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Two nondegenerate quantum levels coupled off-diagonally and linearly to a bath of quantum-
mechanical harmonic oscillators are considered. In the weak-coupling limit one finds that the
equations of motion for the reduced density-matrix elements separate naturally into two
uncoupled pairs of linear equations for the diagonal and off-diagonal elements, which are
known as the Bloch equations. The equations for the populations form the simplest two-
component master equation, and the rate constant for the relaxation of nonequilibrium
population distributions is 1/7), defined as the sum of the “up” and “down” rate constants in
the master equation. Detailed balance is satisfied for this master equation in that the ratio of
these rate constants is equal to the ratio of the equilibrium populations. The relaxation rate
constant for the off-diagonal density-matrix elements is known as 1/7,. One finds that this
satisfies the well-known relation 1/7T, = 1/27,. In this paper the weak-coupling limit is
transcended by deriving the Bloch equations to fourth order in the coupling. The equations
have the same form as in the weak-coupling limit, but the rate constants are calculated to
fourth order. For the population-relaxation rate constants this results in an extension to fourth
order of Fermi’s golden rule. We find that these higher-order rate constants do indeed satisfy
detailed balance. Comparing the dephasing and population-relaxation rate constants, we find

that in fourth order 1/7,#1/2T,.

. INTRODUCTION

The coupling of 2 quantum-mechanical system to a ther-
mal bath provides a mechanism for the relaxation of the
system from its initial state to a state of thermal equilibrium.
The understanding of this relaxation is of course very impor-
tant in many different kinds of time- and frequency-domain
spectroscopy. To a good approximation, in many spectro-
scopic situations one can consider the system to consist of
only two relevant quantum states; therefore, it comes as no
surprise that the study of the relaxation of such a two-level
system (TLS) coupled to an appropriately described bath
environment has received much attention over the years.

Consider a generic two-level system in which the
ground (excited) state is labeled |0) (|1)), and the energy
difference between the states is #iw,. The state of the system
at a given time ¢ is completely described by its density matrix,
Uoo(t) 001(t) (1)
o) o, (01’
where 04 (2) and o,,(#) are the populations of the ground
and excited states, respectively, and the off-diagonal terms
are a measure of the phase coherence between the states, and
have the relationship g,4(?) = gy, (2)*.

In the absence of any coupling of the TLS to its environ-
ment, the states |0) and |1) are eigenstates of the total Ham-
iltonian; therefore, the evolution of the density matrix is
such that the diagonal terms remain constant and the off-
diagonal elements oscillate with a frequency w,. When the

o(t) =

*) Author to whom correspondence should be addressed.
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TLS is energetically coupled to a bath that is in thermal
equilibrium, the TLS states will no longer be eigenstates of
the total Hamiltonian and the system will evolve toward
thermal equilibrium,; that is, the diagonal terms of the TLS
density matrix will decay to the values dictated by the Boltz-
mann equilibrium criterion, and the off-diagonal elements
will relax to zero (complete incoherence).

Phenomenologically, the simplest reasonable descrip-
tion of the relaxation of a TLS coupled to a bath is one in
which the decay of the density-matrix elements to their equi-
librium values is exponential. Such a description is provided
by the Bloch equations—a coupled set of first-order differen-
tial equations for the density-matrix elements:

Foo(t) = — kyg00(2) + ko101 (2), (2)
G11(1) = ko000 () — ko101, (2), (3)
010(8) = — [i(wo + Aw) + 1/T5]o,(1), (4)
001 (1) = [i{wg + Aw) — 1/T,]0,,(2), (53

where k,, and kg, are the “up” and “down” rate constants,
respectively, Aw is the bath-induced shift in the natural fre-
quency of the TLS, and 1/7, is the decay rate constant of the
off-diagonal terms. Equivalent equations were introduced
by Bloch in his study of the relaxation of nuclear spins.' For
many TLS/bath systems, the Bloch equations are an excel-
lent phenomenological description of the relaxation to equi-
librium, as long as one only considers times large enough so
that any initial non-exponential transient behavior in the dy-
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namics has subsided.

The first two equations, for the TLS populations, are
gain-loss type rate equations, and are the simplest example of
the so-called master equation.” Observing that the popula-
tions of the ground and excited states must relax to their
Boltzmann equilibrium values in the limit of infinite time
leads to the detailed balance condition:

kio/koy = 071/053 =K, (6)

where K is the equilibrium constant. If we define 1/T, as the
rate of decay to zero of the population deviations from equi-
librium, it can be easily seen from the Bloch equations that

VT, = ko, + ko )

Theories of bath-induced TLS relaxation, leading to
Egs. (2)-(5), can be more or less divided into two types.
Theories of the first type involve the treatment of the bath
degrees of freedom in a purely stochastic way. The Hamilto-
nian consists of a TLS coupled to one or more stochastic
fields that represent the bath, whose nature is defined entire-
ly by the statistical properties (correlation functions) of the
stochastic fields. Such a treatment has proven useful in the
study of NMR relaxation in liquids.>-> A drawback of this
approach is that since the bath is not represented by dynami-
cal variables (and the dynamics of the combined system is
therefore not treated consistently), the rate constants kg,
and k,, are equal, which from the detailed-balance condition
can only be strictly true in the infinite-temperature limit.

In the second type of TLS/bath relaxation theory, the
bath degrees of freedom are treated in a fully quantum-me-
chanical manner.>® The TLS is coupled to a collection of
quantum degrees of freedom and the dynamics of the com-
bined system is calculated. The irreversible nature of the
relaxation process is obtained by averaging over the initial,
assumed thermally equilibrated, bath distribution. This type
of approach is appropriate, for example, for describing the
relaxation of optical or vibrational excitations in crystals.””
Since in this type of theory the system and bath variables are
treated on the same footing, and the temperature is now an
explicit parameter, this approach can be used to describe
relaxation at finite temperatures, where the up and down
transition rates will not be equal.

The great majority of studies of TLS relaxation proper-
ties have focused on perturbation calculations that are sec-
ond order in the TLS/bath coupling. Such calculations show
that, to second order, the diagonal and off-diagonal coupling
terms (in the basis of the TLS eigenstates) have well-defined
and separate roles in the relaxation process. The population
relaxation rate, 1/7, is determined completely by the off-
diagonal coupling terms. In addition, the off-diagonal cou-
pling makes a contribution to the phase relaxation rate,
1/T,, which, in second-order perturbation theory is equal to
half the population relaxation rate. The diagonal terms in-
duce fluctuations in the TLS energy-level spacing that lead
to a contribution to the phase relaxation rate. As the diag-
onal terms do not energetically couple the excited and
ground states, these terms cannot cause additional popula-
tion decay.

In light of these second-order results, theorists and spec-
troscopists have found it convenient to separate the contri-
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butions to the total phase relaxation (dephasing) rate in the

following manner:*8-!2
G )
T, 2T, T,

The first term of the right-hand side is, in second order, the
contribution from the off-diagonal coupling and is a con-
comitant to population relaxation. The second term repre-
sents the additional dephasing due to the diagonal coupling,
and 1/T is frequently referred to as the “pure dephasing”
rate constant. Interpreted in this way, this additional contri-
bution to the dephasing should necessarily be non-negative,
as the fluctuations in the TLS energy-level splitting can only
lead to disruption of the phase relationship between the ex-
cited and ground states and could not act to enhance it. This
leads to an important inequality that is 2 major result of the
second-order theory:

1/T,>1/2T,. 9

This inequality is used frequently in the analysis and inter-
pretation of spectroscopic experiments and, despite its status
as a result correct rigorously only to second order, seems to
be accepted as a universally valid physical law.

The first calculations to go beyond second-order pertur-
bation theory involved systems with only diagonal coupling.
Kubo showed that, for a TLS linearly coupled to a Gaussian
stochastic bath, the second-order results for the dephasing
rate are exact.'® Hsu and Skinner® obtained a similar result
for a TLS linearly coupled to a bath of quantum harmonic
oscillators. For the case of quadratic coupling to a quantum
bath, Hsu and Skinner®'* showed that the second-order re-
sult was not exact and were able to obtain an exact nonper-
turbative result for the dephasing rate. The same result had
also been previously obtained by another method by
Osad’ko. ' Quadratic coupling to a stochastic bath has been
studied,*'® again yielding an exact non-perturbative solu-
tion. However, since diagonal coupling alone cannot alter
the population levels of the two states, the population relaxa-
tion rate for such models is necessarily zero; therefore, the
inequality of Eq. (9) holds trivially to all orders in the cou-
pling.

Recently, Budimir and Skinner'” performed a fourth-
order perturbation-theory calculation to determine the re-
laxation rate constants of a TLS linearly coupled, both dia-
gonally and off-diagonally, to a Gaussian stochastic bath.
They showed that in this case, unlike in the case of diagonal
coupling alone, the second-order result is not exact. More-
over they showed that in fourth order, the off-diagonal and
diagonal fluctuations do not lead to independent contribu-
tions to the total dephasing rate asin Eq. (8). In particular, if
one uses Eq. (8) as the definition of T3, they showed that the
off-diagonal terms can make a substantial contribution to
1/T ;. In fact, it is demonstrated that, due to this off-diag-
onal contribution, 7'; can actually be negative for certain
reasonable values of the parameters that describe the sto-
chastic fields, or in other words, that 7, > 2T !

In order to check the validity of the perturbation expan-

sion, and to determine at what point the relaxation to equi-
librium is actually exponential, Sevian and Skinner'® per-
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formed a series of computer simulations of this stochastic
model. These simulations confirmed the results of Budimir
and Skinner, demonstrating that the initial non-Markovian
decay was short compared to the total decay time, even for
systems that exhibit significant deviations from the inequali-
ty of Eq. (9). Sevian and Skinner also discuss some of the
implications of this result. Aihara et al.'® have very recently
extended the analytic results of Budimir and Skinner to sixth
order, and have also shown the equivalence of their results to
the frequency-domain continued fraction results of Shibata
and Sato,?® which have recently been rederived with a novel
method by Risken ez al.?! For a slightly different dichotomic
(two-state jump) model of the fluctuations, Reineker et al.>?
have also shown that T, can be larger than 27’,.

As was previously mentioned, one of the major draw-
backs of the stochastic-bath model is that it is strictly appli-
cable only at infinite temperature. Therefore it is important
to understand if the result that T, can be greater than 27,
which has now been demonstrated convincingly for the sto-
chastic model, is an artifact of this implied infinite-tempera-
ture limit, or is, in fact, more generally valid. To this end, one
would like to generalize this result to finite temperature,
which entails a fully quantum-mechanical derivation of the
Bloch equations to fourth order in TLS/bath coupling.

There is also a more fundamental reason for providing a
derivation of the Bloch equations to higher order in the per-
turbation: to the best of our knowledge there have been no
explicit derivations of the master equation®?*-¢ that lead to
tractable expressions for the rate constants to higher than
second order in perturbation theory. In fact, at least one
statement in the literature suggests that the convolutionless
master equation is obtained only in the weak-coupling lim-
it.>* If one could show that Eqgs. (2) and (3) were valid in
higher-order perturbation theory, this would provide an ex-
ample of a master equation valid outside the weak-coupling
limit. Moreover, the higher-order expressions for the rate
constants would produce an extension of Fermi’s Golden
Rule.

In this paper we derive generalized Bloch equations
(Redfield equations®) to fourth order in the system/bath
interaction, for a completely quantum-mechanical Hamilto-
nian involving a TLS coupled linearly and off-diagonally to a
bath of harmonic oscillators. We consider only the case of
off-diagonal coupling since it is for this case that the stochas-
tic model produces the most interesting results. While this
model is by no means the most general model of its type
because of the specific form of both the bath and the
TLS/bath coupling, its solution nonetheless involves a non-
trivial calculation. The derivation of the Bloch equations
closely follows the general approach discussed by Budimir
and Skinner'” for the stochastic model. We show that the
rate equations for the populations do indeed form a master
equation, and that the fourth-order expressions for the rate
constants obey the property of detailed balance. As in the
stochastic model, we also show that, in general, T,#2T,,
which is in contrast to the expectation from second-order
perturbation theory if there is only off-diagonal coupling. In
the penultimate section we discuss the correspondence of
our model and results with the *“spin-boson” problem.?”**
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In a companion paper,?® which follows immediately, we
introduce a model for the quantum-mechanical bath and its
coupling to the TLS that reduces to the stochastic mode! in
the limit 7— «. We show that, for some parameters of this
model, T, > 2T, even at finite temperature.

Il. FORMULATION OF THE PROBLEM

We consider a TLS that is off-diagonally coupled to a
harmonic bath. The Hamiltonian for such a system is writ-
ten as the sum of a TLS Hamiltonian, Hy g, a bath Hamilto-
nian, H,, and a term, H,, describing the TLS-bath coupling:

H=HTLS +Hb +Hl’ (10)
where
HTLS =ﬁ‘00|1><1|, (1)
Hbzzﬁwk(bzbk‘Fl/Z), (12)
%
H, = 5[#A[1)(0] + #AT|0)(1]], (13)

A=th(b£+bk). (14)
3

In the above, #iw, is the TLS excited-state energy (with-
out loss of generality the ground-state energy has been set to
zero), the Hamiltonian for the harmonic bath is a sum over
normal modes of frequency w,, and &} and b, are boson
creation and annihilation operators, respectively. As shown,
A is linear in the normal-mode coordinates. The expansion
coefficients, A, , have units of frequency, and can, in general,
be complex, although, for reasons of mathematical simpli-
city that will be clear later, we require that 42 is real, i.e.,
each 4, is either purely real or purely imaginary. & is a di-
mensionless expansion parameter enabling one to keep track
of the perturbation order, and can be set equal to one at the
end of the calculation if desired.

The dynamics of the total (TLS + bath) density opera-
tor, p(¢), is governed by the Liouville equation

dp(t) i

L= _ —[Hp]. (15)

E 7 [Hp(D)]

Transforming to the interaction representation
ﬁ(t)Eeiﬂoz/ﬁp(t)e—mot/ﬁ’ (16)

where H, is the unperturbed part of the total Hamiltonian
H,=Hy ¢ + H,, (17)

leads to the interaction Liouville equation

%= — L), (18)
where L(1) is defined by

L(t)..=(1/8)[H,(),..], (19

H, (1) =™ H e~ "/, (20)
From Egs. (13) and (14) this gives

H, (1) = 8[#A(1)[1)(0] + #A(D)10)(1}], (21)
where

(22)

A1) =e“"A(1),
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Alt) = eiHbt/ﬁAe - iH,,t/ﬁ’ (23)
=2hk(bzeiwkt+bke—iw,\t)' (24)
k
The formal solution to Eq. (18) is

5(1) =5 (0) —if dn, La)p(e), (25)
0

which can be iterated to give a perturbation series in L (#)
(and thus H,)

() = p(0) — if dt, L(t,)5(0)
0

—J dtlf dt, L(t))L(t,)p(0) +....  (26)
0 0
Defining a reduced TLS density matrix

a()=Tr, [p()], 27

where Tr,[--+] denotes a trace over the bath states, and
assuming an initial density matrix that is a product of the
unperturbed equilibrium bath density,

0, =e /T, [e~#"] (B = 1/kT), and an arbitrary ini-
tial reduced TLS density matrix, 6(0):

p(0) = p,&(0), (28)

gives

F(t) = &(0) — if dt, Tr, [L(t,)p, ]5(0)
(4]

—L dtlf'dtz Tr, [L(t) L (1,)p, | 5(0)
0

XA (29)
Defining

(S"M(")(I)E( _l-)nn!f dtlf'dtz,_,j"~| dtn
0 0 0
XTr, [L(t)L(5,) - L(t,)p,],  (30)
with
MO=1, (31)
Eq. (29) can now be written

a(1) = P(1)a(0), (32)
with
o= 2 pman, (33)
n=o (2n)!

The sum in the above equation for ® () is only over the even
moments, because only even powers of A are nonzero after
the bath trace, since H, is linear in the bath coordinates.
Taking the time derivative of Eq. (32)

5(t) = ®(1)5(0)

=d(HP(t) ~'a(1), (34)
and defining
R(1)sd(n)d (1) ", (35)
gives the following rate equation for 5(7):
G(1) = R()&(1). (36)

Note that, since ¢(#) is a matrix, R(¢) is a fourth-rank ten-
SOr.
We define

R=3 8RO (), (37)

n=1
where R *"’(t) is of perturbation order 2 in the interaction
Hamilton‘ian H,. The R *"(r) are obtained by explicitly ex-
panding ®(¢) and ©(¢) ~ 'in Eq. (34), and then collecting
terms of like order in 4. This yields
R (1) =M (1), (38)

and

R“”(t)=31,M‘4’(t)—%M‘”(t)M‘”(t), (39)
and we will be content to stop at fourth order. These equa-
tions, together with the definition of M ”’(¢) [Eq. (30)1],
give

S8RV (4) = —J dt, Tr,,[Z(I)Z(tl)Pb]’ (40)
0

and, after rearranging time integrals,

SR @ =f d:,f ' dzzf’dzs{Trb (LI E(t)ps] = Tr [EOL(1)p, 1 Try [L() (105 ]
(4] 0 (o]

— Tr, [L(OL()p, 1 Tr [L(t)L(83)py | — Tr, [L()L(8:)p, 1 Tr, [L(1) L(2,)p, 1 }- (41)

From Eqgs. (40) and (41) we see that the integrands in
the R “V (#) have the form of ordered cumulants,***' which
obey the cluster property such that whenever the difference
between any two time arguments becomes much greater
than the correlation time, 7., of the double-time correlation
function, to be defined below, the cumulant approaches
zero. This property ensures that the integrands of the
R ™ (¢) are only non-zero inside a finite region of the inte-
gration volume of order 72~ . Thus, the limit : — o is well

I

defined, and in this limit each R ‘"’ (¢) approaches a constant
tetradic, except for possible oscillatory factors due to the
interaction representation. From a second-order calculation
we anticipate a structure of the Redfield form:®

é-aa’ ([) — z ei(a —a -8B+ B')wutRaa’BB’&BB' (t), (42)
BB’

where a, o', B and 8'e{0,1}, and R, s are constants.
Therefore, these constants, if they exist, are given by
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— 1 —ila—a — B+ B w?
R, pps =lim e o

t— o

X{e[{R(1)[B) (B’ Ha'). (43)

Because H, is both off-diagonal in the TLS states and
linear in the bath coordinates, a similar argument to that
presented for the stochastic model'” shows that R,z =0
ifa+a 4+ B +F'is odd, and thus, upon transformation
back to the non-rotating frame, Eq. (42) yields two pairs of
coupled equations

Foo(2) = Roo00000(t) + Roo1 1011 (1), (44)

611 (1) = Ry100000(8) + Ry1pyo1(2), (45)
and

Fi0(1) = (= iwg + Ry010)010(1) + Ryg0100:(2), (46)

Go1 (1) = (iwg + Ro101) 001 (1) + Ro110010(1). (47)

The first pair of equations, for the state probabilities, can be
simplified by using the probability conservation requirement
that

b'oo(t)‘i‘é'”(t):O; (48)
leading to the relations Rypo= — R0 and
R,,,, = — Ryo11, which can also be verified explicitly, at
least to fourth order in 8. Defining

kio = — Roooor (49)

koo= — Ry (50)

one then obtains the coupled rate Egs. (2) and (3). Further-
more, defining

kyo = z &k {5
n=1
(and a similar equation for k,,) one can then calculate the
second- and fourth-order contributions to the rate constants
from Eqgs. (37), (40), (41), and (43).

For the off-diagonal density matrix element pair, Egs.
(46) and (47), using gy, (1) = 0,o(#)*, it must be true that
Roio1r = R Y10, and R0 = R Toor - (This can also be verified
explicitly, at least to fourth order.) The term involving R 4,
in Eq. (46) is a coupling between the two off-diagonal ele-
ments of the reduced density matrix, and is usually ignored.
The traditional rationale for this neglect (known as the ro-
tating wave approximation) is that, to zeroth-order, o, (#)
and &,,(¢) both oscillate like e ~ “*, whereas o, (#) oscil-
lates like e * “, If w, is sufficiently large, the fact that o4 (7)
oscillates in concert with &,,(¢) makes it a much more effi-
cient driving force in Eq. (46) than oy, (¢). If these coupling
terms are ignored, then one recovers the Bloch Egs. (4) and
(5), if one identifies

1/T2 = — Re{RlOIO}’ (52)
Aw = —Im{R 4,0} (53)
Perhaps a better estimate of the effect of this coupling
term is obtained by diagonalizing the coupled system of lin-
ear differential equations formed by Egs. (46) and (47).
This is performed in Appendix A. Associating the real and

imaginary parts of the eigenvalues with 1/7, and & + Aw,
respectively, we obtain

1/T, = — Re{R0},

(51)

(54)

Aw = (wg — Im{R g;0})

X 1 — lR1001|2 — . (55)
(wo — Im{leo})z °

Comparing Eqs. (53) and (55), we conclude that in general
the coupling terms in Egs. (46) and (47) cannot be neglect-
ed. [When |R 40| € (@ — Im{R 410} ), which is the case in
the weak-coupling limit, then one indeed recovers
Aw = —Im{R,y,,}, showing that in this limit one can ne-
glect the coupling.] Nevertheless, we see that even if the
coupling term is retained, 1/7, is still simply — Re{R;0}.
Finally, by defining

R i 5zn<L)(2n) (56)
T, n=1 T, ,
Ao= 3 Ao, (57)

n=1
one can obtain expressions up to fourth order for 1/7, and
Aw.

ll. POPULATION RELAXATION—THE MASTER
EQUATION

The preceding section shows how, in principle, the
asymptotic form of the equations of motion for the reduced
density matrix elements is given by two uncoupled pairs of
coupled equations, to arbitrarily high order in the interac-
tion Hamiltonian H,. In this section we focus on the two
coupled equations for the level populations, which, as men-
tioned in the introduction, form the simplest possible two-
component master equation. In subsection A we begin by
calculating the “up” and “down” rate constants to second
order in 8, which is equivalent to Fermi’s Golden Rule. In
subsection B we calculate &y, and kq, to fourth order in &,
yielding new expressions for these rate constants. In subsec-
tion C we show that the principle of detailed balance is satis-
fied by the master equation with these fourth-order rate con-
stants, as long as the equilibrium constant is calculated to
second order in &.

A. Second-order calculation of the rate constants
From Egs. (37), (40), (43), (49), and (51) we have

k@ = — lim R & (1), (58)
= lim 6‘2J- dt,(0|{Tr, [L(#)L(t,)p,]|0)(0|}|0).
t— (s}
(59)

Using the definition of Z(¢) and H,(¢) [Egs. (19) and (21)]
gives
k@ =lim | dt, Tr, [A'At)p, +p, AR ].
t—w Jo
(60)

Using the fact that a trace is invariant to cyclic permutations
of its operator arguments, and defining a (non-time-or-
dered) bath correlation function by

Ci(t—1") =Tr, [p, AT()A(1")] (61)
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(below we show explicitly that C, is a function only of the
difference of the time arguments) gives

13
k= lim2 ReU dt, e = 10C (f — t.)]. (62)
0

{— o0

Making the variable change, 7 = ¢ — f, and taking the 1 — o0
limit gives

k2= 2Re[f dre” i“’"TC,('r)].
(4]

We will find it useful to work with the spectral represen-
tation of the correlation function. To this end, defining

(63)

C, (o) =f dr e“°C (1), (64)
so that
C, (1) _——f dw e “C,(w), (65)

allows us to write

k@ —hm—ReU do C (a))f dre"“"*“’"”e‘“]
e-~0 7
(66)

where we have added a convergence factor. In Appendix B
we discuss at some length how to deal with the time integral
in the above, since in what follows several subtleties arise.
For the present purposes, however, the situation is quite
straightforward and we simply use the relation that

f dte "™~ — g P (x —x5) —IiP (X — X)),
0
(67)

where &' (x — x,;) is a generalized function such that
lim, & (x — x4) = 8(x — x,), the Dirac delta function,
and Z (x — x,) is a generalized function defined by its ac-
tion under an integral sign:

lin; ) dxf(x).‘?(x—xo)—Pf dx S ,

X — xg

(68)

where f(x) is integrable on { — «,c0) and P denotes the
y\sual Cauchy principal value. Since, as we will see below,
C,(w) is real, this gives

kP = E’,( — wy).
From Egs. (24) and (61), we can explicitly write

(69)

it~ 1)

Ct—t)y=>) | [ n(wy) + 1]e”
k

+ n@,)e Y, (70)
where 1 (w) is the thermal occupation number for bosons of
frequency w
(P — 1)L (71)

Using Eq. (64) and the integral representation of the delta
function, yields

n(w) =

Ci(@) =27 | X [n(@x) + 1]8(@ — @)
k

+ n(wy)8(w + o)}, (72)
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=2{T(@)[n(w) + 1] +T,( —0)n(—w)},
(73)

where I' | {w) is a weighted density of states, having dimen-
sions of frequency, and is defined as follows:

T (0)=73 [h|*(@ — o). (74)
k

Since all the w, are non-negative, I';(w) is zero for  <0.
Therefore Eq. (69) becomes

k(2 =2 (wy)n(wg). (75)

This is the standard second-order perturbation theory result
for the transition rate, which can be obtained easily from
Fermi’s Golden Rule.” Since the rate is proportional to the
thermal occupation number of the vibrational modes with
frequency w,, the “up” rate constant k {3’ is interpreted as
the absorption (destruction) of one vibrational quantum of
frequency w,. Note that the lim,_yk {3’ = 0.

Once an expression for & {3"’ is obtained for a given or-
der in terms of the correlatlon function, the corresponding
expression for k 3" can be written down by inspection by
noting that the roles of the ground and excited states are
reversed upon w,— — w, and A — A, However, it is easy to
see that

Tr, [po ATDOA()] =Tr, [p, A(DAT(2)) ], (76)
and so this latter change has no consequence. Therefore we
have simply

ké?’—C.(wo), (77

=2I" (@) [n{wy) + 11. (78)
The factor n(w,) + 1 signifies that the transition occurs by
the emission (creation) of one vibrational quantum. Note
that lim, _,k (¥ #0, corresponding to *‘spontaneous emis-
sion.”

The total population-decay  rate  constant,
1/T, = ko, + ko can be expanded as
1 z ézn( 1 )‘2"’ (79)
n=20\T)
From the above we have simply
(/T)® = C,(a)o) + Cl( — @),
= 2T (@) [2n(wy) + 11,
= 2T, (wy) coth(Shiw,/2). (80)

B. Fourth-order calculation of the rate constants

As one would expect, calculation of the fourth-order
rate constants is much more involved than that of the sec-
ond-order terms. We start with & {3’. From Egs. (37), (43),
(49), and (51), we have

ki§ = — lim R o ().

P o
Equation (41) gives an expression for the fourth-order term
of the tetradic operator R(#) in terms of integrals over traces
of various products of the interaction Liouviile operator. By
taking the (0000) tensor element of R '*’(¢) {see Eq. (43)]

(81)
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and performing all the necessary commutations as indicated
by the definition of the operator L(2), Egs. (19) and (21)
(and paying strict attention to the operator orders since the
A’sdonot commute), an expression is obtained that involves
integrals over two types of terms. The first type of term con-
sists of a product of two-time correlation functions, for ex-
ample,

Tr, [y AT()A(L,) [ Tr, [pp AT (53)A(2) ] (82)

The second type of term is a single four-time correlation
function and a typical such term is

Tr, [p, AT AR AT () A1) ] (83)

This type of term can be broken down into products of two-
point functions by the use of Wick’s theorem.*? Simply stat-
ed for the present application, if A(t,), B(t,), C(¢;), and
D(1,) are linear combinations of boson creation and annihil-
ation operators in the interaction representation, then

Tr, [ppA (1) B(1,)C(13)D(1,) ]
=Tr, [ppA (1)) B(2;) | Tr, [, C(£5) D (24) ]
+ Ty, [ppA (1)) C (1) | Tr, [ B(£,)D(214) ]
+ Tr, [ppA(1))D(2,) | Tr, [pp B(1,)C(13) ].  (84)
J

After this factorization, a number of terms in R &, () can-
cel, leaving ten terms involving C,(¢) [see Eq. (61)] and a
new correlation function

Cy(t —t")=Tr, [py ADA()], (85)
with Fourier transform

Co(@) = 2T, (@) [n(0) + 11 + T,( — 0)n( — o)},
~ (86)

where ', (@) is another weighted density of states, defined
as:

Fz(w)ETrZhiﬁ(a)—wk). (87)
k

Note that since by assumption 4 % is real, this implies that
Tr, [0, A(DAG@)] =Tr, [ps AT(OAYE) ], (88)
and also that C,(w) is real. Since C, (@) is also real, we have
[from Eq. (65)]
C,()=Cr -0, (89)

for i = 1 or 2. Upon changing variables to “relative” times,
Ty=1—1, T, =1, —l, T3=1, — 13, and taking the limit
t— o, one obtains

k= — ZJ dr‘f dej dry Re{CH () + o + T3) Co(1y)e = =) 1 C¥(1y + 7, + 73) C ¥ (1) e~ “oln =™
(o] 0 (o]

+ Co(T) + 1) Cy(1, + T3)e = @ ™) 4 CF (1) + 1) Co(7 + 73)e o7

+ Cl('rl + 7+ Ts)cl(’rz)e—iwo(r' )

— Cy(T) + T5)C) (7, + T3)e ~ @t T2+ )

CH(r +71)C (75 + 13)e™

C¥(7y+ Ty + T2)C¥(1y)e ™ ioln +7)

iwg(T) + 275 + 73)

—C(ri+ 7+ 713)Ci(r)e” olm 421+ 1) _ C¥(1y 4+ 75 + 73)Ci(7,)e ™ o +2mt 7}, (90)
I
The preceding expression for the ““up” rate constant is N 9C (@)
very cumbersome. As mentioned in the course of the second- Cl(w) = ——, (93)
order rate-constant calculations, the spectral representa- O
tions of the correlation functions are more convenient than Pi(w) = aP, (ﬂ)) (94)
the real-time functions in Eq. (99Q). Obtaining a tractable
expression in terms of C,{w) and C,(w) is tricky, but possi- C (o' )
ble. Each of the time integrals becomes the sum of two gener- = Pf do——~ (95)
o —w

alized functions, and products of these generalized functions
are quite delicate. In Appendix B we derive several useful
identities for these products. Therefore, with some care, the
above expression can be evaluated on a term-by-term basis.
As an illustration, the evaluation of one term of Eq. (90) is
shown in detail in Appendix C. Once each term is evaluated
and these results are combined and simplified, a surprisingly
simple relation emerges:

k(= (1/2m){ws 182( — @9) [Py(@) — Pr( — @y) ]
+ C (= @0)[Py(@0) — Py( — @p)] + P} ( —@p)

X [Cy (@) — Ci( — @)1 — 2C,( — o) P (@0)}
1)
where
C
de' =22 '(‘" ) (92)

'—w

P (w) = PJ

and where the last line comes from integrating by parts (see
Appendix B).

An explicit expression for k {3’ in terms of ['; (w) and T’
is obtained by substituting Eqs (73) and (86) into the
above. One feature that becomes immediately clear is that,
unlike the second-order rate constants, one cannot interpret
k (¢ in terms of the absorption and/or emission of vibration-
al quanta. In particular, it is interesting to examine the low-
temperature limit of k {’>—one finds that

2T (wy) F dwl“i (@) ‘

T w + @y
Thus the zero-temperature up rate constant is nonzero! This
strange result must be due to the strong coupling of the TLS
and bath degrees of freedom and the concomitant mixing of
the nature of these states.

; 4y _.
lim ki3’ =
T—-0

(96)
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The above expression for & {§’ can be converted by in-
spection to an expression for k §} by letting w,— — @y

k= (1/2m){@5 'Cy@o) [Py(@o) — Po( — w)]
+ C 1 (@0) [P,( — @g) — Py(0)] + P} (w0)
X [Cy( — wp) — Cil@)]
—2C, (@) P} ( ~ wq)}. (97)

The fourth-order
(/T =k + k&P, is

(/T = (1721 {wg '[Calwy) + Cal — w6) 1[P;(wo)
—Py(— )] — [Ci(wo) — Ci(—wy)]
X [Py (o) — Pi( — w0)] — [Cy (@)

+ Ci( — @) 1[ P} (@) + P} (— o) ]}
(98)

population decay rate,

C. Confirmation of detailed balance for fourth-order
rate constants

Any master equation of the form of Egs.(2) and (3)
must obey the property of detailed balance of Eq. (6). In the
usual derivation of the master equation, each of the rate con-
stants is second order in the perturbation, and so their quo-
tient is zeroth order, implying that this quotient is simply the
zeroth-order equilibrium constant. When the rate constants
are calculated to fourth order, their quotient has a term sec-
ond order in §. To verify detailed balance, then, the equilibri-
um constant must be calculated to second order in § as well.

To begin, we write

o8 Tr[(le~™D] K,

T Tr, [0l PH[0)] Koo 59
where
i = Trb[(ile-ﬁﬂ[i)] , (100)
Tr, [e ~7%]
which can be expanded in 6 as
K=K +8KP + . (101)

Note that only even powers of 6 occur because H, is off-
diagonal in the TLS states. Writing

K=K+ 8K? 4 -, (102)
we see that
K(O) K(Z) K(Z)K (0)
0) __ i1 ) 11 . 00 11
K™= KO’ K T KO K ©F (103)
00 00 00

To calculate K *", a perturbation expansion of the op-

erator e ~ #7 is needed. To this end we write

o~ PBH _ o— B(H,+ H)

8
=e—/3H.,(1 _J i e/{[{nHle"/{(Hn+H‘)), (104)
0

which is a standard operator identity that is easily proven by
multiplying both sides by ¢*# and differentiating with re-
spect to B. Iteration of this identity gives the perturbation
series:

3
e Pl = e‘ﬁ”"(l —f dA e*H e~
(3]

B A
+f dA«f d]’e/lH"H‘e"’{HﬂeVHnHle—}’H«n+ ...) .
0 0

(105)
The first term of this series trivially gives
KQJ =1, K =e P (106)
and so that therefore
K© = g= Pl (107)

From the third term, a change of integration variables gives

3 A
K =#[ ar [ are-mrci—mn,  on
0 0

8 A
Kﬁ’=ﬁ2e-""”’"f ‘”f dr &7C,( — ifir).  (109)
(4] 0

These expressions for K, K9, K3 and K (P, together
with Eq. (103), yield

8 A
K® = Zﬁze“”“’"f dﬂf dr sinh (#w,7)C,( — ifir).
(9} 0

(110)
Using Eq. (65) and performing the A and 7 integrations,
gives
e — PRy
27
(22 = L B — o)
(@ — wg)?

K® = f dw ?:,(a))

_eTPrere) — 1+ pliw +wo))
(@ + @y)? '
(111)
In order to verify detailed balance, we now need to com-

pare the expansion for K term-by-term with the expansion
for k o/ko,:

klO (klo)(m 2(k10>(2)

Zio (o) g g le) g (112)
kOl kOl k()l

(k,o)“» k@

ko kY’

klO)(z) 1 ( 4) 4 ki?)

—_— =k . (113)
(ko, LT AN T

First, we look at the zeroth-order term: from Egs. 69 and 77
we have

(_/fl_o)“” _C(—wy) _ nlay)
ko Ci(wy) n(wy) + 1
Since from above, K ©* = ¢ ~#% detailed balance is cor-
rectly satisfied by the second-order rate constants. Next,
after explicitly substituting in the second-order rate con-
stants, Eq. (113) for the second-order term gives

(ﬁ)m:_. 1 (k“’—e'ﬂﬁ“"'k“)).
ko, C (@) ° o

This expression is evaluated in Appendix D, where we show
that it is exactly equal to Eq. (111) for K ‘®. This verifies

=e PR (114)

(115)
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that for the master equation with rate constants calculated to
order &%, detailed balance is satisfied.

For later use we note that with Appendix D, we can
write K ) in a more convenient form as

K® = (e-/’ﬁ‘”"/Zﬂ'){ﬂﬁpl(wo)
— BAP, ( — wo) + P} (— o)
X (e + 1) — P{(wp) (e 4+ 1)} (116)

From the above, we can easily take the limit 70, yielding

1im1<=§f°° do ) | ocsh, (117)
wT Jo

T-0 @ + @,
which is nonzero. This is of course intimately related to the
fact that (as seen in Sec. III B) to fourth order the zero-
temperature “up” and “down’ rate constants are both non-
2ero.

We also note that for the model discussed in this paper it
is straightforward to show that for arbitrarily strong TLS-
bath coupling 0* = Tr,[e ~#7]/Tr[e~#¥] is diagonal in
the 0-1 representation, which means that this basis is always
the most appropriate one for describing the relaxation to
equilibrium.

IV. DEPHASING

In subsection A of this section we calculate the dephas-
ing rate constant, 1/7,, to second order in &, and show that
(1/T»)® = (1/2)(1/T,)*, which is the usual situation.
In subsection B we calculate the frequency shift to second
order, Aw'?, and we show that, somewhat surprisingly, it is
different from the frequency shift inferred from the renor-
malized energy splitting. In subsection C we calculate the
dephasing rate constant to fourth order in &, and we see that

(1/T) £ (1/2)(1/T))™.

A. Dephasing rate constant to second order
From Eq. (54) we see that

1 (2) @
(T ) = —Re{R ),

= lim § 2 ReU- dt,
0

t— o

X (11T, [EO L), 11 01O |
(118)

Using the definition of L(z) and carrying out the commuta-
tions yields

(_‘_>‘2’ = lim ReU dr, Tr, [ K () K (1) p,
0

2 t— o0

+pb7\(t,)*7\(t)]] (119)

= ReU dt e [C(1) + Cy( — 7-)]}.
(V]
(120)
Finally, transforming to the spectral representation for

C,(1) [Eq. (65)] gives

(1/T)® =4[C, (o) + C\( — wp) 1. (121)
Comparing this to Eq. (80) shows that
(2) (2)
(L) =L(L> , (122)
T, 2\ T,

which is the standard relationship between population and
phase relaxation if there is only off-diagonal coupling to the
TLS.

B. Second-order frequency shift

From Eq. (55) one sees that the second-order frequency
shift is given by

Aw® = —Im{R {30} (123)

= Im{fw dr e[ Cy () + C,( — r)]]. (124)
0

Using Egs. (67), (68), and (92) gives
Aw® = (1727) [P,( — w,) — Py(wo)]. (125)

It is interesting to compare this to the frequency shift
inferred from the renormalized energy splitting. That is, for
an isolated TLS, the off-diagonal density-matrix element os~
cillates with a frequency determined by the TLS energy split-
ting. For a TLS coupled to a bath, our intuition tells us that
the reduced off-diagonal density-matrix element should os-
cillate with a frequency determined by the renormalized en-
ergy difference of the two levels, which can be defined by

K=e P (126)
Further defining

AD =& — wy = AP + SAG@ + -+, (127)
then from Eqs. (102) and (126) we have

ABP = — PR D /Bh (128)

From Egs. (116) and (125), we see that surprisingly,
AP #Aw® from above, and defining the difference
A" P =A5? — Aw™®, we have

Aw'® = (1727 {P | (w,) (e ~ P 4 1)

— P (—a,) (e 4 1)} (129)

C. Dephasing rate constant to fourth order

The fourth-order dephasing rate constant, (1/7,) ¥, is
obtained from

(1/T))™® = —Re{R . (130)
Anticipating the result that (1/7,)®* % (1/2) (1/T)¥, we

define what has traditionally been called the pure-dephasing
rate constant, 1/7°5, by

d_ 11 (131)
Ty T, 2T,
which can be expanded in powers of . As seen in part A of

this section, (1/7;)® = 0. To fourth order we can write
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4) 4
ROOOO + R 111

1 \@®
—}] = —Re{R{$)} 132
<T5> iolo £ + 2 (132)

Following the laborious procedure outlined in Sec. III B,
J

one can show that

1 4)
(7) = floo) + £ — y),
2

where

(133)

Awy) = ZJ d’r,f deJ drRe{C¥ (7, + 7o+ 73) Co(Ty)e =™ L C¥ (1, + 7y + 73) C¥(1,)e ~@lni—m)
0 (+] 0

+ C¥(m + 72)Col7y + Ts)e_iw"(r' + )

i (T + 272 + 7)

— C¥(7 4+ 1)C (75, + T3)e ™

One sees, felicitously, that the above involves only terms that
have already been calculated in Eq. (90). The resulting
expression for (1/73)™ is

) ©
(L) ~1p f dw
T} T Jeww?— @}

x(wi [8,(@)Co( — )]
dw

— Cy(@)Cy —w)). (135)

This expression will be evaluated for a specific model in the
following paper.?®

V. CONNECTION TO THE STOCHASTIC MODEL
RESULTS OF BUDIMIR AND SKINNER

The above calculation is a generalization of the fourth-
order derivation by Budimir and Skinner (BS) of the Bloch
equations for a TLS under the influence of stochastic fluctu-
ations.!” The completely quantum mechanical model dis-
cussed in the present paper, when viewed in the interaction
representation, is in fact very similar to the stochastic model.

J

— C¥(1y+ Ty + 73)C (1y)e " im+2n+ 70

—C¥(r + 7, + 73)C¥(rp)e = @om+ ™

(134)

The Heisenberg operator A(¢) in the quantum-mechanical
model becomes a random variable in the stochastic model.
Similarly, the quantum-mechanical correlation functions
C, () and C,(t) (both involving traces over the bath states)
become statistical correlation functions. Furthermore, for
the specific model of linear coupling to harmonic oscillators
discussed above, Wick’s theorem for the factorization of
four-point functions is identical to the factorization of four-
point statistical correlation functions of Gaussian random
variables. The difference in the calculations involves the
noncommutivity of quantum operators versus the commuti-
vity of stochastic variables, which is intimately related to the
existence or lack of detailed balance.

While this analogy between the two models will be de-
veloped at more length in the following paper,” here we
simply want to point out some general connections between
the two derivations. In particular, one can recover some re-
sults of the stochastic model by supposing that C,(¢) and
C,(#) are both real and even. [ For example, from Eq. (70)
we see that this occurs in the high-temperature limit, when
n(w)>1, meaning that Tr, [ps AT (A" ]
~Tr, [p, A(t')AY(2)], or that AT(¢) and A(¢') commute.]
From Eqgs. (63) and (90) this gives

ko= 282f drRe{e “"C()} — 454f d*r,f dfzf drRe{Co (1) + 75 + 73) Cy(1,)e (=7
] (o] (4] 0

iwy (7, + T2)

+ C2(7'1 + Tz)cz('rz 4+ 73)e”

In the present derivation we assumed that A (#) satisfies
Eq. (88), which is equivalent to the assumption of the sto-
chastic model'” that

(A*(1)A*(0)) = (A(DHA(0)). (137)
Identifying

C\(2) = (A*(1)A(0)), (138)

Gy (1) = (A()A(0)), (139)

setting § = 1 in the above to be consistent with the usage in

_ CI(TI + ,1.2)6'41(7.2 + 7_3)e—iw<,(1'.+2-r,+r,)
— C (7, + T+ 73)Cy(1y)e ™ @n +2m+ ™} 4 O(8°).

(136)

BS, and taking A in BS to be O (since in the present treatment
we only consider off-diagonal perturbations), we obtain
complete agreement between Eq. (136) above and Egs.
(39), (44), and (47) of BS."

Therefore, some general stochastic-model results for
1/T, and 1/T}, not presented in BS can be obtamed from
the present work simply by taking Cl(w) and Cz(a)) to be
even (which follows from the assumptions that C,(¢) and
C,(r) are real and even). From Eqgs. (80), (98), and (135)
this gives
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1/T, = 26°C,(w,) + (28%/m){wg 'Colwe) Py(wy)
— €} (06) Py (o) — C1(@0) P} ()} + O(5%),

(140)
1. & pfm do
T _

(w—a_ [61((0)2]
o

_ &z(w)z) + 0. (141)

In Appendix E, we evaluate these expressions for the two
models considered in BS, finding complete agreement with
the results therein.

VI. RELATION TO THE “SPIN-BOSON” PROBLEM

The coupling of two quantum levels to a collection of
quantum-mechanical harmonic oscillators has been studied
quite extensively in a somewhat different context. If one con-
siders the tunneling of a particle through the barrier of a
bistable symmetric potential, at low temperatures one can
write the Hamiltonian for the isolated tunneling particle in
terms of the zeroth-order states localized in the left and right
wells as

Hy= — (AA/2) (|1 ){r] + [P, (142)
where A is the tunneling frequency. To study dissipative tun-

neling, the system is then coupled to a bath of harmonic
oscillators

2 2,2
Pk m, w4z
H, = , 143
b ; (ka 3 ) (143)
with an interaction Hamiltonian of the form
H =235 o (n i =104, (144)
k

where ¢, and the C, are coupling parameters. The total
Hamiltonian can then be written in terms of the Pauli matri-
ces in the right-left basis as

#A pi | moig; )
H= ——o,
2 + zk: (ka + 2

+%2qu,(0‘z, (145)
[3

which is known as the *“spin-boson” Hamiltonian. The static
and dynamic properties of this Hamiltonian have been stud-
ied extensively, and two excellent and comprehensive re-
views have recently appeared.?”*®

The right and left localized states are in fact defined
quite naturally as the *“plus” and “minus” linear combina-
tions of the two lowest eigenstates, |0) and |1}, of the double
well potential:

|7y = (1/42) (JO) + | 1)), (146)
[1) = (1/42)(JO) — |1)). (147)

Inverting the above transformation we can then write our
Hamiltonian in the right—left basis as (neglecting an additive
constant)

.
H= — fiasg o, +Zﬁwk(b{bk +—1—)+————6ﬁ(A+A ) o,
2 - 2 2

; _ At
LBAA—A) (148)

2 Y

Thus we can see that if we take the coupling constants 4, in
Eq. (14) to be real so that A is Hermitian, and if we identify
wo=A and 6k, (2m fw,)'* = q,C, /2, we recover Eq.
(145) above.

Before we make a few specific comparisons with the
spin-boson literature, several general remarks are in order.
In the tunneling problem, one is particularly interested in the
dynamics of tunneling between left and right wells, which
involves the expectation value P, (¢) ={0,), and one is less
concerned with the quantities P, (¢) and P,(#). Further-
more, one is interested in the full range of system-bath cou-
pling strengths (which necessitates finding approximate so-
lutions to the problem ) —indeed, the most interesting results
occur for strong coupling. On the other hand, in our problem
we are equally interested (in the spin-boson language) in
P (1), P, (1), and P,(¢), since (especially in the following
paper?®) we want to compare T, to T,. In fact, we find that
the most interesting result of 7, > 27, is obtained only when
A# AT, which is not treated in the spin-boson literature. Fin-
ally, although the range of validity of our perturbative ex-
pressions is limited, the calculation to fourth order is exact.

To make a specific comparison between the two prob-
lems, let us consider the case where the A, are real, so that
I'(w) =T,(w)=T(w), and first discuss the weak-cou-
pling limit. In this case we saw that the coupling terms in
Egs. (46) and (47) could be ignored, leading to the Bloch
Egs. (2)-(5), where the weak-coupling expressions for the
rate constants have been obtained herein, and we will neglect
Aw in comparison with @,. These Bloch equations lead to the
following expressions for P, (1) ={o,) = Tr[o(t)o;]:

P.()y= — (1/T) (P, (1) — P, (149)
P, (1) = woP, (1) — (1/T,)P, (1), (150)
P(1) = —woP, (1) — (1/T)P, (1), (151)
where PP = tanh(fhiw,/2) and /7T,=2/T,

= 28T (w,)coth(Bhimy/2). Eliminating P, from Egs.
(150) and (151) and neglecting 1/7, compared to w,
(which is consistent with the weak-coupling limit), yields

P,(1) + (2/T,)P, (1) + 0P, (1) =0, (152)

the equation for a damped harmonic oscillator, in agreement
with Leggett et al.?’ and Silbey and Harris.”® [Note that
Leggett’s definition of T, differs from ours by a factor of 2,
and that his spectral density J(w) is related to our I'(w) by
@ (@) = 481 (w).]

One of the interesting features of the spin-boson analysis
is the renormalization of the tunneling frequency, especially
at zero temperature. In our language this renormalized fre-
quency is @ = w, + Aw, where Aw is given by Eq. (55). To
lowest order we have

w =y + 6A0® + 0(6*), (153)
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where Aw‘® is defined in Eq. (125). Taking the limit 7—-0
we find that

2
lim w = wo( 26 Pf do-——"—

T-0

I'w)
o — 0}

) + 0(8%).
(154)

This is identical to the first term in the expansion of the
Franck-Condon factor of Leggett et al?’ [see their Eq.
(3.23)] except for the presence of w3 in our denominator. It
is also very similar to the first term in the expansion of the
self-consistent Eq. (106b) of Silbey and Harris.”® [In that
work the spectral density J(w) is related to our I'(w) by
J(w) = 26°T (w)/m, and their tunneling frequency 25 is our
w,o.] Leggett et al. and Silbey and Harris are particularly
interested in determining the coupling at which the renor-
malized tunneling frequency vanishes at zero temperature,
which signifies the localization of the particle in one well or
the other. With our perturbative treatment we cannot accu-
rately address this issue. Nonetheless, since our expression is
exact to second order (and without too much trouble one
could find the fourth-order correction), this might suggest
ways to improve the approximate treatments of Leggett e al.
and Silbey and Harris.

Vil. CONCLUSION

This work demonstrates, we believe for the first time,
that from a completely quantum mechanical Hamiltonian it
is possible to derive a master equation, or more generally,
Bloch equations, where the relaxation-rate constants are cal-
culated to fourth order in the system/bath coupling. The
rate constants in the master equation provide, for this specif-
ic model, an extension of Fermi’s Golden Rule to fourth
order. We show explicitly that these fourth-order rate con-
stants obey detailed balance.

Some surprises come out of this work, which, based on
our familiarity with the usual weak coupling results, are
quite unintuitive. First, unlike the weak-coupling results, the
master equation rate constants in fourth order cannot be
interpreted in terms of the emission and/or absorption of
vibrational quanta. Furthermore, at 7= 0, the “up” rate
constant and the equilibrium constant are both nonzero.
Second, the frequency shift obtained from the equations of
motion for the off-diagonal density-matrix element does not
agree with that inferred from the renormalized energy split-
ting, as defined by the equilibrium constant. Finally, we find
that in fourth order 1/7,5 1/2T, which is contrary to the
expected result from both second-order calculations and our
accumulated intuition.

In the following paper®® we show, for a specific, physi-
cally reasonable model of the bath and its coupling to the
system, that in fact sometimes T, > 27, which demonstrates
that this result, originally derived from a stochastic model,’
holds at finite temperatures as well.
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APPENDIX A

In this appendix, the effect of the Ry, term on the de-
phasing rate and frequency shift is analyzed. Equations (46)
and (47) give the following system of coupled linear differ-

ential equations:
i@ + R Yo10 ILog, (D)1

[dlo(t)] _ [
01 (1) (At

The damping constants and frequencies of this system are
the eigenvalues of the above matrix. These are determined by
solving the secular equation:

( —iwy + Ryg10 — A) (iwg + R %10 — A1) — |R 00> =0.

— g + Rygio

R 401 ][Ulo(t)]
R Yoo

(A2)
The solution to this equation is
A, =Re{R g0} £ i(wo — Im{R 5;0})
Rioonl?
X 1 _ I 1001 (A3)
\/ (0o — Im{R 4,0})?

For [R 40, < (@y — Im{R 4,5} ), the argument of the square-
root is positive; therefore, the real part of A is the same for
both eigenvalues, and its negative can be identified as the
dephasing rate 1/7:

1/T, = — Re{R,010}- (A4)
Thus, the dephasing rate is unaffected by the coupling pa-
rameter R ;4.

The natural frequency of the system is given by the
imaginary part of 4

o= (0y— Im{leo})Jl -
(wq

Expanding this in powers of §, with Aw=w — w,, gives
Aw = — 8 Im{R {3}

|R1001|2
- Im{Rnolo})z
(A5

IR 3,2
—a"(rm{R ;s:o}+21—"- .

2

(A6)

which shows that the frequency is not affected by the cou-
pling R, until fourth order in the perturbation.

APPENDIX B

An integral that appears many times in the course of this
work is

S(x)=fw dte e~ = 1 —. (B1)
o €+ ix
Taking real and imaginary parts yields

S(x) =1L (x) —iP(x), (B2)
where

D (x) = e/m(€ + x?), (B3)

P (x) =x/(e +x7). (B4)
Of course

li_r% Z(x) = 6(x), (B5)
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lim ) dxf(x)ﬂ(x):Pr @l X
€ — X

- o

(B6)

which are the Dirac delta function and Cauchy principal
value, respectively. Indeed, the above is so well known it
hardly seems worth belaboring.

The problem arises with products of these generalized
functions, which must be treated with some care. For exam-
ple,

S = (LY =i () =i B
€4 ix Ix\€e+ix
=inD'(x) + P'(x). (B8)

Comparing this to the square of Eq. (B2) yields the identi-
ties

D (x) — P(x)’= P’ (x), (B9)

D (x)P(x) = —1D'(x). (B10)

Next considering

S(x)S(—x) =1/(€ 4+ x¥) = P (x)/x, (B11)
and using Eq. (B2) immediately yields

D (x)2+ P (x)2 = P(x)/x. (B12)

Eqgs. (B9) and (B10) then lead to the further identities

22 (x)? = 25 _ gpr(x) = _x_d_(@(X)),
x dx x
(B13)
2P (x) = P'(x) + P (x)/x. (B14)

Integration by parts makes quick work of the derivatives of
these generalized functions:

ac o

lim dx f(x)?'(x) = —lim dx (x)f'(x)
€0 J . o €e—0J _ o
= —f'(0), (B15)

«©

lim dx f(x)P'(x) = —lirr(l)J‘m dxZ (x)f'(x)
€-0 €— R

- —wa o) (B16)
JURN X

We will also make use of

o0

lim dx Z(x)*[fix) —f(0)] =0. (B17)
€0 J _
APPENDIX C
Consider the seventh term of Eq. (90):
17 == ZRClJ d’]'lJ. dT2J- d7'3 Cl(Tl + 7'2)
0 0 (4]
XCI(Tz+T3)e—iwo(r.+21-z+r,)}. (Cl)

First we write C,(¢) in terms of its Fourier transform using

Eq. (65)
L =1im—1—Re[ J do 6,(w>J do 6,(w')f dr,
-« — 0

-0
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@ 0
— i1+ T2) 5, — {0’ (7, + T5)
X | dr,| dre e
0 o

(C2)

Xe~ iwo(T) + 27 + -r:)e— sr‘e- e‘rze — €7y .
Using the definition of S(x) in Appendix B this becomes

I = hm —— Re[f dw Cl(a))

e-02

XJ dw' 61(cu')S(co + @y)

XS0 + 0y)S(w + &' +2w0)}. (C3)

Substituting in Eq.
S(w + o' + 2w,) yields

(B2) from Appendix B for

17-—11m—-—-ReU dw C (a))C (—w—2w,)

€0

XS(o + @6)S( — v — wo)}

— lim — dw e,(w)f do' 6‘1(@')
=0 TJ- » — o
XD (0 + 0y) P (0 + 00) P (0 + 0 + 204).

(C4)

With Eq. (B11) this gives

® 2~ 2~ Z (o + a,)

L=lim-— [ doC )T (—o— 20y
o + w,

-0 271 J_
— 11m —_ C,( — a)o)f dw 6,((0)? (0 + @)
€~0 -
(C5)
Finally, using Egs. (B13) and (B16) gives

I7—~—Pf dw C(C'))[C(—-a)——Zwo)z—Cl(_wO)]
(@ + wy)

— L2~ w0Pi( (C6)

27
where P (w) is defined in Eq. (95).
The other terms of Eq. (90) are evaluated in a similar,
although not identical, fashion.

"'a)())y

APPENDIX D
Using the fact that
n(w) 4+ 1= —n( —w) =e"n(v),

one can easily show from Egs. (73) and (86) that
C/( =) =e™PCy(a),

from which follows [see Egs. (91), (97), and (115)]
(kyo/koy) P =4+ B, (D3)
A=[1/27C,(0) 1{C | ( — wo) + e~ T (w4)}

(D1)

(D2)

X{Pl(wo) — Py( —wo)}, (D4)
= (= M/ 2m){P{ ( — o) (" 4 1)
—~Pj(wp) (e P+ 1)} (D5)
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From the definition of C,(w) [Eq. (73)] and Eq. (D1)
above, it is straightforward to show that

/}ﬁwo
A—&—f dwC(m)( L — 1 )

a)—’a)o w +[00
(D6)

Next, using the fact that [see Eq. (94) and Appendix B]

P (@) = —f dw Cy(0) P (@ — o), (D7)

and Egs. (B14) and (B17), gives
_ﬁﬁ‘k’u
B=f f do C (w)((eﬁﬁwu + I)M
W

+ @y
— (e~ P 4 I)M) ) (D8)
W — @q
Finally, with Eq. (D2) above, this can be written
—ﬂﬁ“)n
B= J. do C (w)
— Bfi(w — wy) __ — BH(w+ w,) _
(e - 1 e n 1 ) ' (D9)
(@ — wy) (@ + @)

When A and B are added together, the principal value is no
longer necessary, and one obtains Eq. (111).

APPENDIX E

Here we show how to reproduce the results of BS'” from
the general stochastic-model expressions of Egs. (140) and
(141). First considering the case discussed in Sec. 3.2 of BS,
where A(¢) is real, and

C(@) = Cy(w) = 2AAY/ (A% + »?), (E1)

the principal value in P,(®,) (used in the calculation of
1/T,) is evaluated by considering the contour that proceeds
along the real axis with an infinitesimal semicircle (above
the real axis) around the pole at w,, and closed in the upper
half plane. Since the contribution to the contour integral
from the pole at w, is imaginary, the principal value is simply
the real part of the contour integral, yielding

P(wy) = — 2N °wy/ (A% + w}). (E2)

Setting § = 1 in Eq. (140) we then obtain complete agree-
ment with Eq. (56) of BS. For 1/T}, the principal value is
evaluated with the same contour except now there are two
infinitesimal semicircles above the real axis going around the

polesat 4 @,. A messy evaluation (because of the triple pole
at /1) of this contour integral leads to Eq. (60) of BS.

For the spin-1/2 particle in a fluctuating magnetic field
considered in Sec. 3.3 of BS we take

Cy(w) = A2 /(A% + 0?), (E3)

and Ez(m = 0. A similar evaluation of the principal-value
integrals leads to complete agreement with Eqs. (81) and
(83) of BS.

'F. Bloch, Phys. Rev. 70, 460 (1946).

%], Oppenheim, K. E. Shuler, and G. H. Weiss, Stochastic Processes in
Chemical Physics: The Master Equation (MIT Press, Cambridge MA,
1977).

3A. Abragam, The Principles of Nuclear Magnetism (Oxford U.P., Lon-
don, 1961).

*C. P. Slichter, Principles of Magnetic Resonance (Springer-Verlag, Berlin,
1978), 2nd ed.

*A. G. Redfield, Adv. Mag. Reson. 1, 1 (1965).

¢J, L. Skinner and D. Hsu, J. Phys. Chem. 90, 4931 (1986).

B. DiBartolo, Optical Interactions in Solids (Wiley, New York, 1968).

M. D. Fayer, in Spectroscopy and Excitation Dynamics of Condensed Mo-
lecular Systems, edited by V. M. Agranovich and R. M. Hochstrasser
(North-Holand, Amsterdam, 1983).

°D. A. Wiersma, Adv. Chem. Phys. 47, (Pt. 2), 421 (1981).

1OW. H. Hesselink and D. A. Wiersma, in Ref. 8.

"'D. Oxtoby, Adv. Chem. Phys. 40, 1 (1979).

12D, Oxtoby, Adv. Chem. Phys. 47, (Pt. 2), 487 (1981).

*R. Kubo, Adv. Chem. Phys. 15, 101 (1969).

'“D, Hsu and J. L. Skinner, J. Chem. Phys. 81, 1604 (1984).

%1, S. Osad’ko, Usp. Fiz. Nauk 128, 31 (1979).

' A. Nitzan and B. J. N. Persson, J. Chem. Phys. 83, 5610 (1985).

173, Budimir and J. L. Skinner, J. Stat. Phys. 49, 1029 (1987).

'$H. M. Sevian and J. L. Skinner, J. Chem. Phys. 91, 1775 (1989).

M. Aihara, H. M. Sevian, and J. L. Skinner, Phys. Rev. A 41, 6596
(1990).

20F, Shibata and I. Sato. Physica A 143, 468 (1987).

2'H. Risken, L. Schoendorff, and K. Vogel, Phys. Rev. A 42, 4562 (1990).

22p, Reineker, B. Kaiser, and A. M. Jayannavar, Phys. Rev. A 39, 1469
(1989).

23L. van Hove, Physica 23, 441 (1957).

248, Nakajima, Prog. Theoret. Phys. 20, 948 (1958).

3R, Zwanzig, Lectures Theoret. Phys. (Boulder) 3, 106 (1960).

26B. Fain, Theory of Rate Processes in Condensed Media (Springer-Verlag,
Berlin, 1980).

27 A, J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher, A. Garg,
and W. Zwerger, Rev. Mod. Phys. 59, 1 (1987).

28R, Silbey and R. A. Harris, J. Phys. Chem. 93, 7062 (1989).

29B. B. Laird and J. L. Skinner, J. Chem. Phys. 94, 4405 (1991).

R, F. Fox, J. Math. Phys. 17, 1148 (1976).

*'N. G. van Kampen, Physica 74, 215, 239 (1974).

2 A, L. Fetter and J. D. Walecka, Quantum Theory of Many Particle Sys-
tems (McGraw-Hill, New York, 1971).

J. Chem. Phys., Vol 24, No. 8, 15 March 1981



