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Abstract: The resonant characteristics of rectangular microcantilevers 

vibrating in the torsional mode in viscous liquid media are investigated. The 

hydrodynamic load (torque per unit length) on the vibrating beam due to the 

liquid was first determined using a finite element model. An analytical 

expression of the hydrodynamic function in terms of the Reynolds number 

and aspect ratio, h/b (with thickness, h, and width, b) was then obtained by 

fitting the numerical results. This allowed for the resonance frequency and 

quality factor to be investigated as functions of both beam geometry and 

medium properties. Moreover, the effects of the aspect ratio on the cross-

section's torsional constant, K, which affects the microcantilever's torsional 

stiffness, and on its polar moment of inertia, Jp, which is associated with the 

beam's rotational inertia, are also considered when obtaining the resonance 

frequency and quality factor. Compared with microcantilevers under out-of-

plane (transverse) flexural vibration, the results show that microcantilevers 

that vibrate in their 1st torsional or 1st in-plane (lateral) flexural resonant 

modes have higher resonance frequency and quality factor. The increase in 

resonance frequency and quality factor results in higher mass sensitivity and 

reduced frequency noise, respectively. The improvement in the sensitivity and 

quality factor are expected to yield much lower limits of detection in liquid-

phase chemical sensing applications. 

 

IEEE Keywords: Resonant frequency, Liquids, Hydrodynamics, Q factor, 

Geometry, Torque, Mathematical model 

 

SECTION 1.  
 

Introduction 
 

Dynamically driven microcantilevers excited in the out-of-plane 

(or transverse) direction [1] are widely investigated and used as highly 

sensitive chemical sensor platforms in various applications. The shifts 

in the resonance frequency of the microcantilevers are used to 

measure the presence and concentration of a chemical analyte in the 

operating environment. While these devices operate well in air, they 

have limited applications in viscous liquid media. The combination of 

increased viscous damping and effective fluid mass due to the liquid 

medium significantly decreases the resonance frequency and quality 

factor of the device, thereby decreasing the mass sensitivity of the 

system and increasing the susceptibility of the system to frequency 

noise. In order to improve these characteristics, it has been proposed 
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to investigate other vibration modes of microcantilevers, such as the 

in-plane (lateral) flexural mode [2][3][4] or torsional mode [5]. 

 

While microcantilevers vibrating in the out-of-plane flexural 

mode in viscous liquids are being extensively investigated, there is 

limited work on the torsionally vibrating cantilevers in the literature. 

Microcantilevers torsionally vibrating in vacuum have been 

investigated; their resonance frequency has been obtained in a closed-

form analytical expression from the equation of motion of the vibrating 

microcantilever, in terms of the geometry and material properties of 

the microcantilever [5][6][7]. A closed-form analytical expression for 

the torsional resonance frequency [8] has also been obtained in 

inviscid liquids, with the pressure effect of the liquid accounted for in 

terms of the geometry and material properties of the micro-cantilever 

and the density of the liquid. This was done by solving the Navier-

Stokes equations for inviscid liquids [8][9]. 

 

For a microcantilever torsionally vibrating in viscous liquids, 

both the pressure and viscous shear effects of the liquid must be taken 

into account. By calculating the fluid's resisting torque per unit length, 

an analytical expression for the hydrodynamic function of a circular 

cross-section micro cantilever in viscous liquids under torsional mode 

has been derived by Stokes [10] in terms of the Reynolds number. 

Green and Sader [5] proposed an analytical expression of the 

hydrodynamic function and set up the procedure to calculate the 

resonance frequency and quality factor of a rectangular 

microcantilever with negligible thickness (ribbon case) in viscous 

liquids under the torsional mode. In the approach, the hydrodynamic 

function only depends on the Reynolds number and does not account 

for the thickness. The solution was obtained by solving the Navier-

Stokes equations for viscous liquids [5][9], using the numerical 

integral method introduced by Tuck [11]. 

 

In the present study, the characteristics of torsionally vibrating 

rectangular microcantilevers in viscous liquids are investigated taking 

into account the thickness effects on the hydrodynamic function, the 

polar moment of area, and the torsional constant. The values of the 

hydrodynamic function are obtained by using numerical simulations for 

different Reynolds numbers and aspect ratios. An analytical expression 
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for the hydrodynamic function in terms of both the Reynolds number 

and aspect ratio are obtained by surface fitting the numerical results. 

The effects of the hydrodynamic torque on the resonance frequency 

and quality factor are then investigated with respect to the 

microcantilever geometry and the material properties of the cantilever 

and the liquid. Trends in these characteristics as a function of the 

geometric parameters and/or material properties are investigated for 

liquid-phase sensing applications. 

 

SECTION II. 
 

Assumptions 
 

A typical rectangular microcantilever under torsional mode 

operation is shown in Fig. 1. In this study, the following assumptions 

are used: 

 

1. The microcantilever deforms elastically, but for the purpose of 

calculating the hydrodynamic load it is assumed to be a rigidly 

rotating member. 

 

2. The length of the microcantilever is much greater than its width 

b or thickness h: Thus, end effects are ignored. 

 

3. The amplitude of the rotational deflections (rotation angles of 

cross sections) is assumed to be very small. 

 

4. Mode coupling between different orders and types of vibrating 

modes is neglected. 

 

5. The longitudinal inertia and longitudinal stress due to warping of 

the cross section will be neglected in developing the classical 

torsional model. 

 

6. The liquid is incompressible and Newtonian. 

 

7. The liquid domain is much larger than the size of the 

microcantilever. 
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8. The interface between the microcantilever and the liquid is a 

non-slip interface. 

 

9. There is no source or sink of mass or heat in the fluid domain, 

and heat transfer effects are ignored. 

 

10.Body forces (gravitational forces) are ignored. 

 

 
 
Figure 1 

Figure 1: Geometry of a microcantilever of length L, width b; and thickness h, where □ 

is the rotational deflection (angle). The color coding represents the z-axis deflection. 

 

SECTION III. 
 

Theoretical analysis 

 

A. Equation of Motion 

 

The equation of motion for the torsionally vibrating rectangular 

beam in a vacuum is given by 

 

(1)                                                            𝐺𝐾
∂2𝜙(𝑥,𝑡)

∂𝑥2 − 𝜌𝐽𝑝
∂2𝜙(𝑥,𝑡)

∂𝑡2 = 𝑇drive(𝑥)𝑒𝑗𝜔𝑡,  

where G is the shear modulus, K is the torsional constant. ρ is the 

mass densitY, Jp is the polar (area) moment of inertia of the beam 

cross section, ϕ is the rotational deflection (angle), Tdrive is the 

position-dependent excitation torque per unit length applied at an 

angular frequency of ω. 
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When the beam is operating in a viscous liquid, an additional torque 

per unit length from the liquid affects the beam and the equation of 

motion is modified to 

 

(2)                                     𝐺𝐾
∂2𝜙(𝑥, 𝑡)

∂𝑥2
− 𝜌𝐽𝑝

∂2𝜙(𝑥, 𝑡)

∂𝑡2
= 𝑇drive(𝑥)𝑒𝑗𝜔𝑡 + 𝑇hydro(𝑥, Re,

ℎ

𝑏
), 

 

with the Reynolds number expressed as 

   (3)                                                                                                                                    Re =
𝜌ℓ𝜔𝑏2

4𝜂
, 

 

where ρl is the mass density and η. is the dynamic viscosity of the 

liquid; the torque per unit length is expressed as 

(4)                                                   𝑇hydro(𝑥, Re,
ℎ

𝑏
) = 𝑔1,tors

∂𝜙(𝑥, 𝑡)

∂𝑡
+ 𝑔2,tors

∂2𝜙(𝑥, 𝑡)

∂𝑡2
,

𝑔1,tors =
𝜋𝜌ℓ𝑏4𝜔

8
Γrect,tors,imag(Re,

ℎ

𝑏
),

𝑔2,tors =
𝜋𝜌ℓ𝑏4

8
Γrect,tors,real(Re,

ℎ

𝑏
),

 

 

where g1,tors is the frequency-dependent coefficient associated with the 

liquid damping torque per unit length and is written in terms of the 

imaginary part of the hydrodynamic function, and g2,tors is the 

frequency-dependent coefficient associated with the liquid inertial 

torque per unit length and is written in terms of the real part of the 

hydrodynamic function 

(5)                                    Γrect,tors(Re,
ℎ

𝑏
) = Γrect,tors,real(Re,

ℎ

𝑏
) + 𝑗Γrect,tors,imag(Re,

ℎ

𝑏
), 

 

which is a dimensionless complex-valued function depending on the 

Reynolds number and the aspect ratio, and obtained by solving the 

linearized Navier-Stokes equations for the liquid 

(6)                                                                                       ∇ ⋅ v = 0, 𝜌ℓ

∂v

∂𝑡
= −∇𝑝 + 𝜂∇2v, 

where ρ and v are the hydrodynamic pressure and velocity at a 

particular point in the liquid, respectively; ρℓ∂v/∂t, is the term related 

to the liquid's inertial forces, while η∇2v, is the term related to the 

liquid's viscous forces. 
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B. Hydrodynamic Function 

 

In order to calculate the resonance frequency of the system, an 

expression for the hydrodynamic function is required. An analytical 

expression for the hydrodynamic function of a micro cantilevers with 

circular cross-section in viscous liquids under torsional mode is well 

known and is given by (e.g. [5]) 

(7)                                                                             Γcirc,tors(𝜔) =
2𝑗

Re
+

𝑗𝐾0(−𝑗√𝑗Re)

√𝑗Re𝐾1(−𝑗√𝑗Re)
, 

 

where K0 and K1 are modified Bessel functions of the third kind. 

Unfortunately, the relevant analytical expression for the hydrodynamic 

function of a micro cantilever with rectangular cross-section, which 

takes into account thickness effects, does not exist in the literature. An 

analytical expression based on curve-fitting numerical results for a 

rectangular microcantilever with negligible thickness, in terms of the 

Reynolds number, is obtained in [5]. In the present study, the 

thickness effect on the hydrodynamic function is investigated 

numerically using finite element models. 

 

C. Numerical Procedure 

 

2D numerical simulations by COMSOL are used to extract the 

torque per unit length of the torsionally vibrating micro cantilevers in 

viscous liquids as a function of time. In these models, the rectangular 

cross-section of the microcantilever is assumed to be rigid with a 

constant width and variable thickness, and the surrounding liquid 

domain, a square with the same center as the cross-section of the 

micro cantilever, is modeled as incompressible fluid governed by the 

linearized Navier-Stokes equations in (6). On the inner boundary, an 

excited sinusoidal angular velocity is imposed. On the outer boundary, 

the pressure of the liquid and the viscous stress are set to zero. The 

amplitude of the exciting rotational velocity is held constant, while the 

excited frequency is varied in order to investigate the effects of 

different Reynolds numbers. The mass density and viscosity were set 

to those of water (ρl=1000 kg/m3 and η=1 cP). A transient analysis is 

performed over three cycles, which is verified to be long enough to let 

the system reach steady state. The torque per unit length is then 

extracted as a function of time, and the magnitude, phase offset from 
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the imposed angular velocity; the real and imaginary parts of the 

hydrodynamic function are then calculated. 

 

A convergence study was performed to identify an appropriate 

mesh size and distribution. The mesh size is much smaller around the 

microcantilever's cross-section since higher gradients occur near the 

microcantilever. The thickness of the microcantilever and the 

excitation frequency were varied in different models to find the real 

and imaginary parts of hydrodynamic function in terms of both the 

Reynolds number, Re, and aspect ratio h/b. 

 

D. Resonance Frequency 

 

By solving the equation of motion (2), the frequency response of 

the system can be obtained. If the torsionally vibrating microcantilever 

is in vacuum, the i−th natural frequency is [6] 

 

(8)                                                                                      𝜔vac,𝑖 = 𝜆𝑖√
𝐺𝐾

𝜌𝐽𝑝
, 𝜆𝑖 =

(2𝑖 − 1)

2𝐿
𝜋. 

If the microcantilever is immersed in an inviscid liquid, the i-th 

resonance frequency is [8] 

(9)                                                                     𝜔InvL,𝑖 = 2𝜋𝑓InvL,𝑖 = 𝜔vac,𝑖(1 +
3𝜋𝜌ℓ𝑏

32𝜌ℎ
)−1/2. 

 

If the microcantilever is immersed in a viscous liquid, assuming that 

only the i-th torsional mode is excited and that the vibration shape is 

given by the i-th undamped mode shape sin (λix), that is, 

(10)                                                         𝑇drive(𝑥) = 𝑇drive,𝑖sin 𝜆𝑖𝑥; 𝜙(𝑥, 𝑡) = Φ(𝑡)sin 𝜆𝑖𝑥, 

 

the system behaves as a simple harmonic oscillator, so that Eq. (2) 

can be rewritten as 

(11)                                                      (𝜌𝐽𝑝 + 𝑔2,tors)
∂2Φ(𝑡)

∂𝑡2
+ 𝑔1,tors

∂Φ(𝑡)

∂𝑡
+ 𝐺𝐾𝜆𝑖

2Φ(𝑡)

= 𝑇drive,𝑖𝑒𝑗𝜔𝑡 .

 

The damping ratio and the resonance frequency associated with the i-

th mode are obtained: 
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 (12) 𝜉𝑖 =
Γrect,tors,imag(𝜔VisL,𝑖)

16𝜌𝐽𝑝

𝜋𝜌ℓ𝑏4+2Γrect,tors,real(𝜔VisL,𝑖)
,

𝜔VisL,𝑖 = 2𝜋𝑓VisL,𝑖

        (13) = 𝜔vac,𝑖[1 +
𝜋𝜌ℓ𝑏4

8𝜌𝐽𝑝
Γrect,tors,real(𝜔VisL,𝑖)]−1/2√1 − 2𝜉𝑖

2.

 

When the energy loss is low, ξi≪1;, the expression of the resonance 

frequency in (13) is reduced to that given in [5]. 

 

 

E. Quality Factor 

 

The quality factor is defined in terms of 2π times the ratio of the 

peak energy stored in a vibrating system to the energy lost per cycle. 

 

From (11), the quality factor can be obtained as 

 

When the energy loss is low, ξi≪1, the expression of the quality factor 

in (14) is reduced to that given in [5] and is equal to 1/(2ξi). 

 

(14)                                                                                                    𝑄tors =
1

2𝜉𝑖√1 − 2𝜉𝑖
2

.
 

 

F. Thickness Effects 

 

When calculating the hydrodynamic function, the resonance 

frequency, and the quality factor for the ribbon case [5], the thickness 

effects were ignored. In the present study, the thickness effects on the 

hydrodynamic function, Γ) the torsional constant, K:, and polar 

moment of area, Jp, are considered as follows: 

 

(15)                       Γrect,tors,imag(𝜔VisL,𝑖) = Γrect,tors,imag (Re,
ℎ

𝑏
) ,

(16)                                                         𝐾 =
2𝑏ℎ3

𝑘2
; 𝐽𝑝 =

𝑏3ℎ + 𝑏ℎ3

12
.
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Values of the parameter k2 in terms of the aspect ratio h/b are 

given in Table I [12]. When ignoring the thickness effects, the 

hydrodynamic function is reduced to a function of the Reynolds 

number; the torsional constant is reduced to bh3/3; the polar moment 

of area is reduced to b3h/12 which are used in ribbon case [5]. 

 

TABLE I. Parameterk2 for torsional constant [12] 

 

 
 

SECTION IV. 
  

Results and Discussions 

 

A. Results of Numerical Simulation 

 

Numerical results for the real and imaginary parts of the 

hydrodynamic function in terms of the Reynolds number and aspect 

ratio h/b are shown in Figs. 2a & b, respectively. Results using the 

analytical hydrodynamic function for the ribbon case [5] are also 

shown on the same figure for comparison purpose. From the figure, it 

can be seen that, as the Reynolds number increases, both real and 

imaginary parts of the hydrodynamic function decrease rapidly. Also, 

as the aspect ratio h/b decreases, both the real and imaginary parts of 

the hydrodynamic function decrease and the numerical results 

approach the empirical analytical expression for the ribbon case [5]. 
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Figure 2: a) Real (above) and b) imaginary (below) parts of the hydrodynamic function 

in terms of the Reynolds number and aspect ratio. 

 

 

 

B. Analytical Approximation 

 

An analytical form of the hydrodynamic function in terms of the 

Reynolds number, Re, and aspect rauo. h/b, is obtained by fitting the 

numerical results as follows, 

(17)                                       ᴦ𝑟𝑒𝑐𝑡,𝑡𝑜𝑟𝑠,𝑟𝑒𝑎𝑙    (0.05 + 0.24Re−0.43)[1.2 + (ℎ/𝑏)0.89],

Γrect,tors,imag = (Re−1 + 0.45Re−0.5) [0.75 + (
ℎ

𝑏
)] ,

 

 

With this analytical expression, one could rapidly obtain the 

hydrodynamic function for any arbitrary aspect ratio and Reynolds 

number within the parameter ranges investigated. For the investigated 

aspect ratios (from 0.01 to 0.2) and Reynolds numbers (from 1 to 

31620), the real part of the hydrodynamic function is within 6.2% of 

the numerical results, and the imaginary part of the hydrodynamic 

function is within 22% of the numerical results. It is noted that the 

largest discrepancy for the imaginary part occurs when the Reynolds 

number is high and the aspect ratio is either very small or very large. 

When Re<10000 and 0.02≤h/b≤0.1, the largest discrepancy between 

the imaginary parts of the expression and the numerical results 

decreases to 8%. A more complicated model could be used for fitting 

the imaginary part of the hydrodynamic function over a wide range of 
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Re and h/b For high Reynolds numbers, Although the relative errors 

are high, the absolute errors are small since the values of the 

imaginary part of the hydrodynamic function are very small. 

 

C. Frequency Spectrum 

 

The solution to the equation of motion (2) can be used to calculate 

the magnitude of the tip rotation as a function of frequency for the 

microcantilever in air or water. For the calculations below, the Young's 

modulus, shear modulus and beam density are 169 GPa, 79.6 GPa, 

2330 kg/rn3, respectively; the density and viscosity of the air are 

1.205 kg/rrr3, 0.01827 cP, respectively; the density and viscosity of 

the water are 1000 kg/m3, 1 cP, respectively. The simulated frequency 

spectra of a (200×45×12 μm) microcantilever vibrating torsionally, 

and transversely, laterally [3] in air and in water are shown in Fig. 3. 

For this specific geometry, the resonance frequency is higher for the 

first lateral and first torsional mode compared to the first transverse 

mode. The resonance frequencies of the first lateral and first torsional 

modes are higher due to the higher cantilever stiffness compared to 

the 1stt transverse mode. The quality factors of the first lateral and first 

torsional mode are higher because the resonance frequency increases 

faster than the 3-dB bandwidth in these modes compared to the 

transverse mode. 
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Figure 3: Simulated frequency spectra of a 200×45×12 μm silicon microcantilever 

vibrating transversely, laterally, torsionally in air or water. 

 

From Fig. 3, it is also seen that, for this microcantilever, the 

resonance frequency of the first torsional mode is not close to any 

other (transverse, lateral or torsional mode) resonance frequencies, 

indicating that no mode coupling is expected. 

 

D. Resonance Frequency 

 

The resonance frequency of a torsionally vibrating micro cantilever 

in vacuum calculated using (8) is found to be approximately 

proportional to h/(bL). When operating in a viscous liquid media, the 

first resonance frequency of a torsionally vibrating microcantilever 

obtained using (12–13) is also found to have the same h/(bL) 

dependence. Fig. 4 compares the first resonance frequencies of 

torsionally vibrating microcantilevers as a function of h/(bL), calculated 

using (12–13) and the method in [5]. The results indicate that the 

difference in the first torsional resonance frequencies is not negligible 

for h/b>0.16, so that thickness effects cannot be neglected for these 

cantilever geometries. 

 

 

 
Figure 4: Simulated resonance frequency of silicon microcantilevers vibrating in the 

first torsional mode in water as a function of h/(bL) for widths of 45, 60, 75, and 9fl 

μm, lengths of 200 μm (o),400 μm(□),600 μm(◊),800 μm(×), 1000 μm(+) and 

thicknesses of 12, 6, 3ï¿½ 1.5 μm. 
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The values of the first resonance frequencies of several 

microcantilever geometries, considered in [2][3] vibrating transversely 

or laterally, are compared in Table II to those vibrating torsionally in 

air or in water. When operating in water, the first resonance frequency 

of a microcantilever vibrating transversely, laterally or torsionally is 

found to shift to a lower value, as expected. However, the predicted 

shifts are found to be different for all three vibration modes. For 

example, the first resonance frequencies of transversely and 

torsionally vibrating microcantilevers are predicted to decrease by as 

much as 50% and 32%, respectively, when placed in water. However, 

the first resonance frequency of the same beams vibrating laterally is 

predicted to only drop by a value of up to 10%. It is also shown in 

Table II that, for the same geometry, the first resonance frequency of 

laterally or torsionally vibrating microcantilevers in water is much 

higher than that of transversely vibrating microcantilevers. For liquid-

phase chemical sensing applications, it is thus more advantageous to 

operate in the first in-plane (lateral) flexural mode or the first torsional 

mode because the sensitivity of a microcantilever as a chemical sensor 

is proportional to its resonance frequency. 

 

TABLE II. First Resonance frequencies And Quality Factors Predicted 

For Three Sample Microcantilever Geometries 

 

 
 

E. Quality Factor 

 

The quality factor is evaluated using (12) and (14). The quality 

factors of microcantilever geometries considered in [2] [3] vibrating 

transversely, laterally and torsionally are compared in Table II. It is 

shown that, for the same geometry, the quality factor of 

microcantilevers vibrating in the first lateral or first torsional mode is 

much higher than that of micro cantilevers vibrating in the first 

transverse mode. It can be seen that the quality factors increase as 
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the length of the microcantilever decreases or as the thickness of the 

microcantilever increases for all three modes. However, as the width of 

the microcantilever decreases, the quality factors are also found to 

decrease for the transverse or lateral mode, whereas it remains almost 

constant for the torsional mode. 

 

The quality factors of torsionally vibrating micro cantilevers 

calculated using (12) and (14) as a function of hL−0.5 are compared in 

Fig. 5 to those obtained in [5]. It is shown that the quality factors 

calculated by both methods are proportional to hL−0.5. It is also seen 

that, as the aspect ratio h/b decreases, the calculated quality factors 

approach those calculated ignoring the thickness effects. However, for 

h/b>0.16, the discrepancy between the two theories indicates that 

thickness effects become significant. 

 
Figure 5: Simulated quality factor of silicon micro cantilevers vibrating in the first 

torsional mode in water as a function of hL−0.5 for widths of 45, 60, 75, and 90 μm, 

lengths of 200 mum(0),400 mum(□),600 μm(◊),800 μm(×),1000 μm(+), and 

thicknesses of 12, 6, 3, 1.5 μm. 
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SECTION V. 
 

Conclusions 
 

The resonance frequency and quality factor of torsionally 

vibrating microcantilevers in a viscous liquid medium were analyzed in 

terms of the beam's geometry and the properties of the liquid and 

compared to those of transversely or laterally vibrating 

microcantilevers. 

 

The resonance frequency is found to be proportional to h/(bL) 

and the quality factor proportional to h/L√ for the torsionally vibrating 

microcantilever operating in a viscous liquid. The thickness effects on 

the hydrodynamic function, the polar moment of the area of the cross-

section of the microcantilever, and the torsional constant affect the 

resonance frequency and the quality factor. For the selected 

geometries in water, thickness effects cannot be ignored when 

h/b>0.16, especially for the resonance frequency (the errors of 

resonance frequency and quality factor could be greater than 10% and 

5%, respectively). On the other hand, for the laterally vibrating 

microcantilevers, the resonance frequency is proportional to b/L2 and 

the quality factor is proportional to b√/L [3]. Such different trends can 

be used to optimize device geometry and maximize frequency stability 

in chemical sensing applications. 

 

Compared with microcantilevers under first transverse mode, 

micro cantilevers that vibrate in their first torsional or first lateral 

resonance modes have higher resonance frequency and quality factor. 

The increase in resonance frequency and quality factor results in 

higher sensitivity and reduced frequency noise, respectively. The 

improvement in the sensitivity and quality factor are expected to yield 

much lower limits of detection in liquid-phase chemical sensing 

applications. 
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