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Abstract
HOMOLOGICAL INVARIANTS OF MONOMIAL AND BINOMIAL
IDEALS

Neelakandhan Manoj Kummini
The University of Kansas.
Advisor: Craig Huneke.
August 2008.

In this dissertation, we study numerical invariants of minimal graded free resolu-
tions of homogeneous ideals in a polynomial ring R. Chapters 2, 3 and 4 deal with
homological invariants of edge ideals of bipartite graphs. First, in Chapter 2, we relate
regularity and depth of bipartite edge ideals to combinatorial invariants of the graphs.
Chapter 3 discusses arithmetic rank, and shows that some classes of Cohen-Macaulay
bipartite edge ideals define set-theoretic complete intersections. It is known, due to
G. Lyubeznik, that arithmetic rank of a square-free monomial ideal / is at least the pro-
jective dimension of R/I. As an application of the results in Chapter 2, we show in
Chapter 4 that the multiplicity conjectures of J. Herzog, C. Huneke and H. Srinivasan
hold for bipartite edge ideals, and that if the conjectured bounds hold with equality,
then the ideals are Cohen-Macaulay and has a pure resolution. Chapter 5 describes
joint work with G. Caviglia, showing that any upper bound for projective dimension
of an ideal supported on N monomials counted with multiplicity is at least 2V 2. We
give the example of a binomial ideal, whose projective dimension grows exponentially
with respect to the number of monomials appearing in a set of generators. Finally,
in Chapter 6, we study Alexander duality, giving an alternate proof of a theorem of
K. Yanagawa which states that for a square-free monomial ideal 7, R/I has Serre’s

property (S;) if and only if its Alexander dual has a linear resolution up to homological



degree i. Further, if R/I has property (S>), then it is locally connected in codimension

1.



“... So you’ve won the Scripture-knowledge prize, have you?”

“Sir, yes, sir.”

“Yes,” said Gussie, “you look just the sort of little tick who would. And yet,” he said, paus-
ing and eyeing the child keenly, “how are we to know that this has all been open and above
board? Let me test you, G. G. Simmons. What was What’s-His-Name—the chap who begat
Thingummy? Can you answer me that, Simmons?”

“Sir, no, sir.”

Gussie turned to the bearded bloke.

“Fishy,” he said. “Very fishy. This boy appears to be totally lacking in Scripture knowledge.”
The bearded bloke passed a hand across his forehead.

— P. G. Wodehouse, Right Ho, Jeeves
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Introduction

Below we present a brief introduction to the problems studied in this dissertation, fol-
lowed by main results of each chapter. Detailed discussion of the problems and earlier

work is given in each chapter.

Main Results

The general motif of this dissertation is the study of numerical invariants of free reso-
lutions over polynomials rings. Let k be a field and V a finite set of indeterminates. Let
R =Kk[V] and M a finitely generated graded R-module. A graded free resolution of of

M is a complex

(Fo, ) : P % Fi i Fy 0

of graded free R-modules F; such that the homology groups Hy(FFe) ~ M and H;(FF,) =
0 forl > 0.

A discussion of graded free resolutions appears in Chapter 1. We review free reso-
lutions of monomial ideals in detail, discussing initial ideals, polarization, and Stanley-
Reisner theory. In the next three chapters, we look at free resolutions of edge ideals
of bipartite graphs. These are ideals generated by quadratic square-free monomials

that could be thought of as edges of a bipartite graph. We study ideals correspond-
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ing to perfectly matched bipartite graphs; this class contains the class of unmixed (and
Cohen-Macaulay) ideals.

The tool that we use to study the edge ideal of a perfectly matched bipartite graph
G is a directed graph 0 that we associate to G; see Discussion 2.2.1. We then reformu-
late some known results in this framework and give different proofs. For example, in
Chapter 2, we give an alternate proof of a result of J. Herzog and T. Hibi characterizing

Cohen-Macaulay bipartite graphs.

Theorem 2.2.13. Let G be a bipartite graph on the vertex set V.=V | |Vo. Then G
is Cohen-Macaulay if and only if G is perfectly matched and the associated directed

graph 0¢ is acyclic and transitively closed, i.e., it is a poset.

We then proceed to study (Castelnuovo-Mumford) regularity and depth of such ide-

als. We show that

Theorem 2.2.15. Let G be an unmixed bipartite graph with edge ideal I. ThenregR/I =

max{|A|: A € o }. In particular, regR /I = r(I).

Here <, is the set of antichains in 9 and r(/) is the maximum size of a pairwise
disconnected set of edges. This theorem complements a result of X. Zheng [ ,
Theorem 2.18] that if I is the edge ideal of a tree (an acyclic graph) then regR/I =
r(I). In Theorem 2.2.17, we describe the resolution of the Alexander dual of a Cohen-
Macaulay bipartite edge ideal in terms of the antichains of 9. We use this, along with
a result of N. Terai [ ] (see [ , Theorem 5.59] also), to give a description of
the depth of unmixed bipartite edge ideals in Corollary 2.2.18. We conclude Chapter 2
by describing the Cohen-Macaulay bipartite graphs that have quasi-pure resolutions in
Proposition 2.4.5; see the opening paragraph in Section 2.4 also. Quasi-pure resolutions

are defined on p. 23. The notions of pure and quasi-pure resolutions have appeared in
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the the multiplicity conjectures of Herzog, C. Huneke and H. Srinivasan, which we will
discuss later.

Chapter 3 is devoted to the study of arithmetic rank of edge ideals of Cohen-
Macaulay bipartite graphs; we show that for a certain class of bipartite graphs, the

edge ideals define set-theoretic complete intersections.

Theorem 3.2.1. Let G be a Cohen-Macaulay bipartite graph with edge ideal 1. If 0g

has an embedding in N?, then aral = htl.

In Chapter 4, we prove the multiplicity conjectures of Herzog, Huneke and Srini-
vasan for edge ideals of bipartite graphs. Let 777; be the maximum twist appearing at the
homological degree / in a minimal graded free resolution of R/I. Let ¢ = htl. Denote

the Hilbert-Samuel multiplicity of R/I by e(R/I). Then

Theorem 4.1.2. Let I C R be the edge ideal of a bipartite graph G. Then

mymy - - - me
e(R/I) < —

It was further conjectured by J. Migliore, U. Nagel and T. Romer that if equality
holds for an ideal 7, then R/I is Cohen-Macaulay and has a pure resolution. See p. 23

for the definition of pure resolutions. We prove this conjecture for bipartite edge ideals.

Theorem 4.1.3. Let I be the edge ideal of a bipartite graph G. If equality holds in
Conjecture (HHSu), then R/I is a complete intersection, or is Cohen-Macaulay with

regR/I = 1. In either of the cases, R/I is Cohen-Macaulay and has a pure resolution.

Conjecture (HHSu), mentioned in Theorem 4.1.3, is the assertion that the con-
clusion of Theorem 4.1.2 is true. Additionally, we prove that the weaker ‘Taylor

bound’ conjecture of Herzog and Srinivasan for monomial ideals is true for all quadratic

13



square-free monomial ideals. Let 7; be the maximum twist at homological degree [ in

the Taylor resolution of R/I.

Theorem 4.1.1. Let I C R be generated by monomials of degree 2. Then

TITZ...TC

e(R/I) < -

In Chapter 5, we look at the relation between the size of a monomial support of a
homogeneous ideal I C R and the projective dimension of R/I. This is joint work with
G. Caviglia [ ]. The main result of that chapter is that any bound based on the size

of the monomial support must be at least exponential:

Theorem 5.2.3. Any upper bound for projective dimension of an ideal supported on N

monomials counted with multiplicity is at least 2V /2,

This gives a partial answer a question raised by Huneke on how good an estimate
of projective dimension the size of a monomial support is.

Finally, in Chapter 6, we relate Serre’s property (S;) of a square-free monomial
ideal I to linearity of the resolution of its Alexander dual /*. This was first proved
by K. Yanagawa, but the proof we give is different and is built around describing the

non-(S;) -loci of square-free monomial ideals.

Theorem 6.1.2 ([ , Corollary 3.7]). Let I C R be a square-free monomial ideal

with htl = c. Then for i > 1, the following are equivalent:
a. R/I satisfies property (S;).
b. The Alexander dual I* satisfies (N, ;).

It is known [ , Corollary 2.4] that for any ideal /, not necessarily homoge-

neous, if R/I satisfies property (S ), then SpecR/I is locally connected in codimension

14



1. For square-free monomial ideals, we prove the converse, giving the following equiv-

alence:

Theorem 6.1.5. Let R =k|x|,- - ,x,| be a polynomial ring in n variables and let | C R
be a square-free monomial ideal. Then SpecR/I is locally connected in codimension 1

if and only if R/I satisfies property (S>).

Each chapter concludes with a discussion of future problems and questions.

Notational Conventions

We will work over a field k of arbitrary characteristic. We set V to be a finite set of
indeterminates over k. As usual, N and Z denote the set of natural numbers (starting
at 0), and the set of integers, respectively. The set of functions from V to N will be
denoted NV. For any integer n > 1, let [n] := {1,...,n} For a module M, A(M) is its
length, which is defined to be the length of any (equivalently, all) composition series as
Abelian groups.

For any cardinal n, n < eo means that 7 is finite; to mean that » is an infinite cardinal,

we will write n = oo.
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Chapter 1

Graded Free Resolutions

Let k be a field and V a finite set of indeterminates. Let R = k[V] be the polynomial
ring with variables V. Denote the (maximal) ideal generated by all the x € V by m. In
this thesis, we will need two gradings on R and R-modules, which we now discuss. The

general references for this chapter are [ , ].

1.1 Graded Modules

For i € N, denote by R; the k-vector space of homogeneous polynomials of degree i.
This is a finite dimensional vector space over k. Given any polynomial in R, we can
write it uniquely as a sum of its homogeneous components; hence, as a k-vector space,
R~ .@ R;. Notice that for all x € V, degx = 1, so R is generated by R; as a k-algebra.
We vlvelﬁ refer to this as the standard grading of R.

Let M be an R-module. We say that M is graded if as a k-vector space, M has a
decomposition M ~ @ M;, such that for all i € N and for all j € Z, R;M; C M, ;. Anal-
ogous to the terminoice)gy in the case of R, we say that an element of M is homogeneous

of degree j. Notice that R is a graded module over itself, and is free of rank one. We

write R(—j) for a free graded R-module of rank one, with a homogeneous generator of
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degree j. The degree j of the homogeneous generator is called the twist ; we will also
refer to R(—j) as R twisted j times. For each i € Z, R(—j); = Ri—j, as k-vector spaces.
More generally, if F is a finitely generated free graded R-module of rank b, then there
exists ji,...,jp € Zsuchthat F ~R(—j;)®...®R(—jp). When an ideal I is generated
by homogeneous elements, then we say that I is homogeneous.

Another grading for R, which is finer than the standard grading is multigrading. Let
e, € NV be the function that sends x — 1 and y — O for all y # x, for all x,y € V. We treat
R as NV -graded, by setting, for all x € V, degx = e,. A monomial is a polynomial of the
form [[,cy x°™), for some ¢ € NV. For any function o € NV, the set of polynomials
f € R with deg f = o is a one-dimensional k-vector space, spanned by the monomial
[T x°®). We will call this grading of R multigrading. In order to define multigrading
JS R-modules, let Z" be the set of functions from V to Z. For an R-module M, we say
that it multigraded if we can write M ~ /@ VMG/ as k-vector spaces, such that for all
cceNando' € ZY,ReMy C My o Ic;:rzé we treat NV as a subset of Z", extending
the natural inclusion N C Z. An ideal I C R is said to be a monomial ideal if it has a
minimal set of generators consisting only of monomials. If / C R is a monomial ideal,
then the minimal generators of /, then its minimal monomial generators are uniquely
determined; for, in each 6 € NV, I; C Ry, and Ry is a 1-dimensional k-vector space.

A multidegree & is an element of ZV . For any multidegree &, we say that an element
of M is homogeneous with multidegree o. We will represent the multidegree ¢ by the
monomial Hvx"("). Moreover, if © is square-free, i.e., if 6(x) € {0,1} forall x € V,
we will usex fhe set {x € V : o (x) =1} to represent . A free module of rank one, with
generator in multidegree ¢ € ZV will be denoted as R(—0), even when we write G as
a monomial, or — in the square-free case — as a subset of V.

We observe that the multigrading is finer than the standard grading, in the sense

that multigraded modules are graded in the standard grading. To see this, first, for a
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multidegree 6 € ZV, set |6| := ¥, o(x). Now let M be any multigraded R-module.

xeV
For any j € Z, the define M; = @ M, as k-vector spaces. It is easy to see that
lo|=Jj
M ~ @ M; is a graded R-module in the standard grading. Hence, we will, hereafter,

JEZ
often only say that M is graded; the grading will be clear from the context. The ideal m

is called the homogeneous maximal ideal of R. It is graded in both the standard grading
and in the multigrading. It is true that if N C M are graded modules, then so is M/N.

Consequently, k ~ R/m is a graded R-module.

Remark 1.1.1. When a multidegree o is square-free, then || = [{x € V : o(x) = 1}|.
This is consistent with our notation for square-free multidegrees and the common usage
of | - | to mean cardinality of sets, which too we will follow. In Chapter 4, we will use

| - | for the underlying undirected graph of a directed graph.

For an R-module M, not necessarily graded, we say that a prime ideal p C R is
associated to M if there is an R-linear homomorphism R/p < M, or equivalently, there
exists x € M such that (0 :g x) = p. (Here (0:g x) := {a € R: ax=0}. Similarly, for
an ideal I € R, we may define (0:p 1) :={x €M :ax=0forall a € I}, and for a € R,
(0:pr a) :=(0:p (a)).) The set of associated primes of M will be denoted by AssM,
and is a finite set. By UnmM, we denote the set of unmixed associated primes, i.e.,
those p € AssM such that dimR/p = dimM. The socle of M is socM := (0 :py m). If
M is a standard graded module, its associated primes are homogeneous in the standard
grading of R. Similarly, if M is multigraded, the associated primes are multigraded. We
remark that multigraded prime ideals are generated by subsets of V.

Let M be a finitely generated graded module. We say that a sequence of homo-
geneous elements ay,...,a; € R is a regular sequence on M if M # (ay,...,a;)M,
(0:pap)=0,and forall 1 <i<rt—1, ((a1,...,a) m aiy1) = (ai,...,a;)M. Every

maximal regular sequence on M has the same length, called the depth of M, and denoted

18



depthp M. It is known that depthy M < dimM; see, e.g., [ , Proposition 1.2.12].

We say that M is Cohen-Macaulay if depthy M = dimM.

Proposition 1.1.2. Let M be a finitely generated module. Then |J (0:gx)= U p.
xeM pcAssM

In particular, if M is graded, then depthx M = 0 if and only if m € AssM, i.e., if and
only if socM # 0.

1.2 Graded Free Resolutions and Betti Numbers

Let M be an R-module. A free resolution of M is a complex

(Fas0): - ——>FH—>F —=F—=0

of free R-modules F; such that the homology groups Hy(FFe) ~ M and H;(FF,) = 0 for
[ > 0. We often write [,, without explicit reference to the maps ¢;. When M is finitely
generated, we may take the F; to be of finite rank. We say that I is minimal if, for all
1 >0, ¢;(F)) C mF;_;. In addition, if M is graded (either in the standard grading, or in
the multigrading) then we may take the F; to be graded too, in the same grading as of
M. Moreover, we may assume that all the ¢; are homogeneous of degree 0, i.e., for all
[ >1,and forall f € Fy, deg ¢;(f) = deg f. If this happens, we say that F, is graded. Tt
follows from Nakayama’s lemma that every graded R-module has a minimal graded free
resolution. Further, when M is finitely generated, the Hilbert syzygy theorem asserts
that the minimal graded free resolution of M has finite length, which is at most |V|. In

other words, there exists 0 < p < |V| and a complex

(FM(PO): 0 Fp 9 & F2 L2 F1 01 F() 0
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of free graded R-modules of finite rank such that Hy(FFo ) ~ M and H;(F,) =0 for [ > 0,
the maps ¢; are homogeneous of degree 0, and ¢;(F;) C mF;_;.

Let M and N be graded R-modules, with graded free resolutions F, and G, respec-
tively. Define

Tork (M,N) := H;(Foe @ N) ~ H;(Ge @ M).

The Torfe (M,N) modules are graded in the same grading as M and N are. Moreover,
they are independent of choice of the resolutions of M and N.

We will first define Betti numbers for standard grading. Let M be a standard graded
R-module. For 0 <1 < |V| and j € Z, define graded Betti numbers, 3 j(M), of M
as By j(M) := dim, Torf(M,k);.  Similarly, if M is a multigraded R-module, then
we define, for 0 </ < |V| and o € Z", the multigraded Betti numbers B (M) :=

dimy, TorR (M, k).

Proposition 1.2.1. Let (Fu,9.):0—>Fy— " .. -2 1, ®_ Fo -0 be a minimal

graded free resolution of M. Then for all | and j, the graded free module F; contains
precisely B j(M) copies of R(—j). If M is multigraded, then, for all ¢ € Z", F, contains

precisely B (M) copies of R(—0).

Proof. The second statement is an easy extension of the first, which we now prove. We
can choose homogeneous bases for the F;, and write F; >~ EBR (— j)blv/ for some b; ; € N.
We need to show that b; j = 8 ;(M). By definition, for alljl >0, ¢;(F;) CmF;_;. Hence
we can express each ¢; as a matrix of homogeneous forms all of which belong to m.
Applying — ®@gk, we get

]F.®Rk:0*>6j9k(—j)b”‘j*0>... OEGj}k(—j)bw 0 Qj}k(—j)bo,j 0

20



from which we see that Tor;(M,k) ~ k(—j)?.i. The proposition now follows easily.

]

Remark 1.2.2. We observe, as a corollary to the above proposition, that for a multi-
graded module M, B; j(M) = ¥ Pj(M). For any homogeneous ideal I, By ;j(R/1)
is the number of minimal horﬁlf)'g:éneous generators of / in degree j. Similarly, for a
monomial ideal I, B; (R/I) is the number of minimal generators of / in multidegree

o. Since dimg Rs = 1, we see that B 5(R/I) < 1. Moreover, the minimal monomial

generators of / are uniquely defined.

Let M be a finitely generated graded R-module. Two important homological in-
variants of M that we study in this thesis are projective dimension and regularity.
The projective dimension, pdg M, of M is the largest homological degree [ such that
Torfe (M,k) # 0. The (Castelnuovo-Mumford) regularity, regp M, is defined as fol-
lows: regg M := max{j—1:0 <[ < |V|, Torf(M,k); # 0}. Often, when the ring under
consideration is clear from the context, we will only write pd M and reg M.

Let (F,, @) be a minimal graded free resolution of M. It follows from Proposi-
tion 1.2.1 that F; = 0 for [ > pdM. Therefore pdM is the length of a (equivalently,
every) minimal graded free resolution of M.

In order to give a similar description of regularity, we consider the case of a finitely
generated graded module M generated by elements of non-negative degrees. For exam-
ple, M = R/I for a homogeneous ideal /. We now introduce some notation for the the

minimum and maximum degrees of any minimal generator of F;.

Definition 1.2.3. Let M be a finitely generated graded R-module and 0 <[ < pdM.
The minimum twist of M at homological degree [ is m; = min{j: B, ;(M) # 0} The

maximum twist of M at homological degree [ is m; = max{;: ; ;(M) # 0}.
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Lemma 1.2.4. With notation as above, for 1 <1 <pdM, m; >m;_,. Let c =ht(0:g M).

Then for 1 <1 <c,my>m_,.

Proof. Let f € F, f # 0 such that deg f = m;. By minimality of F,, ¢ 1(F11) =
ker ¢; C mF;. Every non-zero element of mF; has degree greater than m;; hence f ¢
ker ¢;. We can therefore write ¢;(f) = Y a;g;, where the g; form part of a homogeneous
R-basis for F;_| and the a; € R are non-zero homogeneous forms. By minimality of F,,
we have a; € m, for all i. Hence, for all i, m;_; < degg; = deg ¢(f) —dega; < deg f =
my.

To prove the second statement, we apply Homg(—, R) to F, and observe that

0 — Homg(Fy,R) — Homg(F},R) — --- — Homg(F,;,R) —=0

is a minimal graded free resolution of Ext%(M,R). We thus obtain that, for 0 <[ <,
my(Extp(M,R)) = —m._;(M). Applying the first statement to m;(Exts(M,R)) now

concludes the proof. [

Observe that regM = max{m; — 1 : 0 <[ < pdM}. Now assume that M is generated
in non-negative degrees. From Lemma 1.2.4, it follows that m; > m; > [ for all . Hence,
for each [, m; — i gives a sense of the “width” of a minimal graded free resolution of
M at homological degree i. Therefore regM is a heuristic measure of the width of a
minimal graded free resolution. In this sense, both projective dimension and regularity
as considered as measures of the complexity of a module.

The next proposition relates projective dimension and depth and shows that M is

Cohen-Macaulay if and only if pd M = dimR —dim M.

Proposition 1.2.5 (Auslander-Buchsbaum formula [ , Theorem 19.9]). Let M be

a finitely generated graded module. Then pdgy M + depthp M = dimR.
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Discussion 1.2.6. Let M be a finitely generated graded R-module, with a minimal
graded free resolution IF,. The Hilbert function of M is the function by, : Z — N taking
i — dimy M;. Let p=pdp M. Then foralli € Z, dimyM; = Y (—1)"dimy(F);. Since
the F; are finitely generated graded free modules, dimk(E)O,-SilsSg sum of binomial coef-
ficients, each of which are polynomials of degree |V| in i. Hence there is a polynomial
7y € Q[t] such that for all i > 0, my (i) = hu(i); it is called the Hilbert polynomial
of M. First assume that M is not a finite-length module. Then degmy, = dimM —
1 and there exists a positive integer e(M) such that my (1) = %tdim”’_l +
terms of lower degree. If A(M) < oo, then my = 0; we set (M) = A(M). In either
of the cases, we call e(M) the Hilbert-Samuel multiplicity of M. Now suppose that

M = R/I for some homogeneous ideal I with ht/ = ¢. The following result was first

proved by C. Peskine and L. Szpiro [ ].

P l 0, if1<r<c—1
Y (D)"Y B R/ = (1.1)
1=0 J (=1)¢cle(R/I), ift=c.

We say that R/I has a pure resolution if for each [, there is a unique twist in the free
module F,, or, equivalently, that 7; = m;. We say that R/I has a quasi-pure resolution
if for each [, m; .| <'mj.

A diagrammatic representation for the graded Betti numbers is the Betti table. Let
Bi.j= B j(M),0<i<pdM,jc Zbe the graded Betti numbers of a finitely generated
graded module M. Then the Betti table of M is array with columns indexed by homo-
logical degrees [ having the entry f3;;, ; in the row indexed by j. The top-most row
gives the total Betti numbers, f; = Y ; f; ;. This is described in Table 1.1. An example

of a Betti table appears in Table 2.1.
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0 1 2 ... l [+1

total Bo B1 B - Bi Bis1
0| Boo Bix1  Pop - By B4

1 Bo.1 Bio B3z - Bii+1 Bis1.142

il Boj Brari Beprj o Bty Brrtgsisg
i1 | Boj+1 Biavj Bosvj o Briwj+r B+

Table 1.1: Betti table

1.3 Monomial Ideals

In this section, we discuss some facts about monomial ideals. First, we describe ini-
tial ideals, which are monomial ideals constructed from arbitrary ideals. Then we
study Taylor resolutions, which are multigraded free resolutions, often non-minimal,
of monomial ideals. We continue with studying polarization, which converts arbitrary
monomial ideals to square-free monomial ideals, preserving many numerical charac-
teristics of free resolutions. Finally, we discuss simplicial complexes and Hochster’s
formula, which relates multigraded Betti numbers of square-free monomials with ho-

mology of simplicial complexes.

1.3.1 Initial Ideals

A monomial order > on R is a total order on the set of monomials in R, such that, for
all monomials f with f # 1, f > 1, and for all monomials g > ¢/, fg > f¢’. If f€R
is a polynomial, then the initial term , in~ f, is the largest monomial that appears with
a non-zero coefficient in f. Let I C R be an ideal, not necessarily homogeneous. The
initial ideal, in~ I, of I is the ideal generated by the monomials {in- f : f € I'}. The

next theorem captures many essential features of initial ideals, and is a standard result.
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Theorem 1.3.1. Let I C R be a homogeneous ideal and > a monomial order. Then R/I
and R/in- I have identical Hilbert functions. Moreover, for all 1, j, B j(R/in> 1) >
B j(R/I). In particular, ht] = htin. I, e(R/I) = e(R/in> 1), pd(R/in-I) > pd(R/I)

and reg(R/in~ I) > regR/I.

A Grébner basis for I is a set of polynomials {gi,...,gs} C I such that in~ ] =

(in> g1,...,ins gs).

1.3.2 The Taylor Resolution

Let f1,...,fm be monomials, and let I = (fy,...,fn). Then the multigraded module
R/I has a multigraded resolution called the Taylor resolution. Below we follow the
description of [ , Ex. 17.11].

For S C [m], we set fg =lem{f;:i € S}. At homological degree [, 0 <1 < m,
7= &P .R (—fs). This is a multigraded free R-module of rank (’?) Here we have used
monoﬂi:ails to represent multidegrees. Let S = {i; < ... <i;} C [m]. For 8’ C [m],|S'| =

[ — 1, define

(=¥ fs/fg if S’ =S\ {ix} for some k,
€5 =
0 otherwise

Define ¢; : T} — T, by sending fs— Y & ¢ fs. Then
18'|=1-1

T, : 0 Tin . T To 0

is a multigraded free resolution of R/I. Taylor resolutions, in general, are non-minimal.
This is clear when m > |V| since T, has length m while every finitely generated R-

module has a minimal graded free resolution of length at most |V|, by the Hilbert
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syzygy theorem. Here is an example of an ideal generated by three monomials in three

variables, with a non-minimal Taylor resolution.

Example 1.3.2. Let R =k|x,y,z] and I = (xy,xz,yz). Then the Taylor resolution of R/I

1s:

—1 z z O
1 [—y 0 vy } R(—xy) [xy XZ yZ
-1 3 0 —x —x S
0 — R(—xyz) — R(—xyz2) R(éxz) R 0
R(—yz)

Since I = (x,y) N (x,z) N (y,z), ht] = 2. Therefore dimR/I = 1. Further, since R/I
is reduced, depthR/I = 1. By the Auslander-Buchsbaum formula (Proposition 1.2.5),

pdR/I =2, while the Taylor resolution has length three.

1.3.3 Polarization

Many questions about numerical invariants of graded free resolutions of arbitrary mono-
mial ideals can be reduced to the case of square-free monomial ideals by polarization.
Resolutions of square-free monomial ideals are related to simplicial homology, and in
the next subsection, we will look at some of these techniques. We follow the description
of [ , Section 3.2 and Exercise 3.15].

In this section we will label the indeterminates in V' as xy,...,x,. Let f = xf‘ R
be a monomial. Let R = k[x{1,x12,...,X21,%22, ... ,Xu1,Xn2, ... Then a polarization of
fin R is the square-free monomialf:xll CX1ey X201 X2y Xl Xney I f15 00 fin €
R are monomials and I = (f,..., fm), then we call the square-free monomial ideal I

generated by the polarizations of the f; in a larger polynomial ring R, a polarization of

I.
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Example 1.3.3. Let R = k|x,y,z] and I = (x*,y?,x’z%). Then a polarization of I in

R =Kk[x1,x2,%3,Y1,¥2,21,22,23) is the ideal I = (x1x2X3,y1y2,X1X2212273).-

The next proposition describes some elementary properties of polarization.

Proposition 1.3.4. Let I C R = Kklx,...,x,] be a monomial ideal. If I C R is a po-
larization of 1, then for all 1,j, B ;(R/I) = B j(R/I). In particular, ht] = htI and

e(R/I) =e(R/I)

Proof. That height and multiplicity remain unchanged is an easy consequence of the
assertion about graded Betti numbers and the formula of Peskine-Szpiro, given in Equa-
tion 1.1. To prove the statement about graded Betti numbers, we follow an argument of
A. Taylor [ , Proposition 1.12].

Let f1,..., fi be the minimal monomial generators of /. We first describe a partial
polarization I; of I, and prove the assertion for /;. It is easy to see that repeatedly
applying this procedure, we can obtain 7, and that the conclusion holds for /.

Let e; be the largest exponent with which x; appears in the f;. We may assume,
without loss of generality, that e; > 1. Let R; = Kk[xy,...,x,,y]. For 1 <i<m, define
8i € Ry by

Ly, it x| i,

8i =
fi,  otherwise.

To prove the statement about the graded Betti numbers, we make a sequence of
claims: that y — x| is a non-zerodivisor on R} /I} and that Ry /(I},y —x1) ~ R/I.

If, on the contrary, y— x| were a zerodivisor on R /I, then there exists p € AssR; /I
such that y — x; € p. Since /; and p are monomial ideals, there exists a monomial f ¢ I}
such that p = (I :g, f). Then f(y —x;) € I;. Again, since /; is a monomial ideal,
fy €l and fx; € I;. Let i, be such that g;|fy and g;|fx;. If y { g;, then g;| f, which

61—1

contradicts the fact that f ¢ I;; hence y|g;. We can write g; = x|'" " yh, where A is not
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divisible by x| or by y. Hence xi‘ _1h| f. We now claim that g | f. If not, then the degree
of xj in g; is precisely one more than the degree of x| in f, as g;| fx;. That is, x{'|g;, a
contradiction as, by definition, e; — 1 is the largest exponent of x; dividing any of the

minimal monomial generators of /.

1.3.4 Stanley-Reisner Theory and Alexander Duality

One of the primary advantages of reducing problems about resolutions of arbitrary
monomial ideals to the case of square-free monomial ideals is its relation to homology
of simplicial complexes, developed by R. Stanley, G. Reisner and M. Hochster. General
references for this section are [ ] and [ , Chapter 1 and Section 5.1]. Recall
that R = k[V] is the polynomial ring over a finite set of indeterminates V. Let I C R be
a square-free monomial ideal.

A abstract simplicial complex A on the set V' is a collection of subsets FF C V, called
faces, such that {x} € Aforall x € V and for all F € Aand forall G C F, G € A. Here-
after, we will omit “abstract”, while referring to simplicial complex. The dimension,
dimF, of a face F is |F| — 1. The dimension, denoted dimA, of A is the maximum
among the dimensions of the faces of A. A facet of A is a face that is maximal under
inclusion. We call zero- and one-dimensional faces, vertices and edges respectively.
Hence, vertices of A are singleton subsets of V; identifying them with elements of V,
we will say that V is the vertex set of A. We will adopt the convention of representing
a face F' of A by a square-free monomial, instead of as a set. In this notation, inclusion
of subsets of V corresponds to divisibility of monomials. Moreover, it suffices only to

give the maximal faces of A; we can construct the other faces by taking subsets.
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Example 1.3.5. Let V = {a,b,c,d}. Then A ={0,a,b,c,d,ab,ac,bc,ad,bd,abc} is a

simplicial complex. We write this as A = (abc, ad, bd).

Let A be a simplicial complex on a (finite, always) vertex set V. The Stanley-
Reisner ideal of A is the ideal generated by the square-free monomials [%x where
F CV is such that F ¢ A. Such an F is often called a non-face of A.ert follows
easily that the Stanley-Reisner ideal of A is generated by the minimal non-faces of A
Let I be the Stanley-Reisner ideal of A. Then we call R/I the Stanley-Reisner ring
of A. Similarly, if I C R = k[V] is a square-free monomial ideal, then the square-free
monomials of R\ I form a simplicial complex, called the Stanley-Reisner complex of
1. These two constructions are inverses of each other, and describe the Stanley-Reisner
correspondence between simplicial complexes on V and square-free monomial ideals
in k[V]. This correspondence has an equivalent description. Let A be a simplicial
complex on V and I its Stanley-Reisner ideal. Then I = () (F)R where (F)R denotes
the prime ideal generated by F := V' \ F (see [ , TheoI;ErAn 1.7]). Hence the minimal
prime ideals of R/I correspond to complements of maximal faces of A. We say that a
simplicial complex is Cohen-Macaulay (respectively, Gorenstein) if its Stanley-Reisner
ring is Cohen-Macaulay (respectively, Gorenstein).

Let A be a simplicial complex on V. The Alexander dual of A, denoted A*, is the
simplicial complex {F : F & A} of complements of non-faces of A. Let I C R =k[V]
be a square-free monomial ideal. Let m and F; C V,1 <i < m be such that [[,cgx,1 <
i < m are the minimal monomial generators of I. The Alexander dual of I, denoted I*,
is the square-free monomial ideal N, (F;). If I is the Stanley-Reisner ideal of A, then

F;,1 <i < m are precisely the facets of A*. Hence I* is the Stanley-Reisner ideal of

A*.The following is an important result on Alexander duality:
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Proposition 1.3.6 (Terai [ ;[ , Theorem 5.59]). For any square-free mono-

mial ideal J, pdR/J = regJ*.

Discussion 1.3.7 (Hochster’s Formula [ , Corollary 5.12 and Corollary 1.40]).
Graded free resolutions of square-free monomials are closely related to the homo-
logical properties of simplicial complexes. Let A be simplicial complex on V with
Stanley-Reisner ideal I. For ¢ C V, we denote by A|s the simplicial complex ob-
tained by taking all the faces of A whose vertices belong to 6. Note that A|s is the
Stanley-Reisner complex of the ideal I Nk[o]|. Similarly, define the link, 1ka(0), of ©
in A to be the simplicial complex {F \ o : F € A,oc C F}. Its Stanley-Reisner ideal
in k[6] is (I : o) Nk[6]. Multidegrees ¢ with B; 5(R/I) # O are square-free. Fur-

ther B o (R/I) = dimy ﬁ|a\—l—1 (Al;k) and By o(I*) = dimy H,_1(Ika(6);k). Relating

these two formulas, we have that

. T3 = o k —R
dimH,_; (Ika(6);k) = ﬁ|ﬂf;[|j1,o <%) = Piol-10 ((1: 6)) '

(That the map k[o] — R is faithfully flat gives the second equality.) We summarize this

below for later use:

Bro(l) = By 10 (ﬁ) . (12)

We add, parenthetically, that links of faces in Cohen-Macaulay complexes are them-

selves Cohen-Macaulay. [

Now assume that / is a square-free monomial ideal. Let A be the Stanley-Reisner
complex of 1. We now describe how the graded Betti numbers change under restriction

to a subset of the variables and under taking colons.

Lemma 1.3.8. Let I C R = k[V] be a square-free monomial ideal, x €V, 1,j € N and

o CV with |6| = j. Then
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a. Let W CV and J = (INk[W])R. Then,

0, cZW,
ﬁl,G(R/‘]) =
ﬁl,G(R/I>7 ocCW.

In particular, B j(R/J) < By j(R/I).

b. If Bio(R/(1:x)) #0, then By 5(R/I) # 0 or B; 5,0 (R/1) # 0.

Proof. (a): The second assertion follows from the first, which we now prove. Let A be
the Stanley-Reisner complex of J. Since for all x € V'\ W, x does not belong to any min-
imal prime ideal of R/J, we see that every maximal face of A is contains V \ W. Hence
if 6 W, then for all x € 6\ W, A| is a cone with vertex x, which, being contractible,
does not have any homology. Applying Hochster’s formula (Discussion 1.3.7) we see
that B; 5(R/J) = 0.

Now let 6 CW and F CV. Then F € Al if and only if I C (F)R and F C o if and
only if J C (F)R and F C o if and only if F € A|s. Apply Hochster’s formula again to

get

o:k) = i_VI|cr|—l—1 (Algsk) = Bro(R/I).

Bio(R/JT) = ﬁ|c;|—1—1 (A

(b): We take the multigraded exact sequence of R-modules:

)
>
0

=
N—
~I=
>

o

(1.3)

The corresponding multigraded long exact sequence of Tor is

-+ —— Tor; 4 (k, ﬁ) —_— Torl(]k, ﬁ(—x)) 4>T01‘[(k, ?) A
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Let W =V \ {x} and J = (INk[W])R. Since B;s(R/(I : x)) # 0 and x does not

divide any monomial minimal generator of (7 : x), we have, by the same argument as in

(a), c CW. Let T = 6 U{x}. First observe that

Let us assume that f8; ;(R/I) = 0, because, if B; ;(R/I) # 0, there is nothing to prove.
Then, the above long exact sequence of Tor, restricted to the multidegree 7, implies that
Tory 1 (k, (IR;X))T # 0. Now , since (1,x) = (J,x), we see further Tor;; | (k, ﬁ)f # 0.

Since x is a non-zerodivisor on R/J, we have a multigraded short exact sequence

~I
=

00— 5(_)‘:) Tx) 07

—~
N

which gives the following long exact sequence of Tor:

- —Tor; 1 (k, ?) —— Tor 4 (k, (JL;)) — Tor; (k, §(—x)) —_—

Since x does not divide any minimal monomial generator of J, B (R/J) =

0. Therefore Tor;(k, IJS(—x))T # 0, or, equivalently, Torl(]k,lj—e)cr # 0. By (a) above,
BI,G(R/I) 7& 0. =

Remark 1.3.9. G. Lyubeznik showed that, with notation as above, depthR/(I : x) >

depthR/I [ , Lemma 1.1]; Lemma 1.3.8(b) gives another proof.
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Chapter 2

Regularity and Depth of Bipartite Edge Ideals

We saw, in Proposition 1.3.4, that questions about numerical invariants of free resolu-
tions of arbitrary monomial ideals can be reduced to the square-free case using polar-
ization. Square-free quadratic monomials can be thought of as edges of a graph; we
will use this description to get bounds on the regularity and depth of quadratic mono-
mial ideals. In the last section, we classify all CM bipartite graphs whose edge ideals

have quasi-pure resolutions.

2.1 Edge Ideals

Let I C R =k[V] be a square-free quadratic monomial ideal. We can define a graph G
on the vertex set V by setting, for all x,y € V, xy to be an (undirected) edge if xy € I.
Then G is a simple graph, i.e., it has no loops (edges whose both end points are the
same) and no parallel edges (between the same pair of vertices). Conversely, for any
simple graph G on the vertex set V, we can define a square-free quadratic monomial
ideal, generated by monomials xy whenever there is an edge between x and y, for all
x,y € V. We call I the edge ideal of G. We will say that G is unmixed (respectively,

Cohen-Macaulay) if R/I is unmixed (respectively, Cohen-Macaulay).

33



Many invariants of / can be described in terms of invariants of G. The theory of
edge ideals is systematically developed in [ , Chapter 6]. A general reference to
graph theory is [ ].

Let G be a simple graph on V with edge ideal I. A vertex cover of GisasetA CV
such that whenever xy is an edge of G, x € A ory € A. Let A be a vertex cover of G. Then
the prime ideal (x: x € A) C R contains I. Conversely, if p C R is a monomial prime
ideal (hence is generated by some A C V) then A is a vertex cover. Since [ is square-
free, R/I is reduced; therefore, AssR/I is the set of minimal prime ideals containing /.
These are monomial ideals, and, hence are in bijective correspondence with the set of
minimal vertex covers of G. Observe that if G is unmixed, then all its minimal vertex
covers have the same size.

If xy is an edge of G, then we say that x and y are neighbours of each other. An edge
is incident on its vertices. We say that an edge xy is isolated if there are no other edges
incident on x or on y. A vertex x is a leaf vertex if there is a unique y € V such that xy is
an edge that is not isolated; in this case, we call y a stem vertex, and refer to the edge xy
as a leaf. The degree of a vertex x, denoted deg; x, is the number of edges incident on
x. A tree is a connected acyclic graph, and a forest is a graph in which each connected
component is a tree. A graph G is bipartite, if there is a partition V = V|| |V, and every
edge of G is of the form xy where x € V| and y € Vo. A path is a tree in which every
vertex has degree at most two. A cycle is a connected graph in which every vertex has
degree exactly two. A graph G is bipartite if and only if it does not contain odd cycles;
see, e.g., [ , Chapter 1, p. 9, Theorem 4]. In particular, forests are bipartite.

Let G be a graph. A matching in G is a maximal (under inclusion) set m of edges
such that for all x € V, at most one edge in m is incident on x. Edges in a matching form
a regular sequence on R. We say that G has perfect matching, or, is perfectly matched,

if there is a matching m such that for all x € V, exactly one edge in m is incident on x.
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Lemma 2.1.1. Let G be a bipartite graph on the vertex set V. =V | |V,, with edge ideal
I. Then G has a perfect matching if and only if |Vy| = |Va| = htl. In particular, unmixed

bipartite graphs have perfect matching.

Proof. If G has a perfect matching, then |V;| = |V,|. Moreover, by Konig’s theorem
(see, e.g. [ , Section 6.4]), the maximum size of any matching equals the minimum
size of any vertex cover; hence |Vi| = |V,| = htl. Conversely, if |V | = |V»| = ht/, then,
again by Konig’s theorem, G has a matching of |V;| = |V,| edges, i.e., it has a perfect
matching.

If G is unmixed, then every minimal vertex cover of G has the same size. Observe

that both V| and V5 are minimal vertex covers of G. O]

We can restate Konig’s theorem in the language of algebra: the maximum length of
a regular sequence in the set of monomial minimal generators of the edge ideal equals
the height of the ideal.

A graph G is said to be the suspension of a subgraph G, if G is obtained by attaching
exactly one leaf vertex to every vertex of G'. If G is the suspension of a subgraph
G', then G is Cohen-Macaulay. We see this as follows. Let V/ C V be the set of
vertices of G’. Denote the edge ideal of G’ in k[V’] by I'. Then I is the polarization of
I'+ (x* : x € V') in the ring R = k[V]. Since k[V']/(I' + (x* : x € V')) is Artinian, we
see that R/I is Cohen-Macaulay. Villarreal showed that a tree G is Cohen-Macaulay if

and only if G is the suspension of a subgraph G'; see, e.g., [ , Theorem 6.5.1].

2.2 Bipartite Edge Ideals

In Lemma 2.1.1, we saw that unmixed bipartite graphs have perfect matching. In this

section, we will describe the regularity and depth of edge ideals of unmixed bipartite
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X1 3l

X2, 2
B Y3 1 2/\4 5

X 4

X Y5

Figure 2.1: A perfectly matched bipartite graph and the associated directed graph

graphs. In Section 4.6, we will use the set-up below to prove Conjecture (HHSu) (see

Section 4.1, p. 69) for bipartite edge ideals.

Discussion 2.2.1. Let G be a bipartite graph on V = V| |V, with perfect matching. Let
Vi ={x1,-+,x.} and V, = {y1,---,y.}. After relabelling the vertices, we will assume
that x;y; is an edge for all i € [c]. We associate G with a directed graph 0 on [c] defined
as follows: for i, j € [c], ij is an edge of 0 if and only if x;y; is an edge of G. (Here,
by ij, we mean the directed edge from i to j.) We will write j > i if there is a directed
path from i to j in 0. By j = i (and, equivalently, i < j) we mean that j > ior j =i. An
example of a perfectly matched bipartite graph and the directed graph associated to it is
shown in Figure 2.1. For A C [c], we say that j = A if there exists i € A such that j = i.
Let 0 be any directed graph on [c], and denote the underlying undirected graph of ? by
|0|. A vertex i of 0 is called a source (respectively, sink) vertex if it has no edge directed
towards (respectively, away from) it. We say that a set A C [c] is an antichain if for all
i, ] € A, there is no directed path from i to j in 0, and, by 2%, denote the set of antichains
in 9. We consider 0 as an antichain. A coclique of 0] is a set A C [c] such that for all

i # j€A,iand jare not neighbours in [9|. Antichains in ? are cocliques in |d], but the
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converse 1s not, in general, true. We say that 0 1s acyclic if there are no directed cycles,
and transitively closed if, for all i, j, k € [c|, whenever ij and jk are (directed) edges in
0, ik is an edge. Observe that 0 is a poset under the order = if (and only if) it is acyclic
and transitively closed. In this case, for all A C [c], A is an antichain in 0 if and only if
A is a coclique in [0|. Let x(G) denote the largest size of any coclique in [0g]|. If |0
is a poset, we say that, for i, j € [c], j covers i if j = i and there does not exist j' such

that j = j' zZ i. (A general reference for results on posets is [ , Chapter 3].) [

The significance of x(G) is that it gives a lower bound for regR/I. Following
Zheng [ ], we say that two edges vw and v'w' of a graph G are disconnected
if they are no more edges between the four vertices v,v',w,w’. A set a of edges is
pairwise disconnected if and only if (I Nk[V,])R is generated by the regular sequence
of edges in a, where by V,, we mean the set of vertices on which the edges in a
are incident. The latter condition holds if and only if the subgraph of G induced on
Va, denoted as Gly,, is a collection of |a| isolated edges. In particular, the edges in
any pairwise disconnected set form a regular sequence in R. Set r(I) := max{|a| :
a is a set of pairwise disconnected edges in G}. We list some results relating regR /I

and r(I).

Proposition 2.2.2. Let G be a graph on V with edge ideal I and m; = m;(R/I) for

1 <1<pdR/L
a [ , Theorem 2.18] If G is a forest, then regR/I = r(I).
b. (Essentially from [ , Lemma 2.2]) For 1 <1 <r(I), m; =2l and for r(I) <

I <c¢ my > 1+r(I). Inparticular, regR/I > r(I).

Lemma 2.2.3. Let G be bipartite graph with perfect matching. Then, with notation as

in Discussion 2.2.1, r(I) > x(G) > max{|A| : A € @ }.
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Proof. If A C [c] is a coclique of [0g|, we easily see that the edges {x;y; : i € A} are
pairwise disconnected in G. The assertion now follows from the observation, that we

made in Discussion 2.2.1, that any antichain in 9 is a coclique of [0¢]. N

We will see in Theorem 2.2.15 that when G is a an unmixed bipartite graph, regR/I =
r(I). In the next section, we will discuss some examples where regR/I > r(I). First,

we relate some properties of bipartite graphs with their associated directed graphs.

Lemma 2.2.4. Let G be bipartite graph with perfect matching, and adopt the notation

of Discussion 2.2.1. Let j = i. Then for allp € UnmR/I, if y; € p, then y; € p.

Proof. Applying induction on the length of a directed path from i to j, we may assume,
without loss of generality, that ij is a directed edge of 9. Let p € UnmR/I and k € [c].
Since xiyi € 1, x; € p or yi € p. Since htp = ¢, in fact, x; € p if and only if y; & p. Now

since y; € p, x; € p, so (I : x;) C p. Note that since x;y; is anedge of G, y;j € (I :x;). O

Villarreal gave a characterization of unmixed bipartite edge ideals; the following is

its restatement in the above set-up.

Proposition 2.2.5 (Villarreal [ , Theorem 1.1]). Let G be a bipartite graph. Then

G is unmixed if and only if 0¢ is transitively closed. [

Discussion 2.2.6. Let 0 be a directed graph. We say that a pair i, j of vertices 0 are
strongly connected if there are directed paths from i to j and from j to i; see [ ,
Definition 1.4.12]. A strong component of 0 is an induced subgraph maximal under
the property that every pair of vertices in it is strongly connected. for more on strong
connectivity. Strong components of 0 form a partition of its vertex set. Now let G be a
an unmixed bipartite graph. Since 0 is transitively closed, we see that for all i, j € [c],
i and j belong to the same strong component of 0 if and only if both ij and ji are

directed edges. Let Z1,..., Z be the vertex sets of the strong components of 0. Let
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& =|2|,1 <i<t. Define a directed graph  on [t] by setting, for a,b € [1], ab to be a
directed edge (from a to b) if there exists a directed edge in 0 from any (equivalently,
all, since 0 is transitively closed) of the vertices in %, to any (equivalently, all, since
0¢ is transitively closed) of the vertices in Z,. We observe that 9 has no directed cycles;
this follows at once from the definition of the %, and the fact that ¢ is transitively
closed. Further, 9 is transitively closed. Therefore, it is poset under the order induced
from 0. We will use the same notation for the induced order, i.e., say that b - a if there
is a directed edge from a to b. Define the acyclic reduction of G to be the bipartite graph
G on new vertices {uy,...;u } L {v1,..., v}, with edges uyv,, forall 1 <a <t and u,vy,
for all directed edges ab of 0. Let § = klup,... ,us,v1,...,v], with standard grading. Let

1 C S be the edge ideal of G. For a multidegree ¢ = []; ul TIVY, set 06 = iufigi HV?Ci .

Example 2.2.7. Let G be the bipartite graph in Figure 2.2(a). on {x,x2,x3} | [{y1,y2,y3}-
The associated directed graph 9 is shown in Figure 2.2(b); its vertex set has the par-
tition 24 = {1,2}, 25 = {3} into maximal directed cycles. This gives , given in
Figure 2.2(c). The directed edge 12 of ) corresponds to the edges 13 and 23 of 0. The

acyclic reduction G of G is given in Figure 2.2(d).

Lemma 2.2.8. Let G be an unmixed bipartite graph with edge ideal 1. For an antichain
A+ D of0, letQy={j€ %:b=A}. Let Q= @. Then AssR/I={(x;:i & Qy)+ (yi
i€Qy):Ac o).

Proof. Let p € AssR/I. Let U:= {b:y; € p forsome j € Z,}. It follows from
Lemma 2.2.4 that y; € p for all j € Upcy Zp and that if &' - b for some b € U,
then »’' € U. Now, the minimal elements of U form an antichain A under >. Hence
{j:yj€p} =Qu, showing AssR/T C {(x;: i ¢ Qu)+ (yi: i € Qy) : A € 5}
Conversely, let A € o5 and p := (x; 11 € Qu) + (i : i € Q). Since htp = ¢ = ht/, it

suffices to show that I C p in order to show that p € AssR/I. Clearly, for all 1 <i <c,
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Xi n
X2 e » 3
X3e y3 1
(a) An unmixed graph G (b) Directed graph 0 of G

Ul o V1
lJle—>—22 .
U o V2
(c) Directed graph 2 (d) Acyclic reduction G

Figure 2.2: Acyclic Reduction, Example 2.2.7

x;y; € p. Take i # j such that x;y; € I. If i € Q4, then there is nothing to show. If i € Qq,
then there exist a,b,b’ suchthata € A, b = a,i € 2} and j € Z},. Since ij is a directed
edge of 0g, ' = b in 9. Hence b’ > a, and J € Q4, giving y; € p. This shows that

IChp. ]

Proposition 2.2.9. Let G be an unmixed bipartite graph, with edge ideal I and acyclic
~ ~ ~ AN
reduction G. Let I C S be the edge ideal of G. Then regR/I = pd <I ) and pdR/I =
A\ K
max{yoﬂ—z;ﬁm((z) >7é0}.
Proof. By Proposition 1.3.6, regR/I = pdI* and pdR/I = regl*. Hence it suffices
A\ K

to show that pd/* = pd (IA>* and regl* = max{|c¢| —1: B s ((1) ) # 0}. From

Lemma 2.2.8, with the notation used there, it follows that

C
I = Hxi-Hyi:AE% = Hxi'HinQ#AEJZ% + Hx,- )
iZQu i€Qy b#A b=A i=1
i€z, i€Z,
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For each a € [t], fix i, € Z,. Now, as the Z, form a partition of [c], we see that [* is a

polarization of the ideal

t
J= (Hxli”'nyii” O £A E,@%) + (Hxi”) )
bEA  byA b=1

~\ * A\ K
Hence it suffices to show that pd I* = pd (I) andregl* = max{|0‘C| —1:Bs <<1> > #+

0}. The following lemma now concludes the proof. [

Lemma 2.2.10. Let By =Kk|[xy,...,x,] and By =K[y1,...,ys]. Let &,..., &, be positive
integers. Set degx; = 1 and degy; = &, for all 1 <i < n. Define a ring homomorphism
¢ : By — By by sending y; — x;'. Then for any acyclic complex G, of finitely generated
graded By-modules (with degree-preserving maps), Ge ®p, B1 is an acyclic complex of

finitely generated graded Bi-modules (with degree-preserving maps).

Proof. Acyclicity of G, ®p, B follows from the fact that By is a free and hence flat B»-

algebra. The maps in G, ®p, B; are degree-preserving since ¢ preserves degrees. [

Remark 2.2.11. Let G be an unmixed graph with acyclic reduction G.IfICRandTCS

are the respective edge ideals, then it follows from Proposition 2.2.9, that regR/I =
~ * ~

pd (I) =regS/I.
Herzog and T. Hibi gave the following characterization of Cohen-Macaulay bipar-

tite graphs.

Theorem 2.2.12. | , Lemma 3.3 and Theorem 3.4] Let G be a bipartite graph on
Vi LUV, with edge ideal I. Then G is Cohen-Macaulay if and only if |V} | = |Va| = c =htI

and we can write Vi = {xy,--- ,x.} and Vo = {y1,--- ,y. } such that
a. Forall 1 <i<n, x;y; is an edge of G.

b. Forall1 <i,j<n,ifx;y;isan edge of G, then j > i.
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c. Forall1 <i,jk<n,ifxy; and x;yj are edges of G, then x;y is an edge of G.

Below we first paraphrase this result in terms of the associated directed graph and

give an alternate proof.

Theorem 2.2.13. Let G be a bipartite graph on the vertex set V.=V | |Vo. Then G
is Cohen-Macaulay if and only if G is perfectly matched and the associated directed

graph 0¢ is acyclic and transitively closed, i.e., it is a poset.

Proof. Let I be the edge ideal of G. First assume that G is Cohen-Macaulay; then G is
unmixed, so, by Proposition 2.2.5, G is perfectly matched and 0 is transitively closed.
Let [c] = Z11...1] 2 be a partition of [c] into vertex sets of maximal directed cycles,
as in Discussion 2.2.6. Let {, = |Z;|,1 <a <1. Let S and I be as in Discussion 2.2.6.
We need to show that £, = 1 for all 1 < a <t (which implies that t = ¢).

~

Since pdR/I = ¢ = htl, from Theorem 2.2.9 we see that reg(/)* = ¢. Notice that

~

(I)* is minimally generated by monomials of degree ¢ (in the grading of S). For any

a € |t],

[Tuw-[]veand [Tus-[]vo

b¥a b=a b=xa b>a

~

are minimal monomial generators of (1)*. It is easy to see that

Ug <Hub~Hvb) —_— (Hub-Hvb> =0

b¥a b=a b=<a b=a

~

is a minimal syzygy of the generators of (1)*. The degree of this syzygy is ¢ +degu, =
c+degv,=c+C,. Sincec+{,—1< reg(IA)* = ¢, we see that {, < 1, which gives
La=1.

Conversely, assume that G is perfectly matched and that 05 is acyclic and transi-

tively closed. We prove the assertion by induction on ¢ =htl = |V|| = |V,|. If c = 1, then
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I = (x1y1), and the assertion easily follows. Now let ¢ > 2. Observe that dimR/I = c.
We need to show that depthR/I = c¢. By Proposition 2.2.5, G is unmixed. Notice that
0 is a poset, under the order >=, as mentioned in Discussion 2.2.1.

Let i € [c] be a minimal element of d;. Observe that it suffices to show that

depthR/(I : x;) = ¢ = depthR/ (I, x;); then, it follows from the exact sequence

o
=
0
&ad
S~—
~I%
=
o

(I,x)

that depthR/I = c.

First, since i is a minimal element of 0, y; is a leaf vertex G. Write W = {x itJ€E
lc],j#itU{yj:j€[c],j#i}. Itiseasy to see that (I,x;) = (INk[W])R+ (x;), and
that x; is a non-zero-divisor on R/(INk[W])R. Moreover, (I,x;) is the edge ideal of
G|w, which is perfectly matched. The associated directed graph of G|y (on the vertex
set [c] \ {i}) is the sub-poset ?’ := {j € 0 : j # i} of g. Since ¥’ is transitively closed
and has no directed cycles, we see, by induction, that G|y is Cohen-Macaulay with
ht(I Nk[W]) = ¢ — 1, giving that R/(I,x;) is Cohen-Macaulay with depthR/(I,x;) = c.

Secondly, we can write (I:x;) = (v : j € [c],j = i) +J, where we set 0 = {j €
[c] : j # i} and J is the edge ideal (in R) of the induced subgraph G of G on the subset
of vertices {xj,y;: j € 0}. For, that (I : x;) O (yj: j € [c],j = i) +J is clear. To
show the other inclusion, if x;y; € I for some j = i, then x;y; € I, and, therefore, y; €
(1 : x;), showing that x;y; is not a minimal generator of (1 : x;). If i is the unique
minimal element of 9, then we take J = 0. Moreover, y j»J = 11s aregular sequence on
R/J. Indeed, 3 is the associated directed graph of G, so, by induction, R/J is Cohen-
Macaulay with dimR/J = ¢+ |{j: j = i}|. Hence R/(I : x;) is Cohen-Macaulay and
depthR/(I : x;) =c. O
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Lemma 2.2.14. Let G be an unmixed bipartite graph with acyclic reduction G. Then

max{|A| : A € F,} = max{|A] : A € F_}.

Proof. Let A ={iy,...,I+} C[c] be an antichain in 9. Choose aj,...,a, € |t] such that
ij € Zg;. Since g is transitively closed, it follows that {ai,...,a,} is an antichain in
05 Conversely, if {ay,...,a,} is an antichain in 0 & then for any choice of i; € Q’},j,

{i1,...,ir} is an antichain in d. O

Theorem 2.2.15. Let G be an unmixed bipartite graph with edge ideal I. ThenregR/I =

max{|A| : A € o }. In particular, regR /I = r(I).

Proof. The latter statement follows from the first statement along with Lemma 2.2.3.
In order to prove the first statement, let G be the acyclic reduction of G on the vertex
set {u,...,us} [ |{v1,...,v}. Recall that G is a Cohen-Macaulay bipartite graph. As
in Discussion 2.2.6, let S = kluy,...,u,vq,...,v]. Let 1C S to be the edge ideal of
G. Remark 2.2.11 and Lemma 2.2.14 give that it suffices to prove the theorem for
Cohen-Macaulay bipartite graphs.

After relabelling, we take G to be Cohen-Macaulay; then 9 is a poset. We proceed
by induction on c. If ¢ =1, then G is x;y;, for which the theorem is true. Hence let
¢ > 1. Let i € [c] be a minimal element of 0. First, the deletion 0; of i in D¢ is the
associated directed graph of the deletion G of the vertices x; and y; (which is a leaf
vertex) in G. Since 9 is a poset, G| is Cohen-Macaulay, on 2(c — 1) vertices. Let I
be the edge ideal of G|. Any antichain of 9| is an antichain of d; so, by induction,
regR/I; < max{|A|: A € o%}. Secondly, let 9, be the poset {j € [c] : j # i}. Let G2
be the Cohen-Macaulay bipartite graph whose associated directed graph is 0;. Let I,
be the edge ideal of G,. For any antichain A of 9,, we see that AU {i} is an antichain

of 9. Hence, by induction, regR/I, < max{|A|:A € <4, }— 1.
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Now, (I,x;) = (I1,x;) and (I : x;) = L+ (y; : j %= i). Since x; is a non-zero-divisor

of R/I1 and {y;, j »= i} is a regular sequence on R/, we see that reg(l%) < max{|A| :

A € g} and that regﬁ < max{|A| : A € &} — 1 It now follows from the exact
sequence
R R
0T (—%) —> 17— g —0
that regR/I = max{|A|: A € o }. O

Remark 2.2.16. Let G be a Cohen Macaulay bipartite graph with edge ideal 7, with
ht! = ¢. Then regR/I < c. If regR/I = ¢, then R/I is a complete intersection, or,
equivalently, G consists of ¢ isolated edges. We see this as below: Let 0 be the
associated directed graph on [c]. Since regR/I is the maximum size of an antichain in
0g, regR/I < c. If regR/I = ¢, we see that 0 has an antichain of ¢ elements, which

implies that for all i # j € [c], i % jor j £ i, i.e., x;y; is not an edge of G. O

We would now like to give a description of depth R/ for an unmixed bipartite edge
ideal I in terms of the associated directed graph. First, we determine the multidegrees
with non-zero Betti numbers for its Alexander dual.

Let G be a Cohen-Macaulay bipartite graph. For antichains B C A of 0g, A # O, set

04,8 = [ligaXi[lizaYillicg xi- Set 0g o = [1i; xi.

Theorem 2.2.17. Let G be a Cohen-Macaulay bipartite graph with edge ideal I. For
all 1 > 0, and multidegrees o, if B 5(I*) # 0, then B; 5(I") = 1 and o = o4 p for some

antichains B C A of 0 with |B| = 1.

Proof. We assume that [ > 1 since the conclusion for the case [ = 0 follows from
Lemma 2.2.8. (Since G is Cohen-Macaulay, d = d¢.) Let [, 0 be such that Bi.o(I*) #0.

Recall that 7* has a linear resolution, so || =c+/ and |G| =c—1.
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Let A be the set of the minimal elements of the set {i € [c] : y;|o forall j = i}. Itisa
non-empty antichain, because o is divisible by a minimal generator of I* different from
¢_, x;; any such generator is G4/ o for some antichain A’ # @&. We now claim that for
alli £ A, x;|o. For, if not, then we see from Lemma 1.3.8(a) that ; o (I"Nk[V \ {x;}]) =
Bi.o((1:x;)*) # 0. However, y; € (I : x;), for all j = i, giving y;|o for all j = i. Hence
i >= A, contradicting the hypothesis that i % A.

Define By ={i:i>=A,x;|c} and B, ={i:i # A,y;|c}. We observe that for all i € B,
there exists j such that j = i and y; { o; for, otherwise, it will follow from the definition
of A that i 3= A, which is a contradiction. Also note that |B;|+ |Bz| = [. We need to show
that B; C A and that B, = &. Further, define B’1 ={j€Bj:i€Bjforallisuchthat j =
i=A}.

We now observe that x; € (I : &) if and only if for all j >= i, y; { & if and only if for
all j =i, y;|o if and only if for all j = i, j = A or j € B,. This condition holds if i = A.
If i %% A, then, since y;|0, i € By; however, in this case, we noted earlier that there exists
j=isuchthaty;fo. Thusx; ¢ (I: ) if and only if i = A. Similarly, y; ¢ (I : 6) if and
only if for all i % j, x;1 6 if and only if for all i % j, x; | o if and only if for all i <X j,
i#AoricBifandonlyif j#AorjeB).

Now, x;y; is a minimal monomial generator of (I : &) if and only if x; € (1 : &)
and y; ¢ (I: &) if and only if (i = A) and (j # A or j € B}), which, because j = i, is
equivalent to the condition that i, j € B. LetJ := (x;y;:i,j € B}). Let 1= Uies, {xi,yi}
We can then write (/: 6) =JR+ (o \ 7)R. Since minimal generators of (¢ \ 7) form a
regular sequence of linear forms on R/J, we see that

R K[1] k[o\ 7]

(I:6) Jk[1] k (o \7)k[o\ 7]) @k k[G]. (2.1)
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In partlcular R/J is Cohen-Macaulay and regR/J = reg ( )" We know from (1.2)
that reg 77 = ( ) > 1. Since J is the edge ideal, in R, of the restriction G|; of G to the vertex
set T, we see that regR/J is the maximum size of an antichain of the restriction of g
to B}. Hence |B}| > [. However, B] C By and |Bj|+|Bz| =1[,s0 B} =Bj and B = &
Furthermore, so as to have an antichain of size /, any two elements of B’1 = B; must
be incomparable to each other, so B; C A. Set B = B;. This proves that 0 = 0, p, for
some antichains B C A with |B| =1.

Finally, to show that 8, 5(1*) = 1, we observe that G| is a collection of / isolated
edges, so R/J is a complete intersection and f; ;(R/J) = 1. (Note that |t| = 2/ and that

7 C 0.) Recall that |o| = ¢+ . Now, from (1.2) and (2.1), it follows that

Bio(I") = Bro ((1%))

- T L ae () oo (reeiona)

0<i<c1'Co

= L e () v (@ e

(summands above with 7' Z 7,6\ 7 Z & \ 7 are zero)

k
= Bre ( [[T]]) (from the Koszul resolution of k over k[o \ 7))

= B1:(R/J) (since k[t] — R is faithfully flat)

=1.

O

Corollary 2.2.18. Let G be an unmixed bipartite graph with edge ideal I. Let ¢ = htl.
Lett,C1,..., 8,0 be as in Discussion 2.2.6. Then

depthR/I = ¢ — max { Z §i — |B| : B is an antichain ofg} .
icB
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In particular, depthR/I > t.

Proof. Let G,S ,f be as in Discussion 2.2.6. From Theorem 2.2.17, we know that if
Blva((IA)*) # 0 for some multidegree 6 C {uy,...,u;,v1,...,v; }, then © = o4 p for some
antichains B C A of 9, with |B| = [. Now, in S, deg O0AB = LYisa i+ YivaCi+YiepGi=

¢+ Yicp & Hence

reg(I)* = ¢+ max { Z ;i — |B| : B is an antichain ofﬁ} .
i€B
Note that depth R = dim R = 2¢. Now apply Proposition 2.2.9, followed by the Auslander-
Buchsbaum formula, to obtain the conclusion.
To show that depthR/I > ¢, it suffices to show that, for all antichains B of 5, t+
Yies G — |B| < c. Since ¢ = Y}_; §, it suffices to show that 1 — [B| < ¥;¢p i, which is

true since §; > 1 for all i. O

Remark 2.2.19. The above bound is sharp. Given positive integers ¢ < ¢, and a poset )
on ¢ vertices, we can find an unmixed bipartite graph G on the vertex set V =V [ |V,
with edge ideal I such that |V| = |Va| = ¢ and depthk[V]/I =t. Choose any antichain
Bindand set §; =1 forall i ¢ B. Choose {; > 1,i € Bsuch that ¥,;c5{; = c —1+|B|.
Now construct a directed graph 0 on c¢ vertices by replacing the vertex i of ) by directed
cycle of {; vertices and then taking its transitive closure. Label the vertices of 0 with [c].
Let G be a bipartite graph on V = {xy,...,x.} LI{y1,...,¥c} such that x;y; is an edge for
all i € [c] and x;y; is an edge whenever i is a directed edge of 0. Then G is an unmixed

graph. We know from the corollary that r < depthR/I <c¢—Y,.p(;— |B| =t.

2.3 Examples
In this section, we discuss some examples where regR/I > r(I).
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0o1 2 3 45
total |1 8 20 24 12 1
1

0 . .

1. 8 8 . .

20 . . 12 24 12

30 . . . . 1

Table 2.1: Betti diagram for the 8-cycle

Example 2.3.1 (Non-Cohen-Macaulay bipartite graph). Let G be a cycle on 8§ vertices

with edge ideal

I = (x1y1, .-, X44,X1Y2,%2Y3, X34, X4Y1) C R =K[x1,...,X4,¥1,...,Y4].

The Betti diagram of R/I is given in Table 2.1. Notice that pdR/I = 5, while I C
(x1,...,x4) giving ht/ < 4. Hence G is not Cohen-Macaulay. From the Betti diagram,
we see that r(I) < 2; in fact, x;y; and xpy3 are disconnected, so r(I) = 2. However,
regR/I =3.

Example 2.3.2 (Cohen-Macaulay non-bipartite graph). Let A be the triangulation of
the unit sphere S? obtained by the regular icosahedron, represented in Figure 2.3. The
facets of A are ABx, BCx, CDx, DEx, EAx, Acd, ABd, Bde, BCe, Cea, CDa, Dab, DEDb,
Ebc, EAc, aby, bey, cdy, dey and eay, corresponding to the triangles in Figure 2.3. The
Stanley-Reisner ideal / of A is generated by the pairs of vertices that do not form an

edge in Figure 2.3;

I = (ac,ad,bd,be,ce,aA,bA,eA,aB,bB,cB,bC,cC,dC,
AC,cD,dD,eD,AD,BD,aE dE,eE,BE,CE,ax,bx,cx,dx,

ex,Ay,By,Cy,Dy,Ey,xy).
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Figure 2.3: The net of a regular icosahedron

0 1 2 3 4 5 6 7 8 9

total | 1 36 160 327 412 412 327 160 36 1

01 . . . . . .

36 160 315 300 112 12 . .
12 112 300 315 160 36

W o =

Table 2.2: Betti diagram of a simplicial sphere

Thinking of this as the edge ideal of a graph G on the vertex set V, we see that G is
Cohen-Macaulay; in fact, being the Stanley-Reisner ring of a simplicial sphere, R/I is
Gorenstein. The Betti diagram of R/I is shown in Table 2.2. Indeed, if o C V has fewer
than five elements, then ﬁl (Alg;k) =0, so, by Hochster’s formula (Discussion 1.3.7),
we see that fB; 3 = B4 = 0. From Proposition 2.2.2.b, we see that r(I) = 1. However,

reg(R/I) = 3.

2.4 Quasi-pure resolutions

In this section, we study Cohen-Macaulay bipartite graphs whose edge ideals have a

quasi-pure resolution. Suppose that G is a graph on V with edge ideal / with the prop-
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erty that regR/I = r(I). For instance, G is a forest (Proposition 2.2.2.a) or an unmixed
bipartite graph (Theorem 2.2.15). If r(I) < 2, then R/I has a quasi-pure resolution.
Now suppose that r(I) > 3 and that R/I has a quasi-pure resolution. Since r(I) > 3,
m3(I) = 6, from Proposition 2.2.2.b. Hence my, () > 6. We claim that every vertex has

at most 3 neighbours. More generally,

Proposition 2.4.1. Let I be the edge ideal of a graph G. For any multidegree O,
Bis|-1,6(R/I) # 0 if and only if there exists a partition 6 = o1|]---||0q such that

forall 1 <i<d, forall x € o; and for all y € 6\ 0, xy is an edge of G|5.

Proof. We immediately reduce the problem to the case that 6 = V, noting that, by
Lemma 1.3.8(a) and the flatness of R over k[0, Big|—1,6(R/I) = Bi|-1,6 ( Im]k[ TR ) =
Bio|-1.0 ( 1&]1@:] > and that (INk|[o]) is the edge ideal of G|s in the ring k[c]. Hence
we need to show that By v (R/I) # 0if and only if there is a partition V =V [ |---| ]V,
such that for all 1 <i <d, for all x € V; and for all y € V\ V;, xy is an edge of G.
Let A be the coclique complex of G. Hochster’s formula gives that By v (R/I) =
dimy ﬁo(A; k). Hence we must show that A is disconnected if and only if a partition,
such as above, exists.

Suppose such a partition exists. Then any coclique of G is contained in V; for
some 1 <i < d; hence A is disconnected. Conversely, assume that A is disconnected.
Denoting the number of distinct components of A by d, we set V;,1 <i < d, be the
vertex sets of these components. We see immediately that for x,y € V, whenever x and

y are in different components of A, there is an edge xy in G. [l

We wish to mention here that this agrees with the result of Novik-Swartz [ ,
Theorem 1.3] that the first skip in the sequence of m;’s is at n — g1 + 1, where ¢q; is
the Cohen-Macaulay connectivity of the 1-dimensional skeleton of the Stanley-Reisner

complex of /. For the edge ideal of a graph G, the 1-dimensional skeleton of its Stanley-
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Reisner complex is the complement graph G. In passing, let us note that if G is a forest,
then Proposition 2.4.1 implies that max{/ : m;(I) =+ 1} = max{deg;x:x € V}. More
generally, if G is a bipartite graph, then max{/ : m;(I) = [+ 1} is the largest cardinality

of a complete bipartite subgraph of G.

Discussion 2.4.2. We already observed that if regR/I < 2, then R/I has a quasi-pure
resolution. Let G be a connected Cohen-Macaulay bipartite graph such that regR/I > 3
and R/I has a quasi-pure resolution. It is easy to see that G is connected if and only if
0 is a connected poset. Since regR/I = r(I) > 3, m3(I) = 6 by Proposition 2.2.2.b, so
for R/I to have a quasi-pure resolution, we must have my, (1) > 6. This means, by the
observation in the last paragraph, that for all 7, there are at most two elements j such that
j=i(oris= j)indg. Since 0 is connected, in every maximal chain, there exists i, j, j’
such that j and j’ cover i or i covers j and j’. From the observation above, it follows
that, in the first case, i is a source vertex and that j and j are sink vertices. Similarly, in
the second case, i is a sink vertex and j and j’ are source vertices. Hence every maximal
chain of 0 has length at most one; in fact, since 0 is connected, every maximal chain
has length one. Therefore every vertex in 0¢ is a source vertex or a sink vertex, but not
both. Every source (respectively, sink) vertex in 0 is covered by (respectively, covers)
at most two sink (respectively, source) vertices. For x;y; to be a leaf in G, it is necessary
and sufficient that i is a source vertex or a sink vertex in 0. Therefore, in our case, x;y;
is a leaf for all i; in other words, G is the suspension of its subgraph G’ induced on the set
of vertices V' := {x; : i is a source vertex of 0} U{y; : iis a sink vertex of 0} C V. The
underlying undirected graph [0¢] is, first, bipartite, and, secondly, a path on ¢ vertices
(necessarily, if ¢ is odd) or a cycle on ¢ vertices. The subgraph G’ of G described above

is a path (respectively, a cycle) if and only if [0/ is a path (respectively, a cycle).
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Lemma 2.4.3. Let G be a Cohen-Macaulay bipartite graph. Then G is a forest if and

only if the undirected graph 0| has no cycles.

Proof. Letiy,iy,... I, ip+1 = i1 be acycle in [0g|. Set Cy = & and define, inductively,

forl=1,...,t,
XiyYipi1s if i1+] =1,
G =c-J
YiXi,.,, otherwise.
It is easy to see that there is a cycle among the edges C, U {x;y;,i = iy,...,i}.

Conversely, if G has a cycle, then let C be the edges x;y; in the cycle with i # j.

Then we note that the edges ij such that x;y; € C form a cycle in [3]. O

Remark 2.4.4. Then every chain in 0g has length at most one. For, if 0 had a chain
of length two, labelled, say, 1 < 2 < 3, then x1y2,xy2,Xx2y3,Xx1y3 form a cycle in G.

Conversely, any cycle in G gives rise to a chain of length at least two in 9.

Proposition 2.4.5. Let I be the edge ideal of a connected Cohen-Macaulay bipartite

graph G. Then the following are equivalent:
a. regR/1 > 3 and R/I has a quasi-pure resolution.
b. G is the suspension of the path on five or six vertices or of the 6-cycle.

Proof. (a) = (b): First, if ¢ > 7, then we claim that R/I cannot have a quasi-pure
resolution. Since regR/I > 3, 0 is such that every vertex is a source vertex or a sink
vertex, but not both, and that every source (respectively, sink) vertex in 0 is covered
by (respectively, covers) at most two sink (respectively, source) vertices. If ¢ > 7, then
restrict 0 to one of its connected subgraphs with seven vertices. This corresponds
to restricting G to a Cohen-Macaulay subtree on 14 vertices. If we show that the edge

ideal of this subtree does not have a quasi-pure resolution, then, by Lemma 1.3.8(a), we
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have that R/I does not have a quasi-pure resolution. Therefore, by replacing G by this
subgraph, we may assume that G is a Cohen-Macaulay tree on 14 vertices, such that the
length of every maximal path in 0 is one, and prove the R/I does not have a quasi-pure
resolution. We may verify this with a computer algebra system, such as [12], but we
give a direct proof below.

We will prove this when 9 has four source vertices and three sink vertices. The
other case is of 0 with three source vertices and four sink vertices; this corresponds
to relabelling the partition of the vertex set. Since ¢ =7 is odd, G is the suspension of
a path on 7 vertices. We label the source vertices 1,---,4 and the sink vertices 5,6,7.
Then the edges of 0¢ are 15,25,26,36,37 and 47. Hence I = (x1y1,- - ,X7y7,X1Y5,X2Y5,
X2Y6,X3Y6,X3Y7,X4y7). We saw that m4(I) = 6. Since the set of four source vertices in 0
form an antichain, regR/I = 4, and hence M4(I) = 8; to prove that R/I does not have a
quasi-pure resolution, we need to show that ms(I) <7. Let o = {x1,y5,X2,Y6,X3,Y7,X5 },
and J = (INk[o])R = (x1y5,%25,X5Y5,X2Y6,X3Y6,X3y7). We will show that Bs5 7(R/J) #
0, which will suffice, by Lemma 1.3.8(a), to show that ms(I) < 7. We have a short exact

sequence of graded R-modules

0—> gag (=1)) —=R/J —=R/(J,y5) —>0.

Since R/(J,ys) is Cohen-Macaulay and ht(/,ys) = 3, we see from the associated long

exact sequence of Tor(k, —) that

Tors (k, (—1)) ~ Tors(k,R/J).

(J:ys)

To complete the argument, we will show that B5¢(R/(J : ys)) # 0. Since (J :ys) =

(x1,2,X3,%4X5,%5X6 ), this is equivalent to B 3(R/(x4x5,x5%6)) 7 0, which is true.
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We showed so far that ¢ < 6. Now, if ¢ < 5, regR/I < 3. Hence ¢ =5 or ¢ = 6.
As we noted in Discussion 2.4.2 that G, therefore, is the suspension of the path or the
cycle in five or six vertices or of the 6-cycle.

(b) = (a): If G i1s the suspension of the path or the cycle on ¢ vertices, then 0
is such that every vertex is a source vertex or a sink vertex, but not both, and that every
source (respectively, sink) vertex in 0 is covered by (respectively, covers) at most two
sink (respectively, source) vertices. Hence regR/I = [5]. Since ¢ =5 or ¢ = 6 in our
case, regR/I = 3. With this, R/I has a quasi-pure resolution if and only if m4(I) = 6,
which we now show. If on the other hand, m4(I) = 5, then there exists ¢ C V and a
partition o = 01| |0, (into two sets, since G is bipartite) such that |6| = 5 and G|s is
a complete bipartite graph (Proposition 2.4.1). Recall that V = V|| |V is the partition
of the vertex set V of G. We may assume that o; C V;,i = 1,2. If |o;| = 1 for any i,
then |o| <4, because deg;x < 3 for all x € V. On the other hand, if, say, |o}| > 2, then
|o»| = 1, because otherwise, we would get a 4-cycle in G, contradicting the fact that G
has only a 6-cycle, if any. Now, again, |01| < 3, so || < 5. Hence R/I has a quasi-pure

resolution. [

We add, in passing, that the edge ideals I of the suspension of paths and cycles on
four or fewer vertices have quasi-pure resolutions, but this follows easily from the fact

that regR/I < 2.

2.5 Discussion

Many classes of simplicial complexes have Stanley-Reisner ideals that are generated
by quadratic monomials. Further, homogeneous ideals that have quadratic initial ideals
(in some monomial order) define Koszul algebras, which have important homological

properties. Therefore it is worth while to understand the resolutions of quadratic mono-
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mial ideals (equivalently, of square-free quadratic monomial ideals, or edge ideals of
graphs).

At the outset, we may wish to strengthen Proposition 2.2.2.b, by finding an in-
variant of a graph G that gives regR/I. From the discussion immediately preceding
Proposition 2.2.2, we note that the invariant r(I) captures Koszul-like syzygies among
the generators of /. One of the future problems is to determine whether there are (in-
duced) subgraphs G that determine reg R/I. Similarly, characterizing Cohen-Macaulay
graphs with pure or quasi-pure resolutions is also open.

Generalizing Proposition 2.2.9, Theorem 2.2.15 and Corollary 2.2.18 to the class of

all bipartite graphs is also an important future direction.
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Chapter 3

Arithmetic Rank of Bipartite Edge Ideals

In this chapter, we prove that for certain Cohen-Macaulay graphs, the edge ideal can
be generated up to radical by as many polynomials as its height. In other words, the

arithmetic rank of the edge ideal is its height.

3.1 Arithmetic Rank

Let S be any commutative Noetherian ring, and / C S an ideal. The arithmetic rank
of I, denoted aral, is the least number ¢ such that there exists fi,..., f; € S such that
m = +/I. Now if J C S is an ideal such that \/T = v/J, then, for all p e
SpecS, I C pif and only if J C p. It follows immediately from the Krull principal ideal
theorem | , Theorem 10.2] that aral > ht/.

Let V be a finite set of indeterminates over a field k and let R = k[V]. For an
ideal I C R, we say that R/ is a set-theoretic complete intersection if aral = htl. This
terminology arises as follows: let c =ht/. If v/I = m for some f1,...,fc €R,
then Spec R/I is homeomorphic to SpecR/(f1,..., f). Observe that ht(f,..., f;) =c,
i.e., the images of f1,..., f, form part of a system of parameters in Ry, for all p € SpecR

such that (fi,...,f.) C p. Since Ry, is Cohen-Macaulay for all p € SpecR, the images
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of the f; form a regular sequence in Ry, for all p € SpecR such that (fi,...,f.) C p.
Therefore SpecR/(f1,..., f¢) is a complete intersection.

Arithmetic rank of an ideal / C R is related to the vanishing of local cohomol-
ogy of R-modules with support in /. For a discussion of this, see [ , Section 5]
or | , Section 9.3].

From now on, we assume that / C R is a square-free monomial ideal. Arithmetic
rank of monomial ideals has been considered by P. Schenzel and W. Vogel [ 1,
T. Schmitt and Vogel [ ] and G. Lyubeznik [ ]. Lyubeznik showed that for a
square-free monomial ideal /7, pdR/I < aral < max, de/I(t); see [ , Propo-
sition 3]. Here 1) := Npeassg/ ¥ is the tth symbolic power of 1. This result is
similar to — and its proof indeed uses — a theorem of L. Burch [ , Corollary,
p. 373] that the analytic spread of an ideal J of a local Noetherian ring A is at most
dimA — min, depthA /J. It is known, however, due to Z. Yan [ , Example 2]
that, in general, pd R/I and aral need not be equal. If they are equal, and R/I is Cohen-
Macaulay, then it would mean that R/1 is a set-theoretic complete intersection. We add,
parenthetically, that if R/I is a set-theoretic complete intersection, then, from the result
of Lyubeznik mentioned above, ht/ = pdR/I = aral, i.e., R/I is Cohen-Macaulay. In
the next section, we will describe a class of Cohen-Macaulay bipartite graphs G for
which ht/ = pdR/I = aral. In Section 3.3, we will see some examples of Cohen-
Macaulay bipartite graphs that belong to the above class. Upper bounds for arithmetic
rank have also been considered by M. Barile [ ]and [ ], building on the work

of Schmitt and Vogel mentioned above.
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3.2 Main Result

On N2, we define a poset by setting (a,b) > (c,d) if a > c and b > d. (A general
reference for results on posets is [ , Chapter 3].) Let (P;,>1), (P>,>2) be two
finite posets, respectively, on vertex sets Wi and W>. We say that P; is isomorphic to
P, if there is a bijection ¢ : Wi — W, such that for all i, j € Wy, j > i if and only if
¢ (j) >2 ¢(i). We say that P; can be embedded isomorphically in N? if there exists a
map ¢ : W) — N? such that all i, j € Wy, j > i if and only if ¢ (j) > ¢(i); such a map
¢ will be called an embedding of Py in N?>. We will denote the projection of N? along

the first co-ordinate by 7. The main result of this chapter is,

Theorem 3.2.1. Let G be a Cohen-Macaulay bipartite graph with edge ideal 1. If 0g

has an embedding in N?, then aral = htl.

Definition 3.2.2. Let (P, =) be a finite poset on a finite vertex set W, with an embedding
¢ in N°. Then there is a unique io € W such that io is minimal in P and (o ¢)(ip) is
minimum. Similarly, let jo be the unique maximal element such that (1o @)(jo) is
minimum. Let Py, and P, be the restrictions of P respectively to W \ {ip} and W '\
{jo}. The column linearization of P induced by ¢ is the map y: W — [|W|] defined
recursively as follows:

I, i=1ip

L+n(), i#io
where Yy is a column linearization of Py induced by ¢. A row linearization of P induced

by ¢ is the map p : W — [|W|] defined recursively as follows:

17 .]:.]0

L+p1(j), Jj#Jo
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where py is a row linearization of P> induced by ¢. We will say that (y,p) is the pair of

linearizations induced by ¢. [

Proposition 3.2.3. Let P, ¢, v and p be as in Definition 3.2.2. Fori,j€ P, if j =1, j # 1,
then y(j) > y(i) and p(j) < p(i). If i and j are incomparable, then y(j) > y(i) if and
only if p(j) > p(i).

Proof. If j = i, then ¢(j) > ¢(i). In the recursive definition of ¥, i would appear
as the unique minimal vertex with the smallest value of (7 o ¢) before j would, so
Y(i) < 7(j). On the other hand, while computing p recursively, j would appear as the
unique maximal vertex with the smallest value of (70 @) before i would, so p(j) < p(i).
Therefore ¢(j) > ¢(i). On the other hand, if i and j are incomparable, then we may
assume without loss of generality that (10 ¢)(i) < (wo ¢)(j). Hence, while computing
y and p recursively, i will be chosen before j, giving y(i) < y(j) and p (i) < p(j), which

implies that ¢ (j) and ¢ (i) are incomparable. N

Discussion 3.2.4. Let P be a poset on a finite set W, with an embedding ¢ in N2, Let
(7,p) be the pair of linearizations of ¢ induced by ¢. Let E = {(y(i),p(j)) : j =i €
W} C R?. We think of E as a subset of [|[W|] x [|[W]] in the first quadrant of the Cartesian
plane. Let i, j be such that (y(i),p(j)) € E is not the lowest vertex in its column,
i.e., there exists / such that (y(i),p(l)) lies below (y(i),p(j)). Then j =i, [ =i and,
from Proposition 3.2.3, [ # i. Therefore, again from Proposition 3.2.3, y(I) > (i) and
(v(i),p(1)) is not the right-most vertex in its row. Let k be such that (y(k),p(I)) lies
immediately to the right of (y(i),p(l)) in its row. Draw an edge between (y(i),p(j))
and (y(k),p(l)). Repeating this for all j >= i such that (y(i),p(j)) is not the lowest

vertex in its column, we obtain a graph I' on W. Rows and columns of I" will be

indexed starting from the bottom left corner.
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Example 3.2.5. Let P be a poset on a vertex set W. The Hasse diagram of P is a
directed graph H on W obtained by setting ij to be an edge (directed from i to j)
if j covers i (see Discussion 2.2.1). Let G be a Cohen-Macaulay bipartite graph on
the vertex set {xi,y1,...,x7,y7} whose associated directed graph 0g has the Hasse
diagram in Figure 3.1(a), on p. 62. We have drawn an embedding of the Hasse di-
agram in N2, so that we can read off the functions y and p without much effort:
Y(1) = 1,¥7(2) =2,7(3) = 3,7(4) =4,7(6) = 5,7(5) = 6,¥(7) =7: p(6) = 1,p(3) =
2,p(7)=3,p(4) =4,p(1) =5,p(5) = 6,p(2) = 7. Conventionally, we would omit
the coordinate system while drawing Hasse diagrams. In Figure 3.1(b), the graph I" de-
scribed in Discussion 3.2.4 is given. Notice that y determines the order of the x; while

p determines the order of the y;.

Lemma 3.2.6. With notation as in Discussion 3.2.4, T" has exactly |W| connected com-

ponents.

Proof. Suppose that C is a connected component of I" and that (y(i),p(j)) is the top
left vertex of C. We claim that it is the left-most vertex in its row. For, if not, then
there exists k such that (y(k),p(j)) lies immediately to the left of (y(i),p(j)). From
Proposition 3.2.3, k # j. We note, again from Proposition 3.2.3, that (y(k),p(j)) is not
the top-most vertex in its column, contradicting the hypothesis that that (y(i),p(j)) is

the top left vertex of C. Now, there are exactly |W| rows in T". O

Lemma 3.2.7. Let G be a Cohen-Macaulay bipartite graph such that ¢ is an embedding
of G in N%. Let (y,p) be the pair of linearizations induced by ¢. Then the vertices in

the first column of I" belong to a contiguous set of rows, starting with row 1.

Proof. We may assume that the labelling of 0 is such that y~'(1) = 1 and y~1(2) = 2.

We need to show that p(i) > p(1) if i # 1. Proposition 3.2.3 gives that 1 is minimal
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in 9g. Leti % 1. Then i and 1 are incomparable. Since y(1) =1 < (i), we see, again

from Proposition 3.2.3, that p(i) > p(1). O

Remark 3.2.8. Let P be a poset on a finite vertex set W with an embedding ¢ in N2.
Let (7, p) be the pair of linearizations induced by ¢. Let W' =W\ {y~!(1)} and let P’

be the restriction of P to W’. Then ¢|y is an embedding of P in N2, For i € W/, set

Y(i) = y(i) — 1, and

p(i)—1, otherwise.

Then (Y, p’) is the pair of linearizations induced by ¢|y:. Let I be the graph con-
structed from P’ as described in Discussion 3.2.4 using ¥ and p’. Then I" is obtained
by deleting the vertices in the first column of I'. We see this as follows. For all i, j € W/,
p(i) < p(j)ifand only if p’ (i) < p’(j); similarly, y(i) < y(j) if and only if ¥ (i) < ¥ (j).
Further, there is only one vertex in row p(y~!(1)) in I, and this is in the first column.

Remark 3.2.9. Let P be a poset on a finite vertex set W with an embedding ¢ in N2.
Let (7,p) be the pair of linearizations induced by ¢. Let W =W\ {j C y~!(1)} and
let P’ be the restriction of P to W'. Then ¢|y- is an embedding of P in N2, Let ¥ be
the order-preserving map from Im Y|y to [[W'|]. Let ¥ := Jo y|ws. For j € W/, set
p'(j) =p(j)—p(1). Then (¥,p’) is the pair of linearizations of P’ induced by @ .
Let I be the graph constructed from P’ as described in Discussion 3.2.4 using 7o y|y
and p o p|y. We claim that I" is the graph obtained from I" by deleting the vertices that
lie in rows p(j) for some j &= y~'(1). For, first observe that for all i, j € W/, p (i) < p(})
if and only if p’(i) < p’(j); similarly, y(i) < y(j) if and only if (i) < ¥ (j). Moreover,
for all j =y~ (1), the vertices in the column ¥(j) belong to rows between 1 and p ()
(possibly, not all of them). Therefore, after the vertices in the rows between 1 and p(1)

have been deleted, the remaining vertices belong to columns ¥(j) for j % 1. Hence
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(Y (i),p'(j)) and (Y (k),p’(l)) belong to the same connected component of I if and

only if (y(i),p(j)) and (y(k),p()) belong to the same connected component of I.

Before we give a proof of Theorem 3.2.1, we illustrate the arguments for the graph

in Example 3.2.5. Let I be the edge ideal of G. Define

g1 = X1Ye6, 82 = X2Y6 +X1)3, 83 = X3Y6 +X2y3 +X1Yy7,
84 = X4Y6 +X3y3 +X2¥7 + X1Y4, 85 = X6Y6 tX4y7 +X2Y4 +X1Y1,
86 = X5Y7 +X4Y4 +X2Y5, g7 = X7y7 +X5y5 +X2¥2.

Note that each form above is obtained by taking the sum of the monomials corre-
sponding to vertices in a connected component of I'; see Figure 3.1(b). Let J =
(g1,---,87). Using Remarks 3.2.8 and 3.2.9, we may assume that /(J,x1) = (I,x])
and that /(J : x;) = (I : x1). Hence for all p € SpecR, J C p if and only if I C p, giving

that /J = I. We are now ready to prove the theorem.

Theorem 3.2.1. Let G be a Cohen-Macaulay bipartite graph with edge ideal 1. If 0

has an embedding in N?, then aral = htl.

Proof. Denote the embedding of 9 by @, and let (¥, p) be pair of linearizations induced
by ¢. Let I be the graph constructed as in Discussion 3.2.4. We prove the theorem by
induction on c¢. Since the conclusion is evident when ¢ = 1, we assume that ¢ > 1 and
that it holds for all Cohen-Macaulay bipartite graph on fewer than 2¢ vertices. For
t =1,...,c, let C; be the connected component of I'" containing the left most vertex

in row t. We saw in the proof of Lemma 3.2.7 that these are exactly the connected
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components of I'. Set

g = Z Xiyj 1<t<ec.
(r(@).p(J)eC
SetJ = (g1,...,8c). We will show that I = \/J, or, equivalently, that for all p € SpecR,
I Cp if and only if J C p. Further, without loss of generality, we may assume that
y~1(1) = 1. Then 1 is a minimal element of 0g. Let W} :={2,...,c} and W, := {i
1} C[c]. Let 01 and 9, respectively be the restrictions of 9 to W and W5.

Let G be the deletion of x| and y; in G, whose edge ideal (in R =k[V])is ((1,x1) N
k[x2,y2,...,%,yc])R. Note that 0y is the associated directed graph of G;. Let I'; de-
note the deletion of the vertices that lie in the first column of I". Write J; = ((J,x1) N
k[x2,y2,...,%c,v¢])R. We see from Remark 3.2.8 that that J; is defined from I'j pre-
cisely the same way that J is defined from I'. Along with the induction hypothesis,
this gives that ((Z,x1) Nk[x2,y2, ..., %, yc] )R = /J;. Note that (J1,x1) = (J,x1), so we
obtain that (1,x) = \/m We thus see that for all p € SpecR such that x; € p, I C p
if and only if J C p.

Let G, be the deletion of x; and all its neighbours in G; its edge ideal is (( :
x1) Nk[x;,y; : i € W1])R. The associated directed graph of G, is 9,. Let I'; denote the

deletion of the vertices that lie columns Y(i) or in rows p (i) of I whenever i 3= 1. Let
Jo=((J+(izi= 1)) Oklxi,yi i £ 1))R.

From Remark 3.2.8, we note that J; is defined from I'; precisely the same way that J
is defined from I'. This, along with the induction hypothesis, implies that ((7 : x;) N

Kx;,yi:i € Wa])R=/J. Now, L+ (yi:i=1)=J+(yi:i=1)=(:x1),s0 (I:
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x1) = +/(J:x1). We thus see that for all p € SpecR such that x; & p, I C p if and only

if J C p. Together with the previous paragraph, we conclude that \/J = 1. [

3.3 Examples

We will first see some examples and non-examples of Cohen-Macaulay bipartite graphs

that satisty the hypothesis of Theorem 3.2.1.

Example 3.3.1 (Cohen-Macaulay Trees - Example). Recall that a tree is a connected
acyclic graph. Acyclic graphs are bipartite. A Cohen-Macaulay bipartite graph G is
acyclic if and only if every maximal chain in 0 has length exactly 1 and the underlying
undirected graph of 0 (which is a poset) has no cycles (Lemma 2.4.3). We show
an example of such a poset that can be embedded in N2, and of one that can not be
embedded. Let n € N and P be the poset on [r] such that even numbers are maximal,
odd numbers minimal, and for all i, j € [n], i and j are incomparable unless |i — j| = 1.

Then, ¢ : [n] — N? defined below is an embedding of Pin N2. Leti € [n] and m >0 € N.

50 = (S m -, i odd,
(%+1,m+1—%), i even.

Example 3.3.2 (Cohen-Macaulay Trees - Non-example). Let P be the poset on 7 ver-
tices shown in Figure 3.2 Suppose, by way of contradiction, that ¢ is an embedding
in N2, Let ¢(i) = (a;,b;),1 <i<7. Then there exist i # j € {1,3,4} such that
(a; —az)(aj—az) > 0. Hence we may assume that ap < a3 < as. Then by > b3 > by.
Since ¢ is an embedding, a7 > a4 and by > b, giving ¢(7) > ¢(3). However, 7 % 3 in
P.
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Figure 3.2: Example 3.3.2

Remark 3.3.3. Every finite poset can be embedded in a finite Boolean lattice, and every
finite Boolean lattice can be embedded in a finite product of copies of N. If P is a poset
on a finite vertex set W, then the map i — {j % i} is an embedding of P in B, For
n € N, the Boolean lattice %, is isomorphic to {0, 1}", with the order (by,...,b,) >
(ai,...,a,) if and only if b; > a; for all 1 <i < n. The latter poset can clearly be

embedded in N”.

3.4 Further Questions

The most obvious question, which this chapter does not answer, is whether the edge
ideal I of a Cohen-Macaulay bipartite graph G whose associated directed graph 0
cannot be embedded in N? defines a set-theoretic complete intersection. More gener-

ally,

Question 3.4.1. Let I be a square-free monomial ideal. Under what conditions is aral =

pdR/I?

In the example of Z. Yan [ , Example 2], projective dimension of the ideal
depends on the characteristic of the field k, while arithmetic rank does not. This raises

the following questions:
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Question 3.4.2. Let I be a square-free monomial ideal. Is ara/ independent of the
characteristic of k? Moreover, is it equal to the maximum value that pdR/I takes, as

the characteristic changes over the set of prime integers?
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Chapter 4

Multiplicity Bounds for Quadratic Monomial Ideals

In this chapter, we study a series of conjectures on the multiplicity of standard graded
algebras made by various authors. After introducing the conjectures, we review earlier
work, especially for monomial ideals. We will briefly describe theorems of Eisenbud
and Schreyer that settled these conjectures. Finally, in the last section, we will make

some reductions that apply in the case of monomial ideals.

4.1 Introduction

Let I C R =k[V] be a homogeneous ideal. (Recall that V is a finite set of indetermi-
nates.) For 0 </pdR/I, let m; and m; denote the minimum and maximum twists of R/
at homological degree /, as in Definition 1.2.3. Let ¢(R/I) denote the Hilbert-Samuel
multiplicity of R/I; see Discussion 1.2.6. Let ¢ = ht/.

J. Herzog, C. Huneke and H. Srinivasan [ , Conjecture 2] conjectured that:

Conjecture (HHSu). Let / C R be a homogeneous ideal. Let ¢ = ht/. Then

e(R/I) < %'mc
C.
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In the next section, we will discuss some of the cases where this is known. When

R/I is Cohen-Macaulay, they conjectured a lower bound [ , Conjecture 1].

Conjecture (HHSI). Let 7 C R be a homogeneous ideal. Let ¢ = htl. If R/I is Cohen-

Macaulay, then

e(R/1) > %'mc
c!
Huneke and M. Miller [ , Theorem 1.2] proved that if R/I is Cohen-Macaulay

and has a pure resolution, then the above conjectures hold, with equality. Motivated by

this, J. Migliore, U. Nagel and T. Romer [ , Conjecture 1.1] conjectured that:

Conjecture (HHSe). If equality holds in Conjecture (HHSu) or in Conjecture (HHSI)

then R/I is Cohen-Macaulay with a pure resolution.

Now suppose further that / is a monomial ideal. Let T, be the Taylor resolution
of R/I; see Section 1.3.2. Let 7; be the largest twist of R appearing in 7;. Sup-
pose f1,...,fm are the (unique) monomial minimal generators of /. Then we see that
7, = max{deglem(f;,, -+, f;,) : 1 <s1 <--- <s; <m}. Herzog and Srinivasan [ ,

p- 231] conjectured that:

Conjecture (TB). Let / C R be a monomial ideal with ht/ = ¢. Then

TITZ.TC

e(R/1 < 12

Conjecture (TB) is weaker than Conjecture (HHSu). For, using the Taylor resolu-
tion of R/I to compute Tork (R/I,k), we see that 8 j(R/I) = 0 for all j > 7;. Hence
>mforalll <[ <c.

In Section 4.5, we show that Conjecture (TB) holds for all ideals generated by

quadratic monomials:
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Theorem 4.1.1. Let I C R be generated by monomials of degree 2. Then

TITZ./‘L'C

e(R/1 < 12

Next, we show that Conjectures (HHSu) and (HHSe) hold for edge ideals of bipar-

tite graphs:

Theorem 4.1.2. Let I C R be the edge ideal of a bipartite graph G. Then

Theorem 4.1.3. Let I be the edge ideal of a bipartite graph G. If equality holds in
Conjecture (HHSu), then R/I is a complete intersection, or is Cohen-Macaulay with

regR/I = 1. In either of the cases, R/I is Cohen-Macaulay and has a pure resolution.

4.2 Earlier work

Recall that R/I is said to have a quasi-pure resolution if for each homological degree /,
my . < my; see page 23. Herzog and Srinivasan showed that if R/I is Cohen-Macaulay
and has a quasi-pure resolution, then Conjectures (HHSu), (HHSI) and (HHSe) hold for
R/I[ , Theorem 1.2]. They showed, further, that Conjectures (HHSu) and (HHSI)
are true whenever ht/ = 2 and R/I is Cohen-Macaulay or when ht/ = 3 and R/I
is Gorenstein. In the case of monomial ideals, Herzog and Srinivasan showed that
Conjecture (HHSu) holds if I is a stable monomial ideal (in the sense of Eliahou-
Kervaire [ ]) or is a square-free strongly stable monomial ideal (in the sense of
Aramova-Herzog-Hibi [ ]). If I belongs to any of the above classes of mono-

mial ideals and R/I is Cohen-Macaulay, then Conjecture (HHSI) holds for /.
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These conjectures have subsequently been proved in various cases. A survey ap-
pears in [ ]. We now discuss some of the cases of monomial ideals where these
conjectures have been verified. Let I be a square-free monomial ideal. 1. Novik and
E. Swartz [ ] showed that if the Stanley-Reisner complex of / is a matroid com-
plex, then Conjecture (HHSu) holds for /. See [ , Section I11.3] for the combina-
torial definition of matroid complexes. In terms of /, we can define a matroid complex
as follows. The Stanley-Reisner complex of / is a matroid complex if for all c C V, the
ring k[o]/(INk[o]) is Cohen-Macaulay. They also showed that Conjecture (HHSu)
holds for square-free monomial ideals / such that dimR/I < 3.

Let A be a simplicial complex on the vertex set V. For 0 < i < dimA, the i-
dimensional skeleton, Skel;(A), of A is the collection of the faces of A of dimension
at most i. Now let A be Stanley-Reisner complex of I. We say that A is g-Cohen-
Macaulay if for all 6 CV with || < ¢, A|s is Cohen-Macaulay. Let ¢; = max{q :
Skel;(A) is g-Cohen-Macaulay}; the Cohen-Macaulay connectivity sequence of A is
the sequence (qo,--.,qdima)- In the context of Conjecture (HHSI), they described the
my of I in terms of the Cohen-Macaulay connectivity sequence of A. Letd =dimR/I (so
that |V| = c+d). Then [|V|]\ {m1,....m:} ={|V|—qo+1,...,|V|—qs_1+ 1} ,
Theorem 1.3].

M. Kubitzke and V. Welker showed that Conjectures (HHSu) and (HHSI) hold for
the barycentric subdivision of simplicial complexes [ , Theorem 1.2]. Let A be
a simplicial complex on the vertex set V. Then the barycentric subdivision of A is the
simplicial complex A on the vertex set {F € A: F # 0} with facets {{Fy CF; C --- C
F;} : F; € A forall i}. The Stanley-Reisner ideal of A is generated by {FG : F,G €

AF Q G,G Q F}; hence it is a quadratic square-free monomial ideal.
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4.3 Conjectures of Boij-Soderberg

Let B := QUVI+1)*> be the vector space over @, spanned by a basis ¢; ;,0 < [ <
|V|,—o0 < j < oo. An (abstract) Betti table is an element € B; this stems from the
fact that the Betti table (see p. 23 for the definition) of a finitely generated graded M
belongs to B. We say that an abstract Betti table is pure if it is the Betti table of a finite
length module that has a pure resolution. (If M is a finitely generated R-module with
dimM = 0, then dimy M is finite; hence such modules are called finite length modules.)
Herzog and Kiihl [ , Theorem 1] showed that M is a finite length module and M

has a pure resolution, with (unique) twist d; at homological degree [,0 <[ < |V|, then

dy —dp
|dy —dj|

Br.a, = Bo.dy H

k1,0

4.1)

M. Boij and J. Soderberg conjectured that the Betti table of a finite length module M
is a non-negative rational combination of pure Betti tables [ , Conjecture 2.4]. This
conjecture implies Conjectures (HHSu) and (HHSe) in the Cohen-Macaulay case, and
Conjecture (HHSI) [ , Proposition 2.8]. D. Eisenbud and F.-O. Schreyer proved the
above conjecture of Boij and Soderberg [ , Theorem 0.2]. Boij and S6derberg con-
jectured additionally that given any sequence (dp < dj < ... < d|v|) of integers, there
is a finitely length module M having a pure resolution with twists d; at homological
degree /, and graded Betti numbers given by Equation 4.1. This was proved, in charac-
teristic zero, by Eisenbud, G. Flgystad and J. Weyman [ ], and, independent of

the characteristic, by Eisenbud and Schreyer [ , Theorem 0.1].
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4.4 Some Reductions for Monomial Ideals

In the next two chapters, we will give a proof of Conjecture (TB) for all quadratic
monomial ideals, and of Conjecture (HHSu) for edge ideals of bipartite graphs. We will
characterize the bipartite graphs whose edge ideals have a Cohen-Macaulay quotient

with a quasi-pure resolution. These arguments are combinatorial.
Proposition 4.4.1. Let 1 <[ <c. Then forallx €V,

a. my((1,x)) <my(l) and my((1: x)) <my(I).

b. 7y((I,x)) < n(I)and 7v((I:x)) < 7(I).

Proof. Let W =V \ {x} and J = (INk[W])R. Then (I,x) = (J,x) and x is a non-
zerodivisor on R/J; hence ¢ — 1 <htJ <c.

(a): Let G4 be a minimal graded free resolution of R/J. Denote the (graded) Koszul
complex on x by K,. Then G, ® K, is a minimal graded free resolution of R/((J,x));
in particular, 717 ((1,x)) = m;((J,x)) = max{my;(J),m;_1(J)+1}. Since htJ > ¢ — 1, we
conclude using Lemmas 1.2.4 and 1.3.8(a) that, for 1 <1l <c—1,m((I,x)) =m(J) <
my(I). If me(J) > m._1(J), then m.((I,x)) = m.(J) < m.(I); otherwise, m.((I,x)) =
fe—1(J)+1 <. (I)+ 1 <m(I).

Lemma 1.3.8(b) implies that 7, (1 : x)) < m;(I).

(b): Recall that / is generated by square-free monomials fi,---, f;,,. Let

L. if x divides f;,
(fj:x):=

fj, otherwise

Since (I:x) = ((f1:x), ++,(fm:x)) and (I,x) = (J,x), the conclusions follow easily

from the definition of 7;. O
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Consider / N Ry, the vector space generated by the linear forms in /. Suppose that
dimyg (/N Ry) > 0; then, since / is a monomial ideal, there exists x € V such that x € I.
Write J = (INk[V \ {x}])R. ThenhtJ =c—1andI = (J,x). Note that e(R/J) = e(R/I).
From Lemma 1.3.8(a) we know that 77, (J) < (I) for 1 </ <c¢— 1. From the definition
of 7, we see that 7;(J) < 7y(I) for 1 <1 < c¢—1. Therefore it is enough to prove
Conjectures (HHSI) and (TB) for J. In other words, I behaves like an ideal of height

¢ — 1. Hence, if dimy (INR}) = 8, we will say that I is essentially of height ¢ — §.

Discussion 4.4.2. To make further reduction, we use the sequence (1.3). Letx € V. If
ht(7 : x) > ¢, then e(R/I) = e(R/(I,x)). In light of Proposition 4.4.1, we can replace
I by I by (I,x) which is essentially of height < ¢ — 1, and prove Conjectures (HHSu)
and (TB) by induction on height. We can also look at (7,x) as an ideal in n— 1 variables.
On the other hand, if ht(/,x) > ¢, then e(R/I) = e(R/(I : x)); we then replace I by
(1 : x) which is an ideal in n — 1 variables. In this case, we can prove the conjectures
using induction on the number of variables. Therefore, we reduce to the case that

ht(7 : x) = ¢ = ht(I,x). For later use, we record this below:

Hypothesis 4.4.3. For all x € V, ht(I : x) = ¢ = ht(/,x); consequently, for all x € V,
e(R/I)=e(R/(I,x))+e(R/(I:x)).

The remark about e(R/I) follows from (1.3). This hypothesis is equivalent to the
assumption that for all x € V, there exist p,q € UnmR/I such that x € p\ q. Moreover,

while proving the conjectures, we will assume, inductively, that conjectures (HHSu)

and (TB) hold for (I : x) and (I,x).

Proposition 4.4.4. Let I be the edge ideal of a bipartite graph G on V =V | |V,. Then

Hypothesis 4.4.3 holds for I if and only if G is perfectly matched.
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Proof. If G is perfectly matched, then let p := (x:x € V;) and q := (x : x € V,). By
Lemma 2.1.1, htp = q=c. Forallx € V|, (I,x) Cqand (I : x) C q; the case of x € V,
is similar. Hence we see that Hypothesis 4.4.3 holds for /.

Conversely, assume that G is not perfectly matched. Since V| and V, are minimal
vertex covers for G, we see that |V;| > ¢ and that |V,| > ¢. In light of Lemma 2.1.1,
we may assume, without loss of generality, that |Vi| > ¢. In the paragraph preced-
ing Lemma 2.1.1 we noted that there is a matching with ¢ edges. Let {xj,---,x.} C
Vi,{y1,*,yc} € V, be such that xyp,---,x:y. is a matching of G. Pick x € V; \
{x1,++,x.}. Then x1y1,---,x.ye,x is a regular sequence in (/,x), giving ht(Z,x) > c.

Hence Hypothesis 4.4.3 does not hold. [

Remark 4.4.5. The proof above shows that, if [ is the edge ideal of a bipartite graph
such that ht(Z,x) = ¢ for all x € V, then, ht(/ : x) = ¢, for all x € V. This is not true for

arbitrary square-free monomial ideals.

Discussion 4.4.6. For p,y € N, let

(2p+1)(2p+2)--(p+7)
(p+1)(p+2)-y pP<T

n(p,y) =
1, otherwise.

Note that u(y—1,y) = 2y—1)/y <2 =2u(y,y). Forany p <y—1,

pup+1,y) (p+)(y+p+1) 1

ulpy)  @pr1@p+2) 2

Combining these, we conclude that

2u(p+1,7) > u(p,7), forallp < yeN. (4.2)
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We conclude this section with a crucial lemma that captures the main numerical

argument in the proofs of Theorems 4.1.1 and 4.1.2.

Lemma 4.4.7. Let p,y,71 € Nsuchthat2 <p <y<pnandp—1<y—17. Then
2°u(p,y—1)+2°"u(p—1,y—n) <2”u(p,7).

Proof. Since u(p,y)—u(p,y—1)=pu(p,y—1)/7v, we must show that

)< 2pulp,y—1)

4.3
v (4.3)

pulp—Ly—n

We first reduce the problem to the case of ¥y = py; as follows. If ¥ < py, and if
we replace y by Y+ 1, the left-hand-side and right-hand-side of (4.3) are multiplied by

factors of

Y-n+p and Y+p
Y—n+1 Y+1

respectively. Both these factors are greater than 1, and the left-hand-side increases by a
larger factor than the right-hand-side. Therefore, it is enough to prove the lemma when

Y=pn, ie., that

2 —1
)< pu(p,pni >'

-1, —
up—1Lpn—m o

The hypothesis gives that y; > 1, so we need to show that

2p—1)@2p)-—-(prn—n+p—1) _2p 2p+1)(2p+2)---(pYi+p—1)
pip+1)--(pr—n) pn (p+D)(p+2)--(pn—1)

We can verify this by hand for (p,71) = (2,2),(2,3) and (3,2). For all other values of

P17, P+1<pyi—7 — 1 and we rewrite the above equation as

(p+1) en—-n-1) (pri—n) > pn (p+1) (pn—1)

(2p—1)_2p_(2p+1) (Pri—n—1+p) 1 2p (2p+1) . (pPn—1+p)
P
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which is equivalent to the following sequence of equivalent statements:

2p-y) 1 _(pn-ntp) (pri—1+p) 1

p (ori—-n)  en-n)  (n-1) pn
2p-1) _(pri—n+p) (pri—1+p)
p (prn—n+1) pYi

(1+—p_1)<<1+—p_1 )---<1+p_1>.
p prn—-n-+1) PN

This is indeed true, since there are y; terms on the right-hand-side and each of them is

at least as large as <1 + ’;—;,:). Recall that y; > 1. [

4.5 Proof of Theorem 4.1.1

We first make some observations on how the 7; changes with I. Let p(I) be the length

of the longest R-regular sequence in {fi,--, fi}-

Lemma 4.5.1. Assume Hypothesis 4.4.3. Then, for all 1 <1 < m, if T, < n, then 7, >

T_1. Forall2 <1 <m—1, we have T — 71 > T;+| — T;. Consequently,

21, 1<1<p(l)

T
min{p(I)+1,n} p()<I<c

Moreover, forallx €V, p((I:x)) < p(I).

Proof. A consequence of Hypothesis 4.4.3 is that for every x € V there is a monomial
minimal generator f; such that x divides f;, from which the first assertion follows. To
prove the second assertion, assume, by way of contradiction, and by induction on m,
that m is the smallest integer m’ such that there exists an ideal generated by m’ quadratic

monomials such that the conclusion does not hold. Write §; = 7, — 7;_; it is clear that
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0 < §; < 2. Pick [ smallest such that §; < §;,1. If 6 =0, then 7,1 = 7, = n. Hence
o =1and § =2.

We now claim that / = m — 1. For, assume, without loss of generality, that 7, =
deglem(fy, -+, fi+1)- Let J = (f1,---,fi+1).- Then 5y(J) < 5y(I) = 5 (I) — 2. If
m > [+ 1, then, by minimality of m, 8(J) = --- = §,+1(J) = 2. Hence fi, -+, fi11 is
a regular sequence, and, therefore, 7;(I) =2j,Vj <I+1and 6;(I) =--- = §41(1) =2
contradicting the choice of /. Therefore [ =m — 1.

Assume that 7,1 (1) =deglem(f1,- -, fin—1). LetJ = (f1,- -, fm—1)- B Tp2(J) <
Tm—2(I), then 8,1 (J) = 2, and hence J is generated by a regular sequence of m — 1
quadratic monomials. Therefore 7;(J) =2j,1 < j <m—1. Since 7;(J) < 7;(I) <
2j, Tj(I) =2j,1 < j < m—1, contradicting the assumption that &,,_1(/) = 1; hence
Tn—2(J) = Tu—2(I). We may assume that 7,,_»(J) = deglem(f2,---, fiu—1). Then
Tn—1((f2s s fm)) =24+ Tm—2(J) > Tu—1(J) = Tu—1(I), leading to a contradiction.

From the above discussion, and since 7| = 2, clearly there exists p such that

21, 1<i<p
T =

min{p+1,n} p<I<c

What we need to show is that p is the length of the longest R-regular sequence in
{fi,--  fm}- I fj,,--- , fj, form a regular sequence, then 7, = 2¢, so p > t. Conversely,
since 7, = 2p, there exists a regular sequence of length p in {fi, -+, fin}.

Lety € V be such that xy € I. If f,---, f; are all the quadratic minimal generators
of (I : x), then none of them involves x and and y; therefore, to any regular sequence
in {f1,---,fs}, one can add xy, to get a longer regular sequence. The last statement

follows immediately. [

Lemma 4.5.2. With notation as above, p(I) > 5.
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Proof. Since p(I) > 1, this holds when ¢ = 1. By induction on ¢, we may assume
that for all square-free monomial ideals J with htJ < ¢, p(J) > %/, Take a mini-
mal generator xy of I. Let J = (INk[V \ {x,y}])R. Since xy is a non-zerodivisor on
R/J, p(J) = p(I) — 1, and, further, since, (J,xy) C I, htJ < ht(J,xy) < ht/ and Since

(I,x,y) = (J,x,y), htJ > ¢ —2. By induction, p(J) > %, and, therefore, p(7) > 5. [
We now prove that Conjecture (TB) holds for quadratic monomial ideals.

Theorem 4.1.1. Let I C R be generated by monomials of degree 2. Then

Tl'rz.fc

e(R/I) <

c!

Proof. We proceed by induction on c¢. If ¢ = 2, the Taylor bound holds for 7 [ ,
Corollary 4.3], so let ¢ > 3. As discussed in the previous section, we take / to be the
edge ideal of a graph G and assume that Hypothesis 4.4.3 holds.

For all x € V, notice that e(R/(I,x)) is the number of unmixed primes p of R/I
containing x. Since each such prime has height ¢, in the sum Y .y e(R/(I,x)), it is

counted ¢ times. Therefore

e(R/I) = ZeR/Ix

xEV

Now suppose 7. = n. As noted earlier, (/,x) is essentially of height < ¢ — 1. Therefore,

by induction and by Proposition 4.4.1(b),

nTwR - Te—1 TN T

‘RID< ==t~ a

Therefore we may further assume that 7, = c+p(I) < n.
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We now reduce to the case that p(I) < c. If p(I) = ¢ then, without loss of generality,
take f1,---, fc to be a regular sequence. Write J = (f1,---, f¢). Since J C I and htJ =
¢ =htl, we see that e(R/I) < e(R/J) =2¢. From Lemma 4.5.1, 7, =2/ forall 1 </ <c.
Hence
TITy - Te

e(R/I) < a

In particular G is not a collection of ¢ isolated edges, which would have given p(I) = ¢
and |V| = 2¢. We pick x € V such that deg;x > 2. Then (I : x) is essentially of height
< ¢—2. Moreover p((I:x)) < p(I), by Lemma 4.5.1. We noted earlier that (/,x) is
essentially of height < ¢—1. Let p’ := p((I,x)). Hence, by induction on ¢ and by

Hypothesis 4.4.3, we have

2:4.-20"-(2p" 4+ 1)+ (c+p'—1)

—20" 4o c—
(C—l)' 2 ;u’(pﬂc 1)7

e(R/(I,x)) <

which gives, after successive application of (4.2), (which is permitted since p(I) < ¢),
e(R/(I,x)) <2PDu(p(I),c —1). Since degzx > 2 and p((I: x)) < p(I) — 1, we can
conclude, by a similar argument, that e(R/(I,x)) < 2P~y (p(I) —1,c —2). (Notice
that since p(7) — 1 < ¢ —2, we can apply (4.2).)

We must show that

2:4:-:2p(1)- 2p(D) +1) - (c+p(1))

c!

e(R/1) < =22Ou(p(D),c).
Since e(R/I) = e(R/(I,x)) +e(R/(I : x)), it suffices to show that

2*Du(p(n),c = 1)+ 22D u(p(1) —1,e=2) < 27D u(p(1),c).
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Setp=p(I),y=c, 1 =2.Since 5 <p(I) <c,andc>3,weseethat2<p <y<py

and p — 1 < y—7. Applying Lemma 4.4.7 now finishes the proof. [

4.6 Proof of Theorem 4.1.2

The proof of Theorem 4.1.2 involves two steps. We first reduce the problem to the case
of unmixed edge ideals; in the unmixed case, we relate the multiplicity to the number

of antichains in the associated directed graph.

Lemma 4.6.1. Let G be an unmixed bipartite graph with edge ideal I. For 1 <1 <r(I),

my(I) =2l and for r(I) <1 <c, m(I)=1+r(I).
Proof. Follows from Proposition 2.2.2.b, and the definition of regularity. [

Proposition 4.6.2. Let G be a Cohen-Macaulay bipartite graph with edge ideal I. Then
e(R/I) = | |-

Proof. Letp € UnmR/I. LetA:={i€[c]:y;€pandforall j € [c] withi> j,y; € p}.
Note that A is an antichain. This gives a map from UnmR/I to <%, ., which is injective
by Lemma 2.2.4. Conversely, for any antichain A of 0¢, the prime ideal (x;: j #
iforany i€ A)+ (yj: j = iforsomei € A) belongs to UnmR/I. This gives a bijection

<%, and UnmR/I, with the empty set corresponding to (xp,- - ,x¢). O

Discussion 4.6.3 (Closing directed graphs under transitivity). Suppose that ij and jk
are edges of 0; then we add an edge ik. Call the new graph 2 and let G be the bipartite
graph associated to 2. Let I be the edge ideal of G. Since I C I and ht/ = ht], we have
that e(R/I) > e(R/T). In order to show that e(R/I) = e(R/I), it suffices to show that
Xiyk € p, for all p € UnmR/I. Let p € UnmR/I be such that x; € p. Then, since k > i,

by Lemma 2.2.4, y; € p, and therefore, x;y; € p. Moreover, any coclique in |5| Is a
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coclique in |9/, so k(G) < k(G). It follows from Lemma 2.2.3 and Theorem 2.2.15
that regR /T = r(I) < r(I). We see at once from Lemma 4.6.1 that i (T) < m;(I),1 <

[ <c.

Lemma 4.6.4. Let 0 be any poset on c vertices, with order —, </ the set of antichains
in0and r =max{|A| : A € &/'}. Then |o/| <2"u(r,c). Equality holds above, if and

only if r =1 or r = c. (See Discussion 4.4.6 for the definition of |L.)

Proof. We prove this by induction on ¢. If r = 1, (in particular, if ¢ = 1), 0 is a chain,
ie,foralli# j€[c],i> jor j>i. Inthiscase, |&|=c+1=2u(l,c). lfc=r>2,
then 0 is a collection of ¢ isolated vertices, in which every subset of [c] is an antichain,
ie., |9 =2°=2°U(c,c). Note that equality holds in both the cases above.

‘We now have ¢ > r > 2. Pick a vertex i such that there is an antichain A withi € A
and [A| =r. Setd:={j€0:j#iandi ¥ j}. Let 0’ be the poset obtained by deleting i
from 0, keeping all the other elements and relations among them. Denote the respective
sets of antichains by <7 and .«7’. Now for any A C [c], A € &/ \ &/’ if and only if i € A
and A\ {i} € o/. Therefore o« = o/'| {AU{i}:A € o/} and || = ||+ ||

Observe that max{|A|:A € &/} =r—1. Let ' := max{|A| : A € &/'}. Then ¥ <r.
Let ¢; := [0\ 9]. Then 0 has ¢ — ¢y vertices. We note that r — 1 < ¢ —cj. We assume,

by induction on the number of vertices, that the lemma holds for 0 and ¥/, yielding
|| <2"u(r . c—=1)+2" " u(r—1,c—cy),

and, by repeated application of (4.2) from Discussion 4.4.6, (which is permitted since
Fr<r<c-1)

|| <2 u(re—1)+2""u(r—1,c—cy). (4.4)
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Since ¢ > r > 2, we must show that |.o%| < 2"u(r,c); to this end, it suffices to show that
2'u(re—1D)+2""u(r—1,c—c1) < 2"u(re),

which follows from Lemma 4.4.7 with p = r, Y = ¢, 1 = c¢1. Note that by the choice of

i, c<rcy. O]

Theorem 4.1.2. Let I C R be the edge ideal of a bipartite graph G. Then

Proof. In light of Discussion 4.6.3, we may assume that G is unmixed. We now re-
place G by its acyclic reduction G. (Discussion 2.2.6 contains the definition of acyclic
reduction.) First, from Lemma 2.2.8 and Proposition 4.6.2 we see that the multiplici-
ties remain unchanged. Let / ,f be the respective edge ideals. Note that ¢ = ht/ > ht1.
Hence Remark 2.2.11 gives that 7 (T) =m(Il),1 <1< ht7. Therefore we now assume
that G is a Cohen-Macaulay bipartite graph. From Proposition 4.6.2, e(R/I) = |/, |.

Corollary 4.6.1 gives

Since, by Theorem 2.2.15, r(I) = max{|A| : A € %%}, we apply Lemma 4.6.4, with
o/ = gy, to finish the proof. O

When can equality hold for 7 in the conjectured bound? The proof Theorem 4.1.2
above and Lemma 4.6.4, show that if G is a Cohen-Macaulay bipartite graph with edge
ideal 1, and equality holds for 7, then regR/I = ¢ or regR/I = 1. We are now ready to
prove Theorem 4.1.3. We recall that for unmixed bipartite graph G with edge ideal 1,

regR/I =r(I) = x(G) = max{|A| : A € o} (Theorem 2.2.15).
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Theorem 4.1.3. Let I be the edge ideal of a bipartite graph G. If equality holds in
Conjecture (HHSu), then R/I is a complete intersection, or is Cohen-Macaulay with

regR/I = 1. In either of the cases, R/I is Cohen-Macaulay and has a pure resolution.

Proof. We first reduce to the case that Hypothesis 4.4.3 holds. We will show that
ht(Z,x) = ¢ for x € V; this suffices, by Remark 4.4.5.

Assume, by way of contradiction, that x € V is such that ht(7,x) > ¢. Then ht(/ :
x) =cand e(R/(I : x)) = e(R/I). We may assume that x is not an isolated vertex of
G; for otherwise, x would not have divided any minimal generator of /. Hence x has
at least one neighbour, so (7 : x) is essentially of height at most ¢ — 1; see the para-
graph following Proposition 4.4.1. Let J C R be the ideal generated by the quadratic
minimal generators of (I : x). Observe that (I : x) is generated by the neighbours of x,
modulo J. Hence e(R/(I : x)) = e(R/J). It follows from Lemma 1.3.8(a) and Propo-
sition 4.4.1(a) that m;(J) <y ((I : x)) <my(I) for all 1 <1 < c¢. Now, mi;(J) > I, for
all /. Therefore equality holds for J in Conjecture (HHSu). Since m;((I : x)) > my;(J)
and htJ < ¢ =ht(I : x), we see that equality cannot hold for (7 : x), and hence, again by
Proposition 4.4.1(a), for I. Therefore we may assume that Hypothesis 4.4.3 holds.

By Proposition 4.4.4, G has perfect matching. Let 0g be the directed graph asso-
ciated to G, as in Discussion 2.2.1. First, we construct an unmixed bipartite graph G’
on the same set of vertices by closing 0 under transitivity. Let I’ be the edge ideal of
G'. As we saw in Discussion 4.6.3, m; (I') < m;(I). Hence equality holds for I’ in Con-
jecture (HHSu). In particular, r(I) = r(I'), which, since G’ is unmixed, equals regR/I’.
Note that ht/" = c.

Let G” be the acyclic reduction of G’. Denote the edge ideal of G” by I”. We know
from Remark 2.2.11, Lemma 2.2.14 and Theorem 2.2.15 that m; (") = my;(I"), for all

1 <1< htl”. If, indeed, G” had fewer vertices than G/, i.e., htl” < c, then equality
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could not have held for I’ or I, for m.(I') > c¢. We thus see that G’ is its own acyclic
reduction; In other words, 0 does not have any directed cycles, or, equivalently, G’ is
Cohen-Macaulay.

Since equality holds for G/, we see from Lemma 4.6.4 that r(I') = c or r(I') = 1.
If r(I') = ¢ = ht!’, then 0/, and, hence, 05, are an antichains. Therefore I = I’ =
(xX1Y1,---,XcYc); see Remark 2.2.16. Since all the minimal generators of I have the
same degree, R/I has a pure resolution.

If r(I' ) = 1, then 9 and, hence, 0 have precisely one source vertex and one sink
vertex. With that, 1 = r(I') = x(G") < k(G) < r(I) = 1 if and only if d¢ is a chain.
In other words, R/I is Cohen-Macaulay with regR/I = 1, which, evidently, has a pure

resolution. [
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Chapter 5

Monomial Support and Projective Dimension

In this chapter, we will look at the question of bounding the projection dimension of
homogeneous ideals in a polynomial ring from numerical data about the ideal. We will
introduce the notion of a monomial support for an ideal, and construct an example that
shows that any bound for projective dimension based on the size of a monomial support
for an ideal is at least exponential. This work was done jointly with G. Caviglia, and
appears in [ ].

Various questions about bounding invariants of projective resolutions from numer-
ical data about ideals have been raised by different researchers. E.g., M. Stillman had
asked whether there is a bound on projective dimension of a homogeneous ideal, if only
the degrees of the minimal generators are known. Observe that these questions seek for
bounds independent of the number of variables; if the number of variables is known,
then it is an upper bound for projective dimension, by the Hilbert syzygy theorem.

In the next section, we will define monomial supports, and introduce the question.
In Section 5.2, we present the example showing that the bound is at least exponential.

Finally, in Section 5.3, we consider some variations on this question.
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5.1 Monomial Supports

Let I C R =k[V] be a homogeneous ideal, minimally generated by homogeneous poly-
nomials fi,..., fn. A monomial support of I is the set of monomials appearing with
non-zero coefficients in at least one of the fi,..., f;,. An ideal may have different
monomial supports. For example, consider R = k[x,y,z] and I = (xz+xy+y%, x> +y°).
Then {xz,y*,x,y*} is a monomial support of I. We can, however, rewrite [ = (xz +
y?,x3 —xyz — xy?), from which we get the monomial support {xz, y2,x0 ,xyz,xyz}.

C. Huneke asked the following. Assume that for some choice of minimal generators
of 7, it has a monomial support consisting of N monomials. Then is pdR/I < N? Here
again, as in Stillman’s question, the number of variables is unspecified. His motivation
for this question was the case of monomial ideals. Suppose that / is a monomial ideal,
generated by N monomials, then pdR/I < N. This follows from the Taylor resolution
of R/I which has length N (see Section 1.3.2). We will answer this question in the
negative, showing that any bound is at least exponential (Theorem 5.2.3).

While counting monomials in the support of a set of minimal homogeneous genera-
tors of 1, we choose to count them with multiplicity. l.e., we count each monomial with
multiplicity equal to the number of minimal generators in which it appears. Our deci-
sion of taking the multiplicity into account while counting the monomials in the support
of I is only a matter of exposition. For example, let g{,...,gy be N distinct monomi-
als, all of the same degree, and let fi,..., f,;, be k-linear combinations of gi,...,gn,
such that f1,..., f;; are linearly independent over k. Then f1,..., f;, is a set of minimal
generators of the ideal (f1,...,fn). Choose any monomial order on R. By doing an
elimination with respect to this monomial order, analogous to the one used in com-
puting a reduced Grobner basis, we can rewrite fi,..., f;; such that initial monomial

of f; does not belong to the monomial support of f; whenever j # i. In this way, we
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get a monomial support for (f1,..., fn,) of at most m(N —m+ 1) monomials, counted
with multiplicity. The maximum value of this quantity, as a function of m, is [ (24)?],
which occurs when m = | (N + 1)/2]. In general, if we have N distinct monomials in
a monomial support of an homogeneous ideal 7, then we would have at most | (231)?]
of them when counted with multiplicity; this is because the above function is quadratic
and the worst possible case happens precisely when the ideal is generated by forms
having the same degree. What we show in the next section is that projective dimension
of a homogeneous ideal can grow at least exponentially with the size of any monomial

support; hence, counting the monomials with multiplicity does not change the nature

of the bound.

5.2 Main Example

Letd > 2 and let n; > 2,1 <i < d be positive integers. Denote by .# the index set
{1,...,n1} x - x{l,...,ny}. We take V to be the d-dimensional array of variables

{xy:ve s} LetR=Kk|V]. Let

Sij = Hxv,lgjgni, 1 <i<d.

ves
Vi=J

We will call s;; the jth slice in the ith direction. Figure 5.1 illustrates the above defini-
tions for a 3 x 4 x 2 array. (We will define £3 1) in the figure later).

LetI:(sil—sij:Zgjgni,l§i§d—1)—|—(sdj:lgjgnd).Then:

Proposition 5.2.1. With notation as above, depthR/I = 0.
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dir. 3 >

Figure 5.1: Slices of a 3 x 4 x 2 array

Proof. Write m for the homogeneous maximal ideal of R and let

d—1 n;

s=[1T]s

i=1j=2

Note that s is the product of the variables not appearing in the first slices in each of the
directions 1,...,d — 1. We claim that s € (I: m)\ /. Indeed, if (I: m) # I, then m is an
associated prime of R/, so depthR/I = 0.

We first reduce the proof to the case when chark = 0, as follows. Since I is gen-
erated by monomials and binomials with +1 as coefficients, a Grobner basis for 7, and
hence the ideal membership problem s € (1: m)\ I are independent of the characteristic
of the field. See [ ] for the definition of a Grobner basis and the ideal membership

problem. We assume, from now on, that chark = 0.

90



Let v € .#. Using the binomial relations in /, we can write
d—1
§= HSil"'S/i\v,-"'Sini mod /
i=1

where - denotes omitting the variable from the product. Consider the slice sgy, =

[Tycr xu. If u # v € .7 is such that u; = vy, then there exists 1 <i < d — 1 such
Ha=Va
d

that 1; # v; which gives x| (si1 - - Siv, - - - Sin;). Hence SdVd|(<Hi;11

Si1 e .S/i;i .. .Sini)xv)’
50, (IT¢] si1 -+ - Siv; -+~ Sin;)JXv) € I. This implies that s € (I: m).

We now show that s ¢ I. Let A be the tableau

ap T Ay
azl T Aopy
Ad-n1 -~ Ad=1ny_y

of non-negative integers. We use tableau loosely here; we only mean that the rows of
A possibly have different number of elements. For such a tableau A, we say it satisfies
row condition (cy,...,c;) if the sum of the elements on the ith row is ¢; — 1.

Let Z:={1,...,n1} x---x{l,...,ng_1}. Foreach p € &, we define a monomial

by = H Xy

ves
Vi=pi,1<i<d—1
(see Figure 5.1 for an illustration of £(3 ;) in the 3 x 4 x 2 case). Further, write |p|a for

d—1
Y dip;-

Let

— 1 |pla
F= > {H (platya” } S

A:A satisfies (ny,...,ng_1) \pEZ
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We let R act on itself by partial differentiation with respect to the variables. We show
below that, under this action, s & (0 :g F') while I C (0 :z F) from which we conclude
that s ¢ 1, thus proving the proposition.

For any tableau A that satisfies the row condition (ny,...,ng_1), write T4 for the

corresponding monomial term that appears in F (see (5.1)). Let

0 1 1

01 1
Ag =

01 1

Then s = ot 74, for some non-zero rational number « If A # Ay, then s contains a variable
that 74 does not contain, so soF =sot14, = 1. Hence s ¢ (0 :g F).

For any 1 < j <ny, sqjoF = 0. For, any A that appears in the summation of (5.1)
has at least one py € & such that |ps|4 = 0. Hence the variables in ¢,,, do not appear
in 4. However, 54, contains one such variable, so, 54074 = 0. Hence sqjo F = 0.

Observe that any slice s;;,1 <i<d—1,1 < j <n; can be written as a product of

lp,p € & as follows:

si=[[w= ]I [H xv]:]’[fp.

ves 1<vy<ny | 1<v4<ny peZ
Vi=J I<i'<d—1~——~—" Ppi=]
Vi:] é(vl ..... Vd71 )

Let Z;j={pe P :pi=j}. Thens;joF = (Hpe%j £p> o F. Therefore to differentiate

with respect to s;;, we may differentiate with respect to all £,,, p € &2, sequentially.
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Let1<i<d-1,1<j<mjandq€ & Then

I
lgoF =ly4o0 y {H W@,ﬁ“}

A:A satisfies (ny,...,ng_1) \ pEZ
(Igla)™ (1qla—1) 1 Il
- )y el | ool
AA satisfies (ny,...,n4_1) (|q|A!)nd pe#ﬁ (|p|A!)nd
P74q

Therefore,

(Ipla)™ A= 1 A
sijoF = y { I1 Wﬁﬁ,”' DTT =t } (5.2)

A:A satisfies (ny,....,ng_1) \PEZj pEP;; (‘p’A !)nd

We can write {A : A satisfies (n1,...,n4-1)} = {A:a;j =0}U{A : a;; # 0}. Every row
of A contains at least one zero. If a;; = 0, then there is a p € &;; such that Ipla =
0. Therefore there is no contribution from those A with a;; = 0 in the RHS of (5.2).

Moreover, if a;; # 0 then |p|4 # 0. Hence

1 (Ipla—1) Ll
sjeF= X {n S |
A satisfies (ny,...,ng_1) \PEZjj [(|P|A o 1)!]nd PEZij (|p|A!)nd

a;;j 70

There is a 1-1 correspondence between {A : A satisfies (n1,...,n4_1),a;j 70} and {A :

A satisfies (ny,...,n;—1,...,ny_1)}. Using this we can write

1 Ipla
jioF = E I I —/ . 53
N { (Iplatyra™? } G-

A satisfies (ny,...,n;—1,...,ny_1) \ PEZL

Note that this representation of s;; o F' is independent of j; hence (s;; —s;;) o F = 0 for

all 1 <i<d—1and2 < j<n;. Therefore I C (0: gF). O
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It now follows from the Auslander-Buchsbaum formula (Proposition 1.2.5) that
Corollary 5.2.2. With notation as above, pdR/I = n; ---ng. O

Parenthetically, we note that the ideal we construct has n; — 1 generators of degree
ny---ni---ng, for 1 <i<d-—1 and ny generators of degree ny ---ng_1.

Consider the case when ny = --- = ny = n. Then the ideal is generated by (n —
1)(d — 1) binomials and n monomials, and, hence, has a monomial support of 2(n —

1)(d—1)+n.

Theorem 5.2.3. Any upper bound for projective dimension of an ideal supported on N

monomials counted with multiplicity is at least 2V /2,

Proof. Given a positive integer N, choose n = 2 variables in each of d = %’ dimensions,

and construct R and I as above. Then pdR/I = 2V 2, [

5.3 Further Questions

Motivated by the example in the previous section, we raise the following question:

Question 5.3.1. Suppose I C R has a monomial support of N monomials, counted with

multiplicity. Then what is a good upper bound for pdR/I?

However, we can ask a similar question, by appealing to Grobner bases and initial
ideals. Fix a monomial order > on R. Since for all i and j, B; j(R/in> 1) > B; j(R/I)
(see Theorem 1.3.1), we see that in- I has at least as many generators as / has, and
that pd(R/in~ I) > pd(R/I). From the Taylor resolution of R/in- I, we can see that
pd(R/in-I) < Y ;b1 j(R/insI), which is the number of minimal generators of in- I.

Hence we can pose the following question.
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Question 5.3.2. Does there exist a function , : N — N such for all homogeneous ideals
[ in n variables having a support of N monomials, I has at most {,(N) forms in a

Grobner basis in some monomial order >? If such a §, exists, how does it vary with n?

If it were true that, for a fixed N, sup{{,(N) : n € N} exists, then we can use that as

an upper bound for the projective dimension of ideals with a support of N monomials.
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Chapter 6

Alexander Duality and Serre’s Property

This chapter is devoted to giving an alternate proof of a theorem of K. Yanagawa,
showing that for a square-free monomial ideal / in a polynomial ring R, R/I has Serre’s
property (S;) if and only its Alexander dual I* has linear syzygies up to homological
degree i. The work here was done independently of and without the knowledge of Yana-
gawa’s work. This had, in turn, generalized an earlier result of J. Eagon and V. Reiner

that R/I is Cohen-Macaulay if and only if 7* has linear resolution.

6.1 Introduction

For a finitely generated R-module M, we say that M satisfies Serre’s property (S;) if
for all p € SpecR, depthM, > min{i,dimM,}. We adopt the convention that the zero

module has property (5;) for all i.

Remark 6.1.1. Our definition of property (S;) follows [ , IV, 57.2] and [ ,
Section 2.1]. There is another definition of Serre’s condition (S;), used in [ , Sec-
tion 0.B]: a module M is satisfies Serre’s condition (S;) if depthM, > min{i,dimR;},

for all p € SpecR.
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For any homogeneous ideal I C R, we say that I satisfies property (N.,;) (after [
p. 158]) if all the minimal generators of I have degree ¢ and a minimal graded free reso-
lution of / is linear up to homological degree i — 1. This definition is independent of the
choice of the resolution, because / satisfies property (N, ;) if and only if Torf(k,l )j=0

forall 0 <[ <i—1and for all j # [+ ¢. K. Yanagawa proved the following theorem:

Theorem 6.1.2 (| , Corollary 3.7]). Let I C R be a square-free monomial ideal

with htl = c. Then for i > 1, the following are equivalent:

a. R/I satisfies property (S;).

b. The Alexander dual I* satisfies (N..;).

Yanagawa proved the above result by relating these properties through local and

Matlis duality. Our proof uses the (S;)-locus of R/I.

Remark 6.1.3. N. Terai [ ] (see Proposition 1.3.6) gave a generalization of the

Eagon-Reiner theorem; we require this in our proof of Theorem 6.1.2. For two other re-

sults generalizing the Eagon-Reiner theorem, see Herzog-Hibi [ , Theorem 2.1(a)]
and Herzog-Hibi-Zheng [ , Theorem 1.2(c)].
Remark 6.1.4. We can extend the statement to include the case i = 1 by replacing

the statement (a) by “R/I satisfies property (S;) and I is unmixed” (i.e., for all the
associated primes p of R/I, dimR/p is independent of p). Since R/I is reduced, it
always satisfies property (S1). Hence if I is unmixed, then I* is generated by monomials
of degree c; this is property (N, 1) for I*. For larger i, the hypothesis that / is unmixed
becomes superfluous: for any ideal 7, not necessarily homogeneous, if R/I satisfies
property (S>), then [ is unmixed [ , IV, 5.10.9].

For a commutative ring A, we say that SpecA is connected in codimension k, if for
all ideals a C A with hta > k, SpecA \ {p € SpecA : a C p} is connected, and that A is lo-

cally connected in codimension k if Ay, is connected in codimension k for all p € SpecA.
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It is known [ , Corollary 2.4] that for any ideal /, not necessarily homogeneous,
if R/I satisfies property (S>), then SpecR/I is locally connected in codimension 1. For

square-free monomial ideals, we prove the converse, giving the following equivalence:

Theorem 6.1.5. Let R =k|x;,- - ,x,| be a polynomial ring in n variables and let | C R
be a square-free monomial ideal. Then SpecR/I is locally connected in codimension 1

if and only if R/I satisfies property (S>).

6.2 Free resolutions and the locus of non-(S;) points

Many results in this section are part of folklore. We take R to be an arbitrary regular

domain, and M a finitely generated R-module with a finite free resolution

¢
F.: 0 Fp e prl F Fp .

1

Let ¢ = codimM. For 1 <[ < p, setr; := Zg.’:l(—l)j*lrij and I; := +/I,,(¢;), where,
for a map ¢ of free modules of finite rank, and a natural number 7, I;(¢) is ideal gener-

ated by the ¢ X t minors of ¢ and Va denotes taking the radical of an ideal.

Remark 6.2.1. Since R is a domain, M has a well-defined rank. We apply [ ,

Lemma 1] to conclude that M is projective if and only if /; = R. We see immediately

that the exact sequence (O Im ¢y F coker ¢1*>0) @R Ry splits — we
say that ¢ ®g Ry splits if this happens — if and only if /; € p. If ¢; ®g Ry, splits, then
so does every ¢y @r Ry, for I">1 Hencel; CL C---C I,. Additionally, if R is local,

with maximal ideal m, and M is not free, then pdM = max{/: 1 <[/ < pand[; C m}.
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First we determine the Cohen-Macaulay locus of M, which is an open subset of

SpecR; see [ ,1V, 6.11.3]. Let

P
Jem(M) == Ik+q€mrgan : (6.1)
k=c+1 htq<k’

taking Jop (M) = R if the intersection is empty.

Proposition 6.2.2. For all p € SpecR, M, is Cohen-Macaulay if and only if Jep (M) €

p.

Proof. Let | = codimM, + 1. First, | [+ N 0 ¢ p for all k < I; otherwise,
geminM,
htq<k

we would get an ideal g C p with ¢ € minM and htq < codimM,,, which is a contra-
diction. We now see that M, is Cohen-Macaulay if and only if dep My = codim M,

or, equivalently (by Remark 6.2.1), I; € p, or, equivalently (by Remark 6.2.1, again),

Lt 04 ¢ p for all k > [, or, equivalently (by above), Jey (M) € p. O
geminM,
htq<k

In order to determine the (S;)-locus of M, we first define A; = A;(M) to be the set
of all q € SpecR such that g is minimal over I; 4+ Jep (M) for some [ > htq —i. Note

that A; is finite. Now let Jig,) (M) = N4ep, 9, taking J(s,) (M) = R if A; = 0.
Proposition 6.2.3. For all p € SpecR, p € %s,) (M) if and only if Js, (M) £ p.

Proof. Letp € SpecR and A;Np := {q € A;: q C p}. Since J5, (M) € p if and only if
AiNp =0, we need to show that p € %(s,) (M) if and only if A;Np = 0.

Let g € A;Np. Let ] > htq—i be such that q is minimal over I; +Jcy (M ). We apply
Remark 6.2.1 to the regular local ring (R, qRy) to conclude that pdg, Mg > dimRq — i,
and, by the Auslander-Buchsbaum formula, that depthR; < i. Since Jem(M) C q, M,

is not Cohen-Macaulay. Hence My does not have property (S;), so p & %s,) (M).
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Conversely, if p & %(s;) (M), then there exists q € SpecR such that ¢ C p and
depthM; < min{i,dimM,}. Then M, is not Cohen-Macaulay, i.e., Jop (M) C g, and
pdg, My > dimR, —i. By Remark 6.2.1, there exists / > htq —i such that 7, C q. Let q
be minimal such that I; + Jey (M) C q' C q. Since ¢’ is minimal over [; + Jep (M) and

I >htq’ —1i, we see that g’ € A; Np. O

Remark 6.2.4. Suppose that htp = ¢ for all p € minM, i.e., that AnnM is unmixed.
Then Jep (M) = 1,41 + vVAnnM. If M = R/I for some radical ideal 7, then r; = 1 and
Iy =1, so we get Joy(R/I) = I.41. Hence A; consists of those primes q minimal over

I for some [ > ¢+ 1 with htq <[ —1i.

Discussion 6.2.5. Let R =k[xy,- -+ ,x,], taken with standard grading, and M a finitely
generated graded R-module. Let F, be a graded free resolution of M, with maps of
degree 0. Then the I,,(¢;) are homogeneous: to show this, it is enough to show that
if F and G are graded free modules of same finite rank and ¢ : F — G is a map
of degree 0O, then det¢ is homogeneous. Indeed, giving bases fi,---,f, for F' and
g1, ,&r for G, we can write ¢ = [aij] . If a;; # 0, then dega;; = deg g; — deg f;. Since
detd = Y ges, sgn(G)alG(l) “++a,5(;) (Where, S, is a permutation group of r elements,
and sgn (o) is the sign of a permutation ©), it suffices to show that deg ais(1) " Aro(r) 18
independent of &, whenever a;5(;) # 0 forall 1 <i <r. This is true, since if a;5(;) 7 0 for
all 1 <i<r,thendega o) - tro(r) = Li-| (deggqs() —deg fi) = Xi_| (degg; — deg fi),
which is independent of o. Radicals of homogeneous ideals are homogeneous. Min-
imal prime ideals of M are homogeneous. Therefore the ideals Jcy (M) and Js,) (M)
are homogeneous. Minimal prime ideals of homogeneous ideals are homogeneous, so
the Cohen-Macaulay and (S;) -loci of M are determined by homogeneous prime ideals.
Hence to determine whether M has property (S;), (or, is Cohen-Macaulay), it suffices to

check this at homogeneous prime ideals. We remark here that the above argument car-
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ries over mutatis mutandis to the situation of multigrading, for instance, when M = R/I

for a monomial ideal /.

6.3 Proofs of Theorems

An immediate corollary to Hochster’s formula (see Discussion 1.3.7) is that depthR/J =
1 if and only if A is not connected: indeed, the Auslander-Buchsbaum formula implies
that depthR/J = 1 if and only if Tor® | (k,R/J) # 0. Since Tork (k,R/J)s = 0if |o| </,
Hochster’s formula gives the equivalence with Tork | (k,R/J ) {x1, 1} 7 0, and, again,

with ﬁo(A; k) # 0, which is equivalent to A being disconnected.
Lemma 6.3.1. With notation as above,

a. Forall1 <I1<n, (I:x;)*=(I*Nk[x1,--- X, ,xn])R.

b. If R/I satisfies (S;), then, for all 1 <1 <n, R/(I : x;) satisfies (S;).

Proof. (a): Associated primes of (I : x;) are exactly those of 7 not containing x;. Hence
while computing the dual, we take the generators not involving x;.

(b): It suffices to show that Jg,(R/(I : x;)) = R. By way of contradiction, if
Jis;) (R/(I 2 x1)) # R, then let p be a minimal prime ideal over J(g,) (R/(I : x;)); hence
(R/(I : x1))p does not have property (S;). Since no monomial minimal generator of
(1 : x7) is divisible by x;, p is a monomial ideal not containing x;; see Discussion 6.2.5.

Therefore (R/(I : x1))p ~ (R/I)p, which has property (S;), a contradiction. O
We are now ready to prove Theorem 6.1.2.

Theorem 6.1.2. Let [ C R be a square-free monomial ideal with htl = c. Then fori > 1,

the following are equivalent:

a. R/I satisfies property (S;).
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b. The Alexander dual I satisfies (N¢.;).

Proof. We prove both the directions by induction on n. Let n = 3. For any non-zero
ideal I C R =Kk|x,x2,x3], if R/I satisfies (S>) (equivalently, since dimR/I <2, (S;) for
all i > 2), then R/I is Cohen-Macaulay, and, hence pd R/I = htl. By Proposition 1.3.6,
we see that regI* = ht/; however, since I* is generated by monomials of degree ht/,
I* has a linear resolution; in particular, /* has property (N.»). Conversely, if I* has
property (N¢2), and ¢ = 1, then R/I is a complete intersection, and Cohen-Macaulay.
If c =2, then dimR/I = 1. One-dimensional reduced Noetherian local rings are Cohen-
Macaulay.

(a) = (b): By way of contradiction, assume that /* does not have the property
(N,i) . By induction, assume that n is the least integer for which there is such a counter-
example. By Lemma 6.3.1(a), (I : x;)* satisfies (N, ;)for all 1 </ < n. Now, since /
does not have (N.;), there is a (square-free) multidegree ¢ and j < i— 1 such that
|o| > j+cand B 5(I*) # 0. We now claim that 6 = {x1,--- ,x,}: for, if, say, x; € o,
then let A be the Stanley-Reisner complex of I*, and A of (I* Nk|[xa,-- ,x,])R. Then,

by applying Hochster’s formula, we have

ﬁj,G(I*) :dimkﬁ|6|_j_2(A
= Bj.o((I"Nk[x2, -+, xa])R)
=Bjo((I:x1)")

G;k) = dimkﬁ|6|_j_2(g

o§k)

contradicting the fact that (I : x;)* satisfies (N.;). Hence 6 = {x1,--- ,x,}, and, there-
fore, j < n—c =dimR/I. By choice, j < i. Moreover, regl* > n— j. By Proposi-
tion 1.3.6, pdR/I > n— j, and, therefore depthR/I < j, contradicting the hypothesis
that R/I satisfies (S;).
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(b) = (a) : By way of contradiction, assume that R/I does not satisfy (S;). We
may again assume that 7 is the least number of variables where such a counter-example
exists. Since I* satisfies (N.;), (I : x;)* has (N.;)for all 1 <1 <n. By choice of n,
R/(I : x;) satisfies (S;) forall 1 <[ <n.

Now let p € SpecR be such that depth(R/I), < min{i,dim(R/I),}. If x; & p, then,
(R/I)p ~ (R/(I : x1))p. Hence depth(R/I), > min{i,dim(R/I),}. Therefore p = m.
Hence depthR/I < min{i,dimR/I}. By Auslander-Buchsbaum formula, pdR/I > n—i.
Again, by the result of Terai, reg/* > n — i, i.e., there exists j and a multidegree ¢ such
that B 5(I*) # 0 and |o| — j > n—i. By Hochster’s theorem, non-zero Betti numbers
are in square-free multidegrees, so, || < n. Hence j < i, contradicting the hypothesis

that I* has (N.,;). O

Before we proceed, we observe that if dimR/I > 2 and R/I is connected in codi-
mension 1, then Stanley-Reisner complex A of [ is connected; in fact, it is strongly
connected, i.e., for any two faces F and F’ of A of maximal dimension, we can find
a sequence Fy = F,F,--- ,F, = F’ of faces of maximal dimension such that for all
1 <i<n—1, FFNF_; is a face of codimension 1 in F; and F;_;. To prove this,
it suffices, using the correspondence between faces of A and prime ideals containing
I , Theorem 1.7], to show that for any p,p’ € AssR/I, there is a sequence
po = Pp,p1, -+ ,pr = p’ of associated primes of R/I such that for all 1 <i<n—1,
ht(p; + pi+1) = htp; + 1 = htp;;; + 1. This follows from setting d = 2 in [ , 1V,
5.10.8]. Finally, since R/I is connected in codimension 1, it is equidimensional; this is
the content of the proof of [ , IV, 5.10.9]. Hence every vertex of A is in some face

of maximal dimension, so A is connected.
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Theorem 6.1.5. Let R =k|[xy,- - ,x,| be a polynomial ring in n variables and let | C R
be a square-free monomial ideal. Then SpecR/I is locally connected in codimension 1

if and only if R/I satisfies property (S,).

Proof. We will show that if SpecR/I is locally connected in codimension 1, then R/
has property (S;); the other implication is already known [ , Corollary 2.4]. If
¢ > n—1, then it is clear that R/I is locally connected in codimension 1 and that R/I
has property (S5). Therefore we will assume that ¢ < n—2.

We proceed by induction on n. Let n = 3. It is easy to verify that any unmixed
monomial ideal in three variables in locally connected in codimension 1. Since ¢ =1,
R/I is a complete intersection and, hence has property (S,). Now assume that n > 3.

We first observe that for all 1 <1 <n, SpecR/(I : x;) is locally connected in codi-
mension 1, because SpecR/(I : x;) is homeomorphic to Spec(R/I),,, which is locally
connected in codimension 1, (R/I),, being a localization of R/I. Since x; does not
divide any minimal generator of (I : x;), we note that (I : x;) is extended from the
subring k[xy,---,x7,--- ,x,) € R. By induction R/(I : x;) has property (S2). Now let
p € SpecR,p # m. We can then pick x; & p. Since (R/I), ~ (R/(I : x;))p, We see that
depth(R/I), > min{2,dim(R/I),}. It remains to show that depthR/I > 2, i.e., that
the Stanley-Reisner complex A of I is connected, which follows from the preceding

discussion. n

6.4 Discussion

First, there is a generalization of Alexander duality for arbitrary monomial ideals, in-
troduced by E. Miller; see [ , Chapter 5]. It is worth determining whether an

analogue of Theorem 6.1.2 for all monomial ideals is true.
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Secondly, in the context of Theorem 6.1.5, we note the following result of M. Kalk-
brener and B. Sturmfels [ , Theorem 1]: for all prime ideals p C R and monomial
orders >, R/+/in~ p is connected in codimension 1. Initial ideals were defined in Sec-
tion 1.3.1. Kalkbrener and Sturmfels use the language of simplicial complexes, and say
that the Stanley-Reisner complex of v/ins p is strongly connected; to see that these no-
tions are equivalent, see [ , Appendix 1] by A. Taylor. One may wonder whether
the stronger property of locally connected in codimension 1 holds for radicals of initial

ideals. The following example shows that this is not true.

Example 6.4.1 (C. Huneke). Let R = k|a,b,c,d] and I = (d?,c* — ad,b* — bc,ac —
bc,ab,a* +ad —bd +cd). Set S = R[Ty,...,Ts), and p C S to be the kernel of the map
S — R[It], sending T — d°, T — ¢ —ad, T3 — b*> — b, Ty — ac — be, Ts — ab and
Tg — a* +ad — bd + cd). In other words, p defines the Rees algebra R[It]. Let > be the

lex orderon S with 77 > T, > ... > Ty >d > ¢ > b > a. Then

vV in> p= (T] T3, Ti T5, T2T3T5, T3d, T c, TzT'jc, Tzdc, T4dc, T5dC,

T\b, b, Tscb, Tva, Tza, Trda, Trca, Tyba).

Since htp = 5 and +/in- p is unmixed (by Kalkbrener-Sturmfels), (\/ n- p)* is gener-
ated by square-free monomials of degree 5. We can however see, from computing a free

resolution in [M2], that the Alexander dual (\/in> p)* does not have property (N5 ), so
R/+/in> p does not have ().

One of the problems that we can identify from the above example is to determine
prime ideals p such that R/+/in~ p has property (Sz) for all monomial orders >. Tt
is also unknown whether there are monomial orders for which R/+/in- p has property

(Sy) for all prime ideals p.

105



Bibliography

[AHHO8] Annetta Aramova, Jiirgen Herzog, and Takayuki Hibi, Squarefree lexseg-
ment ideals, Math. Z. 228 (1998), no. 2, 353-378. MR MR1630500
(99h:13013) Cited on 71

[Bar96] Margherita Barile, On the number of equations defining certain vari-
eties, Manuscripta Math. 91 (1996), no. 4, 483-494. MR MR1421287
(97m:13041) Cited on 58

[Bar06] , A note on monomial ideals, Arch. Math. (Basel) 87 (2006), no. 6,

516-521. MR MR2283682 (2007h:13004) Cited on 58

[BS06] Mats Boij and Jonas Soderberg, Graded betti numbers of cohen-macaulay
modules and the multiplicity conjecture, 2006, arXiv:math.AC/0611081v2.
Cited on 73

[Bol98] Béla Bollobas, Modern graph theory, Graduate Texts in Mathematics, vol.
184, Springer-Verlag, New York, 1998. MR MR 1633290 (99h:05001) Cited
on 34

[BH93] Winfried Bruns and Jiirgen Herzog, Cohen-Macaulay rings, Cambridge
Studies in Advanced Mathematics, vol. 39, Cambridge University Press,
Cambridge, 1993. MR 95h:13020 Cited on 16, 19, 96

[BE73] David A. Buchsbaum and David Eisenbud, What makes a complex exact?,
J. Algebra 25 (1973), 259-268. MR MR0314819 (47 #3369) Cited on 98

[Bur72] Lindsay Burch, Codimension and analytic spread, Proc. Cambridge Philos.
Soc. 72 (1972), 369-373. MR MR0304377 (46 #3512) Cited on 58

[CKO8] Giulio Caviglia and Manoj Kummini, Some ideals with large projective di-
mension, Proc. Amer. Math. Soc. 136 (2008), no. 2, 505-509 (electronic).
MR MR2358490 Cited on 14, 87

[Eis95] David Eisenbud, Commutative algebra, Graduate Texts in Mathematics, vol.
150, Springer-Verlag, New York, 1995, With a view toward algebraic geom-
etry. MR 97a:13001 Cited on 16, 22, 25, 57, 90

106



[EFWO07] David Eisenbud, Gunnar Flgystad, and Jerzy Weyman, The existence of pure
free resolutions, 2007, arXiv:0709.1529v3 [math.AC]. Cited on 73

[EK89] David Eisenbud and Jee-Heub Koh, Remarks on points in a projective
space, Commutative algebra (Berkeley, CA, 1987), Math. Sci. Res. Inst.
Publ., vol. 15, Springer, New York, 1989, pp. 157-172. MR MR1015517
(901:14008) Cited on 97

[ESO7] David Eisenbud and Frank-Olaf Schreyer, Betti numbers of graded modules
and cohomology of vector bundles, 2007, arXiv:0712.1843v2 [math.AC].
Cited on 73

[EK90] Shalom Eliahou and Michel Kervaire, Minimal resolutions of some mono-
mial ideals, J. Algebra 129 (1990), no. 1, 1-25. MR MR1037391
(91b:13019) Cited on 71

[EG85] E. Graham Evans and Phillip Griffith, Syzygies, London Mathematical Soci-
ety Lecture Note Series, vol. 106, Cambridge University Press, Cambridge,
1985. MR MR811636 (87b:13001) Cited on 96

[FSO7] Chris Francisco and Hema Srinivasan, Multiplicity conjectures, Syzygies
and Hilbert Functions (Irena Peeva, ed.), Lecture Notes in Pure and Appl.
Math., vol. 254, CRC Press, New York, 2007, pp. 145-178. Cited on 72

[M2] Daniel R. Grayson and Michael E. Stillman, Macaulay 2, a soft-
ware system for research in algebraic geometry, Available at
http://www.math.uiuc.edu/Macaulay?2/. Cited on 54, 105

[EGA] A. Grothendieck, Eléments de géométrie algébrique, Inst. Hautes Etudes
Sci. Publ. Math. (1960-1967). MR MR0238860 (39 #220) Cited on 96, 97,
99, 103

[Har62] Robin Hartshorne, Complete intersections and connectedness, Amer. J.
Math. 84 (1962), 497-508. MR MR0142547 (26 #116) Cited on 14, 98,
104

[HH99] Jiirgen Herzog and Takayuki Hibi, Componentwise linear ideals, Nagoya
Math. J. 153 (1999), 141-153. MR MR1684555 (2000i:13019) Cited on 97

[HHOS] , Distributive lattices, bipartite graphs and Alexander duality,
J. Algebraic Combin. 22 (2005), no. 3, 289-302. MR MR2181367

(2006h:06004) Cited on 41

[HHZ04] Jiirgen Herzog, Takayuki Hibi, and Xinxian Zheng, Dirac’s theorem on
chordal graphs and Alexander duality, European J. Combin. 25 (2004),
no. 7, 949-960. MR MR2083448 (2005f:05086) Cited on 97

107


http://www.math.uiuc.edu/Macaulay2/

[HK84] J. Herzog and M. Kiihl, On the Betti numbers of finite pure and linear reso-
lutions, Comm. Algebra 12 (1984), no. 13-14, 1627-1646. MR MR743307
(85€e:13021) Cited on 73

[HS98] Jiirgen Herzog and Hema Srinivasan, Bounds for multiplicities, Trans. Amer.
Math. Soc. 350 (1998), no. 7, 2879-2902. MR MR1458304 (99g:13033)
Cited on 69, 70, 71

[HS04] , Multiplicities of monomial ideals, J. Algebra 274 (2004), no. 1,

230-244. MR MR2040872 (2004m:13064) Cited on 70, 80

[Hoc77] Melvin Hochster, Cohen-Macaulay rings, combinatorics, and simplicial
complexes, Ring theory, II (Proc. Second Conf., Univ. Oklahoma, Norman,
Okla., 1975), Dekker, New York, 1977, pp. 171-223. Lecture Notes in Pure
and Appl. Math., Vol. 26. MR MR0441987 (56 #376) Cited on 28

[HunO7] Craig Huneke, Lectures on local cohomology, Interactions between homo-
topy theory and algebra, Contemp. Math., vol. 436, Amer. Math. Soc.,
Providence, RI, 2007, Appendix 1 by Amelia Taylor, pp. 51-99. MR
MR2355770 Cited on 58, 105

[HMS85] Craig Huneke and Matthew Miller, A note on the multiplicity of Cohen-

Macaulay algebras with pure resolutions, Canad. J. Math. 37 (1985), no. 6,
1149-1162. MR MR828839 (87d:13024) Cited on 70

[ILL*07] Srikanth B. Iyengar, Graham J. Leuschke, Anton Leykin, Claudia Miller,
Ezra Miller, Anurag K. Singh, and Uli Walther, Twenty-four hours of local
cohomology, Graduate Studies in Mathematics, vol. 87, American Mathe-
matical Society, Providence, RI, 2007. MR MR2355715 Cited on 58

[KS95] Michael Kalkbrener and Bernd Sturmfels, Initial complexes of prime ideals,
Adv. Math. 116 (1995), no. 2, 365-376. MR MR 1363769 (97g:13043) Cited
on 105

[Kat06] Mordechai Katzman, Characteristic-independence of Betti numbers of
graph ideals, J. Combin. Theory Ser. A 113 (2006), no. 3, 435-454. MR
MR2209703 (2007£:13032) Cited on 37

[KWO06] Martina Kubitzke and Volkmar Welker, The multiplicity conjecture for
barycentric subdivisions, 2006, arXiv:math.AC/0606274. Cited on 72

[Lyu88a] Gennady Lyubeznik, The minimal non-Cohen-Macaulay monomial ide-
als, J. Pure Appl. Algebra 51 (1988), no. 3, 261-266. MR MR946577
(89h:13031) Cited on 32

108



[Lyu88b]

[MNROS]

[MSO05]

[NS06]

[PS74]

[SVT7T7]

[SV79]

[Sta96]

[Sta97]

[Tay00]

[Ter99]

[VilO1]

—, On the arithmetical rank of monomial ideals, J. Algebra 112
(1988), no. 1, 86—89. MR MR921965 (89b:13020) Cited on 58

Juan Migliore, Uwe Nagel, and Tim Romer, Extensions of the multiplicity
conjecture, Trans. Amer. Math. Soc. 360 (2008), no. 6, 2965-2985. MR
MR2379783 Cited on 70

Ezra Miller and Bernd Sturmfels, Combinatorial commutative algebra,
Graduate Texts in Mathematics, vol. 227, Springer-Verlag, New York, 2005.
MR MR2110098 (2006d:13001) Cited on 12, 26, 28, 29, 30, 103, 104

Isabella Novik and Ed Swartz, Face ring multiplicity via CM-connectivity
sequences, 2006, arXiv:math.AC/0606246. Cited on 51, 72

Christian Peskine and Lucien Szpiro, Syzygies et multiplicités, C. R. Acad.
Sci. Paris Sér. A 278 (1974), 1421-1424. MR MR0349659 (50 #2152) Cited
on 23

Peter Schenzel and Wolfgang Vogel, On set-theoretic intersections, J. Al-
gebra 48 (1977), no. 2, 401-408. MR MR0472852 (57 #12541) Cited on
58

Thomas Schmitt and Wolfgang Vogel, Note on set-theoretic intersections of
subvarieties of projective space, Math. Ann. 245 (1979), no. 3, 247-253.
MR MR553343 (81a:14025) Cited on 58

Richard P. Stanley, Combinatorics and commutative algebra, second ed.,
Progress in Mathematics, vol. 41, Birkhduser Boston Inc., Boston, MA,
1996. MR MR 1453579 (98h:05001) Cited on 72

, Enumerative combinatorics. Vol. 1, Cambridge Studies in Ad-
vanced Mathematics, vol. 49, Cambridge University Press, Cambridge,
1997, With a foreword by Gian-Carlo Rota, Corrected reprint of the 1986
original. MR MR1442260 (98a:05001) Cited on 37, 59

Amelia Taylor, Initial ideals of prime ideals and the inverse problem in
Grobner basis theory, Ph.D. thesis, University of Kansas, Lawrence, KS,
2000. Cited on 27

Naoki Terai, Alexander duality theorem and Stanley-Reisner rings,
Surikaisekikenkytisho Kokyiiroku (1999), no. 1078, 174-184, Free resolu-
tions of coordinate rings of projective varieties and related topics (Japanese)
(Kyoto, 1998). MR MR1715588 (2001f:13033) Cited on 12, 30, 97

Rafael H. Villarreal, Monomial algebras, Monographs and Textbooks in
Pure and Applied Mathematics, vol. 238, Marcel Dekker Inc., New York,
2001. MR MR1800904 (2002¢:13001) Cited on 34, 35

109



[Vilo7] | Unmixed bipartite graphs, 2007,
arXiv:math/0606479v2.[math.CO]. Cited on 38

[Wes96] Douglas B. West, Introduction to graph theory, Prentice Hall Inc., Upper
Saddle River, NJ, 1996. MR MR1367739 (961:05001) Cited on 38

[Yan0Oa] Zhao Yan, An étale analog of the Goresky-MacPherson formula for sub-
space arrangements, J. Pure Appl. Algebra 146 (2000), no. 3, 305-318. MR
MR1742346 (2000k:14041) Cited on 58, 67

[YanOOb] Kohji Yanagawa, Alexander duality for Stanley-Reisner rings and square-
free N"-graded modules, J. Algebra 225 (2000), no. 2, 630-645. MR
MR1741555 (2000m:13036) Cited on 14, 97

[Zhe04] Xinxian Zheng, Resolutions of facet ideals, Comm. Algebra 32 (2004),
no. 6, 2301-2324. MR MR2100472 (2006¢:13034) Cited on 12, 37

110



List of Notation

‘R, :m annihilator, 18

I Alexander dual, 29

R(—j) twist of a module, 16

[n], 15

A* Alexander dual, 29

in- initial ideal, 24

ara arithmetic rank, 57

Ass M associated prime ideals, 18

B:,j(M) graded Betti numbers, 20

depthy depth, 19

A (M) length, 15

0¢ directed graph associated to a bipar-
tite graph, 36

b Hilbert function, 23

Ik link of a face, 30

NY, 15

m; maximum twist, 21

my Hilbert polynomial, 23

pdy projective dimension, 21

regp regularity, 21

socM socle, 18

my; minimum twist, 21

UnmM unmixed associated prime ide-
als, 18

| -| for cardinality, 18

| - | for multidegrees, 18

e(M) Hilbert-Samuel multiplicity, 23

111



Index

acyclic reduction, 39
Alexander duality, 29
arithmetic rank, 57
associated prime ideals, 18
unmixed, 18
Auslander-Buchsbaum formula, 22, 94

Betti numbers, 20
Betti table, 23, 73
pure, 73

Cohen-Macaulay connectivity sequence,
72
Cohen-Macaulay modules, 19
connected in codimension k, 97
locally, 97

edge ideal, 33

free resolution, 19
pure, 23
quasi-pure, 23

Grobner basis, 25, 94
graded module, 16
free
twist, 17
graded ring
multigrading, 17
standard grading, 16
Graphs
suspension, 35
terminology, 34

Hilbert functions, 23
Hilbert polynomial, 23

112

Hilbert syzygy theorem, 19
Hochster’s formula, 30
homogeneous

element, 16

ideal, 17

maximal ideal, 18

initial ideal, 24
initial term, 24

matroid complex, 72
monomial ideal, 17
monomial order, 24, 94
monomial supports, 88
non-uniqueness, 88
multidegree, 17
multiplicity, 23

polarization, 26

posets
Hasse diagram, 61
isomorphic embedding in N2, 59
linearizations, 59

projective dimension, 21

regular sequence, 18
regularity, 21

Serre’s property (S;), 96

set-theoretic complete intersection, 57
simplicial complexes, 28

socle, 18

Stanley-Reisner correspondence, 29
symbolic power, 58

Taylor resolution, 25, 70, 88
non-minimality, 25



	Abstract
	Acknowledgments
	Table of Contents
	Introduction
	Graded Free Resolutions
	Graded Modules
	Graded Free Resolutions and Betti Numbers
	Monomial Ideals
	Initial Ideals
	The Taylor Resolution
	Polarization
	Stanley-Reisner Theory and Alexander Duality


	Regularity and Depth of Bipartite Edge Ideals
	Edge Ideals
	Bipartite Edge Ideals
	Examples
	Quasi-pure resolutions
	Discussion

	Arithmetic Rank of Bipartite Edge Ideals
	Arithmetic Rank
	Main Result
	Examples
	Further Questions

	Multiplicity Bounds for Quadratic Monomial Ideals
	Introduction
	Earlier work
	Conjectures of Boij-Söderberg
	Some Reductions for Monomial Ideals
	Proof of Theorem 4.1.1
	Proof of Theorem 4.1.2

	Monomial Support and Projective Dimension
	Monomial Supports
	Main Example
	Further Questions

	Alexander Duality and Serre's Property
	Introduction
	Free resolutions and the locus of non-(Si) points
	Proofs of Theorems
	Discussion

	Bibliography
	List of Notation
	Index

