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Effective potential study of the rotational excitation of HD by 
collision with H2 

Shih-I Chu 

Joint Institute for Laboratory Astrophysics. University of Colorado and National Bureau of Standards. Boulder. Colorado 
80302 
(Received 14 January 1975) 

The effective potential formalism of Rabitz is extended to a general potential expressed in terms of 
relative or body-fixed coordinates and applied to the study of the H,-HD rotationally inelastic 
collisions. The H, and HD molecules are treated as rigid rotors and their interaction potential is 
derived from the H,-H, potential. Long-range quadrupole--dipole and quadrupole-quadrupole 
interactions are also considered. Quantum-mechanical close-coupling calculations for three-dimensional 
collisions of para-H, and ortho-H, with HD are performed up to E =0.20 eV. The general features 
of the rotational excitation cross sections of HD are examined and their sensitivity to certain aspects 
of the potential are analyzed. In particular. the different roles of the short- and long-range 
anisotropies are illustrated. It is found that the degree of anisotropy is meaningful only in relation to 
the magnitude of the "effectively" spherically symmetric part of potential. The rate constants for 
pure rotational transitions of HD are presented in the temperature range of 5 to 800 OK. The relation 
of these results to the quantitative interpretation of the thermal balance of interstellar clouds is 
pointed out. We have also calculated the rotational relaxation times for the lowest two levels of HD. 
which could be examined and compared with future sound absorption experiments to assess the 
accuracy of the H,-HD interaction potential. 

I. INTRODUCTION 

In the last few years, a number of efficient though 
approximate quantum-mechanical methods1- S have been 
developed, aimed at overcoming the computational dif­
ficulties which arise in the conventional formulation of 
the molecule-molecule collision problem. In particu­
lar, Rabitz1 has developed an effective potential method 
[also called the effective close-coupling (ECC) method4

] 

which averages the interaction potential over the initial 
and final angular momentum projections. As a result, 
the rotational angular momentum j and the orbital angu­
lar momentum I are decoupled and the number of coupled 
equations is greatly reduced. For a scattering calcu­
lation involving N internal states, the ECC formalism 
needs the solution of only N coupled equations rather 
than N Z as would be required in the conventional close­
coupling formalism. This represents a significant re­
duction in the computational effort. The ECC method 
has been applied successfully by Zarur and Rabitz 5

•
6 

to He-H2o and H2o-H2o rotational inelastic collisions. It 
has also been adopted by Chu and Dalgarno4.7 in their 
studies of the rotational inelastic collision of H+ CO and 
the angular distribution of the rotational elastic colli­
sion of H + H2o , More recently, Rabitz and Zarur8 and 
Alexander9 have extended the ECC method to studies 
of He-H2o rotational-vibrational inelastic scattering. 

The effective close-coupling method, while providing 
an effiCient and reasonable computational scheme for 
some of the collision problems, is not without limita­
tions. For example, Chu10 found that it is not reliable 
when applied to H-CS and H2o-CO collisions. Recently, 
Greenll also found that the ECC method is not adequate 
for describing the He-HCN collision. In a recent pa­
per, Chu and Dalgarno12 examined the range of appli­
cability of several simplified quantum-mechanical scat­
tering approaches, including the ECC one. Their main 
conclusions about the ECC method are that it is likely 
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to be unreliable for collision systems with a strong re­
pulsive anisotropy, and that it requires some modifi­
cation of the original detailed-balance relationship. 1 

In this paper, we apply the ECC formalism to the 
study of rotationally inelastic collisions between H2o and 
HD. The repulsive anisotropy for this system is not 
very strong, and the ECC formalism should work rea­
sonably well. The study is motivated by the importance 
of the collision process in interstellar clouds. The 
molecules HD and CO are the most abundant interstellar 
molecules, second only to H2o , and the efficiency with 
which the rotational levels of HD and CO are excited by 
impact with molecular hydrogen is critical to the quan­
titative determination of the thermal balance of molec­
ular clouds and to their evolution towards the forma-
tion of protostars. Information about the H2o-CO colli­
sion has recently been provided by Green and Thaddeus. 13 

But the corresponding information about the H2o- HD col­
lision is lacking. The rotational excitation of HD by 
impact with He has been studied by a number of 
groups.14-16 The HD-HD system has also been treated 
by Takayanagi17 using the modified wavenumber approxi­
mation. The study of H2o-HD collisions is of interest 
in connection with the determination of the interstellar 
D/H ratio,18 which is an important parameter in the 
study of the evolution of the Galaxy. 

In Sec. II, the effective potential formalism for mole­
cule-molecule collision is presented for a general po­
tential expressed in terms of body-fixed coordinates 
rather than space-fixed coordinates as used by Rabitz. 1 

The transformation between these two sets of effective 
interaction potentials is expliCitly worked out. The der­
ivations of the coupled equations and cross- section ex­
pressions are also briefly reviewed. The interaction 
potential between Hz and HD is derived from the Hz-Hz 
potential and discussed in Sec. m. Long-range quadru­
pole-dipole and quadrupole-quadrupole interactions are 

Copyright © 1975 American I nstitute of Physics 4089 
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-
also considered. Section IV discusses the method of 
solving the coupled equations and the choice of basis 
set. Section V presents the results of scattering calcu­
lations. The general features of these cross sections 
and their sensitivity to the potential are analyzed. The 
differences between para-Ha and ortho-H2 in collision 
with HD are also examined. In Sec. VI, the rate con­
stants for pure HD rotational transitions are provided. 
Finally, in Sec. VII, we present the rotational relaxa­
tion times for the lowest two levels of HD. These re­
sults are useful for future comparison with sound ab­
sorption experiments and can be used to test and im­
prove the accuracy of the Hz-HD potential. 

II. THE EFFECTIVE POTENTIAL FORMULATION 
OF MOLECULE·MOLECULE COLLISIONS 

Consider the collisions of two linear rigid rotating 
molecules. The Hamiltonian for the scattering system 
can be written as 

(1 ) 

where T is the kinetic energy operator, Ho(int) is the 
rotational Hamiltonian for the unperturbed molecules, 
and V is the intermolecular potential. In his original 
derivation, Rabitz1 assumed that the intermolecular 
potential V can be expanded in spherical harmonics: 

V= L L A'1Ial(R)(llm1lzmzll1lzlm) 
11'Z' m1 mam 

where (.00 100 .) is a Clebsch-Gordan coefficient, and 
the unit vectors 01, Oz, and R are, respectively, the 
orientation of molecule 1 and 2 and the vector R be­
tween the centers of mass of the two molecules. All 
the angles are measured with respect to a space-fixed 
coordinate system. This potential [Eq. (2)] is quite 

general in form because the radial coefficients A I I I (R) 
have not been specified. These coefficients are k~Jwn 
in detail for very few systems. The only exception is 
the electric long-range multipolar part of the poten­
tial, where A, I ,(R) is known to have the form19 

1 2 

_ [~1T(-1 )IZJ [ 4 1T(2l + I)! ] lIZ «?1&) 
A'lIZI(R)- (2l + 1) (21 1 + 1)!(2la+ 1)! R'+1 

(3) 

where II + lz= land Q'j is the ljth multipole moment on 
molecule i= 1, 2. For short-range potentials, it is 
usually more convenientao to expand the potential in 
terms of the body-fixed coordinates w1 = (81 , 1>d, w2 

= (8a, 1>a), and 01 • 5z, shown in Fig. 1. Complete sets 
of functions of these angles for two linear molecules 
are given by the Legendre polynomials P

'1 
(cos81 ), 

P, (cos8z), and P, [COS(Ol ·.J1a)], respectively. The z 
potential V in body-fixed coordinates is then given by 

V= L V l1I a,(R)P'l (cos8dP'z(cos8z)P,(cos X1Z) , (4) 
111a l 

where the body-fixed coordinates are related to the 
.....4 1 .... 

space-fixed coordinates by 81 = cOS·1(n1 0 R), 82 = cos· (nz 
• R), and X1a= COS·1(01 0 0a). These two expansion 
forms, Eqs. (2) and (4), are equivalent and they are 
related by an angular momentum transformation. In 
order to extend the usefulness of the effective potential 
method, we derive the effective potential based on the 
expansion form given in Eq. (4). 

The rotor states litm1j2mZ) are eigenstates of Ho{int) 
with eigenvalues (£'1 + £'a) such that 

01 m1 jam zIHo(int) Ijt mf j~m~) 

(5) 

The potential in Eq. (4) in the representation of eigen­
states of H o(int) can be written as 

(6) 

where all the angular factors and the magnetic quantum numbers have been absorbed into the function F. The effec­
tive potential method1 seeks an effective potential that will couple j1 and ja to jf and j~ regardless of orientation ef­
fects. The form of Eq. (6) implies that the product AI::;?(R) Udall TI""AlljU~) might serve the dominant role of 
the effective potential. However, the presence of the angular function F requires additional consideration. 

To find suitable expressions for A, (II Til), and F in ~q. (6), w~ ha,:e f~rst to express PI1(cos81)P'a(cos8z)PI(COSX1Z) 
in terms of the product of spherical harmonics, YI'm,(ntl YI"m,,(na) YA,,(R). Now 

11+la 
P, (cosBtlPI (cosBz)P,(COSX1a)= 

1 2 
L (l10lz0Il11zAO)[C(')(l). C(I)(2)]{[C('l)(i)x C(I Z)(2)] (A) • C(A)(R)} , (7) 

A= "1-' ai 

where C(I') (i), C(Q)(2), and C(a)(R) are, respectively, the normalized spherical tensors for n1 (of rankp), 
q), and R (of rank s). Using the phase convention of Brink and Satchler,21 we have 

C(/)(l)o C(r)(2)= L (-I)QC:I)(i)C~!)(2) , 
Q 

" 
and 
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nz (of rank 

(Sa) 

(Sb) 
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[C(/ 1)(i) " C(/2)(2)]~X)= L l: (11l-'1121l211112XIl)C~/ni)c~t(2) , (8c) 
1<1 1<2 

where 

C~/):; (2i: lY/\ I. , etc. 

Substituting Eqs. (8a)- (8c) into Eq. (7), we obtain 

(9) 

where 

(: . :) 
is the 3j symbol. Using the addition relations for spherical harmonics,21 

Y (0) Y (0 )= (_1).+1<1 ,",,([l] [11] [I'] )1/2(1111') (I 11 Z' \ Y, (0) 
I. 1 '11<1 1 ~ 41f 000 _r _II m'J 1 m' 1 , 

J'm' "1 ,....1 

and 

Next from the contraction formula, 21 

L (d e c)( e f a)( f db) (_1)4+e+f-O .... -q, = {a b c} (a be) 
o.q, -6 f'Y -up a -</J 6 (3 d ef a{3 'Y 

(11) 

(12) 

Substituting Eq. (12) into Eq. (10), we finally arrive at the desired expression for the angular momentum transfor­
mation between body-fixed and space-fixed coordinates,22 

P1l(cosB1)P'2(cosBz)PI(COSX1Z)= L L L: L: L: L: (_1)/1+1'+X+I«41f)3/Z([X][Z'][Z*])1 /Z 
), I' Z" " 7ft' m" 

(
11 lz X \ (I 11 I') (lIz III) {I" I' X} (I' 1* X ) A A * A 

X. 0 0 oj 00 0 \00 0 11 lz I m' mil -Il Y,·m·(Otl Y1"m"(OZ) Yx,,(R) (13) 

Using this result, the matrix elements for the potential given in Eq. (6) can now be evaluated explicitly as 

(itmdzmzlvljfmU~mO= L: v'l'z,(R) 2:= L (_1)'1+"+ml+m2W I«41f)1/Z 
'1 / Z

' 
"1 "x m'm"" 

x ([X] [I']Z [1*]2 [jl] [j{] [jz] [jml/Z(~ ~ ~)(~ l~ ~)(~ Z~ l~) {:: :: :} 
x (jl Z' j~) (jzZII j~)/Z' Z* .\) (it I' j{)( jz Z" j~) y* R 

o 0 0 0 0 0 \m 'm" - Il -m 1 m' m ~ -m 2 m" m ~ XI' ( ) , 
(14) 

where use has been made of the following formulaZ1 : 

J. Chem. Phys., Vol. 62, No. 10, 15 May 1975 
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()'; Iy IJ"ml>=(_1)lItl([jdUI][jfJ)112(j11Ijf)(j1 [' j1) 
1 n 1 I'm' 1 1 47T 0 0 0 -m 1 m' m { , 

etc. Comparing Eqs. (14) and (6), and using the following constraints for (II TI'I,,).II) and F, namely, 

Odzll T ''I''xlijUa} = <iU211 T 1'1 ,,).lij1 12 > , (15) 

F*(ji j2 jl 12 Ill) = F(jl j2 jf jzjll) 
mlmf ml m2 mlm2m{mf' (16) 

and 

(17) 

we obtain for A, (II Til), and F, 

AI'I"l.(R)= (4 )3/2([1/][lll])1/2(_1)1(11 12 >')(111l') (lzllll)flll l' X} (R) 
111z/ 7T 0 0 0 0 DO 00 0 til lz 1 V'1'Z! , (18) 

and 

The angular function F in Eq. (20) can be interpreted 
as a probability amplitude for the m-dependent couplings 
by a tensor of order X wnen the molecules are oriented 
at angle it with respect to each other. The contraction 
of F* with V [cf. Eq. (6)] will yield the sum over the 
products A~~:?(R) (jtizIlT!'1"xIIJUf), the latter being 
independent of the orientation effects. Thus, the ef­
fective operator Qett may be taken as 

(jdz \Qeff UUz) 

= '" G(jl j2 jJ. jf IF.) ()' m J'm IQ Ij{m' j'm'}. L.J m m m'm' 1 1 Z 2 1 2 2 , 
m'$ 1 2 1 2 

(21) 
where Q = H o(int) or V, and G is a function that behaves 
like F* and its appropriate form is to be determined. 

The derivation of the function G is the essential part 
of the effective potential method and has been given in 
detail by Rabitzl in his original formulation. Here we 
simply remark that the functions G are subject to the 
following three constraints1

; 

(il the spectrum of Hoff(int) should possess the same 
structure as Ho(int), 

<hjzIH~ff(int)ljU~)"'(E:it+EJ2)ohJioJ2J2' (22) 

(ii) the effective Hamiltonian should be Hermitian, 

(iii) the function G should be physically meaningful. 
Using a general nth-order perturbation theory, Rabitzl 
chose the lowest order coupling term Gl(~ F*) as the 
effective representation of G. This choice is consistent 
with constraint (iii) in that V-H retains the meaning of 
a potentiaL By further imposing constraints (i) and 
(ii), the function G is completely determined and the 
matrix elements of the effective Hamiltonian become 

(19) 

+Vlj2\V-ff (R)\ jij~) (24) 

where J.1. is the reduced mass of the colliding system. 
If the potential V is expanded in terms of the body-fixed 
coordinates [Eq. (6)], then the matrix elements for the 
corresponding effective potential are found to be 

(h jz I V.tt(R) I jUD 

"'Nej~.L L A:~:;?(R)<itjzIlTI'I"xlljU~>, (25) 
111z1 I'I"X 

with 

N"'(thHj2HjiIH~n-1/4 , (Z6a) 

and 

(26b) 

y 

>-----x 

Z 

FIG. 1. Body-fixed coordinates for a pair of linear molecules. 
XYZ is a space fixed reference frame. 
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To solve the dynamical problem we expand the j 1 j Z 

component of the total wavefunction for the relative 
motion of the system in the form 

(27) 

where B is the polar angle of R. Substituting Eq. (27) 
into the Schrodinger equation, HeffI/J=EI/J, we obtain the 
set of coupled differential equations, 

[ 
d2 l (l + 1) 2 ] 1 ( 

dR2 -~ + k iIJ2 U Jl'Z R) 

"L ~ udzl V·tt(R) I jUD Uh'2 (R) , 
JiJ i 

where 

(28) 

(29) 

E being the total collision energy. These close- coupled 
equations are to be solved for the functions U~lJz(R) 
after truncation of the sum over jf j~ at some appropri­
ate size. There exists a set of such equations for each 
value of the orbital angular momentum l, which essen­
tially serves the same role as the total angular momen­
tum J in the conventional close-coupling theory. 

Asymptotically, the wavefunction I/JJ1Ji (R) becomes 

lim I/Jjl'j' (R)- [1/ (2 1T)3/2][ oJ J' oJ _I' exp( ik, J R cos B) 
R~" 2 1 1 2"2 1 Z 

+ (1/R)!(jd2-jU~ I B) exp(ik,. J'R)]. (30) 
1 2 

The scattering amplitude can be expanded in terms of 
Legendre polynomials as 

., 
!(jdz-jUfl B)= L (2l + 1)!I(jd2-jii~)PI(cosB) . 

1"0 
(31 ) 

Then it can be readily shown that the individual 11 \ h j z 
-jii~) is given by 

!,(jdz-jUf) 

= ii[oJlJ{6Jz'2-S,(hj2;jU~)]/(kJlJ2kJiJ/'z, (32) 

where the effective partial S-matrix elements, SI(jdz; 
jU2), are obtained from the asymptotic form of the 
solutions to the coupled equations, Eqs. (28). 

The effective differential cross section for a colli­
sion-induced transition from the initial state Udz) to 
the final state IjUD is 

du (.. .,., Ill) 
dO llJz-ll}z r:J 

(33) 

where g is a counting-of-states function6 introduced to 
make the differential cross sections satisfy the detailed 

balance relation. The choice of g is, however, not 
unique but depends upon the nature of the intermolecular 
force and the energy range under consideration. For 
a system with weak repulsive anisotropy like Hz-HD, 
Chu and DalgarnolZ found that the appropriate form for 
g is 

g(jdz; jU2)= [(2j{ + 1)(2j2+ 1)/(2jl + 1)(2jz+ 1)]1IZ, (34) 

as suggested by Zarur and Rabitz6 in their Hz-Hz 
studies. The total cross section is obtained by inte­
grating du/dO over all angles: 

u(jdZ-jU2)= f dO~~(jd2-jU2IB) 

III. THE INTERACTION POTENTIAL FOR H2 -HD 

The interaction potential between Hz and HD is not 
available. However, the potential for Hz-Hz should be 
appropriate also for Hz-HD, except that it must be ex­
pressed in terms of the coordinates of the center of 
mass of HD. The HD molecule is the simplest example 
of the so-called "loaded spheres." This type of mole­
cule has an intermolecular force field that is spherically 
symmetric (or nearly so) about a center of force, but 
it has a large effective anisotropy due to eccentric ro­
tation about a rotation axis which is appreciably dis­
placed by about 0.123 A towards the deuterium end of 
the molecule . 

The Hz-Hz interaction potential has been widely in­
vestigated both experimentally and theoretically. Z3-26 
In this study the Hz- H2 potential we chose to use has 
the form 

V(R', Bt, B~)= Vo(R')[1+ aPz(cosBO+ aP2(cosB£)] , (36) 

where R', Bf, and B2 are defined in Fig. 2 and Vo(R') 
is the spherically symmetric potential determined ex­
perimentally by Farrar and Leez6 using a molecular 
beam technique. The parameter a is the strength of 
anisotropy for which we adopt the value 0.14, that 
Davison20,27 found necessary to fit the rotation relaxa­
tion times. This potential form [Eq. (36») was also 
adopted by Zarur and Rabitz6 in their studies of Hz-Hz 
collisions. The potential should be a reasonable model 
for Hz- Hz and therefore H2- HD and should be able to 
exhibit the essential feature of H2-HD collisions. 

The potential [Eq. (36)] is now reexpanded in terms 
of the new coordinates (R, 01 , Bz) which are illustrated 
in Fig. 2. We have computed V(R', B1, B~) for a grid 
of R'B1B~ points and fit it to a form like Eq. (4) as fol­
lows: 

(37) 

J. Chern. Phys., Vol. 62, No. 10, 15 May 1975 
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-+ 
R' 

BOND CENTER 

f-~=l=======;-;=====~~~ __ CENTER OF 

R GRAVITY 

D.2 
FIG. 2. Geometry of the H2-HD collision system. 

where V' l '2' (R) have the same meaning as those defined 
in Eq. (4). These radial potentials v'l' ,(R) are plotted 
in Figs. 3(a) and 3(b) as a function of inlermolecular 
distance R. Higher angular terms with II + l2 > 3 that 
have been ignored are at least an order of magnitude 
smaller and are of minor significance in scattering 
calculations. 

Owing to vibronic interaction, the HD molecule pos­
sesses a permanent dipole moment in addition to its 
permanent quadrupole moment. Accordingly, we have 
also considered the quadrupole-dipole (V OD) and the 
quadrupole-quadrupole (V QQ) interactions between H2 
and HD. Thus, the full H2-HD interaction potential 
adopted in our present calculations is 

Vu cO V1 + VQD + VQO , (38) 

where 

VQDcOV213(R) L ( 2m 11m2i213m) 
"'1"'2'" 

.... .4 *"" x Y2m1(OdY1"'z(02)Y3",(R) , (39) 

and 

VQQ =V2Z4(R) L ( 2m12m 2i224m) 

'"1'"2'" 
A ,.. * A. 

xY2'"1(Ol)YZ'"z(Oz)Y4m(R) , (40) 

with 

VZ13(R)= - (41T)3/2(1/7i I2Qlf1.2 /R 4 (41) 

and 

vza4(R)= + (41T)3/2(14/45)1/2Q1Qa/R s (42) 

Ql, Qa, and f1.2 are, respectively, the quadrupole mo­
ments of H2 and HD and the dipole moment of HD. The 
1/R4 radial dependence of the quadrupole-dipole term 
was smoothly cut off for R ::;R"" where R", is the posi­
tion of the minimum in the vooo(R) potential. This was 
accomplished by replacing 1/R4 by [R + O. l(R .. /R)12aof4, 
which rapidly takes on the correct long-range behavior 
for R ~R",. Similarly, the l/R s dependence of the quad­
rupole-quadrupole term was replaced by [R + O. 2(R .. / 

R)12aofs. 

The potential VII given in Eq. (38) was converted into 
effective potentials using the formulas of the previous 
section. The result is 

1.2 

1.1 

1.0 

0.9 

:i 
O.B 

0 

a:: 
.... 0.6 

N 

"" .... 
> 

1 x10- 5 

0 

-2 

:i 
ci 

-4 

a:: 
.... 

N ..... 
~ -6 

-8 

5 6 

vQ20 

v200 

8 

vooo 

9 10 

R (00) 

(a) 

4 5 
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(idz I V~~f IjU~)= vooo(R)IiJ J' IiJ J' +Nel'l {A~gg(R) (jdzll TzozlljUD+ + Ag:~(R) (jdzll TOaalUUD 
11 Z2 ;;t 

+ L A~WR) (jd211 T21jl11jU2)+ VZ13(R) Udall T z13 I1jUD+v2z4(R) Udzll T224IUU~)} (43) 
B=l,3 

IV. SCATTERING CALCULATIONS 

The coupled differential equations, Eq. (28), with the 
effective potential matrix elements given by Eq. (43) 
were integrated with appropriate basis sets using the 
Numerov algorithm. 28 The resulting S-matrix ele­
ments are accurate to about three significant figures. 
The integral cross sections were calculated using Eq. 
(35). 

The molecules were treated as rigid rotors with ro­
tational constants Be= 59.3 cm-1 for Hz and Be"' 44. 7 
cm-l for HD. The dipole29 and quadrupole24 moments 
for HD are, respectively, 2.3024 x 10-4 eao and 0.477 
ea~ and the quadrupole momentZ4 of Hz is 0.490 eag, 
where ao is the Bohr radius. 

We have tested the degree of convergence with re­
spect to the size of the basis set. As an example, we 
compare in Table I the cross sections for transitions 
(00- 01), (00- 02), and (01- 02), using two different 
basis sets. The first set includes only (00), (01), and 
(02) channels while the second one includes all the open 
channels (00), (01), (02), (20), and (21) at the specific 
energy E = O. 0555 eV. The inclusion of the two extra 
higher-lying channels (20) and (21) does not appear to 
have any appreciable effect on the lower-lying transi­
tions. Thus, within the error that might be introduced 
by the uncertainty of the interaction potential, it is ade­
quate to include only all the open channels in the scatter­
ing calculations. 

V. RESULTS AND DISCUSSION 

In this section, we shall present and discuss the re­
sults for the inelastic integral cross sections. As far 
as astrophysical application is concerned, we are par­
ticularly interested in the pure rotational transitions of 
HD. Simultaneous excitations of both Hz and HD are 
less probable at low energy collisions and the corre­
sponding inelastic cross sections are much smaller 
than those of pure HD transitions. We shall accordingly 
be concerned mainly with the following family of exci­
tation cross sections of HD; 

(44) 

The integral cross sections for pure HD transitions 
are depicted in Figs. 4- 6 for the specific member it 
,=j{=O, with.6.jz=j~-j2=+1, +2, and +3. Allthetran­
sitions exhibit a similar behavior with energy: the 
cross sections rise rapidly for energies close to the 
threshold and continue to increase smoothly, though 
less rapidly, with increasing impact energy. A similar 
behavior occurs for other members of the pure HD tran­
sitions Withjl=j{,*O, wherejl can be even (para-Hz) or 
odd (ortho-Hz). 

We have examined the ratios a( j 1'* 0, j 2- j { = j 1 , j W 
a( it = 0, iz-if =0, j~) for various transitions and found 
that they are usually not equal to unity but deviate from 
unity by 5% to 20%. These discrepancies are primarily 
due to the fact that different transitions can be coupled 
by different parts of the interaction potential. To under­
stand the sensitivity of the various transitions to the 
potential, we compare a(OO- 01) and a(10-11) in Table 
il. The set of cross sections with superscript index a 
or b are obtained with or without, respectively, the 
quadrupole-dipole interaction V OD • It is interesting to 
note that 

a(OO- 01)a~ a(OO- 01)b (45a) 

and 

a(10- 11t~ a(10_11)b (45b) 

The relation (45a) is easily understood because the tran­
sition (00- 01) is not coupled by VOD • The transition 
(10-11), however, is coupled by Von. Thus, the equal­
ity (45b) simply implies that VQD is too small to appre­
ciably affect the l.6.j zi = 1 transitions, in accord with 
the fact that the dipole moment of HD is negligibly 
small. We next compare a (10 - 11) and a (00 - 01) as 
a function of collision impact energy. We found that 
a(10-11) is less than a(OO-Ol) at lower energies, but 
the reverse is true for E ~ 0.025 eV. This phenomenon 
cannot be attributed to any simple physical cause but 
arises from several interferring factors. In Table lilA. 
and B., the nonzero coupling coefficients F'lIZIUd2 
-jU~) associated with radial potentials VI

1
'2,(R) for 

transitions (jd2-jU~) are listed. We first note that 
although three terms VOlO, V2l0, and V2l3 contribute to 
the (10-11) transition, only a single VOIO term contrib­
utes to the (00- 01) transitiono Owing to its smallness, 
the term V213, of course, can be simply ignored here. 
The coupling coefficients F olo and F2.lo are, however, 
different in sign. Thus, the net contribution to the (10 
- 11) transition is due to the cancellation of the vOlo(R) 
FOlO and V2l0(R) F 2lo effective interactionso This ex­
plains why (10-11) is smaller than a(OO- 01) at low 
energies. As the energy becomes higher, the short­
range part of vOlo(R) increases more rapidly than that 
of vZl0(R) and becomes the dominant term for causing 

TABLE 1. Comparison of excitation cross sections for differ­
ent basis sets. E=0.0555 eV. 

Transitions 
jJ2 -j{j1 
00-01 
00-02 
01-02 

(00), (01), (02) 

22.86& 
1.27 
7.22 

·Cross sections are in units of aij. 

Basis set 
(00), (01), (02), (20), (21) 

22.84 
1.27 
7.22 
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Aj2= 1 transition [cf. Fig. 3(a)]. Thus, the cancella­
tion between V010 F 010 and V210 F 210 becomes less effec­
tive and a (10-11) should approach a (00- 01) eventual-
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threshold energy for the (00 - 03) and (01 - 04) transitions. 

ly. However, at higher energies, a(10-11) is larger 
than a (00- 01) and the cancellation effect alone does 
not explain the observations. We now compare Table 
III a and b more carefully and notice that there is no 
nonzero diagonal coupling coefficient in the (00- 00) 
transition, whereas there is one term, F 200, that sur­
vives in the diagonal (10- 10) transition. Recall now 
that the degree of anisotropy is meaningful only in re­
lation to the magnitude of the spherically symmetric 
part of the potential. 30 In other words, although the 
spherically symmetric part of the potential is primarily 
responsible for the elastic cross section, it also plays 
an essential role in the inelasticity because it can act 
as a shield for the anisotropic part of the potential. 
When we speak of the "spherically symmetric part" of 
the potential, we should include both the physical spher-

TABLE II. Comparison of Ajl = 0, Ah = 1 transitions from HD 
colliding with para-H2- and ortho-H2• Cross sections are in 
units of a~ and T is the intial relative kinetic energy in eV. 

(00-01)& (OO-Ol)b (10-11)& (10 _l1)b 

0.0115 3.42 3.42 3.11 3.11 
0.0150 6.18 6.08 
0.0250 11.54 11.55 11.95 11.95 
0.0450 19.33 20.86 
0.0555 22.84 22.82 24.75 24.76 
0.0670 26.57 27.62 
0.0750 28.69 30.94 

aVQD is included in scattering calculations. 
bV QD is deleted in scattering calculations. 
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T ABLE III. Nonzero coupling coefficients F'1121 (jd2 - j{j2> as­
sociated with radial potentials v I1 12,(R) for transitions hh 
-j{ji· 

(1,0) 

(1,1) 

(1,2) 

\HH 
j~ 
(0,0) 

(0,1) 

(0,2) 

(1,0) 

A. ortho-H2 

(1,1) 

F010(+),F210(-) 
F 213 (-) 

F 200 (-) , F 020 (-) 
F224 (+) 

B. para-H2 

(0,0) (0,1) 

(1,2) 

F 020 (+)' 
F 224 (-) 

F 010 (+)' F 030 (-) 
F 21O (-) , F 213 (-) 

F 200 (-), F 020 (-) 

F224 (+) 

(0,2) 

F 020 (+) 

F 010 (+), 
F 030 (-) 

F 020 (-) 

"The symbol (+ or -) in parentheses indicates the sign of the 
coupling coefficient for that particular transition specified by 

(jd2) - WH>. 

ically symmetric potential vooo(R) as well as the aniso­
tropiC potential corresponding to the relevant diagonal 
(elastic) transitions. Thus, for the (10- 11) transition, 
the degree of anisotropy should be measured by the ef­
fective cancellation, F010V010(R)- I F2101 V210(R), with 
respect to the "effectively" spherically symmetric part, 
namely, vooo(R)+F2QOV200(R). On the other hand, the 
anisotropy of the (00- 01) transition is measured only 
by the single vOlo(R)F OlO term with respect to vooo(R). 
However, since the sign of F 200 is negative, the effec­
tively spherically symmetric part of the potential is 
thereby smaller for the (10- 11) transition than for the 
(00- 01) transition. Thus, it is not surprising that in 
some energy regions the effective anisotropy for the 
(10-11) is larger than that for the (00- 01) transition. 

The (00- 02) and (10- 12) transitions are compared 
in Table IV. The superscript a or b indicates that the 
associated transition is calculated with or without the 
quadrupole- quadrupole interaction V QQ included. We 
notice that 

TABLE IV. Comparison of ~h=o, ~j2=2 transitions for HD 
colliding with para-H2 and ortho-H2• Cross sections are in units 
of at and T is the initial relative kinetic energy in eV. 

jti2-j{ji 
(00-02)& (00 -02)b (10-12)& 

0.035 0.19 0.19 0.18 
0.045 0.66 0.66 0.68 
0.0555 1. 27 1.34 
0.075 2.55 2.55 2.72 
0.115 5.48 6.02 

&VQQ is included in scattering calculations. 
bVQQ is deleted in scattering calculations. 
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FIG. 7. Comparison of the effective interactions V02o(R)Fo20 
and V 224 (R)F224 for the transition H2(jl=I)+HD(j2=0)-H2(j{ =1) 
+HD(j2 =2). 

(a) 0'(00_02)"","0'(00_02)& , 

(b) a{10- 12)" < 0' (10- 12t , 

(46a) 

(46b) 

and the ratio 0'(10-12)"/0'(10_12)& deviates from unity 
by 10% at T= O. 035 eV and drops to only 3.2% at T 
= O. 075 eV. 

(c) The ratio 0'{10-12)"/0'(00- 02)" is an increasing 
function of energy. It is less than unity for T.$ O. 035 
eV and becomes greater than unity for T ~ 0.045 eV. 

The relation (46a) is apparently due to the fact that 
the (00 - 02) transition is not coupled by the V QQ inter­
action. However, the (10- 12) transition is coupled by 
VQQ and the difference between 0'(10-12)" and 0'(10_12)& 
reflects the effect of V QQ • The ratio 0'(10-12)"/0'(10 
- 12t approaches unity rapidly as the impact energy 
becomes higher, and VQQ is more effective at lower en­
ergy than at hig~er energy. This is because the V QQ 

interaction is a weak, long- range interaction, and as 
T increases, the molecules tend to sample more and 
more of the short-range P2(cos82) type of anisotropy. 
However, the relation (46b) implies that the transition 
0'(10-12) is decreased by the presence of the Q-Q 
term, a fact which is opposite to that Zarur and Rabitz6 

had observed in their Hz-H2 studies. There is actually 
no contradiction between these two observations. The 
(10-12) transition is induced by both the v02o(R)F2(cos82) 
and the V QQ interactions. In Fig. 7, the effective in­
teractions v02o(R)Fo20(1O-12) and v22t(R)F224(10-12) 
are compared. Here F 020 and F224 are the coupling coef-
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ficients associated with the potentials v02o(R) and V224(R) 
(the Q-Q radial part). Since these two effective inter­
actions are opposite in sign for distances most effec­
tive in causing transitions (R < 6. 2 ao), there is an ef­
fective cancellation between them, As a result, the 
excitation cross sections are decreased by the presence 
of the Q-Q interaction. 

Finally, we analyze the observation (c). Here we first 
notice that a(10-12)" is smaller than a(OO- 02)a at the 
low energy region, E ~ 0,035 eV. This is clearly due 
to the negative contribution from the presence of the 
Q-Q interaction. However, as energy increases, a (10 
- 12)" becomes increasingly larger than a (00- 02)". 
This phenomenon cannot be explained by the effect of 
the Q-Q term, because the latter diminishes with in­
creasing energy, It can be explained, however, by the 
concept of effective anisotropy measured with respect 
to the effective spherically symmetric part of the po­
tential as we discussed for the Il i2 = 1 transitions. 

From Fig, 7, we observe that the attractive long­
range part of v020(R) is about an order of magnitude 
smaller than that of vgg(R). However, the effect of the 
Q-Q interaction is not large. Even at the lowest energy 
shown in Table IV, the presence of the Q-Q interaction 
changes the cross section a (10_ 12) by only 10%. This 
immediately suggests that it is the short-range aniso-
. tropiC part of the potential that mainly controls the ro­
tational excitation, To elucidate the point more clearly, 
we show in Fig. 8 the quantity (2l + 1) I S~o_1212 as a 
function of impact parameter b, the latter being calcu-

TABLE V. Collisional rate constants RJ?J1 (1D-to cm:! sec-1). 

A. H2(jt = D) + HD(j2) -H2 (j{= D) + HD(j{ =j2 + 1). 

~RhJl T(OK) Rot Rt2 R23 R34 

5 2.21-12a 6.10.-25 4.24-35 7.0.8-50. 
10. 1. 11-6 .5.44-13 3.58-18 1. 64-25 
20. 7.91-4 4.91-7 1. 0.1-9 2.35-13 
3D 7.32-3 4.83-5 6.82-7 2.64-9 
40. 2.30.-2 4.91-4 1. 83-5 2.86-7 
50. 4.72-2 2.0.1-3 1.35-4 4.84-6 
60. 7.76-2 5.28-3 5.28-4 3.25-5 
80. 1.51-1 1. 82-2 3.0.3-3 3.66-4 

10.0. 2.35-1 3.96-2 9.0.8-3 1.63-3 
150. 4.69-1 1. 21-1 4.35-2 1. 32-2 
20.0. 7.21-1 2.26-1 1. 0.3-1 4.0.7-2 
30.0. 1. 24 4.64-1 2.70.-1 1. 37-1 
40.0. 1. 76 7.0.4-1 4.64-1 2.65-1 
50.0. 2.27 9.33-1 6.61-1 4.0.0.-1 
60.0. 2.75 1.14 8.50.-1 5.33-1 
70.0. 3.20. 1. 34 1. 0.2 6.59-1 
80.0. 3.62 1. 52 1.19 7.77-1 

B. H2(jt = D) + HD(j2) - H2(j{ = D) + HD(j{ = h + 2). 

~. T(O~2 R02 R13 R24 

5 7. 55-37a 2.18-58 2.37-84 
10. 2.58-19 2.67-30. 3.0.4-43 
20. 1. 46-10 2.90.-16 1.0.3-22 
3D 1.23-7 1. 42-11 7.23-16 
40. 3.72-6 3.24-9 1. 96-12 
50. 2.96-5 8.67-8 2.31-10. 
60. 1. 21-4 7.93-7 5.68-9 
80. 7.43-4 1. 34-5 3.29-7 

10.0. 2.33-3 7.80.-5 3.98-6 
150. 1. 22-2 9.65-4 1. 27-4 
20.0. 3.17-2 3.87-3 8.0.0.-4 
30.0. 9.67-2 1. 82-2 5.63-3 
40.0. 1. 88-1 4.29-2 1. 57-2 
50.0. 2.96-1 7.43-2 2.96-2 
60.0. 4.11-1 1. 0.8-1 4.55-2 
70.0. 5.27-1 1. 44-1 6.21-2 
80.0. 6.41-1 1. 79-1 7.87-2 

C. H2(jt = D) + HD(j2) -H2(j{ =0.) + HD(j{ =h +3 or 4). 

~J1 T(O~ R03 Rt4 R04 

5 4.37-70." 2.0.6-10.7 4.80.-119 
10. 2.0.5-36 3.81-55 3.38-61 
20. 1. 38-19 4,92-29 2,69-32 
3D 5.86-14 2.51-20. 1. 17-22 
40. 3.99-11 5.82-16 7.96-18 
50. 2.0.8-9 2.49-13 6.51-15 
60. 3.0.2-8 1. 45-11 5.86-13 
80. 9.23-7 2.50.-9 1. 74-10. 

10.0. 7.75-6 5.86-8 5.74-9 
150. 1. 59-4 4.63-6 7.34-7 
20.0. 8.34-4 4.67-5 9.60.-6 
30.0. 5.27-3 5.34-4 1. 43-4 
40.0. 1. 47-2 1.89-3 5.85-4 
50.0. 2.83-2 4.12-3 1.37-3 
60.0. 4.48-2 6.97-3 2.45-3 
70.0. 6.27-2 1. 0.1-2 3.70.-3 
80.0. 8.11-2 1. 35-2 5.0.6-3 

"Powers of ten. 
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TABLE VI. Calculated rotational relaxation 
times for H2-HD system. 

Temperature Trot 
(OK) (10-10 sec/atm) 

10 0.97 
20 1. 67 
30 2.22 
40 2.55 
50 2.70 
60 2.75 
70 2.74 
80 2.71 
90 2.67 

100 2.62 

lated by the usual expression 

b=n(l+t)/lJ.v, 

where l is the orbital angular momentum, IJ. is the re­
duced mass of Hz- HD, and v is the relative collision 
velocity. From a semiclassical point of view, the quan­
tity I S fO~1212 is equivalent to the semiclassical. transi­
tion probability as a function of impact parameters, 

Is fO~1212Rj P lO - 12(b) , 

and (2l + 1) I S~O_1212 is equivalent to 2 bP (b ). The tran­
sition probabilities decrease rather rapidly with de­
creaSing collision energy but the range of impact pa­
rameters that contributes to the transition remains ap­
proximately unchanged. In particular, the most prob­
able impact parameter occurs for 1. 5 a-{) <: b <: 3. 0 ao; 
the probabilities approach zero beyond 6 ao. 

VI. RATE CONSTANTS FOR ROTATIONAL 
EXCITATION OF HD BY COLLISIONS WITH H2 

The Maxwellian- averaged rate constants for the tran­
sition 

are given by the expression 

R(.. .'.') (8kT)1/2 1 
1112-1112 = rr;;:- (kT)2 

X Io'" Eexp(-E/kT)a(jd2-jU~IE)dE , 

(47) 

where IJ. is the reduced mass for H2-HD, k is the Boltz­
mann constant, E is the initial relative kinetic energy, 
and a(E) is the inelastic cross section corresponding 
to the specific collision energy E. We present the re­
sults in Table VA. -C. for the pure rotational excitations 
of HD caused by para-Hz. The corresponding rate 
constants for HD+ ortho-H2 collisions are about 5%-20% 
larger and will not be shown here. The de excitation 
rate constants can be easily calculated through the de­
tailed-balance relationship. 

These rate constants for the rotational excitation of 
HD by H2 are critical parameters in the evaluation of 
the cooling of interstellar clouds by HD. Research along 
this direction is now underway. 

VII. ROTATIONAL RELAXATION OF HD 

Experiments that measure the relaxation of internal 
states of molecules through collisional energy transfer 
are susceptible to theoretical analysis in terms of an 
assumed interaction potentiaL Comparisons of experi­
mental and theoretical results then provide the criteria 
necessary to evaluate the validity of the potential. 

The sound absorption experiment which measures the 
rotational relaxation time is an important means of 
studying rotational. inelastic collisions. For a two-level 
system, the roational. relaxation time Trot is related to 
the rotationally inelastic cross sections by the relation31 

(48) 

Here N is the number density, (v)= (8kT/7T1J.)1/2 is the 
average relative velocity, and (aJJ') is the Maxwellian 
averaged cross section for rotational transition from 
level j to level j'. 

For the HD molecule at temperatures below 150 OK, 
only the lowest two rotational levels are significantly 
populated, and its corresponding rotational relaxation 
time can be computed by 

T ;~t = N [R ( j 1 = 0, j 2 = 0 - j f = 0, j ~ = 1) 

(49) 

or 

kT 
T rot= p ([1 + t exp(2B/kT)] 

XR(it=0,j2=0-jf=0,ja=1)}"1 , (50) 

where P is the gas pressure, B is the rotational con­
stant of HD, and R(j1= 0, j2= 0-j'1= 0, j~= 1) is the rate 
constant for the transition 

We have calculated the rotational relaxation time for 
the lowest two levels of HD at 1 atm. The results are 
presented in Table VI in the temperature range from 
5-100 OK. Prangsma et al. 16 have recently made sound 
absorption measurements for pure HD, HD+ He, and 
HD+ Ne. Their experimentally determined rotational 
relaxation times for the HD-He system are quite close 
to our theoretical values for the HD-H2 system. The 
interaction potentials for the HD-He and HD-H2 sys­
tems should be similar though the latter system proba­
bly possesses a larger anisotropy. Future experimental 
work on the rotational relaxation times of HD-H2 sys­
tem would be useful in assessing and improving the re­
liability of the present HD- H2 interaction potential, es­
pecially the repulsive anisotropiC part. 
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