KU ScholarWorks | The University of Kansas Pre-1923 Dissertations and Theses Collection

http://kuscholarworks.ku.edu

A Review of Jacobi’s Theoriae

Functionum Ellipticarum

by Edward George Fischer
1912

Submitted to the Graduate School of the
University of Kansas in partial fulfillment of the

requirements for the Degree of Mathematics.

LIBRARIES This work was digitized by the Scholarly Communications program
The University of Kansas | Staff in the KU Libraries’ Center for Digital Scholarship.




A Review of ¢cacodbvpi's
"PTHHBEORIAE FPUNCTIONUN ELLIZ®P?-

TICARUM?"™.

MA
1912
F7sches
0.

Edwsard “ischer.

. ROO10bL 52841 /¢]3



v8cobi introduces the subjeet of elliptic trsns-
formations by ststing the work slresdy done in the field
snd whet he expects to sccomplish. The first type of

/‘_éL .

elliptic integrsl -fZT§7Z:?¢ hsd slresdy received con-
gidersble attention. Abel snd Legendre investigsted the
change in value for vsrious vslues of k snd 4, snd by com-
ngrison of these values endesvored to obtsin s genersl re-
lstion. Abel slso by such compsrison of vslues worked on
the sddition snd multiplicstion of the integrsis. Jacobi
accented the results obtsined by them and used them for his

elliptic formulss.

Theproblem which confronted Jacobi wss to obtsin s
genersl vslue of y 8s " 8 rstionsl integrsl function of

x 80 thsat A
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Thet is the trsnformstion was to be of the form:
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the coefficients 8,8',8" "veeereee,b,b' ,b""eccccenncns
to0 be determined. Esch different trsnsformstion would

determine s different relstion between the moduli (k).
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The second degree transformstion B T+ Vx4 x>

was alresdy well known esnd Legendre hed been sble to work
out 8 similsr trsnsformation of the third degree, and by

combinations snd repeated spnlicstions of these two sub-

stitutions 8 substitution of sny degree which wss product
of 8 power of three by s power of two could he obtsined.

sacobi's problem wes to prove that such 8 substitution

existed, whatever the degree of the trsnsformstion.
-The Beginnings of the Trsnsformstion.-

In this section it is shown thst by the genersl sub-
stitution y- g where U and V sre rstionsl integrsl functiens
of x the trsnsformstion may be so determined thst
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( where M is s rationsl function of x ). Later it is proved

thet M is 8 constant.

U
If we make the substitution ¥y = v the given expression

V.au - U gv
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We must f£ind out whether it is possible to so determined

U a2nd V thst a1l but four of the fsctors under the radicsl
will be equsl in psirs so that they will come out of the
radicsl.

Let the degree of U be p snd of V be m so thet mpp
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The degree under the rsdicsl would be 4p. 71f g11 but four

fgetors sre to be in psirs it mesns thet conditions will

be imposed on 2p-2 fsctors, and if 2p-2 conditions sre ful-
filled it must be possible to obtsin thaet meny equations
between the coefficients in U snd V. The number of coe-
fficients including the constsnt term in U will be p 4 1

snd the number in V will bem ¢+ 1 . The totsl number then
will be m+p+42 but one of the constants msy be determined ss
1 without chsnging %w lesving m4p+4l undertermined constants.
Since the number of conditions to be fulfilled is 2p-2, mnm
might be equsl to sny one of the numhers p-3,p-2,p-1 &nd P,
giving the numbers of undertermined coeificients as.2p-2,_
2p-1,2p,and 2p+4l respectively. The ITirst two csses are
untensble for when the functions U and V sre found which are
consistent with the form prescrihed for the quenity under
the rsdiesl, if we substitute in plsce of x, *+9x where
de~d+ O gre srbitrsry constsnts the degrees of U and V sre
not chasnged st sll, nor is the number of duplicaste fsctors
under the rsdiesl chsnged. Since these are the only con-
ditions imposed upon the expression we must tske two more
conditions to sllow for the introduction of these srbitrary
constants, snd m must be either equal to p-1l or p. The former
case m8y be reduced to the lstter by the substitution in
plsce of x %%%i « This substitution would mske the

degres of U the same &8s thet of V if m+4l equsls p but would
not chenge the degree ofV; and it sllows for the introduction
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of three constsnts; o&,¢,e~+y . From these arguments

we cen drsw the genersl conclusion thst the form

a _._alx."a_ﬂxv*‘-”;_'..‘” _‘_a'Q’)x'P
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whatever number p is, msYy be
so determined thst ‘h‘] dx

\‘A Y \,)(-szs«a -f‘“b“—l'ff-i'f Mﬂ BDx o+ 6x7+ Ry 2 &
x, and thet three of

Where M is s rstionsl function of x

the coefficients of the x's msy bhe srbitrsrily chosan.
- To Determine M -

For the csses mentioned before where p is of the
form 2—'59(7.»\1:)71‘;1 has slresdy been determined ss & con-
stsnt. We will now show thst under the sbove genersl
substitution M is still s constant.

. T 3 ‘v w 2 ¢! ¢=J—?
For convenience let Vav4: B'viyus CYTUTe RV +& U

We hsve shown just ebove that Y by the type of substitution

« By + ék~$ M?"r éx‘*)'l""

used msy be reduced to 64 where

T is 5 rationsl function of x, and slso we know that
Y
Serimsamiy 17 Bxs O ks

’T
From this we get M = 2%
& Vau-Uox ~ &

The degree of T is 2p-2 andv U‘*" cannot be of grester

degree since Il is 8 rationsl ixEmprEY function of x.

We msy suppose U snd V to hsve no common fsetor
since if one existed we could remove it without altering
the vslue of y in the substitution. Let the expression

A'+"&"3f C'.a".f A".ff 6'3* be resolved into its linesr
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rsetors A (- "‘a)("% ‘h)( . 3)(‘ ‘GJ whence
Y= A';]J'“;S"JBU"C’ \/"‘U‘}Q’VU‘.% G'U'[' = A f(‘/- 0‘- dX J_ @'d)( V_“U)( /,J‘U)

There exists no i‘acto* which is common to two of the

quentities(y- dU) V- ?—’“ V- 5”"3031nce it would then divide
both U snd V which is contrsry to the supposition msde
that they hsd no common fsctor. And so when Y is di-

Pair of equal

vided by some,linesr fsctorsit is necesssry thst one of
the qusntities V- d'd, V- @ d) \/"K d) \/’8 d slso
contsein it.

By the Tollowing equations:

\HaU’ o4y S*Q)U \l’“” v Which sre obtsined
&x &y 4;\[ by the sddition. ami
po) &Y #t‘/._...ﬁ_')) : QQ ON subtrsction of4'Ugx;o&
;(V-% ) b v ‘/ -U i from the right hand
') oA 3 member.
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it follows thst 8 fsctor which divides asny of the four
factors of ¥ snd its differentisl divides slso the quarity
L-Q UL, - Since no two of these four quentities contsin
common factors both members of sny pair of fsctors of ¥
must be in some one of these four qusntities. If s fsector
is con‘tainefi;:{ﬁea quantity it is slso contained in its
Tirst derivetive. Since the product of 8ll these fsctors
occuring twice in Y hss boeen sssumed to be I, T itself
divides V&- J M but we hsve seen before tha*' the

renk of T ecould not be less than thst ofv UM whence



—-r-
it is evident thst Il is s constsnt for M- \F‘T cL\/

snd M could then be put under the rsiicsl witholht in"-uc
cressing the degree of the rsdicsl. We csasn slso see
from this result 8 fsct previously derived in a different
wey thet the degree of V must be st lesst as large ss
p-1 since if it were less the degree oi‘V — —Ug would
be not grester thsn 2p-3 which would mske the degree less
thsn that of T ( which is 2p-2).

We hsve now proven"the fundsmentsl theorem in the
theory of trensformetion of ellintic functions" nsmely:

It is possible so to determine the form

O~-i-£L"K-(--......-to(:“:’3 Al
3= T+ 1 & wonstever number p is

80 thst ) : dux
ﬁ‘-(- %r‘\a.;. Ql‘tr-(-ﬁllffﬁful‘/' VA-I'%X + % %4 &31,5)(#

To reduce the expréssion )into the

V20y-0)0y-p2y g8
more simple form MV———— . r,) hy mesns of the substit-

ution 4 - 51;‘_'_*% x*
'a + “_ﬂ v
We must determine the modulus k snd constsnt M in

terms of the given constents < %, ¥, ) since in
this csse p is 2 when we plsce
da+ alxt @'x7= () o
s Gpa T \/
(U-sv){U- @‘13(0-‘]\/)(:0 d V)"uz& mady To 2goat
K Cr=x>)0- Kx>)Crvmg) “(reny)”

Bosipaig 4T o, oty rutict )
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We have seen thst two of the factors U'dV, U’e‘/,d'i‘/:d’“/
would hsve to be perfect squsres. Then let

(J-yV = C(r+mx)* o U-§V- DG+ ned*
For the other two fsctors U- oV and U-@V apnpsrently either

of two csses would be possible. U-aV Cr-
{U"‘V Abr-x7) & ¥ = - ")

U-8V= (- nmyy > U- BY = RBCrr iy mexy

( where A,B,C & D sre constsnts )

but the lst must be rejected for thst would mske

U-a/ o A Ce=x?
Usay yos ACo2)

U-pv 1- '5(1 1<Fx™) which would
lesve y unchenged when x chsnges to -x. This is shown to

be absurd from these equations

U-aV  q4-& A -2~
U-YV.- az_v - e« (f—fw)

U- oV gos A 1w

AR N

in which the velue of y does chsnge for the chsnge of x

into -x. Therefore we will use the following equations:
G U-aV=AC-0-ra)
(‘}) U'_‘P v :BCH'X)C' =K,
(U-yV - Q Cremg )
1. 5_/ DOt )

It msy be noted thst sny one of the constsnts A,B,C,D

mesy be srbitrsrily chosen.
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IT in (I) we set x

k

lorl U hecomes equsl to<xV
r—
Dividing equstion (3) by (2)

U- YV _ C 0" 7*\&)1'
U"F’V T3 0+t Rx)
Letting x =1 +this becomes
oL V- ‘, \/

d~ vy e (+m)*

e

JV-8Y -8 B alre

Letting x =\('1]§' the quotient becomes

i‘_‘y C (+
-G

i\

Q K (4 “'")1'
‘;(w ) rB

zC 1+ K)

¥hence Q" mTe (1 l;);

BU 4 Banam S K+N*?—$-
(=300
> = wow
m - = K
!<'..l
®
™ = + K
Similarly» .
It N = Rlva 2
t tie 3)

n = 2 Ik

If we select the positive vslue for m we must tske the
negstive vslue for n since if m = n



Substituting these velues of m and n in this equstion

we goft
U-y V 94y _ & (.'_*_f_'_‘_}.. "
U“'BV ‘6— l - \,—K
If we let X= + 1 we get from (1)U= V whence
‘ 4 \‘—K}
(1) D s\ 1- T

If we let x:= -1 we get from (2) U= V whence

>
B-x c [ g
T — = =\ -
@) @3  Phaaix
By multiplying equations (I) & (II) together we get

< {@wy X8-)
D (@-§ (®-8)

We msy put C=¥e-yX%) for we could determine one of the

qusntities A,B,C & D srbitrsrily snd in thst cese D
will equel V&-8& By dividing (I} by (II) we ob-

tain _’_"’___CK = Lﬂ_ﬁ
Ve dR lQ_-s)C(é-v)

i ‘ — - -
& (G0 + Tooe-5) = Eoe8) - e

whence

or X -.id’ﬂc'%' ) _'#(6‘53(?” X)
¢ 2
NG -y 2@-8)+ Ne-dR- )
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To dstermine A & B let x=é‘~ in (1),(2),(3),(4)

then from (3)
U- 8V
From (1)U-aN= 8V-aV < AC- &0 V%)
From (2)() -0~ = 8 V-8V = 13(+ & Y+ )

From (S)U—\(\/:J\}—YV'-C('H) - o C

S.a  AG-E =) AG- LU= (s)
L
t+m('+"l“
snd i% a W) (b)

# V& XB-)

But (l—\f—:,:-)("r“():.]_\‘_._'._-rr\-,_,: j,-(d‘k—\-_“!._'()

'QZ Y)E@-é) + UQ« H&-V

- V-

/._ «S)(Q- Y/

——m——— i erimme

{\4 ,(,(g, 5, - 6)(3- D

——

Similsrly oL v Q- K-8
N R TRRCE IS G- SKe-

Substi*uting these velues in (8) & (b) end solving for
A & B we obtsin -

A" \R"—@g’\ - yre-8) - {3 S)C%w)
f(g’—“"- Gos -0
and (33 o i ( @ -()(@"57 sl )

Which give us the vslues of the unknown constsnts A,B,C,D,& k
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To Trsnsform the Expression i??;ﬁﬁ%¢f9int° Vﬁ?fiflﬂvgv

It hss slresdy been shown thst s substitution of the type

o+ v ayTy ooy af”'x,f (j
[T o S
o e T

————

will trsnsform '7\—1 ﬂfcy;b?%,,?? into ,rA +3”C«,,r%.;g}
Wwe will now find the trsnsformstion which will 3gfnge the
more simple form WT' N 1) into the formyyj_, - .The
vslue of k¥ snd M depend on the degree of the transformatlon
ss well ss uvon the given coefficients A' ,B',C',D', & E'.
There sre two types of trensformstions which will sst-
icfy the requirements; one in which the denominstor is of
1 lsrger degree thsn the numerstor ( Jscobi cslls this s
trsnsformstion of even degree ) snd one in which the degree
of the numerstor exeeeds thst of the denominstor by 1 ( or

odd degree ). In both csses the terms of the denominstor

contsin only even powers of x, snd the numerstor only odd

powers.
In the transformstion of even degree y hss the form
¥ (a+ a'x¥+ axY5 .. 4 g™y 2
4 "‘%‘"’ 'l'r-”x"-;. "y 4.4 f’n_-- ?"«r-.;:,,k

The qusntities V 4+ U, V-U, V. # U, V- U sre 8ll of
even degree ( .since *the denominstor V is of higher degree

thsn the numerstor ) snd we msy plsce



s 1B =

(1 +x ) 14kx ) A%
(2) V-U=(1-x)( 1-kx ) B
(3) vV +AU=¢?
(4) v -2V = D

(1) V 4+ U

( A,B,C, & D sre rationsl integrsl functions of x )

It is necesssry to be sble to determine A,B,C,D snd

kX from the equastions between the coefficients. Since
V is unsltered when x chsnges sign, but U is chsnged to
-U equation (2) will follow immediastely, from (1) end
(4) from (3). So equstions (1) snd(3) sre 8ll thst
mey be used for the determinstion of these qusntities.
If it is possible to determine A,B,C & D ss rstionsl

functions of x our problem is solved for this csse,

since &y Vdd—(]%!
(B CR \C B (ERTE T A T

"he numerstor is slresdy s rstionsl function of X snd

$he denominstor will hsve the form ABCD ¥ (1-x2)(1-K°x")
/2 hsve imposed on V 4+ AU the condition that
it hsve m psirs of equsl linesr fsctors, snd upon VU
thet it hsve m-1 psirs of equsl fectors, snd slso the
fsctor(l + x), giving in 8ll 2m conditions %o be ful-

alan
filled but this  is the number of undetermined



coefficients in y; which shows thst the problem msy be
solved.
The substitution of sdd degree is shovm to

be possible in s similsr manner; Here y hss the form
x (a+a" 2>+ a”r’4 . --‘-Ta”f‘(’h'/’

v 'p.‘:":l"uld_“ i , ._4_&:("\)*1:"':

In this csse V 4 U, V- U, V. 4}U, V- AU sre of odd

degree snd so0 we plsce

(1) v+ U (1 3+ x )A®
(2) v- U (1 - x)B®
(3) Va U= (1 #xx)c2
(4) V- U= (1-1xx)0?

As before equstions 1 snd & sre 8s8ll thst must be sst-

isfied. Esch of these requires conditions imposed upon

m linesr fsctors, snd that one of the fsctors of VU be
1 4+ %), meking sltogether 2m 4 1 conditions which

egain is just the number of undetermined coefficients.





