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The effect of sample inhomogeneity on the ferromagnetic resonance linewidth is determined by
diagonalization of a spin wave Hamiltonian for ferromagnetic thin films with inhomogeneities
spanning a wide range of characteristic length scales. A model inhomogeneity is used that consists
of size D grains and an anisotropy field Hp that varies randomly from grain to grain in a film with
thickness d and magnetization Ms. The resulting linewidth agrees well with the two-magnon model for
small inhomogeneity, HpD � �Msd. For large inhomogeneity, HpD � �Msd, the precession becomes
localized and the spectrum approaches that of local precession on independent grains.
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In many ferromagnetic materials, a few nanoseconds
are typically required for magnetization precession to
damp out after the magnetization is rotated away from
the equilibrium direction. As data rates approach 1 GHz,
this nanosecond time scale for damping becomes a criti-
cal issue for data storage and other magnetic applications.
Accordingly, there has recently been a surge of interest in
magnetization damping, i.e., the coupling of the magne-
tization to the thermal bath [1–8], and the related mag-
netic fluctuations in submicron magnetic sensors [9,10].

Ferromagnetic resonance (FMR) is the most promi-
nently used technique to measure magnetization damp-
ing. FMR spectra are typically measured either by
measuring a pulse response in the time domain [11] or,
more commonly, by driving the magnetization with a
constant frequency microwave field while slowly chang-
ing the resonance frequency via an applied magnetic field
H. Damping is measured through the linewidth �H of the
absorption peak in the transverse susceptibility spectrum.

A central difficulty in the measurement of magnetiza-
tion damping by ferromagnetic resonance is that experi-
mental values of damping time or FMR linewidth reflect
the effects of both inhomogeneity and damping. This
Letter describes modeling of FMR line broadening in
inhomogeneous thin films through calculations of the
eigenmodes of the magnetization motion. The model
described below unifies the local resonance model, which
is valid for large, strong inhomogeneities, and the two-
magnon model, which is valid for small, weak inhomo-
geneities.

The resonant precession frequency of the magnetiza-
tion depends on a number of experimental and materials
parameters, xi, including applied field, magnetization,
surface anisotropy, film thickness, and magnetocrystal-
line anisotropy. The simplest model of FMR linewidth
and inhomogeneity attributes the inhomogeneous broad-
ening to parameter variations �xi that produce different
resonance conditions in independent parts of the film

[12]. The resulting spread of resonance frequencies yields
a field linewidth that is given by
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where the last term represents the linewidth due to damp-
ing and � is the phenomenological Gilbert damping
parameter. In the following, this model will be referred
to as the ‘‘local resonance’’ model of linewidth. This
model has provided a good description of FMR linewidth
data as a function of magnetization angle in several cases
[12–14]. Additionally, if the important inhomogeneous
effective fields Hp corresponding to parameters xi simply
add to the applied field, the first term in (1) is a constant,
and the linewidth is linear in frequency:

�Hlocal � Hp �
2���
3

p �
!


: (2)

The frequency dependence of �H in ultra-thin magnetic
metal films is often found to be approximately linear in
this way [13,15–17].

The essential assumption of the local resonance model
of linewidth is that neighboring regions of the film do not
interact significantly. However, exchange and dipolar in-
teractions are essential characteristics of ferromagnetic
materials. The two-magnon model of linewidth [18–24],
reviewed below, accounts for interactions through the
spin wave dispersion relation and treats the inhomogene-
ity as a perturbation. Two-magnon and local resonance
linewidths behave very differently, but the two-magnon
model has also been verified by a different set of experi-
mental results [18,25,26].

In the following, we briefly review some of the proper-
ties of spin waves, and use them as a basis for modeling
linewidth in inhomogeneous films.

Our review of spin waves begins with a uniform mag-
netic film lying in the x-z plane with an applied field H
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along the z direction. For small deviations of the magne-
tization from its equilibrium, Msẑz, we write

M �r� ’ mx�r�x̂x�my�r�ŷy �Msẑz: (3)

It is convenient to expand the magnetization in terms of
the Fourier coefficients of the magnetization; mx�r� �P

kmx;keik�r, and similarly for my�r�. Neglecting a con-
stant term, the energy of the uniform film can be ex-
panded as

E0 �
V�0

2

X
k

�hx;km2
x;k � hy;km2

y;k�; (4)

where V is the volume of the film. We assume that the
magnetization is uniform across the thickness of the film;
the wave vector k is therefore restricted to the x-z plane.
The normalized stiffness fields, hx;k and hy;k, include the
applied field, dipolar fields, and exchange interactions.
For a film of thickness d with exchange stiffness A
[18,27],

Mshx;k � H � �2A=Ms�k2 � �1� Nk�Msk2x=k2; (5)

Mshy;k � H � �2A=Ms�k2 � NkMs; (6)

where Nk � �1� e�kd�=kd is a k-dependent demagneti-
zation factor [28] under the assumption that the magne-
tization is uniform through the film thickness. The spin
wave dispersion relation is given by

!k � 
Ms�0�hx;khy;k�1=2; (7)

where 
 is the gyromagnetic ratio, g�B= �h; see Fig. 1.
In an FMR measurement on an ideal uniform film, the
k � 0 uniform mode is resonantly driven by a uniform
microwave field and the width of the resonance depends
only on damping.

The quantum mechanical raising and lowering opera-
tors ayk and ak corresponding to the classical spin waves
are given by

mxk � �i
��������������������������������
�h!k=2�0Vhx;k

q
�ak � ay�k�; (8)

myk �
��������������������������������
�h!k=2�0Vhy;k

q
�ak � ay�k�: (9)

For a simple model of inhomogeneity, we add a spa-
tially varying anisotropy field [18,19]. The energy expres-
sion (4) becomes

Ep � E0 �
�0Vc
2Ms

X
r

Hp�r��mx�r�2 �my�r�2�; (10)

where the sum is over cells of a superimposed 2D grid and
Vc is the volume of a grid cell.

The r-dependent terms in (10) are expanded in terms of
Fourier coefficients, Hp;k, mx;k, and my;k, which are ex-
panded using Eqs. (8) and (9) to obtain a spin wave
Hamiltonian for the inhomogeneous film [29],

H � �h
X
k

!ka
y
kak �

X
k;k0

�Ak;k0ayk0ak � H:c:�; (11)

where H.c. indicates the Hermitian conjugate. Inhomoge-
neities such as surface pits or voids [20–22] or irregular
dipolar and exchange interactions [23] yield Hamil-
tonians of the same form. For the case of a varying
applied field,

Ak;k0 � �0
 �hMs

�����������������
hx;khx;k0

p
�

�����������������
hy;khy;k0

p
2

��������������
!k!k0

p �0
Hp;k�k0 :

(12)

Terms of the form A0;ka0a
y
k are particularly important for

FMR linewidth because they describe the coupling of the
uniform mode to spin wave modes.

Treating the A terms in (11) as a perturbation yields
the well-known ‘‘two-magnon’’ model for the apparent
decay rate 
2mag of the k � 0 magnon [18–24]. To lowest
order in Hp,


2mag �
2�
�h

X
k

jA0;kj
2 � �h!k � �h!0�: (13)

Peak-to-peak linewidth is taken from the extrema of the
derivative spectrum. The corresponding two-magnon
contribution to the peak-to-peak, field-swept linewidth is

�H2mag �
1���
3

p
dH
d!0


2mag: (14)

Exchange and dipolar interactions are included in

2mag through the spin wave dispersion relation, !k, but
the validity of (13) is limited to weak perturbations.
Higher order extensions of the two-magnon model are
needed [30–32].

Here, we move toward finding the linewidth to all
orders in Hp by diagonalizing the Hamiltonian (11) nu-
merically [33]. A similar approach was taken by Huber
and Ching in a study of density of states and localization
in spin clusters with random axis anisotropy [34]. Out of
106 eigenmodes of the discretized uniform film, we
choose as basis states the 3001 spin waves that are closest
in frequency to!0, plotted in Fig. 1. For large enough sets
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FIG. 1. Precession frequencies of 3001 spin waves for a 3 nm
thick rectangle of uniform Permalloy, 10 �m� 2:5 �m. A
114 mT field is applied in plane to give a uniform precession
frequency of !�k � 0�=�2�� � 10 GHz.
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of basis states, we find that the calculated linewidth is not
sensitive to the number of selected modes. We model
Hp�r� by assigning a random field to each grain in a
periodic ‘‘grain structure’’ made up of Voronoi polygons.
The random field is taken from a Gaussian distribution
with root mean square value Hrms

p .
The diagonalization routine yields the eigenfrequen-

cies of the inhomogeneous film and its eigenmodes bi.
These new eigenmodes are mixtures of the basis spin
waves ak; bi �

P
kUi;kak where Ui;k is the unitary ma-

trix that diagonalizes (11). Because the k � 0 spin wave
is generally a component of each eigenmode, each of the
eigenmodes can couple directly to the applied uniform
microwave field. The FMR intensity Ii of each eigenmode
is given by Ii � jUi;0j

2.
We illustrate this procedure by modeling the FMR

response of 3 nm-thick films with Ms � 800 kA=m
(4�Ms � 10 kG) in an applied field of �0H � 114 mT
to give a resonant frequency of 10 GHz. Results are shown
for average grain sizes of 20 and 1400 nm in Figs. 2 and 3,
respectively.

The FMR intensity distribution is plotted as impulses
in Figs. 2(a) and 3(a). For uniform films, these distribu-
tions would appear as single spikes at 10 GHz. We
simulate FMR signals by replacing each eigenmode
spike with a Lorentzian peak, each peak having inte-
grated intensity Ii and having full width at half maxi-
mum given by the Landau-Lifshitz-Gilbert linewidth
�!50 � �
�0Ms�hx;0 � hy;0� and � � 0:01. The indi-
vidual Lorentzian peaks are summed and the result is dif-
ferentiated with respect to frequency to obtain the simu-
lated FMR signal. The peak-to-peak frequency linewidth
�! is determined from the maximum and minimum of
this signal, similar to the common experimental prac-
tice. Finally, the field linewidth is obtained using
�H � �!�dH=d!0�.

The grain structures and perturbation fields used in
these examples are shown in Figs. 2(b) and 3(b) where
Hp�r� is lowest in dark grains and highest in light grains.
The magnetization patterns associated with single ei-
genmodes are shown in Figs. 2(c) and 3(c) with grey
scale indicating mx�r�. These patterns are calculated
using mx;i�r� /

P
k�Ui;k � U�

i;�k�e
ik�r. Using this color

scheme, uniform precession would appear as a solid light
or dark color.

There are a number of qualitative differences between
the results for large and small grains. For small grains
(Fig. 2) the magnetization precession is on length scales
much larger than the grain size and the FMR signal looks
Lorentzian. For large grains, (Fig. 3), the magnetization
pattern is closely correlated with the grain structure and
the spectra are more complicated. These spectra are simi-
lar to the results of local resonance calculations where the
precession frequency for each grain is calculated from the
local applied field H �Hp�r� and the intensity is propor-
tional to the grain area. The FMR signals calculated from
the 3001 eigenmodes and from the 51 grains are very
similar. [Fig. 3(a)]. For the complicated, large-grain spec-
tra, the peak-to-peak characterization of linewidth does
not give consistent results for different grain structures
with the same average grain size. As an alternative line-
width characterization for large grains, we calculate the
standard deviation of the eigenmode intensity distribu-
tion, and report a peak-to-peak linewidth corresponding
to a Gaussian peak with the same standard deviation. This
method fails for Lorentzian intensity distributions be-
cause the standard deviation is not well defined.

In Fig. 4, linewidth values from eigenmode calcula-
tions, the two-magnon model, and the local resonance
model are plotted as a function of grain size for three
values of rms perturbation field. There is a transition from

FIG. 2. Calculated FMR response for a 3 nm thick film of
Permalloy with 20 nm grains and a 10 mT rms perturbation
field. (a) FMR intensity and simulated FMR signal, (b) half of
the grain structure, and (c) the corresponding half of the
eigenmode indicated by the arrow in (a) showing the collective
response of this mode to a uniform driving field.

FIG. 3. Calculated FMR response for a 3 nm thick film of
Permalloy with 1:4 �m grains and a 10 mT rms perturbation
field. (a) FMR intensities and signals calculated from eigen-
mode intensity and from the local resonance approximation,
(b) half of the grain structure, and (c) the corresponding half of
the eigenmode indicated by the arrow in (a) showing local
precession appearing predominantly in two of the grains.
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two-magnon behavior to local resonance behavior that
depends on grain size and perturbation field.

The characteristic combination of perturbation field
and grain size for the transition from two-magnon be-
havior to local resonance behavior can be estimated by
considering a low-k spin wave in a grain of width D
where the applied field differs by Hp;c. If the spin wave
with frequency! is launched in the center of the grain we
argue that it will behave locally if it is more than ap-
proximately � out of phase at the grain boundaries;

@ky
@H

�������!
Hp;cD �

2�2H �M�

M2
sd

Hp;cD � 2�: (15)

This estimate of Hp;c is plotted in Fig. 4. In contrast to
this estimate, the Ioffe-Regel criterion for localization
[35] suggests that there should never be localization in
this system because the mean free path for a magnon is
always less than the essentially infinite wavelength of
interest.

The eigenmode analysis presented here unifies the two-
magnon model and the local resonance model and sug-
gests that the two-magnon model describes not true
damping, but only the width of the FMR intensity dis-
tribution that remains after inhomogeneities are effec-
tively smoothed by dipolar and exchange interactions.
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FIG. 4. Peak-to-peak (filled symbols) and standard devia-
tion (open symbols) linewidths as a function of grain size.
Results are shown for three values of rms perturbation field,
Hrms
p . The characteristic value of Hp;c for the transition from

collective to local behavior is shown. The left and right axes
are related by Eq. (2).
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