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Chapter 1

Introduction

In this thesis, we will discuss the matched asymptotic expansions method of solving a
singularly perturbed system and apply this method to find an approximate solution to
the steady-state Poisson-Nernst-Planck system.

1.1 The problem and mathematical model

The Poisson-Nernst-Plank (PNP) system is related to the function of cells. Cells are
protected from the world around them by their membranes. Communication with each
other and their surroundings takes place by ions that enter the cell through ion chan-
nels embedded in this membrane. The ion channels regulate the movement of specific
charged particles into and out of the cell by providing a path through the membrane.
These channels are typically gated, opening for a stimulus like electric potential or par-
ticular chemical. We will consider the problem of the flow of ions through a channel
which is open. As was stated, since the interaction between the ions and the channel is
a function of the charges and concentrations of the particles, we can consider equations
of electrodiffusion when examining their movement.

Important properties of ion channels can be described by a steady state Poisson-
Nernst-Plank system for electrodiffusion. The system is comprised of two types of
equations. The Nernst-Planck equations model the concentration of ions through the
balance of concentration gradient and electric potential, and the Poisson equation deter-
mines the electric potential from the concentration of ions. The solution to the system
gives a relation between the current and electric potential of the ions in the channel,
called the I-V curve.

Limiting the steady-state system of the PNP system to only two types of ions gives
the system below:
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for x € [0,1] in a channel of normalized length, where ¢ is the electric potential at
a point in the channel, ¢; and ¢, are the concentrations of the two ions, Q(x) is the
permanent charge in the channel, J; and J, are the flux of the two ions and o and 3 are
the charge valences of the ions.

We will consider the following boundary conditions:

¢(0) = vo, c1(0) = Ly, c2(0) = Ly,
(1) =0, c;(1) =Ry, c2(1) =Ry,

where L, L, Ry, R, are constants, and Vy is the initial electric potential in the channel.
For simplicity, we accumulate the initial potential on the boundary at x = 0 which leaves
zero initial potential at x = 1.

Notice the singular parameter € is very small, since it is defined as the reciprocal
of the large Debye number. Thus, this PNP system can be viewed as a singularly
perturbed boundary value problem (BVP). Typically, singularly perturbed BVP’s are
characterized by a solution with two distinguished behaviors, called singular layers
and regular layers. Singular layers can occur near the boundary, where they are called
boundary layers, or at interior points, where they are called interior layers. Regular
layers lie away from singular layers. To solve the system using asymptotic expansions,
one must first find the solution on each layer separately by scaling time as a outer and
inner variable using the singular parameter €. Then one matches the layers together to
get a smooth solution to the problem.

We want to approximate solutions to this system explicitly for the J; and J>, which
will give the flux. Using this result, we can find the current as the difference of the fluxes
in the ion channel, and write a relationship between the current and electric potential,
which we call vy. This relationship, called the I-V curve, is a function of V = vy for
fixed L and R. The I-V curve is of interest in the field of biology. It should be noted
that the I-V curve has been observed to be nonlinear.



1.2 Previous results

An early related treatment of the steady-state PNP system can be found in [2]. In this
paper, the authors discuss the system with Q = 0 and obtain a zeroth-order approxi-
mation to a solution, then discretize the system and use numerics to characterize their
approximation.

A response to this paper comes in [5], where the system is studied using a geomet-
ric approach. In this paper, the author tackles the same problem that will be studied in
this thesis, with two types of ions and zero permanent charge. First, the author con-
siders the slow and fast systems, known in this thesis as the inner and outer systems,
and their “limiting” systems. These are the systems when the parameter is zero. The
slow manifold, the solution set to the limiting slow system, turns out to be normally
hyperbolic, so there are singular layer at both boundaries. With the help of a complete
set of integrals for the limiting fast system, the boundary layer can be completely de-
scribed. To find the singular orbit of the solution, the author first proves that a unique
solution exists by appealing to the fact that these invariant manifolds at the boundaries
intersect transversely [7]. By the Exchange Lemma, the existence and uniqueness of a
solution near the singular orbit is established. The zeroth order solution that appears in
this paper will be rederived in this thesis.

It should be noted that both the papers above calculate solutions while assuming
the permanent charge in the channel to be identically zero. The last paper consulted,
[3], appears after [5] and solves the system with a constant permanent charge inside the
channel and a charge of zero at the endpoints x = 0 and x = 1. The authors then solve
the PNP system using the same geometric approach as in [5]. In this case, there are
3 subintervals: near x = 0, between x = 0 and x = 1 and near x = 1. In each of these
subintervals, one must consider the boundary value problem, with the slow orbit and
two fast orbits that must be connected to find the singular orbit by the same method as
in [5].

1.3 Thesis

The purpose of this thesis is to find a higher order I-V relation for the steady-state PNP
system, assuming two types of ions and zero permanent charge in the channel. We will
use the asymptotic expansion method to recover the known zeroth order solution for the
system, then use the same technique to find the first order I-V relation. In the condition
of electron-neutrality, we will derive the second and third order I-V relations.



Chapter 2

The method of matched asymptotic expansions: an
example

In this chapter, we first describe the general procedure of matched asymptotic expan-
sions and then demonstrate the procedure using a simple example from [4]. Techniques
from [6] were also consulted.

2.1 Outer solution, Inner solution, and Matching
Consider a general singularly perturbed system:

83&(7) = f(x7y;8)7

2.1
y(7) = g(x,y;€). &b

It is called the outer system, and its variable, outer. By scaling time t = g, we obtain
the so-called inner system

X'(1) = f(X,Y:¢€),

V(1) = eg(X, Y:e), 2

where X (1) = x(et) and Y (¢) = y(et). For the zeroth and first order solutions of this
system, we consider solutions of the form

x(13€) = x0(7) +€x1(7), y(73€) = yo(T) + €y1(7)
to the outer system (2.1), and of the form
X(t;€) =Xo(t)+€X1(t), Y(t;€) =Yo(t) + €Y1 (1)

to the inner system (2.2).



The method of matched asymptotic expansions generally involves three steps. First,
substitute the outer expansion (x(7;€),y(7;€)) into the outer system (2.1). Then con-
sider the terms of like order and solve. Next, substitute the inner expansion (X (;€),Y (¢; €))
into the inner system (2.2). Solve the like-ordered terms, and impose the boundary val-
ues on the inner solutions. When we solve both systems, we get the inner and outer
solutions with undetermined constants. Lastly, we match the inner and outer solutions
to solve for these undetermined constants. We do this by substituting &z for 7 in the
outer solution, and rewriting it as some new functions

x(et;€) = Fo(t) + €x1 (1) + O(€2), y(et;€) = Jo(t) + €5 (1) + O(€?)

=X
and match (%(¢),¥;(¢)) with (X;(z),Y;(t)) for j = 1,2 to solve for the undetermined
constants.

2.2 An example
Consider the singularly perturbed two-point boundary value problem from [4]:

d*u  du
SW—'—E_a_be:O’u(O) =0, u(l)=1.

The exact solution is

;=

1—e

u(x;e) =(1—a—b+2eb) + ax+ bx* — 2ebx.

o=

1—e

We will illustrate the procedure of finding asymptotic expansions, and compare our
result to this exact solution.

The original system above is called the outer system. We will use this notation for
clarity.

€ii(x) = —u(x) +a+2bx,
u(0) =0, u(l)=1.

To put the second order equation into a system of first order equations, let’s define
v(x) = €1i(x) +u. This is called a Lienard transformation. Notice this makes v = €ii + ui.
Let us also define w(x) = x to parametrize the orbit of the solution in the independent
variable x. The second-order differential equation becomes the system of first order
differential equations below:



EUu=Vv—u,
v(x) = a+2bw, (2.3)

Ww=1,

with boundary conditions #(0) = w(0) =0 and u(1) =w(1) = 1.
In general, we are looking for solutions of the form

u(x,€) = Z &/uj(x) = uo(x) + euy (x) + up (x) + -+,
j=0

v(x,€) = Z ev(x) = vo(x) + vy (x) + €2 (x) + - -
j=0

2.2.1 The Outer Solution

Let’s consider the zeroth and first order solutions u(x;€) = ug(x) + €u;(x), v(x;€) =
vo(x) + €vy(x). Substituting these expansions into the outer system (2.3), we get

8b't()—|-82b11 =vo—up+€(vi —uy),
Vo + €V = a+2bwo+ €2bwy,
Wo+&ewyp = 1.

We then write the system of equations for the terms of zeroth order in €.

0 =vo —uy,
Vo = a+2bwy,
wo=1,

which has solutions ug = vy = ¢ + ax + bx* and wy = x, for some constant .
The first order outer system is

up =vi —uy,
v = 2bwy,
w; =0,

which has solutions u) (x) = ¢; —a — 2bx, vi(x) = ¢y, and w; = 0, for some constant c;.



2.2.2 The Inner Solution

We will define an inner variable & = £, and substitute it into the outer system (2.3). This
gives us the inner system that determines the inner system that determines the limiting
behavior of the singular layer at the boundary x = 0. More precisely, we will define

U(§) = u(eg), V(§) =v(e§), W(§) = w(ek)

as the solutions to the inner system. Also, as % is denoted , % is denoted ’. The inner
system is

U=V-U,
V' =¢g(a+2bW), (2.4)
W' =e.

Expand as U = Uy + €Uy, V = Vy + €V, W = Wy + €W}, and substitute into the inner
system (2.4) to get

Uj+eUi =Vy—Uy+€e(Vy —Uy),
Vi +eV] = e(a+2bW),
Wy +eW/ =e.

As mentioned above, the boundary conditions at x = 0 implies
U(0) =Uy(0)+€U;(0) =0 and W(0) = Wy(0) + eW;(0) = 0.

Therefore, Uy(0) = U;(0) = Wy(0) = W;(0) = 0.
The inner system of zeroth order terms is

Uy = Vo — Uy,
Vo =0,
W; = 0.

Since we defined w = x, we get W = €&, so Wy = 0. And Vjy = koo, for some constant
koo. Using the variation of parameters formula, we get Uy = koo + Ocoe_‘§ for some
constant . But since Up(0) = 0, this forces g = —koo. At x =0,

Uo = koo(1—e~%), Vo = koo, Wp = 0.

The inner system of first order terms is



Uy =V, —Uj,
Vi = a+2bW,,
W =1.

By the same reasoning as in the zeroth order case, W; = §. Notice Wy(0) = 0. By
integrating, we can see V] =a = V)| = a& +ko;. Then by again using the variation
of parameters formula, we get U; = aje s +a(& —1)+ko;. Notice Uy (0) =y —a+
kop=0so 0y =a—kp. Atx=0,

U= (a—k()l)efé—ka(é —1)—|—k()1, Vi :aé—i-k()], Wi :g.

Now consider the inner system at the boundary x = 1. We will use the inner variable
n= "%1 Notice that this new variable has the same derivative with respect to x as the
inner variable at x = 0, so we can consider the same system we did at x = 0, but with
different constants. Notice that Wy = 1, and Vy = ko for some constant k. Then Uy =
kio+ Boe™ . In this case, the boundary condition is at x = 1 which makes 1 = % =0.
This makes By = 1 — k9. Atx =1,

Up =kio+ (1 —kio)e ", Vo = kio, Wo = 1.

In the first order system near x =1, Wo(1) = 1. So V| =a+2b = V| = (a+
2b)E 4 ki and Wy = E. Now, U = Bre™° + (a+2b)(E — 1) +ki1. So Ui (0) =0
makes i =a+2b—kj;. Atx=1,

U= (a+2b—k11)e7"+(a—l—2b)(n—l)+k11, Vi= (a+2b)n + ki1, Wi =n1.

2.2.3 Matching

Let us first match the zeroth order solutions. We will do this by finding the constants
co, koo, k10 that make up(0) = U(ee) near x = 0 and u(1) = U(—oo) near x = 1.

Notice near x = 1, the solution for Uy as ) — —oo blows up because of the e~ term.
Thus, to make this solution satisfy the boundary condition, we must have kjg = 1. Then
Up(—) =1 =co+a+b =up(l) makes co = 1 —a — b. Matching near x = 0 makes
Up(eo) = koo = co = up(0), so we get the following zeroth order solutions

1N

o(x) =1—a—b+ax+bx*
(E)=(1—a—b)(1—¢%), near x =0,
(

Uo
Uo(n

~—
I

1, near x = 1.

10



To match the first order terms, we must consider the expansion of # and U in €.

(x) =1—a—b+ax+bx*+e(c; —a—2bx)

U(E)=(1-a-b)(1 _€_€)+8 <(a—k01)€_§+a(§ — 1)+k01> , near x=0,
Un)=1+e((a—kn)e "+a(n—1)+ki), near x = 1.

Consider the outer solution near x = 1. We need the &' order terms of u(x) to equal
zero when x = 1 to satisfy the boundary condition. Thus we get

c1 =a+2b.
Now
u(x)=1—a—>b+¢e(2b—2bx).

Consider the outer solution near x = 0. Substitute the inner variable x = €& into u(x) to
get
u(ef)=1—a—b+e(a& +2b).

Recall U(E) = (1 —a—b)(1—e %) +¢ <(a—k01)e*‘§ Fa(E—1) +k01). Notice we
recover the zeroth order matching here when we look at x =0 = £ = 0. We now
want to match this with U(&) near x = 0 to find ko;. Notice that as & — oo, the terms
¢~5 will vanish. These are called transcendental terms. Since they vanish near the
boundary in the final solution, we do not need to consider them in the matching. At
x = 0, without the transcendental terms,

Ué&)=1—a—b+e(a(§—1)+ko)-

This implies a& +2b=a(§ — 1) +koy = ko1 = a+ 2b. So we get the solution near
x=0to be

UE) = (1—a—b)(1—e’§)—i—8<2b(1—e’§)+a§>.
Near x = 1, we consider the outer system in the fast variable x = en + 1,
ulen+1)=1+¢€(a+2b)n.

Recall U(n) =1+¢€((a+2b—ki1)e M+ (a+2b)(n—1)+k1) at x = 1. Notice the
e~ T term goes to infinity when 17 — —oo. This requires kj; = a + 2b. This completes
the matching, since k11 = a+ 2b makes the constant term equal to zero. So the solutions
follow.

11



u(x) =1 —a—b+ax+bx*+&(2b—2bx),
UE)=(1—a—b)(1—e ) +e (2b<1 —e—é)+a§) , near x = 0,
Un)=1+e(a+2b)n; near x = 1.

It can be checked that these expansions agree with the expansions of the known
exact solution to the boundary value problem.

It should be noted that Lagerstrom, in [4], handles the problem similarly. He con-
siders the inner and outer systems in the zeroth order in €, then uses a limiting argument
to match in the jth order of €. He then combines the inner and outer solutions using a
difference function.

12



Chapter 3

Solving the PNP system

We now apply the method of matched asymptotic expansions to the PNP system with
o = = 1and Q(x) = 0. Following the procedure, we will examine the outer dynamics
in Section 3.1, the inner dynamics in Section 3.2 and the matching in Section 3.3. This
chapter treats general boundary conditions with asymptotic expansions up to the first
order. In Chapter 4, we study second and third order asymptotic expansions under the
electron neutrality boundary conditions. Some of the results are reported in [1].

3.1 The Outer Dynamics

Take the simplified case of two ions with o = § = 1 and zero permanent charge, Q(x) =
0.
The system now looks like:

82(25—C2+C1 =0,

. + L — —J ,
Crteg=-/ 3.1)
Cr— 29 = —Ja,
Ji=J=0,
with boundary conditions
0) =wvp, c1(0) =Ly, c2(0) = Ly,
¢(0) =vo, c1(0) = L1, c2(0) = Lo (32)

0(1)=0, ci(1) =Ry, c2(1) = Ry.

We will define the reference to order to mean order in € of a term in the asymptotic
expansion of each of these functions. This is demonstrated below:

13



0 = o(x;€) = Po(x) + €1 (x) + %P (x) +---,
c1 =ci(x;€) =crox) +ecip(x)+---,

2 =ca(x;€) = coo(x) +€co1(x) 4+,
Ji=Jwt+teh+-, =D+ +.

Note that the current / is then given by
I=h+hL+---=J1—J= (JLO_JZO) +S(J21 —Jzz) + - 3.3)

This system has been studied using a geometric approach in [5] for the zeroth order
approximation, but this method did not easily generalize to the higher order approxi-
mation, so we will apply the classical matched asymptotic expansions.

Rewriting the PNP system (3.1) with the expanded functions, we get the following
system:

P+ +e*¢+---=ca—cro+e(car —ci1)+ -,
¢10+ €11+ = —@ocio — €(doc11 + drcro) —Jio— i1+ (3.4)
¢20+ €21+ = @ocao + €(Pocar + Prc —20) —Jpo — €Jp1 + -

This is the outer system. It describes solutions between x = 0 and x = 1. This system
is typically also counterintuitively called the “outer system”. We can write the larger
system as systems of like-ordered terms, that is, match all the coefficients of €0, el etc.
to get “smaller” systems.

3.1.1 The Zeroth-Order Outer System

Considering the system given by the €° order terms of (3.4), we get:

0 = c20 — 10,
¢10 = —c10¢0 — J10,
¢20 = €2000 — J20-

This is the limiting outer system. Notice that the high-order term ¢ vanishes, so we
get two ordinary differential equations coupled with an algebraic equation. In general,
these solutions cannot satisfy the boundary conditions (3.2), so we will need to consider
another system besides the outer system to solve the PNP system. First, let’s attack the
zeroth-order outer system.

14



Since c19 = 20 = cg, we get the equations
¢o+cofo = —J1o,

¢o — coPo = —Jao.
Add and subtract the equations to get

on — _J20+J20 b _J20—Jio
0 > o » 2
Integrating and substituting, we get

Iy
(P()(X) =by+ Tln ’ao — T()X’,
0

3.5
ao — Tox ( )

2 Y

c10(x) = co0(x) =

where ag and bg are constants, and Iy = Jig — J2o, To = J10 + J20.

3.1.2 The First-Order Outer System

Let’s now attack the first-order outer system. Group the &' order terms of (3.4) to get:

0=c21 —cy1,
¢11 = —(Pocr1 + d1c10) — 11,
¢21 = (Poca1 + @rca0) — Jo1.

Again, c11 = ¢31 = c1, so we get the equations
¢1 = —coP1 —c1¢0 — J11,

¢ = cof1 +c1¢o — Jar.
Add and subtract the equations to get

.t (—Ju) —2c1o
(l=——F"—, 01 = :

2 2cq

Integrating and substituting, we get

T()Il _IOTl I() alTo - a0T1

¢1(x):b1+—21n|a0—T0x|+ (2 ),
al) — T1x

ci1(x) = ca1(x) = 7

15



where a;, by are constants, and I} = Ji; — Jo1, T1 = J11 +J21.

Now we can determine the constants ag,bg,a;,b; by solving the system near the
boundaries x = 0 and x = 1 and using these four degrees of freedom to match this outer
solution with the solution found at the boundaries.

3.2 The Inner Dynamics

As previously stated, we have found solutions that satisfy the system (3.1) between
x =0 and x = 1, but don’t satisfy the boundary conditions (3.2) in general. We can
scale time in inner variable to determine a solution near the boundaries, then match the

inner solution with the outer solution we just found to find the constants.

Define the inner variable £ in x as § = £. We will do a change of variables as

follows. Let’s consider the system in general, then look at the specific solutions near
x =0 and x = 1. Notice that these solutions need not be symmetric, if only because
we chose the initial condition on ¢ to gather the potential vy at x = 0 and have zero
potential at x = 1.

In the inner variable, the PNP system becomes:

CI)/I = CZ - C17
C|=-®'C,—¢Jy, (3.7)
Ch=d'C)+¢ls.

Considering the following expansions
D(S,€) =Po(S) +ePi1(8) +--,

Cl(év‘g)
CZ(éae)

Cio(§)+e®ii(&)+---,
C(8) +ePp (&) +-- -,

the system becomes

16



CI)g + SCI)II/ +82CI)/2/ =Cy—Cio+ €(C21 — C11),
Clo+€Cl| = —PHC1o — £(DYCyy + D\ Cro) — eJ10— €211, (3.8)
CQO + ECél = (136C20 + E(CD6C21 + CI)’1C20) —&Jyo— 82.]21.
We will call this the inner system. Notice that the inner system is of the same order as
the original PNP system, so we will be able to find the parts of solutions associated with

the higher order terms that were lost in the outer system when the ¢ term vanished. For
convenience, let’s introduce a new variable U = @'. The inner system is then

@) + e®) + 2@, = Uy + €Uy,

Uy +€eU| = Cyo—Cio+€(Ca1 — Ci1),

C;O—FECQI = —-UyCio— S(U()Cn +U1C10) —&Jio— 82]11,
Céo + SCél = UpCyp —|—8(U()C21 + U1C20) —&Jyo — 82.]21.

3.2.1 The Zeroth-Order Inner System

As we did in the outer system, compare the terms of like order in €. Matching the £°
terms in (3.8), we get

@p = U,

Uy = Cy — Cio, (3.9)
Clo = —UoCio, '
Cho = UpCyo.

This is the limiting inner system.
It is known that this system has a complete set of first integrals; that is,

Lemma 1. Lemma I The following functions

1
Hi = Cy+Cio— =U3,

2
Hy = e 0Cy,
Hz = ¢™Cy,
are first integrals of the zeroth order inner system. This means if ®o(&),Up(&),C10(§),Ca0(&))
d .
is a solution, then d_g =0fori=1,2,3.

17



It can be verified that these functions are integrals for the system. Using the initial
conditions in (3.2), we get ®y(0) = vopand Cjo =L;, j=1,2,s0 H;, i = 1,2,3 constant
means

Cl()eq)o =k = Cp(§)= kle_q)()(g).

Atx=0,Cyo=L; = kje "0 gives k; = L1e*0 and
Cio = Lye~(®0(6)=v0), (3.10)

Likewise,
Cyo = LyePo(&)—vo), (3.11)

Substituting (3.10) and (3.11), the zeroth order system (3.9) becomes a Newtonian
system

Oy =Uy, U= —Lye (®o(&)=v0) 4 1, o(P0(E)=V0)-

= D 4+ Lie(®o(&)=v0) _ 1, (®0(8)=v0) — ¢,
This implies
(®p)*
2

for some constant M. Let ®g(c0) = 6136. The above equation becomes

—Lie”®&)=v0) _1,,P08)-v0 — _py

Lie (®67%0) — [,e%0% = .

Then

1. L
Cbé = V()—l—ilnL—;, M =2+/L|L,.

We can solve for ®y(&), and plug into the earlier equations (3.10) and (3.11) for Cig
and Gy to get

2
1 (L 1 4leVME 4/ MeVME
¢0(§)—V0+§1H(L—2)+ln <1—le——w‘7‘5 ; Uo(é)__l—lze——z\/m’

5 (3.12)
l—l—le_mé)

1+ le—VME

1—le~VME ?

18



l l

forl = i T - and M = 2+/L;L;. Notice this is the inner solution near x = 0.
Ly +L,
Likewise, near x = 1, when we use the inner variable x — 1 = €&, we get

re_\/]v ? r e\/ﬁé
Py (E) = lln (§1> +1n (M) L Vo(E) = ﬂ

2 2 1 —re—VN¢ 1 — r2e2VNE’
JNe\ 2 JNe\ 2 (3.13)
1 —reVVE 1+reVVE
D =VRIR) | ——= D =VRIR) | ———=—=
10(8) 1 2<1+re\m5> , D2o(&) 1 2<l—re\/1v§> ;
l
where r 21 andN 2v/RR>.
R§+R1Z
3.2.2 The First-Order Inner System
Matching the ! order terms in (3.8), we get the system
o) = Uy,
Uj =Gy —Ciy,
1 21 —C1i (3.14)

C11 = —(CioUy + C11Up) — J1o0,
Ch; = (CaoU; + Ca1Up) — Jao.

Notice that the homogeneous part of this system is the linearization of the £° system
(3.9). That is, we consider the zeroth order system x' = f(x) where

Uo 0 1 0 0
| Co—Cio 1o o -1 1
f(x> - _UOCIO ,Dxf(X) - 0 _CIO _UO 0

If we write the first order system as a matrix equation

/

D, 0 1 0 0 (oM 0
vy | [o o 1 -1 u |, | o
Cn 1 0 =Cip -Up O Cn —J10
&) 0 G 0 U Gy —J20

To solve the system, we need the following lemma.
Consider the system:

¥ = f(x), x e R". (3.15)
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Let xo(¢) be a solution of (3.1), and
7 =Df(xo(t))z,z € R" (3.16)
be the linearization of (3.15) about x.

Lemma 2. Suppose H(x), H : R" — R is a first integral for system (3.15). Then, for
any solution xo, (\7H (x(2)),z) is a first integral for the linearization (3.16).

Proof. Since H(x(t)) is a first integral of system (3.15), we know that

0= (vH@).f) = Y 2§ () v
k=1 Yk
w0 [wonw, T
_k;axk L—Z’l ax]' fj( )] v ,Vk
W 9 [OHW)
_k;]; o | ox, fi( )]
92H (x)

I
(ngE
(ngE

. JdH(x) fj(x)
0x;0xy fi®) oxi  0x; }

I
)
I
~.
i
I

To see that (\7H (xo(t)), z) is a first integral of (3.16), we need to verify that % (VH(x0(1)),2) =
0, i.e. that the inner product gives a constant. After calculation, we get

PHUOD ) FHGAD 2800

%(vﬂ(xo(t)),@ = Z zj(1) i

Since the sum over k has been shown to equal zero, the entire sum equals zero. There-
fore,

(VH(x0(1)),2) =0,

which concludes the proof. O

Note that this is presumably not a new result, but no proof was found in the litera-
ture.
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Using Lemma 2, we know

9H,
B[ o
g1 _
VH, = %%)1 = i]O = (VHy, glll ) =—UoU; +Ci1 +Cyy EH?.
9Cro
OH, 1 2
dCy

Thus, we know this nonautonomous, homogeneous system has integrals given by

HY = UgUy —C11 — Cay,
Hg = —Czoe_q)oq)l —|—C21€_q)0,
HY = C1pe®0®) +Cyre®.
So the inhomogeneous system (3.14) must have integrals as lemma 2 prescribes,

along with some inhomogeneous term.
Take H, from the homogeneous first order system. We know

OHY
a—g = Cle®®| + C10e® DD + Cioe®0P| + Cp1e®0@) +C e = 0.
Now take our nonhomogeneous equation: C{] = —(C1oU; +C11Up) — J10. To make H,

into an integral for the nonhomogeneous system, we need to account for the extra term
that comes from the C};: —J10e®. Add on a term JioF; (&) for some function F;(&)
that will make the integral constant in the system.

s :
J10F1(§)=/0 Jloe%(s)ds:>F1(§):/O e200) g

Claim: The integrals of the nonhomogeneous £' system are given by
Hy = UpU; —C11 — Ca1 — (J10 +J20)6E,

Hy = C10e®®) +Cy1e® +J10F; (€),
H; = —Cye 0@ +Care 0 + o F(€),
for some F(§),F>(&) found with @;(0) = Cy;1(0) = C21(0) = 0,U;(0) = p, for some

initial condition p.
We get the following three equations:
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—~UpUy +C11 +Ca1 + (J10+J20)& = Up(0)p,
C]oeq)oq)l +Clleq>0 +J1oF (é) = 07
—Cype” PP+ Cr1e P+ Uy Fr(E) =0,

which yields

y, = Y0(0)p — (J10+J20)& —Ci1 — o

1 U ,

Ci1 = —C1o®1 — Jige PF(€),

Cr1 = CroPy —JzoquOFz(é).
Thus,

Cyo—C Ji0+J20)E — JioF; —Po _ o F: ®0 — pUy(0
Uy =, = 0 10<I>1+( 10+J20)E —JioF1(§)e 20F> (E)e®0 — pUo( ).

U() UO

Notice Crg — Cig = Ué.

We need to find the expressions for Fi (&), F>(&) using these solutions. Since our
initial conditions (3.2) are zeroth order in €, ®1(0) = C1;(0) = C5;(0) = 0,U,(0) = p.
So

F() = oy [foen (- i),

VMV Lo \1 e Vi 1

—1 Ly _, 4 4
B(E) = —— /200 M),
2(e) NTARNTY (l-l—le—\/m 1+1 \/_§>

Notice that, at & =0, Hy = Uy(0)p and H, = H3 = 0.
Plugging these functions into the equation for U; = @, we can use the variation of
parameters formula to get

& g(s
@1(8) = @107+ uE) [ A

with ®@;(0) =0 and

(J10+J20)s — J1oF1 (s)e_q)O(S) —Jk> (s)eq)()(s) —pUp(0)
Uo(s)

g(s) =

Therefore,
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:_I_o _ 41(To + L) o VHE
00) =yt o)

G (8) =Cni(8) = _% a M;(ll(li;l(fozl)

+0(e™VM8),

1 1

. J20 JlO L34 ) ‘
th = — ’l:2 1 dM:2 LL'Lk , :1’

P M(+1) M(1-1) L§1‘+L% an v Li1L,. Likewise, near x we

get

_ _I_() _ 4F(T()—|—VI()) ei\/ﬁé
&)= -3¢ N2 (147)(1—r) ol ) G5.18)
B __E _ 2r(10—|—I’T()) —/NE .
Dy (&) =D11(§) = ¢ +O(e )

27 N14+7)(1=7)

1

1
I _pk

where r = Rzl Rll and N = 2+/R|R».
1

q
Ry +R;

3.3 Matching

3.3.1 Matching the zeroth order terms near x=0

Now match the inner solution (P (&),Cio(§),Cr0(&)) from (3.12) as & — oo with the
outer solution (@p(x),c10(x),c20(x)) from (3.5) at x = 0:

ao

? =vLil, = ay=2v L1,

I 1. L 1. Ly Iy
b —1 =vw+-In— = by=vyg+=-In— — —1In2v/LL».
0+TO nag O+2nL2 0 0+2nL2 Ton 1Lo

3.3.2 Matching the zeroth order terms near x=1

Similarly, match the inner solution (¥y(&),D19(E),D20(&E)) from (3.13) as & — —oo
with the outer solution (@o(x),c10(x),c20(x)) from (3.5) at x = 1:
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ao = To+2vR Ry,
1

R I
bp==In— — —In2v/R|R>.
0 2HR2 Ton 1Rk

Matching these ap and by to the ones found at x = 0 gives two equations with which we
can solve for Jio and Joq:

Ty =2v/LiL, —2v/RiR;,

I — 2(\/L1L —\/R]RQ)(ZV()—FIIIL]Rz—lanLz) (3.19)
0= lnL1L2—lnR1R2 ’

or

. 2(\/L1L — \/Rle)(lnLl —InR; + V())

J
10 InLiLy —InR(R, ’
Ty = 2(\/L1L2 — \/R]Rz)(lan —InR, — V())

lnLle—lanRz ’

which gives Iy from (3.3).

3.3.3 Matching the first order terms near x=0

Near x = 0 Recall that (&) = Pp(E) +eP(E) +.... So, by (3.5) and (3.12), near
x=0,

cp(g):vw%ln

J20 —J10
M

4o Ay
M2(1—-1) M2(1+1)]

Ly

Ly

+e &

Notice we dropped the terms that would go to zero as {& — oo. These are called tran-
scendental terms, and vanish in the final solution.

Let’s match this solution for ®(&) with the outer solution ¢ (x). We can approximate
¢(x) near x = 0 by its Taylor expansion ¢(x) = ¢o(0) + ¢;(0)x + €[¢1(0) + ¢ (0)x],
where @ and ¢; are as in (3.5) and (3.6).

We must scale the independent variable of ¢ before we can match the coefficients.
Consider

9(£8) = 90(0) +90(0)€& +£[91(0) + ¢1(0)€&] = 90(0) + €[ (0)€ + 91 (0)]

when we drop the terms that are of a higher order than &!. This expansion gives
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0(eE) =bo+ Vlnag +e (b1 +og+ Toh—hTiy, o @l —al) 0(8)) |
Ty 0 Tyap
Matching the coefficients of the & terms and the constant terms, we get
ao=2vL L, (3.20)
boz—l—ol M+%ln i +Vo. (3.21)

Now, let’s match the inner C;,i = 1,2 equations near x = 0 with the Taylor expansions
of the outer equation for ¢; = ¢ = ¢ to find a;. It is worth noting that will be solving
two equations for one unknown, which may be an overdetermined system.

Unlike the calculations with ¢, the outer solution for c¢ is linear and thus we need
not do the Taylor expansion. So, from (3.5) and (3.6), get

c(x) =co(x)+eci(x) = 2 _Dyite {— — —x] .
In the inner variable &, when we drop the high order terms, we get

c(e€) = NL]_LH[E_% ]

Match this with the inner solutions for C; and C; from (3.12) and (3.17) and drop
the transcendental terms we get when plugging & back into the first integrals of the
inner system.

Joo+J10
2

21J50 21119

VM(1+1)  VM(1-1)
By this stroke of luck, our system is consistent, and we find

UM | 1T+1 1-1

We can now plug these three known constants (3.20), (3.21), and (3.22) into the equa-
tion for ¢ and match the constant € terms of the inner and outer equations ¢ and ®. We
now have an equation for the last constant by:

Ci=Cipt+eCi1=M+¢ {—

E+ } =Cy+€Cr =0,

ay = (3.22)

Io(aTo—aoTy) Tolh —IoT 2U(To + 1
by — o(ai 02 aoTi) Tol 2o U nag — (7o + o) _ (3.23)
T2ay T VLILM(1+1)(1-1)

25



We will find these same four constants near x = 1 and then match these equations with
the ones near x = 0 to find the explicit solution for J;,J/>;.

3.3.4 Matching the first order terms near x=1

Near x = 1 Consider the inner variable to now be x — 1 = €£. From (3.12) and (3.17),

L. |Ro

J20 —J10
N

4rdio 4rJrg

é_MN%O—r) RE

+&

The Taylor expansion of the outer equation @

9 (x) = go(1)+ o(1)x+ €[ (1) + 91 (1)x] = ¢ (€x) = 90(0) + £[¢(0)& + ¢1(0)]

is again from (3.5) and (3.6). We can match this to the inner ¥ above and get

apg = 2vVR Ry + T, (3.24)
1 R I

bo=~1n=2 — P 1n2VRR>. (3.25)
2 Ry T

To find a, again take the the outer equation c(x) = cp(x) + €c1(x) and substitute the
inner variable, which is now x = 1 — €£. We get the same outer ¢ as from the system
at x = 0. Match this to the inner D and D; equations from (3.13) and (3.18) which are
again equal, and without the transcendental terms, look like

N Jro+J10 2rdyo 2rdyo
D(G)=—++¢€|— + — :
&)=3 R VN(1+r)  VN(1-r)
Thus 4r 4rJ
rJ20 rJio
ar=T+ — , (3.26)
\/N(l +7) \/N(l —r)
10(a1T0 - a()Tl) T()Il - TII() 27‘.]20 2]”.]10
by =— — In2v/R|R, — .
! 2VRIR T? 72 2 RIRaN(1+7) VRIRaN(1— 1)
(3.27)

Notice that the a; near x =0 in (3.22) did not depend on the first order currents Ji1, Jo1,
but the a; near x = 1 in (3.26) does. Since the regular layer should connect the two
boundary layers, these constants should be equal. So, matching the two a;’s and b;’s
give us two equations in the two unknowns Ji1, J>; which we can solve explicitly.
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41’(10—|—7‘T0) 4l(10+lT0)

T BRI E )

i :I()Tl o 10(a1T0 —aoTl) 1 o 1 B (3 28)
"""y Ty(nR\R,—InLiL,) \VRR: L '
4rT0(T0 +r10) 4ZTO(T0 +llo)

VRRN(+r)(1—1r) VLM + 1) (1-1)

Joi £ Ty = 4] Jo0 J10 4r Jo0 _ J10
AT M \iv 1) N \1+r 1-r)7

2(ho+0)* [ r ([ Jio L0 Jo—dof S0 o
InM —InN N% 1—r 1+r Jy+Jio

Ji1Joo —J10d21 = Trr 1-r

L Jio i Jo  Jo—Jio( o  Jio
M3 \1—=1 1+1 Jp+Jio\1+1 1-1 .

1 1 1 1

i ;1% 1 _pd
where [ = Lf Llf, r= sz le, M = 2+/LioLoo, and N = 2+/R19R>¢. This solves ex-
Lyy+Lij Ry +Riy
plicitly for the first order I-V relation /; from (3.3).
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Chapter 4

Higher Order Approximations in the condition of
Electron Neutrality

Notice however, when L; = L, and R| = R», a situation that is called electron neutrality,
[ and r are zero so I = 0. Since the I-V curve is empirically known to be nonlinear, we
can find the higher order correction in this case. Notice that the calculation is simpler,
because we can take L} = Ly = L and R; = R, = R and because all the higher order
systems have the same homogeneous part.

4.1 Second order approximation in electron neutrality

Consider the higher order expansion of the outer system below from (3.4).

82((50 + 8(51 + 82(52) — (Cz() +Ecpy + 82C22) + (610 +&cy1 + 82612) =0,
(¢10+€c11 +€%¢12) = —(do + €61 + &) (cr0+ €c11 +€2c12) —J1o — €11 — €212,
(€0 + €C21 + 626‘22) = (¢0 + S(fh + 82¢2) (co0+ €co1 + 82622) —J— €1 — 82.]22.

From this system, consider the system of second order terms in €.
Po—cn+ci2=0,

¢r2+cro@2+c1191 +cindo = —Jia, 4.1)
¢22 — 2092 — 2191 — c20P0 = —J22.

4.1.1 The Second Order Outer System

In the condition of electron neutrality, the information from the zeroth and first order
outer systems is as follows:
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Iy ag— Tox Il

ap=2L, by=Vo——-, clo=cp= . 0o =bo— —1Inl|ap — Tox|,
T, 2 T, “2)
2vo(L—R) '

T()ZZ(L-R), I()Z a1:b1:c11=021:(])1=T1211:O.

InL—InR’
So adding and subtracting the second and third equations in (4.1), we get
¢n+én = dodo — T,

20 — ¢12 = 2¢1002 + Go(c12 + ¢22) + o,

where T) = Ji» +J2; and I, = Jj» — J2p. Notice the first equation can be integrated,
since ¢p is known. So

= 1(¢ )2 - = 102 -

Cy+cp=— +ay—Thx=——"—=+4ay—Tx

21 =5 2— 12 2(ao — Tox)? 2 — 12X,

for some constant a,. Notice that ¢y —cj2 = ¢0 = @ I‘)T 3)2’ so we can find ¢y and

cy. Also, since ¢y —c1p = dio, the difference equation of cy» and ¢y, can be solved
explicitly for ¢, and integrated to get

2
9o ¢o< o T2 T2 TzX)—Iz
2c10

¢ =

Y

so we get the solutions

4]0T02 + Ig I(ax Ty —agTh)  LTy— LT

=by — In |ag — Tox|,
2 2 6To(ap — Tox)? TO2(a0 — Tox) TO2 a0 = Tox]
a—Tx 2 +2T;
cp= 2 AT (4.3)
2 4((10 - Tox)
ay—Tx I3 —2ITy
C =
2 2 4(ag — Tox)?’

for some constant by, where 75> = Ji2 +Jyo and Ir = J12 — J2».

4.1.2 The Second Order Inner System

The second order inner system is
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D) = Uy,
Uy = Cy —Cia,

12 = —(UoC12 + U Cy1 +UxCro) —Ji1,
Cyy = UgCa + U1 Gy + UsCop — Jay.

4.4)

Write this system as a matrix equation.

/

b, 0 1 0 0 b, 0
U, 10 0 1 —1 U, n 0
Co | |0 —Cip -Uy O Ci2 =Ji1 —UiCny
C» 0 Go 0 U C» =D +uiCy

Using Lemma 2, we know that the homogeneous equation has the following inte-
grals:

HY = UpU, — C1, — Ca,
Hg = sze_q)‘) — (1)2C2()€_(D0,
Hg = Clze(bo + (bzcloeq)o.
By taking the derivative of these integrals with respect of &, we can find the inhomo-

geneous term contributed to the system (4.4) by Ci, and Cy;. Thus the integrals to the
inhomogeneous system (4.4) are

1
H) =UyUy —Cip — Cp — Th & —§U127
Hy = Cype™ 0 — dyCoge™ P 4+ 1y B (E) — Fa (&),
H3 = C12¢®0 + ®,C10e® +J11F (E) + F21 (€),

where T} = J11 +J21, Fi (&) = foé P gy, F (&)= f(f e~ P00 ds as in the integrals for
the first order inner system. Also

3 g
20 :/ C11(S)U1 (S)eq)o(s)ds, F» :/ Cy (S)Ul (S)e_(bo(s)ds.
0 0

In the condition of electron neutrality, the information from the zeroth and first order
outer systems is as follows:
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P = Vo, Up=0,Cio=Cy =L, Fi(§) =e"&, Fr(§) =e &,

—I —Tp
@, 5 U= 57 Cn=0n=— ——&, (4.5)
IoTo Vo £2 To vy e2
f F — 0 — = .
2= o7 ¢ 2= 91 ¢ &5, Jii=Ja1=0

With this information, the second and third integrals give that

—IyT; I T,
8(205 —L®,, sz_ﬁ§2+m}

12 =

The third order outer system tells us that dD’z’ = Cy — (1, so we get the following

differential equation:
I T;

Solving with the method of undetermmed coefficients, we get

L IOTO( N ) IoToéz

8L3 8L2 (4.6)
—10T0< Ve ), 10T0< o) '
= —1 —-1).
Co=ga (¢ TN
Likewise, near x = 1, we get
I()To \/*é _1 IOTO§2
2T 8RS 8R2° @)
—IyTy VORE IyTo V2RE ’
D (7551) i ().
2= ¢p2 2= em e
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4.1.3 Second Order Matching

Near x=0: As in the matching of the first order terms, we will match the Taylor expan-
sion of ¢(e&) with ®(&). Notice near x = 0,

(0)

0(e€) =0(0) + 0 (0) (&) + DD ey 4 (<>+¢1< )(e€) + (0)(86))

&% (2(0))
=0(0) +£ (91(0) + ¢5(0)&) + £ (¢2(0) + ¢{ (0)€ + ¢ (0)&?)

I I
=bg — —Olna0—|—£ <—O€>
1o ap

AOTZ+ 1 Io(axTy—aolz) LTy—IT: LT
+82(b2— ofg +15 | Io(axTo —aolr) | bTo—loT>, Il )

6Toay Tgao I 242
and )
ap IO +2Tply
£G) = —
cied) = —eqe et (G4 BIN0),
2
ay I3 —2Tol
EC) = E —_—
oed) = G —e e e (40500,

from (3.5), (3.6), and (4.3). Dropping the terms that go to 0 as {& — oo, from (3.12),

(3.17) and (4.6), we have
oD\ 2T | 1oTo .,
o) =w—e(r8) e (B0 + 20E),

Ty > 10Ty Ty 21oTo
:L— —_— e :L— —C — _

Near x=1: Using the Taylor expansion near x = 1 with (3.5), (3.6), and (4.3) , we have
x=¢€&+1 and so find

0(e8+1) = o(1) + dp(1) (68 +1- 1)+ B ez 1112

Fe(@i(1)+ol((eE+1- 1)+ ¢<><85+1 %) + € (6a(1))
(1) € (0 (1)-+ 65(1)E) + € (9n(1) + 6{ (1 + L)
:b0+;—(())ln(ao—T0)—8( fo 5)

ap— Ty

2 <b B 410T02 +13 10(a2T0 — a()Tz) LTy — 1T, 0
6To(ap — T())3 T02 (ap — Tp) T02 2(ap— Ty
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and

apg— Ty To s (ax—T Ig—f—ZI()T()
£ 1)= —&— £
cles+1)=—3 2ot ( 2 4ag-To)?)’

ag — To T() o [ a2 — T ]g - 2[0T0
£ 1)= —&— € .
(g5 +1) 2 2ot ( 2 dag—Tp)?
From (3.13), (3.18), and (4.7), get

W(E)=—¢ (21—(125) —& <§% +IOT08R2§2) :

To | DT I  »DToy
D =R—-&e—+€e—, D =R—-&e— - —.
Comparing like ordered terms, we get

a, = _ﬁ T = Ig(LZ_RZ)
8L%’ SL2R2 '
o, — IyT, = IOT0(2T02 +I§)(L3 —R’) | I(axTy—aoT>)(L—R)
43L3R3(InL —1nR) 2LR(InL—InR)

as well as confirming the results from the zeroth and first order matchings. So
_— (L—R)*(L+R)
> T 2I2R?(InL—InR)?’
L—R)*(L*+LR+R*)v
p, < LR+ LR+ RYvy (4.8)
3L3R3(InL —1nR)?
(L-RPLP-R)V | (L-RP (2~ RV
3L3R3(InL—1InR)* ~ 2L2R2(InL—1nR)3

4.2 Third order approximation in electron neutrality

Consider the third order terms in € from (3.4)

¢ —c3+c13=0,
¢13+c1003 + 1390 + c1201 + 119 = —Ji3, (4.9)
¢23 — 2093 — 2300 — €2001 — €210 = —Ja3.
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4.2.1 The Third Order Outer System

In the electron neutrality condition considered in (4.2), we have c;; = ¢31 = ¢ = q31 =
@1 = 0, so we can add the last two equations of (4.9) to get

¢13+¢23 = Po(coz —c13) — T,
where T3 = J13 + J»3. Then the first equation from the system tells us that
¢i3tén =009 — T3 = ci3+c3 =az— D,

for some constant a3. Notice that the first equation says that c¢13 = ¢33, so we can find
C13 and Co3.

Subtracting the last two equations of (4.9), we get ¢23 — ¢13 = $3(c20 + c10) +
(f)o(cz3 +c13) — I3, where Iy = Jj3 — Jp3. And by the first equation of (4.9), this dif-
ference is ¢; = 0. So we get
00— (]5()(023 +ci3)— 1 _ Ip(az — Tzx) I (a3ly — aplz) + (Tols — Ts31p)x

9

20+ ¢1o ~ (ap—Tox)*  (ap— Tox) (ao — Tox)?

Integrating, we get ¢3. The solutions to (4.9) are

azlo — apl3 x 1
3 =by3+ ————+ (Tplzs — T3 (—+—ln a()—T()x),
¢ To(aog — Tox) ( ) To(aop — Tox) T02 | | (4.10)
asz — T3x
C13 = (23 = D) s

where a3 and b3 are constants and 73 = J13 +J»3 and I3 = Ji3 — Jo3.

4.2.2 The Third Order Inner System

Expanding the fast system, we get the following system of third order terms:

@ = Co3 —Cy3,
Ciz = —CioUs — C13Up — C12Uy — Cy Uz — Jh2,
Chy = CyoUs + CozUp + CopUy + Co U — Jop.

As in the previous approximations, define a function Uz = ®%. Consider the system
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CI>/3 =Us,

Uy = Cp3 —Ci3,

Ci3 = —CioUs — C13Up — C1oU; — C1 Uy — Ja,
Cy3 = CooUs + Co3Up + CopUy + Co Uz — Jnp.

(4.11)

Clearly, this system has the same homogeneous part as the inner system of first order
terms, or the inner system of second order terms. Therefore, the homogeneous part of
the system above has the previously defined integrals: H?,Hg, and Hé). Again, we have
to find the inhomogeneous contributions from the C;3 and C»3 equations. We find the
integrals to the inhomogeneous system :

1 1
H =UyUs —Ci3—Cy3 — Tzig’ —|-§U12—|—§U22,

Hy = C13¢®0 + ®3C10¢®0 + I F (E) 4 Fi3(€),
H3 = Cyze™ 0 — d3Co0e™ P + B (E) — F3 (€).

Thus we find
Ci3 = —LP3—e "F3(8), Co3 = L3 +e"F3(8),
where :
Fis(&) = [~ Clls)Ua(s)e™ +Cua(s)Us ()e™ s,
0
g
3(8) = / Ca1(5)Us(5)e™®0) oy (5)U, (s)e P00 dis.
0

After integrating, we find

I T2 I T, I To(Ty + I
e (G~ e (5 ) £ (%))
16+/2L3

I,T? I T, IoTo(Ty — I
Py =" (2212253_ Ik (Toefmé_@ - 2R <e@5—1)).
16V/2L2

We substitute the equations from the integrals to get the following second order differ-
ential equation:

D = Cp3 —C13 = 2LD3 + ™ F3(E) + e P F5(E).
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We can solve this differential equation using the method of undetermined coefficients
to find

Dy = kye¥2LE +k2e_m‘§+

1
1}53 Vb 526\/@:)7

—1
10T¢ ( —&— Ee
" \16v2L3 8L4 24 64L* 32\/2L3

for constants k| and k. To control the eV2LE term, k; = 0. Using the initial condition,

we get kp = fols 5, Thus we get
16\/§ 2

LT LTy, bT§ .y LTy s ¢
®3 = 9_8L4§_24L3§ + g¢
161/2L> 16\/_ 202

45 75
64L 32\/_L2
—I’Ty  IyT; 12T,
3= — 0 0 (12T E + 00 e Ve
16v/2L2 16L 16\/_L7 4.12)
6413 32\/§ 29 /AT
Ty, LT ’rn
C3: g 7+ 3(10_ 0)5—’—0—76 \/ié_
16v/2L2 16L 16\/_L7
1 T
0 3@ _|_ ng —fag
64L 32\/_L2
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Likewise, at x = 1, with the initial condition ¥(1) = 0, we get

—hTg  LT§, LT§ £ T3 VRS

W3 = Ty
16v/2R? 8R*7°  24R3 16v/2R?
310TOg \ﬁé I()TO 52 \ﬁé
64R4 32\/§R2
—I’Ty 1T V3R
Dy = 070 4 070 4oy, )<§+—e S+
16v/2R? 16R? 16ﬁR% “413)
64R3 32\/_R2
_ T T (Io )§+ﬁemg_
16v2R3  16R3 16v/2R3
10T} VAR IOTO 2 VRS
——58eV T+ ———<C%
64R 32\/_R7

4.2.3 Third Order Matching

Near x=0: Using the process we are now familiar with, we will match the Taylor
expansion of ¢ (€&) with ®(&). Notice near x = 0,

0(2) =00(0) + 95(0)(e2) + B ey 4 0D g,
)

:
s(¢1<0>+¢{< )(e€) + ""( (5)) € ($2(0) + 95(0)(€)) +£3(43(0))
=00(0)+& (91(0) + 95(0 )5) &2 (2(0) + 1 (0)& + 97 (0)&%) +
e (020 + 050005 + 21024 0 o)

So the coefficient of the £* term in ¢3(£€) is

() 2 /”(0) 3_ 10T0 3 (2l(a1To—aoTi) —ao(Toly —IoT1) \ o
e e Mg ( o )&

93(0)+¢5(0)5 +

Io(axTo—aoTy) +ao(bTo — ) 4Ty E+by+ aslo —aoly | Tols —Iol3 |aol
agTo 24 dolo 75 |

And ®(&) from (3.12), (3.17), (4.6), and (4.12)with transcendental terms omitted is

dE)=vy—¢ (21_(25) g2 (IoTo IoTog ) &3 ( 1T} IoTo I 10T} 53) |

8L3 1 6\/5 L2 8L4 24L3
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We also have the equations

I 5 +2Tol To(12 +206Ty) T
ci(ef) =T —e e +e (“—2+°—°°) & (%& (M__2> 5),

2 2 4a3 2a3 2
(85)—61—0—8 §+8 (5‘22_#13;%)—#83(%—1—(%?%—%)5);
to compare with
(6~ L-eRg et e (B0 L Moz ),
Go(e) =L g 20D (16_\10;?;+1I%@(’°”T°)5)'

Matching the C equations, we find the consistent result

)
8v/2L3

Near x=1: We first match the C equations:

a3 = (4.14)

c(e§ +1) = cro(1) +e(en (1) +cio(1)&) + € (era(1) +fy (1)E +¢fo(1)€?)

+€7 (e13(1) + (D)€ + ¢y (1) + (1))

Then the coefficient of the &3 term is a3gT3 - (Tozl‘zc(lgojé?) — %) &, which we match
with

—IT, I T;
D(E) =+ jex
16V/2R2 16R

BT BTy [ 1 1 .
to find 73 = a3 + - = 2= | = — = ). Now consider
§viRs  SV2Z\R: 12

(Io+2Tp) &

D€ +1) =do(1)+€ (61(1) + B (1)E) + €2 (92(1) + 6] (1)E + /(1)) +
e3<¢3(1)+¢£(1)§+ Wz, “)53).

The coefficient of €3 in ¢ (€& 4 1) is

o3(1)+ g(E + A gz, 0 W g
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as in (3.5), (3.6), (4.3), and (4.10). And, with the terms that go to zero as & — —oo
omitted,
Iy ITo 10 To . » IoT? IOT I T?
T(g):—g g 8 3 25 3 0 91& 0353 .
2R 8R 8R 16\/§R 8R 24R

Notice first that the previous matchings of zeroth, first and second order terms can be
recovered. By matching at x = 0 and x = 1, we get

BTy ( 11 ) ; (L—R)* ( 11 )v
=5 A\ "7 /> 3=~ — 2\ 97 9 0
8V2\R: L2 V2(In(£)?\RS L3

(L—R)® 1 1) (L-R) & (L-R) (4.15)
A 1 (L\\3 —— ) L2 — ;
V2 (h) <Rg L3> @ | & me |
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Chapter 5

Remarks and Conclusions

In general, for nonlinear systems, it is impossible to obtain any reasonable representa-
tions of solutions. For the Poisson-Nernst-Planck system studied in this thesis, it is the
special structure of the system that allows one to get an asymptotic expansion of the
boundary value problem. More precisely, due to the presence of the singular parameter
€, we can treat the problem as a singularly perturbed problem, and by considering the
inner and outer systems, we get systems of lower order. Most importantly, this system
with specific nonlinearity has special structures described in Lemmas 1 and 2 that are
crucial for the explicit higher order asymptotic expansions of the solutions.

Recall that I(vg;€) = Ip+ 1) + I, + I3 + - - -. From our calculations the I-V relation
has been found to be nonlinear, even in the condition of electron neutrality. This cor-
roborates empirical observations. Notice that [y is linear in vy in (3.19), and /| quadratic
in (3.28). Then, under electron neutrality, /; and /3 are both cubic in vy in (4.8), (4.15).
It is expected that the higher order terms will depend on a higher order of vy.

Applications of this thesis to ion channels are limited, since we considered a simpli-
fied model with two species of ions and a zero permanent charge in the channel. To gen-
eralize to n ions should not be difficult because of the symmetry in the Nernst-Planck
equations. However, even a piecewise constant non-zero permanent charge makes the
inner system nonhomogeneous. Then the system can be solved geometrically in the
zeroth order, but not with asymptotic expansions. More work on this problem could be
done in finding the integrals of the inner system with non-zero permanent charge.

The results of this thesis are related to the I-V relation in the Hodgkins-Huxley
model. Using the FitzHugh-Nagumo simplification of the Hodgkins-Huxley model, the
I-V relation of the transmembrane current over multiple cells has three roots. Although
the ion channel problem considers only one cell, the I-V relation is consistent, since /
is cubic in Vg in higher orders.

Most likely, due to the special structures of the problem, the method could be ap-
plied to find any order approximation. One natural approach would be an automation
of the method for computers.
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