = p; *, where {p; }o<i<T
is the solution to (2.3). Then {~ }o<:<7 satisfies the following linear stochas-
tic differential equation:

{d% = (—ay + By dt — By AWy, 0<t<T,
Y =1
For any 0 < s <t <T and any positive number r > 1, we have, using (H2),

the Holder inequality, the Burkholder-Davis—-Gundy inequality and Lem-
ma 2.4 applied to the process {v: }o<t<T,

t t
/ (—Oéu + 55)% du — / ﬁu’Yu qu
s s

t
/ B2z du
S

T

Elye —s|" =E

(2.10) <orl [E +C,E

T/Q}

t
/ (=t B2y du

< C(t - 8)r/27
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where C). is a constant depending only on r, and C' is a constant depending
on T, r and the constants appearing in conditions (H1) and (H2).
From (2.3), (2.4) and by Itd’s formula, we obtain

d(Yipt) = —pefrdt + (BepsYi + pe Zy) AW

As a consequence,

T T
(2.11) Yi= PZ1E<£pT + / prfr dr‘ﬂ) = E(&m,T + / P fr dr‘}'t),
t t

where we write p;, = p;lpr =ypr forany 0 <t <r <T.

Now, fix 0 < s<t<T. We have
T
ft) _E<£ps,T +/ ps,rfr dr

<o [E\E(spt,ﬂm CE(¢py 1| F)P

vele( [ ot 7) 2( [ puntiar|)

=241 + ).
First we estimate I;. We have
Iy =E[E&ps,r|Ft) — E(€ps,r|Fs)”

=E[E(pe,Ft) — E(ps,r|Fr) +E(Eps 7| Ft) — E(Eps,r|Fs)|
< 2PN EIE(Epr, 1l Fr) — E(Eps | Fo)P + EIE(Eps 7| Fi) — E(€ps, 7l Fo) ]
< 2P UEE(per — ps,1)IP +EIE(Eps,r|Fr) — E(Eps Tl Fs)IF)
= 2PN (I3 + 1y).

Using the Hélder inequality, Lemma 2.4 and the estimate (2.10) with r =

%, the term I3 can be estimated as follows:

p

T
E|}/t_}/;‘p:E‘E<£pt,T+/ pt,rfrdr
t

%)

]

I3 < (B|E|9)P/4(E| py.r — psr|P?/ @ P))(@P)/a
< (E|€]7)P/9(E|y, — ~5|2Pa/ (a-p)y(a=p)/(20) (Ep%pQ/(qu))(qu)/(zq)
< C|t — s[P/?,

where C is a constant depending only on p,q,T, E|{|? and the constants
appearing in conditions (H1) and (H2).

In order to estimate the term 14 we will make use of the condition &pr €
M?4. This condition implies that

T
Epr =E(€pr) + /0 wr dW,.,
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where u is a progressively measurable process satisfying supy<;<r Elu? < oo.
Therefore, by the Burkholder—Davis—Gundy inequality, we have

E[E(¢pr|Fi) — E(Epr|Fs)|?
t
/ u? dr

t q
/urdWr <C4E
t
<Cyft= 922 [ ulrar)
S

< Cy(t— $)2 sup E|ug|?.
0<t<T

q/2
=FE

As a consequence, from the definition of Iy we have

I =B [E(€prlF) — E(€prl 7o)l
< (/) P BIR (Epr| Fy) — B(Epr| 7))
< C|t — s[P/?,

where C' is a constant depending on p,q,T,supy<i<r Elu[? < oo and the
constants appearing in conditions (H1) and (H2).
The term I can be decomposed as follows:

3 =E'E</tTpt,rfr dr(ﬂ) - E(/STps,rfr dr\ﬁ) ’
< gl [E‘E< / S, dr\ﬁ) —E( / Cpuhs dr(ﬁ) !
t ., t
*E‘E(/t ps,rfrdrft)—ﬂa< AL )
T
vele( [ ponsiar|z) e ( [ purtian]7)|

=371 (I5 + Is + Ir).

Let us first estimate the term I5. Suppose that p < p’ < ¢. Then, using (2.10)
and the Holder inequality, we can write

t=sle( [ potiar) ([ pustiar| )|

T p T
/ (Pt,r _ps,r)fr dr :E<|'Yt _’Ys|p / prfr dr
t t

T 'y p/p
/ Pr f rdr }
t

<E

)

< (B — 2/ 2} 0 g
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T p'q/(2(g—p"))\ r(a—2")/(P'q)
§C|t—5|p/2{E</ pfdr) }
t

T a/2yp/a
Ae([ o))
t
< Clt = s 1%,

where C is a constant depending on p,p’, ¢, T and the constants appearing
in conditions (H1) and (H2).

Now we estimate Ig. Suppose that p < p’ < q. We have, as in the estimate
of the term I5,

T T
Is = E‘E</ ps,rfrdr‘ft> _E</ ps,rfr dr‘ft>
t s
t p t P
[ oustrar :E(pgp [ ootrar )
s s

o , , ¢ P’y p/P
< gy fel gl
S

t 'y p/p
= C{E / prfrdr }
(a—p) }p(qu/)/(p’q

SC\t—s\p/Q{E sup pf/q/
0<t<T

p

<E

)
£ 1 era

= C|t —s|P/?,

where C is a constant depending on p,p’, ¢, T and the constants appearing
in conditions (H1) and (H2).
The fact that fOT prfrdr belongs to M2 implies that

T T T
/ prfrdr:E/ prfrdr—i—/ v AW,
0 0 0

where {v; }o<i<7 is a progressively measurable process satisfying

sup Ejv|? < o0.
0<t<T

Then, by the Burkholder-Davis—Gundy inequality we have

E'E</8Tprfrdr‘ft> —E</8Tprfrdr‘}"s> !
:E‘E(/OTprfrdr‘ft> —E(/OTprfrdr‘}'s>
/:vrdWT !

q

=E SCq(t—s)‘I/2 sup El|uv|?.

0<t<T
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Finally, we estimate I7 as follows:

t=8le( [ purtir|7) -5 ( [ pursrar| )
oy (E (/STprfr dr\ft) —E(/ST ool dr(&))

< {Ep;Pe/(a=p)}la=p)/p
T T ayp/a
X {E'E</ prfrdr‘]:t> _E</ prfrdr‘}—s> }
T T ayp/a
< C{E‘EU prfrdr(}'t> —E(/ prfwdr(fs) }
< a‘t - S|p/27
where C is a constant depending on p, q, T, supp<;<r E|v|? and the con-
stants appearing in conditions (H1) and (H2).

As a consequence, we obtain for all s,¢ € [0,7]]

E|Y; — Y [P < K|t — s|P/?,

p

p
=K

(2.12)

where K is a constant independent of s and ¢. [J

2.3. The Malliavin calculus for BSDEs. We return to the study of (1.1).
The main assumptions we make on the terminal value £ and generator f are
the following:

ASSUMPTION 2.2. Fix 2<p< 2.

(i) € €D?4, and there exists L > 0, such that for all 6,60’ € [0, 7],

(2.13) E|Do& — Dg&|P < LI — 0'|P/?,
(2.14) sup E[Dp€|? < o0
0<0<T
and
(2.15) sup sup E[D,Dpé|? < oc.
0<6<T 0<u<T

(ii) The generator f(t,y,z) has continuous and uniformly bounded first-
and second-order partial derivatives with respect to y and z, and f(-,0,0) €
H([0,T)).

(iii) Assume that & and f satisfy the above conditions (i) and (ii). Let
(Y, Z) be the unique solution to (1.1) with terminal value £ and generator f.

For each (y7Z) €eRx R7 f('7y7z)7 ayf('7y7z) and azf('7y7z) belong to L}l’qu
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and the Malliavin derivatives Df(-,y, 2), DOy f(-,y,2) and DO, f(-,y, z) sat-
isfy

T q/2
(2.16) sup E(/ |D9f(t,Yt,Zt)|2dt> < 00,
0<0<T [%
T q/2
(2.17) sup E(/ |D98yf(t,Yt,Zt)|2dt> < 00,
0<6<T 0
T q/2
(2.18) sup E</ \Dgazf(t,Yt,Zt)th) < 00,
0<o<T [%

and there exists L > 0 such that for any ¢ € (0,7], and for any 0< 6,0’ <t<T
T p/2
(219) E(/ |D9f(T7}/1“7ZT)_DG’f(nY;“uZT)PdT) §L|9_9/‘p/2
t

For each 6 € [0,7], and each pair of (y,z), Dof(-,y,2) € LY and it has
continuous partial derivatives with respect to y,z, which are denoted by
OyDyf(t,y,z) and 0.Dyf(t,y,2), and the Malliavin derivative D, Dy f(t,y,2)
satisfies

T q/2
(2.20) sup  sup E</ \DuDgf(t,Yt,Zt)|2dt> < 0o0.
0<0<T 0<u<T oVu

The following property is easy to check and we omit the proof.

REMARK 2.5. Conditions (2.17) and (2.18) imply

T q/2
sup E(/ |8yDgf(t,Yt,Zt)|2dt> <00
0<6<T 0
and
T q/2
sup E(/ 0. Dy f(t, Yy, Zy)|? dt) < 00,
0<6<T 0
respectively.

The following is the main result of this section.

THEOREM 2.6. Let Assumption 2.2 be satisfied.

(a) There exists a unique solution pair {(Yz, Zt) }o<t<T to the BSDE (1.1),
and Y,Z are in L. A wersion of the Malliavin derivatives {(DyY7,
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DyZy)}o<o 1<t of the solution pair satisfies the following linear BSDE:
DyY: = Dpé + /tT[ayf(?”a Yr, Zy)DpY;
(2.21) +0.f(r,Yr, Z) Do Zy + Do f (1, Yy, Z;)] dr
—/TDQZTdWT, 0<0<t<T,
t

(222)  DpY,=0, DyZ; =0, 0<t<6O<T.

Moreover, { DYy }o<it<T defined by (2.21) gives a version of { Z }o<t<T, namely,
ux P ae.

(2.23) Z, = DY,
(b) There exists a constant K >0, such that, for all s,t € [0,T],
(2.24) E|Z — Z|P < K|t — s[P/2.

PrOOF. Part (a): The proof of the existence and uniqueness of the solu-

tion (Y, Z), and Y, Z € Ly? is similar to that of Proposition 5.3 in [7], and also
the fact that (DgY;, DgZ;) is given by (2.21) and (2.22). In Proposition 5.3

in [7] the exponent ¢ is equal to 4, and one assumes that fOT Do f(-,Y,

Z)||3;2 df < oo, which is a consequence of (2.16) and the fact that Y, Z € L.
Furthermore, from conditions (2.14) and (2.16) and the estimate in Lem-
ma 2.2, we obtain

T a/2
(2.25) sup {E sup |DgYy|? —I—E</ \D(;Zt|2dt> } < 0.
0<6<T o0<t<T 0

Hence, by Proposition 1.5.5 in [14], Y and Z belong to Ly

Part (b): Let 0 < s <t <T. In this proof, C' > 0 will be a constant inde-
pendent of s and ¢, and may vary from line to line.

By representation (2.23) we have

(2.26) Zy— Zs=DY,— DsYs = (DY, — DY) + (DsY; — DsY5).

From Lemma 2.2 and equation (2.21) for § = s and 6’ = ¢, respectively, we
obtain, using conditions (2.13) and (2.19),

T p/2
Bl - 0P+ 5( [ Dz, - D Par)
t

S C |:E‘Dt§ - Ds§|p
(2.27)

T p/2
+E< | s vz - Dsf<r,n,zr>\2dr) ]
t

<Ot — s|P/2.
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Denote o, = 0y f(u,Yy, Z,) and B, = 0. f(u, Yy, Z,) for all u € [0,T]. Then,
by Assumption 2.2(ii), the processes o and 3 satisfy conditions (H1) and (H2)
in Assumption 2.1, and from (2.21) we have for r € [s,T]

T T
DY, :Ds£+/ [auDsYu+/8uDsZu+Dsf(u>Yu>Zu)] du—/ Dy Z,, dW,,.
r r

Next, we are going to use Theorem 2.3 to estimate E|D.Y; — DsYs[P. Fix p/
with p <p’ <€ (notice that p’ < £ is equivalent to qu, < 1). From con-

ditions (2.14) and (2.16), it is obvious that D& € L(Q) C LV (Q) and
D.f(-,Y,Z) € H1([0,T]) C H¥ ([0,T]) for any s € [0,7]. We are going to
show that, for any s € [0,T], pr D& and fsT puDsf(u,Y,, Z,) du are elements
in M2? | where

pr zexp{/orﬂuqu +/OT (au — %@3) dU}-

For any 0 <60 <r <T, let us compute

DGPT = Pr{/@ [8yzf(uu Y, Zu)DGYu

+ 8zzf(u7 Yua Zu)DGZu + Dgazf(U, Yuy Zu)] qu
+ 0. £(0,Yy, Zp)

+/ (8yyf(u7 YU7 Zu) - ayzf(u7yua Zu)/Bu)DGYu du
0

+ / 0y (1, Yo Z) — Donf (1 Ys Za)Bu) Do Zu s
0

[ (D0 (0.2 = 50 D00 (1. Yos 20 du}.
0

By the boundedness of the first- and second-order partial derivatives of f
with respect to y and z, (2.17), (2.18), (2.25), Lemma 2.4, the Holder in-
equality and the Burkholder-Davis—Gundy inequality, it is easy to show that
for any p” < ¢,

(2.28) sup E sup |Dgp, P < co.
0<O<T 6<r<T

By the Clark—Ocone-Haussman formula, we have

T
prD.€ = E(prDaf) + /0 E(D(prDs€)|F) dWs
T
=E(prDs§) +/o E(DgprDs& + prDoDs&|Fy) dWy

T
ZE(pTDs§)+/ ug dWy
0
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and

T
/ PrDsf(ﬂY;"aZr)dT

s

T
:E/ prDs f(r, Yy, Zy) dr
T T
+/ E<D9/ prDsf(ﬁK’,Zr)d?“‘]:e) dWG

0 s

T
:E/ prDsf(n}/th) dr
s

-+ATE(lﬂDwJ%fﬁﬂ%ZU

+ prastf(Ta Y, ZT)DG}/;"
+ prazDsf(Ta Y,, ZT)DGZT

+ pT-DG-DSf(rnKW ZT)] dr

fg) dWy

T T
:E/ prDsf(r,YT,ZT)dr—i—/ vg dWy.
s 0
We claim that supg<p<r Eluj|P" < co and SUPg<g<T Elvg?" < co. In fact,
E|uj|”" = E[E(DpprDs€ + prDoDsE| Fo)l”
< 27N E|DyprDst|” +Elpr Dy Ds[”)
< 2p’71((E|Depﬂp’q/(q*p’))(q—p’)/Q(E‘Dsﬂq)p’/q
+ (Epz%’q/(q—p’))(q—p/)/q(E|D9Dsf‘q)p’/q)‘

A

By (2.14), (2.15), (2.28) and Lemma 2.4, we have sup< ;<7 Supg<g<r Elug|”’
00. On the other hand,

T
Elogl? = E\E( [ D103, 2
S

+ pv‘ayDSf(Ta }/7’7 Z?‘)DHK’
+ prazDsf(Ta Y., ZT)DQZT

/

P
+ prDGDsf(ra Y., Zr)] d?“‘f())

<A + Ty + T3+ J4l,
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where
T P’
leE/ DoprDsf(r,Y,, Z)dr|
S
T p’
J=E / 90, Do (.Y, Z,) DoYydr| |
S
T 4
J3:E/ prazDsf(nY;“qu)DGZrdT
S
and

/

p

T
I=E| [ pDuD.f(rY:.2,) dr

For J;, we have

Ji §E< sup |Dgpr|?’
0<r<T

T
/ Dsf(nY;“aZr)dT

)

< (E sup |D9pr|p’q/(q—p’)
0<r<T

<TPr'/? (IE sup |Dgp,|P'9/ (@
0<r<T

T a/2\ ?'/q
X (E(/ |Dsf(r,Yr,Zr)\2dr> > .
0
For Jo, we have

T P’
re<5( s [0 (s g [ 0,050zl ) )
S

0<r<T 0<r<T

)(qu’)/q

q>p’/q

)> (a=1")/a

T
/ Dyf(r, Yo, Z,) dr
S

P'/q
< (E sup |D9Yr\q)
0<r<T

T P'q/(a—p")\ (¢—p')/q
« (E( sup pr/ |8yDSf(r,YT,ZT)|dr) )

0<r<T

/

/ ’ A (@—2p")/q
< (E sup |D9}/T|q>p q<E sup png/(qup))
0<r<T 0<r<T

T a\ P'/q
« (E(/ |8stf(r,YT,ZT)|dr) )
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/ ! / / —2p’
STp/2<E sup \Dglf},\q)p/q(E sup pzﬁq/(qﬁp))(q v)/e
0<r<T 0<r<T

T q/2\ v’ /4
x(E(/ |8stf(r,YT,ZT)|2dr> ) )
0

Using a similar techniques as before, we obtain that

) T a/2\ P'/q , N (g—2p'
J3<Tp/2<E</ |DgZT|2d7“> ) (E sup pgzq/<Hp>)(q vl
0

0<r<T

T q/2\ 7' /aq
X (E(/ |8ZDsf(r,E,Zr)\2dr> >
0

)) (a—1")/q

and

J, < TV/? (IE sup pb e/
0<r<T

T q/2\ 7' /q
X <E</ \DeDsf(?”,Yer)Ier> ) .
0

By (2.16), (2.17)-(2.20), (2.28) and Lemma 2.4, we obtain that

/
sup sup Elvz|P < oo.
0<s<T 0<6<T

Therefore, pré and fOT puDsf(u, Yy, Z,) du belong to M2P',
Thus by Theorem 2.3 with p < p/, there is a constant C(s) > 0, such that

E|D.Y; — D,Ys|P < C(s)|t — s|P/?
for all ¢ € [s,T]. Furthermore, taking into account the proof of the esti-
mates I (k=3,4,...,7) in the proof of Theorem 2.3, we can show that
supg<s<7 C(s) =: C < o0o. Thus we have
(2.29) E|D.Y; — D Y|P < C|t — s|P/?
for all s,t € [0,7]. Combining (2.29) with (2.26) and (2.27), we obtain that
there is a constant K > 0 independent of s and ¢, such that

E|Z, — Zs|P < K|t — s|P/?

for all s,t€[0,7]. O

COROLLARY 2.7. Under the assumptions in Theorem 2.2, let (Y,Z) €
SL([0,T]) x H%([0,T]) be the wunique solution pair to (1.1). If
supg<i<1 E|Z|9 < oo, then there exists a constant C, such that, for any
S7t Eil:()i’ T]7

(2.30) E|Y; — Y,|? < C|t — s|7/2.
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Proor. Without loss of generality we assume 0 < s <t<T. C >0 is
a constant independent of s and ¢, which may vary from line to line. Since

t t
}/s:}/t"i_/ f(’l”,}/r,Zr)dT‘—/ ZrdWra
s s

we have, by the Lipschitz condition on f,

q

t t
EDQ—YS\‘I:IE/ f(r,YT,ZT)dr—/ Zy dW,
S S

t q
/ZTdWr >

t q/2 t q/2
<Cq<‘t_3|q/2E</ |f("”aYr,Zr)‘2d7“> —I—E(/ |Zr\2d7“> )

t q/2 t q/2
<c{\t—s|q/2[ﬂz</ |YT|2dr> +E</ |Zr|2dr>

t q/2
w5 [Irmoopar)” ]
S

+ |t —s|9% sup E|Zr\q}
0<r<T

q

t
<2q1<E/f(r,Yr,Zr)dr +E

<Clt— s|q/2.

The proof is complete. [J

REMARK 2.8. From Theorem 2.6 we know that {(DyY:, DgZ:)}o<o<i<T
satisfies equation (2.21) and Z; = D,Y;, p x P a.e. Moreover, since (2.14)
and (2.16) hold, we can apply the estimate (2.2) in Lemma 2.2 to the linear
BSDE (2.21) and deduce supy<;<rE|Z;|? < co. Therefore, by Lemma 2.7,
the process Y satisfies the inequality (2.30). By Kolmogorov’s continuity
criterion this implies that Y has Holder continuous trajectories of order

11
for any y <45 — ;-

2.4. Ezxzamples. In this section we discuss three particular examples where
Assumption 2.2 is satisfied.

ExXAMPLE 2.9. Consider equation (1.1). Assume that:

(a) f(t,y,2):][0,T] x R x R — R is a deterministic function that has uni-
formly bounded first- and second-order partial derivatives with respect to y
and z, and f(;f f(t,0,0)?dt < co.
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(b) The terminal value £ is a multiple stochastic integral of the form
(231) 62 g(tl,,tn) thl "'thn,
[0,7]"

where n > 2 is an integer and g(t,...,t,) is a symmetric function in
L2([0,T]™), such that

sup / g(ty,... ,tn_l,u)2 dti---dt,_1 < o0,
0<u<T J{o,T]" 1

sup / g(t1, ..ty u,0)2 dty - dt,_o < 00,
0<u,v<T J[0,T]"—2

and there exists a constant L > 0 such that for any u,v € [0,T]
/ |g(t1, . ,tnfl,’u,) — g(tl, .. .,tn,l,v)|2 dty---dt,—1 < L\u — 7)|.
[0, 7]~
From (2.31), we know that
D¢ = n/ g(t1, ... tp—1,u)dWy, ---dW,, .
[07T}n—1

The above assumption implies Assumption 2.2, and therefore, Z satisfies the
Holder continuity property (2.24).

ExaMPLE 2.10. Let Q= Cy([0,1]) equipped with the Borel o-field and
Wiener measure. Then, € is a Banach space with supremum norm || - ||,
and W; =w(t) is the canonical Wiener process. Consider equation (1.1) on
the interval [0,1]. Assume that:

(gl) f(t,y,2):[0,1] x R x R — R is a deterministic function that has uni-
formly bounded first- and second-order partial derivatives with respect to y
and z, and fol f(t,0,0)%dt < cc.

(g2) £ = (W), where ¢:Q — R is twice Fréchet differentiable, and the
first- and second-order Fréchet derivatives 6y and §2¢ satisfy

()] + I8 (w)ll + 18 (w) | < Crexp{Callwlls}

for all w € © and some constants C; >0, C2 >0 and 0 < r < 2, where || - ||
denotes the operator norm (total variation norm).

(g3) If A denotes the signed measure on [0, 1] associated with d¢, there
exists a constant L > 0 such that for all 0 <0 <6’ <1,

EIN(0,0)1” < LI§ — 61"

for some p > 2.
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It is easy to show that Dypé = A((0,1]) and D, Dyé =v((0,1] x (u,1]), where v
denotes the signed measure on [0,1] x [0,1] associated with §2p. From the
above assumptions and Fernique’s theorem, we can get Assumption 2.2, and
therefore, the Holder continuity property (2.24) of Z.

ExamMpLE 2.11. Consider the following forward-backward stochastic
differential equation (FBSDE for short):

t t
Xt:Xo—i-/ b(r,X,Jdr—i—/ o(r, X,)dW,,
0 0

T T T
Yt:g0</0 der> +/ f(r,Xr,n,Zr)dr—/ Z dW,.,
t t

where b,0, ¢ and f are deterministic functions, and Xy € R.
We make the following assumptions:

(2.32)

(h1) band o has uniformly bounded first- and second-order partial deriva-
tives with respect to z, and there is a constant L > 0, such that, for any
5,t€10,T], x € R,

lo(t,z) — o(s,2)| < L[t — s|*/2.

(h2) supg<icr{[b(¢,0)| +[o(¢,0)|} <oo.
(h3) ¢ is twice differentiable, and there exist a constant C' > 0 and a pos-
itive integer n such that

T T T
¢</ det) g0/</ det>‘+ go”(/ det)‘ <O+ X]lo0),
0 0 0

where [|z||ooc =sup{|z(t)|,0 <t < T} for any x € C([0,7]).
(h4) f(t,z,y,z) has continuous and uniformly bounded first- and second-

_l’_

order partial derivatives with respect to x,y and z and fOT f(t,0,0,0)2dt < oo.

Notice that in this example, ®(X) = ¢( fOT X? dt) is not necessarily globally
Lipschitz in X, and the results of [16] cannot be applied directly.

Under the above assumptions, (h1) and (h4), equation (2.32) has a unique
solution triple (X,Y,Z), and we have the following classical results: for any
real number r > 0, there exists a constant C' > 0 such that

E sup [X;|"<oo, E|X;—X,[" <Clt—s|"
0<t<T
for any t,s € [0,T]. For any fixed (y,z) € R x R, we have Dy f(t, X;,y,2) =
Or f(t, X4,y,2)DgX;. Then, under all the assumptions in this example, by
Theorem 2.2.1 and Lemma 2.2.2 in [14] and the results listed above, we
can verify Assumption 2.2. Therefore, Z has the Holder continuity prop-
erty (2.24).

Note that in the multidimensional case we do not require the matrix oo

to be invertible.

T
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3. An explicit scheme for BSDEs. In the remaining part of this paper,
we let m={0=1ty) <t; <---<t, =T} be a partition of the interval [0,7]
and ‘ﬂ‘ = Maxp<i<n-—1 ‘ti+1 — ti‘. Denote Ai = ti+1 — ti,O S ) S n—1.

From (1.1), we know that, when ¢ € [t;,t;11],

tiv1 tit1
(3.1) Y, =Y, +/ f(r,K,Zr)dr—/ Z. dW,.
t t

Comparing with the numerical schemes for forward stochastic differential
equations, we could introduce a numerical scheme of the form

1,71' T
thn - 5 I
1,7 1,7 1,7 1,7 bt 1
L ; A ’ ’ L ,TC
}/ti - }/ti+l + f(tl“l’l’ }/ti+l ’ Zti+1 )Al Z?‘ dWT?

t;
te [ti,ti“),i:n— 1,n—-2,...,0,
where ¢™ € L?(() is an approximation of the terminal condition £. This leads
to a backward recursive formula for the sequence {Ytll_’ﬁ, Ztll_ "Yo<i<n. In fact,

1 1 1
once Y™ and Z,’" are defined, then we can find Y,'" by
i+1 i+1 7

1,7 1,7 1,7 1,7
Y, T =BT A e YL 2T ) Al ),

i+17 Tl
and {Z} " },<r<t,., is determined by the stochastic integral representation
of the random variable
Y;l.,w o YlJr - f(tiJrllem Z1,7r )Az

i tit1 tip1? “tit1

Although {Z; "} <r<t,., can be expressed explicitly by Clark-Ocone-Hauss-
man formula, its computation is a hard problem in practice. On the other
hand, there are difficulties in studying the convergence of the above scheme.

An alternative scheme is introduced in [16], where the approximating pairs
(Y™ Z™) are defined recursively by

Yoo =¢&"  Zf =0,

1 tiyo
(3.2) }/t” — YZ_ZA + f<ti+17yz-r+17E<— / Z;r dr }_ti+1>>Ai
JAVES} tiy1

tit1
—/ Z;rdWr, tE[ti,tiJrl),i:n—1,n—2,...,0,
t

. t .
where, by convention, IE(Ail+l ftl:f Zldr|Fi, ) =0 when i =n — 1. In [16]
the following rate of convergence is proved for this approximation scheme,
assuming that the terminal value £ and the generator f are functionals of

a forward diffusion associated with the BSDE,

T
(3.3) wax E|Y;, — Y72+ B [ 70— 27 de < Kl
0<i<n 0
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The main result of this section is the following, which on one hand im-
proves the above rate of convergence, and on the other hand extends terminal
value ¢ and generator f to more general situation.

THEOREM 3.1. Consider the approximation scheme (3.2). Let Assump-
tion 2.2 be satisfied, and let the partition w satisfy maxo<i<p—1 Ai/Nijr1 < L1,
where L1 1s a constant. Assume that a constant Lo > 0 exists such that

(3.4) |f(ta,y,2) — f(t1,y,2)] §L2\t2—t1|1/2

for allty,ty € 10,T) and y,z € R. Then there are positive constants K and ¢,
independent of the partition 7, such that, if |7| <9, then

T
(35) E sup [Y;— Y72 +E / 12, — Z7Pdt < K (|7 + El¢ — 7).
0<t<T 0

PrOOF. In this proof, C' > 0 will denote a constant independent of the
partition 7, which may vary from line to line. Inequality (2.24) in Theo-
rem 2.6(b) yields the following estimate (Theorem 3.1 in [16]) with p =2:

n—1 tiv1
SR / (12— 20, + 1% — Zu,.,|P) dt < Cln].
i=0 Vb

Using this estimate and following the same argument as the proof of Theo-
rem 5.3 in [16], we can obtain the following result:

T
(3.6)  max E[Y;, — Vi7" +E / |2 = Z7 P dt < C(|m| + El¢ — €7%).
Stsn 0

Denote
0, if i=mn;

7T 1 tit1
B0 Z E(—/ Z7 dr
t;

A

Ift; <t<tiy1,i=n—1,n—2,...,0, then, by iteration, we have

]:ti>, ifi=n—-1,n-2,...,0.

~ Lit1
}/tﬂ- = }/;Z:_l + f(tl+17}/;fzr+1?ZZ:+1)AZ - / Z;’T dWT
(3.8) t
: n ~ T
S S F( Y 2R Ak — /t 27w
k=i+1

Therefore,

n
}/tw:E(gﬂ—l— Z f(tk,Y;:,ZZZ)Ak_l‘ft>, te[ti,ti+1).
k=i+1
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We rewrite the BSDE (1.1) as follows:
T T
Ytzf—i—/ f(r,Yr,Zr)dr—/ Zy dW,
(3.9) ! !

n T
=+ ) f(tk,Ytk,Ztk)Akl—/ Z, dW, + R},
k=i+1 ¢

where

T n
|R?—| = / f(T7}/1“7ZT) d?” - g f(tk7}/;§k7Ztk)A]€_1
t

k=i+1
n tr t
| > [T ez - sV zlde - [ 0%z dr
k=i+1" th—1 ti
n ty tiv1
<) / |f<r,Yr,Zr)—f(tk,nk,ztk)\dr+/ |f(r, Yy, Z,)| dr.
k=i+17 th—1 ti

By Lemma 2.2 and the Lipschitz condition on f, we have

T p/2
e[ v zytar) <.
0

and hence,

tit1 p
E max (/ \f(T,YT,ZT)|dT>
t;

0<i<n-—1

T p/2
g\wv’ﬂE( / \f(r,Yr,Zr)Ier> .
0

Define a function {¢(r)}o<r<7 by
t(r):{T’ if r="1T,

tit1, ifti§T<ti+1,’i:n—1,...,O.
By the Holder inequality, the boundedness of the first-order partial deriva-
tives of f, (3.4), (2.24), Remark 2.8 and (3.10), it is easy to see that

(3.10)

T p
E sup \Rﬂp<2p—1[xa( /0 \f(r,n,zn—f<t<r>,n(r>,zt(r>>|dr)

0<t<T
tiy1 p
+E max </ \f(T,YT,ZT)|dT) }
t;

0<i<n—1

T
(3.11) < @IPE /0 £ Yo Z0) — F(H), Yigry Zago )P dr
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T p/2
+2p1|w|p/2E( / If(r,Yr,Zr)IQd'f)
0

< ClxP/?,
where, by convention, Ry = 0. In particular, we obtain
(3.12) E sup |RT|]> <Cl|nl.
0<t<T

To simplify the notation we denote
o, =Y, - Y/, 0 =7y — I for all t € [0,T]
and
EZ::Zti_ZZ: fori=n,n—1,...,0.
Then, when t; <t <t;41, by (3.8) and (3.9) we can write

n

5}/; = Z [f(tkay;fkaztk) - f(tk’yvtk’ Z )]Akfl
k=it+1

T
- / §ZF AW, + RT + 6¢7,
t

where 0™ = £ — £™. Therefore, we obtain

(313) 5}/?— :E< Z [f(tk,Y;fk,Ztk) - f(tkay;fkvz )]Akfl +Rzr +5£7r ft) .
k=i+1

Denote ft’; = f(tr, Yo, Z,) — [ (te, YT, Z“) From equality (3.13) for t; <t <
tj+1, where i < j <n — 1, and taking into account that 0¥/ = Y™ = 6",

we obtain

sup [0Y{"| < sup Z |1 Ak + S, BT+ 106 7
t; <t<T ti<t ST k—it1

The above conditional expectation is a martingale if it is considered as a pro-
cess indexed by t € [t;, T]. Thus, using Doob’s maximal inequality, we obtain

2
(Z 1At + s [RY |+ 667 || F >]
k=i+1

E sup [0Y]><E sup
t; <t<T t; <t<T

2
<0E< o A+ Sup \R”\Hé&”\)

k=i+1

n 2
_C{E< > \fmk_l) +Eogu5T\Rm2+E\6w2}.

k=i+1
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From (3.12), we deduce

n 2
E sup \5Yf\2<0{E< 3 \ft’,:\Am) +E\6m2+|w|}.

tistsT k=i+1

Using the Lipschitz condition on f, we obtain

E sup [0Y]><C{ (T —t)°E sup |(5Yt7,:|2
1;<t<T 1+1<k<n

Notice that

n—1 2
(3.14) +E< > \ZZ,ZIA“) +E|Ztn\2Ai1}
k
n—1
(Z |27 | Ak 1> = (Z

—i+1
2
Ak—1>
k—it1 f—it1

C(E|6¢™ 2 + |n]).
n—1 2
A
(Z el E(|Zy, — Z;fnftk)du)

k=i+1

1 tk
<L%E<§j / E(Z,, — Z;f|\ftk>du>
Jr

2
[N]
<2L%{E< / E(\Zy, — Z||Fy,)d )
k=i+1
tk+1 2
+E Z/ E(|Z, — Z7||F,,) du

—=i+1
=2L3(I, + ).

1 (7]
Ak tk

2

(3.15)

Now the Minkowski and the Holder inequalities yield

n—1 th1 ) 1/2 12 2
h<E Z{ [ ®17 - 270 du} AL
k b

=i+1

tkl

_t Z ‘Ztk Zy H]:tk))

k=it1”tk

th+1
T —t;) Z/ E|Zi, — Zu)? du

—=i+1

(3.16)

27
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n—1 trit
<O(T—t) Z/ It — | du < Clx].
k=i+17

In a similar way and by (3.6), we obtain

n—1 o1
L<(T—t) Y. / E|Z, — Z7|? du
317 k=i+1"
(3.17) .
:(T—ti)/ E|6ZT|? du < C|r|.

Lit1
On the other hand,
(3.18) E(ZT Ap1)? =E|Z, || An_1|? < C|n]%.
From (3.14)—(3.18), we have

E sup [0V,2<Cy(T —1)’E sup |6,
t; <t<T i+1<k<n

+ Co(E|6E™| + |7]),

where C7 and Cy are two positive constants independent of the partition .

We can find a constant 6 > 0 independent of the partition 7, such that
C1(36)? < 4 and T > 26. Denote | = [%] ([z] means the greatest integer no
larger than ). Then [ > 1 is an integer independent of the partition 7. If
|| < d, then for the partition m we can choose n —1>1d; >iy3>--- >4 >0,
such that, T'— 2§ € (tilfl, til], T—-4)€ (tiQ,l, tiQ], T =260l € [O, til] (Wlth
t_1=0).

For simplicity, we denote ¢;, =T and t;,,, = 0. Each interval [t; ,,t;,],j =
0,1,...,1, has length less than 34, that is, |t;, —;,,,| < 3d. On each interval
[ti;o1>ti;],7=0,1,...,1, we consider the recursive formula (3.2), and (3.19)

becomes

(3.19)

E sup |0V P<Ci(ti, —t;,.,)’E  sup |(5Y;Z\2
tijq STty 111 +1<k<i;
(3.20)
+ Co(EIYS ? + )

Using (3.20), we can obtain inductively

E sup |6y,
lijyq SISty
<Cilty, —tiy,)’E - sup [0V + Co(EISY; [* + [m])

ij+1+1§k§ij

<C (ti]’ - ti]’+1)2 Oy (tij - tij—l)QE‘dyvt?j ‘2
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+ Co(E[oYy7 2+ |=l)
X (L4 Cilti; — tiy ) + Cultiy — ti; )2 Crltiy — tij,41)°
(3.21) o Oty — b )2ty — b 1) - Cr(tiy, — ti;—1)%)
< (01(35)2)”‘”“13\5%; ?
+ Co(E[oYy] 2+ |=l)
X (1+C1(36)% + (C1(38)%) + -+ + (C1(36)2) " ~"+1)

Oy
~C1(30)2

SE|51@?_|2+202<E|61@:\2 + )
J J

<E[oY; [* + 7 (BIOYT [+ |)

= (2C; + 1)E|6Y]" |* + 2Cs|7|.
J
By recurrence, we obtain

E swp [0V
tij gy SE<ts

< (205 + 1) HE|SE™ 2 4 Co|m|(1 + (2C5 4+ 1) + - - - + (2C5 + 1)7)
< (20 + D)LE[SE™|? + Co|m|(1 + (202 + 1) + - -+ (2C, + 1))

+1
- 3020, ; 1)

(3.22)

(E[SE™[* + |]).

Therefore, taking C' = M

E sup [0Y"*< maxE sup [0Y;"]? < C(|n| +E|¢ —£7%).
0<t<T Osist 4, <t<t;,

, we obtain

Combining the above estimate with (3.6), we know that there exists a con-
stant K > 0 independent of the partition 7, such that

T
E sup m—W+E/ 2, — 2712 dt < K (x| + EJé — €7P2).
0

0<t<T U

REMARK 3.2. The numerical scheme introduced before, as other similar
schemes, involves the computation of conditional expectations with respect
to the o-field /. To implement this scheme in practice we need to ap-
proximate these conditional expectations. Some work has been done to solve
this problem, and we refer the reader to the references [2, 4] and [8].

4. An implicit scheme for BSDEs. In this section, we propose an im-
plicit numerical scheme for the BSDE (1.1). Define the approximating pairs
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(Y™, Z™) recursively by
Yy =&,

(A1) Y7 =Y+ f(tip, YT L e a\a— [ zraw,
: t — Tti i+1 ti+l’A, \ r ar 7 \ r )
v

te [ti,ti+1),i:n—1,71—2,...,0,

where the partition 7 and A;, i =n—1,...,0, are defined in Section 3, and &7
is an approximation of the terminal value £. In this recursive formula (4.1),
on each subinterval [¢;,¢;41),i =n—1,...,0, the nonlinear “generator” f con-

tains the information of Z™ on the same interval. In this sense, this formula is
different from formula (3.2), and (4.1) is an equation for {(Y;", Z7) }+;<t<t; ;-
When |7 is sufficiently small, the existence and uniqueness of the solution
to the above equation can be established. In fact, equation (4.1) is of the
following form:

b b
(4.2) Kz{—i—g(/ Zrdr> —/ Zy dW,., tela,bland 0<a<b<T.
a t
For the BSDE (4.2), we have the following theorem.

THEOREM 4.1. Let0<a<b<T andp>2. Let £ be Fy-measurable and
Ee LP(Q). If there exists a constant L >0 such that g: (2 x R, Fp @ B) —
(R, B) satisfies

l9(21) — 9(22)| < L|z1 — 29
for all z1,2z9 € R and g(0) € LP(R2), then there is a constant §(p, L) > 0, such

that, when b —a < d(p,L), equation (4.2) has a unique solution (Y,Z) €
Sx([a,b]) x H([a,b]).

PrROOF. We shall use the fixed point theorem for the mapping from
HY([a,b]) into H%([a,b]) which maps z to Z, where (Y, Z) is the solution of
the following BSDE:

b b
(4.3) Y, :§+g</ szr> —/ Zy dW,, t € la,b.
a t

In fact, by the martingale representation theorem, there exist a progressively
measurable process Z = {Z;},<¢<p such that E f; Z2dt < 0o and

§+9<Lszdr> :E<§+g</abzrdr>‘}"a> +/abztth.

By the integrability properties of £, ¢g(0) and z, one can show that Z €
HE([a,b]). Define Y; = E(& + g( [ 2 dr)|F;),t € [a,b]. Then (Y,Z) satisfies
equation (4.3). Notice that Y is a martingale. Then by the Lipschitz condi-
tion on g, the integrability of £, ¢(0) and z, and Doob’s maximal inequality,
we can prove that Y € S%([a,b]).
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Let 2!, 2% be two elements in the Banach space H%([a,b]), and let (Y1, Z1),
(Y2, Z?) be the associated solutions, that is,

b b
Ygzg+g</ z:;dr)—/ ZLdW,, tela,b),i=1,2.
a t

Denote

y=Y!-Y? Z=27"- 27 z=2t— 22
Then

b b b
(4.4) Y; :g</ 2 dr) —g</ 22 dr> —/ Z,. dW,
a a t

for all ¢ € [a,b]. So

s [ 42) ([ 49

for all t € [a,b]. Thus by Doob’s maximal inequality, we have

o[ 20) o[ 20)0)

p

P
E sup |Y;[P =E sup
a<t<b a<t<b

b b
§C’E‘g</ z%dr)—g(/ Zfdr)
b b p
/z},dr—/ 22 dr
a a

b p/2
<ct-apie( [apar)

where C' > 0 is a generic constant depending on L and p, which may vary
from line to line. From (4.4), it is easy to see

<CE

t
Y;f:Ya"i'/ ZrdWr
a

for all t € [a,b]. Therefore, by the Burkholder-Davis—Gundy inequality

and (4.5), we have
b p/2 t
E</ |ZT|2dr> < CE sup / Z,. dW,
a a
(4.6) <C[E[T,[P +E sup [Vi]"]

a<t<b
a<t<b

b p/2
< C(b—a)lE (/ |Zr|2dr> ,

p
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that is,
1Z][> < C1(b—a)' (|2 v,

where (] is a positive constant depending only on L and p.

Take &(p, L) = 1/C?%. Tt is obvious that the mapping is a contraction when
b—a < d(p, L), and hence there exists a unique solution (Y, Z) € S%([a,b]) x
HY%([a,b]) to the BSDE (4.2). O

Now we begin to study the convergence of the scheme (4.1).

THEOREM 4.2. Let Assumption 2.2 be satisfied, and let m be any parti-
tion. Assume that £ € LP(Q2) and there exists a constant L1 >0 such that,
for all ty,to €0,T7,

|2y, 2) = f(t1,y,2)| < Lafts — ta /2.
Then, there are two positive constants § and K independent of the parti-
tion 7, such that, when || <6, we have

T p/2
E sup |Yt—Y;f|p+E</ \Zt—Zt”|2dt> < K(|n|P/? + E|¢ — £7|P).
0

0<t<T

Proor. If |r| < d(p,L), where §(p, L) is the constant in Theorem 4.1,
then Theorem 4.1 guarantees the existence and uniqueness of (Y™, Z7). De-
note, fori=n—1,n—2,...,0,

~ 1 tit1

ZZ;_I = 7&41 _—n /tZ Zdr.

Notice that {Zt’z, }i=n—1n—2,. 0 here is different from that in Section 3. Then
YT = Y7 A+ (i, YL 20, A

tit1 i+17 Tt
tit1
s y
—/ Z5dW,., i=n—1n—-2,...,0.
ti

Recursively, we obtain

n
Y=+ Z St Vi, Z7 ) A1
k=it

T
—/ zZr dW,, t=n—1n—2,...,0.
ti
Denote
6§W:§_§W7 (5}/;€7T:Y;_Y;€7r> 5ZZT:Zt_ZZT7 tE[O,T],
and
2T =Zi, — 27,  i=n—1,...,0.
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Ift€ltitit1), i=n—1,n—2,...,0, then by iteration, we have

OV =06+ Y [f(t Yo, Zuy,) — f (b, Vi ZE)) A
k=i+1

(4.7) ;

- 0Z7dW, + Rf,
t;
where RJ is exactly the same as that in Section 3.
Denote ff, = f(tr, Ya,, Zt,) — f(te, Y, Z{ ). Then for t € [t;,t;11),i=n—1,
n—2,...,0, we have

(4.8) SY[ =E (55” + 3 Jr A+ Rg(ft> .

k=i+1

From equality (4.8) for t; <t <t;i1, where ¢ <j <n —1, and taking into
account that 0Y7 = dY;" = 0£", we obtain
n
sup |0V < sup B[ > [fF|Ap_1+ sup |RJ|+ |07 F |
t;<t<T t<t<T  \, 57, 0<r<T
The above conditional expectation is a martingale if it is considered as a pro-
cess indexed by t for ¢ € [¢;, T]. Using Doob’s maximal inequality, (3.11), and
the Lipschitz condition on f, we have
P

E sup [6Y;"|
t; <t<T

<E sup
t;<t<T

E [T |Ap_1+ sup |RT|+|6€™
(kzi;l‘ftk‘ k-1 OSTET‘ | +16€7]

n p
<CE fT|Ap_1+ sup |RT|+|6¢™
<k§1|ftk| e-1+ sup |R7] \£|>

n p
gc{za( 3 |f?;mk_1> +E sup |R:|p+E|as”|p}
k 0<r<T

=i+1
n p n p
<C{E( > |5YtﬂAk1> +E( > |ZZZ\A1@1> + |7T|p/2+E\5€7r\p}
k=i+1 k=i+1

<o{<T—ti>PE sup  [sY;7 [P

1+1<k<n

n p
+E< 2. \ZZLIAk—1> +\7T\p/2+EI5§”Ip},
k

=it1
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where, and in the following, C' > 0 denotes a generic constant independent
of the partition 7 and may vary from line to line. On the other hand, we
have, by the Holder continuity of Z given by (2.24),

(5 )
A>

n 1 te
= E Zt — / Z;T dT‘
k;z * Ak-1 tk—1

=i+l

t p
<E<Z/ | Zy, — Z,| dr + Z/ \ZT—Z;T|dr>
k=i+1

k=i+1

T p
< C|n|P’? + 2p1E</ \Z, — Z7| dr)
t;

T p/2
< C|n|P/? 4207 1(T — ti)p/2E</ | Z, — ZT|? dr)
t

T p/2
= C|n[P/? 207 1(T — t;)P/*E (/ 6272 d7~> :
t;

Hence, we obtain

E sup [5Y;7["
4;<t<T

< C’l{(T —4)PE sup [6Y;, [P
i+1<k<n

T p/2
+ (T — ti)p/2E</ \52:\2dr>
t;

+ |m|P/? +EI6§”IP},

(4.9)

where (] is a constant independent of the partition 7. By the Burkholder—
Davis—Gundy inequality, we have

T p/2 T p
(4.10) E( / |5Zﬂ2dr> <c,E / 52T dW,
ti ti
From (4.7), we obtain
T n .
(4.11) 0ZT AW, =86+ > fI Ap_y + R — 6V

ti k=i+1
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Thus, from (4.10) and (4.11), we obtain
T p/2
E(/ |5Zf|2dr)
t; /
< C’p{E > A
k=i+1
Similar to (4.9), we have

T p/2
E(/ |5Z,Zf|2dr)
t;

< C’g{(T —4)PE sup [6Y, P
i+1<k<n

p
+E|6¢" P + E|RT|P + E|5YJ|P}.

T p/2
+(T—ti)p/2E</ \52:\2dr> +‘7T‘p/2+E|(5§7r‘p},
t;

where (5 is a constant independent of the partition 7.
If Co(T — t;)P/% < £, then we have

T p/2
E</ \52;}|2dr> <205(T —t;)PE  sup [6Y, [P
t; i+1<k<n
(4.12)
+ 205 (|7 ["? + |57 7).

Substituting (4.12) into (4.9), we have

E sup |6V
t; <t<T

< C1(142Co(T — t;)P/*)(T — t;)PE  sup |63, |P
1+1<k<n

(4.13)
+ C1(1 + 2C5(T — t;)P/?) (| |P/? + E|6T|P)

<201(T —;)’E sup |8, [P+ 2C (|7 [P/? + E|6¢™P).
i+1<k<n

We can find a positive constant ¢ < §(p, L) independent of the partition ,
such that,

(4.14) Co(36)P/% < L,
(4.15) 201 (36)P < 4

and 7 > 26. Denote | = [£]. Then [ > 1 is an integer independent of the
partition 7. If || < §, then for the partition 7 we can choose n—1 > 41 > iy >
-+->14; >0, such that, T'— 26 € (tilfl,til], T—40€ (tiQ,l,tiQ], ., T =26l €
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[0,¢;,] (with ¢_ 1 = 0). For simplicity, we denote t;, =T and t;, = 0. Each
interval [t;,,,,t;;],7=0,1,...,[, has length less than 39, that is, |t;, —t;,,,| <
35.0n [t zj+1,tz]], we consider the recursive formula (4.1). Then (4.13)—(4.15)
yield

E sup [0V
lijyq SISt

<204 (L, VE  sup |8, |7+ 2C(|n |2 + E[6Y]T |P)

ZJ+1
ij1+1<k<i;
(4.16)
<201(30)'E  sup  [0Yy [P + 201 (|7 [P/% + E[5Y" |P)
ij+1+1§k§ij J
< sup |0V, [P+ 2C1(|7[P/? + oY, |P).
ij1+1<k<i; 7

As in the proof of (3.21) and (3.22), we have

E sup [0V < (4C) + DE|SY]T [P + 4C) [P/
<t<tl J

N | —

tij
and

3(4C, + 1)H1

B sup  Jovyp < AT mpsenz g e,
tij g St<ts;
Therefore, we obtain

E sup |0Y,|P < maxIE sup  |0Y,/|P

0<t<T Sist o <t<ty,
J
(4.17) -
4 1
< W(E‘(%ﬂ‘p + |7T|p/2)'
On [t ti;],j =0,1,...,1, based on the recursive formula (4.1) and (4.17),

inequality (4 12) becomes

ti; p/2
E < / |62 |2 dr)
ti

Jj+1

<205(t;, —t;,.,)’E  sup  [6Yy, [P +2Co (x| + E[5E™|P)
ij+1+1§k§ij
<2C5(30)PE  sup [0V, [P+ 205 (|n[P/? + E|sETP)
ij41+1<k<i;
1

<-E sup |0V, [P+ 2Cy(|x|P/? + E|5ETP)
ZJ+1+1<]€<ZJ

+1
< 401 + ]. 202) (‘ﬂ‘p/Z +E|(5§7r|p)

\)

IN
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Thus
T p/2
E</ \6Zﬂ2dt>
0
! ti. p/2
:E(Z/t ’ \5Zt“|2dt>
=0 541
(4.18) SR
l ti. p/2
<(z+1)p/21ZE</ ’ |5Z§f\2dt>
Jj=0 bijy
+1
<1+ 1) <M + 202> (1?2 + EJse™P).

Combining (4.17) and (4.18), we know that there exists a constant

P/2 <3(4Cl + ].)l+1
2

K=(1+1) +402>

independent of the partition 7, such that

T p/2
E sup m—mp+E</ |Zt—Zf\2dt>
0<t<T 0

< K(|n[P/? + E|¢ — €7JP).

REMARK 4.3. The advantages of this implicit numerical scheme are:

(i) we can obtain the rate of convergence in LP sense;

37

O

(ii) the partition 7 can be arbitrary (|| should be small enough) without

assuming maxo<i<n—12;/Air1 < Ly.

5. A new discrete scheme. For all the numerical schemes considered in
Sections 3 and 4, one needs to evaluate processes { Z]" }o<t<7 with continuous
index ¢. In this section, we use the representation of Z in terms of the

Malliavin derivative of Y to derive a completely discrete scheme.
From (2.21), {DyY}: }o<p<i<T can be represented as

T
(5.1) DeYt:E(pt,TDew / pt,rDef(r,n,Zr)dr(ft)
t

where

(5.2) Pty = exp{/tr Bs AW + /tT (as — %5;%) ds}

with ag =0, f(s,Ys, Zs) and s =0, f(s,Ys, Zs).
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Using that Z; = D;Y;, u x P a.e., from (1.1), (5.1) and (5.2), we propose
the following numerical scheme. We define recursively

}/;f: = 67 ZZ; = DT§7
(5.3) Vii =B, + [, Y, 25 ) Al Fe),
n—1
Z7 =E <pz:.+1,tnDti£ + > 08 e D f (e, Vi 2T m(a) ,
k=i
t=n—1n—-2,...,0,
where pf ; =1,1=0,1,...,n, and for 0 <i < j <n,

Il et
o, —expd 3 / 0. f(r, Y, Z2 ) AW,
—i/tk
(5.4) g

tht1
+Z/ (aertk,Ztk) @f(r,Yt:,th)P)dr}-

An alternative expression for pti,tj is given by the following formula:

j—1
Pt = exp{z 0 f (b, Vi, Z5) (Why ,, — Wiy,
(5.5) o

Jj—1 1

+ Z(ayﬂtk,n: 25 - 5[azf<tk,n:,za>]2>Ak}.

k=i

However, we will only consider the scheme (5.3) with pf , given by (5.4).
We make the following assumptions:

(G1) f(t,y,2) is deterministic, which implies Dy f(¢,y, z) = 0.
(G2) f(t,y,2) is linear with respect to y and z; namely, there are three
functions ¢(t), h(t) and f1(¢) such that

f(ty,2) =g(t)y + h(t)z + f1(D).
Assume that g, h are bounded and f; € L?([0,T]). Moreover, there exists
a constant Ly > 0, such that, for all ¢;,te € [0,77,
lg(t2) = g(t2)| + [h(t2) = h(t)] + [ fi(t2) = Fu(t1)] < Llt — 1] /2.

(G3) Esupg<p<r |Doé|" < o0, for all r > 1.
Notice that (G1) and (G2) imply (ii) and (iii) in Assumption 2.2.

REMARK 5.1. We propose condition (Gl) in order to simplify
{Z[ }i=n—1,...0 in formula (5.3). In fact, there are some difficulties in general-

izing the condition (G)s, especially (G1), to a forward-backward stochastic
differential equation (FBSDE, for short) case.
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If we consider a FBSDE

t t
Xt:Xo—i—/ b(r,Xr)dr—l—/ o(r, X,) dW,,
0 0

T T
}/t:§+/ f(T7XT7}/T7ZT)dT_/ ZTdWTu
t t

where Xy € R, and the functions b, 0, f are deterministic, then under some
appropriate conditions [e.g., (h1)-(h4) in Example 2.11] Z] for i =n —
1,...,0 in (5.3) is of the form

Ztt =K <p2+1,tnDti£

n—1
+ Z pg+1,tk+1a$f(tk+1’ ch-ﬁ—l’}/;:-‘—l’ ch+1)Dtngc+1Ak“7:ti> ’
k=i

where (X™, Y™ Z™) is a certain numerical scheme for (X,Y, 7). It is hard to
guarantee the existence and the convergence of Malliavin derivative of X™,
and therefore, the convergence of Z™ is difficult to derive.

THEOREM 5.2. Let Assumption 2.2(i) and assumptions (G1)—(G3) be
satisfied. Then there are positive constants K and § independent of the par-
tition 7, such that, when |w| <6 we have

1 p/2
E max {|Y;, — Y|P + |Z,, — ZF|P} < K |r|P/?~P/(2log(1/I7]) (log—) )
0<i<n : ' : ||
PRrROOF. In the proof, C > 0 will denote a constant independent of the

partition m, which may vary from line to line. Under the assumption (G1),
we can see that

(5.6) ZZZ:E(pZ_‘_l,tnDtig‘Fti)? i=n—1,n-2,...,0.
Denote, for i=n—1,n—2,...,0,
L=l — T VI =Y, Y.
Since |e* —e¥| < (e* 4+ eY)|x — y|, we deduce, for all i=n—1,n—2,...,0,

|5Zt7:‘ = ‘E(ptmtnDtiﬂfti) - E(Pgﬂ,tnDtif‘fti”
<E(ptitn = Pry 0 1P ENF)

< E(\Dtia(pti,tn )

/Th(r) dw, —i—/Tg(r)dr - %/tiTh(rﬁdr

ti ti

X
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n—1 thy1 n—1 i1
- Z/ h(r)dW, — Z/ g(r)dr
k=i+17tk k=i+17tk

1 n—1 thil )
+§ Z /t h(r)=dr
k=i+1""k

”)

< E(\Dtg\(pti,tn o)

« [ / a4 / o) dr

ti ti
From (G2), we have

1 tit1
+—/ h(r)er“Ei)
2 /.,
|Dti£‘pg+1,tn

n—1

T tkt1 T
< |Dti§|exp{/ h(r)dW, + Z /t g(r)dr — %/t h(r)? dr}

tit1 k=i+1

T
§Cl( sup \Dg{\)( sup exp{/ h(r)dWr}>,
0<0<T 0<t<T t

where C7 > 0 is a constant independent of the partition .
In the same way, we obtain

T
| Dt €| pti b, <C’1( sup \D9§|>< sup exp{/ h(r) dWr}>.
0<0<T 0<t<T ¢
Thus fori=n—1,n—2,...,0,

T
|0Z]| <2CLE ( sup \D9§|> sup exp h(r) dW,
' 0<6<T 0<t<T t

Lit1 tit1 1 [ti+r
x [/ h(r) dW, +/ |g(r)\dr+§/ h(r)er]‘}}i>
t; ti t;

T
<2C4E ( sup \D9§|> sup exp / h(r)dW,
0<6<T 0<t<T t

tk+1 tk+1
/ h(r)dW,| +  sup / l(r)|dr

ty 0<k<n—1Jt

1 tht1
+ - sup / h(r)? dr} ‘]—}Z).

0<k<n—1.J4,

x[ sup
0<k<n-—1
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The right-hand side of the above inequality is a martingale as a process
indexed by i=n—1,n—2,...,0.

Let n; = exp{— fg’ h(u) dW,}. Then, n; satisfies the following linear stochas-
tic differential equation:

{ dne = —h(t)n; AWy + $h(t)*n.dt,
mo = 1.

By (G1), (G2), the Holder inequality and Lemma 2.4, it is easy to show
that, for any r > 0,

E(OZIETGXP{/tTh(U) qu}>r
:E<exp{/0T h(u) qu}OiltJETeXp{_/oth(u) qu}y
(5.7) < (Eexp{gr /OT . qu}>1/2
X <E°2t1£T eXp{ - /ot h(uw) dW, }) :

T 1/2
= exp{TZ/ h(u)? dr} (E sup 7],527") < 00.
0 0<t<T

For any p’ € (p, 4), by Doob’s maximal inequality and the Holder inequality,
(G3) and (5.7), we have

E sup [6Z]|P
0<i<n !

» T P
§CE<< sup \D9§|> ( sup exp{/ h(r)dWr}>
0<0<T 0<t<T t
trt1
/ h(r) dW,

ty

l+1 1 lg+1 p
+ sup / lg(r)|dr += sup / h(r)er] >
0<k<n—1.Jt, 2 o<k<n-1Jy,

pp’/(p'—p)
sc[E<( sup_ Dy

0<0<T

T pp’/(®'=p)\ 71 (' —p) /P’
X ( sup exp{/ h(r) dW,}) ﬂ
0<t<T t

tk+1 tk+1
X [E< sup / h(r)dW,|+ sup / lg(r)|dr
0<k<n—1|Jt, 0<k<n—1.J4t,

x[ sup
0<k<n—1
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1 tpt1 p'p/p’
4+ = sup / h(r)er> }

2 0<k<n—1Jt,

<C[E( su_ D) P2

T 2pp’ /(0" —p)7P'/(2(p'—P))
X [E< sup exp{/ h(r) dWr}> ]
0<t<T t
tk+1 P/ tk+1 p
/ h(r)dW,| +E sup </ \g('r)|dr>
0<k<n—1\J4,

ty
thy1 /v
+E sup </ h(r)? dr> }
0<k<n—1\Jt
:C[Il—l-fg—l—fgg]p/p,.

For any r > 1, by the Holder inequality we can obtain

/

X [E sup
0<k<n—1

tht1 P’ tet1 p'ry 1/r
L =E sup / h(r)dW, <{E sup / h(r) dW, }
0<k<n—1|Jt, 0<k<n—1|Jt,
n—l g p'r 1/r
<HEY / h(r) dW, .
k=0'"tk

For any centered Gaussian variable X, and any v > 1, we know that
E[X[" <2 (E|IX )2,

where C is a constant independent of . Thus, we can see that

~ , n-1 tit1 p'r/2 1/r ) )
Iy < (Cp "(plr)Pr/? Z </ h(r)? dr> > < CrP 2| |P' /2=,
t;

=0

Take r = %. Assume || is small enough; then we have

o 1\"/?
I, < Cj|?'/2-7'/@10(1 1)) <10g W) ,
T

It is easy to see that

/

thi P )
L-F sup (/ |g(r)\dr> <Clnlr

0<k<n—1\Jt;

and

/

tht1 P )
Is=E sup (/ h(r)? dr) <ClrlP.
tg

0<k<n—1
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Consequently, we obtain

1 p/2
(5.8) E sup [8Z7|P < Clmpp/2—»/21os(1/1x1) <10g _> ,
0<i<n

|

Applying recursively the scheme given by (5.3), we obtain

n
YJ=E<§+ > f(tk,y;:,zg;)Ak_l‘fti) i=n—1,n—2,...,0.
k=i+1

Therefore, for i=n—1,n—2,...,0,

0[] < E( 7 f b Yo Zo,) — £ (b, Y7 Z8)| Mgy + | RT| + 067 E)
k=i+1

where R} is exactly the same as in Section 3 and d§™ =& — £ =0. In fact,
we keep the term 6™ to indicate the role it plays as the terminal value.
For j=n—1,n—2,...,i, we have

k=i+1
f> |

+ sup |RY|+[6€7]
0<t<T

By Doob’s maximal inequality and (5.8), we obtain

E sup [0Y,7|P
i<j<n

n p
< 0E< > 1F e Yy, Z) — f(tk,Y;;,Zz;)mkl)
k

—i+1
+ C(|7[P/? + E|6€™|P)

n p n p
< C{E< Z Yy, — Y;,:‘Ak1> +E< Z | Z4,, — ZZUAk1) }
k=it1 k=it1

+C (I[P + El6ETIP)

<C(T—4)PE sup |V, — Y[
i+1<k<n

p/2
Lo <|7T|p/2p/<2log<1/n|)> <10g ﬁ) N E\ég”\p> 7
i
where Cy and ('3 are constants independent of the partition 7.
We can obtain the estimate for Emaxo<i<,|Y;, — Y7|P by using simi-
lar arguments to analyze (4.13) in Theorem 4.2 to get the estimate for
Esupgci<r[V: = Y| O
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