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Coherent control of the electron quantum paths for the generation of single ultrashort
attosecond laser pulse
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We report a mechanism and a realizable approach for the coherent control of the generation of an isolated
and ultrashort attosecond (as) laser pulse from atoms by optimizing the two-color laser fields with a proper
time delay. Optimizing the laser pulse shape allows the control of the electron quantum paths and enables
high-harmonic generation from the long- and short-trajectory electrons to be enhanced and split near the cutoff
region. In addition, it delays the long-trajectory electron emission time and allows the production of extremely
short attosecond pulses in a relatively narrow time duration. As a case study, we show that an isolated 30 as pulse
with a bandwidth of 127 eV can be generated directly from the contribution of long-trajectory electrons alone.
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The study of attosecond (as) physics in intense ultrashort
laser fields is now a forefront subject of much current interest
and significance in science and technology [1,2]. Attosecond
pulses can be produced by means of high-harmonic generation
(HHG) via atoms in intense laser fields [2,3], and the time
profile of the attosecond pulses can be controlled by tuning
the carrier-envelope phase [4,5]. Recent progress of attosecond
physics includes control of electron wave packets [6], probing
of nuclear [7] and electronic dynamics [8], attosecond time-
resolved spectroscopy [9], tomographic imaging of molecular
orbitals [10], etc. One of the most novel features on the
attosecond time scale is the real-time observation of the motion
of electrons in atoms and molecules [11,12]. The generation of
ever-shorter attosecond pulses has continued to attract much
interest and has become one of the most active research
directions in attosecond metrology today.

It has been demonstrated experimentally that, by superpos-
ing the supercontinuum harmonic spectrum, one can obtain a
train of attosecond pulses (ATP) or an isolated pulse of 107 as
[13] and 80 as [14]. There are more and more experiments that
use two-color lasers to analyze the contribution of the long and
short quantum paths of the HHG spectrum [15,16]. Recently,
several methods have been proposed for the generation of
extremely short attosecond pulse (sub-50 as) and that use
two-color laser fields or few-cycle chirped laser pulses. These
methods are based on the semiclassical three-step model [17]
or the solution of the time-dependent Schrödinger equation
(TDSE) of one-dimensional (1D) model systems with a soft
potential. However, such short attosecond pulses have not
yet been realized experimentally by these methods. In this
paper, we present a mechanism and a realizable approach
for efficiently generating ultrashort attosecond pulses by
controlling the short and long quantum paths by means of
optimizing the pulse shape and time delay of two-color laser
fields. Our proposed procedure is different from other control
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methods where only one trajectory is enhanced and the other is
suppressed. Our method can enhance the radiation for the two
quantum paths and split the radiation near the cutoff region, and
short-trajectory electrons are dispersed to different emission
times but long-trajectory electrons are confined to a relatively
narrower emission-time region. As a result, we can obtain a
coherent 30 as pulse due to the contribution of long-trajectory
electrons alone. We will also show that such a metrology can
be realized experimentally.

HHG xuv attosecond pulses can be studied by solving the
following time-dependent Schrödinger equation:

i
∂

∂t
ψ(r,t) = Ĥψ(r,t) = [Ĥ0 + V̂ ]ψ(r,t). (1)

Here, Ĥ0 represents unperturbed hydrogen atom Hamiltonian
and V̂ is the time-dependent atom-field interaction.

The TDSE is solved accurately and efficiently by means
of the time-dependent generalized pseudospectral (TDGPS)
method [5,18]. The numerical scheme of the TDGPS method
consists of two essential steps: (i) The spatial coordinates are
optimally discretized in a nonuniform spatial grid by means
of the generalized pseudospectral (GPS) technique [18]. This
discretization, which uses only a modest number of grid points,
is characterized by denser grids near the nuclear origin and
sparser grids for larger distances. (ii) A second-order split-
operator technique is used in the energy representation which
allows the explicit elimination of undesirable fast-oscillating
high-energy components for the efficient and accurate time
propagation of the wave function:
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−iĤ0

�t

2

)
exp

[
−iV̂

(
r,θ,t + �t

2

)
�t

]

× exp

(
−iĤ0
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ψ(r,t) + O(�t3). (2)

The TDGPS technique is considerably more efficient and
accurate than the conventional time-dependent technique using
equal-spacing grid discretization. The unitarity of the wave
function is automatically preserved by this procedure and
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FIG. 1. (Color online) (a) Laser field and (b) corresponding HHG
power spectrum from hydrogen atoms driven by a 1064 nm laser
pulse (dashed black line) and a 1064 nm laser enhanced in the center
part (solid red line). The original 1064 nm laser-field parameters
are a peak intensity I = 3 × 1014 W/cm2 and a 3 fs Gaussian pulse
envelope. (c) Left-shifted (dotted green line) and right-shifted (dashed
blue line) laser pulses in the center portion. For comparison, the
center-enhanced laser pulse (solid red line) in case (a) is also shown.
(d) Corresponding HHG power spectra for (c).

the norm of the field-free wave function is preserved to
at least ten digits of accuracy during the time propaga-
tion. Having determined the time-dependent wave function
ψ(r,t), we can calculate the time-dependent induced dipole
moment of the acceleration dA(t) and the HHG power
spectrum.

First, we will focus on the relationship between the
extension of the HHG cutoff and the generation of the shorter
attosecond pulse. In Fig. 1(a), we show two laser fields. One is
the fundamental 1064 nm laser pulse (dashed black line) and
the other is the enhanced pulse (solid red line) in the center part,
which is based on the 1064 nm laser pulse. The corresponding
HHG power spectra from the hydrogen atom are shown in
Fig. 1(b). We found that a single 240 as pulse can be obtained
by superposing several harmonics near the cutoff regime for
the fundamental 1064 nm laser pulse. However, an isolated and
shorter 100 as pulse can be obtained for the laser pulse that is
enhanced in the center part. In fact, we can see from Fig. 1(b)
that there is a more extended and smoother supercontinuum
plateau before the cutoff region for the enhanced-laser-field
case. This broader and smooth supercontinuum plateau can
be used to generate a shorter isolated attosecond pulse. In the
following, we further explore the effect of modifying the pulse
shape and see its consequence. We enhance the laser pulse in
the center part to have a right shift (dashed blue line) or left shift
(dotted green line), as shown in Fig. 1(c). It is interesting to
note that the HHG supercontinuum plateau for the right-shifted
case is from 80th to 120th order, significantly extending to 60
orders in the same peak-intensity laser, as shown in Fig 1(d).
As a result, we can obtain an isolated and shorter 92 as pulse by
superposing these broader supercontinuum harmonic spectra.
Therefore, we know that the right-shift case is better than the
center-enhanced or left-shift cases. Improving this method can

produce the broader supercontinuum to obtain an increasingly
shortened isolated attosecond pulse.

From the above discussion, we now consider how to find
an optimized laser pulse which is enhanced and right shifted
in the central part. Our proposed metrology can be realized by
the two-color field with appropriate time delay between the
two pulses. This two-color field E1(t) has the following form:

E1(t) = A1f1(t) cos(ω1t + φ) + A2f2(t − τ ) cos(ω2t − τ ).

(3)

As an example, f1(t) is the 5 fs Gaussian pulse with peak
intensity I1 = 8 × 1013 W/cm2 and f2(t − τ ) is the 3 fs
Gaussian pulse with peak intensity I2 = 4 × 1014 W/cm2. The
time delay τ = 0.26 T1 (T1 = 2π

ω1
), frequencies ω1 = 0.043 a.u.

(λ1 = 1064 nm) and ω2 = 0.0285 a.u. (λ2 = 1600 nm),
carrier-envelope phase (CEP) φ = π

2 , and A1 and A2 are
the corresponding electric field amplitudes. The time delay τ

between the two pulses can control the steepness and height of
the right-shifted peak. This laser field is presented in Fig. 2(a).
In Fig. 2(b), we show the corresponding HHG power spectrum
of hydrogen atoms driven by the optimized two-color laser
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FIG. 2. (Color online) (a) Driving laser field E1(t) and (b)
its HHG power spectrum for hydrogen atoms. (c) Wavelet time-
frequency profile of HHG power spectra of hydrogen atoms driven
by optimized two-color laser field and a detailed view (inset) of
short and long trajectories near the cutoff. (d) Dipole time profiles of
consecutive harmonics near cutoff. (e) Attosecond pulse produced by
superposing the harmonics from 80th to 140th order.
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field. We can see that there are two HHG plateaus. The
cutoff of the first plateau is located at the 40th order. For
the second plateau region, the HHG peaks are replaced by a
series of pronounced supercontinua as separate adjacent peaks
merge together, and the HHG cutoff is located at about the
150th order. The supercontinuum is from 50th to 140th order,
extending 90 orders. According to the three-step model [17] of
HHG, the cutoff energy of HHG is Ip + 3.17Up, where 3.17Up

is the maximum energy of the quasifree electrons gained from
the laser field. If only a 1064 nm fundamental laser field with
the same intensity as the right-shifted two-color case is used,
then the HHG cutoff will be at about the 45th order. That is
to say, the HHG cutoff is extended about 100 harmonic orders
by means of the optimized right-shifted two-color laser pulse.
This is due to the fact that the electron experiences a longer
acceleration time and can obtain more energy from the laser
field when returning to the parent ion.

To figure out the detailed spectral and temporal time-
dependent structures of HHG, we perform a time-frequency
analysis by means of the wavelet transform of the induced
dipole acceleration dA(t) [5],

A(t,ω) =
∫

dA(t ′)
√

ωW (ω(t ′ − t))dt ′ ≡ dω(t). (4)

Here, ω is laser frequency and W (ω(t ′ − t)) is the mother
wavelet. Figure 2(c) shows the corresponding wavelet time-
frequency profile of the HHG power spectra of hydrogen
atoms driven by the optimized two-color laser field. Near
the first cutoff region, starting from the 50th-order harmonic,
we note that both the long- and short-trajectory electrons
emit rapidly. The detailed view shows that the long-trajectory
electrons emit in a shorter time range and contribute to each
harmonic order near the second cutoff region. However, the
short-trajectory electrons emit over a relatively longer time
range. The corresponding time profiles of the consecutive
harmonics from 89th to 137th harmonic order near the second
cutoff region are shown in Fig. 2(d). It can be seen that each
dipole time profile exhibits two peaks, which are generated by
the broad and dispersive emission time of the short-trajectory
electrons and by the relatively concentrated emission time of
the long-trajectory electrons. Each emission-time burst agrees
remarkably well with the time-frequency analysis shown in
Fig. 2(c), and the contribution of the long trajectory dominates
at the relatively short emission time compared with the short
trajectory. Thus, it is possible to obtain a single attosecond
pulse by superposing the harmonic spectra near the second
cutoff region. The attosecond pulse |W (t)|2 generated by the
atom interacting with the laser field is calculated as

|W (t)|2 =
∣∣∣∣
∫ ωf

ωi

dA(ω) exp(−iωt)dω

∣∣∣∣
2

. (5)

Here, dA(ω) is the the Fourier transform of the induced dipole
acceleration, and the supercontinuum in the HHG power
spectrum begins from ωi and extends to ωf . In Fig. 2(e), we
show the generation of the attosecond pulse with the duration
of 45 as can be obtained by superposing 60 orders of harmonics
from the 80th to the 140th order. The reason for the generation
such an isolated attosecond pulse can be understood as
follows:

A

Long 
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B

C

FIG. 3. (Color online) Red dashed line is laser field with peak
intensity I = 1.23 × 1014 W/cm2, wavelength λ = 1400 nm, and
5.26 fs Gaussian envelope. The blue line is the same as the optimized
two-color laser field E1(t) shown in Fig. 2(a).

Figure 3 shows a 1400 nm laser field and the optimized
two-color laser field [the same parameters are used as in
Fig. 2(a)]. We choose the 1400 nm laser field to compare
with the optimized two-color field because the duration and
intensity of the main ionizing peak (marked by A) of this
field is the same as the optimized two-color laser field.
Generally speaking, long-trajectory electrons driven by the
fundamental laser ionize earlier from peak A and return later
to the nucleus and emit HHG spectra. On the other hand,
short-trajectory electrons driven by the laser field ionize later
and recombine earlier to the parent ion. For the present case,
between 3.65 optical cycles (marked by B) and 4.1 optical
cycles, the optimized two-color laser having lower intensity
than that of the 1400 nm laser field delays the emission time
of the electrons which are ionized from A. Furthermore, the
optimized two-color field extends the short-trajectory duration
from 3.65 optical cycles to 4.1 optical cycles and disperses
the short-trajectory contribution, and long trajectory-electrons
recombine to the nucleus after the mark C and produce
congregating emission quickly for the successively climbing
field. This optimized two-color laser field not only prolongs
the short-trajectory electron emission time to depress the
short-trajectory contribution, but also stimulates the abundant
long-trajectory electrons to concentrate emission in 0.3 fs to
produce an isolated 45 as pulse. Namely, we can get an isolated
and short attosecond pulse by concentrating the emission time
of the long-trajectory electrons near the cutoff region, and the
emission time of the short-trajectory electrons is dispersed. As
a result, we can obtain a shorter as laser pulse with a better
contrast ratio, as will be further explored in Fig. 4.

While the 45 as pulse is produced by the previous optimized
two-color field, the contrast ratio from the short-trajectory
contribution is not small. To further optimize the two-color
pulse, we now broaden and enhance the center part of the
laser field more abundantly than the previous case. This
revised laser field E2(t) has the same form as Eq. (3), where
f1(t) is now the 5 fs Gaussian pulse with peak intensity
I1 = 2 × 1013 W/cm2 and f2(t − τ ) is the 5 fs Gaussian pulse
with peak intensity I2 = 5 × 1014 W/cm2. The time delay is
τ = −0.28T1, frequencies ω1 = 0.057 a.u. (λ = 800 nm) and
ω2 = 0.0228 a.u. (λ2 = 2000 nm), and the CEP φ = π . Note
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FIG. 4. (Color online) (a) Driving laser field E2(t) and (b)
its HHG power spectrum for hydrogen atoms. (c) Wavelet time-
frequency profile of the HHG power spectra of hydrogen atoms driven
by the optimized laser field and (d) a more detailed view of the dipole
time profiles of the short trajectory (weak intensity) and long trajec-
tory (higher intensity). (e) Corresponding isolated attosecond pulse
produced by superposing the harmonics from the 93rd to 175th order.

that an optical parametric amplifier laser system can provide
2000 nm high-intensity laser light [19]. The hollow-fiber pulse
compressor device can be used to compress the multi-mJ pulse
down to the few-cycle pulse regime [20].

The optimized laser pulse is depicted in Fig. 4(a).
Figure 4(b) shows the corresponding HHG power spectrum
of hydrogen atoms driven by this optimized two-color laser
field. Figure 4(c) shows the wavelet time-frequency profile,
which indicates the existence of a narrow long-trajectory burst
with strong intensity from the 93rd to 175th harmonics. In
the previous 45-as-pulse case, we note that the long-trajectory
intensity is about the same order as that of the short-trajectory
intensity. However, from Fig. 4(d), we can see clearly that there
is an enhancement of the long-trajectory emission contribution
before the cutoff region, and the short-trajectory emission is
weak. Quasifree electrons are accelerated more strongly by
this broader and enhanced field E2(t). The emission time of the
short-trajectory electrons is prolonged longer and longer, and
the short-trajectory contribution to each harmonic is dispersed
to a relatively longer time period. On the other hand, the
long-trajectory electron emission is focused in a specifically
narrower duration. In other words, using this method not
only generates a narrow attosecond pulse by long-trajectory
emission, but also decreases the contrast ratio caused by the
short-trajectory emission. We can suppress the short trajectory
to purify the attosecond pulse by this optimized two-color laser
field. Figure 4(e) shows an example. We superpose the 93rd to
175th order harmonics, leading to the generation of an isolated
30 as pulse with a bandwidth of 127 eV. We believe that this
proposed metrology can be extended to other systems and
can provide an efficient method for the production of isolated
ultrashort attosecond pulses for the future.
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