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Abstract: The effect of liquid viscosity and density on the characteristics of
laterally excited microcantilevers is investigated and compared to transversely
excited microcantilevers. When immersed into a viscous liquid medium such
as water from air, the resonant frequency of laterally (in-plane) vibrating
microcantilevers is shown to decrease by only ~5-10% as compared to ~50%
reduction for transversely (out-of-plane) vibrating microcantilevers.
Furthermore, as the viscosity of the medium increases the resonant frequency
of a laterally vibrating beam is shown to decrease at a slower rate than that
of a transversely vibrating beam. The decreased viscous damping also leads
to increases in the quality factor of the system by a factor of 4-5 compared to
beams vibrating transversely. The mass sensitivities of laterally vibrating
beams are also theoretically predicted to be roughly two orders of magnitude
larger in water for some cantilever geometries. The increase in the quality
factor and mass sensitivity indicate that operating in the in-plane flexural
mode (lateral vibration) will decrease the limit of detection compared to
operating in the more common out-of-plane flexural mode (transverse
vibration). These improvements in device characteristics indicate that
microcantilevers excited laterally are more suited for operating in media of
high viscosities.

SECTION I

INTRODUCTION

Microcantilevers are microelectromechanical devices that can be
used as highly sensitive chemical sensing platforms. When coated with
a chemically selective layer, shifts in the resonant frequency of these
beams can be related to changes in the ambient concentration of
specific analytes in the medium of operation. A change in mass in the
range of picograms has been detected using these devices, with
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projected detection limits on the order of femtograms or attograms
[1],[2]. However, when these beams are operating in a viscous liquid
medium as opposed to air, the increased fluid damping and displaced
fluid mass cause the resonant frequency and the mass sensitivity of
the device to decrease. The increased fluid damping also causes the
quality factor to decrease drastically, which increases the frequency
noise and the limit of detection.

It was previously proposed that exciting microcantilevers in the
in-plane flexural mode (instead of the more common out-of-plane
flexural mode) would decrease the amount of viscous damping and
displaced fluid mass, making the device a more appropriate platform
for liquid phase sensing applications [3]. In a previous work, a semi-
analytical expression for the hydrodynamic forces acting on laterally
vibrating beams was derived to analyze these in-plane flexural mode
cantilevers [3]. The expression predicts values for the hydrodynamic
forces that compare well with other results presented in the literature

[4].

In the present study, this semi-analytical expression for the
hydrodynamic forces will be used to predict the characteristics of
laterally vibrating microcantilevers operating in media having higher
viscosities than that of water (e.g., up to 20% aqueous glycerol
solution). The characteristics of interest are the resonant frequency,
the quality factor, and the mass sensitivity of the device. The predicted
values for the resonant frequency and quality factor will be compared
to experimentally obtained values, and the trends in these
characteristics investigated. The predicted mass sensitivity for these
devices will also be discussed, both as a function of the beam's
geometry and as a function of the medium of operation. Finally, as the
expressions for the characteristics of microcantilevers vibrating
transversely are well-known, analytical expressions for the ratio of the
characteristics of laterally and transversely vibrating beams of similar
geometries will be determined. Such expressions will help to indicate
the geometries and characteristics of interest for operation in the in-
plane flexural mode.
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Figure 1: Geometry of a microcantilever of length L, width b, and thickness h
deflecting laterally

SECTION II

THEORETICAL ANALYSIS

A. Resonant Frequency

The geometry of a laterally excited microcantilever is shown
in Fig. 1. The resonant frequency of a laterally vibrating beam in a
viscous liquid medium was previously shown to be [3]

(1) fres,lat,i =5

where q;, is a constant dependent on the mode number
(a1 =:1.875 for the fundamental in-plane flexural mode) and the
effective spring constant, kiz:, and effective mass, M, are given by
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Eb3h
(1a) Kiat =573
Mg = (pBth + ng,lat)
d
91lat + Wiary 4 91lat
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w d
(Psbh + Gt + () 7= (G2.10))

Here, pB denotes the beam density and the
variables g,,,; and g,,,; are related to the amount of viscous damping
and the amount of displaced fluid mass, respectively, and are given by

T
(2) I1lat = ZprZFlat,l(Re' h/b)wiqas,

s
3) 92,1at = Zprzrlat,R (Re, h/Db).

The terms I,z and T, are the real and imaginary parts,
respectively, of the hydrodynamic function, a normalized version of the
hydrodynamic force defined in [3] that depends only on the aspect
ratio h/b and the modified Reynolds number (Re) of the medium. The
modified Reynolds number is a measure of the ratio of inertial forces
to the viscous forces acting on the beam, and is defined as [5]

prlath
4 Re =———
(4) € l ’

Where p, and n are the mass density and dynamic viscosity of
the fluid, respectively. It is assumed that the medium of operation is
infinitely large and incompressible. It is also assumed that the velocity
is continuous at the fluid-beam interface and the deflections of the
beam are small compared to the dimensions of the beam. The beam's
length is also assumed to be much greater than its width and
thickness. Since the microcantilevers investigated in this study are
composite beams made up of several layers, the Young's modulus, E,
used in the theoretical predictions will be the effective Young's
modulus

2mL?f,

(5) Eerrective = 12pp( al-zb )2:

Where f, is the resonant frequency in vacuum. In this work, we
used the experimentally determined resonant frequency of the beam in
air instead, which has approximately the same value as the resonant
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frequency in a vacuum. An effective beam density, pB , of
2330 kg/m?3 will be assumed as the density of each layer is
approximately that of silicon.

Immersed in a fluid, the resonant frequency of a laterally
vibrating beam decreases from its value in vaccum,/o, [6] by

©) AF = fo(1— |PEE

As the viscous damping or displaced fluid mass increases, the
total effective mass will increase, decreasing the resonant frequency.
Since the amount of viscous damping is smaller when operating in the
in-plane flexural mode compared to the out-of-plane flexural mode,
the resonant frequency is expected to decrease by a smaller amount.
The resonant frequency of the fundamental flexural mode of a laterally
vibrating beam in a viscous liquid medium, , can be compared to
the resonant frequency, , of the same beam vibrating
transversely. Dividing (1) by the expression for the transverse
resonant frequency in [7], the ratio of these two values is predicted to
be

(7 fres,lat :é Mirans

fres,trans h Mlat

whereM,,,ns iS
Mirans = (pBth + ng,trans)

W d
(( gl,trans/ wres,trans) + (%)%( gl,trans/ w))

w

(7b) +L P
(pBbh + gZ,trans + ( éat) % (gz,trans))

( gl,trans/ wtrans)

ANnd g1 ¢rans @nd g, ¢rans are defined by [7]. Note that using
thinner beams (or beams with larger values for b/h) will result in
larger differences in their resonant frequency when operating in the in-
plane flexural mode. Also note that as the dynamic viscosity and
density of the medium increases, the ratio of effective masses
increases.
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B. Quality Factor

Microcantilevers operating in the liquid-phase suffer from a
drastic decrease in their quality factors. This decrease in the quality
factor increases the frequency noise (which is proportional
to fresiat/ Quae, When operating in an oscillator configuration [8]), thus
increasing the limit of detection in biochemical sensing
applications. The quality factor is defined as 21T times the ratio of the
maximum energy stored in a resonating system to the amount of
energy dissipated in one cycle [9]. However, when a resonating device
is used in an oscillator configuration, the quality factor is commonly
obtained using the 3-dB bandwidth Af;,5 of the device and is given by

(8) Quat, 3ap = Trestat/ Afsap:

When the damping is small, (8) represents a good
approximation to the exact definition [9]. The quality factor of a
laterally vibrating beam was previously derived as [3]

91,1at/ Diat
pebh + g3 14t

-1

9 Quae = 21 —

and, when Re>>1, the quality factor can be approximated as

pebh + g3 1at
(10) Quat,approx = 2T fres,ac =.
gl,lat

The quality factor of laterally vibrating beams is predicted to be
higher than that of transversely vibrating beams due to the decreased
damping. The ratio of the quality factor of a laterally vibrating beam to
that of a transversely vibrating beam of similar geometry is
approximately given by
(11)

Qlatapprox __ PBbPA+g21at Titrans

Qtrans,approx pBbh+9z trans Tllat

Note that the first fraction on the right hand side of (11) is
smaller than one (when b>h), as transversely vibrating beams
displace more fluid compared to laterally vibrating beams. The second
fraction is the ratio of the amounts of viscous damping which is
normally much greater than one for the cases considered.
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C. Mass sensitivity
The sensitivity of the resonant frequency to changes in the
beam mass, or the mass sensitivity, can be defined as [8]

_ | &
(12) Sm=1L).

An analytical expression for the mass sensitivity can be obtained
using the same procedures described in [7]. The expression for the
mass sensitivity of a laterally vibrating beam is then the same as the
expression for the transversely vibrating beam [7], but with different
values for the hydrodynamic function, , and the moment of
inertia . If the thickness of the sensing layer is considered small
enough, then the mass sensitivity can be given as

(13) Sm = Am,latfres,lat

Where

) d
(13 ) N _ ( 91,lat/ wlat)( 91,lat/ ©ar + ( éat) %( 91,lat/ w))LZ 1
a m,lat — 2Mlat

w d
2M4¢(pgbhL + Lgsiar + L(%) do (gz,lat))z

The second term in (13a) dominates the first term when Re>
>1. The mass sensitivity, Sm, can then be approximated as

a«? VEDSRL?
(14) Sm,approx = |§W |-
When the beam is operating in air or low viscosity media, the
effective mass can be approximated as the beam mass, M;,; = pgbhL .
In this case, the mass sensitivity has a geometric dependence
of h™1L73. As the decrease in the resonant frequency from air to water
is small for laterally vibrating beams, this geometric dependency
mostly holds when operating in a viscous liquid medium. Since the
chemical sensitivity is proportional to the mass sensitivity multiplied by
the volume of the sensing layer (e.g., Lbh,, where h, is the thickness
of the sensing layer) the chemical sensitivity is predicted to be
proportional to (h, /h) * (b/L?). As the resonant frequency is known to
be proportional to b/L? (e.g., [3]), beams with higher resonant
frequencies are then predicted to have higher chemical sensitivities.
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The ratio of the mass sensitivity of a laterally vibrating beam
and that of the same beam vibrating transversely is also dependent on
the beams' geometry. Using (14), this ratio can be approximated as

(15) Sm,lat,approx _ fres,lat Mtrans =2 Mtran5)3/2
Sm,trans,approx fres.trans Miqe h ™ Mgt

The effective mass of transversely vibrating beams is larger
than that of laterally vibrating beams. Thus, the increase in the mass
sensitivity when using lateral excitation compared with transverse
excitation will be equal to or greater than b/h. Note again that thinner
beams will benefit more when operating in the in-plane flexural mode
than thicker beams. Also note that this ratio will be larger than the
ratio of the resonant frequencies by a factor of M, 4ns/Mia:-

SECTION III

RESULTS AND DISCUSSION

Experimental results for the resonant frequency and the quality
factor of laterally vibrating beams both in water and aqueous mixtures
of glycerol were obtained. The set-up used to extract the experimental
data is described in [10]. The microcantilevers were laterally excited
using thermal excitation. The beam's deflection as a function of
excitation frequency was obtained using a Wheatstone bridge
fabricated on the beam with the sensing resistors oriented so that the
bridge voltage could be related to the lateral deflection of the beam.
Solutions of varying aqueous percent glycerol (from pure water to
20% w/w) were placed in a flow cell containing the microcantilevers so
that the beams were completely immersed in the solution. The
spectrum of each device was then obtained and the resonant
frequency and quality factor of the first in-plane flexural mode were
extracted. Several microcantilevers were tested and sample results will
be discussed for selected geometries. The silicon-based
microcantilevers used in this work have a nominal silicon thickness of
either 4.8 or 9.0um and are covered with a 1.9um passivation layer on
the top made up of alternating layers of silicon nitride and silicon oxide
(for fabrication details, see [10]).
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The decrease in the resonant frequency of a 200 x60 x6.7 um? laterally
vibrating beam due to the increase in the viscous damping and
displaced fluid mass as a function of the percent aqueous glycerol is
shown in Fig. 2. The theoretical results calculated using (1) show
similar trends; however, the decrease in the experimentally
determined resonant frequency is smaller than the decrease in the
theoretically predicted resonant frequency. The predicted resonant
frequency in water is slightly different from the experimentally
determined value (1390.7 kHz vs. 1381.3 kHz, respectively). The
predicted decrease in the resonant frequency also has better
agreement with the experimental results for longer beams,

i.e. 1000 x90 x10.9 um3 beam. This suggests that the difference could
be due to effects that are not accounted for when the assumption of a
long beam is made. This assumption neglects the effects of the shear
and rotational inertia of the beam, which cause the resonant frequency
to be lower. These effects tend to be larger for shorter beams.

Shift in Resonant Frequency [kHz]

-12 -8 = Expenment
Pradicted

0 5 10 15 20

Percent Aqueous Glycerol

Figure 2: Predicted and experimentally determined shift in the resonant frequency of
a 200 x60 x6.7 um laterally vibrating microcantilever from water to a solution of
aqueous glycerol.
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Figure 3: The predicted ratios of the first lateral and transverse resonant frequencies
as a function of the medium's percent aqueous glycerol for a 200 x60 x6.7 ym beam

Due to the increased stiffness of operating in the in-plane
flexural mode, the resonant frequencies of laterally vibrating beams
will be higher than those of transversely vibrating beams of similar
geometry. When the effective mass can be approximated by the beam
mass (such as when operating in vacuum or air), the predicted ratio of
resonant frequencies of laterally and transversely vibrating
microcantilevers is approximately equal to the ratio of their width and
thickness. When the beam is operating in a more viscous liquid
medium, this ratio of frequencies increases. The predicted ratio of the
resonant frequencies of a laterally and transversely vibrating 200 x60 x
6.7 um3 microcantilever is given in Fig. 3 as a function of the percent
aqueous glycerol in the operational medium. This ratio is larger than
the width to thickness ratio of 8.95 due to the differences in the
effective mass. As noted before, the resonant frequency of a laterally
vibrating beam decreases with increasing percent aqueous glycerol.
This means that the increase in the ratio is due to the transverse
resonant frequency dropping more drastically than its lateral
counterpart as the viscosity is increased. Because a high resonant
frequency is desired for sensing applications, it is thus more
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advantageous to operate in the in-plane flexural mode when operating
in high-viscosity media.
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Figure 4: Predicted and experimentally determined quality factors of a 200 x60 x
6.7 um laterally vibrating microcantilever as a function of percent aqueous glycerol.
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Figure 5: The ratios of the quality factors of laterally (both predicted and
experimentally determined) and transversely vibrating beams 200 x60 x6.7 ym as a
function of percent aqueous glycerol (medium of operation).
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The quality factor as a function of percent aqueous glycerol for the
same beam 200 x60 x6.7 um3 is given in Fig. 4. The experimentally
determined quality factors are larger than the commonly obtained
values for transversely vibrating beams, which are usually on the order
of 10 [11]. While the experimental results show similar trends as the
theoretically predicted results, the experimentally determined quality
factors are larger than the theoretically predicted quality

factors. Calculated values for the quality factor using a simpler
expression given by [12] are also shown in Fig. 4. However, this
expression neglects the pressure effects of the fluid on the smaller
faces (of dimension h), i.e., it is based on assuming only a Stokes-type
fluid resistance on the top and bottom faces of the beam. The
theoretically predicted quality factors would be smaller if the shear
deformation and support compliance effects were taken into account.
Thus, these effects are not the source of the discrepancy. Another
assumption made when the hydrodynamic forces were estimated in
[3] was that the beam was infinitely long. This assumption was made
to neglect the edge effects near the end of the beam in the lengthwise
direction, and might not be appropriate for the given geometry. It is
noted that the quality factors of longer beams (e.g. 1000 x90 x10.9 pm?)
more closely match the characteristics predicted by theory.
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Figure 6: Predicted mass sensitivity of a 200 x60 x6.7 um laterally vibrating
microcantilever as a function of percent aqueous glycerol.

Regardless of the length used, the quality factor tends to be
higher when operating in the in-plane flexural mode compared to the
out-of-plane flexural mode. It is predicted, when operating in air, that
the quality factor of a 200 x60 x6.7 um beam is a factor of 6.16 times
larger for the in-plane flexural mode than for the out-of-plane flexural
mode. This increase, unlike the resonant frequency, is expected to be
smaller when operating in a viscous liquid medium. Fig. 5 shows the
predicted ratio of the quality factor of a 200 x60 x6.7 um?3 laterally
vibrating silicon microcantilever and that of a transversely vibrating
microcantilever of the same geometry as a function of percent
aqueous glycerol. As the experimental results show higher quality
factor values than the predicted theoretical results, this improvement
is expected to be higher when using the experimental results for
comparison. The improvement in the quality factor is also a function of
the beam's geometry. For example, longer and narrower beams will
have a smaller increase in quality factor when compared to shorter
and wider beams. This is because shorter and wider beams have
higher resonant frequencies, Reynolds numbers, and thus larger
damping ratios.

The mass sensitivity was not experimentally determined in this
study. However, the mass sensitivity can still be estimated for
the microcantilever as a function of percent aqueous 200 x60 x
6.7 um3glycerol, and is given in Fig. 6. While the predicted mass
sensitivity is expected to decrease as the percent aqueous glycerol
increases, the rate of decrease is much smaller than that of similar
beams vibrating transversely. For example, a 200 x60 x6.7 ym3laterally
vibrating microcantilever in water is predicted to have a 3.26 Hz/pg
mass sensitivity compared to a 0.0443 Hz/pg mass sensitivity of the
same beam vibrating transversely. When the viscosity of the
operational environment is increased to 1.734 cP (20% aqueous
glycerol), the mass sensitivity of the transversely vibrating beam
decreases by 10.4% to 0.0397 Hz/pg, while the same beam laterally
vibrating only decreases by 2.76% to 3.17 Hz/pg. This indicates a
further improvement in more viscous fluid. The ratio of the mass
sensitivity as a function of percent aqueous glycerol is given in Fig. 7.
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Figure 7: The ratio of the mass sensitivities of a laterally and a transversely vibrating
beam for a 200 x60 x6.7 ym microcantilever as a function of percent aqueous glycerol
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Figure 8. The mass sensitivity of a laterally vibrating 200 x60um microcantilever in
water as a function of beam thickness.
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The ratio of the chemical sensitivities, assuming the same
geometry and sensing layer, is the same as the ratio of the mass
sensitivities. If the thickness of the beam is decreased, this ratio would
be even larger, as the mass sensitivity is also a function of the beam's
geometry. Shorter and thinner beams are expected to have higher
mass sensitivities. The predicted mass sensitivity of a 200 x
60um? silicon microcantilever in water as a function of thickness is
given in Fig. 8. Note that the mass sensitivity is predicted to initially
increase with increasing thickness. This increase occurs because, for
small thicknesses, the fluid mass dominates the beam mass. It's noted
that the stiffness is linearly dependent on the thickness. When the
beam mass dominates the fluid mass as the thickness increases, the
mass sensitivity decreases. However, as discussed in [3], the quality
factor will also increase with increasing thickness. As the limit of
detection is a function of both the chemical sensitivity (which depends
on the mass sensitivity) and the quality factor, both must be
considered when choosing the appropriate thickness of a
microcantilever for a given application. However, increasing the width
will increase the quality factor while not greatly affecting the mass
sensitivity of laterally vibrating beams; and decreasing the length will
increase both the quality factor and the mass sensitivity of laterally
vibrating beams.

SECTION 1V

CONCLUSIONS

It is shown that laterally vibrating microcantilevers can be
excited and have relatively high (20 to 60) quality factors, even when
operating in media with higher viscosity than water. The resonant
frequency of laterally vibrating beams in a viscous liquid medium is
also observed to experience relatively insignificant decreases
(compared to its resonant frequency in air). When compared to
transversely vibrating beams, the predicted characteristics (i.e. the
resonant frequency, quality factor, and mass sensitivity) are shown to
be higher. Considering the resonant frequency and mass sensitivity,
this increase is larger for media with higher dynamic viscosities. These
improvements result in an almost two orders of magnitude higher
chemical sensitivity in viscous solutions. Besides for chemical sensing,
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this is ideal for biosensor applications where biofluids may have higher
viscosities than water. It is also shown that shorter and wider beams
will have higher quality factors and larger improvements in their mass
sensitivity compared to transversely vibrating microcantilevers. This
indicates that the limit of detection of microcantilever bio-chemical
sensors operating in the in-plane flexural mode will be lower than that
of microcantilevers operating in the out-of-plane flexural mode in
liquid-phase sensing applications.
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